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Abstract

Domain generalization aims to improve the gen-
eralization capability of machine learning sys-
tems to out-of-distribution (OOD) data. Exist-
ing domain generalization techniques embark
upon stationary and discrete environments to
tackle the generalization issue caused by OOD
data. However, many real-world tasks in non-
stationary environments (e.g., self-driven car
system, sensor measures) involve more complex
and continuously evolving domain drift, which
raises new challenges for the problem of do-
main generalization. In this paper, we formu-
late the aforementioned setting as the problem of
evolving domain generalization. Specifically, we
propose to introduce a probabilistic framework
called Latent Structure-aware Sequential Autoen-
coder (LSSAE) to tackle the problem of evolving
domain generalization via exploring the under-
lying continuous structure in the latent space of
deep neural networks, where we aim to identify
two major factors namely covariate shift and con-
cept shift accounting for distribution shift in non-
stationary environments. Experimental results on
both synthetic and real-world datasets show that
LSSAE can lead to superior performances based
on the evolving domain generalization setting.

1. Introduction

The success of machine learning techniques typically lies on
the assumption that training data and test data are sampled
independently and identically from similar distributions.
However, this assumption does not hold when deploying the
trained model in many real-world environments where the
distribution of test data varies from training data. This dis-
tribution discrepancy, so-called distribution shift, can lead
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to the dramatic performance decrease of machine learning
models (Torralba & Efros, 2011). To mitigate this issue,
domain generalization (DG) has been proposed to learn a
more robust model which can be better generalized to OOD
data (Muandet et al., 2013; Balaji et al., 2018; Li et al.,
2018b).

While some progress is being achieved so far, existing DG
methods are limited to the setting of generalization among
discrete and stationary environments. This setting can be
problematic in some real-world applications where we re-
quire that model can be generalized among continuous do-
mains (Hoffman et al., 2014). For example, a self-driving
car system, when deployed in the real world, struggles to
perform under an open environment where the accepted data
changes naturally according to the geographic location, time
intervals, and other factors in a gradual manner (Hoffman
et al., 2014). For another example, the measures of sen-
sors can also drift over time due to the outer environments
and inter factors, such as aging (Vergara et al., 2012). In
these scenarios, treating each domain in a separate manner
is unlikely to yield the desired performance as it does not
consider the property of continuous domain structure.

Another limitation of most of the existing DG methods is
that they did not take “concept shift” into consideration.
Such concept shift can also lead to performance drop (Fed-
erici et al., 2021). A typical example of concept shift would
be that the incidence rate of a particular disease in cer-
tain groups may change over time due to the development
of treatments and preventive measures. Therefore, exist-
ing DG techniques may fail to be applied to some other
complex real-world applications in non-stationary environ-
ments (Sugiyama et al., 2013; Tahmasbi et al., 2021).

In this paper, we propose to focus on the problem of domain
generalization based on the non-stationary setting, where
data can evolve gradually with both covariate shift and con-
cept shift. Particularly, we formulate this non-stationary
scenario as evolving domain generalization where we only
have access to adequate labeled examples from the sequen-
tial source domains. Our objective is to develop algorithms
that can explore the underlying continuous structure of dis-
tribution shift and generalize well to evolving target domains
where the samples are unavailable during the training stage.
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Unlike existing DG methods that only focus on covariate
shift based on the stationary environment, in this paper, we
propose a novel framework called Latent Structure-aware
Sequential Autoencoder (LSSAE), a dynamic probabilistic
framework to model the underlying latent variables across
domains. More specifically, we propose to use two latent
variables to represent the sampling bias in data sample space
(i.e., covariate shift) and data category space (i.e., concept
shift), and propose a domain-related module and a category-
related module to infer their dynamic transition functions
based on different time stamps. We conduct extensive ex-
periments to verify that our framework can successfully
capture the underlying covariate shift and interpret the con-
cept shift simultaneously. Last but not least, we show that
our proposed LSSAE has a promising generation capability
to predict unseen target domains, which can be helpful to
the problem related to sequential data generation. The main
contributions of this paper are summarized as follows.

* We propose to focus on the problem of non-stationary
evolving domain generalization where both covariate
shift and concept shift may exist in the setting.

* We propose a novel probabilistic framework LSSAE
which incorporates variational inference to identify the
continuous latent structures of these two shifts sepa-
rately and simultaneously.

* We provide empirical results to show that the proposed
approach yield better results than other DG methods
across scenarios. Besides, it presents a powerful gener-
ation ability of predicting unseen evolving domains.

2. Related Work

Domain Generalization (DG). The goal of DG is to learn
robust models which can generalize well towards the out-
of-distribution samples from unseen domains. Existing DG
methods commonly rely on multiple source domains to learn
representative features that can be better generalized. Ac-
cording to various strategies used to learn these representa-
tions, we can roughly categorize them into three catogories.
The first type is feature-based methods, which aim to learn
domain-invariant representation which can be better gener-
alized to target domains. Specifically, it can be achieved by
aligning the distribution of representations from all source
domains (Blanchard et al., 2011; Li et al., 2018b; Albu-
querque et al., 2021) and feature disentanglement (Ilse et al.,
2020; Wang et al., 2021; Nguyen et al., 2021). The second
category is meta-learning based methods, which utilize the
model agnostic training procedure to stimulate the train/test
shift for acquiring generalized models (Li et al., 2018a; Bal-
aji et al., 2018; Dou et al., 2019). Last but not least, data
augmentation-based techniques, which aim to manipulate
the perturbation both in original images and features to stim-
ulate the unseen target domains, can also benefit the problem

of domain generalization (Volpi et al., 2018; Shankar et al.,
2018; Zhou et al., 2021).

Continuous Domain Adaptation (CDA). The problem of
continuous domain adaptation (i.e., evolving domain adap-
tation) has attracted increasing attention recently, where
the CDA methods can be categorized into the intermediate-
domains based methods (Kumar et al., 2020; Gong et al.,
2019; Chen & Chao, 2021), domain manifold based meth-
ods (Hoffman et al., 2014; Li et al., 2017), adversary-based
approaches (Wang et al., 2020; Wulfmeier et al., 2018), and
meta-learning based methods (Liu et al., 2020; Lao et al.,
2020). More or less, they require some samples from tar-
get domains for adaptation. In Mancini et al. (2019), they
propose to substitute this reliance with some metadata from
target domains as additional supervision. Instead, our focus
is continuous domain generalization where no information
from target domains is accessible for model learning, which
is a more challenging but realistic task for real-world appli-
cations.

Sequential Data Generation. Recent process in unsuper-
vised sequence generation (Yingzhen & Mandt, 2018; Han
et al., 2021; Park et al., 2021) suggests the importance of
decoupling time-invariant and time-variant information dur-
ing the representation learning procedure. However, these
approaches only take sequence generation tasks into consid-
eration and fail to consider the category-related information,
which is important for the problem of domain generalization.
Unlike these approaches, we propose jointly focusing on
the dynamic modeling of time-variant information on both
data sample space and category space across domains.

3. Methodology

In this section, we first formalize the problem of evolving
domain generalization based on the non-stationary environ-
ment and then describe our framework LSSAE for address-
ing this problem. After that, we will provide theoretical
analysis for the proposed framework in Sec. 3.3 and imple-
mentation in Sec. 3.4.

3.1. Problem Formulation

Suppose we are given T sequentially arriving source do-
mains S = {D1, Dy, ..., Dr}, where each domain D; =
{(xt,iyyr,s) ity is comprised of n, labeled samples for
t € {1,2,..,T}. The goal of our problem setting is
to train a classification model on & which can be gen-
eralized to M following arriving farget domains 7 =
{Dr11,Dry2, s Drom}, D = {(we0)}ity (6 € {T +
1,T + 2,...,T + M}), which are not available during
training stage. For simplicity, we omit the index 7 when-
ever x; refers to a single data point. To further quantify
the continuously evolving nature of domains, we denote
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Figure 1. Comparison of causality diagram for stationary and non-
stationary domain generalization scenarios. (a) represents the
standard stationary DG settings which only contains covariate shift
(P(X) varies for source and target domains). (b) is an extension
version of (a) which contains both covariate shift and concept shift
(P(Y|X) varies). (c) and (d) are corresponding non-stationary
DG settings where there exist evolving patterns among adjacent
domains.

0 < D(Dy4,Diy1) < e for two consecutive domains un-
der some distribution distance function D (e.g., Kullback-
Leibler distance). In other words, the discrepancy between

two consecutive domains is bounded.

Conventional DG setting only assumes that P(X)
varies (i.e., covariate shift) for different domains (See
Fig. 1 (a)), which may not be ideal since both P(X) and
P(Y|X) can be non-stationary (i.e., P(X) and P(Y|X)
vary over time which lead to evolving covariate shift and
concept shift, respectively). To tackle this problem, in this
paper, we aim to explore the evolving patterns of covariate
shift and concept shift across domains.

3.2. LSSAE: Latent Structure-aware Sequential
Autoencoder

To model the dynamic in non-stationary systems, we con-
sider two independent factors W and V' (i.e., W 1L V)
which account for the distribution drift in data sample space
(i.e., covariate shift) and data category space (i.e., con-
cept shift) respectively according to different time stamps
(See Fig. 1 (d)). For data (x;,y:) collected at time stamp ¢,
we denote z;” and z; as the latent variables of /7 and V" at
time stamp t. For completeness, we further consider time-
invariant latent code z° to capture the static information of
x¢. We thus can define a probabilistic generative model for
the joint distribution of all source domains as

p(Xl:Ta Yi.T, ZC7 quu:T’ ZQIJ:T)
= p(xv.1, 217, 2°)p(y1:1, 21.7[2°).

)

where the first term p(xi1.7,2},z°) and second term
p(¥1:17,2Y.7|X1.7) can be formulated by using Markov

chain model as

T
p(xl:Tv qul);Ta zc) = p(ZC)Hp(Z;U|z’L<Ut) p(xt‘zc7 Z%U) ’
—_——
t=1 covariate shift

2

T
p(yrr, 2:r|2%) HP zy|z2,) p(yelz®,2),  (3)
t=1
concept shift

and p(x;|z°, z}") and p(y:|z°, z} ) denote covariate shift and
concept shift, respectively. Eq. 2 shows that the generation
process of domains data x; at time stamp ¢ depends on the
corresponding dynamic latent code z;" and static code z°,
and Eq. 3 shows that the inference process (i.e., classifier to
produce y;) rely on the corresponding z; and z°. Our ob-
jective is to learn the classifier p(y;|z¢, z}) which disposes
of covariate shift through z° and concept shift with dynamic
z; for the problem of evolving domain generalization.

Domain-related module for covariate shift. To model
p(x1.1, 27, 2°) where covariate shift involved, we set
the prior distribution as p(z°) = N(0,I), p(z}|z%,) =
N (p(z¥), o?(z)) which can be parameterized by some re-
current neural networks (e.g., LSTM (Hochreiter & Schmid-
huber, 1997)) by setting z;' = 0 for initial state when ¢t = 0,
and p(x;|z°, z}") as a conditional decoder for the reconstruc-
tion of input data x;. To approximate the prior distributions
p(zy’|z¥,), we propose to use variational inference to learn
an approximate posterior distribution g over latent variables
given data which can be formulated as

T
q(Z’LluzTa |X1 T) - q |X1 T H(] Zt ‘zztvxt)v (4)
t=1

where ¢(z°|x1.7) and ¢(z}"|2,, x;) can be also parameter-
ized by neural networks. The objective function for latent
feature representation learning can be derived based on the
evidence lower bound (ELBO) form (Kingma & Welling,
2014) given as

T
Li=Y Botaeix,)qlar a2, x) [ 108 p(xe|2%,2)]

=1
—MDgr(g(z
T

— A2 ZDKL(C](Z?\ZZuXt)vp(zﬂzzt)),
=1

“Ix1:7), p(2%)) (5)

where the first term denotes the reconstruction term for input
data x;, the second and third term denote KL divergence
which are to align the posterior distributions z° and z;’ with
the corresponding prior distributions.

Category-related module for concept shift. To model
p(y1:1,2Y.7|2¢) for classification purpose where concept
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shift is involved, we propose to introduce another module
which can be easily integrated into our unified framework
under domain generalization scenarios. Specifically, we
propose to model p(y1.1,z}.7|z°) with a dynamic distri-
bution p(y:, z} |z°) where the z} is varied and encode the
shift information in the data category space (e.g., the pro-
portion of each category). The module can be optimized
via maximizing the distribution p(y1.7, zY.-|z°) given a se-
quence of domains. In practise, we represent p(z;|zZ,) as
p(zy|z%,) = Cat(m(z%,)) which is a learnable categorical
distribution. In a similar vein with z}’, we utilize a distribu-
tion ¢ to model the posterior distribution and approximate
the prior distribution of z} by adopting variational inference
given as

T

q(z,i):T|YI:T) = H q(zg|zzt7 yt)a (6)
t=1

where ¢(z}|z%,,y:) can be parameterized by a recurrent
neural network with categorical distribution as output. We
set z; = O for initial state when ¢ = 0. The proposed
module can be jointly trained with the inference process in
Eq. 6 as well as classification loss by maximizing

T
Lo= Eqplaz, v [logplyelz®,z})]
t=1
T (7
— X3 > Drr(q(z]zsy, yi),p(z |22,)).

t=1

Here, the first term denotes the classification loss (i.e., max-
imizing log likelihood) and the second term denotes KL
divergence which aims to align the posterior distribution of
zy with its prior distribution.

Temporal smooth constraint for better stability. We
empirically find that the estimation of conditional den-
sity (i.e., p(z{|z¥,) and p(z}|z%,)) which is to model
the complex dynamics over temporal transition may not
be stable based on our formulation above. We conjecture
the reason that some of the static information can be dis-
torted by the dynamic inference module ¢(z}’|z%,,x;) and
q(z}|z%,,y:) for better reconstruction quality, which fur-
ther yields sub-optimal results for recognition tasks. Intu-
itively, one can tackle this limitation by reducing the dimen-
sion of latent codes z;” and z} or decreasing the learning
rate of corresponding inference modules and prior modules
manually to achieve better decoupling effect. However, we
find that such strategy may not lead to desired performance.
In our work, we propose to employ Lipschitz constrain over
the temporal domain to stabilize the learning of the dynamic
inference modules as follows

lq(z |22, %t) — q(z¢ 1|22, 1, %e—1)| < o,

lq(z |22, ye) — q(zi_1 1221, yi-1)| <

®)

where « is referred to as a Lipschitz constant. The above
regularization term is denoted as TS constraint for simplicity.
We expect it can help with reducing the potential for volatile
training.

Objective function. Given training data S, our proposed
framework can be optimized through the objective function
Lrssap = Lq + L. with the temporal smooth constrains
in Eq. 8, where the first term £4 and second term L. aim
to tackle the problem of covariate shift and concept shift,
respectively.

Discussion. It is worth noting that there exists some works
using probabilistic graph model for future video frame gen-
eration task (Yingzhen & Mandt, 2018; Han et al., 2021),
which are similar to our proposed method at a high level.
Nevertheless, our method is different since 1) our proposed
framework can be applied not only to generation task (as
we show in the ablation study of experimental section) but
also to evolving domain generalization task (which is the
main focus in our paper); 2) in order to fit our framework
to the non-stationary recognition task, we introduce a novel
category-related module to capture the concept shift, as
such, better generalization performance can be achieved.

3.3. Theoretical Analysis

In this section, we aim to give a theoretical insight on our
proposed method by extending variational inference from
stationary environments to non-stationary environments.

Probabilistic model for stationary environments. We first
elaborate our proposed framework based on the stationary
condition, where z¢, z" and z" are introduced to capture
the domain-invariant category information, domain-specific
and category information, respectively. We thus have the
following theorem.

Theorem 3.1. For the data log likelihood logp(x,y) in a
stationary environment, we have the evidence lower bound

max E,e v 0 [log p(x|z¢, 2)p(y|z¢, z")]

— Dir(q(2°[x), p(z%)) — Drr(q(2" %), p(2"))

—Dgr(9(z]y),p(z")),
&)

where z¢ ~ q(ZC|X), z" ~ Q(Zw|x)a z" ~ q(zv‘y).

Proof. We consider the data generation procedure
p(x,y,z% z",z"). We have

(&

logp(xv y) = ]D)KL(q(z 7Zw’zv|x7y)7p(zc’zwvzv|x’y))
p(x,y,z¢,2z",z")
q(zc7zw’zv|x’y)’

+E, log

(10)
where the first term is the KL divergence of the approximate
from the true posterior. Since this term is non-negative,
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the second term is called the evidence lower bound on the
marginal likelihood of data (x,y). This can be written as
p(x,y,z% 2", z")

q(z°, 2", 2"|x,y)

= Eye g o0 [log p(x]2°, 2" )p(y|2©, 2")]

— Drr(q(z°[x), p(z°)) — Drr(q(z"[x), p(2"))
—Dxr(q(z"ly), p(2")).

logp(x,y) > E4log

(1)
This completes the proof.

Theorem 3.1 shows that for a specified domain, the latent
space can be decoupled into a domain invariant subspace, a
domain related subspace and a category related subspace.

Probabilistic model for non-stationary environments. We
now extend the aforementioned analysis to the non-
stationary environment. Specifically, for the non-stationary
environment, we can cast the dynamic variational inference
framework via modeling the sequence of latent variables
z" and zY as two parallel Markov chains (i.e., p(z*) =
p(zy’|z%,) and p(z¥) = p(z}|z%,)). We thus have the fol-
lowing theorem.

Theorem 3.2. By denoting p(z") = p(z}’|z%,) and
p(2z¥) = p(z}|2%,)), LrssaE is equivalent to the ELBO
of the data log likelihood log p(x1.1,y1.7) based on the
non-stationary environment setting.

Proof. We can reformulate the lower bound in Eq. 9 for a
non-stationary environment as
C w v
p(Xl:Ta Yir,2",2y.1, Z1;T)
)
Q(an Z11U;T7 Z’Ll);T|X1:Ta Y1:T)

logp(XI:Ta yl:T) Z IEq log

(12)
which can be written as
log p(Xl-TaYLT)

> ZEz” z,zy Ing(Xt‘Zc7Zt ) ( |X Zt )]
_]D)KL (q(z°|x1.7), p(2°))

- (13)
= Dicr o 22, %), p(222,))

t=1

T
- Z DKL(q(Z;)|ZZt7 yt)vp(z;)|z,it))7

t=1

where z° ~ ¢(z°x1.7),2y ~ q(z|z¥,,%x;) and z} ~
q(z7|z%,,y:). The detailed derivation procedure is pro-
vided in App. A. We can see that the reconstruction part for
% in the first term together with the second and third terms
can form our objective L, for domain-related module (i.e.,
covariate shift), and the combination of the reconstruction
part for y, in the first term and the last term can form L, for
category-related module (i.e., concept shift). As a result, the
formulation above is equivalent to our objective L1, 5545

TS constraint

plzi) plzz)  plz)
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Figure 2. An overview of network architecture for LSSAE. Our
framework consists of the static variational encoding network F°,
dynamic variational encoding networks E* and £, dynamic prior
networks F"" and F'Y, a decoder D and a classifier C. It is worth
noting that we do not require E” (i.e., only data from target domain
T available) during inference stage.

w
Zyr

TS constraint

3.4. Implementation

The implementation of network architecture for LSSAE is
depicted in Fig. 2. It is composed of two parts: (1) the
domain-related module (middle and bottom region); (2) the
category-related module (top region).

The domain-related module consists of a static variational
encoding network E° for ¢(z¢|x;.7), a dynamic variational
encoding network E" associated with ¢(z}’|z%,, x;), a dy-
namic prior network F'* working for p(z}’|z,) and a de-
coder D corresponding to p(x;|z¢, z}’). Similar to VAE
(Kingma & Welling, 2014), we can apply the reparameteri-
zation trick (Kingma & Welling, 2014) to optimize param-
eters of £, " and F™. Specifically, we implement E°
by a feature extractor which will be also utilized to extract
features during test time. E™ can be implemented by a
feature extractor with same architecture of £ but not shar-
ing network parameters, and followed by a LSTM network.
F" is implemented as a one-layer LSTM network. For the
category-related module, we design a dynamic inference
network E™ which takes the one-hot code of label y, as
the input and with the output of the categorical distribution

q(z}|z%,,y+), and a classifier C' which takes z¢ and z} as
the input for p(y:|z°, z}). Similarly, the prior network F”
for p(z}|zY,) is a LSTM network with a categorical distri-
bution as the output. After that, we use Gumbel-Softmax
reparameterization trick (Jang et al., 2017; Maddison et al.,
2017) to sample z{ for optimization. Regarding the clas-
sifier C, we utlhze a linear layer by following Gulrajani
& Lopez-Paz (2021). The details of our architecture and
hyperparameters for objective function can be found in the
supplementary material.

Optimization. We first initialize z* and z" as zg’ = 0 and
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z; = 0, respectively. To train our framework, we generate
the dynamic prior distributions p(z}’|z%,) and p(z}|zZ,)
through F'* and F'" respectively based on 7" source domains
S. For time stamp ¢, we sample a batch of data x; and take
it as input for £ and E™ to obtain the parameters of their
posterior distributions. After that, the latent features z°¢
and z}’ are resampled separately through reparameterization
trick and then concatenated together. Finally the decoder
D outputs the reconstruction data of x;. Meanwhile, E"
takes the corresponding labels y; of x; in one-hot format
as input and outputs the latent features, and then the latent
features are also resampled through reparameterization trick
to obtain z} . The classifier C' takes z© and z; as the input
to predict the labels of x;. During training, we sample a
mini-batch from each single domain with the same number
of data sample to form a large batch in order to suit our
framework to the temporal smooth constraint for stable
training. This optimization procedure of LSSAE is depicted
in Algorithm 1.

Inference. To predict the label of x; sampled from one
of the target domains in D; in T, we adopt F" to infer the
latent code z; and E° to extract the latent features z¢, and
then apply the classifier C' for the prediction purpose. It is
worth noting that we do not require £ (i.e., only data from
target domain 7 available) during inference stage. We show
this procedure in Algorithm 2.

4. Experiments

In this section, we present experimental results to validate
the effectiveness of our proposed LSSAE based on the set-
ting of evolving domain generalization.

4.1. Experimental Setup

We compare the proposed LSSAE with other DG methods
on two synthetic datesets (Circle and Sine) and four real-
world datasets (Rotated MNIST, Portraits, Caltran, Power-
Supply). We also evaluate the results on two variants named
Circle-C and Sine-C derived from Circle and Sine via syn-
thesizing concept shift manually. We split the domains into
source domains, intermediate domains and target domains
with the ratio of {1/2 : 1/6 : 1/3}. The intermediate do-
mains are utilized as validation set. More details of dataset
construction can be found in the supplementary material.

(1) Circle/-C (Pesaranghader & Viktor, 2016). This dataset
contains evolving 30 domains where the instance are sam-
pled from 30 2D Gaussian distributions. For Circle-C, con-
cept shift is introduced via changing the center and radius
of decision boundary in a gradual manner over time.

(2) Sine/-C (Pesaranghader & Viktor, 2016). We rearrange
this dataset by extending it to 24 evolving domains. To
simulate concept drift for Sine-C, labels are reversed (i.e.,

Algorithm 1 Optimization procedure for LSSAE
Input: sequential source labeled datasets S; static feature
extractor £¢; dynamic inference networks £, E¥ and
their corresponding prior networks F'*, F'V; decoder D
and classifier C.
Randomly initialize E¢, E*, E*, F* F", D,C
Assign z§’,zg < 0
fort=1,2,..., K do
Generate prior distribution p(z’|zY,) via '
Generate prior distribution p(zy|z%,) via F"
fori=1,2,...do
Sample a batch of data (x;,y:) from S;
> Calculate £, by Eq. 5 for E¢, E*, D and F*
> Calculate £, by Eq. 7 for E¢, E¥, C' and F*
> Calculate temporal smooth constriction by Eq. 8
Update all modules by the summary of these loss
end for
end for

Algorithm 2 Inference procedure for LSSAE

Input: sequential target datasets 7' static feature extrac-
tor £¢; dynamic prior network F' and classifier C.
Assign zg < 0
fort=1,2,...do
Sample z} ~ p(z}|z%,) via F"¥
fori=1,2,...do
> Extract the feature for data x; via B¢
> Generate the prediction ¥, via C'
end for
end for

from O to 1 or from 1 to 0) from the 6-th domain to the last
one.

(3) Rotated MNIST (RMNIST) (Ghifary et al., 2015). Ro-
tated MNIST (RMNIST) is composed of MNIST digits
of various rotations. We extend it to 19 evolving do-
mains via applying the rotations with degree of R =
{0°,15°,30°, ...,180°} in order.

(4) Portraits (Ginosar et al., 2015). This dataset comprises
photos of high-school seniors from the 1905s to the 2005s
for gender classification. We split the dataset into 34 do-
mains by a fixed internal over time.

(5) Caltran (Hoffman et al., 2014). Caltran is a real-world
surveillance dataset comprising images captured from a
fixed traffic camera deployed in an intersection. The task is
to predict the type of scene based on continuously evolving
data. We divide it into 34 domains based on different times.

(6) PowerSupply (Dau et al., 2019). PowerSupply is con-
structed for the time-section prediction of current power
supply based on the hourly records of an Italy electricity
company. The concept shift may raise from the change in
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Table 1. The comparison of accuracy (%) between LSSAE and other DG baselines on various datasets. As DG baselines do not take
concept shift into consideration, we report the results on datasets without concept shift and with concept shift separately.

Algorithm Circle Sine RMNIST Portraits Caltran Avg \ Circle-C  Sine-C  PowerSupply Avg
ERM 49.9 63.0 43.6 87.8 66.3 62.1 34.0 61.5 71.0 55.5
Mixup 48.4 62.9 44.9 87.8 66.0 62.0 33.9 60.9 70.8 55.2
MMD 50.7 55.8 44.8 87.3 57.1 59.1 33.7 52.7 70.9 52.4
MLDG 50.8 63.2 43.1 88.5 66.2 62.3 34.6 62.0 70.8 55.8
IRM 51.3 63.2 39.0 85.4 64.1 60.6 38.5 61.2 70.8 56.8
RSC 48.0 61.5 41.7 87.3 67.0 61.1 33.7 61.5 70.9 55.4
MTL 51.2 62.9 41.7 89.0 68.2 62.6 33.9 61.4 70.7 55.3
Fish 48.8 62.3 44.2 88.8 68.6 62.5 34.3 62.7 70.8 55.9
CORAL 53.9 51.6 44.5 87.4 65.7 60.6 34.1 59.0 71.0 54.7
AndMask 47.9 69.3 42.8 70.3 56.9 57.4 37.7 52.7 70.7 53.7
DIVA 67.9 52.9 42.7 88.2 69.2 64.2 33.9 52.9 70.8 55.1
LSSAE (Ours) 73.8 71.4 46.4 89.1 70.6 70.3 44.8 60.8 71.1 58.9

season, weather or price. We form 30 domains according to
days.

The methods for comparison include: (1) ERM (Vapnik,
1998); (2) Mixup (Yan et al., 2020); (3) MMD (Li et al.,
2018b); (4) MLDG (Li et al., 2018a); (5) IRM (Rosen-
feld et al., 2021); (6) RSC (Huang et al., 2020);
(7) MTL (Blanchard et al., 2021); (8) Fish (Shi et al., 2021);
(9) CORAL (Sun & Saenko, 2016); (10) AndMask (Paras-
candolo et al., 2021); (11) DIVA (Ilse et al., 2020). All of our
experiments are implemented in the PyTorch platform based
on DomainBed package (Gulrajani & Lopez-Paz, 2021). For
a fair comparison, we keep the neural network architecture
of encoding part and classification part to be same for all
baselines for different benchmarks.

4.2. Quantitative Results

The results of of our proposed LSSAE and baselines are
presented in Table 1. As conventional DG methods focus
upon covariate shift only, we separate the datasets according
to with or without concept shift into two parts for fairness.
We can see that LSSAE consistently outperforms other base-
lines over all datasets, it achieves 70.3% accuracy when
there exists covariate shift only (Circle, Sine, RMNIST, Por-
traits and Caltran), and achieves 58.9% accuracy when there
exist concept shift (Circle-C, Sine-C, PowerSupply). The
results are significantly better than the compared DG ap-
proaches, which are reasonable since existing DG methods
cannot deal with distribution shift well in non-stationary
environments but our proposed LSSAE can properly cap-
ture the evolving patterns to gain better performance. More
results can be found in the supplementary materials.

To better understand the rationality of our method, we vi-
sualize the decision boundaries of our method and ERM
baseline on two synthetic datasets: Circle and Sine by com-
paring our proposed method with ERM baseline. The vi-
sualization results are depicted in Fig. 3 and Fig. 4. As

é Statie P(YX) t j 'E
égvomng P(Y\.\;' ;é ;

(b) Ground Truth (c) ERM

(d) LSSAE

Circle

Circle-C

: §V Evolving P(X) 2

" (@ Data

Figure 3. Decision boundary visualization of Circle and Circle-C
datasets each with 30 domains. (a) presents the original data in
different domains by color, where the right half part are source
domains. (b) shows the positive and negative labels in red and
blue dots. (c) and (d) are decision boundaries learned by ERM and
LSSAE, respectively.

Sine-C

. Evolving P(Y.Y) %
(a) Data (b) Ground Truth (c) ERM

(d) LSSAE

Figure 4. Decision boundary visualization of Sine and Sine-C
datasets. (a) presents 24 domains indexed by different colors,
where the left half part are source domains. (b) shows the positive
and negative labels in red and blue dots. (c) and (d) are decision
boundaries learned by ERM and LSSAE, respectively.

shown in Fig. 3, both of ERM and LSSAE can fit the source
domains well. However, different from ERM which only fit
the source domains, LSSAE shows a desired generalization
ability to unseen target domains. This validates that our
LSSAE can capture the underlying evolving patterns across
domains to achieve better results. As for Circle-C where we
introduce evolving concept shift via modifying the center
and radius of decision boundary over a period of time, we
observe that our proposed LSSAE can still produce a more
accurate decision boundary compared with ERM. Similar
observation can be found in Fig. 4, where LSSAE can be
better generalized to evolving domains compared with ERM.
However, we find that our proposed LSSAE may not be able
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Figure 5. Visualisation of generated and reconstructed data se-
quences on RMNIST dataset.

to obtain a desired boundary based on the setting of Sine-C,
where we introduce concept shift by reversing the labels.
We conjecture the reason that our proposed LSSAE may
not be able to well handle the abrupt concept shift where no
continuous evolving pattern exists.

4.3. Ablation Study

Analysis on domain-related module. To better evaluate
whether our proposed LSSAE can capture domain spe-
cific information, we conduct experiments by evaluating
the reconstruction and generation capability of LSSAE on
RMNIST dataset. The reconstruction and generation re-
sults are shown in Fig. 5. Each subfigure shows two se-
quences which follow the domain order (i.e., rotation degree
gradually evolves) from the left to the right. Subfigure (a)
shows the original data sequence sampled from source do-
mains (green bounding box), intermediate domains (orange
bounding box) and target domains (pink bounding box) in
order. Noted that we are only interested in degree of rota-
tion thus the category of images from different domains may
not be consistent. Subfigure (b) shows the reconstructions
for each sample in Subfigure (a). Based on the results, we
find that we can achieve a desired reconstruction quality,
which suggests that the domain-related information can be
captured even we random the category related information.
To further show that our proposed method is capable for
generation task, in subfigure (c), we visualize the randomly
generated samples using z}’ ~ p(zy’|z%,) while keeping z°
the same for all domains. We can see that the category infor-
mation (i.e., digit information) remains unchanged when we
fix z¢, and can generated samples for unseen future domains
where the rotation degree of digit is gradually changed with
evolving prior p(z}’|z%,). This observation suggests that
our proposed method can be used for data augmentation
when adapting to the unseen target domains. However, we
also observe that there exists image quality distortion when
generating new domains. We conjecture the reason that the

Table 2. Comparison of different prior distributions for category-
related module on PowerSupply dataset.

Prior Type Accuracy (%)
Without z" 70.7
Gaussian 70.1
Uniform 71.0
Categorical (Ours) 71.1

range of degrees for training may not be sufficiently diverse,
which limits the performance of generation to unseen digit
rotation degrees. Subfigure (d) shows randomly generated
data via sampling z¢ ~ p(z°¢) while keeping z}" the same for
all domains at different time stamp ¢ (i.e., z;" = z}’), where
we find that the generated digit images belong to different
categories but with the same rotation degree, which further
indicates that our proposed method can successfully extract
domain related information.

Analysis on category-related module. We then evaluate
the effectiveness of our proposed category-related module
on PowerSupply dataset. To this end, we consider three
different ablation studies by 1) removing category-related
module, 2) replacing the learnable categorical prior with a
learnable Gaussian prior, 3) replacing the learnable categor-
ical prior with a fix Uniform prior. The results are shown
in Table 2. As we can see, our proposed LSSAE based on
categorical prior can achieve the best performance among
other baselines, which shows the effectiveness of our pro-
posed method. However, we observe that the performance
drops to some extent by replacing the categorical prior with
Gaussian prior, which we conjecture the reason that cate-
gorical distribution can better capture the category related
information which is discrete. We also observe that better
performance can be achieved by comparing with the results
using Uniform distribution as prior, which is reasonable
since Uniform distribution does not change over time.

Analysis on temporal smooth constraint. The smooth
constraint is mainly designed for stabilizing the training
procedure. To verify this, we conduct experiments by con-
sidering “with & without this constraint” on RMNIST and
CalTran datasets while keeping other hyperparameters the
same. The results are reported as the variance of the test
accuracy in the last five epochs (See Table 3). For RMNIST,
when training with constraint, the variance is 0.4; without
constraint, the variance is 3.6. For CalTran, when training
with constraint, the variance is 4.7, and without constraint,
the variance is 10.0. We can see that there exists an obvious
decrease in terms of variance when incorporating with our
proposed TS constraint. Besides, as our smooth constraint
helps stabilize the training process, better performance can
be expected. For RMNIST, training with our smooth con-
straint can achieve 0.9% performance gain; For CalTran,
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Table 3. Ablation study on temporal smooth constraint.

TS Constraint RMNIST CalTran
Var| Ace(%)1 Var| Acc(%)?

X 3.6 45.5 10.0 69.9

v 0.4 46.4 4.7 70.6

the performance gain is 0.7%.

5. Conclusion

In this paper, we propose to focus on the problem of evolv-
ing domain generalization, where the covariate shift and
concept shift vary over time. To tackle this problem, we
propose a novel framework LSSAE to model the dynamics
of distribution shift (i.e., covariate shift and concept shift).
We also provide theoretical analysis, which shows that our
proposed method is equivalent to maximizing the ELBO
based on the non-stationary environment setting, and justi-
fies the rationality of our proposed method for the problem
of evolving domain generalization. Experimental results
on both toy data and real-world datasets across multiple
domains further indicate the significance of our proposed
method based on this setting.
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A. Proofs

A.1. Derivation of ELBO for Stationary Environments

As we introduce two latent variables to account for the two types of distribution shift, the data generating procedure for one
domain can be expressed as:

p(x,y,2%2",2") = p(z°)p(z" )p(z")p(x|z°, 2" )p(y|z®, 2")
(14)

We let (z¢,z") be the latent variables for x, and z be latent variable for y, thus the distribution of these three latent
variables can be inferred from the observable datapoints as p(z¢|x),p(z"*|x), p(z"|y), respectively. The joint distribution of

latent variables is:
C w

p(z¢,2",2"|x,y) = p(z°[x)p(z" [x)p(2"|y) (15)

For our approximating distribution in Eq 15, we can choose the form ¢(z¢, z*, z"|x,y) = q(z°|x)q(z"|x)q(z"|y). Thus,
we can get:

z¢,z", 7" |x,
Dkr(q,p) = Eqlog w
p(z 7Z ’z |X7 y)
q ZC7Zw’ZU X’y
— B log L2 TNT) s
p(x,y,z% 2", 2") (16)
q(z,z", 2" |x,y)
=E,l E,1
T8 (x,y. 207", 7") EPY)
z¢,z",z"|x
=E,log a [x.¥) +log p(x,y)
p(x.y,z% 2", 2")
We can get:
x,y,z¢ z", z"
log p(x, ¥) = Dici (4.p) + By log 2222 2) (1)
(Z 7Z ’Z |X7y)
As Dk, (q,p) > 0, the variational lower bound for log p(x,y) is
£—E,log p(x,.y,z 2", 2") (18)
q(Z(’,Zw,Zle,y)
This formulation can be reorganized as:
C w v
£ = B tog P 52" 2l ol ot
q(z°[x)q(z"[x)q(z"]y)
p(z°) p(z") p(z") (19)
= E, log p(x,y|z°, z*, +E,log + E, log +E,log
o108 POE Y 28 ) 08 ey + 08 gy T8 Gy

= Eylogp(x,yl|z,2",2") — Dk 1(q(z°[x),p(2°)) — Dxr(q9(z"[x),p(2")) — Dxr(q(z"]y), p(z"))-
As p(x,y|z¢, 2z, 2") = p(x|z°, 2" )p(y|z°, z"), the above formulation can be rewrote as:

L > E,4logp(x|z,2")p(y|z°,2") — Dk 1(q(z°x),p(2z)) — Drr(q(z"[x),p(z")) — Drr(q(z"]y),p(z")).  (20)

A.2. Derivation of ELBO for Non-stationary Environments

We assume the prior distribution of latent variables z* and z" satisfy Markov property. This means each of them relies on
the value of their previous states:

p(a") = p(a22,).p(a") = pla a2, v
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The joint distribution of data and latent variables is:

c w v
p(xlzTa Yur,2,2,.p, Z1:T)

w

p(xt, yi|2® 2,2 )p(2°)p(2i’ |22, )p(2 22 )

I
o

t=1 (22)
T Ny

= H (z’|22,)p(2{|22,) Hp p(xilf, 2y )p(yil 25, 27)
t=1 i=1

where p(zi') = p(z'|zy’) and p(27) = p(27|zj).
For a non-stationary environment, we assume that (z¢, z}") are the latent variables for x; and z} is the latent variable for y,
at ¢-th time stamp. Thus the distribution of the latent variables for ¢-th time stamp can be express as p(z¢|x;), p(z}|x;) and

p(z|y+), respectively. We employ ¢(z¢|x;), ¢(z}’|z%,,x:) and ¢(z}|z%,,y:) to approximate the prior distributions here.
Similar to Eq 18, we can draw the variational lower bound for log p(x1.7,y1.7) as:

P, Yiur, 2°, 2y 2Y.7)
L = B, log ZXLTS 2ir). o3
q(Z Z. T>Z1 T|X1:T7y1:T)

When incorporating with Eq 22, this can be reorganized as:

[Ti p(xe, yilz°, 2y, 28)p(2°)p(28 |22 )p (28 | 2%)
[T, a(zex)q(z |22, x0)a(2¢ |22, ye)

Nliperlat) o Tlaptelst) o T a)

T, a(z¥ |22, %) [T, a(z¥|z%,, y:) T, a(z<|x:)

L =E,log

=E, [log

T
+log | [ p(x:l2, Z?’)p(ytlz,?,zg)} (24)

t=1

_ [ ZT:log Zy ‘Z<tvxt Zlo Zt\z<z,}’t Zlog

= z}'|2%,) p(z7|z2,)

+ Zlogp(xﬂzc,zé”)p(ytlzc,z’t“)}

t=1
By Jensen’s inequality, the above formulation can be rewrote as:
T
L=E, [Z log p(xi|2%, 2" )p(y+|2%, 2;) — D1 (q(2°[x0), p(2%)) — Dicr(q(2 |22, %0), p(2¢ |22,)) s
t=1 (25)
— Drr(q(2/|2%, y1), p(2]2%,))

This complements the proof.

B. Probabilistic Generative Model of LSSAE

In Fig. 6, we present the complete probabilistic generative graph of our LSSAE. The left part is the DAG of LSSAE presented
in Fig. 1(d) where we did not include z€ in this figure as the main focus of Fig. 1 is the dynamic factors (i.e., W and V) for
presenting our main idea of evolving dynamics at a high level instead of DG. In the right part, we illustrate the relationship
between our DAG and probabilistic generative model (with z¢). Here, the dependence of X; on Y; (the dotted blue line) is
substituted with z¢ (the solid red line) which mainly captures the static category information in data sample space.

C. Additional Details on the Experimental Setup

C.1. Datasets

Our experiments are conducted on 2 synthetic and 4 real-world datasets presented in Table 4. More detailed description are
given below.
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Figure 6. The probabilistic generative graph of LSSAE with z¢ presented. Here, the dependence of X; on Y% in Fig. 1(d) is substituted
with z¢ which mainly captures the static category information in data sample space.

Table 4. Brief description of employed benchmarks in this work.

Dataset Type  Number Source Domains Intermediate Domains Target Domains Total Domains
Circle/-C Digital 3,000 15 5 10 30
Sine/-C Digital 2,280 12 4 8 24
RMNIST Image 70,000 10 3 6 19
Portraits Image 37,921 19 5 10 34
CalTran Image 5,450 19 5 10 34
PowerSupply Digital 29,928 15 5 10 30

¢ Circle (Pesaranghader & Viktor, 2016): Each data in this dataset owns two attributes (z,y),x, y € [0, 1]. The label is
assigned using a circle curve as the decision boundary following (x — x9)? + (y — y0)? < 12, where (20, yo) are the
location of the center and 7 is the radius of this circle. To generate Circle-C, we inject gradual shift via modifying the
value of x¢ continuously throughout the domains.

* Sine (Pesaranghader & Viktor, 2016): Each data in this dataset owns two attributes (z,y), z,y € [0, 1]. The label is
assigned using a sine curve as the decision boundary following y < sin(z). To simulate abrupt concept drift for Sine-C,
labels are reversed (i.e., from O to 1 or from 1 to 0) from the 6-th domain to the last one.

¢ RMNIST (Ghifary et al., 2015): This dataset is composed of MNIST digits of various rotations. We generate 19
domains via applying the rotations with degree of R = {0°,15°,30°, ..., 180°} on each domain. Note that each image
is seen at exactly one angle, so the training procedure cannot track a single image across different angles.

¢ Portraits (Ginosar et al., 2015): This is a real-world dataset of photos collected in American high school seniors. The
portraits are taken over 108 years (1905-2013) across 26 states. The goal is to classify the gender for each photo. We
split the dataset into 34 domains by a fixed internal along time.

¢ CalTran (Hoffman et al., 2014): This dataset contains real-world images captured by a fixed traffic camera deployed in
an intersection over time. Frames were updated at 3 minute intervals each with a resolution 320 x 320. We divide
it into 34 domains by time. This is a scene classification task to determine whether one or more cars are present in,
or approaching the intersection. The challenge mainly raise from the continually evolving domain shift as changes
include time, illumination, weather, etc.

* PowerSupply (Dau et al., 2019): This dataset is comprised of records of hourly power supply collected by an Italy
electricity company. We form 30 domains according to days. Each data is assigned by a binary class label which
represents which time of day the current power supply belongs to (i.e., am or pm). The concept shift may results from
the change in season, weather, price or the differences between working days and weekend.

C.2. Model Architecture & Hyperparameters

Neural network architectures used for each dataset:
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Table 5. Model architectures for different datasets.

Dataset Encoder Decoder

Circle/-C

Sine/-C Non-linear Encoder Non-linear Decoder
PowerSupply

RMNIST MNIST ConvNet MNIST ConvTranNet
Portraits ResNet-18 ConvTranNet
CalTran

Neural network architecture for digital experiments (Circle/-C, Sine/-C, PowerSupply):

Table 6. Implementation of Non-linear Encoder.

# Layer

1 Linear(in=d, output=512)

2 ReLU

3 Linear(in=512, output=512)
4 ReLU

5 Linear(in=512, output=512)
6 ReLU

7

Linear(in=512, output=512)

Table 7. Implementation of Non-linear Decoder.

# Layer

1 Linear(in=d, output=16)
2 BatchNorm

3 LeakyReLU(0.2)

4 Linear(in=16, output=64)
5 BatchNorm

6 LeakyReLU(0.2)

7 Linear(in=64, output=128)
8. BatchNorm

9 LeakyReLU(0.2)

10 Linear(in=128, output=d)
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Neural network architecture for RMNIST experiments:

Table 8. Implementation of MNIST ConvNet.

FH

Layer

00NN N kW=

— e \O
W = O

Conv2D(in=d, output=64)
ReLU
GroupNorm(groupds==8)
Conv2D(in=64, output=128, stride=2)
ReLU
GroupNorm(groupds==8)
Conv2D(in=128, output=128)
RelLU
GroupNorm(groupds=8)
Conv2D(in=128, output=128)
ReLU
GroupNorm(groupds=8)
Global average-pooling

Table 9. Implementation of MNIST ConvTranNet.

Layer

01NN Bk W= |

—_— = = = \O
W= O

Linear(in=d, output=1024)

BatchNorm

RelLU

Upsample(8)

ConvTransposed2D(in=64, output=128, kernel=5)
BatchNorm

ReLU

Upsample(24)

ConvTransposed2D(in=128, output=256, kernel=5)
BatchNorm

ReLU

Conv2D(in=256, output=1, kernel=1)

Sigmoid
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Neural network architecture for Portraits and CalTran experiments:

Table 10. Implementation of ConvTranNet.

# Layer

1 Linear(in=d, output=1024)

2 BatchNorm

3 ReLLU

4 Upsample(16)

5 ConvTransposed2D(in=64, output=128, kernel=5)
6 BatchNorm

7 ReLU

8 Upsample(40)

9 ConvTransposed2D(in=128, output=256, kernel=5)
10 BatchNorm

11 ReLU

12 Upsample(80)

13 ConvTransposed2D(in=256, output=3, kernel=5)
14 BatchNorm

15 ReLLU

16 Sigmoid

The model architecture of the encoder is ResNet-18, we replace the final softmax layer of the official version following Gul-
rajani & Lopez-Paz (2021). Besides, a dropout layer before the final linear layer is inserted. This network is initialized by
random rather than loading the pretrained parameters on ImageNet.
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We list the values of hyperparameters for different datasets below. All models are optimized by Adam (Kingma & Ba, 2015).
In our experiments, we found that keeping the balance of the three KL divergence terms for z¢, z* and z" via adjusting the
value of A1, A2 and )3 is beneficial for the final results.

Table 11. Hyperparametes and their default values.

Dataset Parameters Value
learning rate for £¢, D, C' S5e-5
learning rate for EY, F'*, EV I Se-6

Circle batch size 24
A1, A2, As 1.0, 1.0, 1.0
« 0.05
learning rate for £¢, D, C le-5
learning rate for E", F*, EV, F"V le-6

Circle-C batch size 24
A1, A2, Ag 1.0,2.0, 1.0
« 0.05
learning rate for £¢, D, C 5e-5
learning rate for E", F  EV, F"V 5e-6

Sine batch size 24
A1, A2, A3 2.0,1.0,1.0
« 0.05
learning rate for £¢, D, C' le-5
learning rate for Ev, F'*, BV, FY le-6

Sine-C batch size 24
A1, A2, A3 2.0,1.0,1.0
«@ 0.05
learning rate for £¢, D, C' le-3
learning rate for £, F', BV, F" le-4

RMNIST batch size 48
A1, A2, Ag 2.0,1.0,1.0
« 0.05
learning rate for £¢, D, C le-5
learning rate for E", F*  EV, F"V le-6

Portraits batch size 24
A1, A2, A3 0.5, 1.0, 1.0
« 0.05
learning rate for £<, D, C 5e-5
learning rate for E, F'* | EV, "V 5e-6

CalTran batch size 24
A1, A2, A3 1.0, 1.0, 1.0
« 0.1
learning rate for £¢, D, C' le-5
learning rate for £, F'*, EV F" le-6

PowerSupply batch size 48
A1, A2, As 2.0,1.0,1.0

le} 0.1
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D. Additional Experimental Results

In this section, we provide more experimental results for our proposed evolving domain generalization task. As we can see,
in most of the cases, we can achieve the state-of-the-art performance compared with other domain generalization baselines.
However, in some cases, our proposed method cannot achieve desired results. For example, in Sine-C, ERM and some
domain generalization baselines can achieve a desired classification performance especially for domain index 17,18 and 19,
which we conjecture the reason that their decision boundaries overfit to the abrupt concept shift, which further leads to their
poor performance on the following domains after domain 19. However, our proposed method aims to learn the evolving
pattern starting from ¢ = 0, which may not be optimal to suit to this abrupt concept shift case. One possible future direction
is only to learn the evolving pattern in a certain time duration (i.e., time duration in [t — T, ¢], where ¢ is the current time
stamp). Nevertheless, our proposed method shows its effectiveness in dynamic modeling for evolving domain generalization
task. We will leave the discussion how to find a suitable time duration (i.e., a suitable 1}) in our future work.

Table 12. Circle. We show the results on each target domain by domain index.

Algorithm 21 22 23 24 25 26 27 28 29 30 Avg
ERM 539+£35 558+48 539452 447+63 569+44 478+£58 419£75 41.7+£59 5424+30 478+57 499
Mixup 48.6+3.8 51.7+40 494+45 436+£58 569+44 478+58 419475 41.7+£59 542+3.0 478+£57 484
MMD 50.0£39 53.6+44 550+43 519+60 608+£39 49772 419+£75 41.7+59 542430 478+57 507
MLDG 578+36 57.7£50 553+49 464+68 569+44 478+58 419+75 41759 542+£3.0 478+57 508
IRM 57.8£39 594454 569+49 48174 575+£43 478+£58 419£75 41.7+£59 542430 478+57 513
RSC 453+3.6 514+38 494+45 436+£58 569+44 478+£58 419475 41759 542+£3.0 478+£57 480
MTL 614+22 5724+64 533+51 483+62 569+48 492+£37 433+£50 458+28 542457 422449 512

Fish 51.7+£37 531437 494445 436+58 569+44 47858 419+£75 417+59 542430 47857 488
CORAL 653+32 639+44 600+48 564+60 602+43 478+58 419+£75 417+59 542+£3.0 478+57 539

AndMask 428 +34 50.6+4.1 494+45 436+58 569+44 478+£58 419£75 41.7£59 5424+£30 49754 479

DIVA 813+£35 763+42 747+46 56.7+5.1 67.0 £ 6.1 623 £5.1 62.0+56 663 +4.1 703+56 620+42 679

LSSAE (Ours) 958+19 956+21 935+£29 963+18 838+£52 743+36 519456 523+81 465+92 484+£53 738

Table 13. Sine. We show the results on each target domain denoted by domain index.

Algorithm 17 18 19 20 21 22 23 24 Avg
ERM 714+6.1 91.0£15 81.6+£24 534+29 51.1+67 543+£47 495+48 51750 630
Mixup 63.1+£59 935+£17 806+£38 528+29 603+£72 542+£27 495+44 493+£80 629
MMD 57.0+42 571+£41 476+£54 50018 551+£67 544+£47 495+48 51.7+£50 558
MLDG 692+42 67741 521+£54 50718 51.1+67 543£47 495+48 51750 632
IRM 669 +62 81.1£32 885+£30 56660 572+£58 537£51 495+22 51.7+54 632
RSC 613+66 835+19 845+£26 528+28 551+£67 544+£47 495+£48 51750 615
MTL 70.6 £6.6 91.6£12 799+£34 51.0+47 60376 536£52 495+£53 469+59 629

Fish 66.1 69 820£27 875+£24 552+£30 51.1+£67 543+£47 495+£48 51750 623

CORAL 60.0+53 571+42 486+64 50.7+18 497+62 486=£46 46350 51750 51.6
AndMask 44251 429+42 542£70 719+£19 86432 904£29 881+£34 76437 693
DIVA 790+6.6 608+19 476+£26 50.0+£28 551467 519+47 38.6+48 404+50 529
LSSAE (Ours) 93.0£1.7 869+07 692+15 638+£38 688+£25 768+48 639+13 490=£3.1 714
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Table 14. RMNIST. We show the results on each target domain denoted by rotation angle.

Algorithm 130° 140° 150° 160° 170° 180° Avg
ERM 56.8+09 442+08 37.8+£0.6 383+08 409+08 43.6=+£0.8 43.6
Mixup 61.3+07 474+£08 391+£07 383+£07 405+08 42809 449
MMD 592+09 460+£08 39.0+£0.7 393+08 41.6+0.7 437+£0.8 448
MLDG 574+£07 445£09 375+£08 375+08 399+08 420£09 43.1
IRM 477+£09 385+07 341+£07 357+£08 378+08 403+08 39.0
RSC 541+09 419+£08 358+£0.7 370+08 39.8+08 41.6+0.8 417
MTL 548+09 431+£08 364+£08 36.1+08 39.1+£09 409=£0.8 417
Fish 60.8 08 478+08 392+£08 37.6+£07 39.0+£08 40707 442
CORAL 588+09 462+08 389+£0.7 385+08 413+08 435£0.8 445
AndMask 535+09 429+08 378+£0.7 38.6+08 408+08 432+0.8 428
DIVA 583+08 450£08 37608 369+07 381408 40.1£0.8 427
LSSAE (Ours) 64.1£0.8 51.6+£08 434+08 386+07 403£08 404+08 464

Table 15. Portraits. We show the results on each target domain denoted by domain index.

Algorithm 25 26 27 28 29 30 31 32 33 34 Avg
ERM 755409 838409 885408 933407 934406 921407 906408 843+09 885409 879+14 878
Mixup 755409 838+09 885408 933+£07 934406 921407 90.6+08 843409 885409 879414 878
MMD 740+ 10 838408 872408 93.0+£07 93.0+£06 919407 909407 847+14 883409 858418 873
MLDG 764+£08 855409 901407 943+£06 935406 9204+07 908+08 85.6+11 893408 87.6+16 885
IRM 742409 835+£09 885+08 91.0+£08 904+07 873+08 87.0+09 804415 867+09 851418 854
RSC 752409 847408 879407 933407 925407 91.0+07 900407 846+12 882408 858+19 873
MTL 782409 865+08 909408 942407 938406 920407 912407 860412 893408 874414 890

Fish 786+£09 869408 89.54+08 935+£07 933406 921406 91.1+£07 862+13 887409 877416 888
CORAL 746+£09 846408 879408 933+£06 927407 915407 907+£07 846+15 881409 859419 874
AndMask 620+ 1.1 708+1.1 67.0+12 702411 752411 741410 727411 647416 77.34+1.1 749+21 709
DIVA 7624+ 10 866408 888408 935407 931406 91.6+06 911407 847+13 891408 87.0+15 882
LSSAE (Ours)  77.7409 871408 908407 943406 943406 922406 912407 867+11 89.6+08 869+14 89.1
Table 16. CalTran. We show the results on each target domain denoted by domain index.
Algorithm 25 26 27 28 29 30 31 32 33 34 Avg

ERM 299435 884+21 611435 563432 900416 601425 555435 888+24 571435 505452 663

Mixup 53.64+39 89.0+20 61.84+24 557429 882421 586430 523437 886427 571430 551+43 660

MMD 302421 927417 564437 391432 936417 521432 428430 921422 421438 294438 571

MLDG 548441 886426 622436 551+41 883417 609443 517426 89.0+19 565434 553+48 662

IRM 4644+37 908+17 608+34 529431 91.8+17 566+£31 521429 909+26 556+39 431+£55 641

RSC 572430 884426 626430 565437 880424 594+30 519429 900420 594429 560+31 670

MTL 642430 872425 649439 600+48 845422 606435 526437 839429 582441 657456 682

Fish 61.1+£35 882415 647+40 579431 883422 599430 575427 874428 577437 630+£61 68.6
CORAL 504430 908420 612438 550425 920417 568+38 520+38 909416 568+24 509+56 657
AndMask  30.0+22 927417 562438 391432 936417 516432 426429 921+22 412437 299436 569
DIVA 60.64+29 90.1+17 675431 589435 884428 587433 538436 898+17 618448 620434 692
LSSVAE 634434 921420 626+47 588+44 929416 620439 543430 921422 605+38 674436 706
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Table 17. Circle-C. We show the results on each target domain denoted by domain index.

Algorithm 21 22 23 24 25 26 27 28 29 30 Avg
ERM 40.6+38 43.1+£47 397440 336+£50 447460 314464 278477 269460 278435 331471 349
Mixup 40.6+38 425+47 397440 336450 447460 314464 278477 269460 278435 331471 348
MMD 386437 425447 397440 336450 447460 314464 278477 269460 278435 331+71 346
MLDG 444+44 439450 397440 33.6+£50 447460 314464 278477 269460 278435 331471 353
IRM 63.6+42 567470 48.1+43 372448 447460 314464 278477 269460 278435 331+£71 397
RSC 386437 425447 397440 336450 447460 314+64 278477 269+60 278435 331+71 346
MTL 417450 456+71 369463 364+£62 447460 314432 278+42 283428 319446 261441 351

Fish 425438 433+£48 397440 336+£50 447460 314464 278477 269460 278435 331+71 351

CORAL 408+37 433448 397440 33.6+£50 447460 314464 278477 269460 27.8+35 331471 349

AndMask 53.6+42 547454 517447 336451 447460 314464 278477 269460 278435 350+£67 389
DIVA 40.6+38 425+47 397440 336+£50 447460 314464 278477 269460 278435 331471 348

LSSAE (Ours) 745418 655439 555432 360435 450407 405446 350+14 330414 340464 290428 448
Table 18. Sine-C. We show the results on each target domain denoted by domain index.

Algorithm 17 18 19 20 21 22 24 Avg
ERM 642+68 849+32 837+£31 549421 51.1+£67 543+£47 495+48 51.7+£50 618
Mixup 603+78 774+£33 878+18 5734+26 51.14+67 543+47 495+48 51.7+£50 612
MMD 558+51 571+42 486+64 507+18 51.1+67 543+£47 495+48 51.7+£50 524
MLDG 656+64 887+23 8444+28 524426 511467 543+47 495+48 51.7+£50 622
IRM 614+70 828+32 865+£3.0 549+18 5514+67 543+47 495+48 51750 615
RSC 650+6.7 835+31 854431 538+26 S51.14+67 543+47 495+48 51.7+£50 61.8
MTL 619+73 820+£23 837+42 542+54 603+76 536+£52 495+£53 469+59 615

Fish 694+£62 945+15 795+31 524426 511467 543+47 495+48 51.7+£50 628
CORAL 703+50 7724+£3.6 67.0+42 521+25 51.1+£67 543+£47 495+48 51.7+£50 592

AndMask 558+£51 5714+42 486+64 507+1.8 51.1+6.7 543+47 495+48 51.7£50 523

DIVA 769+6.1 61.1£59 476+34 48.6+42 51.1+£70 529+6.1 385+50 365+68 517
LSSAE (Ours) 623 +3.1 632+67 576+£26 664+26 6354+39 5954+40 526+22 61.3+19 60.8
Table 19. PowerSupply. We show the results on each target domain denoted by domain index.

Algorithm 21 22 23 24 25 26 27 28 29 30 Avg
ERM 698+ 14 700+14 692413 644415 858410 760+13 701+15 698+15 69.0+13 655+15 710
Mixup 696+ 14 695+15 683+15 643415 87.1+10 766+13 701+14 692+13 681415 650416 708
MMD 700+£13  69.7+14 687414 648+£15 856+£10 7614+13 700+£15 695+14 687+13 656+15 709
MLDG 697+ 14 697415 686+15 646+15 864411 763+14 701+14 694413 684+15 65615 708
IRM 698+ 14 695+14 683414 641414 872409 765+13 700+£15 69.1+15 682413 650+14 708
RSC 699+ 14 696+14 686+14 644415 86.6+10 763+13 700+15 694+14 684413 654+15 709
MTL 696+ 14 694+15 682416 642415 874412 766413 699415 69.1+15 682415 646414 707

Fish 69.7+ 14 694414 682414 642414 873410 766+13 699+15 692415 682413 652415 708

CORAL 699+ 14 697414 689+14 646+14 861410 763+13 700+£15 695+15 688+13 65715 710

AndMask 699+ 14 694+14 682413 640+14 874409 767413 700+15 69.1+15 680+13 64715 707
DIVA 697+ 14 695+13 682414 639+15 875410 765+13 699415 69.1+15 681413 647+15 707

LSSAE (Ours) 7004+ 14 698+ 14 690415 654+14 851411 76014 701417 699413 69.0+16 663+14 7LI1




