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Abstract

Uncertainty sampling in active learning is heav-
ily used in practice to reduce the annotation cost.
However, there has been no wide consensus on
the function to be used for uncertainty estima-
tion in binary classification tasks and convergence
guarantees of the corresponding active learning al-
gorithms are not well understood. The situation is
even more challenging for multi-category classifi-
cation. In this work, we propose an efficient un-
certainty estimator for binary classification which
we also extend to multiples classes, and provide a
non-asymptotic rate of convergence for our uncer-
tainty sampling based active learning algorithm in
both cases under no-noise conditions (i.e., linearly
separable data). We also extend our analysis to
the noisy case and provide theoretical guarantees
for our algorithm under the influence of noise in
the tasks of binary and multi-class classifications.

1. Introduction

Over the last decade, machine learning algorithms have
achieved a lot of success on various tasks in computer vi-
sion, natural language processing, and speech recognition.
This success has been led by various factors which include
improvement in computing architectures and improved ma-
chine learning algorithms. Moreover, the rapid growth in
the number of large labeled public datasets is also one of
the most important factors which contributed to the rise of
machine learning. However, in many practical scenarios, la-
beled data are hard to obtain, as it requires a lot of time and
human efforts to label a dataset. Hence, it is a time consum-
ing as well as economically expensive procedure. For this
reason, there have been many efforts to build machine learn-
ing algorithms which require a significantly lower number
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of labeled samples to train. One major direction of research
in this area is to devise efficient active learning algorithms.

Active learning algorithms propose efficient labeling
schemes to reduce the number of labels required in order
to train a classifier, resulting in minimal annotation cost
while still maintaining high performance. Active learning
methods can be categorized in two major categories : (i)
stream-based active learning where samples from the data
generating distribution are sequentially presented to the ac-
tive learner, and (ii) pool-based active learning where there
exists a very small number of labeled samples and the rest
of the samples have no label. We note that any stream-
ing based active learning algorithm can be converted to a
pool-based active learning algorithm and vice versa (Sabato
& Hess, 2016). For both of these categories, there exists
an acquisition function which characterizes which informa-
tive samples should be labelled. The most popular way
of determining if a sample is informative or not is by esti-
mating uncertainty. Other than uncertainty sampling based
approaches, the other major approaches for performing ac-
tive learning are query-by-committee (Seung et al., 1992),
expected model change (Settles et al., 2007), expected er-
ror reduction (Roy & McCallum, 2001), expected variance
reduction (Wang et al., 2015), among others.

The main focus of this paper is uncertainty sampling based
active learning algorithms. Despite of it being one of the
most used active learning algorithms in practice, little is
known about its theoretical properties. Specifically, there
has been no common consensus on the uncertainty estima-
tion approach used to perform active learning which also
provably converges. Also, most of the active learning algo-
rithms studied previously in theory as well as in practice
are for binary classification and are not trivial to extend to
multi-category classification problems at least theoretically.
In this paper, we investigate these questions from the lens
of optimization through stochastic gradient descent, and
propose a sampling function for which the uncertainty sam-
pling based active learning algorithm provably converges.
We make the following contributions in this work :

(i) We propose a family of theoretically motivated func-
tions to estimate uncertainty for margin based predic-
tions for binary and multi-category classification. Our
approach can also be used with any non-linear feature
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representation (kernel methods, random features and
neural network features) for classification.

(i) We show that the active learning algorithm based on the
proposed sampling scheme converges to the optimal
predictor in the separable regime for binary classifi-
cation, and can be easily extended to multi-category
classification while performing only first order update
in every iteration (O(d) computation cost, where d is
the feature dimension) for both the cases. We provide
a non-asymptotic rate of convergence of order O(1/n),
where n is number of iterations of the algorithms which
is also number of unlabeled samples seen by the al-
gorithm for both binary and multi-class classification
problems.

(iii) We extend our analysis to the inseparable regime for
both cases (binary and multi-class) and show that
the probability of mis-classification is bounded by
O(1/n) + O(n) where n is number of iteration per-
formed by the algorithms and 7 is the noise parameter.

(iv) We perform experimental evaluations for our algorithm
on classification tasks.

1.1. Related Work

There has been a vast amount of work done in the field of
active learning, and we only give a brief overview here. For
binary classification, online active learning has been stud-
ied under the name of selective sampling under adversarial
assumptions (Cesa-Bianchi et al., 2009; Dekel et al., 2010;
Orabona & Cesa-Bianchi, 2011; Cavallanti et al., 2011).
However, these methods are hard to extended to multi-class
classification and are computationally expensive (e.g., with
second order updates). Agarwal (2013) proposed a selective
sampling scheme for multi-class classification for general-
ized linear models, but still each step of the algorithm is
computationally expensive to perform. However, our pro-
posed algorithm only performs the computation of O(d) in
each step while making stochastic gradient descent or online
gradient descent like update, where d is the dimension of the
feature vector. Settles (2012) provides an excellent survey
of empirical studies in active learning.

Apart from empirical studies, there has been a lot of works
in active learning on the theoretical front. Disagreement
based active learning has been an active area of research
in machine learning. The primary idea is as follows. A set
of possible empirical risk minimizers are maintained with
time and a label is queried if two minimizers disagree on
the predicted label of that sample. An excellent survey of
disagreement based active learning is provided by Hanneke
(2014).

Our work can also be related to the vast line of work done
in margin based active learning (Balcan et al., 2007; Das-

gupta et al., 2005; Balcan & Long, 2013; Wang & Singh,
2016). However for most of works in this area, the gain
and convergence of algorithms have only been shown under
strong distributional assumptions, while we do not make any
such assumption on the data for our uncertainty sampling
based active learning algorithm, and still manage to show a
non-asymptotic rate of convergence for our algorithm.

Uncertainty sampling based machine learning algorithms
have a long history. They were first proposed by Lewis &
Gale (1994) who experimentally show that a probabilistic
model with uncertainty sampling can improve the perfor-
mance of text classification by up to 500 fold. Later, Schohn
& Cohn (2000) applied uncertainty sampling to SVM clas-
sification and showed improved performance. Since then, it
has been widely used for performing active learning (Yang
et al., 2015; Zhu et al., 2008; Lughofer & Pratama, 2017;
Yang & Loog, 2016; Wang et al., 2017). However, none of
the above mentioned works focuses on the theoretical un-
derstanding of uncertainty sampling. Recently, Mussmann
& Liang (2018) showed that threshold based uncertainty
sampling on a convex (e.g., logistic) loss can be interpreted
as performing a preconditioned stochastic gradient step on
the population zero-one loss. However, a proper conver-
gence analysis was not proposed by Mussmann & Liang
(2018), in part due to the underlying non-convexity of their
formulation.

2. Background
2.1. Uncertainty Sampling

Because of the ease of application, uncertainty sampling
remains one of the most popular approaches used to perform
active learning. Uncertainty sampling relies on the idea of
querying the data point about which the current predictor is
most uncertain. In simpler terms, uncertainty sampling usu-
ally identifies those points which are close to the decision
boundary of the current model. However, the most impor-
tant task here is to compute the uncertainty of prediction.
There have been several approaches proposed to measure
the uncertainty of a prediction. Here below, we discuss few
of them that are widely used in practice (Monarch, 2021).
Let us assume that a probabilistic model generates predic-
tions in the form of probability distributions pg(-|z) on Y
for z € X and model parameter 6.

Margin of confidence sampling (Monarch, 2021;
Nguyen et al., 2021). An intuitive way to estimate the
uncertainty is by computing the margin in the confidence
of top two predictions. Mathematically, sampling probabil-
ity of querying a label p, (z, 0) = o(ps(yi|z) — po(y3|z))
where o : R — [0, 1], and y and y3 correspond to the two
top most predictions for = given the model parameter 6.
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Least confidence sampling (Monarch, 2021; Nguyen
et al., 2021). Least confidence sampling considers the
difference between 100% confidence and the most confident
prediction to compute sampling probability of query a label.
That means py, (x,0) < 1 — pg(yi|x) where y7 corresponds
to the top most prediction for = given the model parameter 6.

Entropy-based sampling (Monarch, 2021; Nguyen et al.,
2021). Entropy is an information theoretically motivated
way to compute the uncertainty and widely used to estimate
the uncertainty. Sampling probability of querying a label

can be written as: py(,0) o< 3, <y po(y|z)log pe(ylz).

In this paper, we use the margin of confidence sampling
scheme to estimate uncertainty in the prediction. Details
of the sampling function o will be provided in Section 3,
where we discuss convergence of the algorithm. However,
before discussing the theoretical results (Section 3), in the
next section we discuss the relation between the hinge loss
and corresponding test accuracy in binary and multi-class
classification.

2.2. Max-margin linear classification

In this paper, we consider the simplest possible set-up of
linear classification, with inputs x € R<, and linear predic-
tion functions. We note that by replacing x by some feature
function ®(x) we can deal with non-linear problems, the
feature map being explicit or implicit through kernel meth-
ods (Hofmann et al., 2008).

Binary classification. With two classes, we consider y €
{—1,1} and a prediction function x > 6" z parameterized
by 6 € R?%. We then classify according to the sign of 6 " .

The associated error rate can be computed as
P(y6 'z <0),

but is is a non-convex function of §. Among the many
convex surrogates, we will consider the classical hinge loss:

U(x,y,0) = max{0,1 — y0 'z},

and its square, leading to the traditional support vector ma-
chine. The regular hinge loss is non differentiable, while
the squared hinge loss is smooth in €. In this paper, we will
consider an algorithm based on the squared hinge loss, but
obtain a guarantee for the non-squared one. Given that the
two losses lead to guarantees on the misclassification error,
as

P(y0" = < 0) < E(l(z,y,0))
Py e < 0) <E(l(x,y,0)%),

this allows to get the desired bounds.

Multi-class classification. Here, we consider y €
{1,...,k}. In multi-class classification the model param-
eter 0 is a vector in R% which consists of predictors
0(i) € R? for all i € {1,2,...,k}. Hence, we denote
model parameter 6 as collection of k predictors, i.e., § =
[0(1);0(2);---;0(k)]. We consider the multi-class SVM
formulation of Crammer & Singer (2001). Following the
structured SVM notation from Tsochantaridis et al. (2005),
let us assume that ¢(x, y) represents the feature map corre-
sponding to the sample pair (z,y). In multi-class classifica-
tion with k classes, ¢(x,y) € R consists of k blocks of d-
dimensional vector and if we allow ourselves to denote each
d-dimensional block with ¢(x,y)(i) fori € {1,2,--- ,k},
then (b(l‘, y) = [¢(l‘, y)(1)7 (b(l‘, y)(2)7 E ¢(x7 y)(k)]
where ¢(x,y)(i) = 0 for all i # y and ¢(x,y)(y) = .
Define a loss function A : Y x Y — R. The general hinge

loss for maximum margin training function can be written
as:

é(ajh Y, 9) = r;lea,;( [A(y7 yn) - 9T(¢<xn» yn) - d)(mna y))] :

In the case of multi-class classification, generally
A(y,y") = 1ify # ¢/, otherwise A(y,y’) = 0. Hence, the
multi-class hinge loss can be written as,

é(l‘,y, 0) = max [07 1- 0T (¢(I7y) - ¢(I7y*(07xay))] )

(D

where 3*(6,z,y) = argmax ' ¢(z, z).
z€Y\y

Predicting a label for the data point z € R? by the predictor
¢ is done by computing arg max, .y 6 ' ¢(x, z). Similar to
the binary case, the hinge loss for multiclass classification is
non differentiable, while the square hinge loss is smooth and
differentible in the model parameter 6. For multi-class hinge
loss as well, the misclassification error can be bounded by
expected loss for both the losses. That is for a given sample
pair (x,y) and model parameter 6, we have,

PO p(z,y) — 0 p(x,2*) < 0) <E((,y,0))
0 E

PO ¢(x,y) — 07 ¢(x,2%) <0) <E((z,y,0)%),

where 2* = argmax_cy 07 ¢(z, 2).

3. Convergent Uncertainty Sampling for
Classification

In this work, we consider the streaming data setting. How-
ever, the algorithm can also be applied for non-streaming
data setting. In the next three sections, we discuss the con-
vergence results for binary and multi-class classification.

Let us consider n i.i.d. samples (z;,y;) jointly sampled
from P such that z; € R%, i =1,...,n,and y; € Y where



Convergence of Uncertainty Sampling for Active Learning

Algorithm 1 Uncertainty Sampling in Binary Classification

Input: learning rate v, Streaming (z;,y;) for ¢ € [n], ini-
tial model parameter 6, parameter y and sampling
function o.

Output: average iterate 0, 1.

for t < 1tondo

Compute probability p,, (z, 0;) = o (6, z¢).

Sample Bernoulli random variable z; with p =
pu(xta et)A

Compute 4 (¢, yz, 0;) + max(0,1 — y(0, x1)).
Update 0;1 + 0: + vze(yewe) e (e, ye, 0t).

Update 9t+1 — (1 — H%) 0t+1 + H%et+1.

Y = {—1, 1} for binary classificationand Y = {1,2,...,k}
for multi-class classification.

Before going into the details of theoretical results, we first
discuss the intuition of the uncertainty sampling algorithm.
As discussed previously, the main idea behind the uncer-
tainty sampling based active learning algorithm is to query
the labels for those data points about which the predictor is
most uncertain about. In the streaming data setting, every
time we see a new data point, we compute its uncertainty
by computing the prediction score. Then, we convert this
score into the density function with the help of the given
function o, which maps prediction score to probability of
querying a label. This probability score is used to generate
a Bernoulli random variable which decides if the algorithm
queries the label of the presented sample or not, and then
performs a stochastic gradient step (for the squared hinge
loss) if the label is accessed. The exact expression for the
function ¢ is provided in Section 3.1 (for binary classifica-
tion) and in Section 3.2 for multiclass classification. The
pseudo-codes of the algorithms are presented in Algorithm 1
(binary classification) and Algorithm 2 (multi-class classi-
fication). It is important to note that in Algorithm 1 and in
Algorithm 2, when the sampled Bernoulli random variable
z; 1s zero for any ¢, then the for loop breaks for that iteration
on its own as the 6; does not get updated.

3.1. Binary Classification

In the separable case for binary classification, we assume
that there exists an optimal classifier 6, € R? such that
for all x € X and its corresponding label y € Y where
y = {71? 1}’

y(0]x) > p* > 1. )
The above assumption is a standard assumption made in the
analysis of maximum margin classifier in the realizable case

(Balcan et al., 2007; Dasgupta et al., 2005). We minimize
the square hinge loss to obtain our predictor. The expression

Algorithm 2 Uncertainty Sampling in Multi-Class Classifi-

cation

Input: learning rate -, Streaming (x;, y;) for ¢ € [n], initial
model parameter 6, parameter 1, number of classes
k, and sampling function o.

Output: average iterate 6, 1.

fort < 1tondo

Compute score s4(j) = 0(j) "a; forall j € [k] .
Compute probability p, (¢, 0:) = o (0:, xt).

Sample Bernoulli random variable z; with p =
pu(l‘t, 9:&)-

Yy < argmax;cy,, St(f)

ft(xt, Yt 9,5) — maX(O, 1-— Ht(yt)TAxt + Gt(yz‘)Txt)
Update 6;41(yz) < 6:(yr) + vztxtéé(xt, Y, 0t).
Update 0,11 (y;) < 0:(y;) — vzexele(ze, ye, Or).
Update 6t+1 — [9t+1(1); 6t+1(2)§ cees 9t+1(k)].

Update §t+1 — (1 — H-%) §t+1 + t—‘,—%et“’l'

for square hinge loss can be written as (with an extra factor
of 1/2),

1
Uz,y,0) = 5 max [0,1— yGTx}Q . 3)

We have the following update rule to update the model
parameter 6 for uncertainty sampling based active learning :

Orp1 = 0p + v 2e(yey) [1 - yt(ot—rxtﬂ 1 4

where z; is a Bernoulli random variable for fixed 6; and
x; such that p(z; = 1|z4,0;) = (0, ;) where o : R? x
R? — [0, 1] is an even function.

When ¢ = 1, i.e., querying label for every sample, then
this is exactly stochastic gradient descent for the squared
hinge loss, which is known to converge with rate O(1/t) in
the separable situation (Vaswani et al., 2019). In the next
result we show that the algorithm proposed in this paper
(Algorithm 1) converges.

Theorem 3.1. Consider a set of n i.i.d. samples (z;,y;)
from P such that x; € R?, and y; € {—1,1} forall i =
1,...,n then, if there exists a 0, for which y(0] z) > p*
Sor all (x,y) pair in P, we have the following convergence
guarantee for Algorithm 1:

R2max {1, 1} 161 - 0.

]E(l - yélx)-‘r < 2
1 opre1
mm{ﬁ, S } n
Sor the choice of o(0,x)

*
i 1 pi—1
nnn{w = }

R? max{l,}%}

)

1 : —
m, Step size vy =

and ||z|| < R for all x in the domain X.



Convergence of Uncertainty Sampling for Active Learning

Proof sketch. See the complete proof in the Appendix. Us-
ing the update given in Equation (4) and taking expectations
only with respect to z; considering x;, y;, 0; fixed, we get

E[|6r41 — 04]° = 1160 — 0.]1* + 290 (61, 20) [1 — (61" )]

2
ye(0) o — g0 wy) + 720 (0, 1) R?[1 — yt(atTl‘t)]Jr,
where R is the upper bound on ||z|| for all z € X. Our
next goal is to find the function o (6, ) which satisfies the
following properties for y:0,' z; < 1,

o0, 20) (1 — 0, 20)3 < c1(L— b 2)  (6)

o (0, 20) (0] &0 — 0. 31) < —ca, (7N
for some positive constants ¢; and c;. We show in
Lemma A.1 that choosing

1
0(9,$):m, (8)

for po > 0 satisfies the conditions in Equation (6) and Equa-

tion (7) for ¢; > max{l, l} and ¢; < min {q——l i}.
Iz +u
Finally, after taking expectations, applying Jensen’s inequal-

ity, and for the optimal choice of step size v, we get

RQmaX{l,i} 161 — 6,|2
E(1 —y0, z); < .

= 2
ind 1 pr=l
mm{u’ el G
O

On the mistake bound. As discussed in Section 2.2, the
probability of misclassification is bounded by the expected
classification loss (non squared hinge loss). Hence, for an
independently sampled pair (z,y),

R max {1, 1} 101 - 0.
. 1 p*—1 2 ’
mln{;, 1+u} n

Discussion. It is important to note that the conditions men-
tioned in Equation (6) and Equation (7) are required only
when y.0;x; < 1 as the gradient is zero when y.0;x; > 1,
and hence the model parameter is not updated. Ideally, the
label should not be queried when y,0,2; > 1, however there
is no way to compute it beforehand. Hence, our sampling
scheme provides a good trade-off for sampling. The value
of 1 should be decided by experimental evaluation as for
w — oo, the upper bound for our algorithm diverges. It
is also to keep in mind that the choice of x depends on
the sampling budget. Less budget will require to do more
aggressive sampling and hence will require to choose much
larger ;4 and vice versa.

}P’(yéla: <0) <

Denoting the expected number of samples labelled in ¢ steps
as #¢, we get:

n—1 n—1 1
H#n=) o(bya) =) ——F,
> 2 T ld

which can be significantly less than n if the absolute value
of 9: x, is large for most of ¢, i.e., most of the points are far
from the decision boundary. Also, small margin (p*) will
only affect the result of convergence up to a constant factor
as the data can be re-normalized to get appropriate margin.

3.2. Extension to Multi-class Classification

In the separable multi-class case, we assume that there exists
a set of optimal half-spaces 0, (i) € R fori € {1,2,...,k}
corresponding to each class such that for all z € X and its
corresponding label y € Y where Y = {1,2,...,k},

(0.(i) — 0,(j)) x> p* > 1foralli #j € [k]. (10)

Note that the loss function given in Equation (1) is the same
as that of used to compute the loss in Algorithm 2. We will
optimize the multi-class square hinge loss and not the hinge
loss for the reason discussed in Section 2.2. Let us introduce
the following notation,

61:(y7y,) = (b(xvy) - qﬁ(z,y').

Hence, the expression for the square hinge loss is

1. . 2
U, y,0) = S0(,,0) = 5 [1 =070 (.9 (0, 2,)] -

DN | =

The gradient of ¢(z,y, #) with respect to 6 can be written
as,

Vé(x,ya 0) = —E(Jf, y79)5l (yay*(ea x)l/)) .

We consider the projected stochastic gradient descent update
to update the model parameter 6 for uncertainty sampling
based active learning in multi-class classification:

Or+1 =19 <B [9t + V200, (Yo 0 (O, 20, Y1) L, 2, 02) |
(1)

where z; is a Bernoulli random variable for fixed 6; and
x¢ such that p(z; = 1|ay,0¢) = o(0s, ) where 0 : R —
[0, 1] is an even function. ITy<p denotes the projection
operator which projects 6; for all ¢ in the ball of radius B
centered around the origin. In the theorem below, we show
the convergence of the algorithm proposed in Algorithm 2.

Theorem 3.2. Consider a set of n i.i.d. samples (x;,y;)
from P such that z; € R?, and y; € {1,2,...,k} for all
i = 1,...,n. Then, if there exists a set of d-dimensional
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optimal half-spaces 0, = {6,(1),60,(2),...,0,(k)} corre-
sponding to each class for which 0 6, (y, y* (0, z,y)) >
p* for all (z,y) pair in P, we have the following conver-
gence guarantee for Algorithm 2 with the projected gradient
descent update in Equation (11),

R*(1+ BR)|6, — 0.
o f1 opre1
mln{;, p1+u } n

or the choice of 0(0,x) = 1 ,
f fo(6,2) L1260 (0 1)) T —=0u (57 5) T

step size y = mim{i7 1;}} 2R2(11+BR) and ||5,(i, j)|| <

R, for all x in the domain X, and for all i # j € [k] and
16l < B.

Eé(z,y,0,) < . (12)

Proof sketch. See the complete proof given in the Appendix.
Using the update given in Equation (11) and taking expecta-
tions only with respect to z; considering z;, ¢, 6, fixed, we
get the following

E|0¢+1 *9*”2+270(9t,$t)é($t7yt,9t)
(9tT5zt (yt,y*(Gt,xt,yt)) - Q*Tézt (yt,y*(9t7$tayt))>
+720(9t7xt)R222(xt1yt79t)7

—0*|* < |6,

where R is the upper bound on ||, (7, j)|| for all z € X and
1,7 € {1,2,...,k}. Similar to the case of binary classifica-
tion, we would need to find the function o (6, ) which sat-
isfy the following properties for 6, 6., (y, y* (04, 74, y1)) <
L,

J(tht)éQ(mtayt;@t) < Clg(xtvytaat) (13)
U(et,l't) (H*T(S:Et (yta y*(9t7$t7yt))
_e;r(sxr (yhy*(eta Tt, Z/t))) Z C2, (14)

for some positive constants c; and ce. Let us now define top
two predictions by the classifier 6 for sample pair (z, y) are
as follows,

y(l) = argmax 6 ¢(z, z) (15)
z€Y
Y(o) = arg max 0’ ¢(z, 2). (16)
zeY\yfy

Then, we show in Lemma B.1 that choosing

1
o0y, x) = N N
xy (yt(1)’ yt(2)) ‘
B 1
1+JL94y&D)T$t—9%y&m)T$t

where ( is a positive constants, satisfies the conditions in
Equation (13) and Equation (14) for ¢; > (1 + BR) and for

9 < pl +_ Finally after taking expectations and applying

Jensen s 1nequa11ty, we get the following

A _ 2 _ 2
Bi(e,0,) < EULH R+ 0700
pr —

for all u > 0. O

On the mistake bound. Similar to the case of binary clas-
sification we discussed in Section 2.2, the probability of
misclassification for the multiclass case is bounded by the
expected classification loss (multi-hinge loss). Hence, for
an independently sampled pair (,y) and for u > 0,

Y,y"(0n, z,)) <0)
- B2+ BR)(L+ 1?0 — 0. P
= n(pr — 1)?
= P<7’n(y)—r$ - én(y*(én,a:,y))Tx < 0)
_ 2L+ BR)(1+ Il — 0.1
- n(p* — 1)

P(6,) 6, (

Discussion. It is directly not clear from the bound how
to choose p to have a direct gain of applying active
learning method. However similar to the binary classi-
fication case, the querying of a label is only required
when 0,5, (y¢, y*(0;, z¢,y:)) < 1 as the gradient is 0
when 0, 6., (v, y* (04, v4,9:)) > 1. In that case, choos-
ing larger p will query less number of labels when
0] 6z, (ye,y* (0, 2,9;)) > 1, however, then it will also
start to discard informative samples. A good p should be
chosen based on experimental evidence. Nevertheless, the
algorithm converges for all choices of .

Denoting the expected number of samples labeled in ¢ steps
as #, we get,

n—1 n—1 1
#n = Za(etzxt) = T R R 5
t=0 t Yz (yt(l)’ yt(g))

which can be significantly less than n if the absolute value
of 0 5,, (Y7(1y> Yi(2)) 1s large for most of the time instance
t, i.e., most of the points are far from the decision boundary.
Comment that we made about small margin in binary clas-
sification remains valid in this case as well. It can also be
noted that our analysis can easily be extended to structured
output spaces under max-margin loss. The formulation for
structured output spaces under max-margin loss function
would resemble the multi-class formulation.

Discussion on extension for other loss functions. Our
proof technique relies on choosing specific sampling func-
tion o which can be related to the gradient term in SGD
like update for square hinge loss (square max-margin loss).
For other loss functions, we believe that it is possible to
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choose sampling function ¢ and relate it to the (stochastic)
gradient of the loss function, however, relating the gradient
to the classification error is a non-trivial task for general
loss function which is not the case for square max-margin
loss.

3.3. Towards Uncertainty Sampling for Inseparable
Data

In this section, we discuss uncertainty sampling for active
learning in a more realistic scenario, that is, the inseparable
case. We assume the existence of mild noise in the data.
That means there exists a 6, such that the following condi-
tions about the classification noise hold in the the case of
binary and multi-class prediction problem respectively for a
given sample pair (x, y),

]P’(yﬂ;rx\(:v, y) < p*) < n (binary classification), (17)
P8, 62 (y, y* (0, 2,9))|(x,y) < p*) <1
(multi-class classification). (18)

The assumption made about the noise in above equations are
relatively stronger than noise conditions often assumed in
the statistical learning theory literature (Massart & Nédélec,
2006; Tsybakov, 2004). However, extending our analysis
under Tsyabkov’s noise condition (Tsybakov, 2004) is be-
yond the scope of this paper and could be considered in a
subsequent work. Before moving to present the main results
in the noisy case, we mention below the projected stochastic
gradient descent update for the binary classification, the
update looks as follows,

Or+1 = 1o <B [915 + 7 ze(yre) [1 - yt(Gtht)]J .
(19)

Here below, we present our convergence result for insepara-
ble data.

Theorem 3.3. Consider a set of n i.i.d. samples (x;,y;)
from P such that z; € R%, and y; € {—1,1} forall i =
1,...,n. Then under the assumption in Equation (17) for
all (x, y) pair in P and for the choice of o(0, x) = m,
w > 0, we have the following convergence guarantee for
Algorithm 1:

1. If the noise parameter

. 1 p*—l
mm{ﬂ, )

maX{RHQ*H,%‘f*H} +min{i, %}

n <

and iterates in Algorithm 1 are updated via stochastic

gradient descent update in equation (4), then for step

(1—m) min{%” 1*_*_7} } 7 max %W,RHQ* H}
R2 max{l7 m } ’

size 7 =

we have
2 1 2
R max{ E}uel—e I
In ’
such that ||z|| < R for all v € X and where T =
(1= mymin {1, 221} — pmasc { 1L Ry, }] .

2. If the noise parameter 1 satisfies
ind 1l pi=1
mm{u, fE— }
14+R[6, | 1 =1l
Tru + min TRE

and iterates in Algorithm 1 are updated via projected
stochastic gradient descent update in equation (19),

p*—1
a- ;l::x{{”l:?} we have
B R?max 1,l 161 — 6%
E(lfyt?;xﬁg( { }) *11 57— +0(),
(1—mn)? mln{u,”l;”} n

such that ||z|| < R forall x € X.

E(1 - 319T )+ <

N maX{RHH*H,

then for step size v =

A similar result also holds for the case of multi-class clas-
sification. Consider the definition of the max-margin loss
function for multiclass prediction as in equation (1), i.e.,

U(z,y,0) = max [0,1 - 07 (¢(x,y) — ¢(z,y"(0,,y))] ,
where 3*(6,z,y) = argmax ' ¢(z, z).

z€Y\y
Then we have the following convergence result.

Theorem 3.4. Consider a set of n i.i.d. samples (z;,y;)
from P such that x; € RY and y; € {1,2,...,k} for
all v = 1,...,n. Then under the assumption in Equa-
tion (18) fOr all (z, y) pair in P and for the choice of

o(,x) = 1+u\0(y1)T , it > 0, we have the fol-

lowing convergence guarantee for Algorithm 2 with the pro-
Jjected stochastic gradient descent update (Equation (11)):

*
. 1 p -1
mln{u, 1+“}

1+min{L, 2=+ R|j0, ||

1. Ifn <

then for step size v =

(1—n) min{ % »”ff“l n(1+R]641)
21+ BR)
i g o B2+ BR)|6 — 0,]
E¢ 0,) < ;
(xay7 ) = T2n
where ' = [(1 —n) min{%t, ”1*_;}} —n(1+ RJ||64]])

and ||, (i, 7)|| < Rforall x € X and i, j € [k].

min{ 4 *-1
u’ 1+u

2. Ifn > Y S e AT then for step size v =
(1—m) mln{i7 1_;“1}
RZ(1+BR)
5 - R2(1+ BR)||0; — 6|
El(z,y,0,) < ( )16 | +O(n),

p)
. *_1
(1—n)? mln{i, Ll-i—u } n
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such that |6, (¢, 7)|| < Rforallx € X and i, j € [k].

Discussion. In the above two results, we see that our un-
certainty sampling algorithm is robust to small noise. The
two cases of Theorems 3.3 and 3.4 are about existence of
low and high noise in the data. When the noise level is small
then it does not affect the rate of convergence as the other
error term (optimization error) is dominant. However, when
the noise is higher then errors due to noise are significant
and that is the dominant term. Hence, in the case of signif-
icantly large noise, our algorithm has to pay for an extra
error cost of the order O(n).

4. Experiments

In this section, we perform an experimental evaluation for
our proposed uncertainty sampling based active learning
algorithm. The experiments are performed on both synthetic
as well as real world data. For the experimental evaluation,
we only consider binary classification setting. It is clear
from the previous sections that we utilize the property of
max-margin loss to obtain the convergence. Max-margin
loss has similar properties for binary as well as multiclass
classification. Hence, we omit the experimental evaluation
for multiclass classfication.

Synthetic Data (Binary Classification). We generate n
number of data points z; € R? fori € {1,2,--- ,n} having
dimension d = 200 from Gaussian distribution centered
at 0 with covariance matrix ¥ which is a diagonal matrix.
Similarly, we generate a 200-dimensional prediction vector
0 sampled from the normal distribution. We compute the
prediction vector y; for x; as follows, y; = sign(6'x;).
Separately from the training set, another set of 15,000 data
points are generated which are used to evaluate the test
performance. The data generating distribution for training
and test samples are kept the same.

To generate Fig. 1a, we fix n = 200,000, i = 4 and the
i-th singular value of ¥ is 1/i. We run one pass of vanilla
SGD algorithm and our uncertainty sampling based active
learning algorithm. As clear from our plot, out of 200,000
samples, our algorithm asks labels for only 40,000 sample.
Hence, for the comparison, we compare the performance
on test set of first 40, 000 iteration of vanilla SGD with our
algorithm.

In Fig. 1b, we compare the test performance for various (.
It is obvious that larger value of 1 implies a more aggressive
sampling scheme. Hence, it is expected that for a fixed
budget, larger value of n will provide better performance
which is also reflected in the plot 1b.

In Fig. Ic, we plot the test accuracy with respect to the num-
ber of labels queries given with fixed budget of unlabeled

data. As can be seen from the plot, vanilla SGD asks for the
label of every data point. As we increase (i, the number of
queried labels goes down. However, the performance on test
data remains almost the same surprisingly for uncertainty
sampling based algorithm with increasing p and for vanilla
SGD at the end of one epoch.

Real World Datasets. Next, we evaluate our algorithm
on real world datasets. We consider Covertype and letter-
binary datasets to evaluate the test performance of uncer-
tainty sampling based active learning for binary classifica-
tion. Normalized binary version of datasets are downloaded
from manikvarma.org/code/LDKL/download.html. Since, the
decision boundary for these datasets are non-linear, we use
randomized Fourier features (Rahimi et al., 2007) to per-
form the task of classification. For both the datasets, we
use 500 random fourier feature representation. We perform
vanilla SGD and uncertainty sampling based active learning.
We plot the result in Fig. 2a for covertype and in Fig. 2b for
letter-binary. We observe that uncertainty sampling based
active learning algorithm has low prediction error for a fixed
budget.

In the last Fig. 2c, we plot the fraction of labels queried for
various value of ;© when number of unlabeled synthetically
generated samples are fixed to 20,000 and 40,000. The plot
shows that, our algorithm tends to query similar fraction
of labels irrespective of number of available unlabeled data
points.

5. Conclusion

In this paper, we show that our uncertainty sampling based
active learning method converges to the optimal predictor
for linear models under the proposed sampling scheme for
binary as well as for multi-class classification. We also
extend our analysis for noisy case under restrictive noise
assumptions (eqs. (17) and (18)). As a future research
direction, we would like to analyze uncertainty sampling
algorithm based active learning algorithm under more gen-
eralized noise assumptions of Tsybakov (2004)), and would
like to consider more aggressive sampling schemes.
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Appendix

A. Binary Separable Classification

Theorem (Restatement of Theorem 3.1). Consider a set of n i.i.d samples (x;,y;) jointly sampled from P such that x; € RY,
and y; € {—1,1} foralli = 1,...,n then under the assumption that there exists a 0, for which y(0] z) > p* for all (z,y)
pair in P, the following convergence guarantee exists for Algorithm 1,

R? max{l, 5} 161 — 6.|2

2
; 1 pr—1
mm{u’ =™ n

E(1 -y x); < : (20)

ind 1 2°=1
fgr [he Chgice Ofa'(e’ x) = m, s[ep SiZe v = m and ||.’,E|| S RfO}" all xin the domain :X:

Proof. We minimize the square hinge loss which can be written as,
1 T 12
Lz,y,0) = 5 max [0,1 —yb x} )
We have the following update rule for:
Orr1 = 0 +v 2z (yee) [1 - yt(9tht)]+

where 2, is a bernoulli random variable for fixed 6; and x; such that p(z; = 1|z¢, 6;) = o (6, z¢) where o : RExR? — [0, 1]
is an even function. Following the update, we have

001 — 0%]° = H9t — 0"+ 2 (yrae) [1 - yt(etTIt)LH
= )16, — 0%||” + 272 [1 — yt(atTfﬂt)h (yt(Htht) - yt(Q*Ta?t)) + 9727 (yrwe)*[1 — yt(etTl“t)ﬁ (1)
= ||9t - 9*||2 + 22 [1 - yt(etht)]+ (yt(et—rxt) - yt(G*Txt)) + ’YQZt(ytﬁﬂt)g [1 - yt(etht)]j_

In the last equation we used the fact that z; € {0, 1}, hence 2? = z;. Taking expectations on both sides only with respect to

z; considering (z, y4, 0;) fixed, we have

E[00i1 = 072 = 10 = 0112 + 290 (00 2) [1 = 920 )] (0] 20) = wa(0* @)
+ 920 (0, x0) el 12 [1 — we (0 20)] 7
<10 = 0% + 290 (8, ) [1 — e (6, ")), (yt(GtTa:t) - yt(G*Tﬂft))

+ 720(0;r$t)R2 [1 — Yt (QtTa?t)] 2

. 22)

Now in the above equation, we want to find function o : R% x R? — [0, 1] for y;(," ;) < 1 for all ¢, such that the following
holds,

(0, x)(1 — ytﬁjxt)i <er(1- ytotht)+
(O, 20) (1 — y:0] w0) 1 (0] 2 — ye0* T ) < —co(l — 4,0 24) ¢

for some positive constants ¢y and co. This is then equivalent to, for all ytej zy < 1and th*Txt > pt:

U(et,iﬁt)(l - ythTajt)+ <c (23)
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(0, x)(p* — ythTa:t) > ey (24)

IF we choose, o (0, x) = for some constant p > 0, then from Lemma A.1, we have

. *_1
mm{i,”lTﬂ} max{l,%}
o) =D S g T
(p* —yb'x) (I—y0Tz)y

1
1+ul0T x|

Hence, we have

* * : 1 p* -1 1
E||9t+1—0 H2 S ||0t_0 |2—27m1n{ﬂ, 1+u }(1—yt0jxt)+ +72R2max{1,u}(1—yt0,jxt)+
1

. 1 *—1 1
Q’ymln{;,”lTu} _72R2max{1,ﬁ}

Taking expectation on both the sides, we have

= (1—y:0] 2)4

IN

(16 = 0*11* = El|0r+1 — 6%|?]

1

(Il=yb/w)s € ———————— 5 16: = 0717 = E[1041 — 07]|7] (25)
2y min {ﬁ’ m} — 7?2 R? max {1, ﬁ}
Summing the above equation for ¢t = 1 to n, choosing v = r:;m: : {1;” }} and applying Jensen’s inequality give us,

max{ }||e1 —0, |\2

E(1 -y, z), < (26)
1 pr—1
min { o 1+u } n
O
Lemma A.1. If there exist a function o : R? x R? — R of the form,
(0,7) = L 27)
o= + pl0T x|
where 6 € R? and x € R, then under the assumptions of Theorem 3.1 we have
min{ﬁ,"l::} max{l l}
——— = <ogb,z) < —————— (28)

(p* —y0Tx)

forall y(0Tx) < 1wherey € {—1,1}.

(1-y0Tz)y

Proof. We want to find an even function o : R x R? — [0, 1], such that for all y(0Tx) < 1 where y € {—1,1}, the
following conditions hold

o, 2)(1—yb 2), <y
o(0,z)(y8 x — p*) < —cy

for some positive constants ¢; and ¢; and & 1s as small as possible. Replacing o (6, x) with and using the fact that

14+p |07x|
yGTa: < 1, we get to find constants c; and ¢o such that

S 1—ybTx
e > -7 7
YT 0T

* eT
< Py

T 14 pfTxl
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When p > 570 T -Ht\ul is decreasing function for v > 0 and increasing function for « < 0. When p < L, £ =% isa

decreasing functlon everywhere. Checking at yf "2 =0, y0 "2 = 1 and yf "2 — —o0, we have

1 1 pr—1
c1 >max{l,}and02 <m1n{ p }
Iz "l4p

rnin{l p*fl} max{l l}

w 14p D

—— 2 <ogbx) < ————". (29)
(p* —y0Tx) (6.2) (I—y0T2)y

Hence, finally we have

B. Separable Multi-class Classification

Theorem (Restatement of Theorem 3.2). Consider a set of n i.i.d samples (x;,v;) jointly sampled from P such that x; € R?,
and y; € {1,2,...,k} foralli = 1,...,n then under the assumption that there exists a set of d-dimensional optimal
half-spaces 0, = {0,(1),04(2), ...,0,(k)} corresponding to each class for which 0 6, (y,y* (0., z,y)) > p* for all (z,y)
pair in P, the following convergence guarantee exists for Algorithm 2 under projected gradient descent update in equation

(1D,
. _ 1+ B — 0,
El(z,y,0,) < R+ BR)|6, 29 ”
. *_1
mln{%“ pH_“ } n

or the choice of 0(0,x) = L , Step size :min{ , }71 and ||65(i,7)|| < R for
g fol0:2) 1+”‘et(yfu))th*@t(yt*@))th psizeny H 1+N R?(1+BR) 162 (@ DIl < R f

all z in the domain X, and for all i # j € [k] and ||0|| < B.

) (30)

|
x»
._.

Proof. We have multi-class hinge loss,

‘é(wtvytvg) = [1 - 9T5xt (ytvy*(eaxtvyt))]+v where y*(gaxtvyt) = argn\lax 9T¢(xt,y),
y€Y\yt

and ¢(z,y) € R represents the feature map corresponding to the sample (z,y). We have assumed that
Q*det (ye, y* (0,24, y:)) > p* > 1 forall ¢.
Let us consider the smooth loss function,
faryn.0) = [ )] = [1- 076, (et 0,20 00)]
We perform the following projected stochastic update
Or11 = H|\9\|§B [9t + 7240, (Y, Y™ (Or, T4, Yt)) [1 - 9T5m,, (yt, y*(0, l’t,yt))h_]

where z; is a bernoulli random variable such that p(z; = 1|x¢,0;) = (s, Tx;) such that o : R% x R — [0,1] is an
even function. Now,

1001 — 0%]° < Hot — 0" +v2080, (Y1, y" (0, 21, 90)) [ — 07 0, (yuy*(@tafﬂtayt))hug
= 160 = 01 + 29208 (0,01, 00) (67 6, (" B0, 90)) = 0 B (" B 10))
+ 92271160, (g y* (0, 24, yt)) ||2€2(9Ct»yt79t)
= 100 = 071 + 2yz08e, 1. 00) (6 00, (un. " O 21 90)) = 0T 8, (s (Orses))))

(
+ 722102, (e, y* (O, e, ye)) 120 (e, Y, Or).

€2y
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In the last equation we used the fact that z; € {0, 1}, hence z? = z;. Taking expectations on both sides only with respect to

z; considering (z, y;, 0;) fixed, we have

EHQt-s-l - 9*||2 < Het - 9*||2 + 270(9t7$t)é(3€t7yt,9t) (9;5@ (ytyy*(9t7$t7yt)) - 9*T5:pt (ytay*(etvxtayt))))
+ 720 (00, 20|02, (Ye, ™ (Or, e, ye)) 120 (e, v, 0r)
<16, — 9*||2 + 270(9t7$t)g($t7yt79t) (9;537,, (Y, ™ (Or, e, 9e)) — Q*Témt (yt,y*(ﬂf,,xt,yt))))
+ 20 (0, ) R0 (24, 1, 0
< 0 = 0% + 290 (0r, 24) L4,y 01) (0] 6z, (e, v (Or, 1, 90)) — p¥)
+ 720 (01, 2) R20* (24, 1, 0r) (32)
Now, we want to choose such a function o for E(xt, Yt, 0¢) > 0 such that
U(0t7 xt)£2(1't7 Yt, gt) S Cl‘g(xta Yt, gt)
U(etyxt) (P* - et—rél’t (yhy*(etvxt?yt))) 2 C2

for some positive constants c¢; and c,. If we choose,

1
o(f,x) = )
1+p let(yZ(l))Txt - et(yZ(g))Txt’
the from Lemma B.1 we have,
14+ BR
O—(ehxt) S A+77
E(xtvytaat)
1 pr—1 1
o(0,x¢) > min{, } . (33)
o o L+p f (p* =0 6z, (ye, y* (01, 20, 1))
Putting the inequalities in equation (33) back in the equation (32), we get the following,
*2 * 12 . 1 pr=11; 2 p2 7
E||6;11 — 0] < |16 — 6%|]° — 2y min PR Uz, yp, 0r) + v R*(1+ BR)l(x¢, Y1, 0r)
R 1
= Qe 0) S ——— (161 — 6° I = Eless - 6°]
2 min {;, m} —72R?(1+ BR)
Taking expectation on both the sides, we have
R 1
Uz,y,0;) < T p— [E||6; — 6* > — E||6:1 — 6*|]%] (34)
27m1n{;,m} —v2R%(1+ BR)
Summing the above equation for ¢ = 1 to n, choosing v = min { %u %} m and applying Jensen’s inequality give
us,
R ~ . _ R2(1+ BR)||6; — 0,
Bi(z,y,0,) < T BRI 0 (35)
o f1 opr—t
min {ﬁ’ p1+u } n
O

Lemma B.1. Consider the setting and notations of Theorem 3.2. If there exist a function o : R™ x R% — R of the form,

(0, 2) = ! (36)

IT+u Q(yz‘l))—'—x - 9(92(2))-'—33
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where 0 € R¥* and x € R, then under the assumptions of Theorem 3.2 we have
1 1+ BR

1 pr—1
<o(0,r) < ——— 37
mm{u 1+u}(p*9T5m(y,y*(9,x,y)))_o( %) (z,y,9) e

forall 076, (y,y*(0,2,y)) < 1 wherey € {1,2,...,k}.

Proof. We want to find an even function o : R? x R? — [0, 1], such that for all y(fTz) < 1 where y € {—1,1}, the
following conditions hold

(O, )0 (x4, yi, 0) < c1l(we, yr, 0r)
o (0, x¢) (0 — 0 0u, (Y, y* (B, 31, 11))) = 2

for some positive constants ¢; and co and < is as small as possible. Replacing o (0, x) with L and
<3 |0y, To—0(yty)) Ta|

using the fact that / (2, 9z, 0¢)y > 0, we get to find constants ¢; and ¢, such that

‘ 0
1 Z ($t7 Yt t) (38)
1+ 1% et(y;(l))—rxt - et(y;(g))—r'rt
*— 06, *(0
Cs S 14 t t (ytay ( t,l’uyt)) (39)
1+ 1% 0t(y;(1))—rxt - et(y;(z))—rxt
Under bounded # assumption we have,
é(xtvytaat) < 1+BR (40)

L+ p ]ﬂ(y&l))wt - 9(?!?(2))Txt‘

In the above equation, we have used cauchy-shwartz inequality, ||| < B and ||d,(¢,7)|| < Rforallz € X and 4, j € [k].
Let us now consider to get the inequality for co. We here observe that

’Gt(yt*(l))Txt - 9t(yt*(2))Tl‘t’ < ’9;5@ (yt,y*(et,xt,yt)ﬂ

Hence,
,0*—9 Oz, (Ye; y* (O, T4, yt)) < p* —9 Oz, (Y1, y* (O, e, Y1)
Lot w00 00, (e y* O e 9))| ™ 14 1|64y ,)) Ter — Bu(y)) T
When p > is decreasing function for v > 0 and increasing function for v < 0. When p < is a decreas-

* ’ 1+u\u| * ’ 1+u\u|
ing functlon everywhere. Hence, checking the value at 0, 6., (y¢, y*(0s, z¢,y:)) = 1 and 0, 6, (ye, y* (01, 4, y¢)) — —00
gives us the following,

Co <mm{1 P _1} < p*—GtTéxt (yt,y*(ﬁt,xt,yt))

A N T

Hence, we have

1 -1 1 1+B
mln{ p } T < O'(Gt,l‘t) < A_FiR (41)
/1‘ 1+ H (p* - 0t 55% (yhy*(etaxtvyt))) E(xmyn et)
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C. Binary Classification in the Presence of Noise

Lemma C.1. Under the assumption in equation (17), the iterates in Algorithm I updated via stochastic gradient descent
(equation (4)) or projected stochastic gradient descent (equation (19)) satisfy

1 pr—1
e —0°[* < B0~ 0°* 20— pymin { . =t w0 070,

1+ R0,

1
T »RIIG*II} E(1 -y, )4 +~°R* max {17 u} E(1—y0/z); (42)

+ 291 max {

for the choice of o(0,z) = o7 1> 0, and positive step size y such that for all |z]| < R forall x € X.

1
1+ul0T x|’

Proof.

2
16s+1 — 9*||2 = Het — 0" 4+ ze(yewe) [1 — yt(Gtht)]+“
= 116 — 6% 11" + 2z [1 — (6, T w0)] (%(9;%) - yt(O*th)) + 772 (yee)?[1 - yt(etTItﬂi (43)
=16, — 0%||” + 272 [1 — yt(HtTfUt)]Jr (yt(Htht) - yt(Q*Tﬂ?t)) + 7?2 (yewe)?[1 — yt(etTl“t)]i

In the last equation we used the fact that z; € {0, 1}, hence 2? = z;. Taking expectations on both sides only with respect to
z; considering (z, ¢, 0;) fixed, we have

EJ6r41 — 072 < 1160 — 612 + 2900 ) [1 = (6 ")), (w67 ) — (6" 0)
+ 720 (0] w) ()2 [1 — e (0 0]
< 116, = 6112 + 2900 ) [1 = (6" w0)] , (w07 20) — (6" 0)
+7%0 (0] z)R*[1 - yt(Htht)]i. (44)

In the last line, we used the fact that ||z|| < R for all x € X. Now finally we take the expectation with respect to the noise in
yt, using the assumption made in Equation (17) and conditioning on 6y, x; and y;. We get the following,

E[|641 — 6%[* < (16, — 0% = 2y(1 =)o (0, 24) [1 = we(6: " 20)] , [(02(0] 21) — p*))]
+29m0 (0 20)[1 = (0 20)], [ (07 w0) + 10" Tl | + 92 R (B w0 [1 = (6, w0))
<10 — 6% )1* = 2y(1 =)o (O, x0) [1 — we(0: " 20)], [(we(6] 20) — p*))]
+ 2950 (00, 20) [1 — 946, T20)], [e(6] 20) + RG] +7°RP0(0r,2) [L — yo(0, )] 2. (45)
Similar to the noiseless case, we choose

1
0 -
o(9,2) = 14+ pul0Tz|’
for 1 > 0 and after applying result from lemma A.1, we have for 30, z; < 1

1 pr—1
E||6s1 — 6*]]* < [|6; — 6> = 29(1 — ) min<{ —,
841 =071 < 6= 0°17 = 2901 = mymin { - &=

} (1 — 30 @)+

Y0, i + (0] 24|

+ 2
1+ pl6] ]

1
(1 — .0, ;)4 +~+*R? max {1, M} (1 — 0, ) 4

1 pr—1
14p

1
(1 = e8] 2¢)+ +7°R? max {L M} (1—wb/x)r  (46)

<0 — 0*]* — 291 - >mm{ }(1 e,

yify xe + RJ|0.||

+2
T e ]
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.
. . yib, T+ R[04 1+ R[04
It is easier to see that T 0T 2] < max T , R||64| ¢- Hence,

. 1 pr—1
E —0*|I2 < ||, — %)% — 2v(1 — - 1— .0,
[011 — 0% < |60 — 07| 7( U)mm{'u,1+u}( Yi0y T¢)+
1+ R||6,]]

+2 max
{1

1
»R||9*||} (1 — 50/ 21)4 +7*R? max {17 M} (1—yb )y (47)

Taking expectation on both sides we have,

1 pr—1
E |01 — 0*]]* <E||0; — 6*||* — 27(1 — n) min{ —,
[Bess = 0°I* < E16, = 6°1 ~ 2901 = pymin { 5,

be1- o)

1+ R6.]]

+ 2 max
N { 114

1
,R||¢9*}]E(1 — 0, )4 +~v*R? max {1, u} E(1 —y0 z),. (48)

O

Theorem (Restatement of Theorem 3.3). Consider a set of n i.i.d samples (x;,v;) jointly sampled from P such that x; € R?,
and y; € {—1,1} forall i = 1, ..., n then under the assumption in equation (17) for all (x,y) pair in P and for the choice
of o(0,x) = m, w > 0, the following convergence guarantee exists for Algorithm 1:

1. If the noise parameter 1 <

. {i p*—1
minq 4+ 5F } , ., . . .
TTRTELT ——»—7 and iterates in Algorithm 1 are updated via stochastic
Inax{RHH* H+Tf}+mm{ﬁ+ TTh

. *—1 1+R|6
(1—7) min %,ppr“ }7nmax{%“*“,RH0*H}

gradient descent update in equation (4), then for step size v = AT max {11}

R? max {1, i} 161 — 6,2

AT

; (49)

such that ||z|| < R forall x € X.

. 1 p*—1
mm{ “—&- TTh

masc{ RII6 |+ = Hmin {4 2750

2. If the noise parameter > and iterates in Algorithm 1 are updated via projected

. *—1
(1—m min{ %5574 }

R2max{1,i
(R2 max{l, 5}) 161 — 6%2 o

2
. *_1
(1 —n)len{i,—pH_u } n

stochastic gradient descent update in equation (19), then for step size v =

E(1 —yf, )+ < (n), (50)

such that ||z|| < R forall x € X.

Proof. From Lemma C.1, we have

* (|2 * |2 . 1 pr—1
E 641 = 07[]" <E[|6; — 67]" = 27(1 — ) min § ~

, E(1 —y8,

1+ R[|6.||

+ 291 max
i max { L

1
,Re*n}E(l — Y0 1), +° R max {1, M} E(1— o7 o)
Now we consider the two cases.

i When

max { RJ9 | + L} 4 min {14 2211
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: f_ 1+R||0,
then, (1 — 1) min {i, ’JITMI} > max{%ﬂ“,RH@*H}. Hence,

. 1 pr—1
60— 07 < E 1 - 01 = (1~ mymin {1 &

, E(1—y8,z
M1+M}( yt)+

1+ R0, ]|

1
e ,R||0*|}E(l—yo,?x>++72R2max{1,u}la<1—y9ix>+

E||0; — 0*|* — E[|0y1 — 0%
27(1 — 1) min {i, %} — 27nmax{%‘|§*“,3|w*“} —72R? max{l, i}

Now in the above equation, summing for all £ from 1 to n and applying Jensen’s inequality after choosing the optimal
(1—nm) min{i,%}—n max{%“i*”,RHG*H}

+ 2yn max {

= E(1-yb, z); <

step size y = A7 max {12 , we get
i
) R? max{1,§} 161 — 6,||2
E(1 -y, 2); < — (51)
[(1 — 1) min {i, le:Ml} - nmax{%“ﬁ*”,RHG*HH n
ii When

: 1 pr—1
mm{f—k—l }
+
> °w m

= 1+R||6, . 1\’
max {RHG*H + %} —Hmn{i + 485 }

. - 1+ R||6,
then (1 — 1) min {ﬁ, %} < 7 max {%}A”,RH&H}. Hence,

*2 *2 . 1 p*_l
E 041 — 0%[]" <E |0, — 0" — 27(1 —n) min { —

o T
L B0 - o)

1+ R|6, 1
+ 297 max {J;JFHMH R||9*|}]E(1 — 0 2) 4 +v*R? max {1, u} E(1 —y6, z)4

10 — 0*||* — E[|6r1 — 6%
o f1 et 1
2v(1—n) mm{ﬁ, "1+H } —2R? max{l, ﬁ}

1+ R0«
2ypmax { HELLL Ry, |}

1 pr—1 1
27(1 — n) min {ﬁ’ pITu} — 72 R? max {17 ﬁ}

We update via projected stochastic gradient descent. Hence,

= E(1—yb,/ z); <

+

E(1 -y, z)+

(1-y0/2)+ <1+ BR
for all (x, y) pair. This gives,
E[|0; — 0*||* — E[|0¢ 11 — 6%
27(1 — 1) min {%, %} — 72 R? max {1, ﬁ}

2y mac { UL Rj6, |} (1+ BR)

E(1—yb, x); <

14+p

+ .
29(1 —n)min{% %} —'yZRQmax{l,i}

. *_1
(1—m) mm{%7 "H_M }

D max{l,%} we have

Choosing optimal v =

(R2 max {1, %}) [IEHQt — 0*|]2 — B[4, — €*||2:|

2
. * 1
(1—n)?min {1,511

E(1 - yb, z); <
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2(1 + BR) max {%HZ‘*H, R||9*||}

+ : o1 n.
(1—mn) mln{pm}
Summing the above equation for ¢ = 1 to n and applying Jensen’s inequality give us,
- (R2max {1,2}) oy - 07
]E(l - yan 1‘)+ < 1 1 2
) 2mind L =1
(1-m) mm{#, 1+u} n
2(1+ BR) max { 121 Rjjo, |}
f
+ ~ 1 o n (52)
(L mymin {3,221

:Aconstant
_ (R2 max{l, %}) 1601 — 92*”2 o). (53)
(1—n)? min{%, ’f{,f} n

D. Multi-class Classification in the Presence of Noise

Lemma D.1. Under the assumption in equation (18), the iterates in Algorithm 2 updated via projected stochastic gradient
descent (equation (11)) satisfy

. 1 pr—1 o
E||6i41 — 6% < E||6, — 0*||* — 2v(1 — -, E[l(z,y,0
642 = 6°1 < B0, — 0*1? 2901~ nymin {5 &= Al p,60)
+ 2yn(L + RI|6.E[(z,y,6,)) + (1 + BR)R’E[((z,y,6,)] (54)
Sor the choice of o(0,x) = 1 , > 0, and positive step size v such that for all ||6,(i, 7)|| < R for all

1+p]0(y;) To—0(y3) T

x€Xandi,j € [k]
Proof. We perform the following projected stochastic update
Ory1 = HHeHgB [et + 7260z, (e, y™ (0, 24, Y1) [1 - 9T5xt (yhy*(eu (Etyyt))}_,'_]

where z; is a bernoulli random variable such that p(z; = 1|x,6;) = (0, Tx;) such that o : R% x R¥* — [0,1] is an
even function. Now,

2
0441 — 9*“2 < Hot — 0" + 2462, (Y, y" (0,71, y1)) [1 - 9T§zt (ytay*(gtaxtayt))}_,'_H

= 100 = 071 + 2yz18e, 1, 00) (6 0, (w1 " Ors w1, 90)) = 0 8, (s (Brses))))

72 180, ey O, 20,90)) |28 (2, 1, 61) )
= [16: — 0*11* + 2726l (1, s, 02) (935% W,y (O, 20, 50)) — 0 g, (yt,y*((%,xtvyt))))

+ 922102, (e, v (O, 20, 90)) 11207 (e, 1, 01).

In the last equation we used the fact that z; € {0, 1}, hence 2? = z;. Taking expectations on both sides only with respect to
z; considering (z, y;, 0;) fixed, we have

E|6:s1 — 62 < 116: — 0*|° + 270 (61, m:) (s, yt, 0;) (9?5@ (e, " (Or, 20, y1)) — 0% 6, (yt,y*(etwt,yt))))
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+720(9t793t)||5xt (Ye, v (Or, xt, yt)) ||2£2($t,yt79t)
S Het - 9*||2 + 270(9t7$t)€($t7yt’ et) (9;6:“ (yta y*(9t7$t7yt)) - Q*Télt (ytay*(etvxta yt))))
+ 720’(9“ xt)R262(xt7 Yt et) (56)

In the last line, we used the fact that |0, (¢,7)|| < R forall z € X and 4,j € [k]. Now finally we take the expectation
with respect to the noise in ¥, using the assumption made in Equation (18) and conditioning on 6;, x; and y;. We get the
following,

E[|0p41 — 0%[> < (10 — 0*]1% + 2v(1 = 0)o (61, 20) e (e, y1, 1) (0] 0, (02,47 (Or, 0, 91)) — p*)
+ 29m0 (0, )0 (e, ye, 02) (07 0w, (e, y* O e, 1)) + 10 0, (Wes v (Or, 20, 32))|)
+ 720 (0, ) R20% (24, e, 0y)
< )10 — 0% + 29(1 — )o (B, ) (21, ye, 0r) (0] 62, (e v (Br, e, 50)) — p*)
+ 29m0 (01, 20) L (w1, 91, 01) (0 0a, (v, y* (Or, 1, 90)) + R64]))
+ 720 (0, ) R20 (24, e, 0y
Similar to the noiseless case, we choose

1
L4 |0(yy) "o — 0(y3) Tz

o(f,z) =

for ;1 > 0 and after applying result from lemma B.1, we have for £2(xz;, y;,6;) > 0

(1 pr—1) &
El|6;11 — 07| < [|6; — 6*|1* — 27(1 — g A 0
641 = 0712 < 161 0° = 290~ mymin {1, 2= i, 1,60
(e;ré.l,t (yhy*(gtaxtvyt)) + R||0*H)

14+ p

+ 2vn é(xtaytaot)

Ou(ya)) T2t — et(yt*(2))T$t’
+ '}/2(1 + BR)RQE(J;D Yt, 9t>

1 A
S ||0t — 0*“2 — 27(1 — 7]) min {M’ ﬁ:)[ T 1 }E(xt,yt,ﬁt)

+ 2901 + R||0.|) (e, ye, 0¢) + (1 + BR)R (x4, ys, 61). (57)

*

Taking expectation on both sides of the above expression gives us

. [1 pr—1 A
E||0;41 — 07| < E||6, — 0*||* — 2~(1 — { }]Eé Ly, 0
102+ I° <El6, | 7(1 = n) min PR [U(z,y,0)]
+2yn(1 + R|0.)E[l(2,y,6:)] + 7*(1 + BR)R*E[l(x,y,6,)] (58)
O

Theorem (Restatement of Theorem 3.4). Consider a set of n i.i.d samples (x;,v;) jointly sampled from P such that z; € R?,

and y; € {1,2,...,k} foralli = 1,...,n then under the assumption in equation (18) for all (x,y) pair in P and for

the choice of o(0,x) = 1 , > 0, the following convergence guarantee exists for Algorithm 2 with
T+p]0(y;) Ta—0(y3) T o

projected stochastic gradient descent update (equation (11)):

*
. 1 pr—1
mm{“,ipr“}

. * ’
T+min{ L, 47— L4+ R|6,

(1—n) min{ 1, 5=} —n(1+R]0.))
RZ(1+BR)

1. If the noise parameter n < then for step size v =

R*(1 + BR) |6, — 0.
2
(L= mymin {1, 221k — 51+ R6.])] n

such that |6,(i,5)|| < Rforall x € X and i, j € [k].

E[i(z,y,0,)] < : (59)
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*
cf1 pr—1
min M,lJr“}

1+min{ 1, 2=L L R0,

(1—mmin{,5}
R2(1+BR)

2. If the noise parameter n > then for step size v =

R?(1+ BR)||0; — 0*||?
e )
(1—n)2m1n{ﬁ,”l+u} n

such that ||6,(¢,7)|| < Rforallx € X and i, j € [k].

Elf(z,y,0,)] <

Proof. From lemma D.1, we have

. 1 pr—1 -
E|0;+1 — 6*]|*> < E||0, — 0*||* — 27(1 — -, E[l(x,yq, 0
0041 = 0°17 < B0, — 02 — 200~ pymin { & 2=l 1)

+290(1 + RIOIDEL (21, ye, 0] +°(1 + BR)R*E[l(, o, 61)]

Now we consider two cases.

1 When

—

=

. p*—1
mm{f7 T }

1+min {1, 2=11 4+ Rljo,|

n <

then (1 — 7) min {i’ %} > (1 + R||.]|). Hence,

*

.1 5
EHQt+1 — 9*”2 < EHet — 9*“2 _ 27(1 — 17) min {’u, p1+ p }E[ﬂ(x,yﬁt)]

+ 2yn(1 + R||6.|)E[L(z, y,6:)] +7*(1 + BR)R*E[{(x, y,6;)]

) el o
= E[l(z,y,0,)] < E||6; — 6*[|* — E|6141 — 6%

29(1 —n)min {1, 821} — 295(1 + RJ6. ) — 42(1 + BR)R?

(60)

(61)

Now in the above equation, summing for all ¢ from 1 to n and applying Jensen’s inequality after choosing the optimal

(1—n) min{ L, 54=2 } —n(1+R||6. ||)

step size v = RLBR) , we get
) rvn — 2 .
(= mmin {2,852} —n@+ Rl6.)] n
ii When
. *—1
n = mm{%’ 5 }
T+ min {1,211+ R,

then (1 — 7) min {%, %} < n(1+ R||6«]|). Hence,

*

. 1 p p
E||fi11 — 0*[]> < E||6; — 0*|* — 2v(1 — - E[l(z,y,0
6041 =071 < By 0°| — 251~y in { 1, &= i, ,0)

+290(1 + RI|6.|)E[l(z,y, 6:)] + 7 (1 + BR)R*E[{(z, y,0,)]
B0, — 61 — B6111 — 0"
2v(1—mn) min{i7 %} —v2R?(1+ BR)
2yn(1 + R||6.]]) 5

27(1 — 1) min {i, %} —v2R%*(1 + BR)

= E[é(z,y,@t)] <

_|_

Ell(x,y,0:)]

(62)
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We update via projected stochastic gradient descent. Hence,

Uz,y,0:) <1+ BR
for all (x, y) pair. This gives,

E[|0; — 0*||* — E||0¢11 — 6%

E[é(l‘,%@)] < i 1 pr—1
T = e

w T4p
2 1+ R||0,
29(1 — n) min {ﬁ, %} —v2R?(1+ BR)
1—n) min l,‘)*_l
Now choosing v = ( ni{?(p{rg’R;ﬂ i gives

R?(1+ BR) [E||6, — 6*[|* — E||6¢+1 — 6*]?] N 2(1+ R||6.]))(1 + BR)
* __ 2 . *
[(1—n)min{i,—plﬂjH (1777)mm{i,—"1+:}

Summing the above equation for ¢t = 1 to n and applying Jensen’s inequality give us,

E[g(xv Y, 015)} <

5 - R%*(1+ BR)||6h — 0*|)* 2(1+ R||6,4]))(1 + BR
Bl ) < PO ERNG 020+ RIS+ 55
[(1—n)min{i7pl+*”1H n (1—77)In1n{ﬁ,m}

:RZconstant

(63)

(64)



