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Abstract

In the pursuit of explaining implicit regulariza-
tion in deep learning, prominent focus was given
to matrix and tensor factorizations, which corre-
spond to simplified neural networks. It was shown
that these models exhibit an implicit tendency to-
wards low matrix and tensor ranks, respectively.
Drawing closer to practical deep learning, the
current paper theoretically analyzes the implicit
regularization in hierarchical tensor factorization,
a model equivalent to certain deep convolutional
neural networks. Through a dynamical systems
lens, we overcome challenges associated with hi-
erarchy, and establish implicit regularization to-
wards low hierarchical tensor rank. This translates
to an implicit regularization towards locality for
the associated convolutional networks. Inspired
by our theory, we design explicit regularization
discouraging locality, and demonstrate its ability
to improve the performance of modern convolu-
tional networks on non-local tasks, in defiance
of conventional wisdom by which architectural
changes are needed. Our work highlights the po-
tential of enhancing neural networks via theoreti-
cal analysis of their implicit regularization.'

1 Introduction

One of the central mysteries in deep learning is the abil-
ity of neural networks to generalize when having far more
learnable weights than training examples. The fact that this
generalization takes place even in the absence of any explicit
regularization (Zhang et al., 2017) has given rise to a com-
mon view by which gradient-based optimization induces
an implicit regularization — a tendency to fit data with
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predictors of low complexity (see, e.g., Neyshabur (2017)).
Efforts to mathematically formalize this intuition have led
to theoretical focus on matrix and tensor factorizations.’

Matrix factorization refers to minimizing a given loss (over
matrices) by parameterizing the solution as a product of
matrices, and optimizing the resulting objective via gra-
dient descent. Tensor factorization is a generalization of
this procedure to multi-dimensional arrays. There, a tensor
is learned through gradient descent over a sum-of-outer-
products parameterization. Various works analyzed the im-
plicit regularization in matrix and tensor factorizations (Gu-
nasekar et al., 2017; Li et al., 2018; Du et al., 2018; Arora
et al., 2019; Razin & Cohen, 2020; Chou et al., 2020; Li
et al., 2021a; Razin et al., 2021; Ge et al., 2021). Though
initially conjectured to be equivalent to norm minimization
(see Gunasekar et al. (2017)), recent studies (Arora et al.,
2019; Razin & Cohen, 2020; Chou et al., 2020; Li et al.,
2021a; Razin et al., 2021) suggest that this is not the case in
general, and instead adopt a dynamical systems approach.
They establish that gradient descent (with small learning
rate and near-zero initialization) induces a momentum-like
effect on the components of a factorization, leading them
to move slowly when small and quickly when large. This
implies a form of incremental learning that results in low ma-
trix rank solutions for matrix factorization, and low tensor
rank solutions for tensor factorization.

From a deep learning perspective, matrix factorization can
be seen as a linear neural network (fully connected neural
network with linear activation), and, in a similar vein, ten-
sor factorization corresponds to a certain shallow (depth
two) non-linear convolutional neural network (see Cohen
et al. (2016b); Razin et al. (2021)). As theoretical surrogates
for deep learning, the practical relevance of these models
is limited. The former lacks non-linearity, while the lat-
ter misses depth — both crucial features of modern neural
networks. A natural extension of matrix and tensor factor-
izations that accounts for both non-linearity and depth is
hierarchical tensor factorization,3 which corresponds to a

The term “tensor factorization” refers throughout to the clas-
sic CP factorization (see Kolda & Bader (2009); Hackbusch (2012)
for an introduction to tensor factorizations).

3The term “hierarchical tensor factorization” refers throughout
to a variant of the Hierarchical Tucker factorization (Hackbusch &
Kiihn, 2009), presented in Section 3.
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class of deep non-linear convolutional neural networks (Co-
hen et al., 2016b) that have demonstrated promising perfor-
mance in practice (Cohen & Shashua, 2014; Cohen et al.,
2016a; Sharir et al., 2016; Stoudenmire, 2018; Grant et al.,
2018; Felser et al., 2021), and have been key to the study of
expressiveness in deep learning (Cohen et al., 2016b; Cohen
& Shashua, 2016; 2017; Cohen et al., 2017; 2018; Sharir &
Shashua, 2018; Levine et al., 2018a;b; Balda et al., 2018;
Khrulkov et al., 2018; 2019; Levine et al., 2019).

In this paper, we conduct the first theoretical analysis of
implicit regularization in hierarchical tensor factorization.
As opposed to tensor factorization, which is a simple con-
struct dating back to at least the early 20’th century (Hitch-
cock, 1927), hierarchical tensor factorization was formally
introduced only recently (Hackbusch & Kiihn, 2009), and
is much more elaborate. We circumvent the challenges
brought forth by the added hierarchy through identification
of local components, and characterization of their evolution
under gradient descent (with small learning rate and near-
zero initialization). The characterization reveals that they
are subject to a momentum-like effect, identical to that in
matrix and tensor factorizations. Accordingly, local compo-
nents are learned incrementally, leading to solutions with
low hierarchical tensor rank — a central concept in tensor
analysis (Grasedyck, 2010; Grasedyck et al., 2013). Theo-
retical and empirical demonstrations validate our analysis.

For the deep convolutional networks corresponding to hi-
erarchical tensor factorization, hierarchical tensor rank is
known to measure the strength of dependencies modeled
between spatially distant input regions (patches of pixels in
the context of image classification) — see Cohen & Shashua
(2017); Levine et al. (2018a;b). The established tendency
towards low hierarchical tensor rank therefore implies a bias
towards local (short-range) dependencies, in accordance
with the fact that convolutional networks often struggle or
completely fail to learn tasks entailing long-range dependen-
cies (see, e.g., Wang et al. (2016); Linsley et al. (2018); Mly-
narski et al. (2019); Hong et al. (2020); Kim et al. (2020)).
However, while this failure is typically attributed solely
to a limitation in expressive capability (i.e. to an inability
of convolutional networks to represent functions modeling
long-range dependencies — see Cohen & Shashua (2017);
Linsley et al. (2018); Kim et al. (2020)), our analysis reveals
that it also originates from implicit regularization. This sug-
gests that the difficulty in learning long-range dependencies
may be countered via explicit regularization, in contrast to
conventional wisdom by which architectural modifications
are needed. Through a series of controlled experiments we
confirm this prospect, demonstrating that explicit regular-
ization designed to promote high hierarchical tensor rank
can significantly improve the performance of modern con-
volutional networks (e.g. ResNet18 and ResNet34 from He
et al. (2016)) on tasks involving long-range dependencies.

Our results bring forth the possibility that deep learning ar-

chitectures considered suboptimal for certain tasks (e.g. con-
volutional networks for natural language processing tasks)
may be greatly improved through a right choice of explicit
regularization. Theoretical understanding of implicit regu-
larization may be key to discovering such regularizers.

The remainder of the paper is organized as follows. Sec-
tion 2 outlines existing dynamical characterizations of im-
plicit regularization in matrix and tensor factorizations. Sec-
tion 3 presents the hierarchical tensor factorization model, as
well as its interpretation as a deep non-linear convolutional
network. In Section 4 we characterize the dynamics of gradi-
ent descent over hierarchical tensor factorization, establish-
ing that they lead to low hierarchical tensor rank. Section 5
explains why low hierarchical tensor rank means locality
for a corresponding convolutional network. In Section 6
we demonstrate that the locality of modern convolutional
networks can be countered using dedicated explicit regu-
larization. Finally, Section 7 provides a summary. Due to
lack of space we defer technical details behind hierarchical
tensor factorization and its analysis to Appendices A and B
respectively, and our review of related work to Appendix C.

2 Preliminaries: Matrix and Tensor
Factorizations

To put our work into context, we overview known charac-
terizations of implicit regularization in matrix and tensor
factorizations.

Throughout the paper, when referring to a norm we mean
the standard Frobenius (Euclidean) norm, denoted ||-||. For
N € N, we let [N] := {1,..., N}. For vectors, matrices,
or tensors, parenthesized superscripts denote elements in
a collection, e.g. (w(™ € RP)N_, while subscripts refer
to entries, e.g. W, ; € R is the (4, j)’th entry of W €
RD:D". An exception to this rule are the subscripts “M”,
“T”, and “H”, which signify relation to matrix, tensor, and
hierarchical tensor factorizations, respectively. A colon
indicates all entries in an axis, e.g. W, . € RP "is the i’th
row and W ; € R? is the j’th column of W.

2.1 Matrix Factorization: Incremental Matrix Rank
Learning

Consider the task of minimizing a differentiable and lo-
cally smooth? loss Ly : RD:D’ — R>o, where D, D e
N. For example, £y can be a matrix completion loss —
mean squared error over observed entries from a ground
truth matrix. Matrix factorization with hidden dimensions
Dsy,..., D € N refers to parameterizing the solution
Wy € RD:D' a5 a product of L matrices, i.e. as Wy =
WO ... W) where WO € RPuPist forl =1,..., L,

*A differentiable function g : RP — R is locally smooth if

for any compact subset B C R” there exists § € R such that
IVg(x) = Vg(y)ll < B [Ix =yl forall x,y € B.
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Figure 1: Dynamics of gradient descent over matrix, tensor, and hierarchical tensor factorizations — incremental learning leads to low
matrix, tensor, and hierarchical tensor ranks, respectively. Left: top 10 singular values of the end matrix in a depth 3 matrix factorization
when minimizing the mean squared error over observed entries from a matrix rank 5 ground truth (matrix completion loss). Middle: top
10 component norms of an order 3 tensor factorization when minimizing the mean squared error over observed entries from a tensor
rank 5 ground truth (tensor completion loss). Right: top 10 local component norms at node {1, 2, 3,4} of an order 4 hierarchical tensor
factorization induced by a perfect binary mode tree, when minimizing the mean squared error over observed entries from a hierarchical
tensor rank (5,5, 5,5,5,5) ground truth (tensor completion loss). All: initial factorization weights were sampled independently from a
zero-mean Gaussian distribution. Notice that, in accordance with existing analyses for matrix and tensor factorizations (Section 2) and our
analysis for hierarchical tensor factorization (Section 4), the singular values, component norms, and local component norms move slowly
when small and quickly when large, creating an incremental learning process that results in effectively low matrix, tensor, and hierarchical
tensor rank solutions, respectively. In all factorizations this implicit regularization led to accurate reconstruction of the low rank ground
truth (reconstruction errors were 0.001, 0.001, and 0.005, respectively). For further details such as loss definitions and factorization
dimensions, as well as additional experiments for hierarchical tensor factorization, see Appendix G.

Dy := D, and D41 := D’, and minimizing the resulting
objective oy (W, ..., W) := Ly(Wy) using gradi-
ent descent. We call W, the end matrix of the factorization.
It is possible to explicitly constrain the values that Wy can
take by limiting the hidden dimensions Do, ..., Dr. How-
ever, from an implicit regularization perspective, the case
of interest is where the search space is unconstrained, thus
we consider Dy, ..., Dy, > min{D, D’}. Matrix factoriza-
tion can be viewed as applying a linear neural network for
minimizing Ly, and as such, serves a prominent theoretical
model in deep learning (see e.g. Gunasekar et al. (2017); Du
et al. (2018); Li et al. (2018); Arora et al. (2019); Gidel et al.
(2019); Mulayoff & Michaeli (2020); Blanc et al. (2020);
Gissin et al. (2020); Razin & Cohen (2020); Chou et al.
(2020); Yun et al. (2021); Li et al. (2021a)).

Several characterizations of implicit regularization in matrix
factorization have suggested that gradient descent, with
small learning rate and near-zero initialization, induces a
form of incremental matrix rank learning (Gidel et al., 2019;
Gissin et al., 2020; Chou et al., 2020; Li et al., 2021a).
Below we follow the presentation of Arora et al. (2019),
which in line with other analyses, modeled small learning
rate through the infinitesimal limit, i.e. via gradient flow:

i V=" gwo
forallt > 0 and [ € [L]. Under gradient flow, the differ-
ence WO TWO (1) — WEHD ()W EHD ()T remains
constant through time for any [ € [L—1] (Arora et al., 2018).
This implies that the unbalancedness magnitude, defined as
max; [WO ) TWO (1) — WD (yWHD (1) T, does
not change through time, thus becomes relatively small as
optimization moves away from the origin, more so the closer
initialization is to zero. Accordingly, it is common practice

om(WO(2),..., W (1))

to treat the case of unbalancedness magnitude zero as an ide-
alization of standard near-zero initializations (see, e.g., Saxe
et al. (2014); Arora et al. (2018); Bartlett et al. (2018); Bah
et al. (2019); Arora et al. (2019)).

With unbalancedness magnitude zero, the r’th singular value
of the end matrix Wy (t) = WO (t)... WL)(t) (r €
[min{D, D'}]), denoted 018; ) (t) € R, evolves by (cf. Arora
etal. (2019)):

d r I -2 r
oW () = o (17 E L{=VLu(Wu (1), Gy (1))
(1
where C(t) = u™ (v (@)T € RP-P s the r’th
singular component of Wy (t), meaning u(")(t) € RP
and v(")(t) € RP" are, respectively, left and right sin-
gular vectors of Wy(t) corresponding to al(vf)(t). As
evident from Equation (1), two factors govern the evo-
lution rate of a singular value ‘71(\2 ) (t). The first factor,
(—VLu(Wwm(t)), Cg)(t», is a projection of the singular
component CIE/}" ) (t) onto —V Ly (Ww(t)), the direction of
steepest descent with respect to the end matrix. The more
the singular component is aligned with —V Ly (W (2)),
the faster the singular value grows. The second, more crit-
ical factor, is als,f ) (t)Q_%L, which implies that the rate of
change of the singular value is proportional to its size expo-
nentiated by 2 — 2/ L. This brings rise to a momentum-like
effect, which attenuates the movement of small singular
values and accelerates the movement of large ones. We
may thus expect that if the matrix factorization is initialized
near the origin, singular values progress slowly at first, and

5The dynamical characterization of singular values in Equa-
tion (1) requires Ly to be analytic, a property met by standard loss
functions such as the square and cross-entropy losses.
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then, one after the other they reach a critical threshold and
quickly rise, until convergence is attained. Such incremental
learning phenomenon leads to low matrix rank solutions. It
is demonstrated empirically in Figure 1 (left), which repro-
duces an experiment from Arora et al. (2019). We note that
under certain technical conditions, the incremental matrix
rank learning phenomenon can be used to prove exact matrix
rank minimization (Li et al., 2021a).

2.2 Tensor Factorization: Incremental Tensor Rank
Learning

A depth two matrix factorization boils down to parame-
terizing a sought-after solution as a sum of tensor (outer)
products between column vectors of W) and row vectors
of W), Namely, since Wy = WIW®) we may write
Wy = Zf‘:l W(%) ® W,(«?:), where R is the dimension
shared between W) and W) and ® stands for the ten-
sor product.® Note that the minimal number of summands R
required for W) to express a given matrix W is precisely
the latter’s matrix rank.

By allowing each summand to be a tensor product of more
than two vectors, we may transition from a factorization
for matrices to a factorization for tensors. In tensor fac-
torization, a sought-after solution Wy € RDv-Dn
an order N > 3 tensor with modes (axes) of dimen-
sions D1,...,Dy € N — is parameterized as Wr =
SE W @@ WY, where WM ¢ RO« for

n € [N]. Each term wle. . @ W(]X)

: in this sum is
called a component, and Wr is referred to as the end ten-
sor of the factorization. Given a differentiable and locally
smooth loss Ly : RP1+Px — R+, e.g. mean squared
error over observed entries from a ground truth tensor (i.e. a
tensor completion loss), the goal is to minimize the objec-
tive ¢t (VV(D7 ... ,W(N)) := Lr(Wr). In analogy with
matrix factorization, the minimal number of components R
required for Wr to express a given tensor W € RP1Dn
is defined to be the latter’s tensor rank, and the case of inter-
est is when R is sufficiently large to not restrict tensor rank
(i.e. to admit an unconstrained search space).

Similarly to how matrix factorization corresponds to a linear
neural network, tensor factorization is known (see Cohen
et al. (2016b); Razin et al. (2021)) to be equivalent to a cer-
tain shallow (depth two) non-linear convolutional network
(with multiplicative non-linearity). By virtue of this equiv-
alence, illustrated in Figure 2 (top), tensor factorization
is considered closer to practical deep learning than matrix
factorization.

As in matrix factorization, gradient flow over tensor factor-
8Givenif € RP1+ PNy e RF1-HK thejr tensor product
URY € RP1--Dn-HirHi g defined by [UR V], ..

!
Udy,....dy " Viy i1, dy 4 - FOT vectors u € RP, v € RY, the
RD,D'

wANy K T

tensor product u @ v is equal to uv ' €

ization induces invariants of optimization. In particular, the
differences between squared norms of vectors in the same
component, i.e. ||W(?)(t)||2 - ||W(T,f)(t)||2 for n,n’ €
[N] and r € [R], are constant through time (Razin et al.,
2021). This leads to the following definition of unbalanced-
ness magnitude: max, n/ , |||W(71) ®* - ||W(T,L« )(t)||2 ,
which does not change during optimization, therefore re-
mains small throughout if initialization is close to the origin.
Under the idealized assumption of unbalancedness mag-
nitude zero (corresponding to infinitesimally small initial-
ization), the norm of the r’th component in the factoriza-
tion (r € [R]), i.e. oi” (1) := || ®Y_, WP (#)]], evolves
by (¢f. Razin et al. (2021)):

d r r _2 r
5o () = o) (0 FN(=V LW (1), 61 (1))
2
where C\") (t) := @N_, W (¢), with W (t) defined as
W () /|[W S (1) for all n € [N] (by convention, if
W (¢) = 0 then W (¢) = 0), denotes the r’th normal-
ized component. Comparing Equation (2) to Equation (1)
reveals that the evolution rate of a component norm in
tensor factorization is structurally identical to that of a
singular value in matrix factorization. Specifically, it is
determined by two factors, analogous to those in Equa-
tion (1): (i) a projection of the normalized component
C%T) (t) onto —VLr(Wr(t)), which encourages growth of
components that are aligned with the direction of steepest de-
scent with respect to the end tensor; and (ii) a%r) (t)2* N s
which induces a momentum-like effect, leading component
norms to move slower when small and faster when large.
This suggests that, in analogy with matrix factorization,
components tend to be learned incrementally, yielding a bias
towards low tensor rank. Figure 1 (middle) demonstrates
the phenomenon empirically, reproducing an experiment
from Razin et al. (2021). Similarly to the case of matrix
factorization, under certain technical conditions, the incre-
mental tensor rank learning phenomenon can be used to
prove exact tensor rank minimization (Razin et al., 2021).

3 Hierarchical Tensor Factorization

In this section we present the hierarchical tensor factor-
ization model. Due to lack of space we defer the formal
definitions to Appendix A, and provide here an overview
introducing the central concepts.

As discussed in Section 2.2, tensor factorization produces
an order N end tensor through a sum of components, each
combining N vectors using the tensor product operator.
It is customary to represent this computation through a
shallow tree structure with N leaves, corresponding to
the weight matrices W ... W) that are directly
connected to the root, which computes the end tensor

wr=" wha...awl),

Generalizing this scheme to an arbitrary tree gives rise to
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Figure 2: Tensor factorization corresponds to a class of shallow (depth two) non-linear convolutional networks, while hierarchical tensor
factorization corresponds to a class of deep non-linear convolutional networks. These correspondences have been studied extensively
(see references in Section 3). For completeness, we briefly describe them herein and provide a formal proof in Appendix D. Top:
the shallow network equivalent to tensor factorization processes an input (x(1>, o, x) ) € RPt x .. x RPW (illustration assumes
Dy = --- = Dn = D toavoid clutter) using a single hidden layer, which consists of: (i) locally connected linear operator with R channels,
computing (W) Tx® (W E)Tx®) with learnable weights W) .. W) (this operator is referred to as “1 x 1 conv” in
appeal to the common case of weight sharing, i.e. WO = ... = W) and (ii) channel-wise global product pooling (multiplicative
non-linearity). Summing over the resulting activations then yields the scalar output (@3_,;x™, >°% | @N_, Wiy = (@N_1x"™, Wr).
Hence, functions realized by this class of networks are naturally represented via tensor factorization, where the number of components R
and the weight matrices W W) of the factorization correspond to the width and learnable weights of the network, respectively.
Bottom: for a hierarchical tensor factorization induced by a perfect P-ary mode tree, the equivalent network is a deep variant of that
associated with tensor factorization. It has L = log IV hidden layers instead of just one, with channel-wise product pooling operating
over windows of size P as opposed to globally. After passing an input (x<1> Lx )) € RPt x ... x RPN through all hidden
layers, a final linear layer produces the network’s scalar output <®ﬁ:1x<"), WH> where Wk is the end tensor of the hierarchical tensor
factorization, whose weight matrices are equal to the network’s learnable weights. Thus, functions realized by this class of networks are
naturally represented via hierarchical tensor factorization. We note that, as shown in Cohen & Shashua (2016), by considering generalized
hierarchical tensor factorizations it is possible to account for various non-linearities beyond multiplicative, i.e. for product pooling being
converted to a different pooling operator (e.g. max or average), optionally preceded by a non-linear activation (e.g. rectified linear unit).

hierarchical tensor factorization. Given a tree, or formally,
a mode tree of the hierarchical tensor factorization (Defini-
tion 2 in Appendix A), the scheme progresses from leaves
to root. Each internal node combines tensors produced
by its children to form higher-order tensors, until finally
the root outputs an order N end tensor. Different mode
trees bring about different hierarchical tensor factorizations,
which are essentially a composition of many local tensor fac-
torizations, each corresponding to a different location in the
mode tree. We refer to the components of these local tensor
factorizations as the local components (Definition 3 in Ap-
pendix A) of the hierarchical factorization — see Figure 3
for an illustration.

A mode tree of a hierarchical tensor factorization induces
a notion of rank called hierarchical tensor rank (Defini-
tion 5 in Appendix A). The hierarchical tensor rank is a
tuple whose entries correspond to locations in the mode tree.
The value held by an entry is characterized by the number
of local components at the corresponding location, similarly
to how tensor rank is characterized by the number of compo-
nents in a tensor factorization (see Section 2.2). Motivated
by matrix and tensor ranks being implicitly minimized in
matrix and tensor factorizations, respectively (Section 2), in
Section 4 we explore the possibility of hierarchical tensor

rank being implicitly minimized in hierarchical tensor fac-
torization. That is, we investigate the prospect of gradient
flow with near-zero initialization over hierarchical tensor
factorization learning solutions that can be represented with
few local components at all locations of the mode tree.

Equivalence to a class of deep non-linear convolutional
networks As discussed in Section 2, matrix factorization
can be seen as a linear neural network, and, in a similar
vein, tensor factorization corresponds to a certain shallow
(depth two) non-linear convolutional network. A drawback
of these models as theoretical surrogates for deep learning
is that the former lacks non-linearity, while the latter misses
depth. Hierarchical tensor factorization accounts for both
of these limitations: for appropriate mode trees, it is known
(see Cohen et al. (2016b)) to be equivalent to a class of deep
non-linear convolutional networks (with multiplicative non-
linearity). These networks have demonstrated promising
performance in practice (Cohen & Shashua, 2014; Cohen
et al., 2016a; Sharir et al., 2016; Stoudenmire, 2018; Grant
et al., 2018; Felser et al., 2021), and their equivalence to
hierarchical tensor factorization has been key to the study of
expressiveness in deep learning (Cohen et al., 2016b; Cohen
& Shashua, 2016; 2017; Cohen et al., 2017; 2018; Levine
et al., 2018a;b; Balda et al., 2018; Khrulkov et al., 2018;
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Figure 3: Hierarchical tensor factorization consists of multiple local tensor factorizations. Left: tensor factorization represents an order
N tensor as a sum of components, each combining N vectors through the tensor product operator. Accordingly, it is represented by
a shallow tree where all leaves are directly connected to the root. Right: hierarchical tensor factorization adheres to an arbitrary tree
structure (figure depicts a perfect binary tree), producing an order N tensor by iteratively combining multiple local tensor factorizations.
The components of the local tensor factorizations constituting the hierarchical tensor factorization are defined to be its local components.
For a formal description of hierarchical tensor factorization see Appendix A.

2019). The equivalence is illustrated in Figure 2 (bottom)
and rigorously proven in Appendix D.

4 Analysis: Incremental Hierarchical
Tensor Rank Learning

In this section we theoretically analyze the implicit regu-
larization in hierarchical tensor factorization. Our analysis
extends known results for matrix and tensor factorizations
outlined in Section 2. In particular, we show that the implicit
regularization in hierarchical tensor factorization induces an
incremental learning process that results in low hierarchical
tensor rank, similarly to how matrix and tensor factoriza-
tions incrementally learn solutions with low matrix and
tensor ranks, respectively. To facilitate this extension, while
overcoming the challenges arising from the complexity of
the hierarchical tensor factorization model, we characterize
the evolution of the local components introduced in Sec-
tion 3. Due to lack of space we defer the formal treatment
to Appendix B, and provide here an overview covering the
main results.

As discussed in Section 2, for both matrix and tensor fac-
torizations, there exists an invariant of optimization whose
deviation from zero is referred to as unbalancedness magni-
tude, and it is common to treat the case of unbalancedness
magnitude zero as an idealization of standard near-zero ini-
tializations. With unbalancedness magnitude zero, singular
values in a matrix factorization evolve by Equation (1), and
component norms in a tensor factorization move per Equa-
tion (2). Equations (1) and (2) are structurally identical, and
are interpreted as implying incremental learning of singular
values and component norms, respectively, i.e. of matrix and
tensor ranks, respectively. This interpretation was initially
supported by experiments (such as those reported in Figure 1
(left and middle)), and later via proofs of exact matrix and
tensor rank minimization under certain technical conditions.

In Appendix B.1 we show that in analogy with matrix and
tensor factorizations, hierarchical tensor factorization entails
an invariant of optimization (Lemma 2), which leads to a
corresponding notion of unbalancedness magnitude (Defini-

tion 6). For the canonical case of unbalancedness magnitude
zero (corresponding to standard near-zero initializations),
we prove the following.

Theorem (informal version of Theorem 1 in Appendix B.1).
The norm of the r’th local component associated with node
v in the mode tree, denoted U,(f’r) (t), evolves by:

d v,r v,r -2 v,r
o 0 =03 (0T L (Y LaWa(1).C5 (1)),
3)

where L, is the number of weight vectors in the local com-
ponent, and CI({V’T) (t) is the direction it imposes on the end
tensor Wy (t) of the hierarchical tensor factorization.

Appendix E generalizes the above theorem by relieving the
assumption of unbalancedness magnitude zero. Namely,
it establishes that Equation (3) holds approximately when
unbalancedness magnitude at initialization is small. Equa-
tion (3) is structurally identical to Equations (1) and (2),
therefore the evolution rate of a local component norm in
hierarchical tensor factorization mirrors the evolution rates
of a singular value in matrix factorization and a component
norm in tensor factorization. One is thus led to interpret
Equation (3) as implying incremental learning of local com-
ponent norms, i.e. of hierarchical tensor rank (see Section 3).
We support this interpretation through experiments analo-
gous to those typically conducted for supporting the inter-
pretation of Equations (1) and (2) as implying incremental
learning of matrix and tensor ranks, respectively — see Fig-
ure 1 (right) as well as Appendix G. Moreover, we consider
technical conditions similar to those assumed for proving
exact matrix and tensor rank minimization by matrix and
tensor factorizations, respectively, and establish theoretical
results aimed at facilitating a proof of exact hierarchical
tensor rank minimization — see Appendix B.2. Completing
the missing steps for deriving such a proof is regarded as a
promising direction for future work.

We note in passing that hierarchical tensor rank is partially
(not totally) ordered, and as such, represents a new type of
complexity measure that may further our understanding of
implicit regularization in deep learning. See Appendix B.3
for details.



Implicit Regularization in Hierarchical Tensor Factorization and Deep Convolutional Neural Networks

5 Low Hierarchical Tensor Rank Implies
Locality

In Section 4 we established that the implicit regularization
in hierarchical tensor factorization favors solutions with
low hierarchical tensor rank. A natural question that arises
is what are the implications of this tendency for the class
of deep convolutional networks equivalent to hierarchical
tensor factorization (illustrated in Figure 2 (bottom)). It is
known (Cohen & Shashua, 2017; Levine et al., 2018a;b) that
for this class of networks, hierarchical tensor rank measures
the strength of dependencies modeled between spatially
distant input regions (patches of pixels in the context of
image classification) — see brief explanation in Section 5.1
below, and formal derivation in Appendix F. An implicit
regularization towards low hierarchical tensor rank thus im-
plies a bias towards local (short-range) dependencies. While
seemingly benign, this observation is shown in Section 6 to
bring forth a practical method for improving performance of
contemporary convolutional networks (e.g. ResNet18 and
ResNet34 from He et al. (2016)) on tasks with long-range
dependencies.

5.1 Locality via Separation Rank

Given a multivariate function f with scalar output, a popular
measure of dependencies between a set of input variables
and its complement is known as separation rank. The sepa-
ration rank, formally presented in Definition 1 below, was
originally introduced in Beylkin & Mohlenkamp (2002),
and has since been employed for various applications (Har-
rison et al., 2003; Hackbusch, 2006; Beylkin et al., 2009), as
well as analyses of expressiveness in deep learning (Cohen
& Shashua, 2017; Cohen et al., 2017; Levine et al., 2018a;b;
2020; Wies et al., 2021; Levine et al., 2022). It is also preva-
lent in quantum mechanics, where it serves as a measure of
entanglement (Levine et al., 2018b).

Consider the convolutional network equivalent to a hierar-
chical tensor factorization with mode tree 7. It turns out
(see formal derivation in Appendix F) that for functions
realized by this network, separation ranks measuring depen-
dencies between distinct regions of the input are precisely
equal to entries of the hierarchical tensor rank with respect
to T (recall that, as discussed in Section 3, the hierarchical
tensor rank is a tuple). Thus, low hierarchical tensor rank im-
plies that the separation ranks are low, which in turn means
that dependencies modeled between distinct input regions
are weak, i.e. that only local dependencies are prominent.

Definition 1. The separation rank of f : x)_ RP» — R
with respect to I C [N], denoted sep(f; I), is the minimal
R € NU{0} for which there exist g1, . . ., gr : X;e/RP" —
Rand g1,...,9R : ij[N]\IRDJ' — R such that:

R

P x )= g (69)0 )3 ((9) )

r=1

Interpretation The separation rank of f with respect to [
is the minimal number of summands required to express f,
where each summand is a product of two functions — one
that operates over variables indexed by I, and another that
operates over the remaining variables. If sep(f;1) = 1,
the function is separable, meaning it does not model any
interaction between the sets of variables. In a statistical
setting, where f is a probability density function, this would
mean that (x(V);c; and (x1));¢(n}\; are statistically in-
dependent. The higher sep(f;I) is, the farther f is from
separability, i.e. the stronger the dependencies it models
between (x();c; and (x9)) ;e 7-

6 Countering Locality of Convolutional
Networks via Regularization

Convolutional networks often struggle or completely fail to
learn tasks that entail strong dependencies between spatially
distant regions of the input (e.g. patches of pixels in im-
age classification, or tokens in natural language processing
tasks) — see Wang et al. (2016); Linsley et al. (2018); Mly-
narski et al. (2019); Hong et al. (2020); Kim et al. (2020).
Conventional wisdom attributes this failure to the local na-
ture of convolutional network architectures, i.e. to their
inability to express long-range dependencies (see Cohen &
Shashua (2017); Linsley et al. (2018); Kim et al. (2020)).
This suggests that addressing the problem requires modify-
ing the architecture. Our theory reveals that there is also an
implicit regularization at play, giving rise to the possibility
of countering the locality of convolutional networks via ex-
plicit regularization, without modifying their architecture.
In the current section we affirm this possibility, demon-
strating that carefully designed regularization can greatly
improve the performance of contemporary convolutional
networks on tasks involving long-range dependencies. For
brevity, we defer some implementation details and experi-
ments to Appendix G.

We conducted a series of experiments, using the ubiqui-
tous ResNet18 and ResNet34 convolutional networks (He
et al., 2016), over two types of image classification datasets
in which the distance between salient regions can be con-
trolled. The first type, referred to as "IsSameClass,” com-
prises datasets we constructed, where the goal is to pre-
dict whether two randomly sampled CIFAR10 (Krizhevsky,
2009) images are of the same class or not. Each classified
input is a 32 x 224 image filled with zeros, over which
the CIFARI0 images are placed (symmetrically around
the center) at a predetermined distance from each other
(to comply with ResNets, inputs were padded to have size
224 x 224). By increasing the predetermined distance be-
tween CIFAR10 images, we produce datasets that require
stronger modeling of long-range dependencies. The sec-
ond type of datasets we experiment with is taken from the
Pathfinder challenge (Linsley et al., 2018; Kim et al., 2020;
Tay et al., 2021) — a standard benchmark for modeling
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IsSameClass Pathfinder
label: 1 distance: 0 label: 1 length: 6 label: 0 length: 9
label: 0 distance: 160

&

Figure 4: Samples from IsSameClass and Pathfinder datasets. For further details on their creation process see Appendix G.2.2. Left:
positive and negative samples from IsSameClass datasets with 0 and 160 pixels between images, respectively. The label is 1 if the
two CIFAR10 images are of the same class, and 0 otherwise. For the sake of illustration, background is displayed as white instead of
black, and padding is not shown (i.e. only the raw 32 x 224 input is presented). Right: positive and negative samples from Pathfinder
challenge (Linsley et al., 2018) datasets with connecting path lengths 6 and 9, respectively. A connecting path is one that joins the two
circles, and if present, its length is measured in the number of dashes. The label of a sample is 1 if it includes a connecting path (i.e. if the
two circles are connected), and 0 otherwise.
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Figure 5: Dedicated explicit regularization can counter the locality of convolutional networks, significantly improving performance on
tasks with long-range dependencies. Plots present test accuracies achieved by a randomly initialized ResNet18 over IsSameClass (left)
and Pathfinder (right) datasets, with varying spatial distances between salient regions of the input (CIFAR10 images in IsSameClass and
connected circles in Pathfinder — see Figure 4). For each dataset, the network was trained via stochastic gradient descent to minimize a
regularized objective, consisting of the binary cross-entropy loss and the dedicated regularization described in Section 6.1. The legend
specifies the regularization coefficients used. Markers and error bars report means and standard deviations, respectively, taken over five
different runs for the corresponding combination of dataset and regularization coefficient. As expected, when increasing the (spatial)
range of dependencies required to be modeled, the test accuracy obtained by an unregularized network (regularization coefficient zero)
substantially deteriorates, reaching the vicinity of the trivial value 50%. Conventional wisdom attributes this failure to a limitation in
the expressive capability of convolutional networks (i.e. to their inability to represent functions modeling long-range dependencies).
However, as can be seen, applying the dedicated regularization significantly improved performance, without any architectural modification.
Appendix G provides further implementation details, as well as additional experiments: (i) using ResNet34; and (ii) showing similar
improvements when the baseline network (“reg 0”) is already regularized via standard techniques (weight decay or dropout).

long-range dependencies. In Pathfinder, each image con-
tains two white circles and multiple dashed paths (curves)
over a black background, and the goal is to predict whether
the circles are connected by a path or not. The length of
connecting paths is predetermined, allowing control over
the spatial range of dependencies required to be modeled.
Representative examples from IsSameClass and Pathfinder
datasets are displayed in Figure 4.

Figure 5 shows (for ResNet18; similar results for ResNet34
are reported in Appendix G) that when fitting IsSameClass
and Pathfinder datasets, increasing the strength of long-
range dependencies (i.e. the distance between CIFARI10
images in IsSameClass, and the connecting path length in
Pathfinder) leads to significant degradation in test accu-
racy, to the point of it being not much better than chance.
This phenomenon complies with existing evidence from Co-
hen & Shashua (2017); Linsley et al. (2018); Kim et al.
(2020) showing failure of convolutional networks in learn-
ing tasks with long-range dependencies. However, while

these works address the problem by modifying the architec-
ture, we tackle it through explicit regularization (described
in Section 6.1 below) designed to promote high separation
ranks implying long-range dependencies between image
regions (see Section 5). As evident in Figure 5, our regular-
ization significantly improves test accuracy. This suggests
that the tendency towards locality of modern convolutional
networks may in large part be due to implicit regulariza-
tion, not an inherent limitation of expressive power as often
believed. Our findings showcase that deep learning architec-
tures considered suboptimal for certain tasks may be greatly
improved through a right choice of explicit regularization.
Theoretical understanding of implicit regularization may be
key to discovering such regularizers.

6.1 Explicit Regularization Promoting Long-Range
Dependencies

We describe below the explicit regularization applied in our
experiments to counter the locality of convolutional net-
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works. We emphasize that this regularization is based on
our theory, and merely serves as an example to how the
performance of convolutional networks on tasks involving
long-range dependencies can be improved without modify-
ing their architecture. Further evaluation and improvement
of our regularization are regarded as promising directions
for future work.

Denote by fo(X) the output of a neural network, where ©
stands for its learnable weights, and X := (x(1), ... x())
represents an input image, with each x(™) standing for a
pixel. Suppose we are given a subset of indices I C [N],
with complement J := [N]\ I, and we would like to encour-
age the network to learn a function fg that models strong
dependence between X; := (x("));c; (pixels indexed by I)
and X; := (X(j))jej (those indexed by J). As discussed
in Section 5.1, a standard measure of such dependence is
the separation rank, provided in Definition 1. If the sep-
aration rank of fg with respect to I is one, meaning no
dependence between X; and Xy is modeled, then we may
write fo(X) = g(X;) - g(X ) for some functions g and g.
This implies that Vx, fo(X) = §(X ) - Vg(X[), meaning
that a change in X 7 (with X held fixed) does not affect the
direction of Vx, fo(X), only its magnitude (and possibly
its sign). This observation suggests that, in order to learn
a function fgo modeling strong dependence between X;
and X 7, one may add a regularization term that promotes
a change in the direction of Vx, fo(X) whenever X ; is
altered (with X; held fixed).

The regularization applied in our experiments is of the type
outlined above, with I and J chosen to promote long-range
dependencies. Namely, at each iteration of stochastic gradi-
ent descent we randomly choose disjoint subsets of indices I
and J corresponding to contiguous (distinct) image regions.
Then, for each image X in the iteration’s batch, we let X’
be the result of replacing the pixels in X indexed by J with
alternative values taken from a different image in the train-
ing set. Finally, we compute |(Vx, fo(X), Vx, fo(X"))| -
IVx, fo(X)I7IVx, fo(X")|~* — (absolute value of)
cosine of the angle between Vx, fo(X) and Vx, fo(X') —
average it across the batch, multiply the average by a con-
stant coefficient, and add the result to the minimized objec-
tive.” For further details see Appendix G.2.2.

7 Summary

Incremental matrix rank learning in matrix factoriza-
tion (Arora et al., 2019; Gidel et al., 2019; Gissin et al.,
2020; Chou et al., 2020; Li et al., 2021a) and incremental
tensor rank learning in tensor factorization (Razin et al.,
2021; Ge et al., 2021) were important discoveries on the

"Each artificially generated image X’ is used only to com-
pute the regularization term, not as an additional training instance
incurring its own loss. Our proposed regularization is therefore
fundamentally different from data augmentation.

path to explaining implicit regularization in deep learning.
The current paper takes an additional step along this path,
establishing incremental hierarchical tensor rank learning
in hierarchical tensor factorization. It circumvents the com-
plexity of the hierarchical tensor factorization model by
introducing the notion of local components, and theoret-
ically analyzing their evolution throughout optimization.
Experiments validate the theory.

While matrix factorization corresponds to linear neural net-
works and tensor factorization to certain shallow (depth
two) non-linear convolutional neural networks (Cohen et al.,
2016b; Razin et al., 2021), hierarchical tensor factorization
is equivalent to a class of deep non-linear convolutional
neural networks (Cohen et al., 2016b). It therefore jointly
accounts for both non-linearity and depth — two critical
aspects of deep learning. For the class of convolutional
networks equivalent to hierarchical tensor factorization, low
hierarchical tensor rank translates to weak modeling of de-
pendencies between spatially distant input regions (Cohen
& Shashua, 2017; Levine et al., 2018a;b). Our theory thus
suggests an implicit regularization towards locality in con-
volutional networks. While the locality of convolutional
networks is widely accepted, it is typically ascribed to ex-
pressive properties determined by their architecture (see,
e.g., Cohen & Shashua (2017); Linsley et al. (2018); Kim
et al. (2020)). The fact that implicit regularization also plays
arole indicates that it might be possible to counter this lo-
cality via explicit regularization. We verify this prospect
empirically, demonstrating that explicit regularization de-
signed to promote high hierarchical tensor rank vastly im-
proves the performance of modern convolutional networks
(ResNet18 and ResNet34 from He et al. (2016)) on tasks
with long-range dependencies.

Taken together, the theory and experiments presented in this
paper bring forth the possibility that deep learning archi-
tectures considered suboptimal for certain tasks (e.g. con-
volutional networks for natural language processing tasks)
may be greatly improved through a right choice of explicit
regularization. Theoretical understanding of implicit regu-
larization may be key to discovering such regularizers.
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A Formal Presentation of Hierarchical Tensor Factorization

In this appendix we formally present the hierarchical tensor factorization model, which was informally overviewed in
Section 3.

The structure of a hierarchical tensor factorization is determined by a mode tree.

Definition 2. Let N € N. A mode tree T over [N] is a rooted tree in which:
* every node is labeled by a subset of [V];
* there are exactly N leaves, labeled {1},...,{N}; and
¢ the label of an interior (non-leaf) node is the union of the labels of its children.

We identify nodes with their labels, i.e. with the corresponding subsets of [IV], and accordingly treat T as a subset of 2[N],
Furthermore, we denote the set of all interior nodes by int(7) C 7, the parent of a non-root node v € T \ {[N]} by
Pa(v) € T, and the children of v € int(7) by C(v) C T. When enumerating over children of a node, i.e. over C'(v) for

v € int(7 ), an arbitrary fixed ordering is assumed.

One may consider various mode trees, each leading to a different hierarchical tensor factorization. Notable choices
include: (i) a shallow tree (comprising only leaves and root), which reduces the hierarchical tensor factorization to a tensor
factorization (Section 2.2); and (ii) a perfect binary tree (applicable if N is a power of 2) whose corresponding hierarchical
tensor factorization is perhaps the most extensively studied. Figure 6(a) illustrates these two choices.

Along with a mode tree 7, what defines a hierarchical tensor factorization are the number of local components at each
interior node, denoted (R, € N),cin¢(7). The induced hierarchical tensor factorization is parameterized by weight
matrices (W) € RRV=RPG<U))V€T, where Rpq(ny) := 1 and Ryyy := Dy, ..., Ryny := Dy. It creates the end tensor
Wy € RP1+Pn by constructing intermediate tensors of increasing order while traversing 7~ from leaves to root as follows:

forall v € {{1},...,{N}} and 7 € [Rpa0):
W) = W)
——

YA

order 1

forall v € int(7) \ {[N]} and r € [Rpq(,)] (traverse interior nodes of 7 from leaves to root, non-inclusive):

R “)
v,r) . v (v) ve,r’
W WV(E WY e )D
order |v|
R N v
Wy = W[N}( oW [®ucec<[NDW( i )D

order N

where 7, for v € T, is a mode permutation operator which arranges the modes (axes) of its input such that they comply
with an ascending order of v.%

Hierarchical tensor factorization can be viewed as a composition of multiple local tensor factorizations, one for each interior
node in the mode tree. The local tensor factorization for v € int(7) comprises R, components, referred to as the local
components at node v of the hierarchical tensor factorization — see Figure 6(b) for an illustration, and Definition 3 below.

Definition 3. For v € int(7) and r € [R,], the (v,7)’th local component of the hierarchical tensor factoriza-
tion is W @ (®,,cec(,j)W:(;c)). We use LC(,7) to denote the set comprising W7 and (W(l;f)

Ul({”’r) = ||®weLc(v,r)W|| to denote the norm of the (v, r)’th local component.

)Vcec(u), and

Mode trees of hierarchical tensor factorizations give rise to the notion of hierarchical tensor rank (cf. Grasedyck (2010)),
which is based on matrix ranks of specific matricizations of a tensor (cf. Section 3.4 in Kolda (2006)).

8For v € int(7T), denote its K := |C(v)]| children by v, ..., vk, and the elements of v, by j¥ < --- < jﬁ,k‘ for k € [K]. Let
h : [|[v|] = [Jv]] be the permutation sorting the tuple (j7, ... ,j‘lyl e N T ,jf,fK‘) in ascending order. Then, the mode permutation

operator for v is defined by: m, (W)ay.....d),; = Wa,1y,....dn(|,.|,» Where Wis an order |v| tensor.
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Figure 6: (a) Exemplar mode trees (Definition 2) for order N = 4 hierarchical tensor factorization. Top corresponds to the degenerate case
of tensor factorization, while bottom represents the most common choice (perfect binary tree). (b) Components of a tensor factorization
(top) vs. local components (Definition 3) of a hierarchical tensor factorization (bottom). The r’th component of a tensor factorization
can be seen as the tensor product between a linear coefficient, which is set to 1, and the r’th columns of wO W) The local
components of a hierarchical tensor factorization are the components of the local tensor factorizations forming it. For example, the r’th
local component at node {1, 2} in the hierarchical tensor factorization illustrated above is the tensor product between the r’th row of
W {2 and the 7°th columns of its children’s weight matrices WD gnd w2h,

= local component ({1,2}, 1)

hierarchical w1z wB4)

tensor factorization

[ local component ({3,4}, 1)

[Z1 local component ({1,2,3,4}, 2)

W@ @ @ e

Definition 4. The matricization of W € RP1-D~ with respect to I C [N], denoted [W; I] € RlLier Pelliens Pi g jtg
arrangement as a matrix where rows correspond to modes indexed by I and columns correspond to the remaining modes.’

Definition 5. The hierarchical tensor rank of YW € RP1PN with respect to mode tree 7 is the tuple comprising the
matrix ranks of V)’s matricizations according to all nodes in 7" except for the root, i.e. (rank [W; v]), e\ ((n7}- The order
of entries in the tuple does not matter as long as it is consistent.

Unless stated otherwise, when referring to the hierarchical tensor rank of a hierarchical tensor factorization’s end tensor,
the rank is with respect to the mode tree of the factorization. Hierarchical tensor rank differs markedly from tensor rank.
Specifically, even when the hierarchical tensor rank is low, i.e. the matrix ranks of matricizations according to all nodes in
the mode tree are low, the tensor rank is typically extremely high (exponential in the order of the tensor — see Cohen et al.
(2016a)).

Lemma 1 below states that the number of local components in a hierarchical tensor factorization controls the hierarchical
tensor rank of its end tensor. More precisely, R, — the number of local components at v € int(7) — upper bounds the
matrix rank of matricizations according to the children of v.

Lemma 1 (adaptation of Theorem 7 in Cohen et al. (2018)). For any interior node v € int(T) and child v. € C(v), it
holds that rank [Wy; v.] < R,.

Proof. Deferred to Appendix H.3. O

We may explicitly restrict the hierarchical tensor rank of end tensors Wy (Equation (4)) by limiting (R, ), eint(7). However,
since our interest lies in the implicit regularization of gradient descent, i.e. in the types of end tensors it will find without
explicit constraints, we treat the case where (12,,), cint(7) can be arbitrarily large.

Given a differentiable and locally smooth loss Ly : RP1-DP~ — R+, we consider parameterizing the solution as a
hierarchical tensor factorization (Equation (4)), and optimizing the resulting (non-convex) objective:

S (W), ) = L) - 5)

In line with analyses of implicit regularization in matrix and tensor factorizations (see Section 2), we model small learning
rate for gradient descent via gradient flow:

d
ZW® () =
ZW)

)
COW®)

o (W), ) (6)

’Denoting the elements in I by i1 < --- < i)z and those in [N]\ I by j1 < -+ < jn_ |1/, the matricization [W; I] holds the entries

of W such that W, ....a, is placed in row index 1 + 3"}, (ds, — 1) [T4, Di,, and column index 1 + 30, "(d;, — 1) T2, Dy, -
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forallt > 0and v € T, where (W) 1), 7 denote the weight matrices at time ¢ of optimization.

Over matrix and tensor factorizations, gradient flow initialized near zero is known to minimize matrix and tensor ranks,
respectively (Section 2). In particular, it leads to solutions that can be represented using few components. A natural question
that arises is whether a similar phenomenon takes place in hierarchical tensor factorization: does gradient flow with small
initialization learn solutions that can be represented with few local components at all locations of the mode tree? That is,
does it learn solutions of low hierarchical tensor rank? In Section 4 we answer this question affirmatively.

B Formal Analysis: Incremental Hierarchical Tensor Rank Learning

In this appendix we formally deliver our theoretical analysis of implicit regularization in hierarchical tensor factorization,
which was informally overviewed in Section 4.

B.1 Evolution of Local Component Norms

Lemma 2 below establishes an invariant of optimization: the differences between squared norms of weight vectors in the
same local component are constant through time.

Lemma 2. Forallv € int(T), r € [R,], and w,w’ € LC(v,r):

Iw(t)|* — W' @& = [w(O)]* - [w'(0)]* ,t>0.

Proof sketch (proof in Appendix H.4). A straightforward derivation shows that & |[w(t)[|? = <||w/(t)||? for all t > 0.
Integrating both sides with respect to time completes the proof. O

The above invariant leads to the following definition of unbalancedness magnitude.
Definition 6. The unbalancedness magnitude of a hierarchical tensor factorization (Equation (4)) is:

2 112
MaXyecint(7),re[R,],w,w’ ELC(v,r) ”W” _”W H .

Lemma 2 implies that the unbalancedness magnitude remains constant throughout optimization. In the common regime of
near-zero initialization, it will start off small, and stay small throughout. The closer initialization is to zero, the smaller the
unbalancedness magnitude is. In accordance with analyses for matrix and tensor factorizations (see Section 2), we treat the
case of unbalancedness magnitude zero as an idealization of standard near-zero initializations. Theorem 1 analyzes this case,
characterizing the dynamics for norms of local components.

Theorem 1. Assume unbalancedness magnitude zero at initialization. Let Wi (t) denote the end tensor (Equation (4)) and

(lj’r)
(JH (t))yeint(T)ﬂ"E[RU]

v €int(T) andr € [R,)]:

denote the norms of local components (Definition 3) at time t > 0 of optimization. Then, for any

d v,r v,r — 2 v,T
o =0y 0T L (~VLa(Wa(1).CH (1)), )
where L, := |C(v)| + 1 is the number of weight vectors in a local component at node v, and C;,V’r) (t) € RPvDN s the

end tensor obtained by normalizing the r’th local component at node v and setting all other local components at node v
to zero, i.e. by replacing in Equation (4) W®") with WV((UI(I’T)) _1W$t’r), [ ®u.ccw) W("C’r)] ) forall v’ € [Rpg,)). By
convention, C,(;/’T) (t)=0 ifag"'r) (t)=0.

Proof sketch (proof in Appendix H.5). If JI(_I”’T)(t) is zero at some ¢ > 0, then we show that it must be identically zero
through time, leading both sides of Equation (7) to be equal to zero. Otherwise, differentiating the local component’s norm
with respect to time, we obtain:

d _(v,r) _/_ (v,r) . ’ 2
8ol 1) = (VLML O) Y T e VOIS

Since the unbalancedness magnitude is zero at initialization, Lemma 2 implies that ||w(t)||? = ||w’(¢)|* = Ul(_[V’T)(t)Q/ Lo

for all w, w’ € LC(v, r), which together with the expression above for %ag"r) (t) establishes Equation (7). O
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As can be seen from Equation (7), the evolution of local component norms in a hierarchical tensor factorization is
structurally identical to the evolution of singular values in matrix factorization (Equation (1)) and component norms in
tensor factorization (Equation (2)). Specifically, it is dictated by two factors: a projection term, (—V Ly(Wha(t)), CI({”’T) (),
I({V’T) (t)Z_%Lu. Analogous to a singular component Cls,f ) (t) in matrix factorization and a

normalized component C%T) (t) in tensor factorization, CIEIV’T) (t) is the direction that the (v, r)’th local component imposes on

Wi (t).10 The projection of C{f"" (£) onto —V Ly (Wi (£)) therefore promotes growth of local components that align Wi (£)
with —V Ly (Wi (t)), the direction of steepest descent. More critical is the self-dependence term, 0" (t)2~ % L,,, which
induces a momentum-like effect that attenuates the movement of small local components and accelerates the movement
of large ones. It suggests that, in analogy with matrix and tensor factorizations, local components tend to be learned
incrementally, yielding a bias towards low hierarchical tensor rank. This prospect is affirmed empirically in Figure 1 (right)
as well as Appendix G, and is supported theoretically in Appendix B.2.

and a self-dependence term, o,

Evolution of local component norms under arbitrary initialization Theorem 1 can be extended to account for arbitrary
initialization, i.e. for initialization with unbalancedness magnitude different from zero. For conciseness we defer this
extension to Appendix E, while noting that if initialization has small unbalancedness magnitude — as is the case with any
near-zero initialization — then local component norms approximately evolve per Equation (7), i.e. the result of Theorem 1
approximately holds.

B.2 Implicit Hierarchical Tensor Rank Minimization

As discussed in Section 2, under certain technical conditions, the incremental matrix and tensor rank learning phenomena,
induced by the implicit regularization in matrix and tensor factorizations, can be used to prove exact matrix and tensor
rank minimization, respectively. Below we consider similar technical conditions, and provide theoretical results aimed
at facilitating an analogous proof for hierarchical tensor factorization, i.e. a proof that its implicit regularization leads
to exact hierarchical tensor rank minimization. We begin by illustrating how, under said conditions, the incremental
hierarchical tensor rank learning phenomenon established in Theorem 1 leads to solutions with many small local components
(Appendix B.2.1). We then show that this implies proximity to low hierarchical tensor rank (Appendix B.2.2). Throughout
the above, the main step missing in order to derive a complete proof of exact hierarchical tensor rank minimization, is
confirmation that a certain alignment inequality (Equation (8)) holds throughout optimization. We regard this as an important
direction for future work.

B.2.1 ILLUSTRATIVE DEMONSTRATION OF SMALL LOCAL COMPONENTS

Below we qualitatively demonstrate how the dynamical characterization derived in Appendix B.1 implies that the implicit
regularization in hierarchical tensor factorization can lead to solutions with small local components. Under the setting and
notation of Theorem 1, consider an initialization (U®) € RF»Fraw)) e for the weight matrices of the hierarchical tensor

factorization, scaled by v € R~ . That is, W) (0) = a - U®) for all v € T Focusing on some interior node v € int(7),
let r,7 € [R,], and assume for simplicity that v is not degenerate, in the sense that it has more than one child. Suppose
also that at initialization the norm of the (v, )’th local component is greater than the norm of the (v, 7)’th local component,
ie. JIEIV’T) (0) > CTI(_IV’T) (0), and that C}(IV’T) (t) is at least as aligned as CIEIV’T) (t) with the direction of steepest descent up to a
time 7' > 0, i.e. forall ¢t € [0, T7:

(=VLuWu(t)),Cy"" (1)) > (—=VLaWu(1),C{" (1)) 8)

Then, by Theorem 1 for all ¢ € [0, T]:"!

2 d 2 d

v,T — 24 == v,T v,r — 24 == v,r
o () 2o (1) < ol ()7 Zoy ™ (1),
Integrating both sides with respect to time, we may upper bound UHV’f) (t) with a function of 01({”) (t):
__Ly
o () < ol ()7 oD const] T ©)

"%Indeed, just as in matrix factorization Wy = > U,S,IT) . CIEAT), and in tensor factorization Wr = 3~ Olff) . CY), the end tensor of a

hierarchical tensor factorization decomposes as Wy = S 1, ol el (implied by Lemmas 5 and 12 in Appendix H).
T A local component cannot reach the origin unless it was initialized there (implied by Lemma 14 in Appendix H). Accordingly, we

(v,7)

disregard the trivial case where oy "'’ () = 0 for some ¢ € [0, T7.
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where const stands for a positive value that does not depend on ¢ and a.. Equation (9) reveals a gap between UIEI”’T) (t) and

UI({”’F) (t) that is more significant the smaller the initialization scale « is. In particular, regardless of how large UI({”’T) (t) is,

J]({”’F) (t) is upper bounded by a value that approaches zero as o« — 0. Hence, initializing near zero produces solutions with
small local components.

B.2.2 SMALL LocAL COMPONENTS IMPLY PROXIMITY TO LOW HIERARCHICAL TENSOR RANK

The following proposition establishes that small local components in a hierarchical tensor factorization imply that its end
tensor can be well approximated with low hierarchical tensor rank.

Proposition 1. Consider an assignment for the weight matrices (W(”) € RR”*RPMV))V of a hierarchical tensor fac-
torization, and let B := max,c7 |WW)|. Assume without loss of generality that at each v € int(T), local com-

ponents are ordered by their norms, i.e. 0,(;"1) > e 2 agl’R”). Then, for any ¢ > 0 and (R;, € N),cine(1), if
Zf:”R/ 41 a},”‘” <e-(|T| = N)"'BICWOII=ITI for all v € int(T), it holds that:

inf Wy —W| <,
WERP1 DN 1.
vveT\{[N]}: rank[[W;I/]]SRipa(V)

i.e. Wy is within e-distance from the set of tensors whose hierarchical tensor rank is no greater (element-wise) than

(R/Pa(u))ueT\{[N]}'

Proof sketch (proof in Appendix H.6). Let VTJfIT be the end tensor obtained after pruning all local components indexed by
S:={(v,r) v eint(T),r € {R, +1,...,R,}}, ie. after setting to zero the 7’th row of W) and the 7’th column
of W) forall (v,r) € S and v, € C(v). The desired result follows by showing that rank [W§p;v] < Rl forall

v € T \ {[N]}, and upper bounding || Wy — W§ 1| by €. O

B.3 Partially Ordered Complexity Measure

Existing attempts to explain implicit regularization in deep learning typically argue for reduction of some complexity
measure that is fotally ordered (meaning that within any two values for this measure, there must be one smaller than or equal
to the other), for example a norm (Gunasekar et al., 2017; Soudry et al., 2018; Li et al., 2018; Woodworth et al., 2020; Lyu
et al., 2021). Recent evidence suggests that obtaining a complete explanation through such complexity measures may not be
possible (Razin & Cohen, 2020; Vardi & Shamir, 2021). Hierarchical tensor rank (which we have shown to be implicitly
reduced by a class of deep non-linear convolutional networks) represents a new type of complexity measure, in the sense
that it is partially ordered. Specifically, while it entails a standard (product) partial order — (71, ...,7x) < (r},..., %) if
and only if r; < rg for all i € [K] — it does not admit a natural total order. Indeed, Proposition 2 below shows that there
exist simple learning problems in which, among the data-fitting solutions, there are multiple minimal hierarchical tensor
ranks, none smaller than or equal to the other. We believe the notion of a partially ordered complexity measure may pave the
way to furthering our understanding of implicit regularization in deep learning.

Proposition 2. For every order N € N>3 and mode dimensions D1, ..., Dy € N>, there exists a tensor completion
problem (i.e. a loss L(W) = ﬁ S tdrdnyco Wi ody = Wi, gy )? with ground truth W* € RP1PN and set of
observed entries Q) C [D1]x- - -x[Dn]) in which, for every mode tree T over [N| (Definition 2), the set of hierarchical tensor
ranks for tensors fitting the observations includes multiple minimal elements (under the standard product partial order),
none smaller than or equal to the other. That is, the set Ry := {(rank [W;v]), e\ (ny} : W € RP1-P¥ L(W) =0}
includes elements (R,),c7\((n]} and (R;,),e7\{(n]} for which the following hold: (i) there exists no (R})), e\ {[N]} €
R7\ {(RV)VET\{[N]}7 (R;/)DGT\{[N]}} satisfying (RZ)V < (Ry)y or (RZ)V < (RL)V; and (ii) neither (R,), < (RL),,
nor (R)), < (R,),.

Proof sketch (proof in Appendix H.7). We construct a tensor completion problem and two solutions W/ and W’ (tensors
fitting observed entries) such that, for every mode tree T, the hierarchical tensor ranks with respect to 7~ of YW and W' are
two different minimal elements of R 7. O

C Related Work

A large and growing body of literature has theoretically investigated the implicit regularization brought forth by gradient-
based optimization. Works along this line have treated various models, including: linear predictors (Soudry et al., 2018;
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Gunasekar et al., 2018; Nacson et al., 2019b; Ji & Telgarsky, 2019b; Shachaf et al., 2021); polynomially parameterized
linear models with a single output (Ji & Telgarsky, 2019a; Woodworth et al., 2020; Moroshko et al., 2020; Azulay et al.,
2021; HaoChen et al., 2021; Pesme et al., 2021; Li et al., 2021b; Chou et al., 2021); shallow non-linear neural networks (Hu
et al., 2020; Vardi & Shamir, 2021; Sarussi et al., 2021; Mulayoff et al., 2021; Lyu et al., 2021); homogeneous networks (Lyu
& Li, 2020; Vardi et al., 2021); and ultra-wide networks (Oymak & Soltanolkotabi, 2019; Chizat & Bach, 2020). Arguably
the most widely analyzed model is matrix factorization, whose study was extended to tensor factorization (Gunasekar et al.,
2017; Du et al., 2018; Li et al., 2018; Arora et al., 2019; Gidel et al., 2019; Mulayoff & Michaeli, 2020; Blanc et al., 2020;
Gissin et al., 2020; Razin & Cohen, 2020; Chou et al., 2020; Eftekhari & Zygalakis, 2021; Yun et al., 2021; Min et al., 2021;
Liet al., 2021a; Razin et al., 2021; Milanesi et al., 2021; Ge et al., 2021). Our work generalizes existing results for matrix
and tensor factorizations (see Section 2) to hierarchical tensor factorization — a considerably richer and more complex
model.

Hierarchical tensor factorization was originally introduced in Hackbusch & Kiihn (2009). By virtue of its equivalence to
different types of (non-linear) neural networks, it has been paramount to the study of expressiveness in deep learning (Cohen
et al., 2016b; Sharir et al., 2016; Cohen & Shashua, 2016; 2017; Cohen et al., 2017; Sharir & Shashua, 2018; Cohen et al.,
2018; Levine et al., 2018a;b; Balda et al., 2018; Khrulkov et al., 2018; 2019; Levine et al., 2019). It is also used in different
contexts, for example recovery of low (hierarchical tensor) rank tensors (Da Silva & Herrmann, 2015; Steinlechner, 2016;
Rauhut et al., 2017; Kargas & Sidiropoulos, 2020; 2021). To the best of our knowledge, this paper is the first to study
implicit regularization of gradient-based optimization over hierarchical tensor factorization.

With regards to convolutional networks, theoretical investigations of their implicit regularization are scarce. Existing works in
this category treat linear (Gunasekar et al., 2018; Jagadeesan et al., 2021; Kohn et al., 2021) and homogeneous (Nacson et al.,
2019a; Lyu & Li, 2020; Ji & Telgarsky, 2020) models.'? None of these works have pointed out an implicit regularization
towards local dependencies, as our theory does (Sections 4 and 5). Although the locality of convolutional networks is widely
accepted, it is typically ascribed to expressive properties determined by their architecture (see, e.g., Cohen & Shashua (2017);
Linsley et al. (2018); Kim et al. (2020)). Our work is the first to indicate that it also originates from implicit regularization.
As we demonstrate in Section 6, this observation can have far reaching implications to the performance of convolutional
networks in practice.

D Hierarchical Tensor Factorization as Deep Non-Linear Convolutional Network

In this appendix, we formally state and prove a known correspondence node location (level, index)
between hierarchical tensor factorization and certain deep non-linear con-

volutional networks (cf. Cohen et al. (2016b)). For conciseness, we assume {1,2,3,4} |(3,1)

the tensor order N is a power of P € N>, and the mode dimensions

D1, ..., Dy are equal, and focus on the factorization induced by a perfect {1’2} 1) {3, 4} 2,2)
P-ary mode tree (Definition 2) that combines nodes with adjacent indices. AN

Let L :=logp N denote the height of the mode tree, and associate each of {1} [{2}| [ {3} | {4}

its nodes with a respective location (I, n), where [ € [L+ 1] is the level in the L1) (12) (13) (14)

tree (numbered from leaves to root in ascending order), and n € [N/P'~1] . ‘
is the index inside the level (see Figure 7 for an illustration). Adapting  Figure 7: Perfect P-ary mode tree that combines
Equation (4) to the current setting, the end tensor is computed as follows: adjacent indices, for order V= 4 and P = 2.

foralln € [N]and r € [Ry]:
W(l,n,r) — W(l,n)
R , LT

order 1
foralll € {2,...,L},n € [N/P'"!],and r € [R;] (traverse interior nodes of 7 from leaves to root, non-inclusive):
Ry /
(In,r) . (I,n) n-P (I-1,p,r")
UIGEUED DI A e B
order P!t
R ,
Wi =3 WU o ke
r'=1 )
order NV

(10)

12There have also been works studying implicit effects of explicit regularizers for convolutional networks (Ergen & Pilanci, 2021), but
these are outside the scope of our paper.
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where (W) ¢ RFE-1.11)
...= Dy.

le[L+1],n€[N/PL-1] are the factorization’s weight matrices, R;+1 = 1, and Ry := D; =

The deep non-linear convolutional network corresponding to the above factorization (illustrated in Figure 2 (right)) has
L hidden layers, the [’th one comprising a locally connected linear operator with R; channels followed by channel-wise

product pooling with window size P (multiplicative non-linearity). Denoting by (h(=1:1) .. h(-LN/P lil)) € Rfi-1 x
.-+ x Rfi-1 the output of the [ — 1’th hidden layer, where (h(o’l), cee h(07N)) = (X(l), o ,X(N)) is the network’s input,
the locally connected operator of the {’th layer computes (W(l’"))Th(Z_l’") for each index n € [N/P!~1]. We refer to this

operator as “1 x 1 conv” in appeal to the case of weight sharing, where WD) = ... = W(GN/P'™Y)  Following the locally
connected operator, for each n € [N/P'] and r € [R,], the pooling operator computes HZ.:Iznq)A Pl [(W(l’p))—rh(l_l’p)} -

thereby producing (h(:1, .. h(lvN/Pl)). After passing the input through all hidden layers, a final linear layer, whose

weights are W(L+151) | yields the scalar output of the network (W(L‘H’l))Th(L’l). Notice that the weight matrices of
the hierarchical tensor factorization are exactly the learnable weights of the network, and R;_; — the number of local
components (Definition 3) at nodes in level [ of the factorization — is the width of the network’s [ — 1’th hidden layer.

The above formulation of the network supports not only sequential inputs (e.g. audio and text), but also inputs arranged as
multi-dimensional arrays (e.g. two-dimensional images). The choice of how to assign the indices 1, ..., N to input elements
determines the geometry of pooling windows throughout the network (Cohen & Shashua, 2017).

Proposition 3 below implies that we may view solution of a prediction task using the deep convolutional network described
above as a hierarchical tensor factorization problem, and vice versa. For example, solving tensor completion and certain
sensing problems using hierarchical tensor factorization amounts to applying the corresponding network to a regression task.

Proposition 3 (adapted from Cohen et al. (2016b)). Let fo : x,—1RP» — R be the function realized by the deep
non-linear convolutional network described above, where © := (W(l’”))le[LH] ne[N/PI-1] stands for the network’s

weights. Denote by Wy the end tensor of the hierarchical tensor factorization specified in Equation (10). Then, for all
xM e RPr . x(N) ¢ RPN

f@ (X(l)7 e ,X(N)) = <®g:1X(n), WH> .

Proof sketch (proof in Appendix H.8). By induction over the layers of the network, we show that the output of the [’th

convolutional layer (linear output layer for [ = L + 1) at index n and channel r is <®Z'§::l), pi-i +1x(”),W(l’"”)>,

where WALLY .= Wy and all other W) are the intermediate tensors formed when computing Wy according to
Equation (10). Since fo (x(l), o xN )) is the output of the L + 1’th layer at index 1 and channel 1, applying the inductive
claimfor! = L 4+ 1,n = 1, and » = 1 concludes the proof. O

We conclude this appendix by noting that in the special case where P = N, if the weight matrix of the root node holds
ones, the hierarchical tensor factorization reduces to a tensor factorization, and the corresponding convolutional network has
a single hidden layer (with global product pooling) followed by a final summation layer. We thus obtain the equivalence
between tensor factorization and a shallow non-linear convolutional network as a corollary of Proposition 3.

E Evolution of Local Component Norms Under Arbitrary Initialization

Theorem 1 in Appendix B.1 characterizes the evolution of local component norms in a hierarchical tensor factorization,
under the assumption of unbalancedness magnitude zero at initialization. Theorem 2 below extends the characterization to
account for arbitrary initialization. It establishes that if the unbalancedness magnitude at initialization is small — as is the
case under any near-zero initialization — local component norms approximately evolve per Theorem 1.

Theorem 2. With the context and notations of Theorem 1, assume unbalancedness magnitude ¢ > 0 at initialization. Then,
Sforany v € int(T), r € [R,], and time t > 0 at which Jgj’r)(t) > 0:13

3Since norms are not differentiable at the origin, when UIEI'/’T) (t) is equal to zero it may not be differentiable with respect to time.
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o I (=VLaWu(1)),C () > 0, then:

d v,r v,r 2 Ly—1 v,r
r) (1) < (g;,v ) (t)To +e) L (=VLu(Wa()),C (1)),

%UH <
(11)
Lo () 2 m L=V La(Wiu(0),C" (1)) ;
« otherwise, if (=Y Lu(Wa(t)),Ci"™™ (1)) < 0, then:
%g;w (1) > (ol ()% + ) Ly (~VLa(Wa(1)),C" (1),
(12)

(v,r) 2
d (v,r) (t) < Oy (t)

—oi (1) € i L(=VLaWa(0).C (1)
oy (t)Tr +e

dt

Proof sketch (proof in Appendix H.9). The proof follows a line similar to that of Theorem 1, except that here conservation
of unbalancedness magnitude leads to |[w(t)||2 < o™ (t)7v + € for all w € LC(v,r). Applying this inequality to

%aﬁ”’r)(t) = (=VLuWu(2)), Clg”’r)(t» >wercwr) Hwercwm w |[w’(£)||” yields Equations (11) and (12). O

F Hierarchical Tensor Rank as Measure of Long-Range Dependencies

Section 5 discusses the known fact by which the hierarchical tensor rank (Definition 5) of a hierarchical tensor factorization
measures the strength of long-range dependencies modeled by the equivalent convolutional network (see Cohen & Shashua
(2017); Levine et al. (2018a;b)). For the convenience of the reader, the current appendix formally explains this fact.

Consider a hierarchical tensor factorization with mode tree 7 (Definition 2), weight matrices © := (W(”))V . and
an equivalent convolutional network realizing a parametric input-output function fg. As claimed in Section 3 (and
formally justified in Appendix D), the function realized by the convolutional network takes the form fg (x(l)7 o xN )) =
<®fl\;1x(”), WH>, where Wy stands for the end tensor of the factorization (Equation (4)). Proposition 4 below establishes
that for any subset of indices I C [N], the matrix rank of Wy’s matricization according to I is equal to the separation rank
(Definition 1) of fg with respect to I, i.e. rank [W; I = sep(fo; I). In particular, the hierarchical tensor rank of Wy with
respect .to T — (Fank [Wh; v] )V. eT\(IN]} — amot.mts to (sep(fo;v)), cT\([N]}* In the Can(?nical case where node.s ifl T
hold adjacent indices, the separation ranks of fg with respect to them measure the dependencies modeled between distinct
areas of the input, i.e. the non-local (long-range) dependencies.

Proposition 4 (adaptation of Claim 1 in Cohen & Shashua (2017)). Consider a hierarchical tensor factorization with
mode tree T (Definition 2) and weight matrices © := (W(”))V i and denote its end tensor by Wy (Equation (4)). Let

fo : Xpn=1RP» — R be defined by feo (x(l), e ,X(N)) = <®,]¥:1X(”), WH>. Then, forall I C [N]:
rank [Wy; I] = sep(fe; I).

Proof sketch (proof in Appendix H.10). To prove that rank [Wy; I] > sep(fo;I), we derive a representation of fg as a
sum of rank [Wy; I]) terms, each being a product between a function that operates over (x(V));cr and another that operates
over the remaining input variables. For the converse, rank [Wy; I] < sep(fe; I), we prove that for any grid tensor W of a
function f, i.e. tensor holding the outputs of f over a grid of inputs, it holds that rank [W; I] < sep(f;I). We conclude by
showing that Wy is a grid tensor of fg. O

G Further Experiments and Implementation Details

G.1 Further Experiments

Figures 8, 9, and 10 supplement Figure 1 by including, respectively: (i) plots of additional local component norms and
singular values during optimization in the experiment presented by Figure 1 (right); (ii) experiments with tensor sensing
loss; and (iii) experiments with different hierarchical tensor factorization orders and mode trees, as well as different ground
truth hierarchical tensor ranks. Figure 11 portrays an experiment identical to that of Figure 5, but with ResNet34 in place of
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ResNet18. Figures 12 and 13 extend Figures 5 and 11, respectively, by presenting results obtained with baseline networks
that are already regularized using standard techniques (weight decay and dropout).

G.2 Implementation Details

In this subappendix we provide implementation details omitted from our experimental reports (Figure 1, Section 6, and
Appendix G.1). Source code for reproducing our results and figures, based on the PyTorch framework (Paszke et al.,
2017), can be found at https://github.com/asafmamanl01l/imp_reg_htf. All experiments were run on a
single Nvidia RTX 2080 Ti GPU.

G.2.1 INCREMENTAL HIERARCHICAL TENSOR RANK LEARNING (FIGURES 1, 8, 9, AND 10)

Figure 1 (left): the minimized matrix completion loss was Ly(Wy) = \SlTI >ipea(Wwm)ij — W;"j)Q, where (2
denotes a set of 2048 observed entries chosen uniformly at random (without repetition) from a matrix rank 5 ground truth
W* e R6464 We generated W* by computing W*(WW*(2) | with each entry of W*(1) ¢ R6%5 and W*(2) ¢ R5.64
drawn independently from the standard normal distribution, and subsequently normalizing the result to be of Frobenius
norm 64 (square root of its number of entries). Reconstruction error with respect to W* is based on normalized Frobenius
distance, i.e. for a solution Wy itis || Wy — W*|| / ||[W*||. The matrix factorization applied to the task was of depth 3 and
had hidden dimensions 64 between its layers so that its rank was unconstrained. Standard deviation for initialization was set
to 0.001.

Figure 1 (middle): the minimized tensor completion loss was L1(Wr) = ﬁ E(dl7d2’d3)69((WT)d1,d2’d3 — W§17d2,d3)2,
where (2 denotes a set of 2048 observed entries chosen uniformly at random (without repetition) from a tensor rank 5 ground
truth W* € R6:16:16, We generated W* by computing 5°_, WD oW oW, with each entry of W*(), W*(2),
and W*() € R16:> drawn independently from the standard normal distribution, and subsequently normalizing the result
to be of Frobenius norm 64 (square root of its number of entries). Reconstruction error with respect to W* is based on
normalized Frobenius distance, i.e. for a solution Wr it is |[Wr — W*|| / |[W*||. The tensor factorization applied to the task
had R = 256 components so that its tensor rank was unconstrained.'* Standard deviation for initialization was set to 0.001.

Figure 1 (right): the minimized tensor completion loss was Ly(Wy) = ITll\ Z(dl,...,d4)EQ((WH)d17'“7d4 — W;17...,d4)2’
where () denotes a set of 2048 observed entries chosen uniformly at random (without repetition) from a hierarchical tensor
rank (5,5,5,5,5,5) ground truth W* € R®888  We generated YW* according to Equation (4) using a perfect binary
mode tree T over [4] and weight matrices (W*(V))ue’r’ where W*(") € R®® for v € {{1},...,{4}}, W*) € R>S

for v € int(7) \ {[4]}, and W*{I¥) € R>!. We sampled the entries of (W*(*)) __independently from the standard
normal distribution, and subsequently normalized the ground truth to be of Frobenius norm 64 (square root of its number
of entries). Reconstruction error with respect to YW* is based on normalized Frobenius distance, i.e. for a solution Wy it
is [[Wu — W*|| / |W*||. The hierarchical tensor factorization applied to the task had 512 local components at all interior
nodes due to computational and memory considerations (increasing the number of local components had no substantial
impact on the dynamics). Standard deviation for initialization was set to 0.01.

Figure 8: plots correspond to the same experiment presented in Figure 1 (right).

Figure 9: implementation details are identical to those of Figure 1 (right), except that the following tensor sensing loss was
minimized: Ly(Wh) = Z?gg ((@i_yxm Wy) — (2i_xn), W*>)2 where the entries of ((x(1), ..., x(4) €

2048 . S . L
R® x - - x Rg)izl were sampled independently from a zero-mean Gaussian distribution with standard deviation 4096~1/8

(ensures each measurement tensor ®‘71L:1x(”") has expected square Frobenius norm 1).

Figure 10: implementation details are identical to those of Figure 1 (right), except that: (i) the ground truth tensor was of
order 9 with modes of dimension 3, Frobenius norm /19683 (square root of its number of entries), hierarchical tensor rank
(2,...,2), and was generated according to a perfect ternary mode tree; (i) reconstruction was based on 9840 entries chosen
uniformly at random; (iii) the hierarchical tensor factorization applied to the task had 100 local components at all interior
nodes; and (iv) standard deviation for initialization was set to 0.1.

All: using sample sizes smaller than those specified above led to similar results, up until a point where solutions found had
fewer non-zero singular values, components, or local components (at all nodes) than the ground truths. Gradient descent was

“Forany D1,..., Dy € N, setting R = ([T

1 Dn)/ maX{Dn}ﬁfil suffices for expressing all tensors in RP1DPN (Lemma 3.41
in Hackbusch (2012)).
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Figure 8: Dynamics of gradient descent over order four hierarchical tensor factorization with a perfect binary mode tree (on tensor
completion task) — incremental learning leads to low hierarchical tensor rank. For the hierarchical tensor factorization experiment in
Figure 1 (right), plots present the evolution of additional quantities during optimization. Left and second to left: top 10 local component
norms at nodes {1,2} and {1, 2, 3,4} (respectively) in the mode tree (the latter also appears in Figure 1 (right)). Second to right and
right: top 10 singular values of the end tensor’s matricizations according to {1, 2} and {1, 3} (respectively). The former corresponds to a
node in the mode tree, meaning its rank is part of the end tensor’s hierarchical tensor rank, whereas the latter does not. All: notice that, in
line with our analysis (Section 4), local component norms move slower when small and faster when large, creating an incremental process
that leads to low hierarchical tensor rank solutions. Moreover, the singular values of the end tensor’s matricizations according to nodes in
the mode tree exhibit a similar behavior, whereas those of matricizations according to index sets outside the mode tree do not. The rank of
a matricization lower bounds the (non-hierarchical) tensor rank (Remark 6.21 in Hackbusch (2012)). Thus, while the hierarchical tensor
rank of the obtained solution is low, its tensor rank is high. For further implementation details, such as loss definition and factorization
dimensions, see Appendix G.2.
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Figure 9: Dynamics of gradient descent over order four hierarchical tensor factorization with a perfect binary mode tree (on tensor sensing
task) — incremental learning leads to low hierarchical tensor rank. This figure is identical to Figure 8, except that the minimized mean
squared error was based on random linear measurements (instead of randomly chosen entries). For further implementation details, such as

loss definition and factorization dimensions, see Appendix G.2.
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Figure 10: Dynamics of gradient descent over order nine hierarchical tensor factorization with a perfect ternary mode tree — incremental
learning leads to low hierarchical tensor rank. This figure is identical to Figure 8, except that: (i) the hierarchical tensor factorization
employed had order nine and complied with a perfect ternary mode tree; and (ii) the ground truth tensor was of hierarchical tensor rank
(2,...,2) (Definition 5). For further implementation details, such as loss definition and factorization dimensions, see Appendix G.2.

initialized randomly by sampling each weight in the factorization independently from a zero-mean Gaussian distribution,
and was run until the loss remained under 5 - 10~° for 100 iterations in a row. For each figure, experiments were carried out
with initialization standard deviations 0.1, 0.05, 0.01, 0.005, 0.001, and 0.0005. Reported are representative runs striking a
balance between the potency of the incremental learning effect and run time. Reducing standard deviations further did not
yield a significant change in the dynamics, yet resulted in longer optimization times due to vanishing gradients around the
origin.

To facilitate more efficient experimentation, we employed an adaptive learning rate scheme, where at each iteration a
base learning rate is divided by the square root of an exponential moving average of squared gradient norms. That is,
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Figure 11: Dedicated explicit regularization can counter the locality of convolutional networks, significantly improving performance on
tasks with long-range dependencies. This figure is identical to Figure 5, except that: (i) experiments were carried out using a randomly
initialized ResNet34 (as opposed to ResNet18); and (ii) it includes evaluation over a Pathfinder dataset with path length 11, since up until
path length 9 an unregularized network still obtained non-trivial performance. For further details see Appendix G.2.2.
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Figure 12: Dedicated explicit regularization can counter the locality of convolutional networks (regularized via standard techniques),
significantly improving performance on tasks with long-range dependencies. This figure is identical to Figure 5, except that instead of
applying our regularizer (Section 6.1) to a baseline unregularized network, the baseline networks here were regularized using either weight
decay or dropout, and are compared to the results obtained when applying our regularization in addition to them. Figure 5 shows that the
test accuracy obtained by an unregularized network substantially deteriorates when increasing the (spatial) range of dependencies required
to be modeled. From the plots above it is evident that, even when employing standard regularization techniques such as weight decay or
dropout, a similar degradation in performance occurs. As was the case for unregularized networks, applying our dedicated regularization,
in addition to these techniques, significantly improved performance. In particular, for the combination of our regularization and dropout,
the test accuracy was high across all datasets. For further details such as regularization hyperparameters, see Appendix G.2.2.
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Figure 13: Dedicated explicit regularization can counter the locality of convolutional networks (regularized via standard techniques),
significantly improving performance on tasks with long-range dependencies. This figure is identical to Figure 12, except that: (i)
experiments were carried out using a randomly initialized ResNet34 (as opposed to ResNet18); and (i) it includes evaluation over a
Pathfinder dataset with path length 11, since up until path length 9 networks regularized using weight decay or dropout still obtained
non-trivial performance. For further details such as regularization hyperparameters, see Appendix G.2.2.

for base learning rate = 102 and weighted average coefficient 3 = 0.99, at iteration ¢ the learning rate was set to
ne =n/(v/7/(1 — Bt)+107°), where v, = 8- y—1 + (1 — B) - [|2/00¢(O(t))||%, 70 = 0, ¢ stands for any one of ¢wm, ¢r.
or ¢y, and © denotes the corresponding factorization’s weights. We emphasize that only the learning rate (step size) is
affected by this scheme, not the direction of movement. Comparisons between the scheme and optimization with a fixed

learning rate showed no significant difference in terms of the dynamics, while run times of the former were considerably
shorter.

G.2.2 COUNTERING LOCALITY OF CONVOLUTIONAL NETWORKS VIA REGULARIZATION (FIGURES 5, 11, 12,
AND 13)

In all experiments, we randomly initialized the ResNet18 and ResNet34 networks according to the default PyTorch (Paszke
et al., 2017) implementation. The (regularized) binary cross-entropy loss was minimized via stochastic gradient descent with
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Table 1: Hyperparameters for the regularizations employed in the experiments of Figures 12 and 13. For every model and dataset type
combination, table reports the weight decay coefficient and dropout probability used when applied individually, as well as when combined
with our regularization (described in Section 6.1), whose coefficients are also specified. These hyperparameters were tuned on the datasets
with largest spatial range between salient regions of the input. That is, for each model separately, their values on IsSameClass datasets
were set to those achieving the best test accuracy over a dataset with 160 pixels between CIFAR10 images. Similarly, their values on
Pathfinder datasets were set to those achieving the best test accuracy over a dataset with connecting path length 9 for ResNet18 and path
length 11 for ResNet34. For further details see the captions of Figures 12 and 13, as well as Appendix G.2.2.

ResNet18 ResNet34
IsSameClass Pathfinder IsSameClass Pathfinder
Weight Decay 0.001 0.01 0.01 0.001
Dropout 0.6 0.5 0.3 0.2
Ours & Weight Decay 1 & 0.001 0.1 & 0.01 1 & 0.0001 0.1 & 0.001
Ours & Dropout 1 & 0.5 0.1 & 0.4 1 & 0.5 0.5 & 0.3

learning rate 0.01, momentum coefficient 0.9, and batch size 64 (for ResNet34 we used a batch size of 32 and accumulated
gradients over two batches due to GPU memory considerations). Optimization proceeded until perfect training accuracy
was attained for 20 consecutive epochs or 150 epochs elapsed (runs without regularization always reached perfect training
accuracy). For each dataset and model combination, runs were carried out using the regularization described in Section 6.1
with coefficients 0,0.1,0.5,1, 3,6, 9, and 10. Values lower than those reported in Figures 5 and 11 had no noticeable impact,
whereas higher values typically did not allow fitting the training data. Table 1 specifies the hyperparameters used for the
different regularizations in the experiments of Figures 12 and 13. Dropout layers shared the same probability hyperparameter,
and were inserted before blocks expanding the number of channels, i.e. before the first convolutional layers with 128, 256,
and 512 output channels (the default ResNet18 and ResNet34 implementations do not include dropout).

At each stochastic gradient descent iteration, the subset of indices I and J used for computing the regularized objective
were sampled as follows. For IsSameClass datasets, we set I to be the indices marking either the left or right CIFAR10
image uniformly at random, and then let J be the indices corresponding to the remaining CIFAR10 image. For Pathfinder
datasets, I and J were set to non-overlapping 2 x 2 patches chosen uniformly across the input. In order to prevent additional
computational overhead, alternative values for pixels indexed by J were taken from other images in the batch (as opposed to
from the whole training set). Specifically, we used a permutation without fixed points to shuffle the pixel patches indexed
by J across the batch.

IsSameClass datasets consisted of 5000 training and 10000 test samples. Each sample was generated by first drawing
uniformly at random a label from {0, 1} and an image from CIFAR10. Then, depending on the chosen label, another image
was sampled either from the same class (for label 1) or from all other classes (for label 0). Lastly, the CIFAR10 images were
placed at a predetermined horizontal distance from each other around the center of a 224 x 224 image filled with zeros. For
example, when the horizontal distance is 0, the CIFAR10 images are adjacent, and when it is 160, they reside in opposite
borders of the 224 x 224 input. Pathfinder datasets consisted of 10000 training and 10000 test samples. Given a path length,
the corresponding dataset was generated according to the protocol of Linsley et al. (2018), with hyperparameters: circle
radius 3, paddle length 5, paddle thickness 2, inner paddle margin 3, and continuity 1.8. See Linsley et al. (2018) for
additional information regarding the data generation process. As to be expected, when running a subset of all experiments
using larger training set sizes (for both IsSameClass and Pathfinder datasets), we observed improved generalization across
the board. Nevertheless, the addition of training samples did not alleviate the degradation in test accuracy observed for
larger horizontal distances and path lengths, nor did it affect the beneficial impact of our regularization. That is, the trends
observed in Figures 5, 11, 12, and 13 remained intact up to a certain shift upwards.

H Deferred Proofs

H.1 Additional Notation

Before delving into the proofs, we introduce the following notation.

General A colon is used to indicate a range of entries in a mode, e.g. W, . € RP" and W. ;¢ RP are the i’th row and
j°th column of W € RP-P /, respectively, and W; .; € R%J is the sub-matrix of W consisting of its first ¢ rows and j

columns. For W € RP1--D~ we let vec(W) € RIT:=1 Do e its arrangement as a vector. The tensor and Kronecker
products are denoted by ® and ©, respectively.
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Hierarchical tensor factorization For a mode tree 7 over [N] (Definition 2), we denote the set of nodes in the sub-
tree of 7 whose root is v € T by T(v) C T. The sets of left and right siblings of v € T are denoted by <g(y) and
?(u), respectively. For v € T, we let W) be the tensor obtained by stacking (W(”"'))fjf )
i.e. W) = WD forall r € [Rpa(1)]- Given weight matrices (W) € Rfv-flraw))

to the end tensor they produce according to Equation (4) is denoted by H((W(”))V eT)' For v € T, with slight abuse
of notation we let H ( (W(V,))V’GT\T(V)’ W) be the function mapping (W(””))f:f(”) and weight matrices outside of

%
T (v) to the end tensor they produce. Lastly, we denote by S (v) and ?(V) the sets of left and right siblings of v € T,
respectively.

into a single tensor,

the function mapping them

H.2 Useful Lemmas

H.2.1 TECHNICAL

Lemma 3. ForanyU € RPv-Pv Yy e R Hi qnd [ C [N + K):
UVI|=[U;IN[N]]e[V;I-NN[K]],

where I — N :={i— N :i €I}

Proof. The identity follows directly from the definitions of the tensor and Kronecker products. O
Lemma 4. For any U € RP+:P2 V € RP2Ds and w € RP4, the following holds:
(UV)ow' =U(Vow') , w oUV)=U(Ww' oV).
Proof. According to the mixed-product property of the Kronecker product, for any matrices A, A’, B, B’ for which AA’
and BB’ are defined, it holds that (AA’) ® (BB’) = (A ® B)(A’ ® B’). Thus:
(UV)ow' =(UV)e(1-w')=(Uo)(Vow')=U(Vow'),
where 1 is treated as the 1-by-1 identity matrix. Similarly:

wio(UV)=(1-wh)o(UV)=(1oU)(woV)=UWw' V).

H.2.2 HIERARCHICAL TENSOR FACTORIZATION

Suppose that use a hierarchical tensor factorization with mode tree 7, weight matrices (W(”) € REv Eraw) ) ,e7 and end

tensor Wy € RP1-Dn (Equations (4)) to minimize ¢y (Equation (5)) via gradient flow (Equation (6)). Under this setting,
we prove the following technical lemmas.
Lemma 5. The functions H((W®)) __) and H((W®"))

multilinear.

VET\T(0)? W(”’:)),for v € T, defined in Appendix H.1, are

Proof. We begin by proving that H((W®)) __) is multilinear. Fix v € T, and let W®), U € RE»Free) and o > 0.

veT

Homogeneity Denote by (Z,{él/'w)) the intermediate tensors produced when computing the end tensor

H((W(I/)) v'eT\{v}’

- W(Vr) =a -WW forallr € [R pa(l,)]. Otherwise, if v is an interior node, a straightforward computation leads to the
same conclusion, i.e. for all 7 € [Rpa(,)):

V€T, r€[Rpq )
o - W) according to Equation (4) (there denoted (W(”/W))V, ). If v is a leaf node, then Ul =

uo(éu,r) =Ty (ny—l a- Wﬁllj,)r [@VCGC(U)W(VC’T/)})

R, Yy /
T <Zr,_1 W, [®Vcec<u>w<w >]>

EXE W(V)T) s
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where the second equality is by the linearity of , (recall it is merely a reordering of the tensor entries). Moving on to the
parent of v, multilinearity of the tensor product implies that for all € [Rpg(pa(u))]:

v),r) _ Rpaw) ve,r’ v,r’ Ve,r’
uo(tpa( )= TPa(v) (Zr/:1 w [(®vc€<§(u)w( )) ®U(g ) ® (®uc€?(u)w( ' ))}>
Rpa(y ve,r’ v,r’ Ve,r’
e (pr—l( W [(®Vce<§(u>w( N )) ® (@ W) e (®uce?(v)w( )>D

Rpa( y
= Q- Tpaw) <Z Pa )W,(f:( )

r’'=1

(Pa(v))

r’,r

(Pa(v))

r’,r

{®VceC<Pa<v>>W(”c’r/)D

= a - WPalw)r)
An inductive claim over the path from v to the root [N] therefore yields:

H(W) a- W) =a H(W) (13)

v'eT\{v}’ V’GT) :

Additivity We let (') VT relRpyn) and (L{_(i_y/’r)) denote the intermediate tensors produced when
computing H((W?) 7 (), U®) and H((WED) g,

If v is a leaf node, we have that US_V’T) = W(';) + U;(ff«) =WE) L W) forall v € [Rpa(y)]- Otherwise, if v is an interior
node, we arrive at the same conclusion, i.e. for all 7 € [Rpq(,)]:

V' ET,r€[Rpy(ur)]
W 4 U(”)) according to Equation (4), respectively.

v,r Ry
Z/{J(r ™) =7, (Zr/—l

:m<

_ W(V,T) + u(l/,r) ,

R,

r’'=1

(W, +u)) [@’WGC(")W(VGJ/)D

v vy R,
Wi [euccmr] )+ (S0,

Uy, [®»560(V>W(V“T/)D

where the second equality is by the linearity of 7. Then, for any r € [Rpq(pa))]:

Rpa(v
uipa(l/)ﬂ’) — ﬂ_Pa(V) (Zrlil( )W

r’,r

Rpa(v) 1x (Pa(v)) [
= 7Tpa(,/) <Zr’—1 Wr’,r L

(Pa(v
wrew)

Rpa(v)
=Traw) (D)

Rpa@) oo (Pa(v)) [
7Tpa(l,) (Zr’_l Wr’,r

— W(Pa@)r) | y(Pa).r)

(Pa(w)) |

(ve,r") (v,r") (ve,r")
_<®vce§<u>w )®u+ ®(®Vc€3’<”>w )D

(@5 @ W U)o (®yce?<y>w<uc”’)>D

®ucec<Pa<u>)W(V“T,)]> *

(BucsW) et s (®uc€?(u)W(Vcﬂ°/)):|>

where the penultimate equality is by multilinearity of the tensor product as well as linearity of mpg(,). An induction over the

path from v to the root thus leads to:

’

H((W(U ))V’ET\{V}7

Equations (13) and (14) establish that #((W()) _.) is multilinear. The proof for H((WED)

by analogous derivations.

w®) 4 U(”)) — H((W(” ))

’

) +H((W) uw). (14)

v'eT v'eT\{v}’

ver Ty W) follows

O

Lemma 6. Suppose there exists v € T such that W™ = 0 forall r € [Rpa(v)], where W) is as defined in Equation (4).

Then, Wy = 0.



Implicit Regularization in Hierarchical Tensor Factorization and Deep Convolutional Neural Networks

Proof. Since W®*") = 0 forall r € [Rpy(,y], for any 7’ € [Rpu(pa(y))] we have that:
f a(v) y a(Pa(v))
R
(Pa(w),r’) _ Pa(v) \xr(Pa(v) (verr) ) (verr)
w = Tpa(v) <ZT_1 W, . [(@Wegmw ) QW ® (®Vceg(u)W )})
_ Rpaw) (xr(Pa(v)) Veor Verr
= Tpa(v) (Z'r_l Wi [(@Vceg(y)w( )) ®0® <®yce§>(y)W( ))}

=0.

Thus, the claim readily follows by an induction up the path from v to the root [N]. O

Lemma 7. Forany v € int(T) and r € [Rpq(,)]:

e

<Jwe

’ HVCEC(V)

where We), for v, € C(v), is the tensor obtained by stacking (W(”c’rl))ﬁ"zl into a single tensor, i.e. W(D")r, = Wlver’)
forallr' € [R,)].

e

>

Proof. By the definition of wr) (Equation (4)) we have that:
m (30 W [Bccmmweer)]
v =1 r’r v.€C(v)

R
_ E v VV(V) ve,r’
B H pr=1 7T [®VCEC(U)W( )} ) ’

where the second equality is due to the fact that 7, merely reorders entries of a tensor, and therefore does not alter its
Frobenius norm. Vectorizing each ®ucec(y)W(V“T ), we may write HW("”") || as the Frobenius norm of a matrix-vector
product:

e

pree

= H (VGC(@VCec(V)W(UC’l)), e 7Vec(@)l,ceo(,,)VV(VC’R”))) W:(f;.)

Hence, sub-multiplicativity of the Frobenius norm gives:

e < [wo- [ (vee(@rccmy W), ... vee(@y.ccmmw ) )| - (13
Notice that:
2 R, "2
H (Vec(®uc€C(V)W(VC71))7 e >Vec(®uc€C(V)W(yc’RV))) H = Z'r":l H®uc€C(u)W(VC7T ) ’
R, "2
DI ) SN
r’'=1 v.€C(v)

Ry ve,r! 2
< HUCEC(V) <ZT/—1 HW( : ‘ )
- HVC.EC(V)

where the second transition is by the fact that the norm of a tensor product is equal to the product of the norms,
. . "2 . . Lo
and the inequality is due to [], cc,) (S8 W) ||°) being a sum of non-negative elements which includes

‘me:)HQ ’

25”:1 HVC o) HW(”C”J) H2 Taking the square root of both sides in the equation above and plugging it into Equa-
tion (15) compﬁetes the proof. O

Lemma 8. For any v € int(T):

>

e < fpwe

' HVCGC(V)

where W\e), for v, € C(v), is the tensor obtained by stacking (W(”C’T))
forallr € [R,].

‘ch,o

R,

r=

| into a single tensor, i.e. W(V‘)r = Wler)
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Proof. We may explicitly write ||W<"”) ||2 as follows:

2 R wlw
e
For each r € [Rpqy(,)], by Lemma 7 we know that:
|| | )
v,r < v . Vet
ot < WL
Thus, going back to Equation (16) we arrive at:
2 R 2 2
O £ S T I = T
HW H - Z w. HVEEC(V) W w HVCEC (v) w
Taking the square root of both sides concludes the proof. O

Lemma9. Foranyv € T and A € RFv:Eraw) :
a V/ l/l
<8W(V)¢H((W( ’)V,ET),A> = (VLa W), H((WE), 0y D))

Proof. We treat (W(”/) as fixed, and with slight abuse of notation consider:

i (W) = on(W),, ).

For A € Rfv-Fraw) by multilinearity of H (Lemma 5) we have that:

)V/ET\{I/}

N+ = (W) W+ )

=Ly (WH + H((W(V,))V’ET\{V}7 A)) '

According to the first order Taylor approximation of Ly we may write:
d)l(_ly) (W(V) + A) =Ly (WH) + <VLH (WH)7 H((W(” ))V’GT\{V}7 A)> + o0 (”A”)

= 04 (W) + (Vi W) H((W) 0 8) ) +o A

The term <V£H Wh), H((W(”/))y/efr\ (whs A)> is a linear function of A. Therefore, uniqueness of the linear approxima-
tion of QSI({V) at W) implies:

<dW<”) o (W), A> - <VLH(WH)’H<(W(V,))wefr\{u}’A)> '

Noticing that %d)}l ( (W(”'))V,eT) = W‘l(”gbl({”) (W(V)) completes the proof. O

Lemma 10. Forany v € int(T),r € [R,], and A € RErew):

(o S (W ) er) AT ) = (VEuOV) H((W),, PR, (A7) ). a7

where PadR, (AT) € RERraw) s the matrix whose r’th row is AT, and all the rest are zero. Furthermore, for any
ve € C(v) and A € Rftve:

8 ! ’
<W¢SH((W(” ))weT)7A> = <VLH(WH)7H<(W(V ))V,ET\{VC},PadC,.(A))> , (18)

where PadC,.(A) € REve-Rv s the matrix whose ’th column is A, and all the rest are zero.
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Proof. Equations (17) and (18) are direct implications of Lemma 9 since:

(sodgon (W), A7) = (Getron((WO), ) Padk, (7)),

OW,..

and

<8W(uc>¢ﬂ(( )V/ET)7A> = <av‘?(,,c)¢H<(W(V/))V,e7_),PadCr(A)>.

O
Lemma 11. Letv € int(T), v. € C(v), and r € [R,). If both erf;) = 0and W;(f:f) =0, then:
0 ,
oW on(W)),,er) =0, (19)
and
8W()VTC 50u((W),,e7) = 0. 20)

Proof. We show that ’H((W("/)),,,GT\{,,}’ PadR, (AT)) = 0forall A € RPa(*)  Equation (19) then follows from

Equation (17) in Lemma 10. Fix some A € RF*(") and let (U (”l”,)) be the intermediate tensors produced

v ET, 1 €Rpy(u)

when computing H((W PadR. (AT) ) according to Equation (4) (there denoted (W(”,””/))V, ,»)- For any

"
)V’GT\{V}’
7 € [Rpqa(y)] we have that:

U =m, (ZR PadR, (A7), - [®wec(u)W(V/’7J)D =, (AF {®wec(u)w(y/’mD :

The fact that W(l;) = 0 implies that W¥er) .= WUC(Z ve W( )[®V rec(vy W vyt )]) = 0, and so for every 1’ €
[RPCL(I/)]:

(v,7) _ B (v',r) (v',r) _

U =Ty (AT {(®u/€<§(uc)w ) ®0® (®u'e?(yc)w )D =0.

Lemma 6 then gives H((W®")),/c 1,1, PadR, (AT) ) = 0, completing this part of the proof.

Next, we show that H((W(”/))V,GT\{V b PadC,(A)) = 0 for all A € R”. Equation (18) in Lemma 10 then yields

Equation (20). Fix some A € R”< and let (V(”/”J))
H((W)

VT 1 ElRpaor] be the intermediate tensors produced when computing

VET\(re}? PadC, (A)) according to Equation (4). For any 7 € [R,] \ {r}:

R,

U =, (Z, 1y PadCr(8),, - [®v’ecwc>W(w’w)D S <Zr/—i v [®”'€C(”C’W(V/7TI)D -

Thus, for any 7 € [Rpg(,)] we may write U =1, (Wiug [ Qurec(v) U(”/’T)]). Since Wﬁ”) =0, we get that /") =0

for all # € [Rpq(,)], which by Lemma 6 leads to # ( (WW))V,U\ (o PadC.(A)) = 0. O

Lemma 12. Forany v € int(T), v. € C(v), and r € [R,), the following hold:

W),y PadRe (WD) = 7)€ @
and ,
HIW), o oy PadC (W) = o), (22)

where PadR,. (A1) € RF»-fraw) is the matrix whose r’th row is AT, and all the rest are zero, PadC,.(A) € Rfve-fv s

the matrix whose r’th column is A\, and all the rest are zero, and C;,V’r) is as defined in Theorem 1.
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Proof. Starting with Equation (21), let (L{ ("/”l)) ‘T elR ] be the intermediate tensors formed when computing
v T Pa(v’)

H((W(”'))V,eT\{U}, PadR., (Wg’j))) according to Equation (4) (there denoted (W(”/’T,))V,7T,). Clearly, for any v/ €

T (v) \ {v} — a node in the subtree of v which is not » — it holds that {/*""") = W) for all 1/ € [Rpa(v)]- Thus, for
all 7’ € [Rpq(,)| we have that:

U = (Zil PadR, (W), [@yccmmW®" )D =m0 (W [BreccoW]) @

1t o " = [W @ (@ece) W) | = [WE T cop [[WE || = 0. then either W = 0 or W) = 0 for
some v/ € C(v). We claim that in both cases U (" ) =0forall € [Rpa(v)]- Indeed, if Wg”) = 0 this immediately

follows from Equation (23). On the other hand, if W;(fil) = 0 for some v/ € C'(v), then W) — 0, which combined with
Equation (23) also implies that I/ ') = 0 forall v/ € R pa(,,)]. Hence, Lemma 6 establishes Equation (22) for the case of

o =0

H((W), PadR, (W) =0 =i - .

reT\{v}’
Now, suppose that UH” ™) £ 0 and let Y™ be the tensor obtamed by stacking (U™ ))RP“(”) into a single tensor,

r'=1
ie. L{(V ,).. =U®) forall v/ € [Rpa(v)]. Multilinearity of H (( Ut ) (Lemma 5) leads to:

)) v eT\T (v)’

VET\T (v u(y’))
:JI({u,m.H((WV )y/g\fr(uy(”ﬁw)) L, ))

From Equation (23) we know that (og' T)) "y = FV((UI{IV’T))_lngT)/ [ ®ureco) W(”/”')]) for all 7' € [Rp, ().

Ly, T

H((We)) PadR, (W) ) = #((W®))

v eT\{v}’ (24)

Thus, by the definition of C}(I ") we may conclude that:

H((We)) o) Ut ) = e (25)

v eT\T (v)’ ( H

Combining Equations (24) and (25) yields Equation (22), completing this part of the proof.

Turning our attention to Equation (22), let (V(V’n"’)) T e R be the intermediate tensors produced when computing
v T Pa(v’/

H((W("/)) T\ PadC,. (W;(f;“))) according to Equation (4) (there denoted (W(”,”‘/)) ) Clearly, for any Ve

T (v) \ {v, v.} — a node in the subtree of v which is not v nor v, — it holds that V*"-*') = W) for all 1/ € [Rpa(n]-

Thus, V) =7, ( Zf:”‘i PadC, (W;(fﬁ))? i, [ @vrccwe) W(”/’F)]) = Wer) whereas for any r’ € [R,]\ {r}:
Yper) = Ty, (Z , PadC, ( (w))F,r’ [®V’€C(VC)W(VI7T)}>

= (Z750 [ewece 7))

Putting it all together, for any 7’ € [Rp,(,)] we may write:

R _
(v,r') v () |: , (v',7) ) _ ( () |: , v',r)
4 Ty (Zr_l W [@vecmU"” "] ) =m0 (W0 | @uecemy W] )
From this point, following steps analogous to those used for proving Equation (21) based on Equation (23) yields Equa-
tion (22). ]
Lemma 13. Foranyv € int(T), v. € C(v), andr € [R,]:

W(u )H2 _ 20§1V,r) (t) <_V‘CH(WH(t)),CISD’T) (t)> W(”C) )H

al al

where CI({V’T) (t) is as defined in Theorem 1.
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Proof. Differentiating ||W;(,'§°) (t) H2 with respect to time we get:

d

v v Ve Ve 0 v
Zwern] =2 (wiow, win) - -2 <Wf,r><t), (W )<t))we’r)>'

s

By Equation (18) from Lemma 10 we have that:

G 0] = =2 (Tea0m0). (W), PadC (W 0)))

Then, applying Equation (22) from Lemma 12 concludes:

dt H Wi )H 2aéy’r)(t)<_V£H(WH(?5))»C}(IU'T)(1§)>'

2 . L . . .
A similar argument yields the desired result for HW ”)( )| . Differentiating with respect to time we obtain:

d 2 d 0 /
Zw®) — w®) Zw® - —9({WwW® w®)
dt H Ty (t>H - 2< T (t)’ dt T (t)> - 2< T (t)v 8 £D) QSH(( (t))u’ET)> :

By Equation (17) from Lemma 10 we may write:

LW = 2 (TER ML AW 0),1 . PadRe(WE 1))

Lastly, applying Equation (21) from Lemma 12 completes the proof:
d (v) 2 (v,r) (v,r)
Zwew| =208 (- eaomm).cr o)
O

Lemma 14. Let v € int(T) and r € [R,]. If there exists a time to > 0 at which w(to) = 0 for all w € LC(v, ), then:
w(t)=0 ,t>0,weLC(y,r),

i.e. w(t) is identically zero for all w € LC(v, ).

Proof. Standard existence and uniqueness theorems (e.g. Theorem 2.2 in Teschl (2012)) imply that the system of differential
equations governing gradient flow over ¢y (Equation (6)) has a unique solution that passes through (W(” )(to)) ey at time

to. It therefore suffices to show that there exist (W(V') ), 7 satisfying Equation (6) such that W) (1) = WH) ()
for all v/ € T, for which W' (¢) and (W wre) (t))u.EC(V) are zero for all ¢ > 0 (recall that LC(r, ) consists of W% and

(W:(71;F))DCEC(1/))'

We denote by O, ,.(t) all factorization weights at time ¢ > 0, except for those in LC(v,r), i.e.:

Our(®) = (W) e yvenn Y (Wi ), cowmermnin ¥ (Wi O) e

We construct (W(”/)(t))y,eT as follows. First, let W (¢) := 0 and W) (t) := 0 for all v. € C(v) and ¢ > 0. Then,
considering W (¢) and (W(zc)(t))
other weights, and let

veeC() 3 fixed to zero, we denote by ¢z 7(0,,(t)) the induced objective over all

@”7T(t) = (W(V/)(t))V,GT\({V}UC(V)) U (W(ZL/) (t))UCGC(V),T/G[R,,]\{r} U (Wfl",) (t))r’G[Ry]\{r}

be a gradlent flow path over ¢ satisfying ©,, +(to) = ©,.,(to). By definition, it holds that w) (to) = w) (to) for
all v’ € T. Thus, it remains to show that (W(” (t ) -+ obey the differential equations defining gradient flow over ¢y
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(Equation (6)). To see it is so, notice that since \Tvﬁ”) (t) and (W(';C) (t))

qg T We have that:

veeC(v) A€ identically zero, by the definition of

d = d - — 0 —
%G)er(t) = _d@u,r ¢uT (@V}T(t)) = _a@ym d)H((W( )(t>)y’€T) : (26)
Furthermore, by Lemma 11 we obtain:
d — 0 —
WO —g= L "
and for all v, € C(v):
d —
W) (4 = = v')
W () =0= aw(y;) on((W(1),,er) - (28)
Combining Equations (26), (27), and (28), completes the proof:
d .
W) (1) = (7)
dtW () = (’9W(V ¢H((W (t))EGT) VET.

H.3 Proof of Lemma 1

The proof follows a line similar to that of Theorem 7 in Cohen et al. (2018), extending from binary to arbitrary trees its
upper bound on (rank [Wy; v])ver-

Towards deriving a matricized form of Equation (4), we define the notion of index set reduction. For v € T, whose elements
are denoted by 1 < --- < iy the reduction of v onto v/ € T is defined by:

vy i={nellV| i, evni}.

Now, fix v € int(7) and v, € C(v). By Lemma 3 and the linearity of the matricization operator, we may write the
computation of [Wiy; v based on Equation (4) as follows:

Forv € {{1},...,{IN}} (traverses leaves of T):
W(D’T) = W(,l;/") ,T € [RPa(D)] P

for v € int(7) \ {[N]} (traverses interior nodes of 7 from leaves to root, non-inclusive):

[[W(E’T);Vcb]] =QW ( " W, ,) [@V reC(v [[W(” T Vel M) Q" .7 € [Rpaw]

r'=1

Wi ve] = QYD (Z WY oo Py U”'”]H) QN |

where Q) and Q™) for 7 € int(7"), are permutation matrices rearranging the rows and columns, respectively, to accord
with an ascending order of 7, i.e. they fulfill the role of 7, in Equation (4). For r € [Rpq(,)], let us focus on [W(”7T); uc|,,]] .
Since v.|,, = [|v.|] and v.|,» = @ forall v* € C(v) \ {v.}, we have that:

[[W(””“); Vcly]]

- (Z W [(Cvesin Pi0]) o e © (0,30, [[W(V/’T%@H)D Q.

Notice that [[W(” ) 0] is a row vector, whereas [[W(”wr/); [[ve]]] is a column vector, for each v/ € C(v) \ {v.} and
r’ € [R,]. Commutativity of the Kronecker product between a row and column vectors therefore leads to:

pren] = v (S0, wi [weer s ell] © (uecwnn [ =s0])] ) @

- QW < WO e ] (eveconn [[W(”"T');@]])D Q™
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where the second equality is by the fact that for any column vector u and row vector v it holds that u ©® v = uv.
Defining B(*) to be the matrix whose column vectors are [W"=D: [[v []],. .., W@ F); [|ve|]], we can express the

term between Q) and Q(*) in the equation above as a B(*<) A(*") where A(*7") is defined to be the matrix whose rows
are Wi (Ouecun iy IV D30D), s Wi (Oueconiny [VYF:0]). Thatis:

|[W<w-);yc‘y]] — QMBI AFNIQY) (29)
The proof proceeds by propagating B(“<) and the left permutation matrices up the tree, until reaching a representation

of [Wh; v.] as a product of matrices that includes B(<). Since B(*) has R, columns, this will imply that the rank of
[Wh; ve] is at most R,,, as required.

We begin with the propagation step from v to Pa(v). For 7 € [Rpa(pa(v))], We examine:

((Q(Pa<u»)‘*1ﬂyv(Pa(u>r Vel pan] (QF4) ™ !
=X WE (@ [y sl ) o [ ] © (0, P sl )]

Plugging in Equat1on (29) while noticing that v.|,» = @ for any v/ which is not an ancestor of v.., we arrive at:

SO W (o, 50 [ 50]) 0 (QUBEIACIQD) 6 (0,2, W 0])] . 6o

Let 7’ € [Rpq(.)]. Since [[W("/*T/); 0] is a row vector for any v/ € C(Pa(v)) \ {v}, so are ®
O, 2 ) [[W(”/”,); @] . Applying Lemma 4 twice we therefore have that:

(e ] o (@300 o (o 2, o]
- (@ (encs [ ) (0o o [

= Q"B [(nye§<u> [[W(”"T');V)H) © (A(V’r')Q(V)> © (Qwe?w [[W(V”T/);QH)} '

Going back to Equation (30), we obtain:
S W (o ) - (@BEAQ) (5,3, P ] )

=YW (@B (0,5, [V 0] ) © (44700 © (0,0, [ 0])])

— QWB) (Zfi@) W ©vese [v 0] @ (a479) @ (0, e, [0 @]])]) '

€29

ey DV 0] and

For brevity, we denote the matrix multiplying QY B(<) from the right in the equation above by A (P¢().7) j ¢ .

R _
(Pa(v),r) ._ Pal) xx7(Pa(v) W', )W) ).

AP 2 WD (0, [ 18] 0 (A009) (0 [ ])]
Recalling that the expression in Equation (31) is of (Q(Pa(”))f1 [[W(P“(” ™) s Vel Pa(y )]] ( P“(”))) ! completes the
propagation step:

[[Wwa(») ™ Vel pa) H — QPat) QI B¥e) A (Paw).r) Q(Pa(v))

Continuing this process, we propagate B(“<), along with the left permutation matrices, upwards in the tree until reaching the
root. This brings forth the following representation of [Wy; v.]:

Wits ve] = QN QB AN QUIND

for appropriate Q and A (M) encompassing the propagated permutation matrices and the “remainder” of the decomposition,
respectively. Since B(*¢) has R, columns, we may conclude:

rank [Wh; v.] < rank B < R,, .
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H.4 Proof of Lemma 2
For any v € int(7), r € [R,], and w,w’ € LC(v,r), Lemma 13 implies that:

Zllw®’

= 20{) () (~VLaWin(0)), € (1) = S|/,

where CP(IV’T) (t) is as defined in Theorem 1. For ¢ > 0, integrating both sides with respect to time leads to:

Iw(@)||* = [|w ()" = [|w'®)]* = w0

Rearranging the equality above yields the desired result. O

H.5 Proof of Theorem 1

Lett > 0.

First, suppose that 0(” 70)( t)

that |w(t)|| = |w'(t)|| for any w,w’ € LC(v,r). Hence, the fact that 0" (t) = 0 implies that |[w(t)|| = 0 for all

w € LC(v,7). Lemma 14 then establishes that G‘(V RIt% ) is identically zero through time, in which case both sides of
Equation (7) are equal to zero.

= 0. Since the unbalancedness magnitude at initialization is zero, from Lemma 2 we know

We now move to the case where 0" (t) > 0. Since o/"" (t) = || Swerc(,r) W = ITwercw, [W(t)] (the norm of

a tensor product is equal to the product of the norms), by the product rule of differentiation we have that:

d (v,r) 2 d 2 / 2
%O—H (t) - ZWELC(u,r) dt ||W(t)|| HW’ELC(V,T)\{W} ||W (t)” ’

Applying Lemma 13 then leads to:

d (v,r) 2 (v,r) (v,r) / 2
Lo =3 o 29570 (T L)) TL oy WO

=204t )< VLhOVu(0). G’ T)(t)> Zwem(m HW’ELC(V,T)\{W} I

From the chain rule we know that 4 o) ()2 = 25 (1) - %al(_;"r) (t) (note that £ 4 ") (1) surely exists because
o (t) > 0). Thus:

d on gy = Lown -1 d o gy

at’n T pm dt" 32)
_ v,r) > / 2
< V£H(WH( >) C (t) ZVVELC(J/,T') HW’ELC(V,T)\{W} ||W (t)” ’
According to Lemma 2, the unbalancedness magnitude remains zero through time, and so ||w(t)|| = ||w’(¢)]| for any

w,w’ € LC(v,r). Recalling that L, := C(v) + 1 is the number of weight vectors in a local component at v, this implies
that for each w € LC(v, 1):

2
2 L, 2 Ly v,r 2
I = w2 = (1, W01) = a7 0% )
Plugging Equation (33) into Equation (32) completes the proof. O

H.6 Proof of Proposition 1

We begin by establishing the following key lemma, which upper bounds the distance between the end tensor Wy and the
one obtained after setting a local component to zero.

Lemma 15. Let v € int(T) and r € [R,]. Denote by W(V ") the end tensor obtained by pruning the (v,r)’th local

component, i.e. by setting the r’th row of W) and the r’th columns of (W(”C)) to zero. Then:

v.€C(v)

HWH—WVT) @)

(v,r) H
< . W
TH HU’GT\({V}UC(V))



Implicit Regularization in Hierarchical Tensor Factorization and Deep Convolutional Neural Networks

Proof. Let (W(”,))V, o7 be the weight matrices corresponding to Wg’f ), i.e. W*) is the weight matrix obtained by

setting the 7’th row of W) to zero, (W(”C)) are the weight matrices obtained by setting the r’th columns

v.€C(v)

of (W(Vﬂ))ucec(y) to zero, and W) = W) for all v/ € T \ ({v} UC(v)). Accordingly, we denote by
(V_V(V'W'))VIGT’T,E[ Bpaor)] the intermediate tensors produced when computing V_ngTT ) according to Equation (4) (there
denoted (W(”l”"))y, )

By definition, H ((W ”/))V,ET\T(V), W) = Wy and H((W(”/))V/ET\T(U), W) = Wg’f) Since H is multilinear

(Lemma 5) and W) = W) forall v/ € T\ T(v), we have that:

’

- HH((W(U Dveryr, W) - H((W(”/))weT\T(w,W(”’:))H

’

B )

i

Heading from the root downwards, subsequent applications of Lemma 8 over all nodes in the mode tree, except those
belonging to the sub-tree whose root is v, then yield:

_ v,r) (v) _ W)l .
HWH WH HW w H HV’ET\T(V)

’Wm

’ . (34)
Notice that for any 7" € [Rpq(,)]:
() _ ) - ) (ve,m) _ ) (ve,T)
(W W ) ZFE[RL;] W’F:T‘/ ®VCeC(V) W Z’FE[RV]\{T} WF,’I" ®UCGC(V) W

= Wfl/r)’ Oveecm W

. . /
Loy, T

Thus, a straightforward computation shows:

HW(”*) - W(w)HQ - Rmm

‘Wr ) ®uecw) W(Vcﬂ)

RPa(u/)
- Zr’ 1 ( ) .HVCEC(I/)
2

HVCEC

where the second equality is by the fact that the norm of a tensor product is equal to the product of the norms. From Lemma 7
we get that HW(”C”") H < HW;(f;F) 1lecon W) H for all v, € C(v), which leads to:

2 2 ik
’ H]}CEC(I/) (H (Vr) ' HV’EC(VC) ‘W(V 7 )H )

_ <w>)2. ’ ("'“)HQ
(JH HVCEC(V),u'eC(uc) W

Taking the square root of both sides and plugging the inequality above into Equation (34), we arrive at:

‘W(Vcﬂ") 2

‘W Ve,T)

e < s

|| < ) ’ ') H ) ‘ )
HWH Wi || < on HVCEC(V),V’GC'(VC) W Hwe’r\T(u) w
Applying Lemma 8 iteratively over the sub-trees whose roots are C'(v..) gives:
Lo 71 <11 |
ve€C(v),v' €C(ve) T AeTWN\({rIuC )
concluding the proof. O

With Lemma 15 in hand, we are now in a position to prove Proposition 1. Let

S:={(v,r):veint(T),re{R,+1,...,R,},
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and denote by V_V}E,T the end tensor obtained by pruning all local components in S, i.e. by setting to zero the r’th row
of W) and the r’th column of W) for all (v,7) € S and v, € C(v). As can be seen from Equation (4), we may
equivalently discard these weight vectors instead of setting them to zero. Doing so, we arrive at a representation of W¢.. as

the end tensor of (W(”) S RRL’RE"I(”))%T, where ija([N]) =1, R'{n} = D, forn € [N],and W) = W(E), R/

forall v € T. Hence, Lemma 1 implies that for any v € T the rank of [Wg;v] is at most R}, . This means that it
suffices to show that: o

Wit = Wirr || <. (35)
For i € [|S]], let S; C S be the set comprising the first ¢ local components in S according to an arbitrary order. Adding and
subtracting WfIiT for all ¢ € [|S| — 1], and applying the triangle inequality, we have:

b}

R —
i +1
[

[Whe — Wi < 3

=0

where VT/fIOT := Wha. Upper bounding each term in the sum according to Lemma 15, while noticing that pruning a local
component can only decrease the norms of weight matrices and other local components in the factorization, we obtain:

WS R (v,r) ()
Wi = Wigz|| < Zueint(T) zr:R;H H HV’GT\({V}UC(V))HW

R
< g ITI=1-1C()| . E v (v,7)
- veint(T) B r=R/+1 I ’

where the latter inequality is by recalling that B = max,c7 |[W®)|. Since for all v € int(7) we have that
Zf’;R, 11 Jﬁlu’r) <e-(|T| = N)~1BICWI+1=ITI Equation (35) readily follows. O

H.7 Proof of Proposition 2
Consider the tensor completion problem defined by the set of observed entries
Q= {(17"'31717171)?(17"';1717172)3(17"'71727271)7(17"’,1727232)}

and ground truth W* € RP1--DN_ whose values at those locations are:

# 10 X 7?77
Wl,...,l,l,:2,:2 = 2 2| Wl,...,1,2,:2,:2 = 0 11|° (36)
where ? stands for an unobserved entry. We define two solutions for the tensor completion problem, YV and W' in RP1:+-Pn
as follows:
1 0 0 1 1 0 10
Wi 11,22 = L 0} y Wi, 1,2.:2,2:= {O 1} ) W{,.._,1,1,;2,:2 = [O J ) W{,...,1,2,:2,:2 = [O J >

and the remaining entries of W and W’ hold zero. Clearly, L(W) = L(W') = 0.

Fix a mode tree 7 over [N]. Since W and W fit the observed entries their hierarchical tensor ranks with respect to
T, (rank [[W, V]DVGT\{[N]} and (rank [[W/; V]])VET\{[N]}’ are in R. We prove that neither (rank [[W, V]])UET\{[N]} <
(rank DV'; v])pem (g3 nor (rank Vs v]) e vy < (rank [W; v]))yemm qivyy (With respect to the standard product
partial order), by examining the matrix ranks of the matricizations of W and W’ according to {N — 2} € T and
{N — 1} € T (recall that any mode tree has leaves {1},...,{N}). For {N — 2}, we have that rank [W; {N — 2}] = 2
whereas rank [W'; {N — 2}] = 1. To see it is so, notice that:

e I O N L I O

and all other entries of [W;{N — 2}] and [W';{N — 2}] hold zero. This means that (rank [W;v]),cm (v} <
(rank PV'; v]) e\ {137} does not hold. On the other hand, for {N — 1} we have that rank [W; {N — 1}] = 1 while
rank [W'; {N — 1}] = 2, because:

[[W;{N—l}]]:g,:ﬁﬁ o ﬂ Dy —1}ﬂ=2,:4=[$ ! (1)]’
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and the remaining entries of [W; {N — 1}] and [W'; {N — 1}] hold zero. This implies that (rank PV'; v]), e (3]} <
(rank DWV; v]),e7 ¢y does not hold, and so the hierarchical tensor ranks of WV and W' are incomparable, i.e. neither is
smaller than or equal to the other.

It remains to show that there exists no (R})),em\(ny € R7 \ {(rank [W;v]) e vy, (rank Vs v]) e v }
satlsfymg (R )VG'T\{[N]} < (rank [[W V]])VG'T\{[N]} or (R/ )VGT\{[N]} < (rank [[W VH)VGT\{[ N]}- Assume by way of
contradiction that there exists such (R})), e\ {[n]}. and let W € RPN be a solution of this hierarchical tensor rank.
We now prove that (R))), e\ (v} < (rank [W; v]),e7 )y entails a contradiction. Since (R))), 7\ {n]} is not equal
to the hierarchical tensor rank of W, there exists v € T \ {[N]} for which rank [W”;v] = R!, < rank [W;v]. Let us
examine the possible cases:

¢ If v does not contain N — 2, N — 1, and N, then rank [W; v] = 1 as all rows but the first of this matricization are
zero. In this case [W";v] = R!/ = 0, implying that )" is the zero tensor, in contradiction to it fitting the (non-zero)
observed entries from Equation (36).

* If v contains N butnot N — 2 and N — 1, then rank [W; v] = 2 since:

1 1 0 0
[[W§V]]:2,:4:|:0 0 1 1]’

and all other entries of [W; ] hold zero. In this case [W";v] = R], < 2. However, the fact that W fits the observed
entries from Equation (36) leads to a contradiction, as [W"'; v] must contain at least two linearly independent columns.
To see it is so, notice that:

N 1 7 70
[[W§’/]];2,:4:{0 2 7 1}’

where recall that 7 stands for an unobserved entry.

o If v contains N — 1 but not N — 2 and N, then rank [W; v] = 1 since:

and all other entries of [W; v/] hold zero. In this case [W";v] = R., = 0, which means that VW is the zero tensor, in
contradiction to it fitting the (non-zero) observed entries from Equation (36).

* If v contains N — 2 but not N — 1 and N, then rank [W; v] = 2 since:

1 010
4% Vﬂ;2,:4 = |:0 1 0 1]
and all other entries of [W;v] hold zero. In this case [W";v] = R < 2. Noticing that [W";{N —2}], , =

[W":v]., .4, and that entries of [W";{N —2}] outside its top 2-by-4 submatrix hold zero, we get that

W' N —2}] = W' v] < 2. Furthermore from the assumption that (R)), c7\ (N7} < (rank PWV; v]) e\ (v)y
and the previous three cases, we know that RY, , = [W;{n}] = 1foralln € [N — 3], R{y, = [W;{N}] = 2, and

{v_1y = DVi{N —1}] = 1. Any tensor V € RP1PN that satisfies rank [V; {n}] < Ry, € Nforalln € [N]

can be represented as:
Ry Riny (
_ E : E ’ n)
V= P _ CTlau-ﬂ"N n=1 U, LT 0
T = 1 ’I”N—l

where C € Ry R~y and (U(") € RD"’R{M) , (see, e.g., Section 4 in Kolda & Bader (2009)). Thus, there
exist ¢y, co € R, (U(") € RD'“l)N ,and UW) ¢ RDN7 such that:

W' =y - (®f:f;11U:(ﬁ)) ® U:(ﬁ[) ey <®nN;11U§ﬁ)) ® U(N)

By multilinearity of the tensor product, we may write: W/ = (®,]L]1U:(ﬁ)) ® (c1 - U:(ﬁ[) +co- U(év )), and so
W' has tensor rank one (it can be represented as a single non-zero tensor product between vectors). Since the
tensor rank of a given tensor upper bounds the ranks of its matricizations (Remark 6.21 in Hackbusch (2012)),
RY,, =rank [W’;{n}] = 1 for all n € [N] (the matrix ranks of these matricizations cannot be zero as W is not the

zero tensor). Hence, we have arrived at a contradiction — 2 = Rf{’ N}
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» Contradictions in the remaining cases, where v contains N — 2, N — 1, and IV, or any two of them, readily follow
from the previous cases due to the fact that [V; ] = [V; [N]\ v] " for any tensor V € RP1+D2~  and that the matrix
rank of a matrix is equal to the matrix rank of its transpose. In particular, for any such v, it holds that rank [W"; v] =
rank [W"; [N]\ v] and rank [W; v] = rank [W;[N] \ v]. Therefore, if rank [W”;v] = R] < rank [W;v], then
rank [W"; [N]\ v] < rank [W; [N] \ v]. Since v contains N —2, N — 1, and N, or any two of them, its complement
[N]\ v contains none or just one of them. Each of these scenarios was already covered in previous cases, which imply
that rank [W’'; [N] \ v] < rank [W; [N] \ v] entails a contradiction.

In all cases, we have established that the existence of (R}),c7\ (8]} € R, different from (rank [W;v]), e\ (v} and
(rank DV'; v])vem (a7} satisfying (R)), e\ vy < (rank [W;v]), e i)y leads to a contradiction. The claim for
W, i.e. that there exists no such (R}), e\ ((n)} satisfying (R})), e\ (vyy < (rank [W';v]) e in]3- i proven anal-
ogously. Combined with the previous part of the proof, in which we established that neither (rank [W; v]), e (37}
nor (rank [W';v]),e7\ ()} is smaller than or equal to the other, we conclude that (rank [W;v]), e\ (n]; and
(rank [W'; v]),e7\ (v} are two different minimal elements of R O

H.8 Proof of Proposition 3

For | € [L], the output of the I’th convolutional layer at index n € [N/P'~!] and channel » € [R;] depends

solely on inputs x((@=1D-P"7'+1)  x(P"Y) " Hence, we denote it by convl,nyr(x((”*l)'P’ L x(eP 1))
We may view the output linear layer as a 1 x 1 convolutional layer with a single output channel. Accordlngly, let
convpir1,1(xW, L xM) = f (xW) L0 x (V)Y and WEFLLD .= Wy,

We show by induction over the layer | € [L + 1] that for any n € [N/P!~1] and r € [R;]:
convl,nm(X(("*D‘PFUFD7 . 7x(7L'1)l71)) = <®Z Izln 11) pi- 1+1X(p) W(l’"”)> . (37)
Forl = 1,letn € [N] and r € [R;]. From the definition of W7 (Equation (10)) we can see that:
convy ., (xM) = <x<n>7wg,17,n>> _ <x<n>’w<1m,r>> .

Now, assuming that the inductive claim holds for [ —1 > 1, we prove that it holds for /. Fix somen € [N/P'~!]andr € [R].
The I’th convolutional layer is applied to the output of the [ — 1’th hidden layer, denoted (h(="1), .. h(l_LN/Plfl)) €
RF-1 % ... x RFi-1 Each h(=1") forn [N/ P!'=1], is a result of the product pooling operation (with window size P)
applied to the output of the [ — 1’th convolutional layer. Thus:

Ri—1
_1).pl—1 . pl— 1 1
com)l,m«(x((” 1)-P +1)’”"X(nP Zw(ln ) l ,n)
Rl ! ) )
E Ln) —1)-P'7241 .pl=2
_ W( H conv;_ 1pr x((p=1) +),“_7X(P )).
r’'=1 p=(n—1)-P+1

The inductive assumption for [ — 1 then implies that:

Ri—1 n-P
-1 -1y n 1—2 o _ o
conw,n,r(x(("_l)'P 'H),... (n-P E W(l . H <®pP( 1.p-2p1X ),W(l Lp, )>.
r’'=1 p=(n—1)-P+1

For any tensors A, A’, B, B’ such that A is of the same dimensions as A’ and B is of the same dimensions as B, it holds
that (A® B, A’ @ B') = (A, A") - (B, B'). We may therefore write:

-1 -1
CONYVY 1 (x(("_l)'P o xmP ))

Ry ln) n-P .pt=2 n’ n-P I-1,p,r"
= E <®p:(n71)-P+1 (®‘Z’:(p71)'Pl_2+1X( ))ﬂ®p:(n71)~P+1W( v )>
Ry—1 ln n.pl—1 n 1
= E ~) <®p I_()n 1)-Pi- 1+1X(p)>®pzp(n_1)‘P+1W(l b )>

r/l

n.pl-1 Ry ln) I—1,p,7’
= (e, WD [ whe] )
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Noticing that W) = Zﬁ:ll W,El,") [ ®Z':P(n_1)‘P+1 W(Fl””/)] (Equation (10)) establishes Equation (37).

,T

Applying the inductive claim for [ = L + 1,n = 1, and r = 1, while recalling that L. = logp N, yields:

fo (x(l), e ,X(N)) = CconvL411,1 (x(l), e 7X(N)) = <®,]:7:1x(”), W(L+1’171)> = <®ﬁ:1x<”>, WH> .

O
H.9 Proof of Theorem 2
Let ¢ > 0 be a time at which o"" (t) := || Swerc(.r) WO = [wercw.n W) > 0. We differentiate o) ()2 with
respect to time as done in the proof of Theorem 1 (Appendix H.5). From the product rule and Lemma 13 we get that:
d (v,r) 2 (v,r) (v,r) ’ 2
o2 =200 (- LaW ). 0) 3 T ooy WO
Since according to the chain rule %ogj’r) )2 =203 (1) - %JI({”’T) (t), the equation above leads to:
d (v,r) _ (v,r) / 2
o0 = (VL1 O) Y T WO (38)

By Lemma 2, the unbalancedness magnitude is constant through time, and so it remains equal to e — its value at initialization.
Hence, for any w € LC(v, r):

2

2 : / 2 _ . ’ Lozy (v,r) (N
W< min WO +e=( min wW@O]) T <oV 05 +e. (39)

~ w/eLC(v,r) w’€LC(v,r)

If (=VLu(Wh(t)), CI({V’T) (t)) > 0, applying the inequality above to each ||w’(t) |I* in Equation (38) yields the upper bound
from Equation (11):

d v,r v,r v.r 2
%01&7 )(t) = <_VACH(VVH(t)>7CI(-I 7 )(t>> ZWELC(V,’!‘) HW'ELC(V,T)\{W} (UIEI ’ )<t) ot 6)
= (oM 4o

To prove the lower bound from Equation (11), we multiply and divide each summand on the right hand side of Equation (38)

L=V LaWVa(1), 7 (1))

by the corresponding ||w(t)||* (non-zero because UIEIV’T) (t) > 0), ie.:

d (V)T) _ (V;T) —2 / 2
o0 = (~VLava@). eV O) Y w1 T g WO

= (~VLaVa(0).C" ) o030 OIS

weLC(v,r

By Equation (39) we know that ||w(t)||~? > (al(_l’”r) (t)TEu +€) ~'. Thus, applying this inequality to the equation above
establishes the desired lower bound.

If (=VLu(Wh(t)), C}({V’T) (t)) < 0, the upper and lower bounds in Equation (12) readily follow by similar derivations,
where the difference in the direction of inequalities is due to the negativity of (—VLy(Wh(t)), CI({V’T) (). O

H.10 Proof of Proposition 4

We partition the proof into two parts: the first shows that rank [Wy; I] > sep(fe; ), and the second establishes the
converse.

Proof of lower bound (rank [Wy; I] > sep(fe;I)) Denote R := rank [Wy; I], and assume without loss of generality

that I = [|T|]. Since [W; I] is a rank R matrix, there exist v(1), ... v(%) ¢ RILL: Pnoand 50 5B ¢ RIT=1141 Dn

such that: R
Wi 1] =D

T o\ T
" O o)
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Foreach r € [R], let V(") € RP1»Pirl be the tensor whose arrangement as a column vector is equal to v("), i.e. [[V(’”) 1 ] =

v, Similarly, for every T e [R] let V(") € RPini+1:4PN be the tensor whose arrangement as a row vector is equal to
()T e [VT;0] = (v()) 7. Then:

W T] = ZR v (v0) T
=3 o] e o]
- ZTZI [[Vm 2 P I]]
_ Hzil PO @ P, Iﬂ ,

where the third equality makes use of Lemma 3, and the last equality is by linearity of the matricization operator. Since
matricizations merely reorder the entries of tensors, the equation above implies that Wy = Zf‘zl V() @ V), We therefore
have that:

fo(xW, ... xN) = <®ibv=1x(")7 WH>
- <®£LV:1X(”), Zf:l Vv 9<r>>
_ Zil <®5y:1x<n>7 Vv & 17<r>> .

For any A, A’ € RP1Pin and B, B’ € RPir+1:-Pn it holds that (A ® B, A’ @ B') = (A, A’) - (B,B’). Thus:
R _ R

(1) (M) = N (n) () (M — T () Y\ (r)

fo(xV,.. x™) =377 (@ ,x, v vy =377 (@l x yO) (@l x, v

By defining g, : x//l RP» - Rand g, : XN RP™ = R, forr € [R], as

I n r — n) y(r
gr(xW, .. x1D) = <®|n|:1x( )W )> N S <®g:|1|+1x( Y )> ,
we arrive at the following representation of fg as a sum, where each summand is a product of two functions — one that
operates over inputs indexed by I and another that operates over inptus indexed by [N] \ I:

R

fo D, x ™) =37 g (@ xID) g (<M ),

Since the separation rank of fg is the minimal number of summands required to express it in such a manner, we conclude
that rank [Wy; I] = R > sep(fo; I).

Proof of upper bound (rank [Wy; I] < sep(fo;I)) Towards proving the upper bound, we establish the following
lemma.

Lemma 16. Given f : x)_ RP» — R and any (x(l’hl) € RDl)hHllzl, ceey ( (NhN) e RDN)H , let W € RH1-
be the tensor defined by Wh, . py = f(x(l’hl)7 . ,x(N’hN)) Sforall (hy,...,hy) € [H1] X -+ X [Hy]. Then, for any
I C[N]:

rank [W; I < sep(f;I).

In words, for any tensor holding the outputs of f over a grid of inputs, the rank of its matricization according to I is upper
bounded by the separation rank of f with respect to I.

Proof. If sep(f; I) is 0o or zero, i.e. f cannot be represented as a finite sum of separable functions (with respect to I) or
is identically zero, then the claim is trivial. Otherwise, denote R := sep(f;I), and assume without loss of generality that

I =1[I|]. Letg1,...,9R : XLIl:lRD" —Rand g1,...,9R : xﬁf:m_H]RD" — R such that:

R

f(x(l), el ,X(N)) = Z );1 gT(x(l)7 . ,x(m)) ~gr(x(|”+1), . ,X(N)) . (40)
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We define (V(") € RPv-Pui )5’21 to be the tensors holding the outputs of (g,.)%_; over the grid of inputs

(x(l”“))hHllzl’ o (Xﬂﬂ,hm))hH‘\If“:l,

ie forall hy,... hy € [Hy] x --- x [H|;] and € [R] it holds that yr)

hisohyr = 97 (xr) o x(hrn))  Similarly,

all b1, ..., hy € [Hjpj41] X - -+ x [Hy] and 7 € [R] it holds that V}STI)H““JLN = g, (xUHLhe0) o x (VAN

By Equation (40) and the definitions of W, (W(")E_| ‘and (V("))E_,  we have that for any hy, ..., hy € [Hy] x---x [Hy]:

r=1s
Wiy = £, x¥0)

=S g () Xy g (T L) (V)
r=1

R _
_ (r) ()
- Zrzl Vhl ----- By’ Vh|1|+1 ,,,,, hn >

which means that W = Zil V() @ V() From the linearity of the matricization operator and Lemma 3 we then get that
W;I] = Zle [[V(’”); I ® ﬂl_)(r); 0]. Since [[V(T); I] is a column vector and [D_J(T); 0] is a row vector for all € [R],
we have arrived at a representation of [W; I] as a sum of R tensor products between two vectors. A tensor product of two
vectors is a rank one matrix, and so, due to the sub-additivity of rank we conclude: rank [W; I] < R = sep(f; I). O

Now, consider the grid of inputs defined by the standard bases of RP1, ..., RP~ i.e. by:

(e(l’dl) S RDl)lel:17 ey (e<N7dN) € RDN)dD]\II\’Zl )

where e("%) is the vector holding one at its d,,’th entry and zero elsewhere for n € [N] and d,, € [D,,]. With Lemma 16
in hand, rank [Wy; I] < sep(fe; I) follows by showing that Wy is the tensor holding the outputs of fg over this grid of
inputs. Indeed, forall dy,...,dy € [D1] X -+ x [Dy]:

fo (e(l’dl), e ,e(N’dN)) = <®T[¥:16("’d”)7 WH> = Wi)dy,...dn



