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Abstract

Data augmentation is a cornerstone of the
machine learning pipeline, yet its theoretical
underpinnings remain unclear. Is it merely a
way to artificially augment the data set size?
Or is it about encouraging the model to satisfy
certain invariance? In this work we consider
another angle, and we study the effect of data
augmentation on the dynamic of the learning
process. We find that data augmentation can
alter the relative importance of various features,
effectively making certain informative but hard
to learn features more likely to be captured in
the learning process. Importantly, we show
that this effect is more pronounced for non-
linear models, such as neural networks. Our
main contribution is a detailed analysis of data
augmentation on the learning dynamic for a
two layer convolutional neural network in the
recently proposed multi-view data model by
Allen-Zhu & Li (2020b). We complement this
analysis with further experimental evidence that
data augmentation can be viewed as feature
manipulation.

1. Introduction

Data augmentation is a powerful technique for inexpensively
increasing the size and diversity of training data.
Empirically, even minimal data augmentation can
substantially increase the performance of neural networks.
It is commonly argued that data augmentation is useful to
impose domain specific symmetries on the model, which
would be difficult to enforce directly in the architecture
(Simard et al., 2000; 2003; Chapelle et al., 2001; Yaeger
et al., 1996; Shorten & Khoshgoftaar, 2019). For example,
semantics of a natural image is invariant under translation
and scaling, so it is reasonable to augment an image data set
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with translated and scaled variations of its inputs. Simple
augmentation with random crop up to 4 pixels can lead to
gains in the range 5-10% (Ciregan et al., 2012; Krizhevsky
etal., 2017). Another explanation often proposed for the role
of data augmentation is merely that it increases the sample
size. As an alternative to symmetry inducing or sample size
increase, we consider in this work the possibility that data
augmentation should in fact be viewed as a more subtle
feature manipulation mechanism on the data.

Consider, for illustration, an image data set with the task of
learning to detect whether there is a cow in the image. A
simplified view would be that there are true cow features
that generate the cow images, and we hope to learn those
true features. At the same time, because most images of
cows contain grass, it would not be surprising if a neural
network would learn to detect the spurious grass feature for
the task, and perhaps simply overfit the rare images such
as desert cows that are not explained by the grass feature
(and similarly overfit the perhaps few images with grass
and no cows). Now consider a simple data augmentation
technique such as Gaussian smoothing (let us assume
black and white images or else use additional color space
augmentations). The grass feature, sans color, is essentially
a high frequency texture information, so we can expect
the smoothing operation to make this feature significantly
diminished. In this example, the feature manipulation that
data augmentation performs is effectively to render the
spurious feature harder to detect, or more precisely to make
it harder to learn, which in turn boosts the true cow features
to become the dominant features.

Continuing the illustration above, let us explore further
the idea of data augmentation as feature manipulation.
First note that the frue cow feature need not be one
“single well-defined object”, but rather we may have many
different true cow features. For example, true cow features
could be different for left-facing and right-facing cows.
An imbalance in the training data with respect to those
different features could make the rarer features hard to
learn compared to the more common features, similarly
to how the spurious grass feature was occluding the true
cow features. In the example above, it could happen that
in most images in the training data, the cows are facing
right, which in turn could mean that the neural network
will learn a cow feature with an orientation (right-facing),



and then simply memorize/overfit the cows facing left. Yet
another commonly used data augmentation technique such
as random horizontal flip would solve this by balancing the
occurrence of cow features with right-orientation and those
with left-orientation, hopefully leading to a neural network
dynamic that would discover both of those types of cow
features. Note that one might be tempted to interpret this
as inducing a mirror symmetry invariance in the model, but
we emphasize that the effect is more subtle: the learned
invariance is only for the relevant features, rather than being
an invariance for all images (e.g., on non-cow images one
might not be invariant to the orientation).

More generally, to understand feature learning with and
without data augmentation in gradient descent trained neural
networks, we can think of three types of features of interest:
(a) The “easy to learn and good” features, which are accurate
features for the learning problem and are easy to learn in
the sense that they have large relative contribution in the
gradient descent updates of the network. (b) The “hard to
learn and good” features, which are more nuanced to detect
but are essential to fit the harder samples in the population
distribution (e.g., examples with rare object orientations).
These are features that despite being accurate have small
relative contribution in the gradient descent updates (perhaps
due to lack of sufficient representation in the training data),
which in turn makes them hard to learn. (c) Finally, there
are the “easy to learn and bad” features, which while
inaccurate, nevertheless interfere with the learning process
as they have a large contribution in the gradient updates.
Such features often correspond to spurious correlations or
dominating noise patterns (e.g., the grass feature) which
arise due to limitations in training data size or data collection
mechanisms.! In this paper, we study data augmentation as a
technique for manipulating the “easiness” and “hardness” of
features by essentially changing their relative contributions
in the gradient updates for the neural network.

We believe that this view of data augmentation as a feature
manipulation mechanism is more insightful (and closer to
the truth) than the complementary and more straightforward
views of “symmetry inducing” or “it’s just more data”. For
one, data augmentation with specific symmetries do not
necessarily lead to models that are respectively invariant.
For example, Azulay & Weiss (2019) show that even models
trained with extensive translation and scale augmentation
can be sensitive to single pixel changes in translation
and scaling on inputs far from the training distribution,
suggesting the inductive bias from data augmentation
is more subtle. Further, this view could form a basis
for studying more recent data augmentation techniques
like MixUp (Zhang et al., 2017), CutOut (DeVries &

'We do not mention “hard to learn and inaccurate” features
as they are conceptually irrelevant for the training dynamics or
accuracy of the model.

Taylor, 2017), and variants, which in spite of being widely
successful in image tasks do not fit the conventional
narrative of data augmentation.

Contributions Given the diversity of data augmentation
techniques (e.g., see Shorten & Khoshgoftaar (2019);
Feng et al. (2021) for a survey), it is a formidable
challenge to understand and analyze the corresponding
feature manipulation for each case, and this task is beyond
the scope of the present paper. Our more modest objective
is to start this program by studying a simple mathematical
model where data augmentation can be provably shown to
perform feature manipulation along the lines described in
the illustration above. Specifically, we consider a variant
of the multi-view data setting introduced in the pioneering
work of Allen-Zhu & Li (2020b) on ensemble learning.
In our data model, each data point is viewed as a set
of patches, with each patch being represented by a high-
dimensional vector in R%. Moreover there is a set of K
“true/good” features vi,vo,..., VK € R¢. For any data
point, each patch is then some combination of noise and
features. Specifically at least one patch contains a “good”
feature whose orientation indicates the label, i.e., for some
k € [K] this patch is yv where y € {—1, 1} is the binary
class label to be predicted. In this case we say that the data
point is of the k" type. The other patches contain different
forms of noise. If the training data contains sufficiently
many type-k data points, then the corresponding feature vy,
is “easy to learn and good”, while the features corresponding
to rare types are ‘“hard to learn and good”. To model the
“easy to learn and bad” features we assume that one patch
per datapoint receives a large (Gaussian) noise, which we
call the dominant noise. See Section 2 for exact details of
the model. Given such training data we show the following
for a two layer patch-wise convolutional network (see (3))
trained using gradient descent (there is a number of caveats,
see below for a list):

1. When one or more features are sufficiently rare, the
network will only learn the frequent “easy to learn
and good” features, and will overfit the remaining data
using the “easy to learn and bad” noise component.

2. On the other hand, with any data augmentation
technique that can permute or balance the features,
the network will learn all K features, and thus
achieve better test loss (and, importantly learn a better
representation of this data?). We show that this happens
because the representation of the “hard to learn and
good” features in the gradient updates will be boosted,

2As a consequence of learning all the K features, the learned
model will not only be more accurate on the data distribution of
training samples, but will also be robust to distribution shifts that
alter the proportion of data of the K feature types.



and simultaneously the relative contribution of the
dominant noise or the “easy to learn and bad” features
will be diminished.

3. We show that this phenomenon is more pronounced
for gradient descent dynamics in non-linear models
in the following sense: we prove that even at high
signal-to-noise ratio (SNR) the non-linear models
might memorize through the noise components, while
gradient descent on linear models overfit to noise only
at much lower SNR. This shows that data augmentation
is useful in a wider range of cases for non-linear models
than for linear models.

Moreover, our non-linear model can learn the
distribution even in the presence of feature noise (in
the form of —ayvys for some small a > 0, which
points to wrong class). On the other hand, a linear
model cannot have low test error with such feature
noise, thus showing a further separation between linear
and non-linear models.

Some of the caveats to our theoretical results include the
following points (none seem essential, but for some of them
going beyond would require significant technical work):

* Neural network architecture: we study two layer neural
network with a special activation function (the latter
can be viewed as a smoothed ReLLU with fixed bias).
We also assume poly-logarithmic (in d) width.

Training: we study gradient descent rather than
stochastic gradient descent, and furthermore we
assume a specific training time (the same one with
and without data augmentation).

Data model: the distribution can be generalized in
many ways, including having data points with mixed
types (e.g., “multi-view” as in (Allen-Zhu & Li,
2020b)), heterogeneous noise components, or even
correlated noise components (see below for more on
this). We also assume a very high dimensional regime
d > n? (where n is the training set size), although we
believe our results should hold for d > n.

Even though our theoretical results are in a limited setting,
the feature manipulation effect of data augmentation is
conceptually broader. We complement our analysis with
experiments on CIFAR-10 and synthetic datasets, where
we study data augmentation in more generality. We circle
back to our motivating problem with spurious features
(ala the cow grass features story) in a classification task.
Our experiments show that simply shifting the spurious
feature position randomly up to 2 pixels in each epoch, can
significantly improve the test performance by making the
spurious feature hard to learn. This happens even when

we do not change any non-spurious pixels/features (and
hence control learning additional image priors). We further
formulate experiments to evaluate the value of a single data
augmented image compared to an fully independent sample,
and see that on CIFAR10 dataset that once 50% independent
samples are available, a data augmented sample is almost as
effective as an independent sample for the learning task.
Finally, we show on synthetic dataset that the problem
arising from imbalance in views (as studied in our main
result) also holds for deeper convolutional architectures,
even when the views are merely translations of each other.

Related Work Starting with (Bishop, 1995) there is a
long line of work casting data augmentation as an effective
regularization technique, see (Dao et al., 2019; Rajput
et al., 2019; Wu et al., 2020; Yang et al., 2022) for recent
developments in that direction. Other theoretical analyses
have studied and quantified the gains of data augmentation
from an invariance perspective (Chen et al., 2020; Mei et al.,
2021). The viewpoint we take here, based on studying
directly the effect of augmentation on the learning dynamic,
is strongly influenced by the work of Zeyuan Allen-Zhu
and Yuanzhi Li in the last few years. For example in
Allen-Zhu & Li (2020a) they develop this perspective for
adversarial training (which in some ways can be thought
as a form of data augmentation, where each data point is
augmented to its adversarial version). There they show
that adversarial training leads to a certain form of feature
purification, which in essence means that the filters learned
by a convolutional neural network become closer to some
“ground truth” features. In (Allen-Zhu & Li, 2020b) they
introduce the multi-view model that we study here, and they
used it to study (among other things) ensemble learning. In
a nutshell, in their version of the model each data point has
several views that can be used for classification, and the
idea is that each model might learn only one of those views,
hence there is benefit to ensembling in that it will allow to
uncover all the features, just like here we suggest that data
augmentation is a way to uncover all the features. Other
notable works which share the philosophy of studying the
dynamic of learning (although focused on linear models)
include (Hanin & Sun, 2021) which investigates the impact
of data augmentation on optimization, and (Wu et al., 2020)
which considers the overparametrized setting and show that
data augmentation can improve generalization in this case.

Notation We use tilde notation 5, é Q) to hide log factors
in standard asymptotic notation. For an integer K, [K]| =
{1,2,..., K}. We interchangeably use a-b, (a,b),ora’b
for standard inner product between two vectors.



2. A mathematical model for understanding
feature manipulation

Our data model defined below is a variation of the multi-
view data distribution in (Allen-Zhu & Li, 2020b) for
a binary classification task. We represent the inputs
x as a collection of P non-overlapping patches x =
(X1,X2,...,Xp) € RI*P where each patch is a d
dimensional vector. The task is associated with & unknown
“good” features denoted as vy, Vo, ..., vy € RY such that
for labels y € {—1,1}, their orientation as {yV }re[x]
constitutes the K views or sub-types of the class y.> Each
input x,, patches either contain one of the “good” feature
{yvi} or a “bad” feature in the form of random and/or
feature noise. Formally, our distribution is defined below.

Definition 1. D is parametrized by (p, O¢,0¢, a), where
p = (p1,p2,...,pK) Iis a discrete distribution over the
features { v} re[k), and o¢,0¢, and o are noise parameters.
Without loss of generality, let p1 > ... > pk. A sample
(x,y) ~ D is generated as follows:

(a) Sample y € {1, —1} uniformly.

(b) Giveny, the input x = (X1,Xa,...,Xp) € RI*F js

sampled as below:

Feature patch: Choose the main feature patch p* €
[P] arbitrarily and set Xy« = yvy~, where k* ~ p..
Dominant noise: Choose a dominant noise patch

iid

p¢ # p* and generate x,c = & where & X

2
g
N(0,%51,).
Background: For the remaining background patches*

p € [P\ {p*,p*}, select 0 < o, < v and set x,, =
—apyVi, + G, where ky ~ p, ¢, ~ N(O,J?Id).

&

Assumption 1. We assume the features {vy}c(x) are
orthonormal, i.e., V} e[k, Vi Vir = Lp=p/.

The training dataset consists of n i.i.d., samples from D,
Dirain = {(x,y®) 14 € [n]} ~ D®". We are interested
in the high dimensional regime where n < d. n, P and
K can grow with d. Note that, in Definition 1 £*, p*, pf,
€, and (ayp, kp, C,)pg(p+ p} @ll depend on x, but we have
dropped this dependence in the notation to avoid clutter. In
our analysis, for ¢ = 1,2,...,n, we use k, p}, pf, £(i),

3For M-class classification, our analysis can be adapted by
using separate set of features {v,m }& for each class m € [M],
rather than {£vy},. For M = 2, under our learning algorithm,
using (Vk,—1,Vk,1) as features for y = —1,1 is equivalent to
using —Vk, Vi With v, = Vik,1— Vik,—1.

“In our definition, the dominant noise &€ and the main feature
v+ appear in exactly one patch. But our results also hold (by
virtue of parameter sharing in (3)) when for any disjoint non-
empty subsets Py, P, C [P], wesetVp € Py, x, = yvi= and
Vp € Pan, xp=§, ~ N(0,0214/d).

and (o4, kp.s, Cp,i)pi{p;‘ p¢}, to denote the corresponding
quantities for the sample (x(?), () in the training dataset.
Data augmentation Let D*® denote the augmented
dataset obtained by transforming the i.i.d. training dataset
Digain- Our model for data augmentation is such that fo;ﬁ)
has equal number of samples with main feature yvj for
each k € [K]. Concretely, consider linear transformations
Ti,...Ti—1,such that for all k, 77, : R — R? and satisfies

VE € [K], Th(Vir) = V((k'+k-1) mod K)+1)- (1)

Such transformations are well defined for X < d, and in
essence permute the feature vectors vy, on patches with true
feature or feature noise. At the same time, the Gaussian
noise patches before and after transformation are no longer
i.i.d. We slightly abuse notation and define 7 (x) on x €
R as Tr.(x) = (T (x1), Tr(X2), - - -, Tr(xp)) € RIXP,
as well as Ty (Dyain) on the training dataset as Ty (Dyrain) =
{(Te(x®),yD) v i € [n]}.

Our augmented dataset foa”l? consists Dyqin along with the

K — 1 transformations of of Dy, as defined below:

D(aug) = Dtrain U 7-1(Dtrain) .U TK_l(Duain)- (2)

train
Note that in Dg}ﬁ) all the views are equally represented, i.e.,
for each k € [K], we will have exactly n samples from the

feature yvy, and further D¢ has more samples compared

t0 Dygain With || = nK, but they are no longer i.i.d.

train

Since the features {vy } are orthonormal (Assumption 1)
and all the non-feature noise are spherically symmetric,
without loss of generality, we can assume that {vy }c[x]
are simply the first K standard basis vectors in R, i.e.,
v = e,. In this case, we can choose 7 for k €
[K — 1] as a permutation of coordinates satisfying (1) on
the first K coordinate. If we further assume that the the
permutations 7y do not have any fixed points, i.e., Vi € [d],
Ti(z)[i] # z[i], then at initialization and updates of gradient
descent, the augmented samples in D™ satisty the same
properties as i.i.d. samples in Dy, (upto constants and log
factors). In this rest of the proof, we thus assume that 7 are
permutations of coordinates without any fixed points in the
orthogonal basis extended from {vy }«, and satisfies (1).

Role of different noise components Our main result
shows that when the dominant noise parameter o¢ is
sufficiently large, a neural network can overfit to this noise
rather than learn all the views. However, with the right
data augmentation, we can show that all the views can be
accurately learned using a non-linear network. Furthermore,
in the presence of feature noise {—a,yvy,} (pointing
to wrong class), linear models are unable to fit our data
distribution, thus establishing a gap from linear models.



We choose the noise parameters o¢,o¢, o such that the
dominant noise € and the true features {yvy-} have the
main contribution to the learning dynamic compared to the
feature noise (i.e., —a,yvy,) or the minor noise (i.e., C,).
Thus, our results do not necessarily require noise in the
background patches beyond establishing gap with linear
models. Since the minor noise o, does not provide any
additional insight, we assume o¢ = 0. Our analysis can
handle small o with more tedious bookkeeping.

2.1. Learning algorithm

We use the following patch-wise convolutional network
architecture with C' channels: let w = {w1,wa,... wc} €
R?*€ denote the learnable parameters of the model,

Fwx)= Y Y wlwex), G
c€[C] pe[P]

where 1) is a non-linear activation function defined below:

sign(z) - ¢ 2|7 if[2] <1
P(z) =4 z2— L= ifz>1
z—i—% ifz<1

Our activation is a smoothed version of symmetrized ReLU
with a fixed bias ¢(z) = ReLU(z 4+ 1) — ReLU(—z — 1).
In fact, as ¢ — oo, ©» — ¢. Note that since we do not
train the second layer weights, we choose an odd-function
as activation to ensure that the outputs can be negative.

Consider the following logistic loss over the
training dataset Dygin = {(x(i), y),i € [n] }:
Liw) = 130 Uy D F(w,x®)), where ((z) =
log(1 + exp(—z2)).We learn the model using gradient
descent on the above loss with step size 7, i.e., for ¢ € [C],
the weights w.. at time step ¢ are given by w.(t) = w(t —
1) = 2300y (O F(w(t), xD)VE(w(t),x).

The following lemma summarizes the conditions at
Gaussian initialization w(0) = {w.(0) ~ N(0,0¢1,) :
ce[C]}.

Lemma 1. /G -conditions] Consider n i.i.d. samples
Diain = {(xD,yD) i € [n]} from the distribution in
Definition 1. Let the parameters w of the network in (3) be
initialized as w.(0) ~ N(0,0214) ¥V ¢ € [C]. If the number
of channels is C = Q(log d), then with probability greater
than 1 — O( n*KQ ), the following conditions hold :

poly(d)
1. Feature-vs-parameter: ¥k € K], m%{} we(0) - vy >
ce
Q(00), and max |w.(0) - vi| < O (o0).

ce[C]

v

2. Noise-vs-parameter:¥'i € [n), m?g] w(0) - y®g®
ce

Q (ooo¢), and m%ﬁ lwe(0)- €9 <O (o0oe) .
ce

3. Noise-vs-noise: Vi € [n], S(i) . E(i) = @(U?) and
Vi,j € [n],i # 5, |67 - €9 < O(a2/Vd).

4. Feature-vs-noise: Vi € [n],k € [K], [¢© . vi| <

O(og/ V).
5. Parameter norm: ¥ ¢ € [C], |w.(0)| = ©(ooVd).

The above lemma proved in the Appendix D follows from
standard Gaussian concentration bounds. Further, we can
show that Giy;; also hold for the augmented dataset Dt(fbﬁﬁ)
even though the samples in D™ are not i.i.d.

Lemma 1a. G,y in Lemma 1 also holds for D;,a:li) defined
in (2) with n replaced by nK.

2.2. Clarification on capacity in this model

We now informally discuss the size of our model class
in the context of our data distribution. Consider the
convolutional model (3) with C' = 1 and say @ = 0
for sake of simplicity in the data distribution. Using
en K .
w; = w9 = 43" vy for some large v > 0 will
yield excellent training and test error. This is a model that
would “generalize”. On the other hand for a fixed training

set {(x, )}, (n) one could also obtain almost perfect

training error by using w; = woverTit = 4 S 4 (0 g(0),

whenever ¢ and d > n (noise components {£"},c(
are near orthonormal). Indeed with high probability,
Vie[”]7 y(i)f(woverfit’ X(i)) — y(l) ZPE[P] w(woverfit .
Xéi)) is exactly

(102 (14+0(/nfd))+4 (1o O(\/n]d)) = 72 (1+0(1)).

In other words the model with w°verfit will almost
perfectly memorize the training set, while on the other
hand it is clear that it will completely fail to generalize.
This shows that the model class is large enough so that
any classical measure of complexity, e.g., Rademacher
complexity, would fail to predict generalization (even data-
dependent Rademacher complexity where the x() follow
our data distribution). In fact, our arguments below show
that gradient descent could lead to a model of the form
wOverfit in a Rademacher complexity setting (i.e., with
random label 3(*) independent of the inputs x(*)). Thus,
even restricting to models reached by gradient descent
would still yield a high Rademacher complexity. This
phenomenon has also been empirically observed in practical
neural networks (Neyshabur et al., 2015; Zhang et al., 2021),
and shown theoretically in simpler models in (Nagarajan &
Kolter, 2019). Thus, we are in a case where not only do we
need to leverage the fact that we are using gradient descent
to prove generalization, but we also need to use the specific
target function (i.e., the relation between y and x) that we
are working with.



2.3. Our argument in a nutshell

At a high level we show that there is a cutoff point in the
features, denote it K, such that running gradient descent
on the above architecture and data distribution will lead to a
model which is essentially a mixture of parts of w9¢" and
parts of wevertit described above. Roughly it will be:

Sooviet D ye. (4)

k<Keu itk > Ko

In words, the frequent enough features will be learned,
and the data points that correspond to infrequent enough
features will be memorized through their noise component.
Quite naturally, this cutoff point will be decreasing with
the magnitude of the noise oy, i.e., the bigger the noise the
fewer features will be learned. While this argument also
holds for gradient descent dynamics on linear models, the
cutoff point K, of linear models can be higher than that of
the non-linear models, which shows that non-linear models
can memorize through the noise component at a higher SNR
(see Section 3.3 for the exact cutoff point).

Where data augmentation will come in is that it can
effectively change the frequency of the features, and in
the extreme case we consider to make them all equal,i.e.,
all with frequency 1/K. We then show that there exists a
setting of the parameters such that frequency 1/ K is learned
at noise magnitude o¢, so that with data augmentation all
the features are learned.

2.4. Linear and tensor models

Before diving into the dynamics of gradient descent for
our neural network architecture and data distribution, let us
expand briefly on linear models. In Appendix E we study
the max-¢5 margin linear classifier for our data, but for sake
of simplicity we consider here an even more basic predictor
that is specifically tailored to our data distribution: 8 :=
= 21 YpelP] y®x\) . Note that  is a linear function on
R?, and we naturally extend it to the domain R4*¥ of our
data points (with slight overloading of notation) as 8(x) =
Zpe[ Pl 0 - x,. Compared to a gradient descent learned
model, it is not clear whether this predictor is meaningful
beyond our specific data distribution, and we emphasize
that we study it merely as a shortest path to get quantitative
estimates for the discussion in Section 2.3 (e.g., for the
cutoff point and for the SNR of interest). In fact the (gradient
descent learnable) max margin linear classifier has even
better properties than the estimator w, see the Appendix E
for more details.

Derivation of a cutoff point. It is easy to check that
with our data distribution we have 6 = 65 + 6 where
s = Zszl Pr Vi (say the fraction of examples of type &

is exactly py) and Oy = 2577 y@D¢W (assume o = 0

for this discussion). In particular for x sampled from our

— 0_2
distribution, we have with high probability |0 n (x)| =~ ﬁ

and Og(x) ~ pgy if x is of type k. This means that
the predictor @ has successfully learned feature vy iff

2
Pr > % In other words for this linear model the

cutoff frequency is at peyt = %. With a small leap

of faith (related to the fact that after data augmentation
the noise terms are no longer i.i.d., which we show to be

not a in our proof of non-linear model) we can see that
as long as this cutoff frequency is smaller than \/—1? data
augmentation would enable full learning of all the views,
since in that case the post-augmentation frequencies % are

larger than the cutoff frequency with n replaced by nkK, i.e.,
2

I¢ — Pcut

1
K> Vikd VK

Effect of simple non-linearity on SNR. The simplest
type of “non-linearity” would be to consider a tensor
method for this problem (note that this is nothing
but a kernel method). Specifically, let T° =

I Y pelp Vi (xg))g)q , be the natural empirical
tensor for this problem, for some odd ¢ € N, whose domain
is extended from R? to R4*F as before, ie., T(x) =
>_pe(p) T'(xp). Note that this function can be realized in
our architecture with a pure polynomial activation function
¥(z) = 29, see (Bubeck et al., 2021) for more on neural
network memorization with tensors. Similarly to the linear
case one can decompose the tensor into a signal and noise
components:

K n
1 A\ ®g
® i
T = S+N, where S = kg,lkakQ7N = o 271 Ys (5( )> .

For x sampled from our distribution, we have with high

2q
probability, | N (x)| ~ \Ziﬁ and S(x) ~ pgy if x has v
as its main feature. Thus here the cutoff frequency is at

o2
pg?t = \/éﬁ' In particular we see that even at high SNR,

say when vnd > 0? > V/d (in which case p&)t = o(1))
we might have p(q) = Q(1) for g > 1. To put it differently,

cut —
the tensor methods will overfit to the noise at a different SNR
from the pure linear model would, which in turns mean that
there is a different range of SNR where data augmentation
will be useful for non-linear models such as tensors. We
will see this story repeating itself for the gradient descent

on our neural network architecture.

Quantitative comparison with the neural network results.
We note that the thresholds derived here are better than those
we obtain via our neural network analysis (note also that
the tensor method can handle o > 0 similarly to what our
non-linearity allows). However we emphasize again that,



on the contrary to gradient descent on neural networks, the
predictors here are artificial and specifically tailored to the
data distribution at hand. Furthermore the complexity of the
tensor method scales up with g, on the contrary to the neural
network dynamic.

3. Overview of gradient descent dynamics

Let us do some heuristic calculation in the simple case
where o = 0 (so that effectively there are only two relevant

patches in inputs, X,» = yv+ and x,¢ = &, respectively).

Recall that w.(0) ~ N(0,0514) and & ~ N(0,0¢14/d).
Thus, E[|w(0)-xp+|*] = o and E[|w(0) - x,¢[?] = 050%
for all channels c. We will initialize so that these quantities
are o(1), and thus f(w(0),x) = o(1) for (x,y) ~ D. We
study the gradient flow on minimizing f in this section.

3.1. When you really learn...

For f to correctly classify a datapoint x with feature vy, it
is morally sufficient that |w.. - v| is of order 1 for some
channel c. Let us look at the dynamics starting close to
initialization (when f(w(0),x) = o(1)),

4oy
dt ¢k
1 ) . ' |
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where in (a), we use —¢'(o(1)) = 1/2 + o(1) for logistic
loss £, ¢’ (z) = ¥(|z|) since ¢ is odd, and (b) follows from
{Vv} being orthogonal.

If we can ignore 9, resulting dynamic reduces to an ODE
of the form ¢'(t) = prt)’'(g(t)) (ignoring constants) with
9(0) =~ g9 = o(1). As long as g(t) = w.(t) - v is smaller
than 1 this can be rewritten as ¢'(t) = prg(t)?~! (because
of the form of 1) we chose), or equivalently (g(¢)?~%)" =
—pi. up to constants. In particular, we see that after time
t = g(0)279/py, we will have g(t) = ©(1). This suggests
that by time of order 1/ (o~ pj.) at least one channel should
have learned v,°.

SWe assume g > 3. For the case ¢ = 1 or ¢ = 2, the time

When can we indeed ignore (morally) the noise term ¥?
q 1 q

At initialization this term is of order . On the other

WTd
hand the “main” term w, - v in (5) is of order pkcrgfl
Thus we see that we need % < pg. In fact we will need a
slightly more stringent condition, because the cancellation in
9 leading to a scaling of 1/1/n becomes more complicated
to analyze after initialization due to the dependencies getting
introduced. So we will use the more brutal bound |9 <

a—1_4q q

% % whichi Te
73 which in turn means we need 77 K Pk

Summarizing the above, we expect that if ag / Vd < p,

then by time 1/(0d~?py) we will have one channel that has
learned the feature vy.

3.2. ... and when you overfit ...

Another sufficient condition to correctly classify a datapoint
(x19),4(7)) would be to overfit to its dominant noise part
€9 ie., |w.-£€9]is of order 1 for some channel c. Here
we have at initialization:

Lo = L S S )yt
i1€[n] p€[P]
1+o(1)( ; , ,
- Tn( (y(”w%wc ED)EV?

+ 1 ([we - vie Vg - €9

+ Z V' (|we - ()|) (4) (l E(J))
i#J,pE[P]
_ (14 o0(1))o2 5

o V(we €7D +T  (©)

where I is the last two term from the penultimate step.

Assuming I' can be ignored, we can mimic the reasoning
above (for w, - vi,) with h(t) = yDw, - £9) and h(0) =
O(ogo¢). We thus expect to correctly cla551fy a datapoint
by overfitting to its noise after time O(n/(od~ 202))

When can we ignore the noise term I'? The order of I is
JgHag ~1/3/d (at initialization it is in fact this times 1/1/n
but we ignore this improvement due to the dependencies
arising through learning). On the other hand the main

term in (6) is of order agH 2! /n at initialization, so

we obtain the condition v/d > n (which could possibly

be improved to d > n if cancellation remained correct
throughout learning).

Summarizing again, if d > n?, by time in the order of
n/(od™? E) we can expect the data points that were not fit
before this time to be overfit using noise parameters.

needed is 1/(c " py.).



3.3. ... and in what order

Let us assume d > n? and f < pi. Then the above

discussion reveals that if n/(od” Qag) < 1/(oopr) &

oL K o / n, we will not be able to learn v;, because we
will overﬁt before learning (In fact, in this case, we do not

need the condition —= i =< pr)- This essentially gives rise to
a channel filter (or a combrnatron thereof) of the form (4),
with the cutoff point Ko,,r = {k: pr < ag/n} being now
specified.

Data augmentation can fix the order by effectively
permuting the features. After data augmentation, we get the
proportion of any feature to be 1/ K and the training set size
to be nK. Note that our data augmentation only permutes
the coordinates so that the inner product between & and

T (€) should be at the same order as two independent noise.

The learning process only depend on the inner product

between the samples so our previous analysis still holds.

Then, after data augmentation, for every view k € [K], we
have p™® = 1/K. Then, as long as a¢/n = o(1), we

have p® > o¢/(nK) and are able to learn v}, before
overfitting.

3.4. What about spurious features?

In addition to overfitting noise, the model can also overfit
spurious features. The spurious features can be viewed as
noise vectors that appear in more than one sample. We
do not prove this case formally in our main theorems for
simplicity, but we will give the proof intuition here. Let
u € R, ||u|| = 1, be some spurious feature. Now assume
that in addition to the dominant noise patch and the feature
patch, u appears in 1 > p( 'S 0 fraction of the datapoints
with label y = 1 and p( D« pg) fraction of the datapoints
with label y = —1. We assume u is orthogonal to the main
features vy, ...,
We have at initialization:

iW u
dt °
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Assuming T can be ignored, we can mimic the reasoning
for w. - vi, with h(t) = w. - uand h(0) = O(op). We

pe Y (e -u)ul” + 1. ()

vi. Let Z,, be the set of samples with u.

thus expect to correctly classify a datapoint in class y =
1 with spurious feature u by overfitting to u after time

O(n/ (08 (p) — p&)).

When can we ignore the noise term Y ? Similar to the term
9 in (5), the order of Y is O'gO'gil/\/ nd. On the other hand

the main term in (7) is of order (pE,l) — pffl))ag_l. Thus

we need \ﬁ < psll) — psl 1).

Summarizing above, since u can appear in both class y = 1
and class y = —1, it should not be used as an indicator of
the label y. However, when u appears predominantly in

one class (e.g., when —== << pill) pgfl)), the model can

overfit u and use u to cla351fy the datapoints.

4. Main Results

We learn the model F'(w,x) in (3) using gradient descent
with step size 7 on loss L(w) in (2?). The weight w,,
¢ € [C], at time step ¢ is denoted as w.(¢t). The weight
w(t) for training on D™ is obtained similarly, with the
samples replaced by D™ = {(x( ,i € [Kn]}. In
addition to the assumptions we have drscussed in Section 3,
we make some additional assumptions for controlling the
omitted quantities arising through training and testing.
Assumption 2. We assume the following holds. For some
constant q¢ > 3,

1. The first view is dominant, 1 > p1 > (1). The other
views k € [K|\ {1} are minor views, npy, < o (O'g).

2. The standard deviation of the dominant noise satisfies
w(1) < af <o(n).

3. The standard deviation of the weights at initialization
is bounded, oy < o(1/0¢).

4. The number of samples and views are bounded, nK <
) (ag_lag_ldlﬂ).

5. The feature noise satisfies, for T =
C) (rnax {mflagqaof'ﬂﬂ, Kn*10;q+2}),

wPH)<a<o

< (nflelP_%ag min{d*%,oo}) .
Condition 1-3 in Assumption 2 have been explained in
Section 3. 09 < o(1) and opoe < o(1) guarantee that at
initialization, the main features and the dominant noise have
o(1) correlation with the weight. We choose oz > w(1)
so that without properly learning the main feature, the
inner product between random initialized weights and the
dominant patch can dominate the model output. Condition
4 is a more stringent version of the condition n < d'/?



in Section 3 to control all the terms during training. In
Condition 5, we assume an upper bound on the feature
noise ce. We assume the existence of feature noise only for
establishing gap with linear models, so we did not optimize
the upper bound on «. It is possible the proof can go through
with milder constraints on a.

An example of a set of parameters that satisfy the above
assumption is

¢=3,00=d"" e = d"' n = d*3,
1

1
K = d006 = — = Pa = ... = = —
) P1 1P2 = P3 PK 20K — 1)

2
a=d %% P=d

In Theorem 3, we show that under the above conditions,
without data augmentation, gradient descent can find a
classifier with perfect training accuracy without learning
the minor views. On the other hand, Theorem 4 shows that
with data augmentation, all & views can be learned without
overfitting to noise.

Theorem 3 (Training without data augmentation). Suppose
that Assumption 2 holds. Let T be the first time step such
that w(T) can classify all (x(i), y(i)) € Dirain With constant
margin, i.e., ,

yOF(w(T),x") = 1), forall (x',y'?)€ Dyuin-

For hidden channel number C = ©(logd), and small

step size m, with probability at least 1 — O(%)’ T =

€] (nT)*lagqUJq”). Moreover, at time step T, views

Va,..., Vi have never been learned, so thatV,,, .7,

el <o (-0 () ) o

Theorem 4 (Training with data augmentation). Suppose
assumption 2 holds. Let Ty, be the first time step such that
W(Tug) can classify all (x4 € D" with constant

train
margin, 1.e.,

YD F(W(Tag), xP) > Q(1), forall (xD,y?)e DI“).
For hidden channels number C = ©(log d), and small step

’ﬂ2 KS

size m, with probability at least 1 — O(2=25), Taug =

N poly(d)
S} (Kn_lao_q”), and at T g,
_ nk
Pr F(w(Tu,),x) <0| < .
(x.y)~D WP (Taue), ) < 0 poly(d)

Remark 5. In Theorem 3 and Theorem 4, we evaluate the
testing accuracy at the earliest time step 7" when the trained
neural network with weights w(7") can classify all samples

in the training set Dy.,i, With a constant margin. Our result
does not rule out the possibility that if trained longer than
T, the network can learn the minor views as well. However,
we should expect the gradients on the training set stay small
after the network can classify all sample correctly. The main
reason we assume an upper bound on 7" is when training
too long, the norm of the weights w can blow up. One
possible strategy to avoid such upper bound on 77 is to add
weight decay to the gradient descent algorithm in training.

Remark 6. For simplicity of the proof, we only keep track
of the channel with the maximum correlation with the
main feature or the noise, arg max.cic] we(t) - vp and
arg max.c|c) YWe(t) - §. For the other channels, we only
give a rough bound on their correlation. For this reason,
we assume the number of channels is C' = ©(log d) so that
the output is dominated by the channel with the maximum
correlation. To extend the result to higher number of
channels, such as polynomial in d, we need to keep track of
all channels and scale the output layer by é .

Remark 7. In our model, we show that when there exists
some large dominant noise, the neural network overfits to the
noise instead of learning the minor features. In practice, the
model can overfit to any vector that contributes significantly
to the gradient of the loss. For example, our proof can
be extended to the case where there exists some spurious
feature that appears in sufficiently many samples. In such
case, even when the magnitude of the spurious feature is
smaller than the dominant noise in our distribution, the
network can still overfit it.

5. Experiment

Our theoretical results showed that data augmentation can
make it harder to overfit to the noise components (the “easy
to learn and bad” feature in our model) by manipulating the
relative gradient contribution of noise vs true features. To
simplify our analysis, we assumed independent dominant
noise in each sample. We hypothesize that the feature
manipulation effect of data augmentation is broader in
practice. In particular, our high level argument suggests
that a model can also overfit to spurious features, like the
grass feature in our story of cows in the introduction, which
have strong class dependent correlations. In Appedix A, we
complement our theory using experiments.
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A. Experiments

Our theoretical results showed that data augmentation can make it harder to overfit to the noise components (the “easy to
learn and bad” feature in our model) by manipulating the relative gradient contribution of noise vs true features. To simplify
our analysis, we assumed independent dominant noise in each sample. We hypothesize that the feature manipulation effect
of data augmentation is broader in practice. In particular, our high level argument suggests that a model can also overfit
to spurious features, like the grass feature in our story of cows in the introduction, which have strong class dependent
correlations. In Section A.1, we show experiments to this effect that complement our theory. We further conduct two
additional experiments that support this paper’s thesis. In Section A.2, we show an experiment with a modified data
augmentation pipeline that demonstrates that the benefits of data augmentation cannot be fully explained by the learning of
right invariance by the model. Finally, in Section A.3 we elaborate on the problem with unbalanced views, where we show
that adding extra samples from one dominant view to balanced dataset can hurt the performance of the learned models.

A.1. Spurious Feature

We use images of the dog class and the cat class from CIFAR-10 dataset, which are of size 32 x 32 pixels and 3 channels.
We generate a row of random pixels u ~ N'(0,021,;), where d = 32 and o = 25, which is added as a synthetic spurious
feature to a class dependent position in an image. The spurious feature u is added to the first channel in the row 7, for cat
images, and in row r4,, for dog images. For each image x in the dataset, with probability p < 1 we introduce a spurious
feature, and with probability (1 — p) we leave it unperturbed. We always select r¢, € {0,1,...,15} in the upper half of the
image, and rq0p € {16,17,...,31} in the lower half. In this way, the spurious feature position has a weak correlation to
the class label. See Figure 1 for sample images with spurious features. We consider three types training sets with varying
degrees of data augmentation as shown Figure 1-(b,c,d).

1. No augmentation: As a baseline without augmentation, we center-crop the image to size [3, 28, 28].

2. Random crop: In each epoch, we randomly crop a [3, 28, 28] from the original [3, 32, 32] image—a standard technique
used in practice. This would in essence disperse the position of spurious feature u. For example, cat images with u in
TOW 7y = 9, will now contain u in a row uniformly chosen from 75, ~ U ({5,6,7,8,9}).

3. Randomized noise position: Random crop, although standard, has a confounding effect that in addition to perturbing
the position of u, it might also incorporate other useful inductive biases about images. For a more direct comparison
to the baseline, we also look at a special augmentation, wherein we perturb just the spurious feature row position
by a uniform random number in [—2, 2] in each epoch and then use a simple center crop. As in the case of random
crop, this would again disperse the spurious feature from 7¢, = 9 to riae € U({5,6,7,8,9}). But the non-spurious
features/pixels remain the same as baseline.

-

(a) Original images (b) No augmentation (c) Random crop (d) Random noise position

Figure 1: Examples of training images in the spurious features experiment (Section A.1). For ease of visualization, we use a green line
rather than random row vector u to indicate the spurious feature. In the original [3, 32, 32] images shown in (a), the spurious feature
is added to the first channel of row r¢,; = 9 for the cat class (lower images), and of row r4oe = 22 for the dog class (upper images).
Sub-figures (b,c,d) correspond to samples from different data augmentation methods described in the experiment.

We compare the testing accuracy of training on these three types of training set in Figure 2 for different values of 7, and
Tdog- When (7ca; Taog) = (15, 16) (Figure 2, right), after data augmentation with either random noise position or random
crop, the position of u in the perturbed imaged has a large overlap across classes. So it is not surprising that the test accuracy
with augmentation remains about the same for almost all values of p (fraction of images with spurious features). On the
other hand, for positions (9, 22) and (12, 19) (Figure 2, left & center)), although the two data augmentation techniques
disperse the positions of spurious feature, its location in the two classes still stays separated. The cat images always have u
in the upper half of the image while the dog images always have u in the lower half of the image. Interestingly, even so, the



data augmentation, specially even the simple random feature position, can improve the test accuracy. In this case, while
augmentation does not eliminate the existence of spurious features, it still diminishes them by making the spurious features
harder to be learned and overfitted. In addition to shifting the spurious features, random crop can shift other important
features as well to boost the minor views, so the testing accuracy when training with random crop can be even higher than
only shifting the spurious feature position.

rcat =9, dog = 22 Feat =12, rgog =19 rcat =15, rdog =16
>’80— """"“"""&‘-—_ - 0—---.—.-'——.—_—,t-.§~~ . hﬂn—.—_—_—_-_‘;—. —————— oAy
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Fraction p of images with spurious features

Figure 2: Comparison of different data augmentation strategies for the CIFAR-10 cat-vs-dog classification task with a synthetic spurious
feature. The plots show results for different sets of positions of spurious feature (7, Tdog) as we vary the fraction p of all the images that
have the spurious feature. The plots are averaged over five runs with error bars of one standard deviation. The test datapoints are always
center-cropped images of size [3, 28, 28] with no spurious feature. In all configurations, we train a ResNet20 network using SGD for 120
epochs with momentum 0.9, weight decay 0.005, and learning rate starting at 0.1 and annealed to (0.01,0.001) at epochs (40, 80).

A.2. Augmented samples vs. independent samples

When using data augmentation, typically a new random transformation (e.g., random flip or crop at a random position of an
image) is used in each epoch of training. This procedure effectively increases the training dataset size (albeit with non i.i.d
correlated samples). In this experiment, we control for the number of unique samples seen by the training algorithm and ask
the question: how effective is a single data augmented sample compared to an independent sample?

For this experiment, we work with the full CIFAR-10 dataset which has 50000 training examples for 10 classes. Given a
ratio p of independent samples to total sample size, we generate a training set of size n = 50000 as follows: We first select
pn independent samples for the task. We then cyclically generate a data augmented variant these pn independent samples
until we obtain the remaining (1 — p)n datapoint. For example, in the CIFAR-10 dataset with n = 50000, if p = 0.6, the
training set consists of 30000 independent samples, of which 20000 have one additional augmented sample. If p = 0.2, the
training set has 10000 independent samples and four data augmented versions of each of the 10000 independent samples.
Thus, for p = 1, there is no augmentation, and for smaller p, there are more augmented samples, but less independent
samples. The dataset thus generated is then fixed for all epochs. In this way, the number of unique samples seen by training
algorithm is always n = 50000 for all p.

In Figure 3, we compare the accuracies of a ResNet20 model trained on such partially data augmented samples to the
baseline of training with just the pn independent samples without any augmentation. Our experiment shows that even this
partial data augmentation can significantly improve the testing accuracy. In this experiment, since each example has only a
small number of augmented variations (e.g., for p > 0.5 at most one augmented variant of the an example is seen throughout
training), it is unlikely that they lead to learning any kind of task specific invariance, which is the usual motivation. However,
by having the important feature appearing at a slightly different location, data augmentation can still facilitate the learning
of the important features via the feature manipulation view described in our paper. Furthermore, comparing the accuracy
of un-augmented full dataset with p = 1.0 on blue-dashed curve to that of data augmented training for p > 0.5 on the red
curve, we see that a fixed data augmented image can improve the test accuracy nearly as much as an independent sample
does. This shows that if we have an important feature in an image, e.g., a cat ear, shifting it two pixels can help nearly as
effectively as a completely new cat ear.

A.3. Unbalanced Dataset

In this experiment, we train a simple convolutional neural network on a synthetic dataset with unbalanced views. We show
that when one view is much more prevalent in the dataset than the other views, having more samples of the dominant view
can hurt learning. Our data consist of samples (x, y) from two classes y € {—1, 1}. The input x € R3*!5 has 3 channels,
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Figure 3: Augmented vs independent samples: for each p on the x-axis, the data augmented training (red-solid curve) uses 50000p
independent images from CIFAR-10, along with 50000(1 — p) data augmented samples. The augmented dataset is fixed across epochs.
For the baseline without data augmentation (blue-dashed curve) we simply use the 50000p independent samples. We use the standard
CIFAR-10 test dataset and the results are averaged over 3 runs. In each instance, we train a ResNet20 for 160 epochs using SGD with
momentum 0.9, weight decay 0.005, and learning rate starting at 0.1 and annealed to (0.01, 0.001) at epochs (80, 120).

each with 15 pixels. After sampling y uniformly, we generate x by setting one of the 15 pixels to the main feature [y, y, y].
The other pixels are set to a Gaussian noise N (0, o’?I 3). For different choices of o¢, we first construct a balanced dataset
Drar Of size npy such that roughly equal number of samples that have the good feature [y, y, y] present at each pixel. Our
full dataset Dy, with ng,y samples consists of Dy, along with additional ng) — npy samples with the main feature only at
pixel 3. We use a balanced testing dataset.
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Figure 4: Comparison of training on Dya to Dsu as we vary the ratio of balanced examples mpa/nean for different values of noise
magnitude o¢. We learn the data using a simple convolutional neural network with two convolutional layers with ReLU activation, a
maxpool layer and a linear layer. The two convolutional layers and the max pool layer have kernel size 4, and strides 2,1 and 2, respectively.
The models are trained for 200 epochs using SGD with momentum 0.9, weight decay 0.05, and learning rate starting at 0.1 and annealed
to 0.01 at epoch 100. For all training sets, the training accuracy at the end of training is at least 0.99.

In Figure 4, we see that compared to the balanced dataset Dy,, although the full dataset Dy, has strictly more samples with
the accurate kind of features, when o is not too large, the test accuracy is consistently on par or even lower than training on
just the balanced subset. In this case, the views are simply features positioned at different pixels. For very large o¢, the
test accuracy of the balanced subset can be low because in such case, the full dataset can learn the dominant view well, but
the unbalanced dataset has too few samples to learn any view. The experiment shows that even for architectures such as



convolutional networks, which are believed to have some translation invariance, we should not expect samples from one
view to help the learning of other views.

Appendix

We clarify that throughout the appendix ¢y, co, . . . denote constants, while C' denotes the number of channels in our model
(3) and is not a constant, but is a function of d. Throughout the appendix, for any sample (x(i), y(i)), we let Pb;) be the

background patches of (x(?), () and for k € [K], P,SQ i be the background patches with feature noise —c, ;yvy.

B. Useful concentration lemmas

We first state the following standard results on Gaussian samples. These will be used in our proof frequently. .

Lemma 2 (Laurent-Massart x? tail bound). Consider a standard Gaussian vector z ~ N (0, I). For any positive vector
ac RHZZO, and any t > 0, the following concentration holds

d
Pr[>aiz? > lal + 2lallaVE + 2ljaflt| < exp(—t),
=1

d
Pr[Zaiz? < lal: - 2Ha||2\/i] < exp(—t).
i=1

The following corollary immediately follows from using ¢ = log (2/6) and a;, = 1 in the above lemma

Corollary 3 ({5 norm of Gaussian vector). Consider z ~ N(0,0%1,), for any § € (0, 1) and large enough d, we have with
probability greater than 1 — 6,

U2d<12 bg(j/5)>§|2|§§02d<1+4 log(j/(;)>

Lemma 4 (Gaussian correlation). Consider independently sampled Gaussian vectors z; ~ N(0,071;) and zo €
N(0,021,). Forany § € (0,1) and large enough d, there exists a constant cy, ca such that

|z1 - 22| < c1o102+/dlog(2/0) wp >1—6,
71 - Zo Z 020'10'2\/g w.p Z 1/4

Z3

Proof. Letu = ||z2]|2 and v = 2 - . Since z; is spherically symmetric, we have v ~ A/(0, o?) and is independent of

llz2l2
u. We first show the upper bound.
Pr(juv| > t) = Pr(Jv| > t/u,u > ¢) + Pr(|v| > t/u,u < ¢) (holds V ¢ > 0)
< m>i%1Pr(u >c)+Pr(fv| > t/e)
t
SPr(u22a \/&)—i—Pr(v > ) (using ¢ = 20 \/E)
2 | | 20_2\/(3 g 2
d t? . 2
<exp| —~ | +exp| —=5—5 (using Lemma 2 on u = ||z2]|2 and v ~ N(0,07))
4 8oio5d

Using t = 201024/2d10g(2/0), we get the first inequality for all d > 41og(2/9).

For the lower bound, using a similar argument as above we have

Pr(uv <t) < mig Pr(v <t/c)+ Pr(u<¢)
c>

1
< Pr(v < %) + Pr <u < 202\/&) (using ¢ = %(72\/3 andt = %Ulagx/a)



5 d 3
< 3 + exp (—) < 1 (using Lemma 2 on u and cdf bound on v)

The lower bound thus holds for d > 161og(8) using t = éal o2v/d. This concludes the proof of the lemma. O

Lemma 5 (Gaussian tail concentration). Consider i.i.d samples {z. ~ N(0,02) : ¢ € [C]}. We have the following:

2C
o <oyf2log =2, wp>1-4,
grel%c]|z|_a og 5 wp >

g
ax z. > —, p > 1 —exp(—C/4).
maxze> o, wpZ xp(—C/4)

Proof. These are standard Gaussian tail bounds, which we prove here for completeness. We have:

—12
Prlmpgee21) < 30 prtec 20 < (55

c€[C]
Using the same argument for over 2C' variables {z. ~ N (0,02), =z ~ N(0,0?)}.¢(c) along with t = ¢/210g(2C/4),
we have the first inequality that max.c(c) |2c| < 04/21og %, wp>1-—0.

Furthermore, V.c(c), we have Pr(z. > ¢/2) > 1/4, hence
Pr(m?c)g] Ze > 0/2> >1-— (1 — 1/4)C >1—exp(—C/4)
ce

This concludes the proof of the lemma. O

Lemma 8 (Berry—Esseen theorem (Berry, 1941)). Consider i.i.d samples {u; : i € [n]} with Eu; = 0, Eu? = 0% > 0 and
E |ui\3 = p < oo. Let F,, be the cumulative distribution function of ﬁ Yo ui, and @ be the cumulative distribution
function of the standard normal distribution. For all t, there exists a constant ¢y such that

Cc1p
F.(t)—o(t) < .
Fult) 2] < g0
Lemma 9 (Anti-concentration of g-th power of Gaussian random variables). Consider i.i.d samples {z. ~ N'(0,1) : c €
[C]}. For constant integer ¢ > 1, there exist constants ¢y, co > 0 such that for any t < o(1),

Proof. For constant ¢, E22¢ < O(1) and E |zc|3q < O(1) (Elandt, 1961). Then, by Lemma 8, for any ¢, there exist ¢; and
¢2 such that

Choosing ¢t = o(1) proves the lemma. O

C. Additional notation

Recall the data distribution D from Definition 1. Further recall that, for i € [n], we use kf, p, p5, €9, and
(ap,iakp,i)pg{p: 5} to denote the respective quantities k*, p*, p¢, £, and (Ozp,kp)pg{p*,ps} in Definition 1 for the i
training sample (x(z), y(l)) € Dyrain ~ D. In addition to these notation in Section 2, we introduce the following additional

notation for the proofs.



1. Vk € [K],letZ), = {i € [n] : k} = k} denote the set of indices of the training data (x, y) with yvy, as the main
feature. Further, let n, = |Zy|

2. Vi€ [n]and Vk € [K], let P}E;) ., be the background patches of the i sample with k"-type feature noise, i.e.,

P ={p € [P\ {p5, 05} : x$) = —ayyvi};
and let Pé;) = Uex Pé;) e = [P\ {p§, pf} denote the set of all background patches of the i sample.

Remark 1. For k € [K], let p, = %|Ik\ denote the empirical fraction in the training data of k™. Recall that k; are sampled

independently with Pr(k} = k) = py. Thus, with with high probability, pi, and py, differ at most by 1/ log( ). In the rest of
the paper, for simplicity we assume py, = p.

~(noise)

Similarly, let p'*® be the proportion of feature noise —yvy, in dataset Digin, i.c., P, = ﬁHz € [n],p €
[PI\ {p},p }] |k: i = k}| Again from standard concentration, we have py, and p'** differ by negligible quantity with high

probability, thus we also assume pj, = p(""“e)

D. Proof of initialization conditions in Lemma 1

Lemma 1. [G,,-conditions] Consider n i.i.d. samples Dy = {(x (@) y(i)) i € [n]} from the distribution in Definition 1.
Let the parameters w of the network in (3) be initialized as w(0) ~ N(O O'OId) V¢ € [C). If the number of channels is

C = Q(log d), then with probability greater than 1 — O(;olﬁc;) the following conditions hold :

1. Feature-vs-parameter: ¥ k € [K], max w.(0) - vj, > Q(0¢), and max |w.(0) - vi| < O (o0).

ce[C] ce[C]
2. Noise-vs-parameter:N i € [n], m?CX] we(0) - yDeD > Q(o00¢), and m[aéc |we(0) - €] < O (000¢) .
ce S '

3. Noise-vs-noise: Vi € [n], €V . ¢ = ©(0f) and Vi, j € [n],i # j, 1@ e < 6(0?/\/@
¢9 - vi| < O(oe/ V).
wo(0)]| = ©(o0V/d)

4. Feature-vs-noise: ¥i € [n], k € [K],

5. Parameter norm: ¥ c € |C],

) (i) i oz
Proof. Recall the setting of the lemma: Yk € [K], |[villa = 1, Vi € [n], y@P¢® L N(0,—14), and V¢ € [C],

we(0) ~ AN (0,021,). We have the following arguments that prove the lemma, where we use § = pol;( D

1. Feature parameter correlations: ¥ k € [K], we have {w(0) - vi, ~ N(0,08)}ce(c] are C i.i.d Gaussian. Thus, using
union bound on the Gaussian tail concentration in Lemma 5 we have condition (1) holds w.p. > 1—Kd— K exp(—C/4).

2. Noise-parameter correlation: Vi € [n] and ¥V ¢ € [C] using Gaussian correlation bound from Lemma 4, we have
(w.(0) - €9 > O(0g0¢) w.p. > 1 — nC6.
Furthermore, using the second inequality in Lemma 4, we have w.(0) - y(i)ﬁ(i) > C2,/000¢ W.p. = 1/4. Hence,
maxe(c] We(0) - yPEW > 3, /G50e wp. > 1— (1 —1/4)¢ > 1 —exp(C).
Thus, summing over failure probabilities, we have that condition (2) holds w.p. > 1 — nC'§ — nexp(—C/4)

N
3. Noise-noise correlations: Using the {5 norm bound from Corollary 3 on ||& (1)| 5> and the correlation tail bound on
|£(i) . f(j)| for i # j from Lemma 4, we have condition (3) holds w.p. > 1 — 2n%§

4. Feature noise correlation: ¥ k € [K], we have {9 - v;, ~ N(0, 02/d)}icn) are n i.i.d Gaussians. Thus, again using
union bound on the Gaussian tail concentration in Lemma 5 condition (4) holds w.p. > 1 — nd.



5. Parameter norm: From concentration of /5 norm of Gaussian vector in Corollary 3, condition (5) holds w.p. > 1 —2C'§

The lemma follows from using § = polyl(d) and C' = Q(logd) = exp(—C) = O(m). O

Lemma 1a. G, in Lemma I also holds for DI““Y defined in (2) with n replaced by nK.

train

Proof. Recall that since the features {vy }; are orthonormal (Assumption 1) and all the non-feature noise are spherically
symmetric, without loss of generality, we assume that {vy }c[x] are simply the first K standard basis vectors in R?, ie.,

v = ey. In this case, we choose T}, for k € [K — 1] as a permutation of coordinates of R< without any fixed points, i.e.,
Vi € [d], Tr(2z)[i] # z[i] that satisfies (1) on the first K coordinate.

We now show that the Gy conditions in Lemma 1 holds for D™ = Dyyin U 71 (DPugain) U T2(Digain) U - - - U Tic—1 (Diain)

train
defined with transformations {7% } e[k —1) described above.

« First, among the Gi,; conditions, (1) and (5) are independent of the samples and hence immediately hold.

« Secondly, Vi € [n] and V k € [K], T5.(€') is simply some permutation of the coordinates of £ ~ A/(0, UgId/d),
and hence Ty (&€ (1)) ~ N(0, cr?] 4/d) has the same marginal distribution as & () This implies that conditions (2) and

(4), as well the norm condition in (3) of Lemma 1 also holds for Dfﬁﬁﬁ).

* Finally, note that Vi # j,Vk, k', Tr(€ (i)) and T/ (€ (g )) are independent Gaussians. Thus, the correlation bounds in
(3) of the form |75,(€®) - T (£9))] = O(ag/\/E) for all ¢ # j also follow from the proof of Lemma 1.

The only non-trivial condition we want to show is the following bound on the noise correlations of distinct transformations
of the same sample, i.e., we only need to show that |£(Z) - Tr (€ Z))| < O(ag/\/ﬁ) with high probability for all & € [K — 1].

Note that forany 1 < k < k' < K — 1, T,,(€™) - Trr (¢€) is equivalent in distribution to €% - T, . (€9).

Claim 1. If§ ~ N'(0,0214/d) then ¥ k € [K — 1],

€ Tie) <0 <ag lgg/‘”) wp. > 16,

Proof. At ahigh level, we create a non-overlapping partition of the entries of £ into three vectors &', £, and &”, each of
which of length at least d/6. The partition is chosen such that same partitioning of entries of Ty (&) denoted as é/, EH, and

ém are independent of &', £”, and &"”, respectively. We then have £ - T;.(¢) = ¢’ - é/ +¢". %H +¢&". E'W, where each term
is a dot product of two independent spherical Gaussians of length at least d/6 and entrywise variance of o? /d. The claim
then follows from bounding each term using Lemma 4.

We divide the coordinates of £ into disjoint and ordered lists L1, Ls, . . ., constructed as follows. The first list is

Ly = [¢[], Te(©)[], 2@, -, T (1],

where 7,/ denotes composition of 7Tj, for m times, and we stop the list at the first s; < d — 1 such that 7;:”’1(61) =e;

(when 7,71 (€)[1] = £[1]). We claim that this stopping criteria ensures that L; has s; unique coordinate of ¢ without any
duplicates. If not, there exists some 0 < s’ < s” < s1 such that 7;;”(61) = ’T,j,(el). Since 7}, is a permutation (hence
invertible), this would imply that 77;9//_5/ (e1) = e for s — s’ < s1, which contradicts the stopping criteria.

Note that if s = d — 1, we have included all the coordinates of £ in L1, and we stop our stop our construction here. If L,
does not contain all coordinates of &, let 1 < jo < d be the first coordinate such that £[j2] ¢ L;. Let,

Ly = [&[ja], Te(€)li2], TE(E) 2l - - - T2 (&) [j2]]

where we stop either when all the entries of £ have been included in Lgm) or Lém), or at the first integer so such that
T2 (e;,) = ej, (When 7,22 (€)[j2] = €[j2]). With a similar argument as with Ly, there are no duplicate coordinates
in Lo. Furthermore, we either have have Ly and L; containing disjoint coordinates of &, or have L1 C Ls. To see this,
suppose for 0 < s’ < 57 and 0 < s” < s9, we have 77:/ (e1) = ﬁsll(ejz). If s’ > s”, again from invertibility of Ty, we



would have 775/_5”(61) = ej, for s — s” < s, which is contradiction for £[jz] ¢ Li. On the other hand, if s’ < s”,

then 7;5”75/ (ej,) = e1, and the entire construction of L; would also be contained in L,. This would imply that all the
coordinates of L are contained in Lo exactly once (since Ly does not have duplicates). Without loss of generality, we
assume the former condition that Lo and L, are disjoint holds as otherwise, Ly C Lo and we can simply drop the first list
L1 from our construction, and our proof follows exactly.

We construct Ls, Ly, ..., Ly similarly until all coordinates of £ belong to exactly one list. We also define
TLi,TLa,...,TLy as lists obtained by circularly shifting the coordinates of L1, Lo, . . ., Ly, respectively, by one index.
For example, 7Ly = [Tx(€)[1], T2 (€)[1], ..., T (§)[1], €[1]].

By construction, for | = 1,2...¢, for every coordinate of £ that is included in L;, has the same coordinate of Ty (&) is
included in 7L, at the same position, i.e., forall i < s;,5 < d, L;[i] = £[j] = T Li[i] = T(&)[j]. We now construct £’,
¢”, and & Forl =1,2...,/, do the following:

* Sequentially distribute all the elements except the last element of L; to &', 5” ¢ e.g., the 1* element of L; goes to &',
21 to £, 3" to £, 4" to ¢’ and so on. This assignment ensures that &', £”, £ do not contain any adjacent entries of
Ly, i.e., if Ly[i]isin &, then L;[i 4+ 1] is not in &', and same is true for £”, and ¢".

* Include the last element of L; to a list among &', £, ¢"” that does not contain the first or the second last element of L;.
Thus the last element of L; is not in the same list as its circularly adjacent neighbors £[4;] and 7751_1 &)l

. - 2 %
¢ Repeat the exact assignment as above to distribute the elements of TL;to £ ,& , &

By construction, {¢',&",¢""} and {é' £" 5'”} satisfy the following properties: (2) € - To(€) = &' - & +¢" - € +¢€" &
(b) &', ¢", and &' are 1ndependent of €&, and €, respectively. Furthermore, each of these vectors is a spherical Gaussian
with entrywise variance of o 2/d. (c) we have included at least d/3 — 1 = ©(d) entries of £ in each of &, £", and £"’. The

claim now follows from using Lemma 4 on &’ - él, ¢ é'//, and ¢ - é/

O
The above claim completes the proof of Lemma la. O

E. Linear models

In this section we discuss the behavior of linear models for data from our distribution D in Definition 1. We consider the
same patchwise convolutional model in (3), but without non-linearity. Without loss of generality, assume C' = 1. Thus, for
0 € R4, the model effectively becomes f1i"¥ (0, x) = 6 - X, where X = > p Xp-

Linear models without feature noise. In the first result stated and proved below, we assume no feature noise o, = 0. In
this case, XV = y(Dvy. + €7, Recall the notation that for k € [K], Z, = {i € [n] : k} = k} and ny, = |Zy|.

Theorem 6. With high probability, the max (5 margin linear model over Dyygin = {(X,y@)) i € [n]} is given by

o 1 1N 00
b= L+ (1+o(1))a /ny, ( T Zy ‘ ) :

ke[K] ZEIk

Proof. Without loss of generality, assume the data points are grouped by the feature type k7, such that 7; = {1,2,...,n;},
Iy ={n1+1,n1 +2,...n1 + na}, and so on. Also let X € R™*4 denote a matrix containing y(i)i(i) as rows and let
K =XXT" e R"™" denote the corresponding kernel matrix.

The ¢» max margin classifier is given by 052 = ming ||0||3 s.t. X@ > 1. From the optimality conditions of the max-margin
problem, we know that there exists a dual variable v € R”, s.t. 042 = X "v. We use notation vy € ]R:L_’“ such that
v=[v],v],...vy]". We can now write the objective and constraints of the max margin problem in terms of dual
variables as follows: H6||§ = v" Kv and the margin condition is Kv > 1.



Let us first ook at structure of K. Recall that x(*) = y(i)vk; + ¢, where {v},} are orthonormal and £ ~ N/(0, og 214/d).
Using the standard concentration inequalities in Appendix B, the following holds with high probability.

2
1+a§+0(75) ifi=j
’Cij:y() (@) . y(J) (7 — 1+O(ﬁ) ifi#j, ki =k
~ o2 e . . * *
0(%) ifi G, k7 # K

We can combine all the O( \f) terms in A, and write L = IC + A where IC” = 1k*_k* + 05 i=;. Thus, K is a block
diagonal matrix which is dominant compared to lower order terms in A.

Based on this block dominant structure of C, for w = X" v and v > 0, the margin on data points is given by,
Vi€ Iy, (Kv); = |lvely + ogvi + (Av);, 9)
and the /5 norm is given by,
1013 =v K= > |wil} +o2lvl3 | + v Av. (10)
kE[K]

Recall that A;; = 6(02 /V/d), we have the following two possibilities of v:

Case 1. ||[V]lcc = O(1): In this case (Av); = o(ag) and we have (Kv); = |vi|1 + agykﬂ- + o(ag). Thus the margin
constraint requires that miny, min;ez, ||vk|ly + 0Zvk: + 0(0F) > 1. Furthermore, for large enough d, |03 is
monotonic in vy, ; (for positive v, ;). Thus the optimal v is given by

1
Vke[K]|, Vi€, vi; = . 11
K] bk e (1+o0(1))0? (an
In thlS case, ||0||% m(l"—o(l)) O(].)
Case 2. If v = w(1), then ||0]|3 = w(1) which is suboptimal compared to the above case.
In conclusion, we have the optimal v for the max-margin problem given by (11). Thus,
0, =X"v= S 3 vy @x®@
ke[K] i€l
S IP P e L
= 2
ke[k]iel, +(1+o(1))og
~ X et (o ).
ke[K] L+ (1 +o())og/m i€l
This concludes the proof of the theorem. O

For the above classifier, for simplicity, we look at the case when there are only two views, k = 2. Corollary 7 follows from

~T
direct calculation on 68,,x for a sample x from our distribution. The thresholds given in Corollary 7 are better than the
threshold we derive for our neural network.

Corollary 7. Suppose k = 2, w(1) < 02 <+Vndandn < d. The ly max-margin linear model in (8) can successfully learn

feature vy. To successfully learn feature v, we need ps > —= lf n < 0(05) and py > f otherwise.



Linear models with feature noise. In the second result, we study linear models in the presence of feature noise. We show
linear models are not able to learn samples from our data distribution D while the non-linear model we study can learn D.
To facilitate the proof of linear models, we make some additional simplifications. These simplifications are not necessary for
our main results. For linear model results alone, we consider the case when the dominant noise & is zero, i.e., o¢ = 0. Note
that letting o > 0 can only make the classification harder. Let A(x) be the sum of the coefficients of the feature noise if x,
ie, A(X) =3 e ZpePbp ap. Let pp be the probability that A(x) > 1 for each (x,y). We assume that the patch with
the main feature is chosen uniform randomly from [P]. Let D’ be the distribution satisfies the above assumptions.

Theorem 10. For any linear classifier @ € R>*F | we have

1
Pr [si 6) # si — mi 1— in p.
. [sign (x, 8) # sign y] > - min {us, uA}krg[llr{l} Pk

Moreover, there exists a non-linear model F' in (3) with weights w, such that

Pr [sign F(w,x) # sign y] = 0.
(x,y)~D’

Proof. Let A = miny¢(p) re[r] O (p—1)a+k—1 and p*, k™ = argmin,c(p) re(k] O (p—1)d+r—1- If A < 0, for any sample
with main feature yvg« in patch p*, and A(x) < 1,

y(x,0) < —A+ A(X)A < 0.

If A > 0, then for any sample with main feature yv+ in patch p*, with A(x) > 1,
y(x,0) <A —A(x)A <0.

Then, for both the case that A > 0 and the case that A < 0, with probability at least min {z1a, 1 — pia } minge[x] pr/ P,
sign (x, 0) # sign y.

Now, consider the non-linear model given by weights w1 = 3~ - ;) v and w. = 0 for all ¢ € [C]\ {1}. For any datapoint
(x,y) with main feature yv-,

yF(w,x) =y Z Z Y ((We, Xp))

c€[C] pe[P]
— o (wrvied) = 33 v (wrave))
]CE[K] ’Pbp)k
2 1 _ laq-P
q (g
> 0.
Thus, we have sign F(w,x) = sign y for all samples (x,y). O

F. Proof of the Main Results

F.1. Dynamics of network weights: learning features and noise

We first present a few lemmas useful for the proof of the main results. We derive the training trajectories for the dataset

without data augmentation Dy All lemmas in this section also hold for the dataset with data augmentation fo;ﬁ) with n
(aug) __
Bog)

replaced Kn and py, replaced by p,. % We defer the proof of the lemmas to Appendix G.

Lemma 11 and Lemma 12 give some rough bounds on (w(t), v} and (wc(t), £¥), which are used repeatedly in the proof.

Lemma 11 (Rough upper and lower bound on (w(t), vi)). Suppose Gt holds and

a<o<a

MY o=

S B —1/2 _%1
d 2P q (0'0+77Tpk +nToed ) .



Forall0 <t <t <Tandk € [K], we have

t < t t—1)0 d-'/?
mag (we (1), vi) < mase (we(t!), vi) (e =)0 (i + ocd™/?)

<O (Uo +nT (Pk + Ugd_l/z)) ;
and

in (wo(t > min (w(t —n(t —t)O (oed™ /2
min (we(t),vi) > min (we(t).vi) = n(t ~ )0 (7ca™/?)

> -0 (00 + nTcrgd*l/z) .

Lemma 12 (Rough lower bound on (w(t), & (i))). Suppose Ginie holds and

~ 1 —(¢—1)/q
a<0 (min{l,ogd_zlq}Pl/q <o’0 +nT (mfmx] P+ oed” 1/2>> ) )
ke[K

Forall0 <t <t <Tandié€ [n], we have

0 Y > (@) N e\ it — 0 (o2d-1/2 -1/2
min y <Wc(t)7€ > gg[lgly <Wc(t)7£ > n(t t)0<05d + oed )

Combining Lemma 11 and Lemma 12, we can show that when the time step 7" is bounded, (w.(¢), vy) and (w.(t), & (i))
are lower bounded.

Lemma 13 (Lower bound on (w.(t), vi) and (w(t), €®)). Suppose Ginit holds,
n<o (min {087102d1/2,crg*lag*ldl/Q}) K<o (mln{ 1dl/2 q 1d1/2}), and

~ L —(g=1)/q
a<0 min{l,agdzq}p—l/q (00 +nT (m[ax}pk +oed” 1/2)) .

for some T = © (max {nn_logqao_q“,Kn_lao_qw}). Forall0 <t <t<T,andce€ [C),

(We(t), vie) = (we(t)), vie) — o(00),
and for all i € [n),
g (we(),€7) > y@ (we(t'),67) - o (oooe).

Next, Lemma 14 and Lemma 15 compute the time it takes for the model to learn the main feature vy, k € [K] and overfit
the noise £, i € [n]. Lemma 16 and Lemma 17 upper bound (w(t), vi) and (w.(t), £") for t smaller than the time
identified in Lemma 14 and Lemma 15.

Lemma 14 (Learning the main feature). Suppose Ginit holds, C = ©(log d), 090 < o(1), ogd™"/2 < o(py,) and

g—1

—acl -1
<ol|P i l,oid 2 + 1T ma +Td1/2) ,(+Ta +Td1/2> ,
04_0( mln{ 05 <00 n ]?61[;{(]% nioe goT1 ;Iel[%]ﬂk Nioe
- —1
for some T > Q ((npk082> ) Foranyk € [K|and0 <t <T, if

o(t <o(CcYa d (i) (i)
ma (we(f), vi)) < O(C™7), and - _max ) (we(1),€") < Olovo)



then

e (et + 1) vi) = (v (0, v2) + © (o’ (s 0, ) ).

ce[C] ce[C]

Moreover, if maX;cn] cc(c) <Wc(t), §(i)> < O(Uoog)for allt <O ( s ) there exists T' < O (

2) such that
WPkUO
maxee(c) (We(T"), Vi) > Q (C1/9).

Lemma 15 (Overfitting the dominant noise). Suppose Gy holds, C = O(logd), n <
o(min{ oL dl/2 q Lya= 1d1/2}) and

q—1

. _
a<o (P; min {1,05 d= 2 (O’o +nT grel% pr + nTagd_l/Q)

-1
T Toed '/?
,<0-0+77 I?Q?KX]PI@‘FW O¢ )

for some T > (nn 105 o q+2)

Let i € [n] be some sample such that for all 0 < t <T, max (¢ <wc

(t),vk3> < O(C~Y9). For any time step 0 <t < T
f

masc ) (we(1),67) < 0(C/1),

ce[C]
we have

?;?C}'(] y( 2 <Wc<t + 1)7€(i)> = ?2?551 y(i) <Wc(t),£(i)> + Zé (0 )’ (max y( i) <Wc(t) §(i)>>) .

€[C]

Moreover, there exists times step T' < 9] (m] 105 o sat2 ) such that maxc|c y(@ <WC(T’)7 ﬁ(i)> >0 (C‘l/q).

Lemma 16 (Upper bound on (w(t), vi)). If G holds, for all k € [K] and t < o (U—)

nprog  Anoed=1/2

max (w¢(t), vi) < O (09).
ce[C]

Lemma 17 (Upper bound on (w(t), £€®)). Suppose Gy holds, n < o (min {ag_lagdl/Q, ag_lag_ldl/Q}) and

_a—t
1 q
a<o (P_fll min {1,0§q d~ 7 <00 + nT}irel% Pr + 77T0'§d1/2) }) ,

for some T > (nn’lagqaa‘IH). Forallt < o(nnflagqaaﬁz) and i € [n], max.c(c) y'¥ <wc(t), €(i)> < O(og0e).

Finally, Lemma 18 bounds (w(t), &) for some noise patch £ from the testing set. Lemma 18 is useful in proving the test
accuracy.

Lemma 18 (Bound on (w,(t),£) for & from the testing set). Let & ~ N0, Jgjd) be a random noise vector
independent of the dataset. Suppose Gy holds, C O(logd), n < o (mln{og 1(72(11/2,agflagfldl/Q})7
K<o (min {O’O ¢ d'2, ‘fldl/Q}), and

_a—1 -1
1 i 1 q
<o|P imin{l,0/d 2 +nT + nToed /2 Noo+nT +nToed /2 ,
a_0< mm{ of (00 0T max i+ 0T oo +nT" max pi. + 1T

for some T = © (max {nn_lagqao_(IH, Kn_la()_q+2}). With probability at least 1 — polyd, Jor all ¢ € [C)] and
0<t<T,

[(we(t), &) — (we(0),€)] < o(o00e)-



F.2. Proof of main results from Lemmas in Appendix F.1

We first derive some implications of Assumption 2 that we use as conditions in the lemmas in F.1.

—_

.nK <o (min {08_102611/2,08_102_1d1/2}) follows from nK < 0(08_102_1d1/2) and o¢ > w(1).

\S]

.K<o (min {0871%71&/2’ Jgfldl/Z}) follows from nK < 0(08710g71d1/2), o¢ > w(l) and n > w(ay).

(9]

. 0ed™1/2 < o(1) follows from nK < o (08_102_1d1/2>, o90¢ < o(1) and n > w(ay).
4. 0K < o(d'/?) follows from nK < o(cd ‘o 'd"/?), oco0 < o(1) and o(n) > o > w(1).

5. <o (P7%U§ min {d~'/2, 60} (00 + nT maxye (x| pr + nTagd_l/Q)fl) follows from oed~'/? < o(1), 0g <
o(1) and nT > w(1).

Now, using Lemma 11 - 18, we prove the main theorems.

Theorem 3 (Training without data augmentation). Suppose that Assumption 2 holds. Let T be the first time step such that
w(T) can classify all (x(i)7 y(i)) € D,yuin With constant margin, i.e., ,

yOF(w(T),x) > Q(1), forall (x"),y"))€ Dygin.

n’K ) al
poly(d) 7
C) (nn—lggqgaqH). Moreover, at time step T, views Vs, . . . , Vi have never been learned, so that Vogtgf’

For hidden channel number C = ©(logd), and small step size m, with probability at least 1 — O(

Proof. By Lemma 1, with probability at least 1 — O ("?g&‘jigd), Ginit holds. We first show that all (x(?), () € Dyain
can be classified correctly with constant margin at some T = 5 (nn_lag Yoy q+2). We first consider the samples
i € [n] such that k¥ = 1. If Assumption 2 holds, w(c?) < n, so n~'p;loy 9% < o (nn_lagqao_”Q). By Lemma
17, max ejc) y¥ <wc(t),§(i)> < O(ogo¢) forall t < O (n_lplao_q“). Then, by Lemma 14, there exists some
t* <O (n’lpl_lao_‘ﬁ'z) such that max.cjc) (We(t*), v1) = © (C~1/4). Moreover, by Lemma 13, at any time step
<t <O (nnqgquanﬂ)’ the feature v satisfies,

(t > (t* - > —ta)
(I:Iel% (We(t'),v1) > ({161% (We(t*),v1) —o(og) > Q (C’ )

We can further show for all ¢ € [C] and ¢’ < O (nn_lagqoanrQ), (we(t'),vy) and y® <wc(t’)7 S(i)> are lower bounded.
By Lemma 13, when Giy;, holds,

(we(t'),v1) > (we(0), v1) — 0(00) > —O(0a0),

and for all 7 € [n],

y@ <wc(t’),£(i)> >y <Wc(0)7€(i)> —0(0ogo¢) = —O(000¢).

Then, there exists some T = O (nnflag Yoy q+2)such that for ¢ with k¥ = 1,

YO F(w(T),x) =@ 3 Ty (<WC(T),x§j>>)

ce[C] pe[P]



y Dy <<Wc Vk*>) +yO TN D W <<Wc(T),—C¥p,iy(i)Vk>)

ce[C] c€[C] ke[K] pep&)k

v 3 ((welm),€)) (12)

c€C]
>0 (é) — CO(cd) — CPa%0 ((Uo +nT (mfwx] i+ oed” 1/2>)q) — CO(afo?d)
>Q(1).

The third step follows from max..c(c) (We(T),v1) > Q (C~9), min.c(c) (We(T), vi) > ~O0(ay).

min.¢(c) y® <wc( ),e® > > 75(0005) and Lemma 11. The last step follows from the the upper bound assumption on
a, 09 < o(1) and ogoe < o(1).

We next show that the training accuracy is perfect for all ¢ € [n] such that k} # 1. By Lemma 16 and Assumption

2 that p, < o (n‘log) and n < o(od" 'od71d1/?), we have nn~tog ‘o, q+2) and therefore

g0
nprod ' Hnoed=1/2 =W (
maxccc] (We(t), Vi) < O (0¢) forall0 < t < O (nn_lagqaaq”) and k # 1. Then, for any i € [n] such that &} # 1,
by Lemma 15, there exists some time step t(*) such that max.c(cy y*) <w (t()), > > 2 (C~1/1). Moreover, by Lemma
¢t

13, forall t® < ¢+ < O (m]‘lo'6 Y04 q+2) max.e(c] yU < (), > Q(c 1/’1)

Then, there exists some 1" = 5 (nn 105 oo q+2) such that for all (x(i), y(i)) € Dyrain such that &k} # 1,

) . 1 ~ ~ q ~
yDF(w(T),x) > Q <C> — CO(cd) — CPa?0 <<ao +nT (m?x] pr + oed” 1/2)> ) — CO(o8o?)

1
Q= |.
(c)
The first step follows from (12), and Lemma 11. The second step follows from the upper bound assumption on «, ¢ < o(1)
and ogoe < o(1).

Y

Thus, at some T = © (nnilagqUJqH), for all i € [n], we have y ) F(w(t),x") > Q (1) > Q(1).
Next, we show that the margin is o(1) at t < o (nn_lagqagq”) for any (x(*),y(®) such that k¥ # 1. Since t <

~ . 1 _—q_—q+2
0 (m), by Lemma 16, maxc(c) (We(t), Vi) < O (09). Since t < o (nn 105 1551 ), by Lemma 17,

yt <Wc(T)7E(i)> < O(090)- Then,

~ ~ q ~
yOF(w(t),xV) < CO(cd) + CPa’0 (<0’0 +nT (m?x] pi + oed” 1/2>) ) + CO(og0f)

o(1). (13)

IN

The first step follows from (12). The second step follows from the upper bound assumption on v, oy < o(1) and ogoe < o(1).
Thus, we have show that T = © (nn 105 o q+2)

Finally, we show that the testing accuracy is bad on the testing dataset. For any (x,y) ~ D with the main feature v~ such
that £* # 1 and dominant noise &, since max c(c; |(Wc(t), vi)| < O (0¢) for any ¢ < T, following (12),

yF(w(t),x) < 05(08) + CPa’0 <(00 +nT <m?X] pr + ogd” 1/2)> > +y Z P ((we(t
ke[K

ce[C]

< CO(al) +CO (a?aé)



+y > P ((we(0),€ +y§jwwc )=y > ¥ ((we(0),8))
celC]

ce[C]

< Co(olol) +y Y ¥ ((we(0),8)+ |y > b ((welt),€) —y Y v ((we(0),8))].
ce[C]

c€[C] celC]

The second step uses the upper bound on «. The last step follows the assumption o¢ > w(1). For any ¢ € [C], by Lemma
4, with probability at least 1 — m, |(we(0),&)] < O(ogoe). "Ehen, by Lemma 18, [(w,(t), &) — (w.(0), &)| < o(oo0¢)
and therefore |(w.(t),&)| < O(opo¢) and

with probability at least 1 — 01 5

Yy Z 1/1 wc ) Z 7/} Wc Z qO B )|<wc(t)7£> - <Wc(0)7£>|
c€[C] c€[C]
< Co(a{ag)

Fort = 0, (w.(0),&) ~ N(0, 02 ||g||2) d {(w(0),€) : c € [C]} are independent. By Lemma 3, ||£[|* = ©(c?). Then,
by Lemma 9, with probability at least 2 — (f)

yF(w(t),x) < Co(odod) +y Y ¥ ((we(0),€)) <0.

ce[C]
O

Theorem 4 (Training with data augmentation). Suppose assumption 2 holds. Let Taug be the first time step such that

W(Taug) can classify all (xD,y®) € DI with constant margin, i.e.,

y(i)F(W(Taug)aX(i)) > ﬁ(l), forall (x(l),y(l))e ’D(a”,g).

train

For hidden channels number C = O(logd), and small step size m, with probability at least 1 — O(%), 7aug =
5) (Kn’logqﬁ), and at T 4g,
WP [P (Tug) %) < 0] < p(;‘;f 3
Proof. By Lemma 1a, Gy holds with probability at least 1 — O (%)
We first show that Ty = O (K n oy q+2). For the augmented dataset, we have pi*¥ = L for all k € [K]

IN

and the size of the dataset is K'n. For any k € [K], if Assumption 2 holds, w(cf) < n, so 77’1,0(2“1g> Loy 012
0 (Kmflcrf_qa ) Then, for any i € [Kn] with k} = k, by Lemma 17 max,c[c; y* < o(T), €Y )> < 0(0005)
forall 0 < t < O (KT}710'0 ‘”2). Then, under the assumption JgK <o (dl/z), by Lemma 14, there exists some
tp = 5) (W) such that max.¢|¢; (We(tg), vi) > Q (Cil/q). By Lemma 13, for any ¢, < ¢’ < 6 (Kn*la(;q“),
maxe(c) (We(t'), vi) > Q (C~1/%). Then, there exists some T’ = © (Kn_lao_q+2) such that for all (x(®), y(") € D™

yOFw(T),x7) =y 37 3 ((we(T),x())

ce[C] pe[P]
=y ) v <<WC(T)’ vk*>) 90> > D v (< O‘p,iy(i)vk»
celC] c€[C] ke[K] pep(D)

05 (were)

ce[C]



~ ~ q ~
>0 (é) — CO(c) — CPa0 ((00 +nT (m?x] pr + oed” 1/2>) ) — CO(a{o?)
>0Q(1).

The third step follows from max.cic] (We(T'), Vi) > € (C’ -1/ ‘1), Lemma 11 and Lemma 13. The last step follows from
the upper bound assumption on a, o9 < o(1) and ogoe < o(1).

Next, when ¢t = o (ngq,z), by Lemma 16 , (wc(t), vi:) < O(0p). By Lemma 17, y(® <WC(T)7£(i)> < O(ogoe).
Then, f
y D F(w(t),x) <CO(ad) + CPa?0 ((00 +nT (mfmx] pr + oed” 1/2>> > +CO(0§0f)
<o(1).

The second step follows from the upper bound assumption on «, oy < o(1) and ogoe < o(1). Thus, we have shown that
T(aug) — é (anla.()—q-i-Q) ]

Finally, we show that the testing accuracy is perfect at 7@ = 5) (K ntog q+2). For any sample (x, y) in the testing set
with dominant noise &, if Gy hold, by (14),

~ ~ q
yF(w(T®™) x) > Q (é) — CO(ad) — CPa’0 ((ao + nT@e <m[ax] P+ oed” 1/2>> >

+y Y U ((wo(T™?),¢))

ce[C]

> (é) +y Y P ((we(0),€) = |y > W ((we(T™),€)) —y D ¥ ((we(0),8))|.

c€[C] c€[C] ce[C]

For any ¢ € [C], by Lemma 4, with probability at least 1 — ——. |(wc(0) €)| < O(o¢o¢). Then, by Lemma 18,
[(we(T@2), &) — (w.(0),€)| < o(ogoe) with probability at least 1 — and therefore |(w.(T®®), €)| < O(ogo¢)

polyd
and
wa T™D) €)) —y > 9 (We(0),)] < Y qO(0d ol [ we(T™2), &) — (we(0), 6)]
ce[C] celC]
< Co(c{og).
Thus, with probability at least 1 — pﬁ)ly =, yF(w(T@), x) > Q(1). O

G. Deferred Proof of Lemmas in Appendix F

In this section, we present the proof of lemmas necessary for proving our main result.

Lemma 11 (Rough upper and lower bound on (w.(t), vg)). Suppose Gt holds and
a<o <a§‘1’d_2’1«zP_flz (00 0T + nTogdl/z)_qql) .
Forall0 <t <t <Tandk € K], we have
max (we(t), vi) < max (wo(t'), vi) + n(t — t')O (pk + Ugdfl/z)

ce[C] ce[C]

<0 (00 +nT (Pk + Ugd_1/2>) ;



and

. Ct > . . t/ _ t_t/ 6 d71/2
min (we(t),vi) 2 min (we(t),vi) = n(t —1)0 (7cd™/?)

> =0 (o0 +nTocd™1?).
Proof. Forany k € [K],c€ [C]land0 <t < T,
(we(t+1),vi)

= (we(t),vi) + Y ( : w’<<wc<t>,vk>>nvkn§)

@ F(w(t),x®
n e \ 14 e PO xT)
< 1 ,
n Z 14 VW) <0) Y it (wet), apive)) vl
i=1 pEP}SQk
ny 1 / < (z’)>) <i)< (i) >
o Zl (1 I ey<i>F(w(t),x<i>)¢ ( we(t), € Y (€, vi (15)

We bound each term separately. Since
k € [K], we have

7y < Lforalli € [n], Vk||§ = 1,and ¢’ ((w.(t), vg)) < 1 for all

1
14ev D F(w(t),

n 1 ) ;
n < |
n i:k;k <1 T ey O F(w(t)x() Y ((we(t), vie)) ||vk||2> < O(npr)

The feature noise term

313

2 : 1+ ev@F(w(t)x™) E : apat) ((We(t), ap,ivie)) [[vell | <0.
i=1 € ’ (i)
PEPy, 1

When Gy holds, <£(i)7vk> < 6(05d71/2) for all ¢ € [n]. Since m <1land9’ (<wc(t),£(i)>) <1,

n
n 1 / (< (z‘>>) @ < (i) > 5 ( —1/2)
n ; (1 I ey D F(w(t),x®) ’(/J Wc(t)7 E Y 5 » Vi <0 nUgd .
Then, forall0 <t < T,
(Welt +1),ve) < (welt), vic) + 10 (pr +0cd™/2),
which implies forany 0 < ¢’ <t < T,
(we(t), Vi) < (welt)),vi) + 0t =)0 (pi + 0ed ™)
Next, we lower bound (w.(t), vi) using induction. When Giy holds, (w.(0), vi) > -0 (00 + nTagd_l/Q). Assume for
allo <t/ <t,
C1[161[13] (We(t),vi) > Crg{l& (We(t'),vi) —n(t —t")O (agd’l/z)

> -0 (00 + nTagd_1/2)

for induction. We have

1 /
P> V! (w0, v) ) 0.

14 ey F(w
ikl =



We have shown that (w,(t), vi) < O (00 + 1T py, +nToed=4/?) forall ¢ € [C] and k € [K]. By the induction hypothesis,

n
n 1 2
; ; 1+ ey“)F(w(t),x(i)) Z Qp, 1¢ (< ( ) Qp, lvk>) ||Vk||2

(%)
Pb;k

~ q—1
<naPO ((UO +nTpr + nTJgd‘1/2> >

< 19) (nogd_1/2> .

’*‘fa\»a

The last inequality follows from o < 0] (

2355 (e ()0 €)) <6 ).
i=1

Then, plugging into (15), forany 0 < ¢ <t+1<T,

q—1
%P_%/ (00 +nTpi + nTagdfl/z) a ) When Gy, holds,

— (Wt +1),vi) < = (we(t'), vi) +n(t +1-1)O (agdf”z) .
Thus, we have completed the induction and therefore

in (w(t > min (w, (¢ —n(t —t)O (oed™/?).
min (we(t),vi) 2 min (we(t).vi) —n(t )0 (cd™/?)

Finally, for ¢ = 0, when Gipy [(we(0), vie)| < O(oo). O

Lemma 12 (Rough lower bound on (w(t), & (i))). Suppose Ginie holds and

~ 1 —(¢—1)/q
a<0 (min{l,ogd_zlq}Pl/q <o’0 +nT (m?x] P+ oed” 1/2>> ) )

Forall0 <t <t <Tandi€ [n], we have

(i) M\ > (i) N DN Z it — 0 (o2d-1/2 —1/2
min y <wc(t)€ > mmin y < (). € > n(t t)O(ffgd +ocd )

Proof. For any ¢ € [C] and ¢ € [n], we have

y(i) <Wc(t +1), €(i)>

=y (wel0).€) + %1 + ey“)f‘}(w(t)vx(i)),l// ((weltr€)) [l

(1)) | o
T (st (v ) <e<f>vs<z>>>
]J
n (1)
%Z:: (1 - ey<jf/F(w(t)7x(j>)w’ ({(we),vis )) (vis € ’>) (17)
-3 +€J<J>F(w o 2 > U (wel®) apgvid) {ap v €7 (18)
Jj=1 ke[K] peP“f .

< 1 and

> positive for any ¢ € [n]. Since

, : O\ |[e@ |
We have ! <1+ey(”F(w(t) xm)ilf (< t),§ >) Hf 9
" (<wc(t),§( >>) < 1forall j € [n] . if Giny, holds,

- r
14ev) F(w(t),x())



(16) > —n0 (agd*ﬂ) . (7> —n0 (agd*/?).
Also,

18) > —nO | a?Poed™ /2 (), Vi) |7
(18) 2 =10 (o' Pocd ™/ ma (v, (0) 1)

~ qg—1
> —n0O (oquogd_l/2 (00 +nT (pk + agd_l/z)) )
> —775 (Ugdil/Q)
The second inequality follows from Lemma 11. The third inequality follows from the upper bound on «. Then,
Y@ (welt +1),€9) = y@ (weo(t),6D) = —50 (2a /2 + 7ed 1/?),
which gives
min y® <Wc(t),£(i)> > min y¥ <wc(t’)7§(i)> —n(t—t)0 (O’?d_l/g + Ugd_l/Q) :

ce[C] ce[C]

Lemma 13 (Lower bound on (w(t), v;.) and (w.(t), €D)). Suppose Gini holds,
n<o (min {Jq_logdl/Q,ag_lag_ldl/z}), K<o (min {08_10g1d1/2, 08_1d1/2}), and

—(g=1)/q
~ i,
<O (min{1,0fd 2y p~/9 T d—1/? :
a < (mm{ 1 O¢ } <00+77 (grel[a;((]pk—l—og

for some T = © (max {nn’logqao_q'ﬂ,anlcro_q'”}). Forall0 <t <t<T,andce€ [C],

(we(t), vie) > (we(t'), vi) — o(00),
and for all i € [n),
y (we(t).67) 2y (we(t'),6) 0 (c00¢)

Proof. By Lemma 12, for any (x(?), y(9),

max y?) <wc(t),£(i)> > max y¥ <wc(t’),£(i)> —n(t—t)0 ((fgdfl/2 + 05d71/2> :
ce[C] celC]

Then, when ¢ — ¢ < O (nnilagqoo_qw) and n < o (min{ag_lagdlﬂ,gg_lag_1d1/2}>, or when t — ¢/ <
9) (anloaqﬁ) and K <o (min {agflagldl/{ agfldl/Q}), n(t — )0 (Jgd*1/2 + Ugdfl/z) < o(ogoe).

By Lemma 11,

> / _ ETAVS —-1/2)
ma (we (1), vi) > mae (we('),vi) =t —1)0 (ocd™/?)

Then, when ¢t — ¢/ < O (nnflagqaaqﬁ) andn < o (08710271&/2)’ or when t — ¢ < O (anlaofqﬁ) and
1
K < o(ad e Lat/2),
n(t =110 (7ed /) < o (o),

which completes the proof. O



Lemma 14 (Learning the main feature). Suppose Ginit holds, C = ©(log d), 090 < o(1), odd =/ < o(py,) and
1 E 1 7% -1
a<o| P <min 1,05‘Z d 24 <00 +nT grel% pr + nTagdl/Q) , <O’0 + nTéré%}((] Pk + nTU§d1/2> ,
- -1
for some T > Q ((77,01@08_2) ) Foranyk € [K|and0 <t < T, if

max (we(t), vi) < O(C™1), and _max 3 (w(t),€") < O(oooe),

ce[C] i1€[n],ce[C]
then
grel%(} (We(t+1),vy) = 5161% (We(t), vi) +© < ort’ (max] (wc(t),vk>>> .
Moreover, if max;cn] cc[c) <WC(L‘)7 S(i)> < O(og0¢) forall t < O ( s ) there exists T' < O (npwo 2> such that

maxefc) (We(T"), Vi) > @ (C~9).

Proof. By the upper bound on « and Lemma 11, for any ¢ € [n] and ¢ € [C],

Z Z 7’[}(< )O‘PZV’“'>> Z Z t), cp,ivir) |

WEK] pep® €IK] perl?),

_ q
<0 (aqP (ao +nT <H}3ka/ + agd1/2)> >

< o(1).

Then, since max.cic] (We(t), vi) < O(C —1/4), and maxe[c| Y <wc(t),£(i)> < o(1) for all ¢ € [n], we have for all
such that kf = k, y F(w(t),x(") <

O(1) and —Hey(i)F}w(t))x(i)) > Q(1).
Now, we compute the update (w.(t + 1), vi) — (w(t), vg),
(we(t+1),vi)
— n 1 / 2
= v+ 3 (e (w0 i) vl
n n 1 2
52 oty 2t (We®)apivi)) iz (19)
=1 pE’Pbpk
ny 1 /(< (1) u)) (z‘>< (i) >
+n;(1 i (v9€9)) v (Vi (20)

Then, when Giy; holds, since > Q(1) for all ¢ € [n] such that k¥ =

I S
14ev® Fw(t),x(0)

1 _
Ty (1+eymF(w(W))w<<wc<t>,vk>>|vk5) =6 (npx [ (welt), vi) ")

ikl =k

We can bound the term (19) as

19 <0 %Z N ot (Welt), apivi)

= stp) .



< 0 (nprat P {we(t), vl ") < olnpn (we(®),vi "),

For the term (20), if Gjn;c holds,

o0 < 25~ (1 ((v69) (€9 w2)])

i=1

<0 (13| (were)|" (0

For t = 0, if Ginie holds, maxe(c) (We(0), Vi) > Q(00). Then, if 0§ ~'od /2 < o(ppod "), we have

s £+ 1),vi) = s (e (1), vi) +© (npkw <m%<] <wc<t),vk>)) , @)

which shows max.c(c) (We(t), Vi) is increasing. Then, (21) holds for all £.

Starting from some (w(t), v, the number of iterations it takes to reach max.c(c] (We(t), Vi) > 2max,cio) (We(t'), Vi)

. c (), v . .
is at most O mare o (we(t) V) — | . Then, starting from ©(0y), it takes at most
npxk (maxce(cy(wWe ('), vi))

~ > 2i0'0 ~ 1
0O ——— | SO ——=
(; Uﬂk(2’00)q_1> (npkag 2)

time steps to reach max.cjc) (We(t), vi) > Q (C—l/q)_

IA

Lemma 15 (Overfitting the dominant noise). Suppose Gy holds, C = O(logd), n
0<min{ q'dl/2 = Lya= 1d1/2}) and

q—1

g1 —1
1 1 1 q
<ol|P imin{l,0fd 2 +nT + nToed"/? N oo +0T +nToed™ /2 ,
a_o< qmm{ of (Uo 0T max i+ 0T oo + 0T max pi. + 1T

for some T > Q (m] 105 oy q+2>

Let i € [n] be some sample such that for all 0 < t < T, max.cjc] (We(t), i) < O(C~Y9). For any time step 0 <t < T
if

@ . D\ < —1/q
maxy <Wc()7£ >_0(C ),

we have

max y <wc(t + 1),£(i)> = max y* <Wc( ), W > + 78 ( 2y (max y <Wc(t),£(i)>>> .

ce[C] c€[C] €[C]

Moreover; there exists times step T' < O (m?—105—q00—q+2) such that max.c[cj y@ <WC(T')7 £(i)> >0 (C’_l/q).

Proof. By the upper bound on « and Lemma 11, for any ¢ € [C],

> 2 vlwdapvi)| < 3 3 Iwelt) apavir)l”

4 (1) (i)
k E[K] pepb;,k/ k'’ E[K] pepb;,k
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- q
(e (oo

o(1).

IA

For i, when max.¢¢ <wc(t), vk;> < O(C’l/q), max.c(c) y(@ <wc(t), £(i)> < O(C’l/q) and

Yo D Y lwelt), —yapavi))| < o(1),

kelK] pep(D,

> Q(1). Then,

we have 3" F(w(t),x(?) < O(1) and therefore m >

Y (wolt+1),67)

= <WC<f>v€“°> t (1 e (we0.6)) [

S (et (0,69) (69.60)

JJ#

gz:: (1 n ey(j)z]/?((ijvc(t),x(j)) Y’ <<wc(t),v1c;>) <Vk;’£(i)>> 2

(’)
ZZ T 2 2 Y (welthapvi)) (apvi 6 | (24)

j=1 kE[K] pE'P(])

> Q(1), and Q (000¢) < max (¢ y® <Wc(t), s(i)>7
n 1 / (i) H (i)
n (1 ey ((we0:67)) [

When G, holds, since m < 1, ¢ (<wc(t),£(j)>) < 1, and ¢’ (<wc(t),vk;>>
9] (nagd*ﬂ) and |(23)] < O (noed=1/2).

f— 1
1+ey(i)F(w(t),x(i))

) >0 ( (oooe)? a-1 0'?) .

By Lemma 11 and the upper bound on «,
24| < O p NOR'AE ! —1/2
|( )| (na ]?g[ax] |(w ( ) k)| agd

<O (na?P (oo +nT (pr, +0¢))* defl/z)

(
<0 (nagd_l/Z) .

When Giyi; holds, €2 (oo0¢) <y maX,c(c] <wc(0), ,S(i)>. Then, whenn < o (min{ qd1/2 - ! q 1d1/2}), for
t=0,

max y ¥ <wc(t + 1),£(i)> = max y(¥ <wc( ), E(l)> +18 <O’§1/) (max y@ < (t),ﬁ(i)>>> ) (25)

ce[C] c€[C] €[C]

which shows max.c[cj y® <wc(t), E(i)> is increasing. Then, (25) holds forall 0 <t < T.



Starting from max.c|c t),e® > the number of iterations it takes to reach max.e(c) y'* <wc(t),£(i)> >

1y
©) o
) nmaxcec) ¥ (we(t'),£7) .
2max.c[cy y" <wC > most O(nag(maxcg[c]y<i)<wc(t’),£<”>)q1 . Then, starting from

max,ejc] y? < c(0), 5(1)> > Q (000¢), it takes at most

~ = n2i0005 ~ n
T'<0 2% V<O ————
- (; ’7‘72(27"70‘75)(’_1) - (7703(0005)("2>
time steps to reach max,.c (¢} y*) <WC(T’), é(i)> > Q(C~19), O

Lemma 16 (Upper bound on (w.(t), vi)). If Gt holds, for all k € [K] and t < o (+)
nprog  4mogd=1/2

max (wc(t), vg) < O (09).
c€[C]

Proof. Forevery k € [K],

(We(t+1),vg

)
— (we(t), vi) + Z_k( e (el ) vl

@O F
ik I+e¥
RN 1 2
E Z 1+ eyD F(w(t),x(®) Z ap,zw (< ( ) Oép’zvk>) ||Vk||2 (26)
- bR
1 " ! ! (t) ¢@® (3) /[ ¢(3) 5
I3 (s (40€0) 0 (€0

. -1
Then, sice m S 1 and 'g[/ <<Wc(t),Vk>) S 0] (|<Wc(t)7vk>|q ),

n 1 2 -1

=Y (1 —rmmay ¥ (Welt), vii) ||vk||2) < 0 (mp | (we(t), Vi)
iki=k €

The second term (26)<< 0. For (27), since W

6 (U§d71/2) .

) < 1 and ¢/ (<wc), (">>) < 1, if Gy holds, (27) <

Finally, if Gy holds, (w.(0),vi) < O (0g), so it takes at least ¢ > Q (m)
'0-0 a,
(We(t), vie) = 2(we(0), V). O

time steps to reach

Lemma 17 (Upper bound on (w(t), €D)). Suppose Gini. holds, n < o (min{ ol dl/2 I=la 1d1/2}) and

q—1
1 B
a<o (Pé min {1705" d~ 2 (00 + nT]?El% or + nTo.gd—l/Q) }) 7

for some T > Q (nn_lagqaaq+2). Forallt < o(m)_lagqao_q”) andi € [n], max.c(cy y'? <Wc(t),£(i)> < O(0g0e).

Proof. We prove using induction. At¢ = 0, when Gy holds, max;ci,) cc[c y(® <wc(0),§(i)> < 5(0005). Assume
maX;e ) cec] ¥ <wc(t’), E(i)> < O(ogo¢) for any 0 < ¢’ < t for induction. For any ¢ € [C],

g {we(t+1),69)



)

=yt <Wc(t)75(i)> + % (1 + eyuml(w(t),xw v (< 5§ >) HE

(@) 4,(3) . . .
25 (et (e €) (€0.67)
JigFi
" (@) _
+ g Z (1 T ey(J)ZIJT(WC(t),x(J)) W' (<Wc(t)’v’€;‘>) <V’<{?’5(l)>> (29)
j=1
" (@) )
- % Z 1+ ey(j)i‘(wc(t)’x(j)) Z Z Y’ ((we(t), Qp,jVi)) <ap,jvlc7 £(l)> . (30)
)

Then, when Gy holds, by <land®'(-) <1

-
1+€y(i)F(w(t),x(i))

y" <Wc(t + 1),€(i)>
; ; ~ -1
< y(z) <wc(t),§(z)> +n0(n7108—10q+1 +02d71/2 +de—1/2 +a‘1PU§d*1/2 (Uo +0T (Pk +a§d*1/2))q )

<y <wc(0) ¢ >+nt0( ol lolt 4 02d P 4 oed V),

The last step uses the upper bound on « and the induction hypothesis. Since n < o (min {agflagdl/ 2, 037102—1&/ 2 })
and ¢ < o(nn~ o Y05 ), maxiepn) ce(c) ¥ <Wc(t),€(i)> < O(0g0e).
O

Lemma 18 (Bound on (w.(t),€) for & from the testing set). Let & ~ N(0,0714) be a random noise vector
independent of the dataset. Suppose Gy holds, C = O(logd), n < o (mln {Ug_lagdl/Q,08_102_1d1/2}),
K<o (min{08_1051d1/2,08_1d1/2}), and

_g=1 -1
1 i 1 q
a<o| P aming 1l,07d 2 | 09 +nT max pr +nTo d—1/? , | o0 + 0T max pp +nTo d—1/? ,
< ( { ¢ (0 n ke[K]ﬂk nl'oe 0o+7 ke[K]pk nTog

for some T = © (max {nn_logqaaqH, Kn_laaHQ}). With probability at least 1 — for all ¢ € [C] and

0<t<T,

polyd ’

[(we(t), &) — (we(0), )| < o(aooe).
Proof. Forany 0 <t < T,

<Wc(t + 1) £>

=(we 77 Z 1+ ey(l)F w(t),x®) Y (<Wc(t)7£(i)>) <£(i)7£>
- 1
Z <1 + ey F(w(t),x( >)1/’ ((we(t), vir)) <vk;,g>>

3\‘?

n
ﬁz 1+ey(>FW(t),x() Z Z O (welt), ap,ivi) (p,ive: €)

ke[K] pGP“{

By Lemma 4, with probability at least 1 — ld’ for all i € [n], <£(” £> O(o 2d='/2) and for all k € [K],

<
(vi,§) < 5(0£d_1/2)~ Then, by W < 1,9 << t), &% >) < Ly ((we(t),viz)) < 1 and



P ((Welt), ap,ivie)) < 1,
[(we(t +1),8) — (we(t), §)]
< O(nogd™"?) + O(noed™'/*) + O <”aqP0£d_l/2 (Uo T (H}ﬁx P+ agd_1/2)>q_l>
<0(02d™Y? 4 ged™1/?).
The second step uses Lemma 11. The third step uses the upper bound on . Summing over 0 < ¢’ < t,
[(we(£),€) — (we(0),€)] < yTO(02d Y2 + 7ed~1/2).
Whenn < o (min {Ug_lo'gdl/27 Ug—lag—ldlm}) K<o (min {o_g—lo_gldl/27o_g—1d1/2})’ and
T<0 (max {m]_lggq%_q”,Kn_on_q—m}),

[(We(t), &) — (we(0),€)| < o(oooe).



