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Abstract

Zeroth-order (ZO) method has been shown to be
a powerful method for solving the optimization
problem where explicit expression of the gradi-
ents is difficult or infeasible to obtain. Recently,
due to the practical value of the constrained prob-
lems, a lot of ZO Frank-Wolfe or projected ZO
methods have been proposed. However, in many
applications, we may have a very large num-
ber of nonconvex white/black-box constraints,
which makes the existing zeroth-order methods
extremely inefficient (or even not working) since
they need to inquire function value of all the con-
straints and project the solution to the complicated
feasible set. In this paper, to solve the noncon-
vex problem with a large number of white/black-
box constraints, we proposed a doubly stochas-
tic zeroth-order gradient method (DSZOG) with
momentum method and adaptive step size. The-
oretically, we prove DSZOG can converge to the
e-stationary point of the constrained problem. Ex-
perimental results in two applications demonstrate
the superiority of our method in terms of train-
ing time and accuracy compared with other ZO
methods for the constrained problem.

1. Introduction

Zeroth-order (gradient-free) method is a powerful method
for solving the optimization problem where explicit expres-
sion of the gradients are difficult or infeasible to obtain, such
as bandit feedback analysis (Agarwal et al., 2010), reinforce-
ment learning (Choromanski et al., 2018), and adversarial
attacks on black-box deep neural networks (Chen et al.,
2017; Liu et al., 2018b). Recently, more and more zeroth-
order gradient algorithms have been proposed and achieved
great success, such as (Ghadimi & Lan, 2013; Wang et al.,
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2018; Gu et al., 2016; Liu et al., 2018b; Huang et al., 2020a;
Gu et al., 2021b; Wei et al., 2021; Gu et al., 2021a).

Due to several motivating applications, the study of the
zeroth-order methods in constrained optimization has gained
great attention. For example, ZOSCGD(Balasubramanian
& Ghadimi, 2018) uses the zeroth-order method to approxi-
mate the unbiased stochastic gradient of the objective, and
then uses the Frank-Wolfe framework to update the param-
eters. (Gao & Huang, 2020; Huang et al., 2020b) apply
the variance reduction technique (Fang et al., 2018; Nguyen
etal., 2017) or momentum method in ZOSCGD and obtain a
better convergence performance. In addition, ZOSPGD (Liu
et al., 2018c) uses the zeroth-order gradient to update the
parameters and then projects the parameters onto the feasi-
ble subset. The variance reduction and momentum methods
are also used to obtain a better performance (Huang et al.,
2020a). We have summarized several representative zeroth-
order methods for constrained optimization in Table 1.

However, all these methods are not scalable for the prob-
lems with a large number of constraints. On the one hand,
they all need to evaluate the values of all the constraints
in each iteration. On the other hand, the projected gradi-
ent methods and the Frank-Wolfe methods need to solve
a subproblem in each iteration. These makes the existing
methods time-consuming to find a feasible point. What’s
worse, all these methods need the constraints to be convex
white-box functions. However, in many real-world appli-
cations, the constraints could be nonconvex or black-box
functions, which means existing methods are extremely
inefficient or even not working. Therefore, how to effec-
tively solve the nonconvex constrained problem with a large
number of nonconvex/convex white/black-box constraints,
which is denoted as heavily constrained problem, by using
the ZO method is still an open problem.

In this paper, to solve the heavily constrained nonconvex
optimization problem efficiently, we propose a new ZO
algorithms called doubly stochastic zeroth-order gradient
method (DSZOG). Specifically, we give a probability dis-
tribution over all the constraints and rewrite the original
problem as a nonconvex-strongly-concave minimax prob-
lem (Lin et al., 2020; Wang et al., 2020; Huang et al., 2020a;
Guo et al., 2021) by using the penalty method. We sample a
batch of training points uniformly and a batch of constraints
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Table 1: Representative zeroth order methods for constrained optimization problems, where N/C means nonconvex/convex,
W/B means white/black-box function, and the last column shows the size of the constraints.

Framework Algorthm Reference Objective Constraints Size
Z0SCGD (Balasubramanian & Ghadimi, 2018) N/C ¢ Small
FZFW C
Frank-Wolfe FZCGS (Gao & Huang, 2020) N/C W Small
FCGS
Acc-SZOFW C
Acc-SZOFWF (Huang et al., 2020b) N/C w Small
. C
Projected ZOPSGD (Liu et al., 2018c) N/C w Small
AccZOMDA (Huang et al., 2020a) N/C ‘(,s, Small
Penalt DSZOG Ours N/C /e Large
Y ‘ W/B &
according to the distribution to calculate the zeroth-order 2. Related Works

gradient of the penalty function w.r.t model parameters and
then sample a batch of constraints uniformly to calculate
the stochastic gradient of penalty function w.r.t the prob-
ability distribution. Then, gradient descent and projected
gradient ascent can be used to update model parameters and
probability distribution, respectively. In addition, we also
use the exponential moving average (EMA) method and
adaptive stepsize (Guo et al., 2021; Huang et al., 2020a),
which benefits our method from the variance reduction and
adaptive convergence. Theoretically, we prove DSZOG can
converge to the e-stationary point of the constrained prob-
lem. Experimental results in two applications demonstrate
the superiority of our method in terms of training time and
accuracy compared with other ZO methods for constrained
problem.

Contributions. We summarized the main contributions of
this paper as follows:

1. We propose a doubly stochastic zeroth-order gradient
method to solve the heavily constrained nonconvex
problem. By introducing a stochastic layer into the
constraints, our method is scalable and efficient for the
heavily constrained nonconvex problem.

2. By using the exponential moving average method and
adaptive stepsize, our method enjoys the benefits of
variance reduction and adaptive convergence.

3. We prove DSZOG can converge to the e-stationary
point of the constrained problem. Experimental results
also demonstrate the superiority of our methods in
terms of accuracy and training time.

2.1. Zeroth-Order Methods

Zeroth-order methods are powerful methods to solve several
machine learning problems, where the explicit gradients are
difficult or infeasible to obtain. Based on Gaussian smooth-
ing method, (Ghadimi & Lan, 2013; Duchi et al., 2015;
Nesterov & Spokoiny, 2017; Gu et al., 2016; 2021b; Wei
etal.,, 2021; Gu et al., 2021a) propose several zeroth-order
method which only needs function values to estimate the
gradients. To deal with nonsmooth optimization problem,
some zeroth-order proximal gradient methods (Ghadimi
et al., 2016; Ji et al., 2019) and ADMM methods (Gao
et al., 2018; Liu et al., 2018a) have been proposed. In
addition, to solve the constrained optimization problems,
the zeroth-order projection method (Liu et al., 2018c) and
the zeroth-order Frank-Wolfe methods (Balasubramanian
& Ghadimi, 2018; Chen et al., 2020) have been proposed.
More recently, based on the variance reduced techniques,
some accelerated zeroth-order stochastic methods have been
proposed. (Gu et al., 2021b) proposed a new framework
to reduce the query complexities of zeroth-order gradient
methods for convex and nonconvex objectives. In addition,
this new framework can be used in various ZO method and
has a better convergence performance.

2.2. Variance Reduction and Momentum Methods

To accelerate stochastic gradient descent method, variance
reduction methods such as SAG (Roux et al., 2012), SAGA
(Defazio et al., 2014), SVRG (Johnson & Zhang, 2013),
SARAH (Nguyen et al., 2017) have been proposed. Re-
cently, due to the widely existence of nonconvex optimiza-
tion, several variance reduction methods for nonconvex op-
timization have been proposed (Allen-Zhu, 2017; Lei et al.,
2017; Fang et al., 2018; Wang et al., 2019; Zhou et al.,
2018). Another method to accelerate the stochastic gradient
method is to use momentum-based method. For convex
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and nonconvex optimization problem, various momentum-
based methods have been proposed, e.g. APCG (Lin et al.,
2014), Katyusha (Allen-Zhu, 2017), STORM (Cutkosky
& Orabona, 2019), NIGHT (Cutkosky & Mehta, 2020),
Hybrid-SGD (Tran-Dinh et al., 2021), etc. Due to the supe-
riority of variance reduction and momentum methods, they
have been widely used in zeroth-order gradient methods and
have achieved great success.

3. Preliminaries
3.1. Problem Setting

In this paper, we consider the following nonconvex con-
strained problem,

1
min fo(w) := 23 4i(w), (1)

where w € R? is the optimization variable, {¢;(w)}™,
are n component functions. In addition, fj : R — R
is a nonconvex and black-box function. f; : R — R,
(j =1,---,m), is nonconvex/convex and white/black-box
function. We can denote such problem as heavily con-
strained problem.

3.2. Reformulate the Constrained Problem

To solve the constrained problem, the penalty method is
one of the main approaches and has achieved great success
(Clarkson et al., 2012; Cotter et al., 2016; Shi & Gu, 2021).
Specifically, the penalty method reformulates the problem
by adding a new term onto the objective to penalize the
constraints and the solves the new problem to find a KKT
point. Based on the penalty method, we reformulate the
constrained optimization problem 1 as the following mini-
max problem over a probability distribution (Clarkson et al.,
2012; Cotter et al., 2016)

fO(w) + ﬂw(wap) -

L
uin g, L)

A
Slplz @

where 5 > 0, A > 0, p(w,p) = 37", p;dj(w),
¢;(w) = (max{f;(w),0})? is the penalty function on f;,
A™ = {p| Y p; = 1,0 < p; < 1,¥j € [d]} is the
m-dimensional simplex and p = [p1,- - ,pm] € A™. We

1
add an additional term term — 3 |p||3 in problem 2 to ensure
L is strongly concave on p.

Since we can only obtain the values of the objective and
constraints, stochastic zeroth-order gradient method is one
of the effective ways to solve this problem. However, cal-
culating the stochastic zeroth-order gradient of £ needs to
inquire the function values of all the constraints, which has

a very high time complexity if m is very large. This make it
time-consuming.

4. Proposed Method
4.1. Doubly Stochastic Zeroth-order Gradient Method

To solve problem 2 efficiently, we introduce the another
stochastic layer to the constraints. Specifically, since the
minimax problem 2 contains two finite sums, i.e., fo(w) =
1/n Y, £(w) and p(w,p) = -7, pyé;(w), we can
calculate their stochastic zeroth-order gradient, respectively,
and then combine these two gradient to obtain the stochastic
zeroth-order gradient of L.

We can calculate the stochastic zeroth-order gradient of
fo(w) and p(w, p) as follows,

G (. 5, u) = LT 1) i), 3)

I
Gﬁ(wtap, fjvu) = ¢j(wt + Mu) — ¢j(wt)'llz, (4)

I

by sampling ¢; uniformly, and f; according to p, where
@ > 0and u ~ N(0,14). Then, combining these two
terms, we can obtain the stochastic zeroth-order gradient of
L w.r.t. w as follows,

Gﬁ(wtaptaeiv fj7 u)
:G{L(wtv‘giau)+/8Gﬁ(wtaptafj7u)' (5)

To reduce the variance, we can sample a batch of ¢;, f;
and uy, to calculate the zeroth-order gradient. Given g > 0,
M C [n] and My ~ p C [m], we have

Gﬁ(wtaptanganwu[q])

> ZG (wy, l;, uk)

|M1 iEM;1 k=1
|M| Z ZG wtaptafmuk) (6)
JEM2 k=1

Then, the gradient descent can be used to update w by using
the following rule

Wiyl = Wy — an (wtaptaéMla sza q]) (7)

Then, in each iteration, we randomly sample a constraint
fj(w) to calculate the stochastic gradient of £ w.r.t. p by
using

H(wt » Pts f])

= pme;d;(wi) — Apy, 8)

where e; is the jth m-dimensional standard unit basis vector.
Mini-batch can be also used to reduce variance. Assume
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we have the randomly sampled index set M3 C [m], the
mini-batch gradient of £ w.r.t p becomes

H(wtaptaf/\/ls) = |/./B\/l’n;| Z e]¢](wt) - >\pt (9)
JEM3

Then we can perform gradient ascent by using the following
rules,

D1 = Pam (pt + an(wt’pt’ f/\/ls)a (10)

to update p, where Paw (-) denotes the projection onto A™
and is easy to calculate.

Note that since m and n are sufficient large in this prob-
lem, G5 (wy, Py, Lady s fys tig) and H(wy, py, faq,) can
be viewed as the unbiased estimation of the gradients of £
w.r.t w and p, respectively.

4.2. Momentum and Adaptive Step Size

To further improve our method, we use exponential moving
average (EMA) method (Wang et al., 2017; Liu et al., 2020;
Cutkosky & Mehta, 2020; Guo et al., 2021) and adaptive
stepsize. We use the following exponential moving average
(EMA) method on the zeroth-order and first-order gradient
to smooth out short-term fluctuations, highlight longer-term
trends and reduce the variance of stochastic gradient (Wang
etal., 2017; Guo et al., 2021)

z'tlj_l :(1 - b)z'tw + bGﬁ(wt-i-th-lv eMprza u[q])a
(11)
25 =(1 = b) 2L + bH (w11, Pry s fa)s (12)

where 0 < b < 1, z3, = G5 (w1, Py, Lad, s fays Ufg)) and
z}, = H(w1,py, fm,). Here, H(wiy1, ;4 1, fan,) is cal-
culated on the intermediate point p, , ; = (1—a)p, +ap; .
where 0 < a < 1 and P, is the distribution after updating

and projecting onto the A™.

Then we use adaptive stepsizes to update w and p.
Specifically, we ensure the stepsizes are proportional to

L/ (/12412 + ¢) and 1/(4/||2L |l2 + ¢) (Liu et al., 2020;

Guo et al., 2021), where ¢ > 0 is a small constant used to
prevent the denominator from becoming 0. Therefore, the
update rules of w and p become

zt

Wil = Wy — ﬂwtiwa (13)
252 + ¢
2t

£ (14)

Diy1 = Pam (P +1p—F——
VIZbll2 +c

These two key components of our method, i.e., extrapolation
moving average and adaptive stepsize from the root norm of

Algorithm 1 Doubly Stochastic Zeroth-order Gradient
(DSZOG).

Input: T, |[My],|Ms|,|Ms], 8 > 1, q, p, A = le — 6,
be(0,1),c=1e—8,a € (0,1), 7, and np.
Output: wr.
1: Initialize w;.
2: Initialize p; = p* (w1 ) by solving the strongly concave
problem.
3: Initialize 2}, = Gf(w1,py,la,, fay tg) and
zzl) = H(w17p17f./\/13)'
4: fort=1,--- ;T do

t
w

EAPRES

z

50 Wil = Wi — N

Zp

¢ Prpr = Pam(py T —— )
6: P Pam(p; +1 )
VIZbl2 + e

7 pr =1 —a)p, +ap, .

8:  Randomly sample uq,- - ,u, ~ N(0,14).

9:  Randomly sample a index set My C [n] of ¢;.
10:  Sample a constraint index set My ~ p,; C [m].
11:  Randomly sample a constraint index set M.
12:  Calculate Gﬁ(thrhthrth“fMQ,U[q]) =

1
Mzie/\/ll Zzzl G/]i(thrhfi,Uk) n

M Ej€M2 ZZ:I G/f (wt+17pt+1a fi ug).
13:  Calculate

H(wiy1, P01, M)

Bm
|Ms] D e, €505 (Wit1) — APy
14: ziHt — 1 - psl o+

bGﬁ(’wt+17pt+1»£M1af/\/lzau[q})'
15: z;+1 = (1 —b)ztp+bH(wt+17pt+17fM3)'
16: end for

the momentum estimate, make our method enjoy two notice-
able benefits: variance reduction of momentum estimate and
adaptive convergence. The whole algorithm is presented in
Algorithm 1. Since there exist two sources of randomness,
we call our method doubly stochastic zeroth-order gradient
method (DSZOG). Note that different from the algorithm in
(Guo et al., 2021), we use the adaptive step size method in
both updating w and p.

5. Convergence Analysis

In this section, we discuss the convergence performance of
our methods. The detailed proofs are given in our appendix.
5.1. Stationary point

In this subsection, we first give the assumption about £ and
then give the definitions of the stationary point.

Assumption 5.1. The objective function £(w, p) has the
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following properties:

1. L(w,p) is continuously differentiable in w and p.
L(w, p) is nonconvex with respect to w, and £L(w, p)
is T-strongly concave with respect to p.

2. The function g(w) := max,L(w,p) is lower
bounded, and g(w) is L,-Lipschitz continuous.

3. When viewed as a function in R4™™, L(w, p) is L-
gradient Lipschitz, (L > 0), such that ||VL(w1,p,) —
VL(wz,py)l2 < Ll[(w1,p1) — (w2, p5)]l2-

This assumption is widely used in the convergence analy-
sis of minimax problems (Wang et al., 2020; Huang et al.,
2020a). The first condition is used to detail the structure of
L and the second condition is used to make the optimiza-
tion problem well defined , and the third condition places
a restriction on the degree of smoothness to be satisfied by
the objective function.

Then, we discuss the definitions of stationary points and
their relationships. For a general nonconvex constrained
optimization problem, the stationary point (Lin et al., 2019)
is defined as follows,

Definition 5.2. w* is said to be the stationary point of
problem (1), if the following conditions holds,

Vwfo(w") + > aiVyfj(w’) =0,  (I5)

j=1
fi(w™) <0, (16)
o fij(w*) =0, Vie{l,--- ,m}, A7)
where a* = [ay, -+ , a;]; denotes the Lagrangian multi-
plierand a; > 0,Vi =1,--- ,m.

However, it is hard to compute a solution that satisfies the
above conditions exactly (Lin et al., 2019). Therefore, find-
ing the following e-stationary point (Lin et al., 2019) is more
practicable,

Definition 5.3. (e-stationary) w™ is said to be the e-
stationary point of problem (1), if there exists a vector
a™ > 0, such that the following conditions hold,

Ve fo(w*) + Y a;Vufi(w)[3 <€,  (18)
j=1

> (max{f;(w*),0})? < €3, (19)
j=1
> (e fi(w*))* < €. (20)
j=1

Since we reformulate the constrained problem as a minimax
problem, here we give the definition of the approximation

stationary point of the minimax problem and then show its
relationship with Definition 5.3. According to (Wang et al.,
2020), we have the following definition,

Definition 5.4. A point (w*, p*) is called the e-stationary
point of problem min,, maxpeam L(w, p) if it satisfies the

conditions: ||V L(w,p)|3 < € and ||[VpL(w,p)|3 <
2
€.

In addition, we have the following Proposition between
definition 5.3 and definition 5.4.

Proposition 5.5. holds,

2me? + 2m3\2
32
stationary point defined in Definition 5.4 of the problem
min,, maxpeam L(w, o), then w* is the e-stationary
point defined in Definition 5.3 of the constrained problem 1.

If  Assumption 5.1

< € and (w*,p*) is the e-

As proposed in (Wang et al., 2020), the minimax problem 2
is equivalent to the following minimization problem:

min {g(w) == max £lw,p) = Lw.p"(w) ). @D

w peEA™

where p*(w) = arg max, L(w, p). Here, we give station-
ary point the minimization problem 21 and its relationship
with Definition 5.4 as follows,

Definition 5.6. We call w™ an e-stationary point of a differ-
entiable function g(w), if || Vg(w*)||2 <e.

Proposition 5.7. Under Assumption 5.1, if a point w' is
an e-stationary point in terms of Definition 5.6, then an
e-stationary point w*, p* in terms of Definition 5.4 can be
obtained.

Remark 5.8. According to Proposition 5.5 and Proposition
5.7, we have that once we find the e-stationary point in terms
of Definition 5.6, then we can get the e-stationary point in
terms of Definition 5.3.

5.2. Convergence Rate of the Accelerated Method

In this subsection, we discuss the convergence performance
of our algorithms. Here, we give several assumptions used
in our analysis.

1
Assumption 5.9. We have ¢;; < ————=— < c1y

125 ll2 + ¢
1

\1Zpll2 + ¢

This assumption is used to bound the step size scaling factor
which is widely used in (Huang et al., 2021; Guo et al.,
2021; Huang & Huang, 2021).

and co; < < ¢g,4, Where cis a constant.

Assumption 5.10. For any w € R?, the following proper-
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ties holds,

E[GS(w, p, bat,, fatys )] = VwLl(w,p),

E[H(w,p, fa1,)] = VpL(w, p),

E[||G5 (w1, 1, ey, fas, i) — Ve L(wr, py)l2] < 07,
E[||H(w,p, fr1;) = VwL(we,p,) 2] < 03.

This assumptions is used to show our estimator is the unbi-
ased estimation. Based on above assumptions, we can derive
the following lemmas which are useful in our convergence
analysis.

Lemma 5.11. (Descent in the function value.) Under

Assumptions 5.1 and 5.9, if n, L < 2012’l , we have

1,u

g(wii1)
NwC1,l NwCi,l
<g(wy) — wTHVg(wt)H% - w4 ZLH%
2L2 d+3 3
e AT e L2 (0) — B

2
+ T}wCLl||vw£(wt7pt) - ZiuH%

Lemma 5.12. (Descent in the iterates of the probability. )

Under Assumptions 5.1, 5.9 and 5.10, if a < 1 and n, <
1

3024[1;

, we have

[Pr1 — P (wig1)]3
8amnyca,

1
<— lp - poal3 + IVpLwe,py) = 23

Tan,Ca
+ (1= T | () — py 3
8L2
——|lw; — wt+1||§~
TanpcC2,1

Lemma 5.13. (Descent in the gradient estimation error.)
Under Assumptions 5.1, 5.9 and 5.10, if b € (0, 1), we have

E{|VpL(wpr,prsn) — 25|

<O~ DEIVpL (w0, p) ~ Z4l + 3 L llwess — wil}
+ Hpt+1 - pt“%] + sz%a
E[va‘c(thrlvthrl) - fo”%]

<O = DE[IVwLwe,pr) — 2L B+ 5 L2 lwi1 — w3
+|Prs1 — p.3] + b0t

Then, following the framework in (Guo et al., 2021; Wang
et al., 2018; Huang et al., 2020a) and utilizing the above
lemmas, we have the following theorem,

Theorem 5.14. Under Assumptions 5.1, 5.9 and 5.10,
ifa € (071}’ ’p*(wl) = Pv Z;I) = H(wtvptvf./\/l.z)’

quu = Gﬁ(wtvptvg./\/luf./\/lwu[q])’ 0 < Mp <
1 b2 b2
i , , 1L 0 < 3 <
mm{BcML Ta?co;’ 32L%a%cy } o =
in{ C%,z b? 7'2‘1277205,1 T2b? 1
min ,
AL 43 L7 181212, 128133,
¢ ’ 2 2.2
< __0<b<min{—, T 1) and
= T@+3)pr < min{o 5 Grogre 1 o
2(g(wy) — g(wr)) 207 6403L>
T2 max{ €2y T e2b’ €272 }, we have
;| oz
2 2
TIE[; IVg(w)3] < €. (22)

Remark 5.15. By choosing b = O(e?/k?), nw =
O(€2/K%), np=0(e?/k*) and T = O(x°/e*), our proposed
DSZOG can converge to the e-stationary point defined in
Definition 5.6. Then, based on Proposition 5.5 and Propo-
sition 5.7, we can derive that our method can converge to
the e-stationary point of the original constrained problem
(1) defined in Definition 5.3.

6. Experiments
6.1. Experimental Setup

In this subsection, we summarized the baselines used in our
experiments as follows,

1. ZOPSGD(Liu et al.,, 2018c). In each iteration,
ZOPSGD calculates the stochastic zeroth-order gra-
dient of fy to update the parameters and then solves a
constrained quadratic problem to project the solution
into the feasible set.

2. ZOSCGD(Balasubramanian & Ghadimi, 2018). In
each iteration, ZOSCGD calculates the stochastic
zeroth-order gradient of fy and then uses the condi-
tional gradient method to update the parameters by
solving a constrained linear problem.

3. AccZOMDA (Huang et al., 2020a). In each iteration,
AccZOMDA uses the momentum-based variance re-
duce technique of STORM (Cutkosky & Orabona,
2019) to estimate the stochastic zeroth-order gradi-
ents, and then solves a constrained quadratic problem
to project the solution into the feasible set.

4. AccSZOFW (Huang et al., 2020b).In each iteration,
AccSZOFW uses the variance reduced technique of
SPIDER (Fang et al., 2018) to calculate the stochastic
zeroth-order gradient of f; and then uses the condi-
tional gradient method to update the parameters by
solving a constrained linear problem.
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Table 2: Test accuracy (%) of all the methods in classification with pairwise constraints.

Data DSZOG ZOSCGD ZOPSGD AccZOMDA AccSZOFW
a%a 75.90 £ 0.26 75.35 £0.13 75.37£0.19 75.52+0.21 75.22 +£0.12
w8a 89.94 £ 0.28 83.53 £0.58 89.02 £0.97 89.14 £ 0.23 89.34 £0.33
gen 82.33 £0.76 66.33 £ 0.07 66.83 £ 0.57 72.84 £0.45 72.03 £0.23
svm 79.56 £ 0.49 71.21 £0.57 78.63 £ 0.26 79.01 £0.21 71.88 £0.34

Table 3: Test accuracy (%) of all the methods in classification with fairness constraints.

Data DSZ0OG Z0SCGD ZOPSGD AccZOMDA AccSZOFW
D1 87.33 £ 0.38 51.08 £0.57 59.16 £ 0.37 66.33 £0.19 55.23 £0.46
D2 84.75 +0.25 69.70 £ 0.24 68.00 £ 0.54 69.55 £ 0.29 76.13 £0.45
D3 83.58 +0.14 66.33 £ 0.30 66.84 £ 0.57 66.35 £ 0.45 60.47 £ 0.66
D4 64.91 + 0.94 52.16 £ 0.38 95.25 £ 0.90 55.40 £0.51 54.86 £0.43

Table 4: Datasets used in classification with pairwise con-
straints (We give the approximate size of constraints).

Data Dimension Constriants
w8a 300 ~8000
a%a 123 ~40000
gen 50 ~60000
svm 22 ~40000

6.2. Applications

In this subsection, we give the introduction of the applica-
tions used in our experiments.

Classification with Pairwise Constraints We evaluate the
performance of all the methods on the binary classification
with pairwise constraints learning problem. Given a set
of training samples D = {(z;,y;)}",, where x; € R?
and y; € {+1,—1}. In this task, we learn a linear model
h(z,w) = xTw to classify the dataset and ensure the any
positive sample z; € D = {(z;,+1)}.*, has larger
function value than the negative sample z; € D~ :=
{(x;,+1)}!",, where n, and n,, denotes the number of
positive samples and negative samples, respectively. Then,
we can formulate this problem as follows,

min % > U(h(@i, w), ), (23)
1=1

s.t. h(z], w) — h(z;,w) > 0,
vz e Dt xz; €D,

(v —u)?
—
a black-box function. We summarized the datasets used
in this application in Table 4. We randomly sample 1000

data samples from the original datasets, and then divide

where £(u,v) = (1 — exp(— )) is viewed as

all the datasets into 3 parts, i.e., 50% for training, 30%
for testing and 20% for validation. We fix the batch size
of data sample at 128 for all the methods and |Ms| =
|M3| = 128. The learning rates of all the methods are
chosen from {0.01,0.001,0.0001}. In our methods, the
penalty parameter (3 is chosen from {0.1,1, 10}, a and b are
chosen from {0.1,0.5,0.9} on the validation sets.

Classification with Fairness Constraints. In this problem,
we consider the binary classification problem with a large
amount of fairness constraints (Zafar et al., 2017). Given a
set of training samples D = {(zx;,y;)}",, where x; € R?
and y; € {—1,+1}. In this task, we learn a linear model
h(z,w) = =T w. Assume that each sample has an associate
sensitive feature vector z € R”. We denote z;; € {0,1}
as the j-th sensitive feature of i-th sample. The classifier h
cannot use the protected characteristic z at decision time, as
it will constitute an unfair treatment. A number of metrics
have been used to determine how fair a classifier is with
respect to the sensitive features. According to (Zafar et al.,
2017), the fair classification problems can be formulated as
follows,

1 n
in— > (h(z;,w),y:), 24
iy ) -
1 n
s.t. - Z(Zij = Z)9(yi, ®i) < ¢,
=1

1 n
- > (i = Z)g(yi, i) > —c,
=1

where j = 1,---,r, {(u,v) denotes the loss functions,
c is the covariance threshold which specifies an upper
bound on the covariance between the sensitive attributes
z and the signed distance g(y,x). We use the hinge loss
l(u,v) = max{1l — uv, 0} in this experiment and we view
it as a black-box function. In addition, we use the following
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Figure 1: Test accuracy against training time of all the methods in classification with pairwise constraints (We stop the

algorithms if the training time is more than 10000 seconds).
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Figure 2: Test accuracy against training time of all the methods in classification with fairness constraints (We stop the

algorithms if the training time is more than 10000 seconds).

Table 5: Datasets used in classification with fairness con-
straints.

Data Dimension Sensitive Features Constraints
D1 100 10 40
D2 200 20 80
D3 300 20 80
D4 400 20 80

two functions to build the fairness constraints, g(y, ) =

min{0, 1—’—7yyh(:c, w)}
2_ . Since the datasets with mul-
Yy (z,w)}
tiple sensitive features are difficult to find, we generate 4
datasets with 2000 samples in this task and summarize them
in Table 5. For each dataset, we randomly choose several
features to be the sensitive features, and then separate them
into 3 parts, i.e., 50% for training, 30% for testing and 20%
for validation. We fix the batch size of data sample at 128 for
all the methods and |M3| = | M3| = 10. The learning rates
of all the methods are chosen from {0.01,0.001, 0.0001}.
For our methods, the penalty parameter (3 is chosen from
{0.1,1,10}, @ and b are chosen from {0.1,0.5,0.9} on the
validation sets. We run all the methods 10 times on a 3990x
workstation.

min{0,

6.3. Results and Discussion

We present the results in Figures 1, 3 and Tables 2, 3.
Note that for ZOSCGD, ZOPSGD, AccSZOFW and Ac-
cZOMDA, if the training time is larger than 10000 seconds,
the algorithms are stopped. From Tables 2 and 3, we can
find that our methods DSZOG has the highest test accuracy
in most cases in both two applications. In addition, from
Figures 1 and 3, we can find that our methods are faster than
other methods. This is because all the other methods need
to solve a subproblem with a large number of constraints in
each iteration and the existing Python package cannot effi-
ciently deal with such a problem. What’s worse, ZOSCGD,
ZOPSGD, AccSZOFW and AccZOMDA focus on solving
the problem with convex constraints while the constraints in
the fairness problem are nonconvex. This makes ZOSCGD,
ZOPSGD, AccSZOFW and AccZOMDA cannot find the sta-
tionary point. However, by using the penalty framework, our
methods can still converge to the stationary point when the
constraints are nonconvex. In addition, by using a stochastic
manner on the constraint, our method can efficiently deal
with a large number of constraints. All these results demon-
strate that our method is superior to ZOSCGD and ZOPSGD
in the heavily constrained nonconvex problem.
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7. Conclusion

In this paper, we propose two efficient ZO method to solve
the heavily constrained nonconvex black-box problem, i.e.,
DSZOG. We add an additional stochastic layer into the
constraint to estimate the zeroth-order gradients. In addition,
momentum and adaptive step size is also used in our method.
We give the convergence analysis of our proposed method.
The experimental results on two applications demonstrate
the superiority of our method in terms of accuracy and
training time .
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A. Detailed Proofs
A.1. Proof of Proposition 5.5

Proof. Since the (w*, p*) is the e-stationary point of min,, maxpeam L£(w, p), then we have

IV fo(w™) + ﬁZpﬂmaX{fj( "), 0}V fi(w*)|[5 < €. (25)
Let o = 20p} max{ f;(w*),0} and € < ¢, we have

IV fo(w®) + Za*vwfg )3 < €. (26)

j=1
Then the first condition in Definition 2 is satisfied.
Using [|[VpL(w*,p*)[[3 < € and 0 < p? < 1, we have

m

(Bos(w*) — Ap5)* < €. 27)

j=1

Using the inequality [la + b||3 < 2||a||3 + 2||b||3, we have

1 m
55 Z@-(w

(B (w*) = Ap})? + \° Z p;)?

=1
<e? +mAZ (28)

.

Then, using ( , we have

Z?:o a; )2 < Z?:o a;
n - n

m . m 2 2+2 2)\2
D 05w <\ fm Y- g(w)? < [ SR (29)
j=1 Jj=1
2 2,2
Let W < €3 and ¢j(w) = (max{f;(w),0})?, we can obtain
> (max{f;(w"),0})* < €. (30)
j=1

Therefore, the second condition in Definition 2 is satisfied.

Based on the inequality ||{a, b)|]3 < | al/2|/b||3
we have

3, we can multiply Z 1(a ) on both sides of the inequality 30, such that

S ot max{f;(w"), 0} | <3 (e 3 m{ (w01 < 435 G1)

Jj=1 j=1 j=1
Since of > 0 and max{f;(w*),0} > 0
2
Z:(oz;f max{ f;(w"), 0})* < Z aj max{f;(w"),0} | < €3 (a;-‘)2. (32)

j=1 j=1 j=1
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Using inequality 30, we have (o) = 453%(p})? (max{f;(w*),0})* < 46%€3, Let 43%¢3 < €3, we have
m
(e max{f;(w"),0})? < . (33)
j=1
If fj(w*) <0, we have o} = 28p} max{ f;(w*),0} = 0. Therefore, we have

Z (o fi(w*))? < €3, (34)

which means that the third condition in Definition 2 is satisfied.

That completes the proof. O

A.2. Proof of Proposition 5.7

Proof. Assume that a point @ satisfies that | V,,g()||2 < €, the optimization problem maxpcam L£(W, p) is strongly
concave w.r.t p and p*(w) is uniquely defined. Solving this this strongly concave problem maxpeam L£(, p), we can
obtain a point p’ satisfying that

[VpL(w,p')|l2 < €and ||p’ — p* (w)]|2 < e. (35)

If | Vwg(w)|]2 < €, we have

=0O(e). (36)
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A.3. Proof of Lemma 5.11
Proof. Under Assumptions 5.1 and 5.9, we have
g(wit1)

L
§90U04—V9@UOTKU%+1—7U04—§ﬂ“%+1—1UH@

*g('wt) —n Vg(wt)T zfu + = L ”szQ
- w
12502 +¢ 2 [lV/lIzh 12+ cll3
Lngct o
<g(w) = mwer i Vg(w) "2 + —5—= e EA[E
2 .2
NwC1,1 77w011 NwC1,1 ancLu
=g(u0) + M | Tglawg) — 24 3~ T (a3 - P 2 3+ ZTE ot 2
2 .2
nw 1,1 nwcl,l ancl,u
=gue) — M | g(awy |3 18 SUET PN
nwcll
+— ||v.g(wt) Vgu(wt) + Vgﬂ(wt) - V'w‘cu(wtapt) + V'wﬂu(wtapt) - vwﬁ(whpt)
+Vw£(’wt7pt)_ iu”%
2.2
77w 1,1 77wcl,l nwcl,u
<g(wy) — IVg(wo)l3 — 5 lzulz + =5z ll2

+77w01,z||Vw~C(wt, “(wr)) = Vo Lu(we, p (we) |13 + nwer i VVaw Ly (we, P (wr)) = Vao Lyu(we, py) |13

+ Nwer 1|V L (we, py) — Vwﬁ('wtvpt)”% + Nw (we, py) — sz”%

2 2 272 3

nw 1,1 NwC1,1 Lyt peL*(d+ 3) X
<g(w:) — Vg (w5 — 5| wll3 — | Z,||§+77w01,174 + nwer 1 L[| p* (w;)

2L2 d+3

+ nwcu% + et | Ve L(we, p;) — 2413
2 2 272 3

nw 1,1 NwC1,1 ancl,u o L (d+3) *

<g(w:) — Vg(w,)|3 — 5 125,115 + —5 [E5AIE: et =5 + nwer L[| p* (w;)

+ NwC1,l ||vw£(wtvpt) - z:u H%

T] C1,1 TNwCi1,1
<g(w;) — === Vg(w,) |3 — === 5

4
+ nwcl,l”v‘w‘c(whpt) - ZiuH%

3+ e +iwer L2 p*(we) — pi3

The last inequality is due to 7, L <

201 u

A.4. Proof of Lemma 5.12

Proof. According to the update rule of p, we have

IPrs1 — P (w3
SH(l - a)pt + aﬁt-{-l - p*(wt)H%
=|lp, — p*(wy)[[3 + a®|lp, — Pry1 I3 + 2a(p, — P*(we), Py — Prys)-

Rearrange the above inequality, we have
* A 1 * * A
(P = P"(we), P, = Pri1) = o (IPeps = P (w03 = [P, = P" (wi)l[3 = a® [Py = iy 3)
Due to the Assumption 5.1, we have

. . L.
ﬁ(wtapt+1) > L(wyg, py) + vpﬁ(wtvpt)T(pt—i—l —py) — §||Pt+1 - ptH§~

_Pt”g

_Pt”g

(37

(38)

(39)

(40)
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In addition, according to the strongly concave, we have

L(wtup)
T T 2
<L(wi,p,) + VpLl(we,py)” (P —py) — §||p -3
R N T
=L(wy,p;) + VpL(wi,p)" (P — Dryy +Prr — P) — Slp =13
R N T
=L(wi,p) + VpL(wy, p)" (P = Prsr) + VpL(ws, p)" (brer = P) = 5P = i3
)+

. . T
=L(w¢, p, (VpL(ws,p,) — 2 ) (P —Pyy1) + <z;,p —Dip1) T vpﬁ(wtvpt)T(pt+1 —P) — EHP _PtH% 41)

Then, using the above inequalities, we have

L(wy, p)

. . . T L, .
SL(wi, Prir) + (VpL(wi,py) = 2p)" (P = Do) + (25, P = Pigr) = 5P = Poll3 + SllPes —pell5. 42)

Due to the update rule of p, we have

t
p

(Piy1— P —p—F——,P —Dy11) >
VIIZpll2 +¢

0, VpeA™. (43)

Then, we have

?7p62,z<Z§,,P - ﬁt+1>

t
ZP

piap_f’t-H)
VIZbll2 +e
§<75t+1 _pt>P_f’t+1>
=(Piy1 — PP — P+ Dy — Pry1)
- ||i7t+1 - pt”g + <i)t+1 — Py, P — pt>' (44)

IN
3

In addition, we have

(VpL(w;, py) — zfmp* (wy) — f’t+1>
:<Vp£(wt7pt) - Zipp*(wt) - Pt> + <Vp£(wt,pt) - z;,pt - f’t+1>

1 T * 1 T N
< VpLwe, py) - 2l + 71p"(we) = oyl + ~IVpLlwe,py) = 24l13 + 2D, — Broa

[\)

T « T ~
< IVpL(wi,p) = 25 + 71" (we) = pills + Fllpy = Doy [ (45)

B

Then, we have

L(wy, p)

S‘C(wta IA)t-f—l) -

1811 = P+ ——(Bpar — PP — 1) — 2llp = Dul2 + Sl — o2
anZ,l t+1 ti2 npc2,l t+1 t t 2 ti2 2 t+1 t12

2 T . T .
+ = VpL(wi,p,) - zpll3 + Z11p" (we) = pell3 + Py — Do 13- (46)
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Let p = p*(w;), we have

‘C(wtvﬁt-i-l)
<L(w¢,p*(wy))

. 1 . T . L, .
<L(wi, priy) — —— D1 — Pill3 — 5 IP"(we) — pll3 + S D1 — Pill3
NpC2,i 2 2

2 T s T .
+ ;vaﬁ(wt,pt) - z;H% + ZHP (wy) — pt”% + Z”pt _pt+1H§
1

- ok 2 ok 2 2 - 2
sanrer: (1Pt =27 (@013 = Iy =0 (w0~ @lpe — By 3)

Rearrange the inequality, we have

Ipe41 — " (wo)l3

1 L T 1 . 4a17 Ca,
< —%9an.cos | — — = _ _ 2 Hpta,t V L ; t 2
= anpCa (anQ,l B) 1 2b77p62,z) Hpt Pt+1||2 || (’wt Pt) — p||2
TanNpC2,\ |«
(1= T I () —
1 3L . 4a77 C2,
<_9 2 p St 12
<= 2anens (50— = 2 ) I~ bl + b (D)~ 23
TanpcC2,1 %
+ (1= =)l (we) = piI3-

where weusea < 1,7 < Landn, < .
- - e = 3co L

Then, we have

P41 = P* (wer)lI3

=Py — P (we) + p*(we) — p*(wip1) |3

TanyC2, N 4 N N
<(1+ %)Ilpm —p (w3 + (1 + ———)[p*(w;) — p* (wis1)|3

TanpcCa,1
< = 2amen 1+ T (o B8 I = bl (L T 9, L) -
(1 TR (1 TR |t () — py + (14 mi@”?”“’t — w3
< = 2anyen (1 + T2 (o = B8 I = gl + Y Ll p) - 21
+ (1 - %)HP*(U&) —pll3 + Tanpgwﬂwt — w1 |l3
< 2ty g Ty (Y = pe o+ S ) 21
+ (1 - %)HP*(U&) —pll3 + 7'a’l7p§27l”wt — w1 |l3
<= P = penl3+ S, L py) - 2l
(1= T ) — e

Zpll3
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A.5. Proof of Lemma 5.13
Proof. According to the update rule of z,, we have

1t gt t+1
Zy zZp = bzp—i—bH .

Then, we have

E[[VpL(wisr, pryr) — 25" 3]
ZE[HVPE('le,le) —z; ( o — )H ]
=E[||VpL(wit1,Pyi1) — 25 + bzp, — bHTHF]
=E[[[(1 ) (V L(wy,p,) — 2 ) (1-0) (vpﬁ('wt+17pt+1) - Vpﬁ(wt,pt)) +0 (vpﬁ('wt+1vpt+1) -
=(1 = b)’E[[VpL(wr, ;) — 2|I3] + (1 = b)°E[ VpL(wet1, Pyy1) — VpL(we, py)|[3]

+ bQIE[HVpﬁ(thle) - HHI”%] +(1 - b)2<Vp£(wt,pt) - Zl;w vpﬁ(thrlvthrl) = VpL(wy, py))
=(1 = b)’E[|VpL(wr, py) — 2p[13] + (1 = b)’E[| VpL(wer1,Pyy1) — VpLl(we, p,)|I3]

+VE[[VpL(weir,pryr) = H T3] + (1= 0?ELVpL(we, p) — 2, VpL(Wer1, pryr) — VpL(we, py))]

1
<(1=0)*(1+ b)E[||VpL(wy, p;) — zpll5] + (1 —b)*(1 + Z)vaﬁ('wt+1apt+1) — VpL(we,p,)|3
+ bZE[vaﬁ(thaptH) — H"3]
<(1- b)E[HVpL(wtapt) - Z;:”%] +

Similarly, we have

1
S LEllwiy = wil3 + [Ipigs = pll3]) + %03,

E[|VwL(wit1,Pyy1) — 24 |I3]

1
<(1 = DE[|VwLl(we,p) — 2|3 + 7 L2El|wepr — well3 + [Py — pill3] + 0?01

b

A.6. Proof of Theorem 5.14

Proof. Summing up the inequality in Lemma 5.13, we have

T
ZE[HVwﬁ(wm,pm) — 2y 3]

T T
1
<(1=0) > E[[VwLl(w:,p,) — 243 + gLZZE[Hle — w3 + [pyyr — pill3] + 0201T.
t=1

t=1
Then, we have

T

ZE[vaﬁ(wt+17pt+1) — 23]
t=1
T
1 1
<TE[IVawL(wi,p1) = 22 + 55 L7 D Ellwirr = well3 + 1prgr — ll3] + boi T
t=1
Similarly, we have
T
ZE[vaﬁ(th»ptH) - Z;“H%]
t=1
T

1
E[|VaL(w1,py) = 23] + 5 L2 > Ellwest — will3 + [Py — pel3] + boi T

g
=3 R
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Z [Pe1 — P (wiy1)|3

4 * 8ar] Ca,

<——(llp*(w1) = py 15 - ZHpt Pryllz + —2— ZIIV L(wy,p,) — 25|13
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manQ ZHwt wii1]3)
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(56)
Thus, we have
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Summing up from ¢ = 1, - -- ,T" and taking expectation, we have

1 T
B[ 3 IVg(wol3

T
g(wi) —glwry) 1 ¢ w2y, WPTLA(d+ 3)?
e S e G a2l
—slwre)  Lers g+ £

<

412 L?n2c2 32L2L2772 c? 32L%n2 c? T
e ) * o 2 E w*1l,u w*1l,u w™~1l,u t 112
TanyCa [lp*(w1) — py13] + ( 02 + = a277pc 7 + T ;szHz
32L2 T 32L2
+ 2 E[[[VpL(wi,py) — ;;H%]+]E 271)0%
t=1
L?  32I*
E||—= _
+ <b2 + 722 Ta27]p02 l) Z Py — pt+1|| ]
TE[|VwL(wi,p1) — 24 3] + boi T (59)
1 b2 b2

Let p*(wl) = P1» zll) == H(wt7pt7f./\/l3)7 Zw = Gﬂ(wtapta€M17fM27 q]) S min{7a202l’ 32L2a202[ > 7

b2 7-2@277;2103,1 T2b2
40%7uL2’ 128L3L201,u 128L4ciu
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{ }

T
1 2(g(w1) — g(wry1)) | 64L2 203 2
fE[Z [Vg(wy)3] < Tomer ) + 57 o2+ le + 2L (d + 3)° + ——boj + 2bo7. (60)
t=1 w s
c 2 122
Bound the left term by 2, we have u < W b < min {2 > 610 2L2} and T >
max{Q(g(wl) _ g(’IUT)) ﬁ 64U§L2 }

€2nyc1, T e2b’ €272)

B. Additional Experiments
B.1. Impact of the Hyper-parameters

In this section, we discuss the impact of the learning rate 7, and 7,,. First, let 5, = 0.001. We evaluate the performance
of our method in two applications with 7, chosen from {0.01,0.001,0.0001}. Then, let ,, = 0.01. We evaluate the
performance in two applications with 1, chosen from {0.01,0.001, 0.0001}. All the experiments are presented in Tables 6,
8,7 and 9. We can find that it is important to choose a proper 7,,. In addition, our method is not sensitive to 7,. We also
give the results of our method with different 3 a and b in Table 11 and Table 12. We can find that our method is not sensitive
to 3, a and b.

B.2. Performance with Nonlinear Model

We use the kernel method k(z,2') = exp(—v||z — 2'||2) to conduct a nonlinear model. The hyperparameter of all the
methods are set according to Section 6. The results of fairness are presented in Table 10 and Figure 3. We can find that our
method is still superior than other methods.
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Table 6: Test accuracy (%) of DSZOG in classification with fairness constraints when using different 7,,.

Data 0.01 0.001 0.0001

D1 87.33£0.38 87.21+0.34 80.68£0.32
D2 84.75£0.25 83.01+0.24 67.34£0.78
D3 83.58£0.14 83.78 =045 77.22£0.32
D4 64.91 +£0.94 63.27+0.45 55.13+£0.46

Table 7: Test accuracy (%) of DSZOG in classification with pairwise constraints when using different 7.

Data 0.01 0.001 0.0001

a%  75.90+0.26 74.45+£0.67 65.33+£0.43
wda 89.94+0.28 88.284+0.80 56.88£0.22
gen 82.33+£0.76 81.78 £0.45 57.34£0.22
svm  79.56 049 79.56 £0.45 56.23 £0.75

Table 8: Test accuracy (%) of DSZOG in classification with fairness constraints when using different 7.

Data 0.01 0.001 0.0001

Dl 87.33+£0.38 86.12+0.23 85.13£0.22
D2 84.75£0.25 83.22+0.14 83.05£0.03
D3 83.58 +£0.14 83.29+0.31 81.18+£0.22
D4 64.91 +£0.94 62.12+0.31 62.23+£0.22

Table 9: Test accuracy (%) of DSZOG in classification with pairwise constraints when using different 7.

Data 0.01 0.001 0.0001

a9%a 75.90+0.26 73.33£0.31 73.64+£0.22
w8a 89.94+0.28 89.23+0.17 88.82£0.56
gen 82.33£0.76 82.11+0.64 81.28+0.34
svm  79.56 £0.49 78.56+0.44 78.45+£0.76

Table 10: Test accuracy (%) in fairness with kernel method.

Data DSZOG ZOSCGD ZOPSGD

D1 8425 55.75 62.75
D2 7850  58.25 53.25
D3 87.50 60.25 57.50
D4 59.52  54.50 52.25

Table 11: Test accuracy of DSZOG with different /3 fairness (1, = 0.001, n, = 0.1, a = 0.9, b = 0.9).

Data 0.1 1 10

D1  84.25 84.73 83.12
D2 78.50 77.98 78.33
D3 87.50 87.67 87.85
D4 59.52 58.61 58.98
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Table 12: Test accuracy (%) of DSZOG with different a and b fairness constraints (1,, = 0.001, , = 0.1, 8 = 0.1).

Figure 3: Performance of our method in fairness with kernel method.

a=0.9 b=10.9

b=01[b=05{b=09|a=01|a=05[b=0.9
D1(83.93 |84.12 |84.25 [82.12 [83.21 |84.25
D2|78.33 |78.27 |78.50 |77.29 |78.45 |78.50
D3[85.34 |87.410 |87.50 |87.23 |87.14 |87.50
D4|58.82 |57.23 |59.52 |58.78 [59.48 |59.52




