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Abstract

We aim to make
scent (SGD) adaptive to (i) the noise o
in the stochastic gradients and (ii) problem-
dependent constants. When minimizing smooth,
strongly-convex functions with condition num-
ber k, we prove that T iterations of SGD
with exponentially decreasing step-sizes and
knowledge of the smoothness can achieve an
O (exp (=T/x) +o°/T) rate, without knowing
2. In order to be adaptive to the smoothness,
we use a stochastic line-search (SLS) and show
(via upper and lower-bounds) that SGD with SLS
converges at the desired rate, but only to a neigh-
bourhood of the solution. On the other hand, we
prove that SGD with an offline estimate of the
smoothness converges to the minimizer. How-
ever, its rate is slowed down proportional to the
estimation error. Next, we prove that SGD with
Nesterov acceleration and exponential step-sizes
(referred to as ASGD) can achieve the near-
optimal O (exp (~T//&) +o°/T) rate, without
knowledge of o2. When used with offline esti-
mates of the smoothness and strong-convexity,
ASGD still converges to the solution, albeit at a
slower rate. Finally, we empirically demonstrate
the effectiveness of exponential step-sizes cou-
pled with a novel variant of SLS.

stochastic gradient de-
2

1. Introduction

We study unconstrained minimization of a finite-sum ob-
jective f : R? — R prevalent in machine learning,

min, f(w) = 3 filw). M)
i=1
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For supervised learning, n represents the number of train-
ing examples and f; is the loss on example i. We assume f
to be a smooth, strongly-convex function and denote w* to
be the unique minimizer of the above problem.

We study stochastic gradient descent (SGD) and its acceler-
ated variant for minimizing f (Robbins and Monro, 1951;
Nemirovski and Yudin, 1983; Nesterov, 2004; Bottou et al.,
2018). The empirical performance and the theoretical con-
vergence of SGD is governed by the choice of its step-size,
and there are numerous ways of selecting it. For exam-
ple, Moulines and Bach (2011); Gower et al. (2019) use
a constant step-size for convex and strongly convex func-
tions. A constant step-size only guarantees convergence to
a neighborhood of the solution. In order to converge to the
exact minimizer, a common technique is to decrease the
step-size at an appropriate rate, and such decreasing step-
sizes have also been well-studied (Robbins and Monro,
1951; Ghadimi and Lan, 2012). The rate at which the step-
size needs to be decayed depends on the function class un-
der consideration. For example, when minimizing smooth,
strongly-convex functions using 7T iterations of SGD, the
step-size is decayed at an O(1/k) rate where k is the iter-
ation number. This results in an ©(1/7") convergence rate
for SGD and is optimal in the stochastic setting (Nguyen
etal., 2018).

On the other hand, when minimizing a smooth, strongly-
convex function with condition number , deterministic
(full-batch) gradient descent (GD) with a constant step-size
converges linearly at an O(exp(—T7/k)) rate. Augment-
ing constant step-size GD with Nesterov acceleration can
further improve the convergence rate to ©(exp(—1/v/k))
which is optimal in the deterministic setting (Nesterov,
2004). Hence, the stochastic and deterministic algorithms
use different step-size strategies to obtain the optimal rates
in their respective settings.

Noise-adaptive SGD: Ideally, we want to design step-
size schemes that make SGD adaptive to the noise in
the stochastic gradients, matching the optimal conver-
gence rates in both the deterministic and stochastic set-
tings. Furthermore, in order for the algorithm to be prac-
tical, it should not require knowledge of the stochasticity
(e.g. a bound on o2, the variance in stochastic gradients).
Recently, Khaled and Richtéarik (2020); Li et al. (2020)
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achieve the O (exp(—7T'/x) + o°/r) for smooth functions
satisfying the Polyak-Lojasiewicz (PL) condition (Karimi
et al., 2016), a generalization of strong-convexity. More
importantly, these works are noise-adaptive and do not re-
quire the knowledge of 2. For this, Li et al. (2020) use
SGD with an exponentially decreasing sequence of step-
sizes, while Khaled and Richtarik (2020) use a constant
then decaying step-size. There are two limitations with
these works: (i) they require the knowledge of problem-
dependent constants such as the smoothness and strong-
convexity of the underlying function, and (ii) they do not
match the optimal /k dependence (of the Nesterov ac-
celerated method) in the linear convergence term, and are
hence sub-optimal in the deterministic setting. We will ad-
dress both these limitations in this work.

Towards noise and problem-adaptive SGD: Typically,
SGD requires the knowledge of problem-dependent con-
stants to set the step-size. In practice, it is difficult to esti-
mate these quantities, and one can only obtain loose bounds
on them. Consequently, there have been numerous meth-
ods (Duchi et al., 2011; Li and Orabona, 2019; Kingma
and Ba, 2015; Bengio, 2015; Vaswani et al., 2019b; Loizou
et al., 2021) that can adapt to the problem, and adjust the
step-size on the fly. We term such methods as problem-
adaptive. Unfortunately, it is unclear if such problem-
adaptive methods can also be made noise-adaptive. On
the other hand, as mentioned above, none of the noise-
adaptive methods (Li et al., 2020; Khaled and Richtarik,
2020; Stich, 2019) are problem-adaptive. Amongst these,
the noise-adaptive algorithm in Li et al. (2020) only re-
quires knowledge of the smoothness constant and we try
to relax this requirement.

Contribution: In Section 3.2, we use stochastic line-search
(SLS) (Vaswani et al., 2019b) to estimate the smoothness
constant on the fly. We prove that SGD in conjunction with
exponentially decreasing step-sizes and SLS converges at
the desired noise-adaptive rate but only to a neighbour-
hood of the solution. This neighbourhood depends on the
noise and the error in estimating the smoothness. We prove
a corresponding lower-bound that shows the necessity of
this neighbourhood term. Our lower-bound shows that if
the SGD step-size is adaptively set in an online fashion
(using the sampled function), no decreasing sequence of
step-sizes can converge to the minimizer.

Contribution: In Section 3.3, we consider estimating the
smoothness constant in an offline fashion (before running
the algorithm). We prove that SGD with an offline estimate
of the smoothness and exponentially decreasing step-sizes
converges to the solution, though its rate is slowed down by
a factor proportional to the estimation error in the smooth-
ness. In particular, our upper-bound shows that misestimat-
ing the smoothness constant can slow down the conver-

gence rate. We complement this result with a lower-bound
that shows that this slowdown is unavoidable.

Our results thus demonstrate the difficulty of obtaining
noise-adaptive rates while being adaptive to problem-
dependent parameters.

Noise-adaptive SGD with Nesterov acceleration: We
now turn to the second limitation of existing noise-adaptive
methods, and aim to use Nesterov acceleration in or-
der to obtain the optimal O (exp(—T/+/k) + o°/T) rate,
without the knowledge of o2. The work in Jain et al.
(2018); Arjevani et al. (2020) satisfies the desired crite-
ria for quadratic functions. For general smooth, strongly-
convex functions, Ghadimi and Lan (2013); Kulunchakov
and Mairal (2019) obtain the desired rate, but require the
knowledge of o2, and are consequently not noise-adaptive.
Aybat et al. (2019) propose a multi-stage accelerated algo-
rithm that does not require knowledge of 2. The authors
use a dynamical systems analysis, and prove that their algo-
rithm achieves the desired optimal rate only for T > 2./k.

Contribution: In contrast, in Section 4, we use SGD with
a stochastic variant of Nesterov acceleration (Cohen et al.,
2018; Vaswani et al., 2019a) and the same exponentially
decreasing step-sizes. We refer to the resulting method
as Accelerated SGD (ASGD). Compared to Aybat et al.
(2019), ASGD is a more natural extension of the deter-
ministic Nesterov accelerated gradient method. Under a
growth condition (Li et al., 2020; Khaled and Richtarik,
2020; Bottou et al., 2018) similar to Aybat et al. (2019), we
use the standard estimating sequences analysis, and prove
that ASGD achieves the desired rate for all T without the
knowledge of o*. Hence, exponentially decreasing step-
sizes result in noise-adaptivity for both SGD and ASGD.

Contribution: ASGD requires the knowledge of both the
smoothness and strong-convexity parameters. As a step to-
wards problem-adaptivity for ASGD, we analyze its con-
vergence with offline estimates of these problem-dependent
constants. To the best of our knowledge this is the first such
result. We prove that, similar to SGD, misspecified ASGD
converges to the minimizer, but its rate is slowed down by
a factor proportional to the estimation errors.

Contribution: Finally, in Section 5, we evaluate the perfor-
mance of different step-size schemes on strongly-convex
supervised learning problems. We show that (A)SGD con-
sistently out-perform existing noise-adaptive algorithms.
We propose a novel variant of SLS that guarantees con-
vergence to the minimizer and demonstrate its practical ef-
fectiveness in making (A)SGD problem-adaptive.

Additional contributions: In Appendix B.1.1, we show
matching results for SGD on strongly star-convex func-
tions (Hinder et al., 2020), a class of structured non-
convex functions. Finally, we prove upper-bounds for non-
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strongly-convex functions (Appendix B.1.2) and show that
even when the smoothness constant is known, exponen-
tially decreasing step-sizes converge to a neighbourhood of
the solution. We give some justification as to why polyno-
mial or exponentially decreasing step-sizes are unlikely to
be noise-adaptive in this setting.

2. Problem setup and Background

We assume that f and each f; are differentiable and lower-
bounded by f* and f;, respectively. Throughout the paper,
we assume that f is u-strongly convex, and each f; is con-
vex. We also assume that each function f; is L;-smooth,
implying that f is L-smooth with L := max; L; (see Ap-

pendix A for the necessary definitions) and define x := /%

We use stochastic gradient descent (SGD) or SGD with
Nesterov acceleration (Nesterov, 2004) (referred to as
ASGD) to minimize f in Eq. (1). In each iteration k € [T,
SGD selects a function f; (typically uniformly) at random,
computes its gradient and takes a descent step. Specifically,

Wry1 = W — YRk V fir(wy), 2

where w1 and wy, are the SGD iterates, and V f;;(+) is
the gradient of the loss function chosen at iteration k. Each
stochastic gradient V f;;(w) is unbiased, implying that
E; [V fi(w)] = V f(w). The product of scalars 7y, := Yo
defines the step-size for iteration k. The step-size consists
of two parts — 7, a problem-dependent scaling term that
captures the (local) smoothness of the function; and oy,
a problem-independent term that controls the decay of the
step-size. Typically, oy, is a decreasing sequence of k, and
limg_, o0 a; = 0. The choice of the oy, sequence depends
on the properties of f, for example, for smooth, strongly-
convex functions, «y is typically set to be O(1/k).

Throughout the paper, we will assume that 7" is known in
advance. In order to obtain noise-adaptive rates, we con-

sider exponentially decreasing step-sizes (Li et al., 2020)
1/T

of the form o := o where o := [%] < 1 for a

constant 3 > 1. These step-sizes lie between the constant

step-size used in the deterministic setting and the 1/x de-

creasing step-sizes used in the stochastic setting, meaning
that for k € [T], oy € [4,1].

In the next section, we analyze the convergence of
SGD with exponentially decreasing step-sizes for smooth,
strongly-convex functions.

3. Towards noise & problem adaptive SGD

In this section, we consider approaches for developing
noise and problem-adaptive SGD i.e. we aim to obtain the
noise-adaptive rate matching Stich (2019); Li et al. (2020);

Khaled and Richtérik (2020), but do so without the knowl-
edge of problem-dependent constants.

Instead of the typical assumption of finite gradient noise
22 = E[||Vfi(w*)||>] < oo, we assume a finite optimal
objective difference. Specifically, we define the noise as
o2 := E;[f;(w*) — ff] > 0. This notion of noise has been
used to study the convergence of constant step-size SGD
in the interpolation setting for over-parameterized mod-
els (Zhang and Zhou, 2019; Loizou et al., 2021; Vaswani
et al., 2020). Note that when interpolation is exactly sat-
isfied, 0 = z = 0. In general, if each function f; is u-
1

strongly convex and L-smooth, then ﬁZQ <o?< izZ.

As a warm-up, we first assume knowledge of the smooth-
ness constant in Section 3.1 and analyze the result-
ing SGD algorithm with exponentially decreasing step-
sizes. In Section 3.2, we consider using a stochastic line-
search (Vaswani et al., 2019b; 2020) in order to estimate
the smoothness constant and set the step-size on the fly. Fi-
nally, in Section 3.3, we analyze the convergence of SGD
when using an offline estimate of the smoothness.

3.1. Known smoothness

We use the knowledge of smoothness to set the problem-
dependent part of the step-size for SGD, specifically, v, =
1/r. With an exponentially decreasing «y-sequence, we
prove the following theorem in Appendix C.1.

Theorem 1. Assuming (i) convexity and L;-smoothness
of each f;, (i) p strong-convexity of f, SGD (Eq. (2))
k/T

with v, = 1, ap = (%) converges as,

o « T «
Elwrs 0l < oy — o'l oxp (-3 )
8o2cok (In(T/p))?

pue? a?T

where ¢y = exp (% . %)

Compared to Moulines and Bach (2011) that use polynomi-
ally decreasing step-sizes, exponential step-sizes result in a
better trade-off between the bias (initial distance to the min-
imizer) and variance (noise) terms, achieving the desired
0 (exp(=T/k) + */T) noise-adaptive rate. In Lemmas 3
and 4 in Appendix B.3, we show that no polynomially de-
creasing step-size can result in the desired noise-adaptive
rate. In order to interpolate between the stochastic (mini-
batch size equal to 1) and fully deterministic (mini-batch
size equal to n) setting, we show the explicit dependence
of 02 on the mini-batch size in Appendix B.2.

Since strongly-convex functions also satisfy the PL condi-
tion (Karimi et al., 2016), the above result can be deduced
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from (Li et al., 2020). However, unlike (Li et al., 2020),
our result does not require the growth condition and uses a
weaker notion of noise. Moreover, we use a different proof
technique, specifically, Li et al. (2020) use the smoothness
inequality in the first step and obtain the rate in terms of
the function suboptimality, E[ f (wr) — f*]. In contrast, our
proof uses an expansion of the iterates to obtain the rate in
terms of the distance to the minimizer, E ||wy41 — w*||*.
This change allows us to easily handle the case when the
smoothness constant is unknown and needs to be estimated.

Next, we use stochastic line-search techniques to estimate
the unknown smoothness and set the step-size on the fly.

3.2. Online estimation of unknown smoothness

In this section, we assume that the smoothness constant is
unknown, and aim to estimate it and set the step-size in an
online fashion. By online estimation, we mean that in it-
eration k, we use the knowledge of the sampled function
ix to set the step-size, i.e. setting 7y, depends on 7. We
only consider methods that use the knowledge of ¢, in iter-
ation k and are not allowed to access the other functions in
f (for example, to compute the full-batch gradient at wy,).
Methods based on a stochastic line-search (Vaswani et al.,
2019b; 2020) or the stochastic Polyak step-size (Loizou
et al., 2021; Berrada et al., 2020) satisfy this criterion.

We use stochastic line-search (SLS) to estimate the local
Lipschitz constant and set -y, the problem-dependent part
of the step-size. SLS is the stochastic analog of the tra-
ditional Armijo line-search (Armijo, 1966) used for de-
terministic gradient descent (Nocedal and Wright, 2006).
In iteration k, SLS estimates the smoothness constant L;
of the sampled function using f;; and V f;;. In particular,
starting from a guess (Ymax) Of the step-size, SLS uses a
backtracking procedure and returns the largest step-size
that satisfies: vx < Ymax and,

Fir(wy — vV fin(wr)) < fir(wy) — cyp |V fir (wi) |-
3)

Here, ¢ € (0,1) is a hyper-parameter to be determined the-

oretically. SLS guarantees that resulting the step-size 7
lies in the [min { 2%;6) , ’Ymax} ,’Ymax] range (Lemma 8).
If the initial guess is large enough i.e. Yax > 1/L;k, then
the resulting step-size v, > 2(27;0) Thus, with ¢ = 1/2,
SLS can be used to obtain an upper-bound on 1/z;.

In the interpolation (¢ = 0) setting, a constant step-
size (ap = 1 for all k) suffices, and SGD with SLS
achieves a linear rate of convergence (for ¢ > 1/2) when
minimizing smooth, strongly-convex functions (Vaswani
et al., 2019b). In general, for a non-zero o, using SGD
with SLS and no step-size decay (o, = 1) results in

O (exp(—T/K) + Ymaxo?) rate (Vaswani et al., 2020), im-
plying convergence to a neighbourhood determined by the
VmaxO> term.

In order to obtain a similar rate as Theorem 1 but with-
out the knowledge of L, we set 5 with SLS and use the
same exponentially decreasing a-sequence. We prove the
following theorem in Appendix C.2.

Theorem 2. Under the same assumptions as Theorem 1,

k/T
SGD (Eq. (2)) with o, = (é) , Y& as the largest step-

T
size that satisfies 7, < Ymax and Eq. (3) with ¢ = 1/2
converges as,

Elhwras = | < oy~ w|Per exp (s )
+ 802c1 (K')*Ymax (In(7/8))?
€2 a?T
202c1k' In(T/B) Yerr
- eq ’

where Ve 1= (’Ymax — min {’YmaXv %})’
/. L 1 _ 1., _28
K = max {? T }, C1 = exXp (ﬁ 1n(T/ﬁ))-

We observe that the first two terms are similar to those

in Theorem 1. For ymax > 7, K = k and the above
theorem implies the same O (exp(—T/ K)+ %2) rate of

convergence. However, as T' — oo, w41 does not con-

verge to w*, but rather to a neighbourhood determined

by the last term W (’Vmax — min {’Ymax, %})

The neighbourhood thus depends on the noise o2 and Yerr,
the estimation error (in the smoothness) of the initial guess.

When o2 = 0, this neighbourhood term disappears, and
SGD converges to the minimizer despite the estimation er-
ror. This matches the result for SLS in the interpolation set-
ting (Vaswani et al., 2019b). Conversely, when the smooth-
ness is known and ~yax can be set equal to %, we also
obtain convergence to the minimizer and recover the re-
sult of Theorem 1. In fact, if we can “guess” a value of
Ymax < % it would result in the neighbourhood term be-
coming zero, thus ensuring convergence to the minimizer.
In this case, the stochastic line-search does not decrease the
step-size in any iteration, and the algorithm becomes the
same as using a constant step-size equal to yyax. Finally,
we contrast our result with the a, = 1 setting (Vaswani
et al., 2020), and observe that instead of the dependence
on Ymax, our neighbourhood term depends on the estima-
tion error in the smoothness. Next, we show the necessity
of such a neighbourhood term.

3.2.1. LOWER BOUND ON QUADRATICS

In order to prove a lower-bound, we consider a pair of
1-dimensional quadratics f;(w) = 1/2(x;w — y;)? for
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¢ = 1,2. Here, w, x;, y; are all scalars. The overall func-
tion to be minimized is f(w) = (1/2) - [f1(w) + fo(w)].
We assume that ||z1|| # ||«2]|, and since L; = ||z;||", this
assumption implies different smoothness constants for the
two functions. For a sufficiently large value of ~y,.x i.€.

(Wmax > m), using SLS with ¢ > 1/2 (required

for convergence) results in v, < 1/Li;€1 (see Lemma 8).
With these choices, we prove the following lower-bound.

Theorem 3. When using 7' iterations of SGD to min-
imize the sum f(w) = M of two one-
dimensional quadratics, f;(w) = $(w—1)%and fo(w) =
% (2w + 1/2)2, setting 7y, using SLS with . > 1 and
¢ > 1/2, any convergent sequence of «v, results in conver-
gence to a neighbourhood of the solution. Specifically, if
w™ is the minimizer of f and w; > 0, then,

3
E(wr — w*) > min (wl, 8) )

The above result (proved in Appendix D.1) shows that
using SGD with SLS to set v, and any convergent se-
quence of «y, (including the exponentially-decreasing se-
quence in Theorem 2) will necessarily result in conver-
gence to a neighbourhood. The neighbourhood term can
thus be viewed as the price of misestimation of the un-
known smoothness constant. This result is in contrast to the
conventional thinking that choosing an «y, sequence such
that limy_, o, cx = 0 will always ensure convergence to
the minimizer. Note that this result is not specific to SLS
and would hold for other related methods (Loizou et al.,
2021; Berrada et al., 2020).

Since the lower-bound holds for any convergent oy, se-
quence, a possible reason for this convergence to the neigh-
bourhood is the correlation between i; and the computation
of .. We investigate this hypothesis in the next section.

3.3. Offline estimation of unknown smoothness

In this section, we consider an offline estimation of the
smoothness constant. By offline, we mean that in iteration
k, i is set before sampling ij and cannot use any informa-
tion about it. This ensures that 7 is decorrelated with the
sampled function 7. The entire sequence of v can even be
chosen before running SGD.

For simplicity of calculations, we consider a fixed v, = v
for all iterations. Here + is an offline estimate of %, and can
be obtained by any method. Without loss of generality, we
assume that this offline estimate is off by a multiplicative
factor v that is v = ¥ for some v > 0. Here v quantifies

"For 1-dimensional quadratics, v = /L, for ¢ = /2.

the estimation error in v with v = 1 corresponding to an
exact estimation of L. In practice, it is typically possible to
obtain lower-bounds on the smoothness constant. Hence,
the v > 1 regime is of practical interest. For SGD with
Yk = v = ¥ and an exponentially decreasing a-sequence,
we prove the following theorem in Appendix C.3.

Theorem 4. Under the same assumptions as Theorem 1,

k/T
SGD (Eq. (2)) with a, = (%) , Yk = T converges as,

in{y, 1} T
AT-f‘l S Al C2 €Xp <_mln{: } h’l(?f/ﬁ)>

8cok In(T'/P)

+ max{v? 1} [202 In(T/B8)+ G [ln(y)]+]

weza2T
where ¢y = exp (% %), [z]+ = max{x,0}, ko =
In(v %
LTl[n((T/)]E)j, G = max;cp{f(w;) — f*} and Ay :=
ok = w*[|*.
The above theorem implies an

~ i max{v? o? n(v
1) (exp (_Inm{u,l}T) + { 71}[T+G[1 ( )]+]) con-

K
vergence to the minimizer. The first two terms are similar
to that in Theorem 1 and imply an O (exp( -T/k) + %2)
convergence to the minimizer. Analyzing the third term,
we observe that when v < 1, the third term is zero (since
[In(v)]+ = 0), and the rate matches that of Theorem 1 up
to constants that depend on v. The third term depends on
[max;cr, {f(w;) — f*}] because if v > 1, the step-size

ok = Fop > % initially, and SGD diverges in this
regime. Since «y, is an exponentially decreasing sequence,
after ko = T% iterations, ¥ oy, < +, the distance

to the minimizer decreases after iteration kg, eventually
converging to the solution.

Furthermore, observe that the second term depends on
O (max{v?,1}) meaning that if we misestimate the
smoothness constant by a multiplicative factor of v > 1, it
can slow down the convergence rate by an O(v/?) factor. Fi-
nally, our theorem implies that even in the deterministic set-
ting, misestimating L can slowdown the convergence rate

2 . .
to O (VT) instead of the usual linear rate of convergence.

The third term can thus be viewed as the price of misesti-
mation of the unknown smoothness constant. Unlike The-
orem 2 where this price was convergence to a neighbour-
hood, here, the price of misestimation is slower conver-
gence to the minimizer.

Moulines and Bach (2011) also considered the effect of
misspecifying L but in conjunction with polynomially de-
creasing step-sizes. Specifically, they proved that using a
step-size of 7 % results in the following bounds that de-
pend on ~ and v (Moulines and Bach, 2011, Theorem 1).
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Below, we show their bounds for three common choices of
6 = {0,1/2,1} and emphasize the effect of v.

Aryr =0 (exp ((v* —v/w)T) (A1 +0?) + vo?)
(When 0 = 0)

) <exp (1/2 In(T) — v/« \/f) (A +0?) + Ii;;)
(When 6 = 1)

O <Cxp (V¥ — v/ In(T)) (A1 + 0%) + ;j;;;)

(When § =1 and v < 2k)

2 2
=0 <exp (V® —v/x In(T)) (A1 + 02) + I/;)
(When 0 = 1 and v > 2k)

Observe that for each regime, the convergence rate depends
on exp(v). In contrast, the convergence rate in Theorem 4
depends on O(v?). This robustness towards misspecifica-
tion can be viewed as an additional advantage of using ex-
ponentially decreasing step-sizes. In the next section, we
justify the dependence on [In(v)]; in Theorem 4 by prov-
ing a corresponding lower-bound. It is unclear whether the
v? dependence in Theorem 4 is tight, and we leave verify-
ing this for future work.

3.3.1. LOWER BOUND ON QUADRATICS

In this section, we consider gradient descent on a one-
dimensional quadratic and study the effect of misestimating
the smoothness constant by a factor of v > 1. We consider
minimizing a single quadratic, ensuring that 02 = 0 and
prove the following lower-bound in Appendix D.2.

Theorem 5. When minimizing a one-dimensional
quadratic function f(w) = i(zw — y)?, GD with

k/T
an = (%) Ve = % for v > 3, satisfies

k
W41 — (wy — w* Hl—yal
i=1

After k' := n (%) iterations, we have that

_T ]
In(T/B)
lwir 1 — w*| > 2% |wy — w*|.

Instantiating this lower-bound, suppose the estimate of L is
off by a factor of v = 10, then In (%) > 1, which implies

that &' > Lln(T/ﬁ)j. In other words, we do not make any
progress in the first ﬁ iterations, and at this point the
optimality gap has been multiplied by a factor of 27/ 2(7/5)
compared to the starting optimality gap. This simple ex-

ample shows the slowdown in the rate of convergence by
misestimating the smoothness.

4. Towards noise & problem adaptive ASGD

In this section, we will first aim to use SGD with Nesterov
acceleration and obtain the optimal o] (exp (\;T%) + %2)

rate without knowledge of o2. Subsequently, we will an-
alyze the convergence of ASGD with offline estimates of
the smoothness and strong-convexity parameters, quantify-
ing the price of misspecification (similar to Section 3.3).

ASGD has two sequences {wg, yx } and an additional ex-
trapolation parameter by. ASGD computes the stochastic
gradient at the extrapolated point y;, and takes a descent
step in that direction. The update in iteration k is:

Y = wi + by (W, — w—1), €]
Wit1 = Yk — Wk V fix (Yr)- )

For analyzing the convergence of ASGD, we will assume
that the stochastic gradients satisfy a growth condition sim-
ilar to Bottou et al. (2018); Li et al. (2020); Khaled and
Richtdrik (2020)* — there exists a (p, o) with p > 1 and
o > 0, such that for all w,

E: IV fi(w)|* < p |V f(w)]* + o7, (6)
In the deterministic setting (when using the full-gradient
in Eq. (5)), p = 1 and ¢ = 0. Similarly, 0 = 0 when
the stochastic gradients satisfy the strong-growth condi-
tion when using over-parameterized models (Schmidt and
Roux, 2013; Vaswani et al., 2019a). * Using this growth
condition, we prove the following result in Appendix E.3.

Theorem 6. Under the same assumptions of Theorem 1
and (iii) the growth condition in Eq. (6), ASGD (Egs. (4)

T
and (5)) with wy = g1, % = 27, o = (T) S
k/2T
8
\/pIL <7> and by,
T «
A <2 - _ = A
=T eXp( N 1H(T/ﬂ)> :

n 202c3 (In(7/5))?
ppe? 2T

(1 Th— l)rk 1«

P converges as,

where Ay, := E[f(wy) — f*] and ¢5 = exp (%)

>The growth condition in Bottou et al. (2018, (Eq 4.8) ) is
E; |V f(w) — Vfi(w)||> < My |V.f(w)]|* + M for some con-
stants M and My . Since the stochastic gradient is unbiased, this
is the same as Eq. (6) with p = My + 1 and 6% = M.

3Note that the noise-model in Section 3 is equivalent (upto
constants) to assuming that the variance of the stochastic gradients
at the optimum is bounded. However, the noise-model in Eq. (6)
is equivalent to assuming that the variance of the stochastic gra-
dients at any iterate is bounded. Hence, the two noise-models are
similar, though Eq. (6) makes a stronger assumption on the noise.
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The above theorem implies that ASGD achieves an

o} (exp (\;Tlp) + %2) convergence rate. This improves
2
g

over the non-accelerated O exp (_—KT) + T)
adaptive rate obtained in Theorem 1 and Stich (2019);
Khaled and Richtdrik (2020); Li et al. (2020)*. In the fully-
deterministic setting (p = 1 and 0 = 0), Theorem 6 im-
plies an O(exp(—T/+/k)) convergence to the minimizer,
matching the optimal rate in the deterministic setting (Nes-
terov, 2004). Under the strong-growth condition (when
o = 0), ASGD improves (by a ,/p factor) over the rate
in Vaswani et al. (2019a) and matches (upto log factors)
the rate in Mishkin (2020). In the general stochastic case,
when o # 0, Cohen et al. (2018); Vaswani et al. (2019a)
use constant step-sizes (o = 1), and prove convergence to
a neighbourhood of the solution; whereas we show conver-
gence to the minimizer at a rate governed by the O(a2/T)
term. To smoothly interpolate between the stochastic (batch
size equal to 1) and fully deterministic (batch size equal to
n) setting, we generalize the growth condition to show an
explicit dependence on the batch size (Appendix B).

noise-

Comparing our result to that in Aybat et al. (2019), we note
that they prove the accelerated noise-adaptive rate under
two different assumptions on the noise. (i) Bounded vari-
ance of the stochastic gradients. This is a special case of the
growth condition in Eq. (6) with p = 1. (ii) They also con-
sider a weaker assumption which is equivalent to Eq. (6)
up to constants (see Appendix G for a detailed comparison
of the two assumptions, and the resulting upper-bounds).
Using a dynamical systems perspective, Aybat et al. (2019,
Corollary 3.8) prove the desired rate only for T > 2+/k,
whereas our proof uses the more standard Nesterov’s esti-
mate sequences and our result holds for all 7'.

The result in Theorem 6 requires the knowledge of both p
and L and is thus not problem-adaptive. In the next section,
we analyze the convergence of ASGD when it is used with
offline estimates of L and .

4.1. Offline estimation of unknown smoothness &
strong-convexity

Similar to Section 3.3, for simplicity, we will assume that
Yo =Y = % where without loss of generality, % = 4.
Similarly, we use ji as the offline estimate of the strong-
convexity, and assume that i = v, 1. We will only consider
the case where we underestimate 4, and hence v, < 1.
This is the typical case in practice — for example, while

*Though we typically expect p < &, in the worst-case stochas-
tic setting, p can be as large as x and we can not obtain an acceler-
ated rate (with a dependence on /) in this case (Liu and Belkin,
2018). Mini-batching (see Appendix B.2) is one way to decrease
the “effective” p. For a large enough batch-size p < k ensuring a
v/ dependence in the stochastic setting.

optimizing regularized convex loss functions in supervised
learning (see Section 5 for empirical results), [i is set to
the regularization strength, and thus underestimates the
true strong-convexity parameter. The following theorem
(proved in Appendix E.4.1) analyzes the effect of misspec-
ifying L, p on the ASGD convergence.

Theorem 7. Under the same assumptions as Theorem 6
and (iv) v = vry, < pr, ASGD (Egs. (4) and (5))
. s\ F/T
is ap = ar s

with w1 = y1, % = -%
~ = k/2T k/2T
Bo=vup < p, vy = p%(%) = /p%(g)

) e
and by, = Qore_yrea o converges as,

rk—i-rk_l fe

min{y, 1}T «
N IH(T/ﬂ)>A1

2
{ap + G2 min{%, 1}] maX{Z—i, vl

A7t < 2c3exp (

2¢3(In(7/8))?
e2a?uT

where Ay := E[f(wg) — f*], c3 = exp (ﬁ%)’
[z]+ = max{z,0}, ko (T | and G =
max;e(ko] |V (¥5)l-

The above theorem implies an
~ —T+/min{v,1 o2 +G?[In(v v
o (exp( \/ﬁ{ }) n [ +Gin( L)J+] max{y—ﬁ,ui})

convergence to the minimizer. Observe that (i) when the
problem-dependent parameters are known (v, = vy, = 1),
we recover the rate of Theorem 6, (ii) if v, = 1, and
we misestimate L, similar to SGD (Theorem 4), ASGD
converges to the minimizer at an O(1/T) rate, even in
the deterministic setting (when ¢ = 0), (iii) if v = 1,
underestimating p matches the rate in Theorem 6 upto
(potentially large) constants, resulting in linear conver-
gence when ¢ = 0, and (iv) compared to Theorem 6,
the decrease in the bias term is slowed down by an

O (exp( min{vv,, 1})) factor, whereas the decrease

in the variance is slowed by an O (maX{Z—L, V%}) factor.
i

In the next section, we design an SLS variant that ensures
convergence to the minimizer while empirically controlling
the misestimation for both SGD and ASGD.

S. Experiments

For comparing different step-size choices, we consider two
common supervised learning losses — squared loss for re-
gression tasks and logistic loss for classification’. With

SThe code to reproduce our experiments is available here:
https://github.com/R3za/expsls
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Figure 1. Comparison for (a) squared loss and (b) logistic loss. Observe that exponentially decreasing step-sizes (i) result in more stable
performance compared to using a constant step-size (for both SGD and ASGD) and (ii) consistently outperform the noise-adaptive
methods in KR-20 and M-ASG, and (iii) methods using the SLS in Eq. (7) match the performance of those with known smoothness.

a linear model and an ¢, regularization equal to 3 l|w]|?,
both objectives are strongly-convex. We use three standard
datasets from LIBSVM (Chang and Lin, 2011) — mush-
rooms, ijcnn and revl, and use A = 0.01. For each exper-
iment, we consider 5 independent runs and plot the aver-
age result and standard deviation. We use the (full) gradi-
ent norm as the performance measure and plot it against the
number of gradient evaluations.

For each dataset, we fix 7' = 10n, use a batch-size of 1
and compare the performance of the following optimization
strategies: (i) the noise-adaptive “constant and then decay
step-size” scheme in Khaled and Richtérik (2020, Theorem
3) (denoted as KR—-20 in the plots). Specifically, for b =
max{%, 2pL}, we use a constant step-size equal to 1/b
when T < b/p or k < [T/2]. Otherwise we set the step-
size at iteration k to be m, (ii) constant

step-size SGD with v = % and o, = 1 for all k (denoted
as K-CNST in the plots) (iii) SGD with an exponentially
decreasing step-size with knowledge of smoothness (Li

1T
etal, 2020) i.e. v = + and oy, = o fora = (2
(denoted as K-EXP), (iv) Accelerated SGD (ASGD) with a
constant step-size (a, = 1 for all k) (Vaswani et al., 2019a;
Cohen et al., 2018) (denoted as ACC-K-CNST), (v) ASGD
with exponentially decreasing step-sizes, (Section 4) de-
noted as ACC-K-EXP and (vi) Multistage ASGD in Ay-
bat et al. (2019) (denoted as M-ASG) with parameters as
in Corollary 3.8. Specifically we ensure that T > 2/,

set Ty = T/C, Ty, > 2F[\/rlog(2P*2)], a; = 1/L and
ay = 1/(2%*L) where p and C are hyper-parameters.

None of the above strategies are problem-adaptive, and all
of them require the knowledge of the smoothness constant
L. Additionally, KR-20 and the ASGD variants also re-
quire knowledge of p, the parameter of the growth con-
dition in Eq. (6), while the ASGD variants and M-ASG
require knowledge of . If x; is the feature vector corre-
sponding to example ¢, then we obtain theoretical upper-
bounds on the smoothness and set L = max; ||z;||” + A for
the squared-loss and L = max; 1 | 5]|> 4 A for the logis-
tic loss. Similarly, we set ;1 = A for both the squared and
logistic loss. Note that this underestimates the true strong-
convexity parameter, and is in line with Theorem 7. To set
p, we use a grid search over {10,100, 1000}. Similarly, to
set p and C for M-ASG, we use a grid search over {1,2, 4}
and {2, 10, 100} respectively. For each method, we plot the
variant that results in the smallest gradient norm.

Using a stochastic line-search (SLS) to estimate L can re-
sult in convergence to the neighbourhood (Section 3.2) be-
cause of the correlations between 7 and . To alleviate
this, and still be problem-adaptive, we design a decorre-
lated conservative variant of SLS: at iteration & of SGD,
we set 7, using a stochastic line-search on the previously
sampled function i;_1 (we can use a randomly sampled
Jr as well). This ensures that there is no correlation be-
tween i; and computing 7. The overall procedure can be
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described as follows: starting from ~y;_1 (the conservative
aspect), with 79 = Ymax, find the largest step-size 7 that
satisfies, for a random or previously sampled index jg,

Finwe =V £, (wi)) < f, (wi) — e IV £, (wi) ||
@)

and update wy, according to Eq. (2). The above procedure
with ¢ = 1/2 ensures that v, € [min{yx_1,Y/L}, yp—1].
Since there is no correlation between 7, and iy, we
can treat 7, as an offline estimate of the smoothness,
meaning that 7, = vx/L for some v, > 0. More-
over, since we are using a conservative line-search, v, €
[min{vyg_1,1/L}, Vk—1], meaning that vy < vip_1 < vy.
Hence the maximum misspecification in the smoothness
is given by v; > 1, which is governed by line-search in
the first iteration. Given this, we can use a similar analy-
sis as Theorem 4, upper-bounding vy, by v for each k and
obtaining the corresponding result in terms of v;.

We use this variant of SLS with exponentially decreas-
ing step-sizes for both SGD and ASGD, and denote the
resulting variants as SLS—-EXP and ACC-SLS-EXP re-
spectively. We emphasize that this strategy is both noise-
adaptive and problem-adaptive.

From Fig. 1, we observe that exponentially decreasing step-
sizes (i) result in more stable performance compared to
the constant step-size variants (for both SGD and ASGD)
and (ii) consistently outperform the noise-adaptive meth-
ods, KR-20 and M-ASG. We also observe that (iii) methods
(SLS-EXP and ACC-SLS—-EXP) using the SLS condition
in Eq. (7) consistently match the performance of those with
known smoothness (K-EXP and ACC-K—-EXP).

6. Conclusion

We used exponentially decreasing step-sizes to make SGD
noise-adaptive, and considered two strategies for problem-
adaptivity. Using upper and lower-bounds, we quantified
the price of problem-adaptivity — estimating the smooth-
ness in an online fashion results in convergence to a neigh-
bourhood of the solution, while an offline estimation results
in a slower convergence to the minimizer. We then devel-
oped an accelerated variant of SGD (ASGD) and proved
that it achieves the near-optimal convergence rate. We ana-
lyzed the effect of misspecifying the strong-convexity and
smoothness parameters for ASGD. Finally, we empirically
demonstrated the effectiveness of (A)SGD with exponen-
tial step-sizes coupled with a novel variant of SLS.
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Organization of the Appendix
A Definitions

B Additional theoretical results

C Upper-bound Proofs for Section 3
D Lower-bound proofs for Section 3
E Proofs for Section 4

F Helper Lemmas

G Comparison to Aybat et al. (2019)

A. Definitions
Our main assumptions are that each individual function f; is differentiable, has a finite minimum f;*, and is L;-smooth,
meaning that for all v and w,

L .
fi(v) < fi(w) +(Vfi(w),v —w) + ? v —w|?, (Individual Smoothness)

which also implies that f is L-smooth, where L is the maximum smoothness constant of the individual functions. A
consequence of smoothness is the following bound on the norm of the stochastic gradients,

IV fi(w)|* < 2L(fi(w) = £7).

We also assume that each f; is convex, meaning that for all v and w,

fi(v) = fi(w) = (Vfi(w), w —v), (Convexity)

Depending on the setting, we will also assume that f is p strongly-convex, meaning that for all v and w,

f(w) > f(w) + (Vf(w),v—w)+ g llv — sz , (Strong Convexity)

B. Additional theoretical results

In this section, we relax the strong-convexity assumption to handle broader function classes in Appendix B.1 and prove
results that help provide an explicit dependence on the mini-batch size (Appendix B.2) and in Appendix B.3 show that
polynomially decreasing step-sizes cannot obtain the desired noise-adaptive rate.

B.1. Relaxing the assumptions

In this section, we extend our theoretical results to a richer class of functions - strongly quasar-convex functions (Hinder
et al., 2020) in Appendix B.1.1, and (non-strongly) convex functions in Appendix B.1.2.

B.1.1. EXTENSION TO STRONGLY STAR-CONVEX FUNCTIONS

We consider the class of smooth, non-convex, but strongly star-convex functions (Hinder et al., 2020; Gower et al., 2021),
a subset of strongly quasar-convex functions. Quasar-convex functions are unimodal along lines that pass through a global
minimizer i.e. the function monotonically decreases along the line to the minimizer, and monotonically increases there-
after. In addition to this, strongly quasar-convex functions also have curvature near the global minimizer. Importantly, this
property is satisfied for neural networks for common architectures and learning problems (Lucas et al., 2021; Kleinberg
et al., 2018).
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Formally, a function is ({, i) strongly quasar-convex if it satisfies the following for all w and minimizers w*,
* 1 * % %12
Flw?) = flw) + =V fw),w’ —w) + 5 o —w" (3)

Strongly star-convex functions are a subset of this class of functions with ¢ = 1. If L is known, it is straightfor-
ward to show that the results of Theorem 1 carry over to the strongly star-convex functions and we obtain the similar

0 (exp(—T/ K) + %2) rate. In the case when L is not known, it was recently shown that SGD with a stochastic Polyak

step-size (Gower et al., 2021) results in linear convergence to the minimizer on strongly star-convex functions under inter-
polation and achieves an O (exp(fT) + ’ymaxaz) convergence rate in general. The proposed stochastic Polyak step-size
(SPS) does not require knowledge of L, and matches the rate achieved for strongly-convex functions (Loizou et al., 2021).
However, SPS requires knowledge of f;, which is usually zero for machine learning models under interpolation but difficult
to get a handle on in the general case.

Consequently, we continue to use SLS to estimate the smoothness constant. Our proofs only use strong-convexity between
w and a minimizer w*, and hence we can extend all our results from strongly-convex functions, to structured non-convex
functions satisfying the strongly star-convexity property, matching the rates in Theorem 2 and Theorem 4. Finally, we
note that given knowledge of (, there is no fundamental limitation in extending all our results to strongly quasar-convex
functions. In the next section, we relax the strong-convexity assumption in a different way - by considering convex functions
without curvature.

B.1.2. HANDLING (NON-STRONGLY)-CONVEX FUNCTIONS

In this section, we analyze the behaviour of exponentially decreasing step-sizes on convex functions (without strong-
convexity). As a starting point, we assume that L is known, and the algorithm is only required to adapt to the noise o2.
In the following theorem (proved in Appendix C.4), we show that SGD with an exponentially decreasing step-size is not
guaranteed to converge to the minimizer, but to a neighbourhood of the solution.

Theorem 8. Assuming (i) convexity and (ii) L;-smoothness of each f;, SGD with step-size 1, = ﬁ o has the following
convergence rate,

< 2L |lwy — w*H2

Elf(@rsa) = S < =7

T 9)
_q
0_2 Zk_l k

Zf:l O

+ &)

25:1 AWk

where w1 = T
k=1

k/T
. For o, = [%} , the convergence rate is given by,

L In(T — w*|? T
Blf(or) - f(w) < 2L =0l o T

We thus see that even with the knowledge of L, SGD converges to a neighbourhood of the solution at an O(1/T) rate. We
contrast our result to AdaGrad (Duchi et al., 2011; Levy et al., 2018) that adapts the step-sizes as the algorithm progresses
(as opposed to using a predetermined sequence of step-sizes like in our case), is able to adapt to the noise, and achieves an

O % + \‘;—;) rate.

In order to be noise-adaptive and match the AdaGrad rate, we can use Eq. (9) to infer that a sufficient condition is for
the a-sequence to satisfy the following inequalities, (i) o, > C1 T and (ii) ai < Cyv/T where C4, Cy are constants.
Unfortunately, in Lemmas 9 and 10, we prove that it is not possible for any polynomially or exponentially-decreasing
sequence to satisfy these sufficient conditions. While we do not have a formal lower-bound in the convex case, it seems
unlikely that these ay-sequences can result in the desired rate, and we conjecture a possible lower-bound. Finally, we

note that to the best of our knowledge, the only predetermined (non-adaptive) step-size that achieves the AdaGrad rate is

min {ﬁ, ﬁ} (Ghadimi and Lan, 2012). We also conjecture a lower-bound that shows that there is no predetermined
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sequence of step-sizes (that does not use knowledge of o2) that is noise-adaptive and can achieve the O (% + 2 ) rate.

S

B.2. Dependence on the mini-batch size

In this section, we prove two results in order to explicitly model the dependence on the mini-batch size. We denote a
mini-batch as B, its size as B € [1,n] and the corresponding mini-batch gradient as V fg(w) = £ > r.es Vfi(w). The
mini-batch gradient is also unbiased i.e. Eg[V fz(w)] = V f(w), implying that all the proofs remain unchanged, but we
need to use a different growth condition for the ASGD proofs in Section 4 and a different definition of ¢ for the SGD
proofs in Section 3. We refine these quantities here, and show the explicit dependence on the mini-batch size.

Lemma 1. If
EL |V £u(w)? < p IV F(w) + 0,
then,
_B _B
s V) < (- D5 +1) IV Sl + o
Proof.

Eg ||V f5(w))|* = Es |V fs(w) = Vf(w) + Vf(w)|* = Bg |V fs(w) = Vf(w)|* + |V f(w)|*
(Since Eg[V fg(w)] = V f(w))

Since we are sampling the batch with replacement, using (Lohr, 2019),

n—B
< 2 (B IV L@)I = 195 @)P) + 195 @w)]?
- B
<2 (0= DIV @) +02) + [V Fw)]? (Using the growth condition)
n
2 n—DB 2 n—B 2
< —1)— :
— Ba|Vha)I* < (0= D™ + 1) IV + “Fo
O
Lemma 2. If
0% = E[fi(w") = f7],
and each function f; is y strongly-convex and L-smooth, then
N N Ln—-B
0% = Eglfs(w*) — f5] < Ry o2,
Proof.
By strong-convexity of f;,
* * 1 *
Eglfs(w”) — f5] < 208 IV f5(w")) |
Since we are sampling the batch with replacement, using (Lohr, 2019),
1n—B 2
Bl (w*
< 5 R VW)
Ln—-B
<=2l E[fi(w") — f7] (By smoothness of f;)

uw nB
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— 03 < £n —B
B = nB
O
B.3. Polynomially decaying stepsizes
In this section, we analyze polynomially decreasing step-sizes, namely when 7, = L5 for some constants 77 > 0 and

(k+1)?
0 <6 < 1. We argue that even with knowledge of the smoothness constant, these step-sizes fail to converge at the desired
noise-adaptive rate even on simple quadratics. In particular, the next lemma shows that gradient descent (GD) applied to a
strongly-convex quadratic with a polynomially decreasing step-size fails to obtain the usual linear rate of the form O(p~7)
for some p < 1.

Lemma 3. When using T iterations of GD to minimize a one-dimensional quadratic f(w) = 3(zw — y)?, setting
Nk = %ﬁ for some 0 < § < 1 results in the following lower bounds.
Ifo=1,
f= (- w) o
wry —w' = (w; —w*) =——
T+1 1 T11

If0 <0 <1, wy —w*>0andT is large enough,

26-1  _ (T4+1)'—8
-5

229 ] -1
wpyr —w* > (wg —w") <1 - 26) 4754

Proof. Observe that w* = v/2 and L = 2?. The GD iteration with 1), = 1 -5 reads

(k+1)8
B L1 — L WS 2 S 1 !
U TR T T ey T T T 7)) Te ey T U T g T R 0)?
and thus
* * 1 * * d ]-
Wey1 — W = (wp —w™) 1*m = wWr41 — W :(’Wl*w)kll 17(1@—1—71)5
Ifd=1,

* * T k * 1
Wr41 — W :(wlfw)Hm:(Uﬂ*QU)TiH
k=1

If0<é<1andw; —w* >0,

T

We wish to use the inequality 1 — 271 > 2722 which is true for all z € [0, 1/2]. In our case it holds for

k=1
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Now, for k < kg — 1, we have that (k+1)5 < 2 55 and thus

ko—1 ko—1 [2Y/9)-1
H 1— 1 >(1-— kS =(1- £
Pt (k+1)° 20 20

91 _
For k > ko, we have 1 — > 2 “*+1% and thus

2

2(k+1)°
T

H 2 ) 5o 2T i = o 2SR BT ) 5 92Tl
L1 k 1y

Using the bound in the proof of Lemma 9, we have

T+1

ZM Sb o (T4 1) )

Putting this together we have that

2SI 5 5 g2(i g (e ion)) _ AU jat sy o
- 4

Putting everything together we get that

s—1 _ (T41)1—8
=5

L21/6J 1 )
wT+1—w*2(w1—w*)(1—25) 4754
O

The next lemma shows that when § = 0, namely when the step-size is constant, SGD applied to the sum of two quadratics
fails to converge to the minimizer.

Lemma 4. When using SGD to minimize the sum f(w) = M of two one-dimensional quadratics: f1(w) =

H(w—1)?and fo(w) = 1(2w +1/2)? with a constant step-size ) = 1, the following holds: whenever |wy, — w*| < 1/s,

the next iterate satisfies |wg1 — w*| > 1/8.

Proof. First observe that w* = 0 and that L = 4. The updates then read

. 1 1 3 1
Iflk—l. wkﬂ—wk—n(wk—l)—wk(l—z)—ki Zwk‘f'z
If i, =2: = 2(2 +1)— (1 4) L1

g = 2t Wr41 = Wk n Wi 2 = Wk 4 4 = 4

Suppose that |wy, — w*| =|wg| < 1/s. We want to show that |wyy1| > 1/8. We can separate the analyses in three cases.
If wy, € (—1/8,0) and i, = 1 then

B Lo 3 1.1 5 1
Wl = W T 7 T 8T T 3278
If wy, € (0,1/8) and i, = 1 then
+1>1
Whtl = Wk Ty 73
If 7, = 2 then
1 1
wipt = —7 < 3
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implying that in each case, /g, O

C. Upper-bound Proofs for Section 3
C.1. Proof of Theorem 1

Theorem 1. Assuming (i) convexity and L;-smoothness of each f;, (ii) u strong-convexity of f, SGD

k/T
(Eq. (2)) with vy, = %, ap = (%) converges as,

T o
o e [ e o [ s (—)

% In(7/s)
0 8o2cok (In(T/p))?
ue? 2T

where ¢y = exp (% ' %)

Proof.

i1 — w*]|* = lwe — eV fir(wi) — w*||”
= [lwg — w*||* — 20V fir(wr), we — w*) + 0} |V fire(wi) ||
= [lwr — w*||* = 2y (V fir(wi), wp — w*) + V2 |V fir(wi)]|®

lwgs1 — w*||2 < lwg — w*H2 — 29 (V fir(wi), wy — w*) 4+ viad 2L fir(wi) — f.] (Smoothness)
= [lwx — w*|* - Zak<vfik(wk)vwk —w") + Zaﬁ [fir(wr) — fir(w")] + Zai [fir(w™) — fi]

(Since v, = 1/L.)

Taking expectation w.r.t iz,

2 2 2
E Jwisr — 0| < E fluy —w'|* = S (VF(wy), wp — w*) + =a? [fwy) - f(w")] + =afo®

L L L
2 2 2 .
< E|lwy — w*|* — Zak<Vf(wk),wk —w*) + 7 [f(wg) — fw™)] + Za%og (Since o, < 1)
2
E |[wis1 — w*|* < (1 Mak) E ||wi — w*||* + ZaiUQ (By p-strong convexity of f)

Unrolling the recursion starting from w; and using the exponential step-sizes,

E||wT+1—w*||2<||w1—w*||2ﬁ(1—) ICET:[H o2 (1_>

k=1 i=k-+1

Writing Ay, = E |Jwg — w*|?

T T T

202 , ,

ATHgAlexp(—]/éE ak>+zg a%exp(—g g a’>
k=1 k=1 1

i=k+
——
=A =B,
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Using Lemma 5 to lower-bound A, we obtain A > ln‘()‘Tq; 5~ ln(QTB/ DR The first term in the above expression can then be

bounded as,

1 B T «
Al exp (—ZA) = Al C2 €XpP (_Kjln(T/ﬁ)) s

where k = % and co = exp (% %) Using Lemma 6 to upper-bound B;, we obtain B, < %, thus

bounding the second term. Putting everything together,

T 2 2 (In(T 2
AT+1§A102exp<— a ) 80 cor” (In(7/5))

K In(T/8) Le? a?T
O
C.2. Proof of Theorem 2
k/T
Theorem 2. Under the same assumptions as Theorem 1, SGD (Eq. (2)) with o, = (%) , Yk as the largest
step-size that satisfies 75 < ymax and Eq. (3) with ¢ = 1/2 converges as,
T «
* (12 * (12
Elhwrs - 'l < Jur - 0l e oxp (5 s )
i 801 (') * Ymax (In(7/5))?
e2 2T
i 202c1k' In(T/B) Yerr
eq ’
where Yerr == (Ymax — min {Ymax, £ }),
K’ = max {%’ /’V‘/}nax }’ €1 =6exp (5 ’ ln(zTB/ﬁ))'
Proof.
* * * ik(Wg ) — i*
ks = w1 < = 0] = 2 (Ve = w7) + | P =L (By Lemma 8

Setting ¢ = 1/2,
= |lwg — w*]|> = 29 (V fir(wr), wp — w*) + 2ypad [fir(wr) — [
= Jwy, — w*||* = 2y (V fir (wi), wp — w*) + 2902 [fir(wi) — fir(W*)] + 2903 [fir(w*) — f5]

Adding, subtracting 2y o [ fix (wi) — fire(w*)],

= |Jwy, — w*||* + 2ypag [—(V fir(wp), i — w*) + [fir(wr) — fir(w™)]) = 2yl fir (i) — fir(w*)]
+ 2yk0f [fin(wi) = fir(w*)] + 2vaf [fix (w*) — f7]

< Jlwk — w*)|* + 2minar [—(V fir (wi), we — w*) + [fae(wi) — fir(w*)]]

— 2%k — ) [fir(wi) — fir(W*)] + 2vmaxai [fie(w*) = f1i]

where we used convexity of f; to ensure that —(V f;x (wi), wx — w*) + [fir (wk) — fir(w*)] < 0. Taking expectation,

E lwis1 — w*]|* < [lwy — w*||* 4+ 29minck [—(V f(wp), wy, — w*) + [f(wg) — f(w*)]
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= (o — 0)E 29[ fir(wi) — fir(w*)]] + 2Ymaxaio”
E [|wy, — w*]|* < (1 — apyminpt) wr, — w*)|* = (ar — a2)E 29[ fir (wr) — fin(w)]] + 2Ymaxaio?

Since a < 1, and a, — af > 0, let us analyze —E[[yg[fir (wi) — fir,(w*)]].

—Ellwelfir(wr) = fix(w)] = —Ellve[fix(wr) — fikl] — Ellw[fi — fix(w?)]]
< —Ellminlfir(wi) = fikl] = El[ymax[fix — fix(w®)]] (7 < Yimax)
= —E[[Ymin[fir (wr) — f]] + 'Ymaxa2
—E[[ymin[fir(wr) — fir(w")]] = E[[ymin[fir (W) — f7]] + Tmax0”

= ~Ymin [f(wk) - f(w*)] - ’Ymino' + ’7/max02
S (’Ymax - 'Ymin)()—2

Putting this relation back,

E Hwk - ’(U*||2 S (]- - akPYmin/J') ||wk? - w*Hz + 2(ak - O[i) (’Ymax - 'ymin)a—2 + 2’7maxai02

S (]- - ak’)’min/i) ||wk - 'U}*H2 + 2ak (’Vmax - ’Ymin)o—2 + 2’7maxa£02~

Setting v’ = max{ﬁ /w —} we getthat 1 — apYminp < 1— L Writing Ay, = E [Jwy, — w* |* and unrolling the recursion
we get
T 1 T T 1 T T 1
AT-‘,—l < (H (1 - ﬁ,ak>> A1 + 2'Ymax0-2 ZQQk H (1 - K:,Oll> + 202 Zak('ymax - ’Ymin) 4 H (1 - K:/Oél)
k=1 k=1 i=t+1 k=1 i=k+1
1 I T 1 I
k 2 2k i
gAlexp(—H,Za ) + 2Vmax0 Za exp(—ﬁ/ Z o/)
k=1 k=1 i=k+1
——
=A =By
T A
+ 202 (Vmax f’ymin)Zakexp ( — Z o/)
k=1 R it
=C

Using Lemma 5 to lower-bound A, we obtain A > (T 75) 1n(2T Dk The first term in the above expression can then be

bounded as,

1 T «
Al exp (—K/A> S Al C1 exXp <_,l<;/lln(T/5)) y
28

where ¢; = exp (K/ ity ﬁ)) Using Lemma 6 to upper-bound B;, we obtain B; < < Ar)Zer(In(T/p))?

e2a2T

, thus bounding the

second term. Using Lemma 7 to upper-bound C’t, we obtain C; < clw thus bounding the third term. Finally,
by Lemma 8 we have that y,i, > min {fymax, T }

Putting everything together,

T « 802¢1(K')?Ymax (In(T/8))2  2c10%K" In(T/ ) ) 1
Are s Siced <_/<a’1n(T/ﬂ)> S s T T Tmax;

O
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C.3. Proof of Theorem 4

k/T
Theorem 4. Under the same assumptions as Theorem 1, SGD (Eq. (2)) with o, = (%) s VB =
converges as,

S

K In(7/8)
[20% In(T/B) + G [In(v)] 4]

Api1 < Ajcgexp <—

8cak In(T'/p)
we2a2T

min{v,1}T « )

+ max{v?, 1}

where co = exp (N ﬁ) [z]+ = max{xz,0}, ko = LTE:‘((TV}]B)J G = max;ep,{f(w;) — f*} and
Ay = |lwk —w*>.

Proof. Following the steps from the proof of Theorem 1,

i1 — w*|? < [lwe — w*||* — 290V fir(wr ), we — w*) + 20320} [ fir(wi) — fi(w*)] + 2Ly2ad [ (w*) — fii]

Taking expectation wrt i, and since both ~;, and «y, are independent of iy,

E wpsr — w”|* < Jwg — w*||* = 29V f(wr), wp — w*) + 2L73af, [ (wy) — 7] + 2L73ag o

* * 2 *
E w1 —w*|* < (1= pywan) [[wy, — w*||* + 20770 o® + [f(wr) — ] (2LA7af — 2year)
(By strong convexity)

Let us separately consider the v < 1 and v > 1 case.

2 2
For the v < 1 case, (2Ly2a? — 2yrau,) = ZVLO‘k — Zvan < 2von 200k — () Hence, the above equation can be simplified
as:
2 2
2 Urog 5 2%
E flwnss = ']’ < (1= 525 oy — w4+ 22

Proceeding in the same way as the proof of Theorem 1, define Ay = E ||wy, — w* H2 and unroll the recursion,

T
ATJrl SAl H(l—% k (21/ o )Zak H %al)

k=1 = i=k+1

Bounding the first term similar to Lemma 5,

10~ 2o < oxp (20 oy (T 20) (LY ey (22 )
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val+1 ) 9 vaktl
—o (m K a)) ;O"fe’{p (‘m a))

Putting everything together, we obtain that,

I v 28 202 v 28 4k? In(T/B)?
A1 < Arexp (‘n In (T/6)> P (m <T/m) e (mn@/ﬁ)) a2 T

vT « 202¢cy 4k? In(T/8B)?
= A <A - Si <1
T4 = 2162 exp( k In (T/B)) L e2a? T (Since v < 1)
For the v > 1 case,
Urag 21/20[2 o?

E s — v < (1- + [f(wi) = £ @LA70} — 2ka)

292
ko Vak) (Since v > 1)

) ok = w P 4+ ==

g N 20203 o o (207
< (1= 525l — w* P + =5 4 [Fwn) - 1]

L L L
For the last term to be negative, we require oy < % By definition of ay, this will happen after & > ky := Thlll(l%';)
iterations. However, until k iterations, we observe that (2Ly7 a2 — 2vygay,) < Waﬁ.

For the k < k¢ regime,

2 -1
E s — w7 < (1= 255 fuy — w1+ 2Lnf0d 0 + max {£(wy) — 5y 22 Moz
L Jj€ ko] L
Writing Aj, = E ||wi — w*||%, and unrolling the recursion for the first kq iterations we get
ko—1 IL[, 1/2 21/(1/ o 1) ko—1 ko—1 /,L
A, <A 1—Zap)+ | 2=0% + max {f(w;) — [*}—/———~ a? 1— oy
ko < 1kr:[1< Lo+ | 20" + max {f(wy) - f}— ,;1 ki:1;[+1< 7o)

i=Cs

Bounding the first term similar to Lemma 5,

ko—1 7 ‘uaiako
{0 2 o (2222)

k=1

Bounding the second term similar to Lemma 6,

ko—1  ko—1 M ko—1 u ko—1
S [[0-Lay< S atew (—L $ )

k=1 i=k+1 k=1 i=k+1
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Il
M7
N
S
N
@
4
o
/T\
EN
2
ol
| +
N
N
Rlg
E
N———

k=1
ako ko—1 ) kit
P (,@(1 R a)) 2 RO (‘nu = a>>
ako ol 2(1 — )k \>
< 2
= (m = a>> 2 o ( cak il >
ako 4(1 — )?K?
< k
= oxp (m(l - a)> e2a? 0
ako 4k2 koIn(T/B)?
<
=P (Iﬁ:(]. - a)) e2a? T2

Putting everything together, we obtain,

kO k?o 2 2
ha—a a 4k* ko In(T/B)
Bro < A exp (_L 11—« >+056Xp<1£(1—a)> e2a? T2

Now let us consider the regime k > kg where o, < % so that we have

2202
L

* a *
E flwnsy —w'® < (1= 525 flun —w*)* +

Writing Ay, = E ||w;, — w*||%, and unrolling the recursion from k = kg to T,

T u o252 T T u
Arpr <Ay [T fak) T Yoai [T - Eai)
k=ko k=ko  i=k+1

Bounding the first term similar to Lemma 5,

T T ko _ o T+1
p u —paf —a
1-— = < —— = B —
kl_{( Lak)_EXP< LkaZ ak) eXP(L 1-a )
= =Ko

=Ko
Bounding the second term similar to Lemma 6,

k=kg 1=k+1 k=ko 1=k+1
T
i 1 of+l _ T+l
= E . €X _——
k OXP K 1—«
k=ko

() o)
()
()

k
1—a)?k?
2

g2 (T —ko+1)
452 (T — ko + 1) In(T/B)*

e2a? T2
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Putting everything together,

—pake — T+

AT+1 S Ako exp (L 1—a > +

20252 ox al+l 4k% (T — ko + 1) In(T/B3)*
L P K(l—a)/ e?a? T2

Combining the above bounds for the two regimes, we get,

_ ko _ HT+1 _ oo ko 4k2 ko In(T/B)2
Aria Sexp(;aa) (wap(—“a = )—i—%exp(le a)) K~ ko In(T/B)

1-—«a L 1-a (1- e2a? T2
20252 exp T+t 4k% (T — ko + 1) In(T/B)?
L k(1 —a) /) e?a? T2
T+1 T+1 2 2
—pa—a« J7e! 4k* ko In(T/PB)
= A _— —
1exp<L -« )+CseXp(Lla 2e2a2 T2
+ 2o exp ol 4r? (T — ko + 1) In(T/B)?
L k(1 —a) ) e?a? T2
Using Lemma 5 to bound the first term, and noting that % < ﬁ

T « deok? koIn(T/B)? 20202 degk? (T — ko + 1) In(T/B)?
Ari1 < Ajcgexp (_nln(T/ﬁ)) 5 52 T2 + T a2 T2

where = and 03 = 0 (i)

Putting in the value of c¢5 and kg, and rearranging, we get

T « 41202 4eak® In(T/ B)?
A1 < Aiczexp (mln(T/ﬁ)) LT~ &a?

+ () - 12

J€ ko]

deaw® [In(v)]4 In(T/B)
26202 T

Combining the statements from v < 1 and v > 1 gives us the theorem statement.
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C.4. Proof of Theorem 8

Theorem 8. Assuming (i) convexity and (ii) L;-smoothness of each f;, SGD with step-size n = ﬁ «y, has
the following convergence rate,

_ * 2L ||lwy — H QZk 10%
E — 9
[f(0r41) — f(w")] < S ST o O]

where W = Tigy o pop g, = [% , the convergence rate is given by,

k 1 Yk

]k/T

)
2L In(T/B) |Jwr — w*|| P

E[f(wr41) — f(w*)] < oT — 26 T-0

Proof. Following the proof of Theorem 1,
lwit — w*)|? < lwe — w*)|* = 29605 (V fir(wi), wy, — w*) + 20770 [fix(wi) — fir(w")]
2 .
+ Zﬁ’lgai [fir(wr) — fii]
2 2
S [fuwe) = Far(w)] + 55 [Farwn) = £5]
(v = i for all k.)

< ok — " — 2 ) — fosw0™)] + 2% [iaaon) — Fow™)] + 2 [Fus(oon) — 73]

> T i i 27, 7 [ 97, i ik

a
lwigr — w*||? < [lwe — w*))* - %(Vfik(wk),wk —w") +

(By convexity)
Taking expectation,
B e — w1 < e — 0 = S ) = F()] + 25 [Fa) = F)] + 2o
k+1 S lwg T k 7, k L,
2
" « « « . *
< lhow — w™? = SE[f(wn) = fw)) + SEo*  (Since f(wy) = f(w?) 2 0and ax < 1)
Rearranging and summing from & = 1to T,
T T
D arlf(wy) = f(w)] < 2L flwy —w|* + 0 ) af
k=1 k=1
B . d usi _ . 25:1 Qpwy
y averaging and using Jensen. Denote w11 = S
k=1 (097
_ N 2L ||lwy —w a?
Elf(orss) - fw)] < 2L =0 | oo T
Ek 1 Ok Zk 1 Ok
T T 9 . . 510/
Next, we bound ), _;«ap and ), _, «; for the exponentially-decreasing « sequence, when oy = [T} .
From Lemma 5, we know that,
Pt T/ﬁ  In(7/s)
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. 1T
: : Zf:l ai _ Zf:l a®* _ |8
Bounding the ratio S ar = ST ar where o = | ,
E{Zl a? a? 11—«
Z{_l ok T 1—a?2 a—aolt?
o 1 1 T

= < =
l1+al—-af —1-aT T-p

Putting everything together,

) 2L (T/B) wr —w*|* 5, T
E — ] <
[f(wri1) = flw?)] < oT — 25 o5
O
C.5. Additional lemmas for upper-bound proofs
Lemma S.
T
T 28
A= ot @ —
; ~ In(T/p)  In(T/p)
Proof.
T a— oI+l a aT+1
Y=
pat 11—« l-a 1-«
We have
aT+1 af I5) 1 I} 2 I} 2 2p3
= =L <=l = (10)
l—a T(-a) T Ya—=17"T In(Ya) T +In(T/s) In(7/p)

where in the inequality we used Lemma 16 and the fact that !/ > 1. Plugging back into A we get,

« 2/
A2 20 " e
« 273
= W(/e) ~ (7))
aT 2/

In(7/s)  In(7/s)

(1—2<In(2))

1T
Lemma 6. For a = (%) and any k > 0,

T T

1 ; 4Kk2co(In(T/8))?
2 : 2k _ - E ) < 2 LA
k:la o ( Fy 10‘ ) - cta’T

i=k-+

where cy = exp (%7111?5 7 ﬂ>
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Proof. First observe that,

T . Q1 _ o T+l
> o=
. 11—«
1=k+1
‘We have
oIt ap B 1 8 2 2 28

_B.
T

l—a T(-a) T Ya—1-"T In(Ya) Tin(T/s)  In(T/s)

where in the inequality we used 16 and the fact that 1/a > 1. These relations imply that,

T
Z a' > ot 25
=1_ T
S 1—a 1In(7/8)
T ,
1 , 1aFt 1 28 1 aft!
— —_— g < —_— — = —
exp( z §a> <o (i * rmorm) = (a1 —a)
We then have
- 2k I - 2k 1 okt
_ = U P _-
Y aep (-1 Y o) <ada exp< Hl_a)
k=1 i=k+1 k=1
T 2
2(1 —
< ¢y Z a?k ((eakﬁ)li) (Lemma 17)
k=1
42 ey 9
= a2 T(1-«)
42 ey 9
< WT(ln(l/a))
_ 4x?cy(In(7/))?
B e2a?T

1T
Lemma 7. For a = (%) and any k > 0,

a 1 & kIn(T/B)
E k E i
k:1a o <K' 1a> = ea

1=k-+

_ 128
for co = exp (EIH(T/[;))

Proof. Proceeding in the same way as Lemma 6, we obtain the following inequality,

T T T
1 . 1 oft?
k i k
_ = < _ =
kgla exp( p E a) CQE aexp( 1 )

i=k+1

Further bounding this term,

- k RS i) < ¢ (- )k L 17
;O{ exp _Ezla 76220[ W ( emma )

1=t+
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T
<en(l— a)Z—a

T
< ¢ ln(l/a)lz—a

K In(T/B)
B

Lemma 8. If f; is L;-smooth, stochastic lines-searches ensures that

2(1-2¢)

TF@IP < 5 (htw) = 17 and win { s, 207

}Svévmax.

Moreover, if f; is a one-dimensional quadratic,

) 2(1—v¢)
7y = 1min 'VmaxyT
K]

Proof. Recall that if f; is L;-smooth, then for an arbitrary direction d,
L; 2
filw —d) < fi(w) = (Vfi(w),d) + — ||d]]".

For the stochastic line-search, d = 7V f;(w). The smoothness and the line-search condition are then

L;
Smoothness: f;(w — vV fi(w)) — fi(w) < (272 - 7) IV fi(w)|1?,
Line-search: f;(w — vV fi(w)) — fi(w) < —ey ||V fi(w)|? .
The line-search condition is looser than smoothness if

(572 =) IV fi(w)I* < e IV fiw)]]*.

The inequality is satisfied for any v € [a, b], where a, b are values of +y that satisfy the equation with equality, a = 0,b =
2(1=¢)/L,, and the line-search condition holds for v < 2(1-¢)/r,. As the line-search selects the largest feasible step-size,
v > 201-e)/r,. If the step-size is capped at Ymax, We have 7 > min{ymax, 2(1=¢)/L; }, and the proof for the stochastic
line-search is complete.

From the previous discussion, observe that if v > @, then we have

(57> =) IVE@)I* > —ev |V fiw)]*.

If f is a one-dimensional quadratic, the smoothness inequality is actually an equality, and thus

i =2V Aw) - filw) = (52 =) VAP

. 2(1—c)
Soify > =5—,

filw =4V fi(w)) = fiw) = ey ||V fi(w)||*

and the line-search condition does not hold. This implies that for one-dimensional quadratics v = min{ymax, @} O
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D. Lower-bound proofs for Section 3

D.1. Proof of Theorem 3

_ )t fa(w)
2

Theorem 3. When using 7 iterations of SGD to minimize the sum f(w) of two one-

dimensional quadratics, f1(w) = 1(w—1)?and fo(w) = 3 (2w + 1/2)?, setting 7y, using SLS with Y4y > 1
and ¢ > 1/2, any convergent sequence of v, results in convergence to a neighbourhood of the solution. Specif-

ically, if w* is the minimizer of f and w; > 0, then,

3
E(wr — w*) > min (wl, 8) i

Proof. For SLS with a general ¢ > 1/2 on quadratics, we know that v, = % (see Lemma 8 for a formal proof). Recall
'k

that we consider two one-dimensional quadratics f;(w) = % (wz; — y;)? fori € {1,2} such thatzy = 1,y = 1, 2 = 2,
Y2 = — 3. Specifically,

fiw) = s(w—1)2 = L =1

2
1 1,
fg(w):§(2w+§) = Ly=4
1 1 1 5 1 1
= S w—12 4+ =2 fve_2 o2 1 1 * _
f(w) 4(w ) +4(w+2) Wttt =vY 0
Ifi, =1,
wr1 = wi — op2(1 — ) (wg, — 1) =2(1 — )ag + (1 — 2(1 — ¢)ayg)wy,
If iy = 2,
2 1 1
Wiy1 = wy, —2(1 — c)akz(ka + 5) =(1-2(1-c)ag)w; — 12(1 — o)ay
Then

1 1 3
Ewgy1 = (1 —2(1 — ¢)ag)wg + = 5 2(1 — c)ay, — §2(1 —co)ag = (1—2(1 — ¢)ag)wg + §2(1 —¢)ag

and

| w

T
Ewr = E(wr — w*) = (w; — w* H1721—co¢k+

T T
> 20— [] 1-201-c)w)
k=1

i=k+1

Using Lemma 18 and the fact that 2(1 — ¢)ay, < 1 for all k, we have that if w; — w* = wy > 0,

3
E(wr — w*) > min <w1, 8)
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D.2. Proof of Theorem 5

Theorem 5. When minimizing a one-dimensional quadratic function f(w) = %(xw — )2, GD with o, =
k/T
(%) , Yk = 7 forv > 3, satisfies
k

Wi — w* = (wy — w* Hl*l/al.
i=1

After k' = ﬁ In (%) iterations, we have that

’
lwpr 41 — w*| > 28wy — w*

Proof. One has w* = £ and L = x2. Therefore

Wey1 — W = wg, — w* — i (Twg — Y)
N v n v
=w, —w —ap—Lw, + op—x
k kb LWk kT Y
= wyp — w* — agrwi + agpw” = (1 — voyg)(wr — w*)
Iterating gives the first part of the result. Now, for k < £/, we have

A (In v—In 3)

, Tn(T7B)

1—va® <1-—vaF §1—l/aﬁ(hw7m3) :1—V(§) :1—1/<3> =-2
v

and thus

k/
Wrr1 — w*| =|wy — w*| H|1 — vayg| >|w; — w*|2¥
i=1

D.3. Lemmas for convex setting

Lemma 9. The polynomial stepsize defined as oy, = (1/k)? for some 0 < § < 1 cannot satisfy 25:1 ay > C1T and
Zle a? < Cy\/T for positive constants Cy and Cs.

Proof. If § = 0, ay, = 1 for all k, and then 25:1 a =T.1f § = 1, then 25:1 ar =O(InT).
If 0 < § < 1, basic calculus shows that

and thus

1

T
m((Tﬂ)H—l)gZ%gHL(TH—Q

which shows that 31, aj, = ©(T"~?), and thus we cannot have Y"1, aj, > C,T for all T O
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Lemma 10. The exponential stepsize defined as o, = oF for some a < 1 cannot satisfy Z;‘::l ar > CyT and
Zle ai < CoV/T for positive constants Cy and Cs.

Proof. Suppose by contradiction that the exponential stepsize satisfies the two conditions. Then

T T 2T T 2T 1 T
Cy ﬁTZZai: a2k:Zak_Za2k—1:Zak_iza2k
(0%
k=1 k=1 k=1 k=1 k=1 k=1

By assumption, Zizl aF > C12T and Zle a2k < Cy\/T. Therefore

2T 1 T 1
Zozk - — Za% > 20T — —CoVT
p o 1o

k=1

But then we obtain
1
CovVT > 2C1T — —CyVT
«

which is a contradiction by taking 7" to infinity. O
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E. Proofs for Section 4
E.1. Reformulation

Let us consider a general ASGD update whose parameters satisfy the following conditions.

2 = (1= r)r2_; —2 4 . (11)
Nk—1
(L= re—1)re—15
bk: = 2 Nk ’ (12)
Tk T Tk"_l MNk—1

pL \T T
update in Eq. (4)-Eq. (5) satisfying the conditions in Eq. (12) and Eq. (11) can be written in an equivalent form more
amenable to the analysis.

k/T k/2T
It can be verified that setting 1, = Yroy = = (ﬁ) S TE = 4 /pLL (é) satisfies Eq. (11). We first show that the

Lemma 11. The following update:
Tkqk
=wp — ————(w, — 2 13
Yk k Qk+7“kM( k— Zk) (13)
Wr1 = Ye — MV fir(Yr) (14)
1
Zhy1 = Wk + E[wk-&-l — wy] (15)
where,
Q1 = (1 = 7r)qr + rrp (16)
R = Q1M (17)
1
21 = — [(L = ri)qezr + ripyr — iV far(Yr)] (18)
qk+1
is equivalent to the update in Eq. (4)-Eq. (5).

Proof.

First we check the consistency of the update (Eq. (15)) and definition (Eq. (18)) of 2. Using Eq. (18),

1
21 = — (L= 7) @z + riepiye — 1.V fir ()]
dk+1
1—r T (11— +r T
_( k)wk = (k) + vk ( k) (qk + TEp) n ku]
Tk qk+1 L qk+1Tk dr+1
1—r r [qr(1 —ri) + (rpp —r? r2
= _( k)wk — " VL (k) + wr i k) & (gt = 7i0) 4 LkH ]
Tk Qk+1 i Qk+1Tk Qk+17Tk
1—r r [ —rpp) + (rep — r2p) + 12
= Uy T g () 4y | B T R T ’f“} (From Eq. (16))
Tk dk+1 L dk+1Tk
w 1
= wp — — + = [yx — 9V fir(ur)] (From Eq. (17))
Tk Tk
1
Zk+1 = Wk + a (w41 — wy] (From Eq. (14))

which recovers Eq. (15) showing that the definition of z; and its update is consistent.
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Now we check the equivalence of Eq. (11) and Eq. (16)-Eq. (17). Eliminating g; using Eq. (16)-Eq. (17),

Multiplying by 7 recovers Eq. (11).

Since Eq. (5) and Eq. (14) are equivalent, we need to establish the equivalence of Eq. (4) and the updates in Eq. (13)-
Eq. (15). From Eq. (15)

1 1— Tk—1
[wk — wk_l] —— Zp W = ————
Tk—1 Tk—1

2k = Wg—1 + (W — wi—1)

Starting from Eq. (13) and using the above relation to eliminate 2y,

TR 1 —TR_1
Yk = Wi + [wy — wi—1]
qk +TEL Tk—1

which is in the same form as Eq. (4). We now eliminate g, from q;j_‘ff; m 1;::1 . From Eq. (16) and Eq. (17),

2 2
re r
L= (L= ri)ar +rep = @+ = 2+ Tgy
Mk Nk
Using this relation,
(I S W U/ IR Sy |
Qk +Trit Tp—1 Tk + 4k Tk—1
Using Eq. (17), observe that nyq; = n:fl Mh_1qx = 17:: r?_,. Using this relation,
ne_ .2
TRqr 1 —Tp_1 TR | (=) b
- Nk .2 - Nk—1 2 = Ok
Qk + TRl TE—1 Tkt k-1 Th—1 Tk~ T Tho1

which establishes the equivalence to Eq. (4) and completes the proof.

E.2. Estimating sequences

Similar to (Nesterov, 2004; Mishkin, 2020), we will use the estimating sequence {¢y, Ax}5>, such that A\, € (0,1) and
/\1 =1 ; )‘k?-‘rl = (1 — T}e))\k, (19)
or(w) = [inf ¢r(w)] + 5w — |, 20)
and satisfies the following update condition

Pr(w) < (1= Ap)f(w) + Argr(w) 21
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The above definitions impose the following update for ¢}, := [inf,, ¢5(w)],
. « Tk l—ri)ar (p
G = (1= )i+ i | £ — 52 V)l + S (B (9 ), - yk>)} 22)
2qx+1 Q41 2

Finally note that the definition of ¢ can be used to rewrite Eq. (13) as

Tk
= - —V . 23
Yk = Wk P br(wi) (23)

E.3. Proof of Theorem 6

Given the definitions in Appendix E.2, we first prove the descent lemma for 7, = p%ak, where o, < 1 is the exponentially
decreasing step-size.

Lemma 12. Using the update in Eq. (14) with n;, = p%ak, we obtain the following descent condition.

Bl (i) < B ()] = 5 19F )| + 5z oo’

Proof. By smoothness, and the update in Eq. (14),

Flwks) < Fm) = melV £, Vo)) + 2 |9 Fae o)l

Taking expectation w.r.t. i,

Bl (wes)] < EL7 ()] — e £+ SRRV fuCon) (1 is independent of i)
< BLf(n)] — me IV £ + S £ ) |2+ Snto® (From Eq. (6)
= L)) = 0 IV Sl + BRIV S )]+ 5 oo’

< Elf)] — IV @I + ppole?

O

The main part of the proof is to show that ¢} is an upper-bound on f(wy) (upto a factor governed by the noise term N},
depending on ¢2) for all k£ and is proved in the following lemma.

Lemma 13. For the estimating sequences defined in Appendix E.2 and the updates in Eq. (13)-Eq. (18), for all k,

E¢;] := Elinf ¢x (w)] > E[f (wk)] — Nk

2 k k
where N}, := 2;’—2]: ijl oz? Hi:j+1(1 — ;).

Proof. We will prove the lemma by induction. For k£ = 1, we define ¢7 = f(w1), and since Ny, > 0 for all k, E[¢7] >
f(w1) — N, thus satisfying the base-case for the induction. For the induction, we will use the fact that Ny 1 = (1 —

202
Tk)Nk + pz%ozi.

Assuming the induction hypothesis, E[¢}] > E[f(wy)] — Nk, we use Eq. (22) to prove the statement for k + 1 as follows.
Taking expectations w.r.t to the randomness in j = 1 to k,

Eldhea] = (L~ rBIGE 4 i | £(00) = 52 19701 + S (B = s 497,20 ) |
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> (1 —rp)E[f (w) — N

E [ﬂyk) - e IV +

(1;’:61)% (% e - ZkHZ +(Vfyk), 21 — yk>>]

(by the induction hypothesis)

= (1= B[ ()] + LS ()] = 5 BV S ()
B0 (8 = sl 4+ ()~ ) = (1= A
= —m) [F(wi)] + rELF (o)) = SENV £l
qu< e — 21> + (V f (yk), 21 — yk>) — (1= 7Ny, (Using Eq. (17))
Qk+1

By convexity, f(wx) > f(yr) + (Vf(yr), we — Y&,
> (1= re)E[f(yx) + (VI (yr), wr — yr)] + reELf (yr)] — %’“E IV £ (i) II?

]_ _
g LT g (B 4 (V) — ) — (- NG
qk+1

- Mk (1 —7%) Qr
=E [f(yk) iy ||Vf(yk)||2} + T o

+ (1 = 7)E[V f(yr), wr — yr)] — (1 — 7)) N,

E (£ llve = 2l + (VF(e), 2 — )

By Lemma 12,

1 re(l—r
>E l:f(warl) - 2p2L04i02] + k(qurlk)q’cE (% lye = 2zl + (V£ (k) 2 — yk>)

+ (1 =) E[V f(yr), wk — yr)] — (1 — 7)) N,

= Efwep)] + EETT g (K P (), 2 ) + (L BV ) — )]
Qk+1

1
— [(1 — 1) Ng + 2p2La202]

Since Vg1 = {(1 — 1) Ng + 2,;%1;0‘%02}’

E[¢r11] 2> E[f(wrt1)] = Ne1 + (1 = i) ELV £ (yx), wr — yi)]

re(l—1r
Qk+1 2

Now we show that (1 — r)E {(Vf(yk),wk —Yk) T ok (% lye — zkl|> + (VF (), 20 — y@)} > 0. For this, we
use Eq. (13)

Yk :wk_ﬂ(wk_zk)
qr + TEp
qkTk qkTk
:zk—yk:zk—wk—i—iwk—zk :<1—> ZE — Wk
qk-l-?“ku( ) Qx + Ti ( )

) T W _
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= ;:zli (Vf(ye), 26 — y) = <Vf(yk)» (-%) (wy, — zk)> = (Vf(ys), Y — wy)

Using this relation to simplify,

"kdq
(1= B (9w = b + 2 (5 o= 2l 49 )22 - )
dk+1
Tk dk 1
=(1-r)E [q',;’fz e = 2]l 4 (1= 720) (V. () wie = i) + (V. () s — wm}
— (1 -m)E {T’“q’“” lys — zkﬂ >0 (Since ¢ < 1)
Qrt1 2
Putting everything together,
E[¢ri1] = E[f (wes1)] = N
and we conclude that E[¢}] > E [f(wy)] — N, for all k£ by induction. O

We now use the above lemma to prove Theorem 6.

Theorem 6. Under the same assumptions of Theorem 1 and (iii) the growth condition in Eq. (6), ASGD

) 5\M/T 5\ F/2T (i) res
(Eqs. (4) and (5) with wy =y, e = o = (§) e = /2 (§) and by = Ureymee
converges as, ke

T o
A <2cexp|———+— | A
e TR < mm(%)) 1
n 202c3 (In(T/B))?
ppe? a7
where Ay := E[f(wy) — f*] and c3 = exp (m)

Proof. Using the reformulation in Lemma 11 gives us g = p for all k and 23 = w;. For the estimating sequences defined
in Appendix E.2, using Lemma 13, we know that the (reformulated) updates satisfy the following relation,

E[f(wr1)] < E[¢7q] + Nrgr < Elpra(w*)] +Nrga
From Eq. (21), we know that for all w and k,
or(w) < (1= ) f(w) + A1 (w)

Using these relations,

E[f(wr41)] < (1 = A7) f* + Ard1(w™) + N1y
= E[f(wrs1) — ] < Arp (o1 (w™) — ]+ Nrja

< [0+ Lt = 21 = 7] 4 N
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Choosing ¢ = f(wy),
< [fw) = £+ Dt =P+ N

Since 21 = w1, ¢1 = U,

T

o? X
= Elflura) = 7)€ dr (1) = £ G -l 4 328 TT ()

Using the fact that Ay = 1 and A\t11 = (1 — r) Ag, we know that that Ay = Hle (1 —rg), and

T T
QL;O‘Z' :1_[ 1—7r).

T

E(f(wrs1) = 7] < [H(lrw] [Fwn) = 77+ &l —wn ] +

k=1

Now our task is to upper-bound bound the 1 — 7 terms. From Eq. (17), we know that

Th = /At 17k = %\/@2 \/qf)?ak (Since oy, < 1 for all k)

= (1—-rg) < (1 - \/QZ?%)

Since g, = w for all k, putting everything together,

E[f(wT+1)—f*]<[ﬁ (1—\/2%)] () £+ &t~ wn]?] + QZfLia? I (1— laz—)

K
k=1 J=1  i=j41 P

k)T

Denoting A, = E[f(wg) — f*], using the exponential step-size a, = « = (& H/r and that f(wy) — f* >
g g p P T =
L Hw* - w1||2
2 b

1 <& ? & I &
Ary1 < 2exp (— — Zak> A+ 5 Zazk exp <— — Z o/)
PR 2p°L =1 PR e

k 1=k+

Using Lemma 5, we can bound the first term as

20D <_\/ansz:_lak> Br=zew <_\/pr€ <1n?§6) - ln(QTB/ﬁ)» A

T le’ "
= 2czexp <_\/@ID(T/5)> [f(w1) — 7]

where c3 = exp (m) . We can now bound the second term by a proof similar to Lemma 6. Indeed we have

Za%exp( \fZ ) Za exp( \/,ZW)

i=k+1
1 a7\ &y [ okt
M)z o (- ei=a)
1a)‘/pn>2

eak+l

(Lemma 17)

IA
CD
/_\
ﬁ —
’ﬂ
t
v
=
NNk
Q
(]
o
/_\
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1 ot 4
:exp( a ) p"QT(l—oz)2

Vol —a ) e2a?

1 ottt dpr 9
< exp ( 1 a) 62&2T1n(1/a)
oy (LT 4prIn(7)s)?

P VpEl —a e2a?T

Finally,

1 a7t < 283
exp | —— exp| ———— ) =c
PA\VERT—a) = PP\ /prIn(T)s) ’
where the inequality comes from the bound in Eq. (10) in the proof of Lemma 5. Putting everything together we obtain

T @ N
_\/@ln(T/ﬁ)> [fw) = f]+

202c3k In(7/p)?

Elf(wr41) — f*] < 2c3exp ( SLPalT

E.4. Proof for misspecified ASGD

In this section, we assume that L and p are misspecified by positive v, and v, and we set v = vpv,,. In particular,

we will use L and f, offline estimates of the smoothness and strong-convexity parameters. W.1.o.g we will assume that
it =vypand L = % Importantly, we will assume that v, < 1 i.e. we will only consider the more practical case where
we underestimate the strong-convexity. Since v, < 1, f is also ji strongly-convex. Hence, all the equations of (11) hold

where we replace p with ji. Similarly in the definition of ¢, in (22) we can replace ;1 with fi.

With this estimated value, the extrapolation parameter by, is computed as follows:

k -
r? = (1= r)r oy~ oty fim (24)
Nk—1
(L= rp—1)re—15
by = ST (25)
Tk + Tk—17 1

k)T _ k/2T k/2T k/2T
where 0, = Yo = p%flk = Z—E (%) , T = ,/p% (%) = 1/Z—Z (%) = p% (%) satisfy the above

equations. It can be verified that the reformulation in Appendix E.1 does not use the specific form of r; and 7, and
only relies on the consistency of the update above. Hence, the update can be be reformulated as a 3 variable sequence as
in Appendix E.1 with a different choice of 1 and 7y, but with ¢ and z; defined analogously in terms of 7y and 7.

Similarly, it can be verified that the definition of the estimating sequences in Appendix E.2 also does not depend on the
specific value of r; and 7, and hence we use the same definition of ¢y.
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E.4.1. PROOF OF THEOREM 7

Given the definitions in Appendix E.2, we first prove the following descent lemma with the misspecified step-size.

Lemma 14. Using the update in Eq. (14) with n, = Z—Eak, and defining ky = T[}EE;L/)A) and G =
max;e (ko] |V ()]l

El ()] < ELF)] = 2 V7 + 5 z0do? + T {k < ko) ko
= o 2 Lakg 0 2pL g

Proof. By smoothness, and the update in Eq. (14),

fwryr) < fyr) = me(V f(yx), Vfin(yr)) + gﬂi IV fie () |12

Taking expectation w.r.t. iy,

L
E[f(wr1)] < E[f(yo)] = me IV o) ” + 5 mRENY fir () ) (s is independent of the randomness in iy,
pL L
< E[f(yr)] — m ||Vf(yk)H + 77k ||Vf(?/k)” + 9 Znpo? (By the growth condition in Eq. (6))
2
= Bl ()] = [V S w)* + H5= IV L) + 5 2 oo

2
= B[] - 5 IV @0l” = 5 (1= veow) VS @)l + 547 0io”

For k > ko, 1 — vpay, > 0, implying that

ELf (o)) < Bl )] = 3 IVS @) + 5 S edo™

For k < ko,

2
ELf ()] < ELf )] = 5 IVS @)l + 25 IV F) | + 5 ado?

2
ELf (wn)] < Bl )] — 2 1Vl Wl + 5 kpoio” (Since i = 2 an.)

Since G = maxc,] [|V.f(y;)|l, we can further upper-bound the RHS by

2
v
2 L 2 2
+

ELf (k1)) < EL ()] = 75 VSl + 5 Fad + 52 alo”




Towards Noise-adaptive, Problem-adaptive (Accelerated) SGD

Let us now prove the equivalent of Lemma 13 using the above modified descent lemma.

Lemma 15. For the estimating sequences defined in Appendix E.2 and the updates in Eq. (13)-Eq. (18),

E[7] == E[inf ¢ (w)] > E[f (wr)] - N

L o? k 2 11k G2p? min{ko,k}—1 2 17k
where Nig := 53¢ 500 o5 [Tis (1 —mi) + ( 2pLL) > e of [Ticja (L —m)

Proof. We will prove the lemma by induction. For k = 1, we define ¢7 = f(w;), and since A}, > 0 for all k, E[¢*]
flwy) — /\/'1, thus satisfying the base case for the induction. For the induction, we will use the fact that N}, 1 = (1
Tk)

>

O‘k

Assuming the induction hypothesis, E[¢}] > E[f(wy)] — N, we use Eq. (22) to prove the statement for k + 1 as follows.
Taking expectations w.r.t to the randomness in j = 1 to k,

Bida] = (1~ Bl + i | £ = 5 191" + C2208 (D s+ (7)o~ ) )|
> (1= 1) E[f (wy) — Ni]
# | ) = 5 9l + S (R a4 (90 )|

(by the induction hypothesis)
2

= (1= 7L ()] + raB{f ()] = 5 B9 )l
Pl (£ sl + (T~ ) )
— (1 = 1) N
= (1= r)ELf(wy)] + L ()] = E V(o)
4 PRI (D s 4 (95 )~ ) ) = (1= A (Using Eq. (17)
Tr+1 2

By convexity, f(wk) = f(yk) + (V.f(yr), we = Yr).

= (L =re)E[f(yr) + (Vf(yr), wr = yi)] + reE[f (yr)] — %E IV f ()1

o )
e =) g (“ g — 26l* + (V£ (), 21 — yw) = (L=m)N;
dk+1 2

=8 ()~ 21V I") + DD (s 49— )
+ (1 =) ELV £ (yr), we — yi)] — (1= ri) N
By Lemma 14,

2 2 1— Y
> B[ fun) - gpado? ~T{k < ha} §2af] + BOZ g (B 4 (900,20 - )
+

+(1- Tk)E[Wf(yk%w — )] — (1 - T/c)Nk

= B[] + EET I (a4 (97005~ ) + (L r)BLT A )~ )]
dk+1

2 G2
{(1 — )N + aro? +I{k < ko} 2}

L Qg
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2 2 2
Since Ny 41 = {(1 —rp) Nk + QZ—QLL()%UQ +Z{k < ko} C;p”LL aﬂ,

E[¢ri1] 2 E[f(wir1)] = Newr + (1 = ) ELV f (), wr — Yi)]

re(l—r [
+ ME <g ||yk — Zk||2 + <Vf(yk)7zk — yk)>
qk+1

Similar to Lemma 13, we show that (1 — r;)E [(Vf(yk),wk —yk) + 21;7;11; (% lyx — zk||2 +{(Vf(yr), 2k — y@)} > 0.
For this, we use modified Eq. (13)

Yk = Wk — Tk (wk - Zk)
qr + Trfl
QK Q7K
= Zk — Yk =2k — Wk + ————= (Wi, — 2) = (1—~> ZE — Wk
Y qk-l-?“ku( ) qk + Tl ( )
_ (%(1—7"k>+W> 2k — wp) = (%H) 2k — wr) (By Eq. (16))
qk + TEp qr + TEp

= ;:ili (Vf(ye), 26 — y) = <Vf(yk)7 (—(%) (wy, — zk)> = (Vf(ys), Y — wy)

Using this relation to simplify,

(1= B (9w = b + 2 (Bl =l + (7). 2= ) )|

=(1-r)E {Tk % S Iy — 21> + (1= 72) (VF (yr)s wi — yie) + (VF(Yn)s yp — wk>]:|
qr+1 2

=(1—-1)E B’;jﬁ % llyr — Zk||2:| >0 (Since r, < 1.)

Putting everything together,
E[¢ri1] = E[f(wrs1)] — Neta

and we conclude that E[¢;] > E [f(wy)] — N, for all k by induction. O
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We now use the above lemma to prove Theorem 7.

Theorem 7. Under the same assumptions as Theorem 6 and (iv) v = vrv,, < pk, ASGD (Egs. (4) and (5))

. i y 3 k/T 5 — 3 k/2T > 3 k/2T
Wlthwl:y:l”yk:pj:i’ak:(T) ,M:VMMSM,Tk:\/p%(T) :Q/p*N(T) and

bk:w

= +7‘§71 p converges as,

A7y < 2c3exp (‘ \/IWT ln((;f/ﬁ)> .

203(1H(T/6))2 0'2 2 . k() VL o
+W ?—FG mm{?,l} max{Z,VL},

where Ay, = E[f(wg) — f*], c3 = exp (ﬁ%), [z]+ = max{z, 0}, ko := LT[}EE;L/E;’J and G =
max;e (ko] ||V f(y;)l-

Proof. In order to have a valid estimate sequence, we need to restrict values that v. Since v < pk, 0 < 7, < 1 and
hence A, € (0,1), as required for a valid estimate sequence. For the estimating sequences defined in Appendix E.2,
using Lemma 13, we know that the (reformulated) updates satisfy the following relation

E[f(wri1)] < E[p71] + Nry1 < E[pria (w*)] + Nrga
From Eq. (21), we know that for all w and k,
Pr(w) < (1= Ap)f(w) + Ao (w)
Using these relations,
E[f(wr+1)] < (L= A1) f" + Argi(w*) + Nr = E[f(wr41) — f7] < Ar[pa(w®) = T+ Nra

By Eq. (20),
<z 61+ 5 ' = al® = 7]+ N
Choosing ¢ = f(wy),

< Ar :f(’wl)*f*+* **21\\2: + N1

Since z; = wy, and we set ¢; = [i,

— Elf(wri) — 1< |f) £+ 2wt - |

o212 T T 2,2 min{ko,T}—1 T
L 2 L 2
+202L‘ZajAH<1_m+(2pL) > @ [0
j=1 i=j+1 j=1 i=j+1

Using the fact that A = 1 and A1 = (1 — rg) Ak, and since v < pk, we know that 1, < 1 and A\p = HkT:l(l — 1), and

T T

<A [i o2v?
Elf(wri) - ] < [Hum] fw) = 1 Bt =]+ 52E ST TT =)
k=1

2
20°L j=1  i=j+1

min{ko,T}—1 T

+<C;”L%> S [ a-r.

j=1 i=j+1
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Now our task is to upper-bound bound the 1 — 7, terms. From Eq. (17), we know that

V1M = Qk+ >4/ quVL oy (Since aj < 1 for all k)
qk+1VL
]_ —
") ( pL )

Since q; = [ for all k, putting everything together,

Bl ) — ] < [ (1o )H A ) ﬁ(l o)

Jj=1 i=j+

G2V2 min{ko,T}—1 T >

L 2

+(QpL) 2 o ]l (1_ plﬂai).
j=1 i=j+1

Denoting Ay, = E[f(wy) — f*] and A; = E[f(wy) — f*], using the exponential step-size oy, = a/" = (%)k/T and that
flwy) — f* > % lwy — w* ||%. Similar to the proof of Theorem 4, if > 1, we can replace v by 1 and get an upper-bound
for the (1 — /plnak) term. Hence, we define © := min{1, v}, and obtain the following upper-bound.

T
v k ‘7 VL 2k
AT+1S2exp<— MZ@) Za exp( Z )
k=1 i=k-+1
min{ko,T}—1
G*vi 2k
+ 2L Z a”" exp | — Z

k=1 1=k-+1

Using Lemma 5, we can bound the first term as

P . D oI 23
e fZE ) e 28

§2exp<26T/ﬁ)>exp< Vo« )>[( 1) — f*] (since v < 1)

V/Pr In( \/71n(T/5
e [TV @ N
_2C3exp< MIH(T/@>U( )=

where c3 = exp ( )). We can now bound the second term by a proof similar to Lemma 6. Indeed we have

28
VPEIn(T/8

T o o ookt _ T+l
E a ™ eXp | — E E ™ exp pﬁil—a
k=1 i=k+1
VD aT+! T s k41
)Za%exp< i )
-« prl —a
k=1

(5T
< exp (ﬁ TH) XT:OF 10‘)\/’7{”)2 (Lemma 17)
()

P eak+1\f
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7 T+1
< exp ( Vo a ) dpr T In(Y/a)?

VPEl—a | e?ba?
=ex Vi ot dpk In(7/p)?
p \/p? 11—« €2ﬁ062T
Similarly,
min{ko,T}—1 % d / |
XO: ok exp | — z Z ot ] < exp Vi ol 4pK 1D(T/f5)2 min{ko, T’}
> pK 2 < \/p—h_/l — €2I>O[2T2
. In(v
= exp JpRl—a e2va?T

Finally,

exp Vi aTt! < exp ﬂ =c
VPEl—a |~ VPR In(T/p) s

where the inequality comes from the bound in Eq. (10) in the proof of Lemma 5. Putting everything together we obtain

E[f(wr41) — f7] < 2c3exp < ViT _a ) Ay + 2¢3r: In(T/p)? o?v2

~ J/Fp In(T/p) e2a®T  vpL
2c3k1In(T/p)? min (In(vr)]+ ] G2
2a2T "\in(T/p) S Lo
< oxn [ - VIT  « A 2¢36In(7/8)? o? max{vi, vy /v, }
= oxp VEp In(T/8) ! e2a?T pL
2c3kIn(T/8)? . [ [n(vr)]+ ] G? max{v?,vy/v,}
— " min
e2a?T In(T/B)’ L
—exp [ - VIT  « At 2¢31n(7/8)? o? max{vi, vy /v,}
VEp In(T/8) ! e2a?T oL
L2 ()], || G max(v v /v
e2a?T In(T/B8)’ o
For the second inequality, we consider the term % If ¥ = v, then ? = ? = ’;—i If o =1, then % = V%. Putting these

two cases together we get max{v?, v, /v, }. The last equality comes from the fact that % = i

O
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F. Helper Lemmas

Lemma 16. Forall x > 1,

Proof. For z > 1, we have

1 < 2
z—1 7 In(x)

— In(z) < 2z —2

Define f(z) = 2z — 2

— In(z). We have f’(z) = 2 — 1. Thus for 2 > 1, we have f’(2) > 0 so f is increasing on [1, 00).

Moreover we have f(1) =2 — 2 —In(1) = 0 which shows that f(z) > 0 for all z > 1 and ends the proof.

Lemma 17. Forall x,~v > 0,

oo < (1)

Proof. Letxz > 0. Define f(v) = ((}%)7 — exp(

f(v) = exp (yIn(y)

—1x). We have
—7vIn(ex)) — exp(—z)

and
£ = (73 +106) - tn(en) ) exp (717) = 7 hn(e)

Thus
() >0 < 1+1In(y) —In(ex) >0 < v >exp(ln(ex) — 1) =

So f is decreasing on (0, ] and increasing on [z, c0). Moreover,

T

£(@) = ()"~ expl(—) = (1) — exp(—2) = 0

exr

and thus f(y) > 0 for all v > 0 which proves the lemma.

T

Lemma 18. For any sequence oy,

Proof. We show this by induction on 7. For T' = 1,
(1 — Cvl) + o = 1

Induction step:

T+1 T+1 T T T+1
H 1—ay) +Zak H (1-a;) = 1—aT+1)H(1—ak)+<aT+1+Zak
= i=k+1 k=1 = i=k+1
T
:(l_aT+1)H(1_ak)+<aT+1+ 1—aryq) Zak H 1—ay)
k=1 k

1—a2>

T

=1

T

i=k-+1
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T T T

(Induction hypothesis)

=(l-ary)tarp =1

G. Comparison to Aybat et al. (2019)
Aybat et al. (2019) use the condition

E; |V fi(w) = V()|* < o® +n? w — w||? (26)
In order to relate the above condition to the one in Eq. (6), we use smoothness of f,
E |V fii(z) = VI (@)|* = IV fi, (@) |* = [V @i)* < o+ (p = DIV ()] < 0® + (p = DL? ||ag — 2*|%,
and thus % = (p — 1)L2.
Similarly, we can use the strong-convexity of f, and obtain the following relation,

2 2 2
ENV i (@)l” = EVfi(zr) = VI (@)l” + IV f (@)l
<o+ IIIk =" |* + [V f ()|

<o +77 IIVf(a?k)||2+ IV £ ()l

2
and thus p = (% + 1).

Hence, the two assumptions are equivalent up to constants. In order to get an idea about the strength of the two results, we
compare the two upper-bounds (we note that such a comparison is not ideal, and it may be possible to improve and tailor
the upper-bounds to the specific growth condition).

Under the assumption in Eq. (26), in Appendix K, the authors prove the following rate,

T o2
0(1)(\/E+712//~L2)>(f (wo) = ° “m)

If we were to use Eq. (6), since n? = (p — 1)L?, this result gives the following upper-bound,

Blf(ur) — 1) < 0() (exp

_ 0.2
Elf(ur) - 1 < 0 (e (g m o ) (o) — 1)+ )

Observe that for p > 1, this bound does not result in an accelerated rate.

On the other hand, if we were to use Eq. (26), since p = (Z—z + 1), the result in Theorem 6 can be written as:

8o2cyk  (In(T/8))?

a © ) (Flwn) — £+
Ve +72/p2) In(T/B) o (n?/u?)Le?  o2T

Observe that for any > 1, this bound gives an accelerated rate, meaning that the accelerated result in Theorem 6 also
holds for the alternative growth condition in Eq. (26).

E[f(wr) — f*] < 2c3exp (—



