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Abstract

We present BRIEE (Block-structured Representa-
tion learning with Interleaved Explore Exploit),
an algorithm for efficient reinforcement learning
in Markov Decision Processes with block struc-
tured dynamics (i.e., Block MDPs), where rich
observations are generated from a set of unknown
latent states. BRIEE interleaves latent states dis-
covery, exploration, and exploitation together, and
can provably learn a near-optimal policy with
sample complexity scaling polynomially in the
number of latent states, actions, and the time hori-
zon, with no dependence on the size of the po-
tentially infinite observation space. Empirically,
we show that BRIEE is more sample efficient than
the state-of-art Block MDP algorithm HOMER
and other empirical RL baselines on challeng-
ing rich-observation combination lock problems
which require deep exploration.

1. Introduction

Representation learning in Reinforcement Learning (RL)
has gained increasing attention in recent years from both
theoretical and empirical research communities (Schwarzer
et al., 2020; Laskin et al., 2020) due to its potential in en-
abling sample-efficient non-linear function approximation,
the benefits in multitask settings (Zhang et al., 2020; Yang
et al., 2022; Sodhani et al., 2021), and the potential to lever-
age advances on representation learning in related areas
such as computer vision and natural language processing.
Despite this interest, there remains a gap between the the-
oretical and empirical literature, where the theoretically
sound methods are seldom evaluated or even implemented
and often rely on strong assumptions, while the empirical
techniques are not backed with any theoretical guarantees
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even under stylistic assumptions. This leaves open the key
challenge of designing representation learning methods that
are both theoretically sound and empirically effective.

In this work, we tackle this challenge for a special class of
problems called Block MDPs, where the high dimensional
and rich observations of the agent are generated from certain
latent states and there exists some fixed, but unknown map-
ping from observations to the latent states (each observation
is generated only by one latent state). Prior works (Dann
et al., 2018; Du et al., 2019; Misra et al., 2020; Zhang et al.,
2020; Sodhani et al., 2021) have motivated the Block MDP
model through scenarios such as navigation tasks and image
based robotics tasks where the observations can often be
reasonably mapped to the latent physical location and states.
We develop a new algorithm BRIEE, which finds a provably
good policy for any Block MDP. It performs model-free rep-
resentation learning with a form of adversarial training to
learn the features, interleaved with deep exploration and ex-
ploitation. Unlike prior theoretical works, our new approach
does not require uniform reachability, i.e., every latent state
is reachable with sufficient probability, which is a strong
assumption that cannot be guaranteed or verified. We also
demonstrate the empirical effectiveness of our algorithm in
Block MDPs that are challenging to explore. Importantly,
our technique is model-free which means there is no need
to model the observation generation process that can be
complex for high dimensional sensory data.

Contributions Our key contributions are three folds:

1. We design a new algorithm BRIEE that solves any Block
MDP with polynomial sample complexity, with no ex-
plicit dependence on the number of states which could
be infinite;

2. BRIEE does not require reachability assumption, and
can directly optimize a given reward function;

3. BRIEE’s computation oracles can be easily implemented
using standard gradient based optimization. Our
experiments show that BRIEE is more sample efficient
than HOMER (Misra et al., 2020), can be extended to
richer MDPs where the block structure does not hold,
and can leverage dense reward structure to achieve
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Figure 1. (a) Sample complexities of different approaches to learning an e-optimal policy for Block MDPs on a given reward function.
Some approaches are reward-free and we only count the sample complexity of exploration in these cases. For MOFFLE and HOMER,
TImin 1S the minimum probability of reaching any latent state and can be arbitrarily small or even zero in the worst case. Y in REP-UCB
refers to the function class for modeling the emission distribution since their approach is model-based, which is an additional inductive
bias. We omit all log factors other than those depending on function class sizes. Our bound for OLIVE is a factor of | Z||.A| larger than
that of (Jiang et al., 2017) as we include the uniform convergence over the linear function class {w ' ¢ : ||w|2< 1,¢ € ®}, where
¢ € RIZIM to capture the Q* function in a Block MDP. (b) Empirical evaluation of BRIEE against baselines in a challenging block
MDP (see Section 5 for details), showing the number of episodes required to find a near-optimal solution for varying horizon lengths.
Large marker indicates that the method fails to solve the problem (within the sample budget) for larger horizon. HOMER and ours can

solve the problem up to H = 100, but our method consistently outperforms HOMER.

improved sample efficiency.

We summarize our theoretical results in Figure 1(a). Note
that our strong empirical performance beyond Block MDPs
(e.g., low-rank MDPs) suggests that it might be possible to
extend the theoretical analysis to more general settings, and
we leave this as an important direction for future work.

1.1. Related Work

We survey some of the relevant literature here.

RL with function approximation. There has been con-
siderable progress on sample-efficient RL with function
approximation in recent years. While some of it focuses on
the linear case (e.g. (Jin et al., 2020; Yang & Wang, 2019))
which does not involve representation learning, other works
have developed information-theoretically efficient methods
for non-linear function approximation (Jiang et al., 2017;
Sun et al., 2019; Du et al., 2021; Jin et al., 2021), some of
which subsume our setup in this paper. Particularly relevant
is OLIVE (Jiang et al., 2017) which can solve Block MDPs
in a model-free manner and has a better sample complexity
than BRIEE. However, it is known to be computationally
intractable (Dann et al., 2018) even for tabular MDPs.

Low-rank MDPs Low-rank MDP is strictly more general
than linear MDPs which assume representation is known a
priori. There are several related papers come from the recent
literature on provable representation learning for low-rank
MDPs (Agarwal et al., 2020b; Modi et al., 2021; Uehara
etal., 2021; Ren et al., 2021). Low-rank MDPs generalize

Block MDPs, so these algorithms are applicable in our set-
ting. Of these, however, only Modi et al. (2021) handles
the model-free case, while the other approaches are model-
based and pay a significant sample complexity overhead in
modeling the generative process of the observations. The
model-free approach of Modi et al. (2021) is the closest to
our work and we build on some of their algorithmic and
analysis ideas. However, their work makes a significantly
stronger assumption that each latent state must be reachable
with at least constant probability and do not interleave ex-
ploration and exploitation. They also do not provide any
empirical validation of their approach. Taking a slightly
different approach, Sekhari et al. (2021) studies low-rank
MDP from an agnostic policy-based perspective and only
requires a policy class that not necessarily contains the opti-
mal policy (thus the name agnostic). However, they show
that exponential sample complexity in this setting is not
avoidable, which indeed justifies the need for using func-
tion approximation to capture representations. Zhang et al.
(2021) and Papini et al. (2021) also refer to their settings
as representation learning, their goal is to choose the most
efficient representation among a set of correct representa-
tions (i.e., every representation still linearizes the transition),
which is stronger than the typical notion of feature learning
from an arbitrary function class.

Block MDPs There are two prior results on sample-
efficient and practical learning in Block MDPs (Du et al.,
2019; Misra et al., 2019). Du et al. (2019) requires the start
state to be deterministic, makes the reachability assumption
on latent states, and their sample complexity has an undesir-
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able polynomial dependency on the failure probability 1/4.
Misra et al. (2019) removes the deterministic start state as-
sumption but still requires reachability. Both approaches are
tailor-made for Block MDPs. These approaches also have
to learn in a layer-by-layer forward fashion, which is not
ideal in practice (i.e., they cannot learn stationary policies
for episodic infinite horizon discounted setting, while our
approach can be extended straightforwardly). In contrast,
BRIEE learns in all layers simultaneously. (Zhang et al.,
2020) extends the Block MDP to multi-task learning and
study how the error from a given state abstraction affects
the multi-task performance, but do not theoretically study
how to learn such an abstraction. Feng et al. (2020) assume
a high level oracle that can decode latent states. Foster
et al. (2021) focus on instance-dependent bounds, but their
bounds scale with a value function disagreement coefficient
and inverse value gap, both of which can be arbitrarily large
in general Block MDPs (e.g., disagreement coefficient is a
stronger notation than the usual classic notation of uniform
convergence which is what we use here). Finally, Duan et al.
(2019) and Ni et al. (2021) study state abstraction learning
from logged data, without identifying the optimal policy.

Approaches from the empirical literature There are ex-
ploration techniques with non-linear function approximation
from the deep reinforcement learning literature (e.g. (Belle-
mare et al., 2016; Pathak et al., 2017; Burda et al., 2018;
Machado et al., 2020; Sekar et al., 2020). Of these, we
include the RND approach of Burda et al. (2018) in our em-
pirical evaluation. The use of adversarial discriminators for
feature learning is somewhat related to the insights in Belle-
mare et al. (2019), but unlike our approach, they use random
adversaries in the empirical evaluation, and do not focus on
strategic exploration and data collection.

2. Preliminaries

We consider a finite horizon episodic Markov Decision Pro-
cess (S, A, {rn}y =o' H,{Pu}f=' do), where S and A
are the state and action space, P, j, are the transition and
reward at time step h € [H], H being the episode length;
do € A(S) is the initial state distribution. For normaliza-
tion, we assume the trajectory cumulative reward is bounded
in [0, 1].

An MDP is called a low-rank MDP (Rendle et al., 2010;
Yao et al., 2014; Jiang et al., 2017) if the transition matrix at
any time step h is low-rank, i.e., there exist two mappings
wy o S — R and ¢F : S x A — R?, such that for any
s,a,s’, we have Py (s'|s,a) = uj(s') T ¢ (s,a). Denote d
the rank of P;;. Note that for low-rank MDP, neither 15, nor

7 are known, which is fundamentally different from the
linear MDP model (Jin et al., 2020; Yang & Wang, 2019)
where ¢} is known. Learning in low-rank MDPs requires ei-

ther directly learning a near-optimal policy through general
function approximation, or doing representation learning
first (again through nonlinear function approximation), fol-
lowed by linear techniques. Either way, low-rank MDPs
provide an expressive framework for analyzing non-linear
function approximation in RL.

In this work, we mainly focus on analyzing a special case
of low-rank MDPs, called Block MDPs (Du et al., 2019;
Misra et al., 2020). We denote Z as a latent state space
where | Z| is small. Denote Z x A as a joint space whose
size is | Z||.A|. In a Block MDP, each state s in generated
from a unique latent state z as described below (hence the
name block), which means that the latent state is decodable
by just looking at the state. Denote the (unknown) ground
truth mapping from s to the corresponding z as ¢, : S — 2
for all h. A Block MDP is formally defined as follows.

Definition 2.1 (Block MDP). Consider any h € [H].
A Block MDP has an emission distribution op(-|z) €
A(S) and a latent state space transition 1}, (z’|z, a), such
that for any s € S, op(s|z) > 0 for a unique z €
Z denoted as v (s). Together with the ground truth
decoder 7}, it defines the transitions P;(s'|s,a) =

> zez on(8'[2)Th(2' ¥} (5), a).

The Block MDP structure allows us to model the setting
where the states s are high dimensional rich observations
(e.g., images) and the state space S is exponentially large
or even infinite. In the rest of the paper, we use words state
and observation interchangeably for s with the impression
that s is a high dimensional object from an extremely large
space S. Block MDPs are generalized by the low-rank MDP
model. Denote the ground truth feature vector ¢7 (s, a) at
step h as a | Z||.A|-dimensional vector e(y» (s),q) Where e; is
the 74y, basis vector, so that it is non-zero only in the coor-
dinate corresponding to (¢} (s),a) € Z x A. Correspond-
ingly, for any s € S, i} (s) is a | Z||.A| dimensional vector
such that the (z,a), entry is Y, - on(s]2')Th(2|2, a).
Then Py (s'|s,a) = u}(s')T¢7(s,a), so that the Block
MDP is a low-rank MDP with rank d = |Z||.A|. We as-
sume that the reward function r, (s, a) is known.

Function approximation Our representation learning
approach to learn Block MDPs requires a feature class
{®, 12}, Since the features ¢ are one-hot in a Block
MDP as described above, it is natural to use the same
structure in the class ®; as well, since it yields statisti-
cal and algorithmic advantages as we will explain in the
sequel. So any ¢, € P, is parameterized by a candidate
decoder ¢, : S — Z that aims to approximate 1, with
®n(s,a) = €(y, (s),a)- In algorithm and analysis, we will
mostly work with the state-action representation class @5
directly, but discuss the benefits of the specific Block MDP
structure when important. This is because we intend to
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make our algorithm as general as possible and indeed as we
will see, our algorithm can be directly applied to low-rank
MDP, although our analysis only focuses on Block MDPs.

We aim to learn a near optimal policy with sample complex-
ity scaling polynomially with respect to | Z|, |.A|, H, and the
statistical complexity of ® rather than the size of the state
space |S| which could be infinite here. In this work, we will
focus our analysis on the setting of finite ®;, and thus the
statistical complexity @y, is simply log(|®y|). Extending to
continuous ¢y, is straightforward by using statistical com-
plexities such as covering number, since our analysis only
uses the standard uniform convergence property on ®y,.

Model-free vs model-based Like HOMER (Misra et al.,
2020), we only model ¢* via function approximation (hence
model-free), while FLAMBE and Rep-UCB (Agarwal et al.,
2020b; Uehara et al., 2021) additionally model omission
distributions o(+|z) (i.e., model-based), which could be com-
plex when observations are high dimensional.

Notation We denote 7 = {m,...,7g—1} as the non-
stationary Markovian policy, where each 7, maps from
a state s to a distribution over actions A(A), and V7 (s)
as the value function of 7 at time step h, i.e., V7 (s) =

E ST, s, = s} . We denote Q7 (s,a) = rp(s,a)+
Egnps(s,a)Viii1(s'). We denote Vi € RT as the ex-

pected total reward of m under non-stationary transitions
P := {P,}), and rewards r := {1 };.

We define dJ (s, a) as the probability of 7 visiting a state-
action pair (s, a) at time step h. We abuse notation a bit
and denote dZ(s) as the marginalized state distribution, i.e.,
dp(s) = > ,dr(s,a). Given djj, we denote s ~ df as
sampling a state at time step h from d7, which can be done
by executing 7 for h — 1 steps starting from h = 0. We
denote U(.A) as a uniform distribution over action space
A. For a vector z and a PSD matrix %, we denote ||z[%=
o Y. Forn € NT, weuse [n] = {0,1,...,n—1}. Lastly,
we denote |®|:= maxyc(q)|Prl, and a A b = min(a, b).

3. Our Algorithm

In this section, we present our algorithm BRIEE: Block-
structured Representation learning with Interleaved Explore
Exploit. We first give an overview of our algorithm and then
describe how to perform representation learning.

Algorithm Overview Algorithm | operates in an episodic
setting. In episode n, we use the latest policy 77! to col-
lect new data for every time step h. Note that in our data
collection scheme, for each time step h, we maintain two re-
play buffers Dy, and D), of transitions (s, a, s") which draw
the state s from slightly different distributions (line 4). With

Algorithm 1 Block-structured Representation learning with
Interleaved Explore Exploit (BRIEE)

1: Input: Representation classes {®, } ', discriminator
classes {fh}th_Ol, parameters N, T}, cp, Apy
2: Initialize policy #° = {7, ..., 75 _1} arbitrarily and
replay buffers Dy, = (), Dj, = () for all h
3: forn=1— Ndo
4:  Data collection from #"~1: Vh € [H],
s~di" " a~U(A),s ~ Pr(s,a);
5~ dgi?’d ~U(A),§ ~ P}t—1(§7 a,
@ ~U(A),§" ~ Pr(3,d)
Dy, = Dy U{s,a,s'} and D, = D, U{&, &', 3"}.

5:  Learn representations for all h € [H]:
7 = REPLEARN (D, U Dy, Oy, Fiy, A, s £r)
6:  Define exploration bonus for all h € [H]:

Bﬁ(s,a) ‘= min {Ocn\/&Z(S,a)TEgng)Z(s,a),Q},
with Xy, := 3, o op, (s, ) (s,a)T + A1
7: Set 7" as the policy returned by:
LSVI({rn+ b3} 2o {020 - {Pr UDLHL s An)-
8: end for
9: Return #°,... #"N

Dy, and Dj,, we update the representation q@h for time step
h by calling our REPLEARN oracle which is described in
Algorithm 2. We then formulate the linear-bandit and linear
MDP style bonus 32(57 a) using the latest representation
qgﬁ. Note that the bonus is constructed using only the replay
buffer D;,. When the features dgz are one-hot for a Block
MDP, the first term inside the minimum in the bonus defini-
tion (line 6) simplifies to an/\/)\n + N(91(s), a), where

&ﬁ(s) is the estimated latent state for s corresponding to the

index of the non-zero entry in ¢7(s, a) and N,?(z/;,’f(s), a)
is the number of times we observe a transition (8, a, §') in
Dy, with ¢} (5) = ¢}(s) and @ = a. With bonus b}, the
representation (;AS”, and the dataset Dy, + D;L, we use the stan-
dard Least Square Value Iteration (LSVI) (Algorithm 3) to
update our policy to 7" using the combined reward r;, + IA)Z.

Our algorithm is conceptually simple: it resembles the UCB
style LSVI algorithm designed for linear MDPs where the
ground truth features ¢* are known. However, since ¢* is
unknown, we additionally update the representation 4[3;; in
every episode. Note that if the features q?)’,} are one-hot, we
can alternatively use the counts N (1[),’;(5), a) to estimate a
tabular transition model over the inferred latent states and
do tabular value iteration when the rewards only depend on
the latent states. We choose to use the more general LSVI
approach as it keeps our algorithm more general and we will
comment more on this aspect at the end of this section.
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Algorithm 2 Representation Learning Oracle (REPLEARN)

1: Input: Dataset D = {s, a, s’ }, representation class P,
discriminator class F, regularization J, iterations 7T,
termination threshold /4.

2: Initialize ¢° € ® arbitrarily

3: Denote least squares loss:

Lap(é.w, f) = Ep (w7 6(s,a) = f(s')” +Awl3.

4: fort =0—T —1do

5:  Discriminator selection:

# find a discriminator that cannot be linearly pre-
dicted by the current features

ft = argmax; max;g [minw [La,p (8w, f)]

—ming [Lxp(¢, , f)]]
6: If f! achieves an objective value at most ¢: Break
and Return ¢*.
7:  Feature selection via Least Square minimization:
# find a feature map that can linearly predict all
discriminators’ values at next states
e

8: end for

Representation Learning Now we explain our represen-
tation learning algorithm (Algorithm 2). This representation
learning oracle follows the algorithm from MOFFLE (Modi
et al., 2021). For completeness, we explain the intuition
of the representation learning oracle here. Given a dataset
D = {(s,a,s’)}, Algorithm 2 aims to learn a representation
via adversarial training using the following ideal objective:
. inF T ) 2
q?elglh ]{Iéaf};(z |:Hgn s,a€D (U) QS(S,CL) s’NP*(s,a)f(S )) ]
where F;, C [S — R] are the discriminators. In Section 4,
we instantiate F}, as a class of linear functions on top of the
representations in ®;,1. To understand the intuition here,
first note that regardless of f, E(‘,./Nphf(s,a)f(s’) is always a
linear function with respect to the ground truth features ¢y
(see e.g. Proposition 2.3 in Jin et al. (2020)). Hence, ¢y, is
always a minimizer of the objective above for any class F,
and by using a sufficiently rich class F,, we hope that any
other approximate optimum is also a good approximation to
7 under the same distribution.

However, the conditional expectation inside the squared
loss in our ideal objective precludes easy optimization, or
even direct unbiased estimation from samples, related to
the ”double sampling” issue in Bellman Residual objectives
from the policy evaluation literature. Following a standard
approach from offline RL (Antos et al., 2008) also used
in MOFFLE, we instead rewrite the ideal objective with an
additional term to remove the residual variance:

minges, Jgé:;_}}() [H}UEHED(quS(S?a) - f(sl))z

—ming jq, Ep(@7¢ — f(s’))Z]. 1)

= argmingeq ming,,j: ZZ:O Lp(d,w;, f).

Algorithm 2 optimizes Eq. (1) through alternating updates
over f and ¢. Ateach iteration, it first picks features that can
linearly capture expectations of all the discriminators found
so far by solving a least squares problem (line 7). If ¢ is a
parametric function, we can solve the least square regression
problem via gradient descent on the parameters of ¢ and
w;. Given the latest representation ¢¢, we simply search for
a discriminator which cannot be linearly predicted by ¢°
for any choice of weights (line 5). If no such discriminator
can be found (line 6), then the current features ¢’ are near
optimal and the algorithm terminates and returns ¢'. For a
Block MDP, our analysis shows this process will terminate
in polynomial number of rounds. Note that in line 5, since
we use ridge linear regression for w and w, both w and w
have closed form solutions given ¢* and <Z§ Thus, if f and é
are parameterized functions, we can compute the gradient of
the objective function, which allows us to directly optimize
f and ¢~> Jjointly via gradient ascent.

Extensions and Computation Note that our algorithm is
stated in a general way that does not use any Block MDP
structures. This means that the algorithm can be applied to
any low-rank MDP directly. While our theoretical results
only hold for Block MDPs, our experimental results indi-
cate that the algorithm can work for more general low-rank
MDPs. Note that all prior Block MDP algorithms cannot be
directly applied to low-rank MDPs, and use very different
approaches than general low-rank MDP learning algorithms.

Another benefit of the algorithm being not tailored to the
Block MDP structure is that when we apply our algorithm
to linear MDPs where ¢; are known a priori, we can simply
set @, = {¢} } as a singleton, rendering it as efficient as
LSVI-UCB in this setting.

Compared to more general approaches such as OLIVE, our
main benefits are algorithmic and computational. Note that
OLIVE is provably intractable for even a tabular or linear
MDP (Dann et al., 2018), due to complicated version space
constraints. Empirically, the constraints in OLIVE are un-
suitable for gradient-based approaches due to the presence
of indicator functions involving the parameters.

4. Analysis

We start by specifying the discriminator class Fj,
constructed using the representations from ®4;.

Define two sets of discriminators .7-',51) and f,SQ) as
{£65): Banr[6(5,0) 70 = ' (5,0) 70
6,9 € psr max(|0], 0]lc) <1}, and

{f(S): max, (rhﬂ(s’ a)Q—;rlff(s, a) A2 + (s, a)Tw’>

| ¢ € Brass wlloo s 'lloe< 1},
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Algorithm 3 Least Square Value Iteration LSVI

1: Input: Reward {ry(s,a)};_, features {¢p}r -,
datasets {Dy, } -}, regularization \

2: Initialize Vi (s) = 0, Vs

3: forh=H —-1—0do

4 Zh = Zs,a,s’EDh ¢h(87 a)¢h(87 a)T + Al

50w =31 Y sa.se, Pr(s,a)Vaia(s').

6. SetQn(s,a) = w} ¢n(s,a)+ru(s,a),and Vj,(s) =
maxg, Qr(s,a)

7: Set mp(s) = argmax, Qn(s,a)

8: end for

9: Return 7 := {mg, -+, Tg_1}

respectively, where ¢ € R™T is some positive constant
that we will specify in the main theorem. We let our
discriminator class be Fj, = .7-",51) U F ,(12). Note that Fj,
contains linear functions of the features in ®,,; which
makes bounding the statistical complexity (e.g., covering
number) of F;, straightforward. Using this definition of Fj,
in Algorithm 1, we have the following guarantee when the
environment is a Block MDP:

Theorem 4.1 (PAC bound of BRIEE). Consider a Block
MDP (Definition 2.1) and assume that ¢} € @y, for all
h € [H]. Fix d,¢ € (0,1), and let 7t be a uniform mixture
of 70, ..., #N=1. By setting the parameters as

an = é((nd5)%|A|1n "I’m), An = @(dln @)7

) 0
n (1% an
To=| [—2 | ta=0d|—2 ], c= X
dIn(12h) n VAN

with probability at least 1 — 6, we have V5, — Vi, < ¢
after at most

9 14 8
H-N<O (H A" ln(H|«4|3'||<I>|/56)>

=
episodes of interaction with the environment.

Theorem 4.1 certifies a polynomial sample complexity of
BRIEE for all Block MDPs. Furthermore, the bound on 7'
means that our overall computational complexity is favor-
able as long as one iteration of REPLEARN can be efficiently
executed. Compared to other efficient methods for solving
Block MDPs, our result is fully general and places no ad-
ditional assumptions on the reachability or stochasticity in
the underlying dynamics. Compared with statistically su-
perior methods like OLIVE, our algorithm is amenable to
practical implementation as we demonstrate through our
experiments. Finally, compared with prior works which are
primarily model-based, our model-free guarantees do not
require modeling the emission process of observations in a

Block MDP. Compared with the prior model-free represen-
tation learning guarantee of Modi et al. (2021), we do not
require reachability of latent states.

Our next result shows that our BRIEE framework is flex-
ible enough that a variation of the algorithm can solve
the reward-free exploration problem. To perform reward-
free exploration, we simply run BRIEE by setting reward
rr(s,a) = 0,Vh, s, a. After the exploration phase, once we
are given a new reward function that is linear in the ground
truth feature ¢*, we can find a near optimal policy via LSVIL
The detailed procedure is described in Algorithm 4 in ap-
pendix.

Theorem 4.2 (Reward-free Exploration). Consider a Block
MDP and assume that ¢} € @, for all h € [H|. Fix
d,¢ € (0,1), by setting the parameters as in Theorem 4.1,
given N episodes in the exploration phase, with probability
at least 1 — 6, for all reward function r(s, a) that is linear
in ¢*, Algorithm 4 finds a policy 7 in the planning phase
such that

VB, =V, <0 (H5/2|A|1/2d1og(|<1>\/5)1/4N—1/4) _

4.1. The Representation Learning Oracle’s Guarantee

The following lemma gives a bound on the reconstruction
error with the learned features at any iteration of BRIEE,
under the data distribution used for representation learning.

Lemma 4.3 (REPLEARN guarantee). Consider parameters
defined in Theorem 4.1 and time step h. Denote p as the
Jjoint distribution for (s, a, s') in the dataset D of size n. Let
¢ = REPLEARN(D, By, Fiu, A, Ty, £y). Denote @y =
argming, >, , vep(w' ¢(s,a) — f(s)? + Anllwl3 for
any f : 8§ — R. Then, with probability at least 1 — §:

max Eg ,
,an~p
fE€Fn

(479060~ Bury e 1) |
< G = O (& log (n[®]/5) /1) .

Note that the guarantee above holds under the data distri-
bution p, which might not be sufficiently exploratory at
intermediate iterations of the algorithm. However, it shows
that our representation is always good for the entire set of
discriminators on the available data distribution, and any
deficiencies of the representation can only be addressed by
improving the data coverage in subsequent iterations. As
mentioned earlier, the number of iterations 7" of REPLEARN
before this guarantee is achieved is bounded by the setting
of T"in Theorem 4.1.

Indeed the main challenge in the proof of Lemma 4.3 is
to establish that REPLEARN terminates in a small num-
ber of iterations 7. While this need not be true for a
general MDP, the low-rank property which implies that
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E[f(s')|s,a] = wang*(s a) allows us to achieve this. We
do so by following a similar elliptical potential argument
proposed in MOFFLE. The main difference here is that we
need to incorporate ridge regularization to make it consis-
tent with the ridge regression used in LSVI. Note that ridge
linear regression is important in implementation as well
since it has closed-form solution which enables direct gra-
dient ascent optimization on discriminators. While the key
ideas follow from MOFFLE, there are technical differences
in our analysis, as well as room to additionally leverage the
Block MDP structure, which results in an improved bound.
To contrast, MOFFLE requires O(d7/3n~1/3) samples (c.f.
Lemma 5 in Modi et al. (2021)).

4.2. Proof Sketch

We now give a high-level proof sketch for Theorem 4.1.
Even though our algorithm is model-free, it would be help-
ful to leverage an equivalent non-parametric model-based
interpretation which has also been discussed before in Parr
et al. (2008); Jin et al. (2020); Lykouris et al. (2021). We de-
scribe this model-based perspective for completeness here,
before discussing how we utilize it.

A Model-based Perspective: Let us focus on an iteration
n. For notational simplicity, we drop the superscript n here.
Denote the learned features as ¢y, for h € [H]. Define the
non-parametric model Py, as follows:

Ph,(5/|57 a) = &h(s»a)Tzﬁl

where 3, := Zs,aephum on(s,a)on(s,a)” + A, 1(s =
s') is the indicator function, and Np(z) is the number
of occurrences of x in the dataset D. The intuition be-
hind this model is that we learn the model via multi-
variate linear regression from representation gﬁh(s, a) to
the vector ey,. In particular, the conditional expecta-
tion Ep, [f(s')]s,a] is w' ¢n(s,a), where w minimizes

Z(s,a,s,)ephupg (wT én(s,a) — f(s'))2, underscoring the
connection between this model definition and our LSVI
planner. The second equality is specific to the block struc-
ture of our features and does not hold in general low-rank
MDPs. Interestingly, this is perhaps the only ingredient
of our analysis which does not generalize beyond Block
MDPs. Notice that Ph isnota normalized conditional distri-
bution, in the sense that ) . s Pr(s[s,a) # 1 for A > 0.
Nevertheless, it is still non-negative and we can still define
the occupancy measures and value functions inductively as
follows:

07, o(s.0) = do(s)m(als); V],

5(8)=0;

By (00 = 03, 5,00, o5, )l

5a
1/(7},7T);h(s) =Eaun(s) {T(S, a) + Py(-|s,a) V(; yeh
where P(-[s,a)" fisinshortof Y, .5 P(s'|s,a) f(s). As

we will see, these constructions are sufficient for us to carry
out a model-based analysis on our model-free algorithm.

Using our constructed representation {(ZBZ} ne(m) and bonus
{ 52} he[H]» We can prove the following near-optimism claim.
Note that the optimism only holds at the initial state distri-
bution, in contrast to the stronger versions that hold in a
point-wise manner. Note that from here, our analysis signif-
icantly departs from the prior Block MDP works’ analysis
and the analysis of MOFFLE which rely on a reachability
assumption. This part of our proof leverages some ideas in
the analysis of a recent model-based representation learning
algorithm REP-UCB (Uehara et al., 2021).

For # := LSVI ({rh + by} {dn}, {Dn + D)1, )\n), it is
not hard to see that 7 is indeed the optimal policy for the
MDP model with transitions { %, } and rewards {rj, + by},

ie., T = argmax_ V}; ih from our construction of Pj.
The following lemma shows that Vg b almost upper

bounds Vg: e
Lemma 4.4 (Optimism). Using the settings of Theo-
rem 4.1, with probability 1 — 6, we have for all itera-

. *
tions n € [N], Vgn i — VBey = —On, where o, =

O(|AM2d (log(n|®]/6) /) /*).

i.e., we achieve almost optimism.

Optimism allows us to upper bound policy regret as fol-
lows. For 7™, conditioned on the optimism event and via
the standard simulation lemma (which also works on the
unnormalized transitions ]5”), we have:

VB = VB SVE i = VB +0n 2)
= Z Egz» by (s,a) + (B — Pp)(s,0) Vi) + o

&h(sa)

where we denote Vhffl (+) as the expected total reward func-

tion of 7" starting from time step ~ + 1, under model P
and reward r + b™.

The rest of the proof is to directly control the expecta-
tion of by + £ under dj ", which is done in Lemma A.2.
Lemma A 2 uses a key property of the low-rank MDP which
is that for any f, Es 4~ar f(s,a) can be written in a bilinear
form:

<E§,&~d£_l¢2—l(’§a a’)a/ﬂ;;—l(s)EaNﬂ(s)f(sv a)ds> .

This “one step back” trick (i.e., moving from A to h — 1)
leverages the bilinear structure in P;_,, and was first
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used in Agarwal et al. (2020b).
S, dr (s,a)/n as the mixture state-action distribution,
and Xyn oo = 1B anyp @1 (s,a) (95 (s,a)) " + Al as the
regularized covariance matrix under the ground truth repre-
sentation ¢*. We can further upper bound the above bilinear
form via Cauchy-Schwart under norm induced by X,n 4+:

Denote 77 (s,a) =

<Eg,a~d;_l¢;_1<§, o). [ ui_l(S)an(s)f(S»a)dS>

< Bsanay_, H‘Zsz—l(g’ a) Hz;ﬁ

*
h—1?

X

/ 11 (9)Ean(s) f (5, a)ds

S

o,

1o

The first term on the RHS of the above inequality is re-
lated to the classic elliptical potential function defined with
the true ¢*. The second term on the RHS can be further
converted to the expectation of f2 under the training data
distribution (i.e., the distribution over Dj,), which is control-
lable when f := b} + 7. This step of distribution change
from d™ to the training data distribution is the key to directly
upper bounding regret. The detailed proof for Theorem 4.1
can be found in Appendix A.

5. Experiments

We test BRIEE on MDPs motivated by the rich observation
combination lock benchmark created by (Misra et al., 2019),
which contains latent states but the observed states are high-
dimensional continuous observations. We ask:

1. Is BRIEE more sample efficient than HOMER on their
own benchmark?

2. Can BRIEE solve an MDP where the block structure does
not hold, e.g., low-rank MDP?

3. If the MDP happens to have dense rewards that make it
easy for policy optimization, can BRIEE leverage that?

In short, our experiments provide affirmative answers to all
three questions above. Note that prior algorithms such as
HOMER and PCID cannot be applied to low-rank MDPs, and
are not able to leverage dense reward structures, since they
require a reward-free exploration phase. In what follows we
describe the experiment setup.

Reproducibility Our code can be find at https://
github.com/yudasong/briee. We include experi-
ment details in Appendix E.

The Environment We evaluate our algorithm on the di-
abolical combination lock (comblock) problem (Fig. 2a),
which has horizon H and 10 actions. At each step h, there

are three latent states z;.;, for ¢ € {0, 1,2}. We call z;,;, for
i € {0,1} good states and z.;, bad states. For each z;.j, with
i € {0,1}, we randomly pick an action a;;;, from the 10
actions. While at z;;, for i € {0, 1}, taking action aj, tran-
sits the agent to zo.;41 and z1,,41 with equal probability.
Taking other actions transits the agent to 2,41 determin-
istically. At zo.5, regardless what action the agent takes, it
will transit to 2g.5,41. For reward function, we give reward
1 at state z;, for ¢ € {0, 1}, i.e., good states at H have
reward 1. With probability 0.5, the agent will also receive
an anti-shaped reward 0.1 from transiting from a good state
to a bad state. We have reward zero for any other states and
transitions. The observation s has dimension 2/1°8(H+4)1
created by concatenating the one-hot vectors of latent state
z and the one-hot vectors of horizon h, followed by adding
noise sampled from N(0,0.1) on each dimension, append-
ing 0 if necessary, and multiplying with a Hadamard matrix.
The initial state distribution is uniform over z;.0,% € {0, 1}.
Note that the optimal policy picks the special action a,,,
at every h. Once the agent hits a bad state, it will stay in
bad states for the entire episode, missing the large reward
signal at the end. This is an extremely challenging explo-
ration problem, since a uniform random policy will only
have 10~# probability of hitting the goals.

BRIEE Implementation Here we provide the details for
implementing Algorithm 2. For features ¢; we have:
én(s,a) = softmax(Ays/7) ®1,, where A;, € R3*dims 7
is the temperature, and 1, € {0, 1}/ is the one-hot indi-
cator vector. This design of decoder follows from HOMER,
for the purpose of a fair comparison. For discriminator we
use two-layer neural network with tanh activation. In each
step of line 5, we perform gradient ascent on ¢ and f jointly.
Similarly for line 7, we perform gradient descent on Ay,.

Baselines In the following experiments, in addition to
HOMER, we compare with empirical deep RL baselines
Proximal Policy Optimization (PPO) (Schulman et al., 2017)
and Random Network Distillation (PPO+RND) (Burda et al.,
2018). We also include LSVI-UCB (Jin et al., 2020) with
ground-truth features (i.e., it is an aspirational baseline with
access to the latent state information), and LSVI-UCB with
Random Fourier Features, i.e., RFF directly on top of (s, a)
(Rahimi & Recht, 2007) (LSVI-UCB+RFF) as baselines.

Comparison with HOMER In this experiment we focus
on the comblock environment. We test BRIEE and base-
lines for different horizon values. We record the number of
episodes that each algorithm needs to identify the optimal
policy (i.e., a policy that achieves the optimal total reward
1). The results are shown in Fig. 1a. We compare with
HoOMER, PPO+RND and LSVI-UCB+RFF. We reuse the
results of HOMER and PPO-RND from (Misra et al., 2019).
For BRIEE, we run 5 random seeds and plot the confidence
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Figure 2. (a): Visualization of comblock. The blue area denotes the (infinitely many) possible observations from one latent state. The top
vector denotes the one-hot vector and the bottom vector denotes the noise. Rot{-} denotes multiplying with the Hadamard matrix. The
dark arrows denote transiting from good states (white) to bad states (gray). Once the agent transits to a bad state, it stays in bad states for
the entire episode thus missing the goal. Note that in order to reach the goal (orange), one has to stay in good states which can only be
achieved by picking the right action (red) at every time step (thus the name combination lock). (b): Moving average of the evaluation
returns for comblock with simplex feature and H = 30. The converged return of LSVI-UCB with ground truth feature suggests the
optimal value. (¢): Moving average of evaluation returns for comblock with dense reward and H = 30. The x-axis is scaled in natural log.

interval within 1 std. Note that LSVI-UCB + RFF can only
solve H up to 12, indicating that simply lifting linear MDPs
to RBF kernel space is not enough to capture the underlying
nonlinearity in our problem. PPO+RND can solve up to
H = 25. Both HOMER and BRIEE solve up to H = 100
with BRIEE being more sample efficient.

Visualization of decoders We visualize the outputs of
decoders in Fig. 3 in Appendix E.2. In short, our decoders
successfully decode latent states (up to a permutation).

Comblock with Simplex Feature Here we extend the
above environment beyond Block MDP. Instead of decod-
ing s to a unique latent state, we modify the ground truth
decoder to make it stochastic. Given s, a, the ground truth
decoder maps s to a distribution over latent state space, then
a latent state is sampled from this distribution, and then to-
gether with q, it transits to the next latent state, followed by
generating the next s’ from the emission distribution. This is
not a block MDP anymore, and indeed it is a low-rank MDP
(i.e., ¢} (s, a) is not one hot, and it is from A(Z x A)). Note
that HOMER provably fails in this example. We show the
results for I = 30 in Fig. 2b. While PPO+RND completely
fails, BRIEE matches the return from LSVI-UCB with the
features ¢* (that are unknown to BRIEE and PPO+RND).

Dense Reward Comblock We also test if BRIEE can
leverage dense reward signals to further speed up learning.
We modify the reward as follows. Instead of getting an
anti-shaped reward from transition to a bad state, we get
a positive reward every time one transits to a good state.
Thus a greedy algorithm that collects one step immediate
reward should be able to reach the final goals. In Fig. 2¢

we show the mean evaluation returns in the H = 30 dense-
reward comblock environment. Compared with PPO — a
greedy policy gradient algorithm, BRIEE can consistently
reach the optimal value (3.9) and uses orders of magnitude
fewer samples. Note that compared to the results in Fig. 1b
where reward is sparse and anti-shaped, BRIEE is able to
solve the problem two times faster, indicating that it indeed
can leverage the dense reward structure for further speedup.
Note that HOMER cannot leverage such informative reward
signals and will have to perform reward-free exploration
regardless, which is a huge waste of samples.

6. Conclusion

In this paper, we present a new algorithm BRIEE that prov-
ably solves block MDPs. Unlike prior block MDP algo-
rithms, BRIEE does not require any reachability assumption
and can directly optimize the given reward function. Un-
like FLAMBE and REP-UCB, BRIEE is model-free which
means that it is more suitable for tasks where states are
high dimensional objects. Experimentally, on the bench-
marks motivated by HOMER, we show our approach is more
sample efficient than HOMER and other empirical RL base-
lines. We also demonstrate the efficacy of our approach on
a low-rank MDP where the block structure does not hold.
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A. Sample Complexity Analysis

Recall that we define the non-parametric model ]5}7 as follows:
Pr(s'|s,a) =47 (s, a)Tz,;l Z g%;;(g, Al(s' = &), Tpi= ( Y dsa)di(s,a) + /\nI) R

and we define

5,a,5' €Dy UD),

Throughout the appendix, we also abuse the notation E, q)p(s,a)[f (5, a)] = | f(s,a)p(s,a)d(s,a) for any non-negative
function p(s,a) > 0.

Recall that in the case of Block MDP where gZ)Z are one-hot vectors, and thus If’}?( |s, @) can be further simplified as

ND}H-D;Z (QBZ(& a)v 8/)

Pi(ss,) = PR D S
D2} (G1(5,0)) + An

where ND((Z)Z( a),s’) denotes the number of triples (§,a,§) € D such that QASZ(E, a) = qgﬁ(s,a) and § = ¢/, and
Np(¢p(s,a)) = >y cs No(¢}(s,a), s'). Therefore, we can clearly see that PP (s'|s,a) > 0and Pp(s']s,a) < 1
for \,, > 0.

s’eS

For 7" := LSVI ({rh FH MY (G Dy, + DM A, ) #" is indeed the optimal policy for the MDP model

with transitions { P;*} and rewards {r, + by} (i.e., the output of Value Iteration in { P{*, r, + by} - 1). In this section, we
will take the model-based perspective and analyze based on this fitted model P

We define a few mixture distributions that will be used extensively in the analysis. For any n, h, define p} € A(S x A) as
follows:

n—1

pr(s,a) = % Zd:i(s)U(a),Vs,a €S x A

i=0
For any n, h > 1 define ;' as follows:
P*(s|5,a)U(a).

anU(A)

n—1
1
n = — ]E~ T
ﬂh (37 (L) n Z_; §~dyt
For any n, h, we also define 7> € A(S x A) as follows:

nl

(s, a) Z 47 (s, a)
For an iteration n, a distribution p and a feature ¢, we denote the expected feature covariance as

E;L@ = nE(SJI)NP[(b(& a)¢(s> a’)T] + Al

which in the case of Block MDP is a diagonal matrix. Notice that the dataset D, of size n is sampled from pj}’ and the
dataset D), of size n is sampled from S;'. Below we focus on a particular iteration n, and drop the n superscript.

For the remainder of this section, we assume that we have learned a representation QAS;L such that the following generalization
bound holds:

max Es.ayupn (Br( | 8,0)Tf — P (- | 8,0) T f)%] < o, Vh € [H]. (3)

max Bs a)p, [(Ph(- [ 5,0) T f = P 5,0) T £)?] < Gay¥h € [H]\{0}.
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where again the discriminator class is set to F = }',(Ll) U }',(f).

FD = {16) 1= Banvin) 05,0070 = ¢/(5,0) 0] | 6,6 € By max((0]l, 6]]oc) < 1}, o)
r s,a) + min wT s,a),2
FO = (s) i max Pt F R0 TO0 02 T ) 6 € paas ol 0/ oo 1
a 2H +1
In the analysis below, we actually need F}, to capture the follow two forms of function:
y y p
f(l)( ) ]EaNU(A) [Eﬁh(s'h\smah)[Vlgr:,r,h,+1(5/h)] - EP,:(sgls;L,ah)[Vg:,r,h-yl(sm]] &)
(2) 1 " 1 7 2T N Ny " NA!
[ (s) = 2H + 1Vp r4b, h+1( s) = 2H +1 méiXThH(S»a) +bnya(s,a) + ¢h+1(37a) fin+1(s )Vp7r+37h+2(5 )ds
(6)

fM(5s) is naturally captured by F(!)(s) since Vg:’r’hﬂ (s7,) is bounded in [0, 1], and by Lemma D.1, the expectation of
any bounded function under P, (resp. P;) is a linear function of éh (resp. ¢;). For f 2) (s), the last term is captured by
w'" ¢(s,a) in F@, because VI (s) is bounded in [0, 2H]. For the bonus term, recall that due to the Block MDP

Por+b,h+2
structure, the bonus takes the form of

2
an

N(dp(s,a) + A

by (s, a) —an\/¢" (5,0) TS o (s,a) = dp (s, a)~\/

V\ﬁlich is[ ]1Vn] fact linear in ¢} (s, a) and can be captured by the 2nd term in F, (2) ,with c = ;L Note that \/7 > \%L for
alln € .

To begin with, we establish two forms of one-step-back tricks that are central to our analysis. They are of close resemblance
to the one-step-back lemmas in REP-UCB (Uehara et al., 2021).

Lemma A.1 (One-step-back inequality in the learned model). Consider a set of functions {gh}fzo that satisfies gn €
SxA = R st |gullee< B and Eqoyaygnri(s,a) € Fp for all h € [H]. We condition on the event where the
REPLEARN guarantee (3) holds, where Fy, are defined as in Eq. (4). Then, we have for any policy T,

H-1

Z E(s.a)~ar, |, [9n(s, )] Z Esaay , 16n (5, Dl

h= h=

¢n|A|2E<s,a>~ﬁh+l (671105, @)] + B2And + 2l A2 + \/|AIE s ) [93 (5. )]

Proof. For step h = 0, we have

]E(s,a)wd’};o [90(57 a)} :Eswdg,awﬂ'o(s) [90 (S, a)]

do(s)mo(a | s)
<y/max —————"E., o |G2(s,a Jensen)
\/(g o) po(S,a) (s,a)~po [90( )] (
do(s)mo(a | s) . . . .
<y/max ———E s o)~ 2(s,a (behavior policy has uniform action)
\/(S’a) do(s)u(a) (s,a)~po [90( )] p Yy

<VMAE G wmpo [98 (5, )

For step h =1, ..., H — 1, we observe the following one-step-back decomposition:

E(s,a)wdgh [gh(sa a’)] :]E(§,&)~d’i

P,h—1

By, or1(E0) [ Yoo (a] )gn(s.a)ds

,swﬁ’h_l(§,&),a~ﬂh_1(s) [gh (87 CL)]
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<Eadg, Non-15,@) 51 /Zuh L(8)mnr(a | $)gn (s, a)d(s)
e Z o _1én_1
For any h,
2
H/Zﬂh(s)ﬂh(a | $)gn+1(s,a)d(s)
' Zon o
-
) {/ e s a)d(s)} B~ BBl + {/ S sy mn(a | i (s a)d(S)}

2
<nE G [ [ S i@ G amla | gl a)d(s)| o+ B
(Use the assumption ||>°, 7x(a | 8)gn+1(s,a)||o< B and [ (s)h(s)d(s)||2< Vd forany h: S — [0,1].)

2
=nE(z,a)~p, [{Eswph(§,&),a~ﬂh(s) [9h+1(57a)}} } + B2\,d

2
=n|APE a)pn |:{|’A|Es~15h(§,d),a~U(A) [gh+1(s,a)]} } + B2\, d (Importance Sampling)

2
<n|APE s a)~p, [{ESNP,;@,&),QNU(A) [gh+1(3aa)]} ] + B*And + n|A]*¢, (REPLEARN: Eq y(a)gnt1(s,a) € Fp)
Sn|A|2E(§,&)Nph’swpﬁ(§’a)’aNU(_A) [9741(s,a)] + B*X\d + n|A|2Cp. (Jensen)
=n|APE(sa)~pn i1 [9hs1(5,a)] + B*And + 1| AP,
Summing the decomposition for all steps h gives the desired result. O

Lemma A.2 (One-step back inequality for the true model). Consider a set of functions { gh}hH:0 that satisfies gn, € S X A —
R, s.t. ||gnllco< B for all h € [H]. Then, for any policy T,

H-1 H-2
> Egaymar. L lan(s, a)] <Y EGaymar. RCACROIB
h=0 h=0 R

\/n‘A|E(5aa)~Ph,+1 [giQLJrl(Sv a)] + BQ)‘nd + \/'AlE(Sya)NPO [9(2)(57 CL)]
Proof. For step h = 0, we similarly have

E(s,a)wd;*,o [gO(Sa a)] :]ESNdo,aNTI'(J(S) [90(5, CL)}

do(s)mo(a | s)
<y/max ————E i o)~ 2(s,a (Jensen)
\/(37“) po(s,a) e l96(s, o)
do(s)mo(a | s) . . . .
< =L E (s a)po 92 (S, beh licy h f t
\/?;;Z))( 4o (3)u(a) (s,a)~po (96 (5,@)] (behavior policy has uniform action)

<AL e 01 (93 (5,0))

Forstep h = 1, ..., H — 1, we observe the following one-step-back decomposition:

E(s,a)~az, , [9n(s, )] :E(§,&)~dg*yh_l,s~1—"f (5.a).a~mn_1(s) 9 (8; @)]

=E(5,a)~d dFx gy 1¢h 1 ( /Zﬂh 1(8)mh—1(a | s)gn(s,a)ds
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<E(sa dF. ||¢h 1(5, HE !

h—1-%%_

s)mh-1(a | s)gn(s,a)d(s)

E’Yh—l"b;*l_l

For any h,

H [ ti@mel Sans.ads)

Z"rhnﬁ;;

!
< {/ZMZ(S)M(@ | 8)9h+1(8,a)d(8)} {nE s 0~ [01.0% 7] + Anl } {/ZMZ(S)M(G | 3)9h+1(3»a)d(5)}

<5 2y [/ S 1) 65 @)mn(a | s)gnaa(s.a)d(s)| p + B2And

(Use the assumption || >, 7x(a | 8)g(si, a:)||ee< B and [||uf(s)h(s)d(s)||2< V/d forany h: S — [0,1].)
2
=nE(s,a)~, {{Esw;(é,a),awh(s) [9h+1(s7a)]} } + B\ d

Sn]E(&Fz)N'y;“ser,’L‘ (8,a),a~mp(s) [gi—i-l(sa Cl)] + B2And (Jensen)
SN AIE(5,8)~ry s~ P (3,8),a~U (A) [gfbH(S,a)] + B%\,d (Importance Sampling)
Sn‘A|E(S,a)~P}L+1 [9}21+1(57a)] + BQ)‘nd

Then, the final statement is immediately concluded. O

Notice that compared to Lemma A.1, Lemma A.2 post no structural assumption on g other than boundedness, and does not
rely on the REPLEARN guarantee. Next, we prove the almost optimism Lemma presented in Lemma 4.4, restated below.

Lemma A.3 (Almost Optimism at the Initial Distribution). Consider an episode n(1 < n < N) and set

an = /1| A2, + 4hnd + 1l /e, Ay = O (dIn(|®]n/6)).

where c is an absolute constant. Conditioning on the event that the REPLEARN guarantee (3) holds, then with probability
1 — 6, we have foralln € [1,---, N],

*,7' 2 -V |A‘<n

vy VA
P717T+b7L P

Proof. Then, from simulation lemma (Lemma D.6), we have

T *
VP r—i—b VP*

*

- Z E(sh ah)wd" |:b (Sh, a’h) + IEPh( ’L\sh,ah)[vlg*,r,hjtl(s?z)] - EP;’:(SHSh,ah,)[VIg:,T,thl (S;L)]

> Z E(oy anndy, [min (Can”¢h(57a)”21 ; ,2> +Ep, (o1 fsnam) VP rnt1 (53] = Bz (s 151,0n) [VB+ rng1 (3]
h=0

(7

where in the last step, we apply Lemma D.5 to replace the empirical covariance by the population covariance and c is an
absolute constant. Denote

*

fu(s,0) =Ep (o 15.0) VB rni1 (1)) = Bpg sy 15,00 [VAe g ()]

. . * / / .
Notice that we have || fi.(s, a)||o < 2,and since V5. ., (8") = maxg rpy1(s’,a) + P Vp. L poand Pr o VB, s
linear in ¢}, ; € ®p41, weknow VB, ., € Fp. Then, by the REPLEARN guarantee, we have

E(sva)NPh, [ff%(saa/):l S Cn7E(s,a)~ﬁh [f;%(&a)] S Cn
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Also, since Ep (o5, o )[Vlgr:rh+1(5;z)] is linear in ¢, and Eps(
ChlZh v A
Eo~v(a)fr(s,a) € Fy as well.

sy, |sn,an

Then, substituting g, (s, a) = fxr(s,a) in Lemma A.1, we have:

H-1

(]

]E(s,a)fvd"lg*.h [gh (Sa a)]

\
I
=)

3

T
N

IN

E(g,d)wd”p’:h Hqgh(ga &) HEil N '\/n|A|2E(S,a)~5h [9}2L+1(57 CL)] + 4)\nd + ncﬂ + \/|A‘E(S,G)NPO [98(& a)]

Ph ®Ph

T
LL

IN

E(s gy, 1905 @)1 V/nlAPG + 4hnd + G+ VAl

IN
T >
LL

Ei;a mx bn(3, a - n
COnE s gy, 195, Dl VAT

>
Il
o

where in the last step we denote

= \/n\APCn + 4 nd + n,/c
Going back to (7), we have
vr Vp*

*

H-1
=3 Bz [0 (el 12) + By oy VB s 5] = o [V s (1]

h=0
H-1 H-2

=3 B, [0 (c0nllBn 60 12) | = 3 By, [min (a4 TATG2)
h=0 v Th h=0 ’ o Ph

From the second line to the third line, we again use || V3. rlleo< O(1). This concludes the proof.

With the above preparations, we are now ready to prove our main theorem.
Theorem A.4 (Pseudo-Regret of BRIEE). With probability 1 — §, we have

N—
S VEL-VEL, <0 (H5/2\A|1/2dlog(|<I>|/5)1/4N3/4)

)[Vg:’r’hﬂ(s;l)] is linear in ¢}, we have

Proof. Similar to Lemma A.3, we condition on the event that the REPLEARN guarantee (3) holds, which by Theorem B.4

happens with probability 1 — 4.
For any fixed episode n we have

* e
Voo, = Vi,

<SVE o= Vi + VIAIG (Lemma A.3)
SVEHB - ng,r + VAl (™ = argmax, V;” i

n ~n

= Z E(Sh»ah,)Nd’;T:ﬁ {bh(sh’ ah) + Eﬁ’h(sush,ah)[VIZDT,rJrlA),h«H(SIh)] - Ep}f(shlsh’ah)[VIZDT,TJrlA),h«H(SIh)]} v |'A|C"
h=0
We used the 2nd form of Simulation Lemma (Lemma D.6) in the last display. Denote

1 7}" frn
1(5:0) = 537 { B tomen Vs (8] = B plon o VA 0 (5]
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Then, noting ||b]|o < 2, we have IVE (2H + 1), and Vi € Fp,. Combining this fact with the

r+b, h+1H°° 2H+1 Pr+b,h+1

above expansion, we have

H-1

VB e = VB = 3 By anyeazn , [bn(onsan)] + QH 1) 3 By, ayeazy , Unlsnan)] +VIAG ®)
=0

(a) (b)

First, we calculate the first term (a) in Eq. (8). Following Lemma A.2 and noting again ||l;h loo < 2, we have

H-1 A
E(Sh,ah)Nd’;zyh [bh(s}uah)}
h=0
H—2 : A
<2 EBgaaz 19105, )”2 » \/nIAIIE(s,a)le [(bhﬂ(s, a))Q} 4N, d+ \/|A|E(s,a)~p0[(bo(5, a))2].
h=0 h>Ph
H—2 A :
< Es,a)~ s, |7, (8, a) || ot n|AOZE (5. a)~pp i [||¢h+1||§1 ) + 4\, d + \/|A|Q%E(S’a)~po [||¢0||221 h ] .
h=0 ThoPh 1 Bt oy

Note that we use the fact that B = 2 when applying Lemma A.2. In addition, we have that for any h € [H],

RE(y e, [néh(s, N } = (B, [Br BT B (BT ] + A} ™) < d

Ph Ph

Then,

ZE(S a)~ d"" bh S, a’ Z IE(s a)Nd ||¢Z(§7 a‘)”z}*hl o |"4|a2d+4)‘ ‘*A| d/n
h=1 PhPh

Second, we calculate the term (b) in Eq. (8). Following Lemma A.2 and noting || /4 (s, a)||cc< 1, we have

H—-1
Y Bl ammag , [fnlsn,an)]
h=0
H-2
<Y By J00G @l A IAE G [ (5,0)] 400 4L g [ 5,0
h=0
H-2
<D B 100G @)l V/rlAlG +42nd + VAlG.
h=0

where in the second inequality, we use E o, [fZ(s,a)] < (,. Then, by combining the above calculation of the term (a)
and term (b) in Eq. (8), we have:

o
Vi~ VE,

H-1 H-1
=> Espany~azs , [on(sn,an)] + (2H +1) > B any~azs , [Fn(snsan)l + V] AlG
h=0
H-2
<D EGa~az, I190(5,a )”2 i |AlaZd + 4\, d + /| Alaid/n+
h=0 neh
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T

—2
(2H +1) E(s,a)~d
0

am
P*.h

6305 D)+ VAl AG + Dond + (2H + 1)y AT, + v/

>
I

Hereafter, we take the dominating term out. First, recall

an = O(\/n| A2, + 4dnd + 1)

Second, recall that 7 (s,a) = * Zzlz_ol d;i (s, a), and thus

n

N-—1 N
> Egapag: 167G, s <AV Y Eamaz: 053,870 4. 055, 8)] (CS inequality)
n=0 v n=1

P*.h
h s

IN

N
N <lndet(z E (s a)~az h[qb;‘b(é, a)gr(s,a)"]) — lndet()\1[)> (LemmaD.2 and A\ < -+ < Ay)

n=1

N
< \/dN In <1 + d)\> (Potential function bound, Lemma D.3 noting ||¢} (s, a)||2< 1 for any (s, a).)
1

Finally, The REPLEARN guarntee gives
(=0 <d2 flog <dn|<1>|/6>>
k
Combining all of the above, we have

N
S VAL - Vi, <0 (H2|A\3/2d2n3/4 log (dn|®| /5)1/4)

n=1

This concludes the proof and gives us a sample complexity of O (HglA‘Gdg log(d|®|/d¢) ) O

€

B. Representation Learning Analysis

In this section we prove Lemma 4.3. Below we omit the superscript  and subscript /» when clear from the context. Denote

A
Lan@w )= X (0fsa)w = f() + 5wl ©)
(s,a,s")eD
Lol f) = 30 (dlsa)Tw— £’ (10)
| (s,a,s’) €D
£p((/l)a w, f) = ]E(S,a)wp,s’NP*(~|s,a) (QS(Sa a)Tw - f(s/))Q (1 1))

The following lemma quantifies the complexity of our discriminator class J}, using its covering number.

2d
Lemma B.1 (Covering Number of F3,). The y-covering number of Eq. Fy, defined in (4) is at most 2|®j, 1 |?- (%) .

Proof. Recall that the discriminator class is defined as follows:
FD = {1(5) 1= Banriy [0(5,0)70 = 6/ (5,0) 0] | 6,6 € Dpsr max(|0] [0/} oc) <1},

O _ { — <rh+1<s,a> Fmin{uo(s,0.2) 1 ¢(S,a)>

a 2H +1 (b’ ¢I € q)thl; ||w||00§ c, ||w/||oo§ 1}
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We cover ]-";(Ll) and .7-",52) separately. For .7-'}51), let © be an /. -cover of the set {6 € R? : |0 < 1} at scale ~y. Then, we

d
know |©]< (%) . Define the ~y-covering set of ]-",51) as
F={sm Bavv [6(5,0) 0 = ¢/(5,0)0]) | 6,6 € 1s1, 6,6 € O}
Then, we have that for any f € ]—'}(Ll), there exists a f € ]:'(1), st ||f = f||oo§ ~, where we use the fact that ¢(s, a) are
2
-

. 2d
one-hot vectors, and we have |]-",(Ll) |< | ®pia]* ( >

For ]—',(12), similarly let VW be an £.-cover of the set {w € R? : ||w||< ¢} at scale . Let W’ be an {.,-cover of the
d d
set {w' € R? : ||w'||oo< 1} at scale 5. Then, we know that [W'|< (%) and |W|< (%) ,¢ = an/+/An. Define the

~-covering set of F, ,(12) as

2H +1

]:.]52) _ {s R (rh+1(s, a) + min {w ' ¢(s,a),2}

+ w’T¢(s,a)> ’ ¢ E Dy, weEW, W € W’}
. . d d
Then, we have that for any g € G’, there exists a g’ € G', s.t. |g — Gllco< 7, and |G'|< | Py |- ( ) (20‘—1\’) . So the

2
v VANTY
- - 2 2d 2 d 2o d
GI+/G|=|o 2<) e () ()
| | ‘ | | h+1| ~y | h+1| v m’)’

0y \ 2
§2¢h+12'< TNV)

where the last step is due to an /v Ay > 1. L]

~-covering number of F}, is

Lemma B.2 (Uniform Convergence for Square Loss). Let there be a dataset D = {(s;, a;, s;)}}_, collected in k episodes.

Denote that the data generating distribution in iteration i by d;, and p = % Zf:o d;. Note that d; can depend on the
randomness in episodes 0, ...,7 — 1. For a finite feature class ® and a discriminator class F : S — [0, L] with y-covering
number || F ||, we will show that, with probability at least 1 — §:

| [Ep(¢’ w, f) - ‘Cp(d)*)G;v f)] - [ﬁD((b,’LU, f) - ED(¢*7 9}, f)] ‘

! « g 9812 log(2UM L IZ L f21
<5 [Lo(0w f) = £,(6%,07.)] + s

jgfbr*c(lll qb)ee‘f; |wlloo< L and f € F, where recall that ¢* is the true feature and 0% is defined as Ey.p+(.|s,a)[f(5")|s,a] =
s,a), 0%).

Proof. Note that in REPLEARN, everything is happening at a fixed time step and we drop the time step indexing for brevity.
To start, we focus on a given f € F. We first give a high probability bound on the following deviation term:

|£P(¢>w’f) - [’P<¢*’9;‘a ) - (‘CD(¢7w7f) - ‘CD(QJ)*ve;’f)H .

Denote g(si, a;) = (6(si, i), w) and g*(s:, a:) = (" (s1,), 07 ).

At episode i, let F;_1 be the o-field generated by all the random variables over the first k — 1 episodes, for the random
variable Y; = (g(si, @) — f(s7))” = (¢ (si, ai) — f(s}))”, we have:

E[Yi|Fima) = E [(9(si,0:) = £(s1)° = (9" (51, 00) = £(5)))”
=E[(g(si,ai) + 9" (si,a:) — 2f(57)) (9(si, ai) — 9" (4, @:))]
= E [(g(s1,0) = " (51, a))?
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Here the conditional expectation is taken according to the distribution [d;|F;_1]. The last equality is due to the fact that
E[(9*(si,ai) — f(57)) (9(sis ai) = g (51, 00))] = By, 0, Bar|s, 0, [(97 (565 00) — f(s7)) (9(si5 ai) — " (si,ai))] = 0
Next, for the conditional variance of the random variable, we have:
VIYi|Fioa] <E[Y?|Fioa] =E [(g(si, a;) + 9" (si,a5) — 2£ (7)) (9 (56, a:) — 9" (s, a3))°
< 16L7E [(g(si, i) — " (51 00))
< 16L°E[Y;|Fi—1].

Noticing Y € [—4L?,4L?].

From here on, we use E[Y] to denote the conditional expectation and V[Y] to denote the conditional variance for all Y;,
since they are all the same. Now, applying Azuma-Bernstein’s inequality on Y7 + ... + Y}, with respect to filtration {F, } x>0,
with probability at least 1 — ¢, we can bound the deviation term above as:

|£P(¢7w7 f) - [’P(¢*70;7 f) - (ﬁD(¢7w7 f) - ["D((b*a 9}7 f))’

2V[Y]log & N 1612 log 2
- k 3k

2 2
< 32L2E[Y]log 5 N 16L*log 2
k 3k

where in the last inequality is obtained by choosing v = %

Further, consider a finite point-wise cover of the function class G := {g(s,a) = (¢(s,a),w) : ¢ € @, [|w|< L}.
Note that, with a £o.-cover W of W = {||w||o< L} at scale v, we have for all (s,a) and ¢ € P, there exists @ € W,
d

[{¢(s,a), w —w)|< v, and we have [W|= (%) . Let F be a y-covering set of F.

Then, applying a union bound over elements in ® x W x F, with probability 1 — |®|-[W|-| F|¢’, forallw € W, f € F, we
have:

“Cp(d)awmf) ¢ 9f7 (E'D ED(¢*79;’JC))’
< |Ly(d @, f) = L,(6%,0F, f) — (Lp(¢, — Lp(¢%,0F, )| + 4Ly
32L2E[Y]log 2 = 16L2 log 52,
4L
= k sk
1 16L%log &  16L%log &
< = _
< 2E[Yw] + A + 3% + 4Ly
1 16L2 log 2 16L%log 2
< ~E[Y,] + 2Ly J O +4L
< gEM]+ R
1 22L%1og 2
1 . s 28L%log 2 .

Si( ( ) 7f) p(d) 70faf))+ L 0 (SEttlng’yzL/k)
where we add subscript to Y to distinguish Yy = ((6(s,a), @) — f(s'))* — (¢*(s,a) — f(s'))* from Y,, =
((¢(s,0),w) = f(s1))* = (9" (si, @) = f(5)).

Finally, setting 6 = ¢’/ (|<I)||W| |]:"|>, we get log 2 < log w. This completes the proof. O

We will see now how the above lemma can be adapted to the regularized objective.

Below, we use w0 to denote argmin,, £ p(¢', w, f), w} a shorthand for wft, and 0} = argming £y p(¢*, 0, f1).
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R 20ak) @I FIl L /o
_ 56L%log(———5 —=/2

Lemma B.3 (Deviation Bounds for Algorlthm 2). Lete Z ), If Algorithm 2 is called with a dataset
D of size k and terminal loss cutoff £ = 561 +é+ w, then with probability at least 1 — 6, forany f € F C (S — [0, L])

andt < T, we have

Z]E { (¢ (s,a) " b} qS*(s,a)T@f)ﬂ <t <€+ 2)\£2d>

i<t

E, [(¢t(37 a) w— ¢*(8,G)T9t*+1)2} > ey, forallw € R%.

Furthermore, at termination, the learned feature ¢ satisfies:

ANL%d

maxE, [(¢" "% — ¢*T07)%] < 3er +3e+

Proof. We begin by using the result in Lemma B.2 such that, with probability at least 1 — ¢, for all ||w||,< L, ¢ € ® and

f € F, we have

’ [ﬁp((ybvwa f) - ‘Cp((vb*a 07‘7 f)] - [ED(¢711), f) - ‘CD(Qb*ve;a f)] | <

N |

Thus, for the feature selection step in iteration ¢, with probability at least 1 — § we have:

S E, (¢t — o7 0:)’]

[£9(¢7w7 f) -

Ly(¢*, 07, f)] +¢€/2.

i<t
= Z (EP< tvwzt’afi) (¢ ) zaf')> (since Es’wP*(s,a)fi = (91*)1—(?*(3’@))

i<t
< ZQ (L', wl, f1) — Lp(¢*, 07, f1)) + té (Lemma B.2, and [|10!||sc< L by Lemma D.1)

i<t

A
<32 ¢tk f ZNOE ) +te
< 22 (anlo' it 1)~ Lan@' 01 £+ L1001E) 40
_ . 2XL%d N b ot i . .

<t|lé+ A ) (by the optimality of ¢*, W} under £ p(, -, f*), see Algorithm 2 line 7)

which means the first inequality in the lemma statement holds. Here, we use ||07]|5< L?d, which is easily derived using the

block MDP assumption.

For the discriminator selected at iteration ¢, let w := argmin,, £ p(¢?,w, f*1). Using the same sample size for the
adversarial test function at each non-terminal iteration with loss cutoff ¢, for any vector w € R?, ||w||- < L we get:

[(¢tTw ¢*T9t+1) }

= ﬁp(¢tvwaft+1) ((b 9t+17ft+1)
2 €
> 3 (Lp(d',w, f) — Lp(¢*, 05,1, f111) — 3
2 AL2d €
> = (Lap (@ w, [ = Lop(6%, 05y, f1) = o) — <
3 k 3
2 AL3d €
> 3 (EA p(¢', @, 1) — Lap(¢*, 05,4, f1T) — k:) - g
20 2 2AL3d €
> = “ t+1 * g* t4+1 o =
Z 3 + 3 <¢£1;1w£AD ¢a ) = Lap (o7, i1 f )) 3k 3
20 2 AL2d 2AL%d €
S b2 1 t+1y _ ALTa) €
=3 + 3 (¢£151,u;£p ¢,w 7)) = Lo(e”, 9t+17f ) 2 ) 3k 3

(Lemma B.2)

(w = argmin,, L p(¢t,w, fIT1))
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20 1 ~ _ ANL3d  2¢ _ .

23 +3 (£(¢t+17wt+laft+1) - /3(¢*a9t*+17ft+1)) — 55 3 (@llos L. 1671 ]| < L, Lemma B.2)
20 4NL2d 2

-3 3k 3

whe.re. (q~5t+1, We41) denote allrgmin $eD,® L ,\’D(é7 , ft+1). In. the first i.nequality, we inyoke Lemma B.2 to movg to
empirical losses. In the fourth inequality, we add and subtract the bias correction term along with the fact that the termination
condition is not satisfied for f**!. In the next step, we again use Lemma B.2 for the bias correction term for f¢*1,

. ~ 2 . . . .
Thus, if we set the cutoff £ for test loss to 3e1 /2 + €+ %, for a non-terminal iteration ¢, for any w € R? with lwl|eo< L,
we have:

2
E, [(6Tw—¢761.)") 2 a0 (12)
Now, since we know ¢* " 0} 11 = Egupr(s,a) fi+1 < L, and we know the Bayes optimal solution

wer = argminEp [((thw - qb*T@ZH)Q}
weR

satisfies ||wgt||oo< L by Lemma D.1. Therefore, Eq. (12) also applies to wy:, and since w: is the minimizer, we have in
fact for all w € R%,

2
E, [(qﬁﬂ—w —¢*T07,,) } > €.
which implies the second inequality in the lemma statement holds.

At the same time, for the last iteration ¢, for all f € F, define @ = argmin,, £ p(¢', w, f), then the feature ¢’ satisfies:

EP(QstﬂZ}f, f) - ‘Cp(gb*,e}a f)

AL2d
<2 (ﬁ/\)p((ét’u}f,f) — Lap(¢*,0%, f) + ’ ) +¢€ (Lemma B.2, and ||9;:||OO§ L by LemmaD.1)
. - L - 2ML2d .
S 2 (LA,D(¢t7 wfa f) - £>\7D(¢f,w)f, f) + ‘CND((bfvwf) f) - ﬁA,D(¢*79;7 f)) + + €
. T 2AL2d . T
S 2 <L)\7'D(¢tawfaf) _[’ND((bf)wf’f)) + ]f + € (Optlmahty Of¢fawf on ‘L:)\,D('7'7f)')
2AL2d
<20+ A +é€
4ANL2d
= 3€1 + 3+ A .
k
This gives us the third inequality in the lemma, thus completes the proof. [

Theorem B.4 (Sample and Iteration Complexity of Algorithm 2). Let €; be set to 16+/2Ld>/?€'/? and the termination

~ 2 . . . . . .
threshold be set to ¥ = %el + €+ % as in Lemma B.3, then Algorithm 2 terminates in at most'T' = L;Ed iterations,

and returns a ¢' such that

E tT ~ *TQ*Q <75Ld3/2~1/2.
maxE, [(¢" &y — 9" 07)°] < é

For Fy, defined in Lemma B.1, we have

log (dk|®|/d
max B, (9T iy — ¢"707)%] < G =0 <d2 Og(k||/>>

Proof. We first incur Lemma B.3 and get that when ¢ = %61 + €+ QATLZd,

2
ZEP {(éﬁt(s,a)TwE - ¢*(s,a)T9Z)2} <t <€+ 2>\£ d) < 2té (13)

i<t
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2
E, [(qﬁt(s,a)Tw — qb*(s,a)THt*H) ] > € (14)
forallwandt <T.

Atround ¢, for functions f1,..., ft € F in Algorithm 2, let 6} = 03‘,,- as before and further let A; = 22:1 0505 T + NIgxa.

Further, let Wy = [wy1 | wea | -.. | wee] € € R?*? be the matrix with columns W} as the linear parameter wl =
argmin,, £y p (¢, w, f*). Similarly, Tet Ay =105105]...|07].

Using the linear parameter 7, ; of the adversarial test function f*, define w; = W; A, A; 0} ;. For this w;, we can
bound its norm as:

t
4N’
Here, ||W;||2< LVdt, |07, ]]2< LV/d, and ||A] A; !||op can be shown to be less than 1/1/4)\" !. From Eq. (14), we have

IWe AT 07 2= (W2l AS AL 2010714 ll2< L2d

A * 2 * — * 2
e <E [(¢tT - T97:+1) } =E [(¢ WA A; 19t+1 ¢* T AN, 1‘9t+1) }
< AT 05 I3 E [[lo" T WAl — 6% T AL3]
<2/A7 05 B E [l WA — 6" T AA]3+X2]6% T3]
< 2A7 1055 (05 (ADE [[lo"T Wi — ¢* T Agll3] + N'?)
< 2| A0 |13 (2L2%dE%E + N?)

The second inequality uses (a + b)? < 2a® + 2b%. The last inequality applies the upper bound o1 (A;) < L+/dt and the
guarantee from Eq. (13). Using the fact that ¢ < T, this implies that

A0 2> ‘1 .
|| t+1H2— \/2(2L2dT2€+)\/2)

We now use the generalized elliptic potential lemma to upper bound the total value of ||A; 19f t1]|2. From Lemma D.4, if we
set \' = L%d and we do not terminate in 7' rounds, then

d Td
1
T\/(L?dT2e+/\'2 ZM Oiarlla= 24/ 57

From this chain of inequalities, we can deduce

Tey < 8(d/N) (2L*dT?e+ X?),

therefore

8dN
= 1 — 16L2d2Te/ N

Now, if we set ¢; = 32L2d2Té/ ) in the above inequality, we can deduce that

A2 L2d
T< ——+ = T< .
~ 2L2dTe - 2¢

and the proper value for ¢; is 161/2Ld3/2¢'/2. The sample complexity then readily follows from Lemma B.3.

Combining with Lemma B.1, and noting that || f||o< 2 for all f € F},, we have that

log (dk|®|/é
maxE, [(6' Ty — 6"707)?) <G, :o<d2 W)

which gives us Lemma 4.3. O

! Applying SVD decomposition and the property of matrix norm, || A A;*||op can be upper bounded by max; <4 /\g <

\; are the eigenvalues of A;A; and the final inequality holds by AM-GM.
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Algorithm 4 Reward-free BRIEE

Exploration Phase:

1: Input: Representation classes {@h}hH:_Ol, discriminator classes {]-'h}hH:_Ol, parameters N, T}, au,, A
2: Initialize policy #° = {mo, ..., 7 _1} arbitrarily and replay buffers Dy, = (), D}, = 0 for all h
3: forn=1— Ndo
4:  Data collection from 7" ~1: Vh € [H],

s~ d;’;n_l,a ~U(A),s ~ Pi(s,a);

G~df' ) a~U(A) S ~ Py (5,a),d ~U(A), 3" ~ Pr(3,d)

Dy, =DpU{s,a,s'}and D}, =D U{s,a',§"}.
5:  Learn representations for all h € [H]:

= REPLEARN (D, UD), Oy, Fi, An, Tn, £r)
6:  Define exploration bonus for all h € [H]:
by (s,a) := min {an\/qgﬁ(s, a) T én(s, a), 2}, with ¥y, := 37 o p, or(s,a)dp(s,a)T 4+ Aol

7. (A Vi (s0) ) LSVIHBRH AGRH AP U DRI ).
8: end for R
9: n = argmin,, VJ*(so).

Planning Phase:

1: Input: Reward function rh(s a)
2 7 LSVI({ry + 0P o - ADF U D ).

C. Reward-free Exploration

Exploration Stage Run BRIEE with reward function set to zero and discriminator class set to

{16 =Bav[0(5:0) 0 = ¢'(5,0) 0] | 6,0/ € Brsr max((10]c, [0 ]oc)<1}

_¢'(s,7(s)) "0+ min{w " ¢(s,m(s)),2}
{f(s)’ 2H + 1 +

. .
" o(s,m() [ 6,0 € Py llwlloos W llos, 0] < e, 7 € H}

I={f((s) | f:Z— ApeT}

Then main difference to the discriminator class in the reward-driven setting is that we replace the known reward function
Thi1(s,a) in F3) with a linear term ¢/ (s, a) T 6 which covers all possible reward functions that depends on the latent states
and actions, i.e., 7,11(z, a). We also replace max,, by a pre-defined policy class that covers all possible policies 7 that can
be returned by Algorithm 4. IT has cardinality |®|-|A|lZ]. So the log-covering number of F3, does not change more than
constant factors and Lemma 4.3 remains to hold.

We collect all historical version of the datasets as {D}} and {D}}, bonuses as { } and learned features as {¢}}, for all
h € [H]andn € [N].

Planning Stage The key observation here is that Vg: ;- can actually observed as the returned value Vi (so) of LSVI for

each iteration n (assuming a unique starting state). Therefore, we can choose 7 = argmin,, Vgn b and let the exploration

stage output P, b,

Then, during planning stage, simply return 7 = argmax V7r which is done by LSVI.

b
Lemma C.1. Foranyn € [N],

NVE. ban B < O (P2 A2 d1og|0]/5) /AN4/1)
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Proof. This follows the exact same proof as Theorem A .4 (starting from the 3rd equation), plus noting that during exploration,

since the reward is 0, VI’J:T =0. O
Lemma C.2. We have
V;n T+bn V]g*, < C- V;rn bn \% |A|Cn
for an absolute constant C.
Proof. Below we drop the superscript n. First we apply simulation lemma (Lemma D.6)
VI;T T+b Vg*ﬁ
= Z E(snany~a [bh(sh’ an) +Ep, (5 ) VB 1 (5] = Bz (s 1ssam) [V« g1 (53]
h=0 .
H—1
:V;:T,z; + Z E(Shm)fvd;h Eph(s;L\sh,ah)[V};r*,r,h+1(SIfL)] - EP;:(S;JS}“(I};)[Vg*,r,h+l(8;7,)}
h=0 ’
gn(s,a)
We know gj, € F, ||gn|lo< 2. Therefore, by the REPLEARN guarantee, we have
]E(s,a)Nph [9}21(57 a)] < CmE(s,a)Nﬁh [g%(s,a)] < Cn
Then, we apply one-step-back trick to Zf;ol Es, amy~ar  9n(s,a),
’ P,h
H-1
Z E(s,a)wd;h [gh (37 CL)]
h=0
H-2
E(§,&)~d"; Y Hd)h(gv &) Hz;hl on '\/n|~/4|2E(s,a)~/3;L [g}QL—H(Sv a)] + 4N\, d + nCn + \/|A‘E(S7G)NP0 [98(8, a‘)]
h=0 ’ ’
H—2
<3 Eipayeay 00 @)l | VARG + Dnd + 16 + VAL,
h=0 .
H-2
< Eiaynar an |6n(5,0)lg-1  +vV/[AlG
h=0 Ph:Ph
H—2
< E(a)war € b(3,a) + V/]A|¢, (by Lemma D.5)
h=0 o
O

Theorem C.3 (Reward-free PAC bound). Let 7* be the optimal policy under P* and r. Then,

Proof. We have

o*
VP*,T

L 7
VP*,T - VP*,T

S \% |A|Cn + V;)Tn T+bn
VMG +VEL i

<2v/|Al¢n

+CVE, i

i
VP* 7,,-
T
VP",T

~ Vi, <O (H5/2|A|1/2d1og(|<1>\/5)1/4zv—1/4)

(7* € Hand 7 = argmax, V7I_

(Apply Lemma A.3 to )

P, +Zﬁ)
(by Lemma C.2)
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<2v/|Al¢n + CVEs ja (7™ = argmax Vfrnvgn)
<0 (H5/2|A|1/2d1og(|<1>\/5)1/4N—1/4) (by Lemma C.1)
O

D. Auxiliary Lemmas

Lemma D.1 (bounded LSVI solution for Block MDP). Forany ¢ € ®, f : S — [0, L], dataset D = {(s;,a;, s;)}1",, the
ridge regression solution

iy = argmin Y (é(s,a) "w — f(5")* + Aw]3 (15)
Y=
satisfies || W||0o< L.

Proof. In Block MDP, 10 takes the following closed-form

; _ 1 ' Np(¢(s,a))
wy(z,a) = No(@(s.a) £ A i:¢(s'azﬂ)_(z a)f(si) < N (0(s.a) + sL<L

as needed. O

The following is a standard inequality to prove regret bounds for linear models. Refer to Agarwal et al. (2020a, Lemma
G.2.).

Lemma D.2. Consider the following process. Forn = 1,--- N, M, = M,_1 + G,, with My = Aol and G,, being a
positive semidefinite matrix with eigenvalues upper-bounded by 1. We have that:

N
2Indet(My) — 2Indet(Aol) > > Tr(GnM, "))
n=1

Lemma D.3 (Potential Function Lemma). Suppose Tr(G,,) < B2.

NB?
2Indet(My) — 2Indet(Agl) < dln <1—|— ) .

dXo

Lemma D.4 (Generalized Elliptic Potential Lemma, Lemma 24 of (Modi et al., 2021)). For any sequence of vectors
05,05 ...,0% € R™T where ||07||< LV/d, for A > L*d, we have:

T

_ dT
(DI (PR AV
t=1

Next, we provide an important lemma to ensure the concentration of the bonus term. The version for fixed ¢ is proved in
Zanette et al. (2021, Lemma 39). Here, we take a union bound over the whole feature ¢ € ®.

Lemma D.5 (Concentration of the Bonus). Set \, = ©(dIn(n|®|/§)) for any n. Let D = {s;,a;}!—, be a stochastic
sequence of data where (s;, a;) ~ p; where p; can depend on the history of time steps 1,...,1 — 1. Let p = % Z;L:_ol p and
define

n—1

Spo = nEy[6(s,a) (s,a)] + Anl,  Bng = Z B(si,a)9" (si,a;) + Anl.
=0

Then, with probability 1 — §, we have

Vi € N*, V6 € @, 1]l 6(s,0)lls-1 < 905, @)1 < 2|95, )1
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Lemma D.6 (Simulation Lemma). Given two MDPs (P’,r + b) and (P, ), for any policy m, we have:

H
VB o = VEr = ) By, {bh(shv an) +Ep; sy jsn . VP81 (53)] = EPh<s'h\sh,ah)[Vﬁr,h+1(82)]]
h=1

and

H
Vg',rurb - Vlg,r = Z E(sh,ah,)w;;h [bh(s}u an) + EP;/L(S/;L‘Sh,ah)[V}g—,r+b,h+1(slh)] - Eph(s/h‘sh,,ah)[Vlgﬂ"+b,h+l(8;z)]i|
h=1

‘We note that since both the occupancy measure and Bellman updates under P are defined in the exact same way as if Pisa
proper probability matrix, the classic simulation lemma also applies to P.

E. Experiment Details
E.1. Setup Details and Hyperparameters

CombLock environment Details For the design of the diabolical combination lock environment in our comparison with
HOMER, we follow the design as in HOMER, but we present the environment hyperparameters in Table. 1 for completeness.
We also provide a more detailed explanation of how we record result in Fig. 1b: after each policy update, we perform 20
1.i.d. rollouts using the latest policy and record the mean returns in these 20 evaluation runs. If one algorithm can get a
mean return of 1 for 5 consecutive policy updates, we count the algorithm solving the environment and record the number of
episodes it uses.

Value
Horizon 6,12,25,50,100

Switch probability 0.5

Anti reward 0.1

Anti reward probability 0.5
Final reward 1

Number of actions 10

Observation noise std 0.1

Random seeds 1,12,123,1234,12345

Table 1. Hyperparameters for the rich observation comblock environment with sparse and anti-shaped reward.

BRIEE Implementation for CombLock Environment For the dense reward diabolical combination lock environment,
we first use a random policy to collect 10000 episodes of samples before our first iteration of feature learning. We perform
this sample warm-up procedure for H = 50 and H = 100 experiments only. We maintain a separate buffer for each timestep
h, and in practice we mix the samples in D and D’ together. For each buffer, we limit the size of the buffer to 10000 and
update the buffer with first-in-first-out procedure. Between each update we rollout 50 x H episodes to collect data. For
the optimization method we use SGD with a momentum factor of 0.99. Finally due to a different latent state distribution,
we use softmax with temperature 0.1 for ¢y and a temperature of 1 for all the other timesteps. We provide the full list of
hyperparameters in Table. 2.

Baseline Implementation for CombLock Environment In this section we provide the hyperparameteres we use for
PPO-RND in Table. 3 and LSVI-UCB in Table. 4.2 For the RFF feature, we choose the bandwidth with median trick.

Simplex Feature Experiment Details We first present detailed description of dynamics of the new MDP. Given a
observation-action pair s, a, the simplex feature is given by z(s) = softmax(I3R~'s/7Teny), where R™1 € Rdimsxdims jg
the inverse of the Hadamard matrix, and I3 € R3*9ms 3 matrix witha 3 x 3 identity matrix at its first three columns and

2We use the public code for PPO-RND, which is available at here.


https://github.com/mbhenaff/PCPG
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Value Considered  Final Value

Decoder ¢ learning rate {le-2, 5¢-3, le-3} le-2
Discriminator f learning rate {le-2, 5e-3, 1e-3} le-2
Discriminator f hidden layer size {256,512} 256
RepLearn Iteration T {10,20,30} 30
Decoder ¢ number of gradient steps {32,64,128,256} 64
Discriminator f number of gradient steps {128,256} 128
Decoder ¢ batch size {128,256,512} 512
Discriminator f batch size {128,256,512} 512
RepLearn regularization coefficient A {1,0.1,0.01} 0.01
Decoder ¢ softmax temperature {1,0.5,0.1} 1
Decoder ¢ softmax temperature {1,0.1} 0.1
LSVI bonus coefficient 3 {10, £} Z
LSVI regularization coefficient A {1} 1
Buffer size {1e5} le5
Update frequency {50,100} 50
Warm up samples (H = 50, 100) {10000} 10000

Table 2. Hyperparameters for BRIEE in sparse reward comblock experiment.

Value
Learning rate le-3
Hidden layer size 64
TGAE 0.95
Gradient clipping 5.0
Entropy bonus 0.01
Clip ratio 0.2
Minibatch size 160
Optimization epoch 5
Intrinsic reward normalization  False
Intrinsic reward coefficient le3
Extrinsic reward coefficient 1.0

Table 3. Hyperparameters for PPO-RND in comblock sparse reward experiment.

zero everywhere else. Thus the ground truth feature is given by ¢* = z(s) ® a. With a observation-action pair s, a, the
environment first sample a latent state according to the probability simplex z(s), and then transit according to the action a
and the transition rules of the original comblock environment. For our results in Fig. 2b, we use 7¢,y = 0.2. The moving
average is cross 50 evaluations (and 20 i.i.d. rollouts per evaluation). We use the same set of hyperparameters for BRIEE as
in Table. 2 and for LSVI as in Table. 4.

Dense Reward Environment Details In the dense reward environment, we remove the anti-shaped reward and the agent
receives rewards while staying in the good states. We keep the final reward if the correct actions are taken in the last layer.
We provide the hyperparameters of the environment in Table. 5. We provide the hyperparameters of BRIEE for the dense
reward environment in Table.6 (note only the LSVI bonus coefficients are different). We provide the hyperparameters of
PPO for the dense reward environment in Table.7.

E.2. Visualization of the decoder

In Figure 3, we visualize the decoder on the combination lock example (with the Block MDP structure). We run BRIEE on
the Block MDP combination lock until it solves the problem (i.e., achieve the optimal total reward). Denote the learned
decoders as ¢y, for all h € [H]. Note that O maps from state (i.e., observation) s to a 3-dimensional vector in the simplex
(since we use softmax, i.e., zﬁ(s) = softmax(Ays/7), as defined in the implementation section). Ideally, we hope that Un
can output pretty deterministic distribution over 3 latent states (i.e., @h(s) is close to a one-hot encoding vector), and can
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Value Considered Final Value

LSVI bonus coefficient 3 {10, %} %

LSVI regularization coefficient A {1} 1
Buffer size {1e5,5¢e5,1¢e6} le6
Update frequency {50,100,250} 250

Kernel bandwidth Median Trick 5
Feature dimension H = 6 {200} 200
Feature dimension H = 12 {200,500} 500
Feature dimension H = 25 {500,800,1000} 1000

Table 4. Hyperparameters for for LSVI-UCB with RFF feature in comblock sparse reward experiment.

Value

Horizon 30

Switch probability 0.5

Step reward 0.1
Final reward 1
Reward probability 1

Number of actions 10

Observation noise std 0.1

Random seeds 1,12,123,1234,12345

Table 5. Hyperparameters for the rich observation comblock environment with dense reward.

decode the latent state (up to permutation).

We test the decoders as follows. For each state z;., for i € {0, 1,2} and h € [H], where in this section we use H = 25, we
sample 50 observations for each state (following the erpission distribution described in the environment section), and we
take the average of the 50 decoded states (decoded by vp,).

In Fig. 3, we demonstrate the decoded states. The h-th column in the ¢-th image denotes the average of the 50 decoded
states from observations generated from z; 5, for i € {0, 1,2} and h € [25] (i.e., the image number denotes the ground truth
state, the x-axis denotes the timestep, and the y-axis in each image denotes the averaged value of the decoded states on each
dimension).

Interestingly, we notice that our decoder @ZA);L fails to decode the two good latent states (i.e., state 0 and state 1) confidently at
h = 10 and h = 20. However, this is not a failure case. The reason is that at h = 10 and h = 20, the two good latent states
share the same optimal action (i.e., the action that transits the agent from a good state to the next two good states). Namely,
the two good states at h = 10 (and h = 20) share the same transition. Hence, there is no need for the decoder to distinguish
these two states. Note that our decoders still successfully differentiate the bad state and the two good states at &~ = 10 and
20. This phenomenon is also observed in HOMER. Also note that for & = 0, the decoder is only required to distinguish state
0 from state 1, because the initial distribution is uniform over state O and state 1 only, and assigns 0 mass to state 2 (i.e., we
never reach state 2 in h = 0).
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Value Considered

Final Value

Decoder ¢ learning rate {1e-2, 5e-3, le-3} le-2
Discriminator f learning rate {le-2, 5¢-3, le-3} le-2
Discriminator f hidden layer size {256,512} 256

RepLearn Iteration T {10,20,30} 30

Decoder ¢ number of gradient steps {32,64,128,256} 64
Discriminator f number of gradient steps {128,256} 128
Decoder ¢ batch size {128,256,512} 512
Discriminator f batch size {128,256,512} 512
RepLearn regularization coefficient A {1,0.1,0.01} 0.01

Decoder ¢ softmax temperature {1,0.5,0.1} 1
Decoder ¢ softmax temperature {1,0.1} 0.1
LSVI bonus coefficient 3 %,% 5%

LSVI regularization coefficient A {1} 1
Buffer size {1e5} le5

Update frequency {50,100} 50

Warm up samples {0} 0

Table 6. Hyperparameters for BRIEE in sparse reward comblock experiment.

Value Considered Value

Learning rate {1e-3,5¢-4,1e-4}  le-3
Hidden layer size {64} 64
TGAE {095} 0.95
Gradient clipping {5.0} 5.0
Entropy bonus {0.01,0.001} 0.01
Clip ratio {0.2} 0.2
Minibatch size {160} 160
Optimization epoch {5}

Table 7. Hyperparameters for PPO in comblock sparse reward experiment.
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Figure 3. Visualization of the decoder. The h-th column in the ¢-th image denotes the averaged decoded states from the 50 observations
generated by latent state z; 5, for ¢ € {0, 1,2} and h € [25]. The heatmap color transits in log scale. Note that we have near one-hot
encoding in most of the levels, except h = 10 and h = 20. This is because we have the same optimal actions for the good states in
h = 10 and h = 20 thus we still recover the ground-truth features (see text for more details). Also note that the optimal features are
recovered up to permutation (e.g., in this case we decode state O as state 1 and state 1 as state 0, but this is still the optimal decoding).



