Supplementary Material for “Byzantine-tolerant Distributed
Multiclass Sparse Discriminant Analysis”

Abstract

This document provides supplementary material to the article “Byzantine-tolerant
Distributed Multiclass Sparse Discriminant Analysis” written by the same authors.

1 Proofs of Main Results

1.1 Proof of Theorem 3.1

~(0
Theorem 1.1. Let maxo<p<k HO,E) — 03 |li = Op(ay) and choose some sufficiently large
positive constant 11 such that

m lo% + an\/logp> , System I
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0 10% Ya, lo;glp + % + 711) , System II

under conditions (C1), (C3) and (C5), we have

S0
jmax (8~ 607 = Op(vaN), (L.1)
and O
21;}2}(}(”0,{ - 05 , = Op(sA1). (1.2)
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Note that the initial error for the t-th iteration would be maxo<p<x ||0§€ )

1)

— 0%l by
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plug-in the initial estimator 0/1(g . Then we can obtain the ¢; and ¢5 error bound of the

~(t

02) easily by induction according to (1.1) and (1.2) in Theorem 1.1. In the next, to show

the proof of Theorem 1.1, we present several useful lemmas in the following.

Lemma 1.1. Forx, e RP. k=1,..., K — 1 such that
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we have
E-1 K-1
S afSgzh =Ll
k=1 k=1
holds with probability tending to 1.
Lemma 1.2. Let ”/H\k — 0%||1 = Op(an), then for k=2,..., K we have

( ) NN lo lo
Hz(o —0;) — bk,oHOO = Op <\/ ]%fp + an, 5])) ;

Lemma 1.3. Let |0 — 05]|1 = Op(an), then for k=2, ..., K we have

1 1
HE ©, - 0;) - ka = (\/ B a2 ++)

under System II.

under System L.

The proofs of above lemmas are relegated to Section 2 in the following.

~ ~(1
Proof of Theorem 5.1. For simplicity of notations, we use 6 to denote 0; ). By the opti-
mality of (02, ,60k), we have

K 1/2
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1/2
Lo * S a0 T * - 52
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By rearranging the terms above, we have
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5 <0k - ak) X (0) (Ok - 01:) L3)

- ~(0) * T * * n ‘
< (2(0)(0k —9;) - bk,o) (0k — ok) e Hek _ ekul .
According to Lemmas 1.2 and 1.3,
) Op logp +a logp > , System I
20 @ - 00) o=

Op 10gp+ \/@—i_\f—i_ > System II

Thus ||f](0)02 — b 0llcoc < A1/2 holds with high probability for some sufficiently large positive
constant n; under both System I and II. Then (1.3) indicates that
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k=2 k=2

0 —§,€H1. (1.4)
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By the optimality of (52, e ,§K), we can also obtain that
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Let ¢, = i(o)(Ok —0;) — by and ¢(j) = (c2, ..., ¢k ;) ", then it follows from (1.5) and
”CkHoo < /\1/2 that

p
)\12 ||0(J |2 < Z TJ‘ ( - fj)) +)\12 ||9>(kj)||2
=1

p
lewl1218G) = 65 ll2 + 21 3167l

i

M@ i

1

p
< max e B zy)qulZHez‘j)llQ

7=1

<.
Il
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2<k<K

)\1 u a * *
5 2 18G) = 63512+ A Z 16352,
j=1 Jj=1

HE@ —00)ll2 =3 cq HE(]-) — 6(;ll2- In conjunction with the

IN

which implies that )

jese
fact that
2
S0 — 02| <D 118 — 65113,
jES jeSs
we have
D 116Gy — 0l < VE =1 10y — 07plla <3VE =1 (6, — 6,12
jese jese jes
1/2
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=

K 1/2
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Similarly, we have }_ ¢ [10(;) — 0(;[l1 < /s(K — 1)(2,5:2 160).5 — k,SH%)l/Q- It implies

that
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By applying Lemma 1.1, we have

LK o K
52(%—%} 30 (014—92) ZLZ’
k=2 k=2

Combining the inequalities (1.4), (1.6) and (1.7), we have
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and
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It also indicates that R
1A% 107, — Okll2 = Op(Vs\1),
and

2g}ca§XK |07 — Ok|l1 = Op(sAi1).

1.2 Proof of Theorem 3.2

It suffices to prove Theorem 1.2 in the following.

Theorem 1.2. Under conditions (C1)-(C5), with the same choice of \1 as in Theorem 1.1,
we have SO C S holds with probability tending to 1 and /0\,(:) satisfies that

o

— 0c (=54 M) (18)

o0

Moreover, suppose that there exists a sufficiently large constant C' > 0 such that
min > C [ 353l M, (1.9)
we have SV = S with probability tending to 1.

Lemma 1.4. By partitioning 3 as

> _ <ESS 2556)
ESCS ESCSC ’

and py, according to sets S and S¢ for k =2, ..., K respectively, we have
kS = s (e — H1)g (1.10)

and
(b — 1) e = BsesDgg (1 — )5 (1.11)
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Proof of Theorem 1.2. Here we only prove the results in System II and the proof for System
I is similar. First we define the oracle sub-problem as

55 =arg min Z{ Ok, )0k — bk‘g 10k’} + M\ Z IE ])H2 (1.12)

c=0
k.S JjES

~(1 —~ ~
Once we show 9,(f ) (92,57 0) is the solution to (7), it is clear that S) C S. According to
the KKT condition, for any j € S,

(ﬁ(o),ssag,s - (52,0)S>j
(

(i( 55205, — (ba)se >J

+MZ; =0, (1.13)

M

0),550%.5 — (EK,O)S)J.

and for any j ¢ S,

: +>\1Zj :O, (114)
(2(0),ssc9K,s - (EK,O)SC)].
where Z; € RE~1 is subgradient of ||@||2 evaluated at 5(]-). It suffices to show that
K 9 1/2
)‘1_1%%)6( (Z { (E( ),5e50k, s) (bk,O)j} ) <1, (1.15)
k=2
holds with probability tending to 1. From equation (1.13), we have 525 = i(_oi,ss((gk,o)é’ —
)\12;975) where ékvs =(Zjr:j€S)€R®and Z,I;Q(ijk)Q = 1. Note that
g3(0),5‘65*‘91@,5 — (bro)se
~ ~—1 ~ ~ ~
=3(0),5¢5%(0),55 ((bk,D)S - )\1Zk,s) — (br,0)se
a1 S ~(0) % ~(0) 3 ~ ~ *
=), 5e52(0),55 {(2(0),55 - 2SS) (ak,S - Ok,s) + X550) 5 — (dio)s + (B — 1) g — ESSek,s}
S ~(0) x 50) o~ , -~
- (2(0),505 - 2SCS) (ok,S - ok,S) — X550 5+ (dko)se + BsesOp ¢ — (g, — B1) 5e
~ ~—1 ~
— M2y, 5¢52(0),55 % k,S -

We denote

o o1 S ~(0) % ~(0) 3 ~ ~ *
Iy = 3(0),5e52(0),55 { <2(0),ss - 255) (Gk,s - ek,S) + Bs50y,5 — (dio)s + (B — By) g — Essgk,s} :

and

I = (2(0),SCS - 2365) <0k;,5 - k,s) + X501 5 — (dro)se — Bses0; s + (g — 1) ge



Observe that

~ 1 B - a1 _ ~1 _

X (0),5e52(0),55 — ToesEge = (2(0),563 - 2505) (2(0),55 - Esé) + Xges (2(0),35 - Esé)
+ 358 (E(O),SCS - ESCS> ,

which implies
~ ~—1 _ = a1 _
B0 555085 = Bors B | < (S5 = Brs) (S5 - 255
~_1 _ _ o~
s (Bitas )], + 25 (s )|

<s%/? ’i(o),sas — Ygeg

o0

~—1
) _ 2*1H
o H (0),58S SS 9

~—1 _ _ N
+ 5% [Sges| Hz(o),ss - EséHQ +52 [ mgd| HE(O),SCS — Xges

‘2'

Using the inequalities (58a) and (58b) in Wainwright [2009], we have

n

~—1 . s
Hz(o),ss - ESSHQ = Op < ) ;
and

Hﬁ(o),ss - 2SSH2 = Op < S) :

n

Combining with the fact ’2(0)75(:5 — Ygesloo = Op(y/logp/n), it yields

> ST — 10gp—|— S
HE(O)’SCSE(O),SS — ESCSESéHOO — O]P <83/2\/T> .

Owing to the fact that 0y g = Egé(uk — p1)s in Lemma 1.4, we have
(g, — 1) g — 25802,5 = (1 —p1)s — (Hp — H1)g -

It yields that

~ ~ . 1
H(Nk - Nl)s - ESSGk,SHoo = Op ( Offp) .

Moreover, note that

N ~(0) . S ~(0) . logp
(B ) (585 01.) | = B[ 05 = (157

n

Then together with the assumption || ZgesEgalloo < € and Lemma 1.2 we have

log p \/logp @ 1
I =0 + + )
e ¥ ( N n om L




Similarly, we can show that

lo lo o 1
||IQHOOZOIP< S gpan++>.
n n

NG

Owing to the choice of A\; in Theorem 1.1 and following the analysis above, there exists
some positive constant C7 such that for k =2, ..., K,

’AO GZSH
= H§< SSE"CSH + Hz(o) Ss (2(0) §5 ~ ESS) (5’% B GZ:S) Hoo

ol (0) 3 — ~ ~ *
+ Hz(o),ss (ZSS% s — (dip) S) HOO + Hz(o),ss (B — 1) g — Bs505 5) HOO

<C1 354 A

(1.16)

holds with probability tending to 1. Moreover, for j € S¢, we have

N -1 - a1 _ ~
‘(2( ),5¢523(0), ssZu, S) ‘ Hz(o),scsg(o),ss - Escszséum HZk,SHOO

[ Zses 258 | Zrs - ZZ,sHOO +| (255855 21),

and
07, O
||st—Z Hoo—max J J
ks 165,112~ 165,11
0, — 0%, 162,12 — 11672

<max ————— + max |0,
o e e e

- 0% — 07 N 16 — 672
max —————— max—
—ges 16l des (167l

<
S 2 A Hek 5~ 0% slloo/Omin-

Combining with the Conditions (C2) and inequality (1.16), with probability tending to 1 we
have
K

2
A max 2 { (2(0),SCSOk,S> — (br,g—1) } S

K 2

+o(1)

(f: 5550 552k, S)

2
< )| (Ss5353219) |+ O[S stcsz;;uio (K~ DX 032, + o)
k=2

<1—r+CY D515 | BsesT5a|o (K — 123 /032, + (1)
<1-k/2,
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then we have shown the inequality (1.15) holds. Recall that with inequality (1.16), we have

|6 -6

o=l

holds with probability tending to 1. And note that 52 is a solution to (7) with probability
~(1 —~
tending to 1, that is ]P’(H,i) = 92) — 1. It yields

o

o=t

holds with probability tending to 1. If 8%, > C HE;éHOO)\l for some sufficiently large positive

constant C, then S S = § holds with probability tending to 1. In fact, the inequality (1.17)
still holds if we choose sufficiently large C'. Therefore, we have finished the proof of Theorem
1.2. O

2 Proof of Auxiliary Lemmas

2.1 Proof or Lemma 1.1

Proof or Lemma 1.1. With probability tending to 1, there exists some sufficiently large
positive constant L such that

K-1 K-1 K-1
S 2l mk>zmkzmk—\z = Yl
k=1 k=1
K—1 K—1 2
> Isay, — |2 -
>3 ol Ser - | z]m<2nwkn1>
k=1 k=1
K-1 K-1
Min(2) D i3 = 165(K — 1) S~ | 3 llal
k=1 k=1
K-1
> LY el
k=1

and the last inequality follows from the fact that |f](0) — ¥l = Op(y/logp/n) and
sy/logp/n = o(1). O
2.2 Proof of Lemma 1.2

First note that,

(0)

S0y — ) ~bro = (S - 5) (8, — ;) — 07 + (A — 7).



Due to the definition of f), we have

K
9k * 1 -~ -~ * *
20} - 20} = > Y (Xi— B (X — )"0}, — 265

d=1 {i:Y;=d}
K K
1 * *
=N Z (X — pa) (Xi — 1g) " 05 + Z (g — 1g) (fg — p1g)" 0}, — 26}
d=1 {i:Y;=d} N

We note that X, 05 ~ N (ux " 05, (g — 1) " B~ (g — 1)) for i such that ¥; = k and k # 1,
which yields that |(fig—p4)T 05| = Op(Amax/VN). Let Dy = (X;—pg)(X;—py)T 05— 267,
then Dy; ; is sub-exponential variable with parameter o;;Aj. According to Bernstein’s
inequality for sub-exponential variable [Vershynin, 2018], we have

1 & logp
v > Da| =0 (AmaX\/N)

d=1 {i:Y;=d}
It follows that

K
S * 1 ~ ~ *
Hzek_zek -~ NZ Z D +m§XH(Md—Md)(Hd—Hd)TOkHOO
d=1 {i:Y;=d} ~
L
<> Y D+ max (g — )l (B — 1) "0}
d=1{i:Y;=d} o
logp log p Amax
<A
~ max\/ N N \/N
with high probability. It yields that

01" = 01) = b

508 a0 -] <[5 -5]_

— 0, Hl + Hzekz — (Mg, — H1)HOO

g‘fzo)—z‘ ‘0*—5,&0)“ +‘fz—2‘ ‘

ool

+ HEO* 30, + (K — 11) — (g — 11) | 5o

1 1 1 1
< flosp, /og n+Amax\/ ogp ogp
1 1
o (2,

where the third inequality follows from the basic bound ||, — 1/lcc = Op(y/logp/N).

2.3 Proof of Lemma 1.3

Lemma 2.1 (Berry-Esseen inequality [Petrov, 1975]). Let Xi,---, X, are i.i.d random
variables and suppose
E|X,?

EX; =0, EX{=0">0, E|Xi|’<o00, o=——
g



Then for some absolute positive constants A

1 i 0
sup |P | —= X:<zx| -0 £ A—.
g o\/ﬁ; J ()] = A=

Proof of Lemma 1.3. Denote the Byzantine local machines by B and |B] = oM. Let

Vi =/n(py — p1), /+/ou then
Yi :med{yvl,(hyvl,la”' ayi,M}-

where Y} ,,, = \/ﬁ(ﬁgm) —pq)i/v/ou ~ N(0,1) if m ¢ B . Using the uniform bound and the
fact that for any ¢t € R

< @,

M

1 1

S IV > 1) = i 3 IV > ¢

‘M+1 Yim 28) = G a1 (Yim 2 ¢)
m=0 meB

we have
P <maX — (1 — p1)y| = Un)
L |ou

<pmaxP(\<ﬁ1 ), Zun)

l al

R JR— 1
=pmaxP <M+1 Z]I(Ylm > Up) > ) + pmax P (M—l—l Z]I(Yl,m < —up) < 2)
m=0 m=0

=pmax P Z]I(Ylm>un)—]P’(Ylm>un)>l—a—(l—Q(un))

z (T )M +1 270 2

m

1 1
+pmlaXIP’ ((1—04)]\4—1—1 %H(Yl,m < —up) =PV < —up) < ;ta- (I)(un)> .
m

By Taylor expansion we have

P (un) = (0) + ¢(0)un + o(un).

Thus

n .
IP’(InZaX £(ul — M) Zun>

aun
<pmaxP ((1 T %n(yl,m > up) — P(Yim > up) > ¢(0)uy + o(uy) — a)

1
(Y} < —up) —P(Ym < —up) < n n .

+pmlaxp<(1—a)M+1§¢:B(l’m Up) (Y3, up) < ¢(0)u +0(u)—|—a>
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Let u, = p/(\/logp/((l — a)M 4 1) + «) for some sufficiently large positive constant p* and
using Bernstein’s inequality we have

n o _
IP’(Inlaxg(ul — 1) = un> <2p .

And this means that
~ logp «
_ < _
Hp’l 1231 Hoo ~ N + \/ﬁ’

holds with at least probability 1 — 2p~!. Similarly, we can prove

log p «
N T Vn'

holds with at least probability 1 — 2p~!. For the second inequality, note that

|y, — HkHoo S

K
~ 1 ~(m) ~(m)\15(0)
<dk70)l:med EZ Z (Xu—Hy ) (Xi—py") 6, : m=1,2,--- M,
d=1 {i€Hm:Y;=d}
where X;; is the [—th entry of X, ﬂgln) is the [—th entry of ﬁgm). By straightforward
calculation we can write

1 o )
IS Xa-al)x - alY)'e)

d=1 {i€Hm:Y;=d}

K
=3 Y (X)X — )6, Z WG — )@y - ma)y
d=1 {i€Hm:Y;=d}
and for m ¢ B

(0)

(X = 1) "0 ~ N (0.0,)72@)) . i€ Mo

where (5,(C )) 2(0( )) < 07367 < A2 . Conditioning on 5,&0), we have
0 ~(0
E {(Xil — ) (X — 1) "0, |6} )} (29/(6 )>z’
and

5 = Var [(Xﬂ ) (X — )8

o
4\1/2 S04 /2 2 A2
< (E(Xi — par)?) (E ((Xi )"0y, > > < 307 Ak,

for i € H,, and m ¢ B and 512 < 00 according to assumption. Let

,m Z Z (Xil — Mdl)(Xi . lf'd)Tb\;(gO) B (zalgO))l ’

d=1 {i€Hm:Yi=d}
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and

K
1 ~(m) ~(m) 150
Vim=—7=) ni(tg — pa)y  — mg) 0y,
ﬁ; (Tg ) (12 a) 0y

then for m ¢ B

Wi % N (0,57) and Vi, = Op <;%> .

Denote
Zl,m = ]I(I/Vl,m + W,m > un) - ]P)(‘/Vl,m + ‘/l,m > un)v
and
Zl,m’ = ]I(Vvl,m + Vi,m < _un) - P(Vvl,m + ‘/l,m < _un)-

Owing to the definition of sample median, we have
~ ~(0) ~ ~(0)
— > < — >
P (mlax\/ﬁ ‘ (dk,o 30, >l‘ > un> < pmlaxIP’ <\/ﬁ ‘ (dk,o 30, )l‘ > un>

1 1
m

1 1
+pmaxP (a—ooMH 2 A = 0 = F Wit Vi = —“n>> -
m

Using the fact P(W) , + Vi < upn) = P(W) /01 + Vi /o1 < un/6;) we have

Wm m n
‘P( L +V’;<qi>—<1>

o] o] ]

m n Vm n
<sup1P’< ) §x>—¢(w)+¢<li—,’;)—q><qi)
z€R g1 o o] o]
Wm n Vm
:supP< a gx)—cbm +¢(1i) Lm 4 o(Vigm)

z€R 9 o] o]
<L+L’
~n

where the last inequality follows from Berry-Esseen inequality and the normal density
function ¢(z) is bounded. It yields that

? (o 5017 )

<pmp® (i 2 i > 000/ -+ O(72) + ofu)
m¢B

B

1 ~
B —— P <
+pmax P <(1 T %Zl,m < G(0)un /57 + o+ O

i

)+ o(un)> )
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Let uy = p (Amaxy/logp/(M +1) + 1/y/n + a) for some sufficiently large positive
constant p , then by Bernstein’s inequality we can prove that

R N )

By the definition of fl;k,o, we have

|£0 @ 01— Bro
~(0)

= H (i(o) — 2) (/9\1(@0) — 02) —dio+ 30, — 30; + (i — ﬁ1)HOO
< H (i(o) - E) (9}2 - 5/(90)) HOO + Hak,O - 25120)““} e — 1 — (e — 1) [l »

then the results follow. O

2.4 Proof of Lemma 1.4

Proof of Lemma 1.4. By the definition of the support set S and X0} = p;, — pq we have

< (1y, — Hl)s) _ (255 2SSC) (02,6')
(B — 1) ge diges Xgege 0 )’
then the results follow immediately. O
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