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1 DERIVING THE EMPIRICAL BAYES ESTIMATOR (EBE)

In Appendix A we present known results as a background for the Empirical Bayes approach.
On our path to deriving an Empirical Bayes Estimator (EBE) for ji we first need to derive the appropriate Bayes estimator.
Recall £(A(X), i) is a loss square euclidean loss function, i.e, L(A(X), @) = || — A(X)||3.

Bayesian Estimator The Bayesian Estimator minimizes the Bayes risk which we will soon present, but first, we introduce
the notion of the Prior distribution.

Prior probability distribution The Bayesian framework assumes a known prior, this will later we will relax the known-
prior-assumption and estimate its parameters. First, we assume [ = (1, .., ftr,) is normally distributed, that is, we assume

pj ~ No =N (po,05)

For example we can think of a group of workers answering "what are the weights of the people is these images?", thus, the
underlying ground truth are weights of people which are close to a normal distribution.

Observations X = (X1,...,X,n) Assuming a prior distribution over /i, (notice the difference from the preliminaries
where X; ~ N (u,0?)), we now denote the conditional distribution X |p; ~ N (7, 0?)

Posterior probability distribution £;|X; can be viewed as an update for the assumed prior distribution after
viewing the observations. It is well known that the Bayesian Estimator (which we will later show that it is bet-
ter than the BLUE estimator shown in Theorem 2.1) for the square loss function is the posterior’s mean, that is,
ENg o (1151 X;) = ming(x;) EMN‘NmU(A(Xj) — 11;)% where the latter expectation is under the Bayesian framework,
thatis E,n, .0 (A(X;) — pj)? = jﬂ Ez 5(A(X;) — p)?dp, hence, to estimate ; via a Bayesian Estimator we first need
to calculate the posterior mean.

Theorem 1.1. The posterior distribution is j;| X; ~ N (fi;,52),
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Where the last proportional-to follows from completing-the-square technique and

I Xjo% + poo?
Hi= ot + o2

1.1 THE EMPIRICAL BAYES ESTIMATOR (EBE)

We now relax the previous known-prior-assumption, this subsection is the empirical part in Empirical Bayes. We will show
how to estimate the posterior mean using the observed data.
First we will derive the marginal distribution of X, that is, we evaluate the following expression:

Pt () = [ P o X511y sy
M

But we already saw on (1.1) that P,,, 5 (X|z;)P(s;) is normally distributed, thus what is left is to calculate its mean and
variance.
By law of total expectation

EujNNO,a(Xj) = EujNNg,U(Euj,U(Xj|Mj)) = EujNNo,U(Mj) = Mo
By law of total variance
Var;mne,o (Xj) = By oo (Varu, o (Xjlug)) + Var,oneo (Bu, o (Xjluy)) = 0 + 0

Empirical Bayes Estimator Similarly to the work An introduction to Empirical Bayes Data Analysis [George Casella,
1985], we can construct an estimate for ji; at ,denote X = L E;"Zl X;

o +a’0

Proposition 1.2. EMNNOsU[W] =L

Proof. Notice that the expectation is over the marginal of X; and thus, the X;’s are i.i.d which means the expectation is of
an inverse-chi-squared distribution with m — 1 degrees of freedom. L

An immediate corollaries of [[.2] are:

m— (7'2 0'2
Corollary 1.2.1. EMNNO’U[Z?(;I(J?J-)—X)?] = 2102

Corollary 1.2.2. An Empirical Bayes Estimator is

~ m — 3)o? - m — 3)o? >
o0 (X.0) = s [ P P )6
2 PROOFS
2.1 THEOREM 2.2 (CASELLA, 1985’S THEOREM)
In the AWG model with a single worker and m > 3 questions,
Riio(0gs) < Riio(¢r) forall i € R™, 0 € RT. (1)

A5 (m—3)o2
Proof. Denote B = =3 39

Riio(d8) = Eiol| X + (1= B)(X — X) — p||’]
= ST B o (X + (1 - B)(X; — X) — 15)°]
—Zm 1Eua[ - My _B(XJ X))Q]
=YL Bl 13)%] = 2E56[B(X; — 1j)(X; — X)] + E o [(B(X; — X))?]
1
52(??)]

(X;
(X;

= Rito(01) — S04 2B 0 [B(X; — 1) (X; — X)]] + 0*(m — 3)* Bz o[



Lemma 2.1. Stein’s Lemma:
Let X ~ N(u,0?) and Let g(X) be a function for which E; ,[g(X)(X — p)] and E; ,[-Lg(X)] both exist, then
B olg(X)(X = )] = 0*Ep o [:9(X)]

‘We now focus on the mixed term:

Denote g(X;) = )S(;(_g
N _ X. — X
Eio[B(X; — 1) (X; — X)] = 0*(m — 3)Ej o[ —2—— (X, —
.0 [B(X; — ;) (X; )] ( )Ez, [SQ(X)( 5= )]
X;—X

= 0'2(m— B)Eﬂ’U[Epj’o-[ S (X) (X —,uj)\Xl,...,Xj_l,Xj+1,...,Xm]]
= 0%(m = 3)Eji o [Enq[9(X;)(Xj — 1) X1, Xjo1, Xy, o, Xin]]

d
=gtein 0 (m — 3)E,;7U[Eﬁ,g[ﬁg(xj)|xl, s X1, X1 X
J
d
= 04(7“ - 3)Eu,o[d7ng(Xj)]
d (1*%)32()?)*2(&*5()2
KQ(XJ) = )
j (52(X))

The mixed term can now be rewritten as follows:

ST 2B o [BX, — 1)(X; — X)) = ~20%4(m — 3) B

(52(X))*
1
= —20%(m — 3)? M7U[S2()€)]
Summing up everything:
Rio(deB) =
4 1 4 . 1
= (¢1) =207 (m —3)°E [SQ(X)HU (m - 3)°E ”[52()?)]
= - 0'4 m — ! m
RMU(QSI) ( 3) i,o [ 2()2)]v >3

2.2 PROPOSITION 3.1
A% (X) is a sufficient statistic for fi = (y1, .., ity ) under Py 5.

Proof. Since the regularity conditions hold for a multiplication of independent normal distributions, to prove sufficiency by
the Fisher-Neyman factorization theorem, we only need to show that the model can be represented as a multiplication of a
function h of the observations and a function g of a sufficient statistic and the unknown parameter as follows:

P(ul,..,,u,m,zrl,...,a'n)(th"7Xn ) Hm 11_I 173# ( 1])
1 — 52 (Xij—p;)®
e i

oV 2T
2

n Xij
-3 i T zl Ez 1 ﬁ"'”] i 71%
J*le ]

=7, T

= 1132 h(lea' ’an)g(éj(X)7uj)
= h(Xlla--anm)g(é(X)’M)

where C is a constant. O



2.3 THEOREM 4.1

For any unbiased algorithm A, and m > SP_]

Riz(EBY) < Rj(A) forall i € R™

if and only if
_ gy A VO =Xy (X))
2(m 3)2jzlcou(xj, ||)?A—XAT||2) (m — 3) E“(||)Z'A—XAT||2)>O' 2)
For convenience we denote X = X4
Proof.
B P _ B = _ 04&2 oy 2
Ri(EBy) Eu[||X+(1 SQ(X))(X X) = pll7]
o B 2 B a0 a0 T
= Ez[[[(X = )] 2Eu[75,2()z,)(X )" (X - X)] + Eu[(llisQ(X)(X X)[I7]
= RilA) = 0Bl e (6= ) (X = X0+ Bl o
Focusing on the mixed term:
~9 m ~2
W _T(X - X)) = % X — X
EM[SQ(X')(X w) (X = X)) ;EM[SQ(X)(XJ i) (X; — X))
m Z(XJ—X)
=Eu(X;) ZCOU< MWW)
N Coo(x,, G = X)
_izlo (XW 3 )

Therefore we get:

Ra(A) — R(EBY) _QaZCov( ],M)—a2E~ o

= /,1,[ =y
i=1 52(X) 52(X)
O
2.4 PROPOSITION 4.2
Denote 1)(X) = 62
.2 >
Z;": Cov (Xf’?a (Xjﬁix))
Choosing a* = - =D 7 minimizes Rﬁ(EBK).
54
7 (m)
~2 A A
L A 67 (X] -X%) . ..
Proof. Denote C' := Cov (X] , 752()(14) ) and I := E; (752()“)) Then from Theorem 4.1 We wish to maximize the
parabola 2aC' — ? E which can be easily shown to maximized at a* = % O

!Since in this subsection we do not assume that the distribution of X follows the AWG model, we do not need a parameter for the
individual competence. Other than that, all definitions remain the same.



2.5 THEOREM 4.3

Denote ¢)(X) = 62 as an estimator of ¢2.

sm d’l/J(X )(XA XA)

R (m—3)27_  (B(X4)? 22l B - (XA, =L axg
R (E83) = R (A)+ = (Bl o 120 [Bal o B = o)
3)
For convenience we denote X = X4
Proof. Denote g(X) = ”22)2((7)%))? )
Riis(EBY) = Epz[I|X + (1 - B)(X — X) — p||?]
=¥ Epsl(X5 - MH*QE**[B( )(Xy X))+ Easl(B(X; - X))?]
— R —2%(m — m )(XJ X) m— B &4
— Rz (A) — 2(m — 3)[E7 Ep 5[~ 52( ) I] + (m—3) E#U[SQ(X)]
(X5 — py)(X; — X)
Bl = e = Balg(CO(X; — )
d
—stein 0 Ep, a[dTQ(X)]
d _d 62(Xj—X')
EQ(X) - E SQ(X:)
(1= 3)5” + % (X, — X)J$*(X) - 25°(X; — X)?
= i
A L)S2(X) = 2(X; — X)?) + %= (X; — X)S*(X)
R (52(X))”
Z;n 1E-‘ _‘[ (XJ _SMJ)SX] — X)] _ 02(Eﬁ75[0222>11 (1 B %)SQ(X) j 22(X] B X)z]
2(X) (52(X))
S2X)S, 8 (X, - X)
+E#70[ (Sz(f))z ])
2 . . 2 L ;n—lg?(j(XJ X)
o”[(m 3)EMU[SQ(X' }+Eu,0[ SQ(X) ]]
Also mind that:
62X — )T(X — X NT(Y _ o NT(Y _ X
Eﬁ,f?[ (X S:L;’) _gX X)] — CO’U(6'2, (X :u) (3( X)) —f—E-‘a—‘[é’Q]E-‘&‘((X u) (3( X)]
(X) 52(X) 52(X)
s (X —p)' (X -X) — No2E- ~[621E - 1
stein CO'U( SQ()—(») )+(m 3) EH J[ }E 0[52()2)]
52 5 1 s L
Fralgy ) = 0% o) + FraloFiol g ]



And therefore we get that:

m dé* X T %
UQEW[ZH d;( (?f] X)H R (X — )" (X ~ X))
2(X) 52(X)

—3)0%E; 3[6%|Ez 5 L —o%(m — .G 6%
+m =800 Baslo Bl 5 ] — 0% — 3)Bpal 1 ]
e, Km0 (X = X),

7 S2(X)

—3)0%E; 3[6%|Ez 5 L — o%(m — 3)(cov(6? ! 3|62 Ez 5 1
= 3)0 Bpald Bl g 1= 0% = 8)eon(6*, ) + Balo® Fiol o )
= cov (5> (X - "X - X) — o2(m — 3)(cov(6? !

) e )

— cou(6? (X -—p)"(X - X) —o*(m— 3))
S2(X)
Plugging everything:
. 9 62 E}”ﬂ%(}(j_)_()
Rm(u,m:mam)—za(m—3)(<m—3>Eﬂ~[52<X)]+Eﬂ,a[ ST )
+(m_3) E"&'[SQ(X:)]
) e S, 25 (X, - X)
= RaalA) + (m =3 (Bpal i) = 20° | Bralgyg |+ Brel = oo
:Rﬁg(A)—‘r(m—?)) (Eﬁ-‘[ X, ]—20 Eﬁ’g[SQ()_(' ])
2 (X —p)"(X — X) —o*(m—3)
—2(m — 3)cov (a , (%) )

Denote by Y := - 3~ Vj and S*(Y) := .15 3= (Y; — Y)? its mean and its sample variance, respectively which yields
the result.

2.6 COROLLARY 4.3.2

Under the Normal model, if ) is mean-adjusted then

Proof. From theorem 4.3:

Rﬁ,a(EBf) =Ruz(A) +




Under the assumptions made it is easy to see that:

A — d XA —
L e (X - XA S, R (X - XY
B o)) ~ el o e
(m —3)5%(X4) (m —3)52(X4)

(KA _
i Z(XJA LX) - XY

(m — 3)52(X4)

+ Ezz( ]1X;.“>XA]
>0

And the result immediately follows. O

2.7 ADDITIONAL COROLLARIES

Corollary 2.1.1. If &2 is independent of X 54(;75’25 = 0) Vj then directly from Theorem 4.3 we get that:

1 . R
Rjia(EBY) = Rizs(A) + E’I’E[S%}?A)](m = 3)*(Basl6"] - 20° By 5[6°])
and Ry 3(EBY) < Ry 5(A) if
Eﬂﬁ[&ﬂ 2
By 2l67) <20 4)

/

Corollary 2.1.2. Assume 62 is independent of X ; Vi and that 3¢ > 0|62 — 02| < e w.p I then Rﬁ’a(EBK) < Rpz(A)if

€€ (0,0?) (5)

Proof. From corollary [2.1.1] we found that E; 7[6%] < 202 E; 7[62] and therefore:
Eq5(6Y) < (0 + €)Ep 5[6%] < 20°Ej 5[67]
(0 +¢€) < 207
0<e<o?

O

Corollary 2.1.3. Assume 62 is independent of X; Vj and that e > 0 |62 — 02| < e wp 6 and 3B 5.t > < Bw.p 1 then
Rz (EBY) < Rus(A)Yu € R™, m > 3if

(6)

We know from corollary 2.1.1] under the norml model, when the competence estimator is independent of the observations
X, then EBE dominates BLUE if E; 3[61] < 20%Ej; (6.

Denote the event G = {|o? — 62| < €}

Epz6"] = Bpz[6"Gl0 + By z[6YG)(1 — 6)
< (0% +€)?5 + B(1-96)
20°Ej; 516°] = 20 Ej 3[6%|G]S + 20° B 5(6° |G
> 20%(0? — €)0



GT~N(i, 1), X;;~N(GT;,i?)

067 DT e et L

BLUE
EBE(8?)
-_—1

Error

—025
L —05
e _—075

a? 125
15

g, —175

0.65 et =2

0.66

Figure 1: EBE for 5 aggregated workers with biased &2 vs BLUE; each data point is a 100,000 iteration average, each iteration includes new GT and new workers’ responses

Therefore it is sufficient to require that:
(02 +€)%5 + B(1 — 0) < 20%(0® — €)6

1
0<—€2—4€0'2+0'4+B(1—5)

Which is a parabola of € with roots € = —20% & | /50* + B(1 — }). Notice that B(1 — %) < 0 and thus, we require that

202 < 1/50* + B(1 — }) with simple algebra we derive the following conditions:

B < 1% 604
e €(0,—20%+ /5% + B(1— %))

Notice when § — 1 we get that € € (0, 02(\[ — 2)), this upper bound is less than one forth of the case when § = 1, this
stricter result is due to the bounds we had to use to derive it.

3 DETERMINISTIC ESTIMATORS FOR MULTIPLE WORKERS

On this model we assume some oracle guessed and told us all of the different &f and thus, we treat them as constants (i.e.
independent of the data X'), we would like to know how close the oracle has to be to the actual competences such that EBE
would still have lower risk than estimated BLUE by some algorithm A, i.e R,;@(EBK) < Rpz(A).

Let X;j ~ N(uj, 0 2)i=1,..,nj = 1,..,m and denote 67 as an estimator which was somehow estimated for o2, Vi.
Notice that the BLUE estimator (BLUE-aggregated worker) for 11; is:

no 1 n Xij
XA = (o 1&)12

J

“‘M

B ag;

Then, notice that X ]A is a linear combination of independent normal random variables therefore normal, i.e, X i~ N(uj,o?)
where:

: n 1 _1an Xij
Eao(X) = Bps(Sila o) 'S 5 =y
oA n 1 2 o’
Vargz(X;) = ( zlA‘) E'LIA
Therefore, we can reduce this case to the case of single worker where
(Ez 1A ) 221 14 (21 14 ) '
7,' U %
— 3)62 2
Riz(EBY); = X4 + _(m—3)o7 _— A x4
.a(EBY) 1 S XY



Proposition 3.1. Under the Oracle model R (EBY) < Ry 5(A) Vu € R™, m > 3 if:

6% < 202 (7)

Proof. Since we assumed an Oracle model (constant guesses of o) and showed that XAis following a normal distribution
applying corollary yields the result. L



	Deriving The Empirical Bayes Estimator (EBE)
	The Empirical Bayes Estimator (EBE)

	Proofs
	Theorem 2.2 (Casella, 1985's Theorem)
	Proposition 3.1
	Theorem 4.1
	Proposition 4.2
	Theorem 4.3
	Corollary 4.3.2
	Additional Corollaries

	Deterministic Estimators for Multiple Workers

