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Lemma 0.1 (Lemma 3.5). Fixanyt,3 > 0. Let F' : X x X — R be a hypothesis class induced from H such thatVf € F,
flz,2') = T};(VL(LC) — h(z")|) where Té(z) is a piecewise model outputting 1 if z > 3 + 1, outputting 0 if = < 3 and
t(z — ) otherwise. Then R, (F) < 8t - R, (H).

Proof. Let G : X x X — R be the set of functions induced from % and defined as Vg € G, g(a,b) = h(a) — h(b). Let abs
be the absolute function. Then f(a,b) = 74 o abs o g(a, b) and we can write, accordingly,

F:TéoabSOG. @))]

We first show R, (F) < R,,,(G). This is true because
R (F) = Rm(Té oabsoG) <2t Ry (abso G) < 4t - Ry (G), 2)
where both inequalities are by the property of Rademacher complexity for composite function with one component being

Lipschitz continuous e.g., [Bartlett and Mendelson| [2002, Theorem 12] and the facts that ng and abs are both Lipschitz with
constants ¢ and 1 respectively.

We then show R,,,(G) < 2+ R,,,(H). This is true because
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where the third equality is based on the fact that o; is uniform in {-1, 1} so the expectation with respect to o; is the same as
the expectation with respect to —o;.

Combining (2) and (3)) proves the lemma. O

Theorem 0.2 (Theorem 3.6). Fix any «, 8,t > 0. Suppose R.,(H) € O(1/y/m). Any model h € H returned by the AMF
learner satisfies Ny g11/:(h) < € with probability at least 1 — & if m > E% (16tc + 4/ % log %) where m is the number of
(x,2") € S satisfying d(x,x') < o and c is a constant inherited from O(1/y/m).
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Proof. To facilitate discussion, define two functions

" 1, ifz>4 @
8(2) = ,
7 0, ifz<g
and
1, ifz> B+ 1
Th(z) =4 tlz—p), ifp<z<B+1 . (5)
0, ifz<p
By definition, we have
Tp1(2) < 75(2) < 75(2). (6)
Recall S = {(z;, ;) }ij=1,..n. Let S, be a subset of S defined as
So = {(a,b) € S| d(a,b) < a}. @)
Suppose the size of S, is m. Then,
1
Bap(h; ) = — Z K|h(zi) = h(z;)| > B, d(zs,2;) < af
i,,5=1
m 1
= Y k(@) - h)| > ) ®
(a,b)€Sqs
m 1
=5 o 2 melh(a) = k).
(a,b)€Sq

Recall F': X x X — R is the set of functions induced from TZ; and defined as Vf € F, f(a,b) = Tf,(|h(a) — h(b)|). We
have that, with probability at least 1 — 9,

(@h)ESa (a.b)eSa
1
E[rh(|h(a) — h(B)]) | d(a,b) < a] — 2R(F) — k;if
— ©)
> Elrg 1 (|h(a) — h(b)]) | d(a,b) < o] — 16tR,(H) — Zig

> Bl (|h(a) - <b>|>|d<a,b>3a1—j%<16tc+ ;10g§>.

where for some constant c. In @) the first inequality is by @); the second one is by standard generalization bouncﬂ with
Rademacher complexity e.g. [Mohri et al.l 2018, Theorem 3.3] conditioned on d(a,b) < «; the third one is by (@) and
Lemma 3.5; and the last one holds since R,,, € O(1/+/m). Note the expectation of (a,b) € S, in R,,, € O(1/+/m) is also
conditioned on d(a, b) < a, and we always assume R, € O(1/y/m) w.r.t. any proper data distribution.

Combining (8) and @) we see Ay g(h;S) = 0 implies

Elrsy 1 (h(a) ~ b)) | d(a,b) < a] < - (16tc+ V5 lo ;) . (10

"Here we follow [Yona and Rothblum|[2018] and treat S,, as an i.i.d. sample. If it is not, we can either add an additional constraint that
no two pairs in S, share the same instance so it can be viewed as an i.i.d. sample, or apply a generalization error bound on non-i.i.d.
sample e.g. Mohri and Rostamizadeh| [2008]). In either case, the order of our result remains the same.



Further, we can show
Ay pr1(h) < E[rgi([h(a) = h(b)]) | d(a,b) < af, (1

because

Agpri(h) = ex XH{Ih( a) = h()| > 5 +1/t} -{d(a,b) < a} - p(a, b)

IA

/ I{|h(a) — h(B)| > B+ 1/t} - pla,b)
(a,b)EX x X 12)

IN

I{|~(a) = h(b)| > B+ 1/t} - p(a,b] d(a,b) < a)
(a,b)eX XX

= El[rg11([h(a) = h(b)]) | d(a,b) < a.

ombining (10f) and (11}, and upper bounding the of (10] € 1implies that 1 < € whenever
Combining (10 d (11 d upper bounding the RHS of (10) by ¢ impli hAmth h

1 1 1
> = \/Slog = |.
m > = (16750—1- 5 log 5) (13)

The theorem is proved. O

Theorem 0.3 (Theorem 4.2). Fix any o, 8 > 0. Suppose R, (H) € O(1/+/m) and the counter (o, 3) AMF coefficient
w.r.t. H is bounded. Then, with probability at least 1 — §, any h € H returned by Algorithm 1 satisfies A, g(h) < € after
O(log 1) labeling.

Proof. Suppose we have performed ¢ rounds of labeling. Let L, be the updated training set and .S, be the associated set of
instance pairs in Definition 3.4. Define

Veo={h € H;A, g(h; Sq) = 0}. (14)

Consider labeling m instances in round ¢ + 1. First, note that all labeled instances fall in C, 3(V;) and thus will
add to S, at least m pairs of (z,2') satisfying d(z,2’) < «. Then, by Theorem and setting t = 1/8, if

m> g (32c/6 + /3 log %), with probability at least 1 — &', any h € V41 satisfies
Aq (k) < 1/(28). (15)

Let & be logic ‘AND’ and define event
I8(z,2';h) :=d(x,2") < a & |h(x) — h(z')| > B. (16)
Then, with probability at least 1 — ¢, any h € V1, satisfies
Pr{If(a,a's h)} = Pr{I{ (e, ' h) & (,2') € Cap(Vy)} + Pr{IS (e, 2's h) & (,2') & Carp(Vi)}
= Pr{I](z, 2" h) & (x,2") € Ca,p(Vy)}
= Pr{If(@,a'sh) | (2,2') € Ca,p(Ve)} - Pr{(. ") € Cors(Vy)} a

_ Pr{(e.2') € Cap(Vy))
— 25 )

where the second equality is by the fact that Pr{IZ(z,2';h) & (z,2') ¢ Cop(Vy)} < Pr{If(z,2';h) & (,2")

Ca,3(Vg+1)} = 0, and the inequality is by conditioned on an additional fact that all labeled instances fall in Co g(Vg1).

For conciseness, we will write Pr{C, 5(V;)} for Pr{(z,2’) € Ca,5(V,)} .




Result in || implies V11 € B (Pr{czig(vf‘)}) and

(18)

Pr{Cos(Vys1)} < Pr {cw, (Baﬁ <W>)} <. Pr{Cas(V)} _ Pr{Cas(Ve)}

26 26 2 ’

where the first inequality is by the definition of £. This result means Pr{C, g(V;)} is halved after each round of labeling.
Therefore, after  := log, < rounds of labeling,

Aq p(h) < Pr{Cap(VQ)} <e, 19)

with probability at least 1 — QQ¢'; where the left inequality is by definition. By then, the total number of labeled instances is
logy ¢ - 762 (BQC/B + /3 log %) Setting 6 = ¢’ and plugging &' = §/Q in completes the proof. O

Lemma 0.4 (Lemma 5.1). Fix any o, 5 > 0. We have A, g(h; S) < Aaﬂ(h; S) for any h € S and sample S.
Proof. Since [;>; < % for any x,t > 0, we have

(i, ;) < a, |h(z;) - h(z))] > B} = {d(ws, ;) < a} - T h(z:) - he,)* > 57}

1
< B2 Hd(zi, z;) < a} - [h(z;) — h(xj)|2 (20)
1 2
= 5+ My h(z) = h(a).
Plugging this back to (6) proves the lemma. O
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