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A  PROOF OF MAIN RESULTS
In this section, we provide the complete proofs of our main results in Section 4. We start with some helper lemmas in

Appendix A.1. Then we show the proof of Theorem 1 in Appendix A.2. Finally, we provide the proof of Theorem 2 in
Appendix A.3.

A.1 HELPER LEMMAS

Lemma 1 (Concentration). With probability at least 1 — §, for any f € F,w € W, h € [H] we have,

log(2|F||W|H/§
o (f.0.1) ~ Bl (f, ) < 20 RELTIMHD) _

Remark Here we apply Hoeffding’s inequality to show the concentration result. Similar as Xie and Jiang (2020), we can
also apply Bernstein’s inequality, but the dominating rate would be the same.

Proof. Firstly, we fix f € F,w € W, h € [H]. From the boundedness assumptions (Assumption 3 and Assumption 4), for

any sample (:CELZ ) agf ) r,(Lz) ngj_l) in the dataset, we have

wi (2, a) (@ ) — v — p@ | wp (@) )| < CH.

Then since our dataset is i.i.d., applying Hoeffding’s inequality yields that with probability at least 1 — § /(| F||W|H),

Lo (f,w, h) — E[Lp(f,w,h)]| < 2C’H\/10g 2|JT£|ZV|1’1’/5)

Finally, union bounding over f € F,w € W, h € [H] gives us that with probability at least 1 — ¢, for any f € F,w €
W, h € [H],

log(2|F||W|H/d)
|£D(faw7h) [ﬁD(faw h>]|<20H\/ Og | 2Hn | / :Estat,n-

This completes the proof. O

Lemma 2 (Population loss and average Bellman error). For any f € F,w € W, h € [H], we have

E[Lp(f,w,h)] = E(xh,ah)wth [wi(zh, an)(fr(zh, an) = (Thfre1)(@n, an)))]

and

ElLp(f,w*,h)] = E(f, 7", h) = E[fn(zh, an) — Rn(2h, an) — o1 (@nt1,ang1) | @on ~ 7, appr ~ ),

where E(-) is the Q-type average Bellman error (Jin et al., 2021; Du et al., 2021)

E(f,m h) =E[fn(xn, an) — Ru(@n, an) — fos1(@he1, ang1) | aon ~ 7, apgpr ~ 7y

Accepted for the 38" Conference on Uncertainty in Artificial Intelligence (UAI 2022).



Proof. These equations can be simply shown from the data generating process and the definition of population loss and
empirical loss. For any f € F,w € W, h € [H|, we have

E[Lp(f,w,h)]
=E =3 lwn(;) 0 ) (fa(z a)) — ) - th@;m@;in)n]
i=1

=E (2 an)md? an 1 mPy (Jznan) (Wh (@0 an) (o (@ns an) = i — for1(@ngr, mp(@n41)))]
=E (e an)~a? [Wn(@n, an) (fo(@h, an) — Ru(zn, an) = Egyyywop, (lanan) a1 (@ns1s T (@n41)])]

=E, an)~ap [Wn(@n, an) (fr(@n, an) — (Thfas1) (@n, an)))]-

For any f € F,h € [H], we similarly have

ElLo(f,w”,h)] = E | = lwi (), a))) (ful; af) = ) — th(xzim(x;il)))]]
=1

= E(u, an)~d? s~ Py(Jznan) (Wh (@hs an) (fr(@h, an) = i = fra1(@ngr, T (1))

= E(up,an)~d; nsa~PClan.an) r(@ny an) = h = fra1 (@ngr, mp(@n41))]

= E[fu(zn,an) — Ru(zn,an) — fae1(Thet, ngr) | aon ~ 7, apgr ~ 7y,

This completes the proof. O

A.2 PROOF OF THEOREM 1
Theorem (Sample complexity of identifying v*, restatement of Theorem 1). Suppose Assumption 1, Assumption 2,

Assumption 3, Assumption 4 hold and the total number of samples nH satisfies

8C2 H log(2|F||W|H/5)
62

nH >

Then with probability at least 1 — 0, running Algorithm 1 with Cyap, = 0 and o = ¢ /(2H) guarantees

Vi(ao) —v*| <.

Proof. From our choice of n and Lemma 1, with probability at least 1 — ¢, for any f € F,w € W, h € [H], we have
Lo (f,w, h) = E[Lp(f, w, h)]| < estar,n < €/ (2H).
Throughout the proof, we condition on this high probability event.
From Lemma 2, for any w € W, h € [H], we have
ElLp(Q" w,h)] = By, a)~ap [Wa(@h, an)(Qf (2n, an) = TaQpi1 (2h, an)]

= E(uy an)~ap [Wn(@h, an) - O]

= 0.
Therefore, we further have

Lp(Q",w,h) <E[Lp(Q",w,h)] + estar,n < e/(2H) = a,

which means QQ* satisfies all the constraints.

Then we show that any value function satisfying all constraints (though it may have large average Bellman errors under
some distributions) can not be much more pessimistic than Q*.

From Lemma 1 and Lemma 2, we know that for any f € F, h € [H],

E(f, 7, h)l



= |E[fn(zh, an) — Rn(zh,an) — for1(Thers ans1) | aon ~ 7% apgr ~ 7yl
= [E[Lp(f,w", h)]]

< Lp(f,w*, h) + €stat,n

< a+ egtatn < €/H.

Therefore, we have

Vi(wo) = folwo, ms(z0))
> fo(zo, 7" (o))
> E[Ro(x0,a0) + fi(z1,a1) |ag ~7*,a1 ~7m¢] —e/H (E(f,7*,0)| <e/H)
> E[Ro(20,a0) | a0 ~ 7] + E[f1(21,a1) | aor ~ 77| —e/H
> E[Ro(zo, a0) | ag ~ 7] + E[R1(x1,a1) + fo(z2,a2) | ap:1 ~ 7 a0 ~ w5l —2¢/H (|E(f,7*,1)| < e/H)
> .
H-1
> Z Ry (zh,an) | agr—1 ~ 7| — H xe/H =V (x9) — €.
h=0

Combining the two arguments above, we know that the pessimistic value function f found by the algorithm satisfies
v" —e=V5(20) —e < Vi(wo) < Vg (o) =07,

where the second inequality is due to pessimism. This completes the proof. L

A.3 PROOF OF THEOREM 2

Theorem (Sample complexity of learning a near-optimal policy, restatement of Theorem 2). Suppose Assumption I,
Assumption 2, Assumption 3, Assumption 4, Assumption 5 hold and the total number of samples nH satisfies

8C2HTlog(2|F||W|H/5)
e2gap(Q*)? '

Then with probability at least 1 — &, running Algorithm 1 with o = egap(Q*)/(2H?) and Cgap = gap(Q*) guarantees

nH >

v > 0% — el

Proof. From our choice of n and Lemma 1, we know that with probability at least 1 — 4, for any f € F,w € W, h € [H],
we have
[Lo(f.w, h) —E[Lp(f,w,h)]] < estarn < egap(Q”)/(2H?).

Throughout the proof, we condition on this high probability event.

From the definition of gap(Q*), we know that prescreening will not eliminate Q*, i.e., @* € F(gap(Q*)). Then similar as
the proof of Theorem 1, we have

‘C'D(Q*awa h) S ]E[E'D(Q*a w, h)} + <C:stat,n = Estat,n S Egap(Q*)/(2H2) =

which means that Q* satisfies all the constraints.

For any f € F(gap(Q*)) that satisfies all the constraints and any h € [H|, we have

E(f, 7", h)
= |E[fu(zn,an) — Ru(zn,an) — fag1(@ne1, ang1) | aon ~ 7%, apgpr ~ 7y
= [E[Lp(f,w", h)]]
< Lp(f,w*, h) + estaton

S a+ Estat,n



< egap(Q*)/H?.

Now we have the following stronger result compared with the proof of Theorem 1

V(o)
fo(l‘o,?Tf(iZ?o))
> fo(wo, 7" (20)) + gap(Q™)1{ms(x0) # 7" (x0)}
> E[Rg (mo,ao) + fi(z1,a1) | ag ~ 7", a1 ~ 7y
+ gap(Q*)1{m (o) # 7*(20)} — egap(Q*)/H? (E(f,7*,0)| < egap(Q*)/H?)
E[Ro(z0, ao) | ag ~ 7] + E[fi(z1, 7" (z1)) + gap(Q") {7y (1) # 7" (21)} | ag ~ 7]
+gap(Q*)1{mf (o) # " (20)} — egap(Q*)/H?
=E[Ro(z0,a0) | ao ~ 7] + E[f1(21,a1) | ap1 ~ 7] + gap(Q")E[1{ms(21) # 7" (z1)} | ap ~ 7]
+ gap(Q*)1{ms(x0) # 7" (x0)} — egap(Q*)/H?
E[Ro(fﬂo,ao) \ ag ~ 7T*] +E[R1(m1,a1) + f2($2,a2) | ap:1 ~ 7r*7a2 ~ 7Tf]
+ gap(Q")[1{ms(x0) # 7" (w0)} + E[1{mp(z1) # 7" (z1)} [ ao ~ 7" }]]
— 2egap(Q*)/H? (E(f, 7%, 1)] < egap(Q*)/H?)
> .
H-1 H-1
> Ru(wnsan) | ao.m—1 ~ 7| +gap(Q)E | > Ums(xn) # 7" (x)} | agu—1 ~ W*]
h=0 h=0
— H x egap(Q*)/H*
H—1
= V5 (w0) + gap(Q")E | > 1{mp(an) # 7" (xn)} | a0:m—1 ~ W*] —egap(Q™)/H.
h=0

This implies the pessimistic value function f found by the Algorithm 1 satisfies

H-1
Vo (20) > V(o) > Vg (z0) + gap(Q*)E lz 1{ms(xn) # 7 ()} | ag—1 ~ w*] — egap(Q*)/H
h=0
and thus
H-1
E [Z 1{r p(an) # 7 (2n)} | ao—1 ~ w*] <e/H. )
h=0
On the other hand, define each trajectory 7 as (zo, ag,70,-- -, TH—1,3H—1,TH—1,ZH ), the return of 7 as Return(7)
70+ ...+ 7H_1, and the probability of 7 under policy 7 (i.e., ap, = 7w(xp),Vh € [H]) as Pr(7). For any f € F, we can
decompose the entire trajectory space into three disjoint sets C; = {7 = (20, a0,70,- -, TH—1,8H—-1,"H-1,ZH) : Vh €
[H],ap, = 7*(xp) = mp(xn)}, Co = {7 = (x0,a0,70,...,TH-1,05-1,TH-1,2H) : Yh € [H],ap, = 7*(xp),3h €

[H], 7 (an) # 7 (xn)} Cs = (C1 UC2)E.
Then we calculate V™ and V™f with the definition of these three sets

VE (o) = Z Pr,«(7)Return(7)

TeCiUC2UCs
= Z Pr,«(7)Return(7) + Z Pr.(7)Return(7)

T€Cy TECs
(Because 7* is greedy policy, any trajectory 7 € C3 has 0 probability)
= Z Prr, (7)Return(7) + Z Pr,+(7)Return() (Definition of Cy)
T€Cy TECs
< > Pry (r)Return(r) + »_ Pro(r)H (Return(7) < H)

T€Cq TECo



< Z Pr., (7)Return(7) + Z Pr.«(1)H (Return(7) > 0)
TeCi UC2UCs TEC2
= Vo' (w0) + Z Pr,-(7)H.
TECo

It remains to show that Pr;-(C2) = 3> .o Pre«(7) is small. From the definition, any trajectory 7 =
(1‘07(10,7’0, ey melvaHfherlaxH) € Co satisfies that Vh € [H],ah = W*(.%‘h) and dh € [H], ap, 7’5 Ff(l‘h). Then for
any 7 € C2, we can find a unique index b’ € [H]| such that ag = 7*(z¢) = 7y (20),...,ap -1 = 7" (xp—1) = T (xH—1),
ap = ™ (xp) # mp(zp) (ee., b is the smallest index that 7y differs from 7* in trajectory 7). This implies that
CQ g U}I;I/;(l) Cg . where Cg‘ = {7‘ = (’Io,ao,’ro, ey J:H_l,aH_l,rH_l,:rH) Lapg = W*(xo) = 7Tf(l’0), e, apr—1 =

W*(xh/,l) = Wf(xh/,l), apr = W*(l'h/) 7é Wf(ith/)}. Since E[l{’i‘(f(xh/) 7& W*(xh/) | ag:p’—1 ~ 7T*}] = Prﬂ—* (C;L/), we
have

H-1 H-1
2 Pro( <), ) Pre(n)=E [Z L{ms(en) # 7" (2n)} | a0 w*]

TECs h’=0 TECQ’ h=0

H-1
E lz Yms(zn) # 7" (xn)} | a0m—1 ~ W*] .

h=0

Finally, combining all the results above gives us

Vo ! (z0) = Vg (z0) — Y Pro-(r)H

T€C2
H—1
> Vg (z0) — HE [Z Wrp(zn) # 7" (zn)} | aoir—1 ~ W*]
h=0
>v*—Hxe/H=v"—e. (2)
This completes the proof. O

Remark We notice that Eq. (1) is the error of supervised learning (SL) with 0/1 loss. Therefore, we can directly use the
RL to SL reduction in imitation learning literature (e.g., Theorem 2.1 in Ross and Bagnell (2010)) to translate it to the final
performance difference. It gives us the same as our result in Eq. (2). This second part of the proof is different from the one
in Ross and Bagnell (2010) and is potentially easier to understand. We believe that it is also of its independent interest.

B PROOF OF ROBUSTNESS RESULTS

In this section, we provide the complete proof of misspecificed cases in Section 5. We start with some helper lemmas in
Appendix B.1. Then we show the proof of Theorem 3 in Appendix B.2 and the proof of Theorem 4 in Appendix B.3.

B.1 HELPER LEMMAS
Lemma 3 (Population loss bound for approximately realizable W). Recall that the definitions of ey and w* are

fw = min max max ’Edf [wh -« (fo = Thfrt1)] — Eaz [fn — 771fh+1]’

and

w" = argminmax max ‘Edg [wh - (fn = Tnfas1)] — Eaz [fn — 77th+1]’ :

Forany f € F,h € [H], we have
lE(f, 7" h)| < [E[Lp(f,@", )] +ew,
where E(-) is the Q-type average Bellman error (Jin et al., 2021; Du et al., 2021)

E(f,m h) =E[fn(xn, an) — Ru(@n, an) — fos1(@he1, ang1) | aon ~ 7, apgpr ~ 7yl



Proof. Forany f € F,h € [H|, we have
E(f. 7", h)|

= E[fn(zn,an) — Rn(zn,an) — fas1(Thg1, ang1) | aoin ~ 7, apg1 ~ 7yl

= E(Ih,ah)~d;,£h+lmph(“$h,ah)[fh(‘r}“ah) — Rp — fh+1(xh+1a ﬂ-f(xh-‘rl))]’

Ezpan)~d: [ (@n,an) = (Thfo1)(@n, an)]

Ea: [fn — Thfnsl]

Bgp [wh,(fn — 77th+1]‘ + ’]Edg (W, - (fn = Tafnt1)] — Eag [fa — 77th+1]‘
[E[Lo(f, @7, R)]| +ew,

IA

IN

which completes the proof. O

Lemma 4 (¢ » is weaker than /., approximation error). Recall that the definitions of € x and Qj_- are

e = min mag maos (|Eqpfun - (f = TS| 1 fo(wo. m5(20)) = Q.7 (x0)))

and

@ = argmin mae mae ([Bp - (o = T )| + 1foto, s o)) = Qoo 7 (1))

Suppose additionally we have mild regularity assumptions on W, i.e., for any w € W, h € [H], Eqp [wp] = 1 and
wp, € (X x A — [0,00)). Then we have

er < 3min ma — Q7 |l so-
» < Sy [~ Q7

Proof. Forany f € F,w € W, h € [H|, we have the following
‘Ed;g [wh + (fn — ﬁfhﬂ)}‘

< [Baplwn - (F1 = Q1 = Tufurs + Ta@i )] + [Eaplon - (@1 = T 1)

< [Eaplon (fn = Q0| + [Baplwn - (Tafisr = Ti@isn)]] +0

< Egp[wn - [[fan — Qhlloo] + ‘E(wh,ah)Ndf,wh+1~Ph(-\mh,ah)[wh (frr1@ng1, 7 (@nt1) — QF (g1, 7 (Th41)))]

< fn = Qilloo + Ewyan)~aPwn @i~ o Clan,am) 1 @t Tp(@ng1) = Qppq (@ngr, 7 (@n41)) ], 3)
where the last inequality is due to the E ;o [ws] = 1 and wy, > 0.
Now, we bound the second term in Eq. (3). Using ¢’ to denote maxye (1 || fn — QF ||oo» We have

Qni1(@hy1, ™ (nt1)) — € < frvr(@npr, 7™ (20g1))
< fag1@ns1, mp(@ng1)) < Qhgr (@hyts Tp(@ng1)) + € < Qhyy (Thyr, T (2hg1)) + €

This implies that

| fra1@hgr, mp(Tn1) — Qhyr (@hyr, 7" (Tng))] < €' = }{IEI% 1fn — @ lloo-

Therefore, we have
Egp[wn - (fa — Thfh+1)]’ < Nfn = Qhllso + Eayy an)~dPwn onsr~PaClen,am Ufar1 — @iy lloc]:

Since Egp [wn] = 1, we know that
that

@nyan)~dP wp w1~ Py (-|znan) ] 18 @ probability distribution over 2,11 This implies

[Eap fwn - (f = Trfnsn)]| < 2 max 1 = Qoo
h he[H]



Similarly, we have | fo(zo, 7f(z0)) — Q5 (zo, 7 (20))| < maxye(m || fn — @ || oo, thus

Bap[wn - (fn = Tufas2)l] + [Folo, w5 (20)) = Qol@o, 7 (20))] < 3 max | £ = Qh[loe-

Taking max over h € [h],w € W and then taking min over f € F on both sides completes the proof. O

B.2 PROOF OF THEOREM 3

Theorem (Robust version of Theorem 1, Restatement of Theorem 3). Suppose Assumption 3, Assumption 4 hold and the

total number of samples nH satisfies

8C?H5 log (2| F||W|H/6)
2

Then with probability 1 — 6, running Algorithm 1 with « = ¢/(2H) + e and Cgap, = 0 guarantees

nH >

|Vf($0) —U*‘ < E+HE]—‘+H€W.

8C2H* 1og(22\f| |WI|H/S)
€

Proof. From Lemma 1 and our choice n > , with probability at least 1 — §, for any f € F,w €

W, h € [H], we have
[Lo(f,w, h) = E[Lp(f, w, h)]| < estar.n < €/ (2H).

Throughout the proof, we will condition on this high probability event.

From Lemma 2, we have
ELLo (@3, w, b))l = [Eqs, apyap [wn (2, an) (@ (s an) = (T @ ) (@ns an)|

’E(mh,ah)m«dg [wh (2, an)(QF 4 (@, an) — (ThQF pyr) (@h, ah))}‘

IN

+ | Q3 (w0, 75 (20)) — Qi(wo, 7 (20))
§ EF.

When using the relaxed constraints by setting & = ¢/(2H) + €7, we can incorporate the approximation errors. More
specifically, we have

Lp(Q%,w, h)‘ < ‘IE[ED(Q%UJ, )| + estat,n < €F + Estatn < €/(2H) +er =

which implies that Q*f will satisfy all constraints.

In addition, for any f € F that satisfies all constraints, we have that for any w € W, h € [H],

‘E[ED(fv w, h)” S ‘CD(fa w, h) + Estat,n <a+ Estat,n = 5/H +eF.

From Lemma 3, we further have
|€(f7 7T*7 h)| < |E[£D(f= 11}*7 h)]' +ew.

Since w* € W, we get
ECf, 7% 1)| < [E[Lo(f, 0%, )| + e < e/H + e + ey i= <.
Following telescoping step in the proof of Theorem 1, for any f € F, h € [H] that satisfies all constraints, we have
Vi(zo) = fo(wo, ms(w0)) = Vi (o) — He'.
Therefore, we have
Vi (20) + 7 = Qp (w0, 7" (20)) + e 5 = Qj (w0, 5. (20)) = fol(wo, 7 5(w0)) > Vg (wo) — HE,

where the first inequality is due to the definition of approximation error €  and the second inequality is due to pessimism.
This gives us
[Vi(wo) — v*| < max{He',er} < e+ Her + Hew,

which completes the proof. 0



B.3 PROOF OF THEOREM 4

Theorem (Robust version of Theorem 2, restatement of Theorem 4). Suppose Assumption 3, Assumption 4 hold and the

total number of samples nH satisfies

8C2H" log(2|F||W|H/S)
e2C?

gap

nH >

Then with probability 1 — 6, running Algorithm 1 with a user-specified Cgap, and oo = ECgap/(2H2) + £F(C,.,) SUarantees

(H2 =+ H)&]:(C%_dp) + H2€W
Cgap

v >0 —e —

2 6
Proof. From Lemma 1 and our choice n > 3<% IOE%(éLf||W|H/ )
gap

W, h € [H], we have

, with probability at least 1 — ¢, for any f € F,w €

1Lp(f,w, h) = E[Lp(f, w, h)]| < estat.n < eCyap/(2H?).
Throughout the proof, we will condition on this high probability event.

From Lemma 2, we have

E[Lp(QF ey, ws W] = ’E(zh,ah)wxg [wn(zh, an)(QF () n (Thy ) = (ThQ ey ns1) (s ah))]’

E oyt 000, 00) Q@ 1) = (T @y ) @ a))]|

IN

(o)) - @sum*(xo))]

+ Q3 0, T
Q}—(Cgap)ao( 0, Q]:(Cgap)

< sf(cgap) .

When using the relaxed constraints of o = £Clyap/(2H?) + € F(Cpap)» W€ Can incorporate the approximation errors. More
specifically, we have

ED(Q*f(Cgap)v w, h)’ S ’E[LD (Q}(Cgap)a w, h)] + Estat,n

EF(Cgap) + Estat,n
ECgap/(2H2) tEF(Crap) = @

[VARVAN

which implies that Q*}-( Cap) will satisfy all constraints.

In addition, for any f € F(Cgap) that satisfies all constraints, we have that for any w € W, h € [H],

|E[ED(fa w, h)“ S ACD(f; w, h) + Estat,n S o+ Estat,n — Ecgap/Hz + E_F(C

‘gap) "

From Lemma 3, we further have
lECf, 7 W) < [E[Lp(f, 0", h)][ +ew.

Since w* € W, we get

E(f, 7, h)| < [E[Lp(f, 5%, )] +ew < eCyap/H? + EF(Cpap) T EW =€

Since we run the algorithm on F(Clay, ), the gap parameter will be Cy,, instead of gap(Q*) in Theorem 2. Following the
proof of Theorem 2, for any f € F(Cyqap), h € [H] that satisfies all constraints, we have

H-1

Vi(@o) = folwo, 74 (20)) > Q5 (20, 7" (20)) + CouplE | D Ump(wn) # 7" (2n)} | agu—1 ~ 7" | — He'.
h=0

Therefore, we have

Qo (0, " (20)) + EF(Ca)



> Q*}‘(Cnap) oo, 1T (g (z0)) (Definition of approximation error € (c,,.))

= fi (Ioa ( 0)) (Pessimism)
H-1
= Q5(wo, ™ (20)) + CapE [Z Yy (en) # 7" (2n)} | ag—1 ~ 7| — HE,
h=0
which yields
H-1
E Z Ymy(zn) # 7 (zn)} | aoim—1 ~ W*] < (He' + Ef(cga,,)) /Cgap-
h=0
This translates to the performance difference bound of
e H? + Hero y+ H?e
V()f(xo) Z,U*_H(HE/_'_E}_(C )/Ogap vF — e — ( ) F(Cgap) W’
Ceap
which completes the proof. O

B.4 COROLLARY FROM THEOREM 4

Theorem 4 gives us a convenient way to set the gap parameter Cy,,. We show that it can easily handle the case that £
approximation error of F and gap(Q*) are known. We formally define ¢, approximation error and the corresponding best
approximator w.r.t. F as

A _ : _*
af,oo—;rgg_,frel?g | fn — Qhlloos Qf,oo—arjgén;n}{re% [ fn — Qoo

Similarly, we can define the version for F(gap(Q*)).
Then we have the following corollary.

Corollary 5 (Corollary from Theorem 4). Suppose Assumption 3, Assumption 4 hold, the weight function class satisfies the
additional mild regularity assumptions stated in Lemma 4. Assume we are given € r ,, gap(Q™*) and 2e r o < gap(Q*). If
the total number of samples nH satisfies

8C2H log(2|F||W|H/6)
€2(gap(Q*) — 2e7,00)%

then with probability 1 — 6, running Algorithm 1 with Cgap, = gap(Q*) — 267 oo and o = £(gap(Q*) — 2e 7,00 )/ (2H?) +
2e F oo guarantees

(2H2 + H)er oo + H2%eyy
gap(Q*) — 27,0

v >0 — e —

Proof. From the definition of gap(Q*), e 7 o and Q*F’Oo, we know that

gap(QF ) > gap(Q”) — 267,00 > 0.

Therefore, we have Q*foo € F(gap(Q*) — 27 o0 ). Together with the definition that Q;_- o 18 the best approximator of

Q* within F (under /-, norm), we know that Q}Oo is also the best approximator within F(gap(Q*) — 2¢r ) (under £
norm). This implies that

EF(gap(Q*)—2e 7, 00),00 — EF,00-

In addition, under the mild regularity assumptions stated in Lemma 4, applying Lemma 4 tells us

€ ) _ <3 min max — 3e ) =3¢ .
F(gap(Q*)—2er,00) = FEF(gap(Q*)—26 7 o) he H ”fh Qh”oo F(gap(Q*)—2er,),0 F,00

The remaining part of the proof follows a similar approach as the proof of Theorem 4. Firstly, we have the 1 — § high
probability event that for any f € F,w € W, h € [H]

|Lo(f, w,h) — E[Lp(f,w,h)]| < estat,n < £(gap(Q”) — 25]_-’00)/(2H2),



Then following the proof Lemma 4, we have
EILD( @ o w0 ]| = [Eaplwn - (@ o — ThQ o]
[Eaplwn - (Q oo = @i)| + [Eaplon - (Th@ o = TaQi)l| +0

2 ) — Qe =2 .
> ’%?g]‘lQ}',oo,h Qhlloo EF,00

IN I

N

The empirical loss of Q}OO satisfies

’LD(ijpo’ w, h))

IN

‘E[ﬁp(@}_—)w7 w, h)]’ + E:sta»t,n
< e(gap(QF) — 26 7.00)/(2H?) + 267 00 = a,

A

which implies that Q}_—OC will satisfy all constraints.
In addition, for any f € F(gap(Q*) — 2¢r ) that satisfies all constraints, we have that for any w € W, h € [H],
[E[Lp(f,w,h)]| < Lp(f,w, h) + Estatn < & + Estat,n = £(8aD(Q") — 267,00) /H? + 26 7 .
Similarly, we further have
|E(f, 7%, h)| < |E[Lp(f, 9%, h)]| +ew < e(gap(Q*) — 267,00)/H? + 265 00 +ewy i=¢'.
The final performance difference bound is

(2H? + H)er oo + H?eyy

(o) > v* — H (He' o ") —2er00) >V —E—
Vo T (zo) > v (He' +e7,00) [(8ap(Q") — 26 7,00) 2 0" — € 2ap(Q*) — 267

)

where the difference compared with the derivation in the proof of Theorem 4 is that we use ¢, bound to get

Qi (w0, 7 (20)) + eF,00 > QF o0 (20, M@y _ (20))-

This completes the proof. O

C PROOF OF THE UNKNOWN GAP PARAMETER SETTING

In this section, we present the formal proof of Theorem 5. We start with a standard helper lemma in Appendix C.1, which
shows the concentration result of Monte Carlo estimate. Then we show the proof of Theorem 5 in Appendix C.2.

C.1 A HELPER LEMMA

Lemma 6 (Concentration for Monte Carlo estimate). Assume we run policy m and collect m trajectories

{x((f), a((f), r(()i), R xﬁf}),l, aglp r%ll}i:1 and our Monte Carlo estimate is defined as
m H-1
P
m 4 h
i=1 h=0

Then we have

|,Z>Tr _ ,U7T| < 2H 10g(2/5)
- 2m

Proof. Define random variable Y; := Zf;ol rg). From the definition, we know that Y; are i.i.d. samples with mean v™.
Applying Hoeffding’s inequality and noticing that |Y;| < H gives us with probability 1 — J,

1 & log(2
LS vi—om 0g(2/9)
mi:l

<2H4{ ——=.
This completes the proof. O

2m



C.2 PROOF OF THEOREM 5

Theorem (Sample complexity of finding a near-optimal policy with unknown gap(Q*), restatement of Theorem 5). Suppose
Assumption 1, Assumption 2, Assumption 3, Assumption 4, Assumption 5 hold but gap(Q*) is unknown. Assume we have a
dataset D with size n for each Dy, and additional online access to collect

nlog(24/6)  ~ [nlog(1/6)
- C?H :O( C°H )

(log(2H/gap(Q")))*

samples. Then with probability at least 1 — §, the output policy T from Algorithm 2 satisfies

P 32C2H5(log(2H /gap(Q*)))
vy 5\/ ngap(Q*)? ’

where 1(t) = log(24|F||W|H - 2¢/5).

Proof. For Theorem 1, Theorem 2 and Monte Carlo roll out estimate at iteration ¢, we set their high probability event
parameter as 0; := §/(6 x 2¢). Then union bounding over all of them gives us 1 — § high probability event. Our following
analysis is conditioned on these high probability events.

Firstly, we show that Algorithm 2 will terminate once our guess gap} "> drops below the true gap(Q*). From Theorem 1,

we know that |0} — v*| < &;. Further, when gap?"®*® < gap(Q*), we can guarantee that Q* € F(gap$"“™). Therefore,

Theorem 2 tells us v™ > v* — g, Finally, for Monte Carlo estimate 7, we have |{)ﬁt — vﬁf| < &¢. Combining them
together yields
o7 Zv’” — &t Z'U**Et*f:t 2’17: — &t — &t — &¢ :@:*3615,

which means our algorithm will stop in this iteration.

So if we assume the algorithm terminates at iteration 7', then T satisfies H/27 > gap(Q*)/2, thus
T <log(2H/gap(Q"))-
Then we prove that the output policy 7 satisfies v™7 > v* — 5e;. This can be seen from
VT > T — e > 05 —3ep —ep >0 —ep — 3ep —ep =0 — ber.

Notice that e; will increase as ¢ increases. Therefore, if our algorithm terminates before gap$"“* drops below gap(Q*), we
will have a better performance guarantee. More specifically, we have

3202 HS.(log(2H /gap(Q*)))
er < €log(2H/gap(Q*)) = ngap(Q*)2 ’

Therefore, 7 satisfies

N . 32C?HS(log(2H /gap(Q*)))
T > ¥ -5 ,
- ngap(Q*)?

which has the same order of the accuracy as running Algorithm 1 with known gap(Q™*) in Theorem 2 up to polylog terms.
Finally we calculate the required number of online samples. For iteration ¢, applying Lemma 6, we require

o 2H?1og(12 x 2t/4) < 2H%log(12 x 27 /8)  nlog(12 x 27 /5) < nlog(12 x 27 /4) < nTlog(12 x 2/4)

2 2 C 4C?H.(1)22t  — C2H - C2H

samples. Then since we have at most log(2H /gap(Q*)) iterations, the required number of online samples is at most

nT log(12 x 2/4)

nlog(24/9)
C?H '

< (log(2H/gap(Q*)))* - CZH

log(2H /gap(Q™)) -

This completes the proof. 0



D LAGRANGIAN FORM ALGORITHM AND RESULTS

In this section, we introduce the Lagrangian form variant of PABC (Algorithm 1) and its sample complexity guarantees. We
start with showing its variant PABC-L (Algorithm 1) in Appendix D.1. Then we provide the main results of PABC-L in
Appendix D.2 and its robustness results in Appendix D.3.

D.1 ALGORITHM

In this part, we introduce the PABC-L (PABC with Lagrangian form) algorithm as shown in Algorithm 1. Compared with
PABC (Algorithm 1), PABC-L does not take the threshold « as input. In addition, it moves the constraints (Eq. (2)) to the
objective (Eq. (5)). Furthermore, to estimate v*, it returns fo(xo, f(:Jco)) + H - maxy,ew nefm) [£p( f ,w, h)| instead of

fo(ffo»ﬁf(fo))

Algorithm 1 PABC-L (PABC with Lagrangian form)

Input: gap factor Cy,jp,, function class F, weight function class W, and dataset D.
1: Perform prescreening according to input Cg,p:

]:(Cgap) = {f € F: gap(f) > Cgap}~ 4)

2: Find the pessimism value function in F(Cl,p) with the Lagrangian form objective

= i H- L h 5
F= angmin (o, o))+ H- | e (2ol ) )

where the empirical loss Lp(f, w, h) is defined as

1 & i i i
p(f,w,h) = fEB%%”% (e, af?y =i — faga (@) 7p (2 )], ©6)

3

Output: policy 7 ; and return estimation fo(xo, 7 (wo)) + H - maxyew he(m) \Lp(f,w, h)).

Remark In the objective (Eq. (5)), we can also use

F€F(Cgap)

H-1
f= argmin (fo(xomf(xo)) +) lrglea;élﬁb(f,w’h)I) : @)
h=0

From the detailed proofs in the subsequent parts, it is easy to see that the theoretical results hold under this objective
(Eq. (7).

D.2 MAIN GUARANTEES
In this part, we present the main sample complexity results of PABC-L (Algorithm 1). In parallel with Section 4, we show

that PABC-L can identify v* without the gap assumption in Appendix D.2.1 and show that PABC-L with the gap assumption
learns a near-optimal policy in Appendix D.2.2.

D.2.1 ESTIMATING OPTIMAL EXPECTED RETURN

We show the sample complexity bound and the proof for PABC-L to identify v*. The bound is the same as that of PABC
(Theorem 1).



Theorem 7 (Sample complexity of identifying v*, Lagrangian version). Suppose Assumption 1, Assumption 2, Assumption 3,
Assumption 4 hold and the total number of samples nH satisfies

8C2*H? 10g(2|f||W|H/6)

nH >
c2

Then with probability at least 1 — 9§, running Algorithm 1 with Cg,p, = 0 guarantees

[Vi(zo) —v*[ <e.
Proof. The proof mostly follows the proof of Theorem 1, and we only show the different and crucial steps here. We still
condition on the high probability event from concentration (Lemma 1).

From the concentration result and the choice of n, we have the bound for Q*:

Vs H- L w, h)| <V Hegiatm,
o (o) + weigvn,%)é[HH p(Q",w,h)| < Vi (o) + Hegtat,

where egparn < €/H.

From pessimism and the objective in Algorithm 1, we have

. H- > +H- f )
Vo' (o) + poax |Lp(Q",w,h)| = Vi(zo) + wegvlgé[mlﬁu(ﬂw,h)l

Therefore, we get

VO*(xO) + Hestatn > Vf(fo) +H - we%l,%}é[H] |Lp(f,w,h)| (8)

For any f € F, following the telescoping step in the proof of Theorem 1, we know that

Vi(xo) = fo(zo, mf(w0))
Jo( * (o))
[Ro(z0,a0) + fi(z1,a1) | ag ~ 7%, a1 ~ 7] + E(f, 7", 0)
E[Ro(z0,a0) | a0 ~ 7] + E[f1(z1,a1) | apa ~ 7*] + E(f, 7", 0)
[ )l ag ~ 7] + E[Ri(z1,a1) + fo(z2,a2) | ap1 ~ 7 a0 ~ s + E(f, 7", 1) + E(f,7*,0)

Y

Zo, T

|
&=

=
S
8
2
=

0

AVARAVARLYS
&=

H-1

H-1
> E ZRh(fUh,ah)\ao:HqN?T* +Z<9(f»7f*,h)
h=0 h=0

M::

E(f,m*, h)
h=0

Therefore, we get

Vi(zo) + H -  max IED(f,w h)l

weW,he|H
H-1 R
> Vg (o) ; EF, )+ H - max - [Lo(f w, )
H—-1 )
> M|+ H - E M| — Hestatn
Vi (o) Z|€ foats i+ H- | max  [ELo(f,w,h)]| - Hesa,
H—-1 ) H—-1 R
> Vi(zo) = > €7 B)+ D [E[Lo(f,w*, )] — Hestatn
h=0 h=0
H-1 H-1
=V (wo) = Y €, 7 h)+ Y IE(f, 7", h)| = Hegtarn

h=0 h=0



= VO*(‘TO) — Hegtatn. )
Combining Eq. (8) and Eq. (9) yields

[Vi(zo) + H - e |Lo(f,w,h)| —v*| = |Vi(wo) + H - o |Lo(f,w, h)| = Vi (z0)] < Hestarn <€,

which completes the proof. O

D.2.2 LEARNING A NEAR-OPTIMAL POLICY
Here we present the result for learning a near optimal policy. Compared with its counterpart (Theorem 2), the sample
complexity only differs in the constant.

Theorem 8 (Sample complexity of learning a near-optimal policy, Lagrangian version). Suppose Assumption 1, Assumption 2,
Assumption 3, Assumption 4, Assumption 5 hold and the total number of samples nH satisfies

27177
> 32C2H 210g(2|}'\|;/\/|H/6).
£2gap(Q*)

Then with probability at least 1 — 6, running Algorithm 1 with Cgap, = gap(Q*) guarantees

v > 0F — €.
Proof. The proof mostly follows the proof of Theorem 2 and Theorem 7, and we only show the different and crucial steps
here. We still condition on the high probability event from concentration (Lemma 1).

Similar as the proof of Theorem 7, from pessimism, we have

Vi (@0) + Hestarn = Vi(ao) + H- | max  [Lo(fow. ), (10)

where egtat.n < egap(Q*)/(2H?).

On the other hand, following the proof of Theorem 2 and Theorem 7, we have

Vi(zo) + H- max [Lp(f,w,h)l

weW,he[H]
rH—1 1 H-1 X
> Vi (o) +gap(QV)E | Y Umyp(wn) # ¥ (@n)} | ao—1 ~ 7" | = D [E(f,w" h)| + H - vemax  1ep(f,w,h)]
L h=0 1 h=0 ’
rH—1 ] H-1 R H-1 R
2 V()*(xO) +gap(Q*)E Z 1{7Tf(xh) 7& W*(xh)} | ag:H—1 ~ 71—* - Z |g(f7W*7h)| + Z ‘5(f7,lU*vh)| - Hsstat,n
L h=0 1 h=0 h=0
I _
> Vi (o) + gap(Q)E | Y L{mp(an) # 7" (xn)} | aorr—1 ~ 7* | — Hegtat.n- (an
L h=0 _
Combining Eq. (10) and Eq. (11) yields
H—-1
E Z Hrmp(xn) # 7 (xn)} | aocr—1 ~ 7" | < 2Hegtar,n/gap(Q%) < e.
h=0
The remaining steps are followed from the proof of Theorem 2. O

D.3 ROBUSTNESS TO MISSPECIFICATION

In this part, we present the sample complexity results of PABC-L (Algorithm 1) under misspecification. In parallel with
Section 5, we show that PABC-L can identify v* in Appendix D.3.1 and show its results for learning a near-optimal policy
in Appendix D.3.2. The major advantage of PABC-L is that it does not take « as the input, therefore, we no longer require
the knowledge of approximation errors.



D.3.1 ESTIMATING OPTIMAL EXPECTED RETURN

We present the result for identifying v*. The sample complexity of PABC-L is the same as its counterpart (Theorem 3).

Theorem 9 (Robust version of Theorem 7). Suppose Assumption 3, Assumption 4 hold and the total number of samples nH
satisfies
8C2H? log(2|F| |W|H/6)

c2

nH >
Then with probability 1 — ¢, running Algorithm 1 with Cgap, = 0 guarantees

[Vi(xo) —v*| < e+ Her + Hew.

Proof. The proof mostly follows the proof of Theorem 3 and Theorem 7, and we only show the different and crucial steps
here. We still condition on the high probability event from concentration (Lemma 1).

For Q}, from the concentration result and the definition of € r, we get

Q;‘,O(zoa ﬂ—Q;:(wo)) +H - welI/Ivl,E}z)é[H] |LD(Q;~"wa h)| < VO*(xO) + Her + HgStatJH

where egat.n < €/H.

From pessimism and the objective in Algorithm 1, we have

QF0(T0, Qs (z0)) + H - X |Lp(QF,w,h)| = Vi(wo) + H - X |Lo(f,w, h)|.

Therefore, we get

Vi (20) + e+ Hewaan > Vioo) + H | _max L0 (f,w,h)] (12)

For any f € F, following the telescoping step in the proof of Theorem 7, we know that

Vi(zo) > Vi (20) Zw £, 1)

Therefore, similar as the proof of Theorem 7 and applying Lemma 3, we get

Vi(wo) + H - max |Ep(f,w7h)\

weEW, he[H
H—
= % .730 z;) f’ﬂ. h ‘ +H - weg\}%}é[H] |E[‘C'D(f7wvh)]‘ - Hgstat,n
H—-1 ) .
> VO*(‘rO) - |(€(f77T*, h)‘ + Z ‘E['CD(fa 'UNJ*, h)” - Hgstat,n
h=0 h=0
H-1 H-1
> Vi (o) = > IEFf, 7 W)+ > IE(f, 7%, h)| = Heyw — Hegatn
h=0 h=0
= Vi (z0) — Hew — Hestat,n- (13)

Combining Eq. (12) and Eq. (13) yields

Vi) + - _max (Co(fow )| =o' = Vy(eo) + H - _max  [€(F,w )] =15 (@o)
= H(E]: +ew +5stat,n)

< e+ H(er +ew),

which completes the proof. 0



D.3.2 LEARNING A NEAR-OPTIMAL POLICY

In this part, we show the results for learning a near-optimal policy. Compared with the ones for PABC (Theorem 4 and
Corollary 5), the differences are only the constants.

Theorem 10 (Robust version of Theorem 8). Suppose Assumption 3, Assumption 4 hold and the total number of samples

nH satisfies

3202 H" log (2| F||W|H/))
e2C?

gap

nH >

Then with probability 1 — 6, running Algorithm 1 with a user-specified Cgap, guarantees

H25]—‘(Cgap) + H?%eyy

Cg ap

v >0t —e—

Proof. The proof mostly follows the proof of Theorem 8 and Theorem 9, and we only show the different and crucial steps
here. We still condition on the high probability event from concentration (Lemma 1).

Similar as the proof of Theorem 9, we have

‘/O*(l’o) + H‘C:]:(C + Hgstat,n > Vf('rO) +H- max |£'D(]E7w7 h)|a (14)

wap) wEW,he[H]

where egtat.n < ECgap/(2H?).

On the other hand, following the proof of Theorem 8 and Theorem 9, we have

V; H - Lo(f,w,h
(o) + wegvl%}é[m' p(f,w,h)|

TH—1 H-—1
> Vi (w0) + CoapB | Y Ump(an) # 7 (xn)} | aocm—1 ~7* | = Y |E(f,w*, )]
Lh=0 h=0

H- Lo(f,w, h
+ wefvl,%’é[m' p(f,w, h)|

1 -
> Vi (z0) + CgapE Z Hmp(xn) # 7% (xn)} | aoca—1 ~ 7| — Hey — Hegpag,n- (15)
L h=0

Combining Eq. (14) and Eq. (15) yields

H—1
E| Y trs(an) # 7" (@)} | aosor ~ 7| < HQewtawn + e + €x(Cpun)/ Ci
h=0
The remaining steps can be followed from the proof of Theorem 2. O

Corollary 11 (Corollary from Theorem 10). Suppose Assumption 3, Assumption 4 hold, the weight function class satisfies
the additional mild regularity assumptions stated in Lemma 4. Assume we are given € r o, gap(Q*) and 2e r oo < gap(Q™).
If the total number of samples nH satisfies

_ 8CZH log(2|.F||W|H/5)
£2(gap(Q*) — 2e7,00)%

then with probability 1 — §, running Algorithm 1 with Cgap, = gap(Q™*) — 2¢ oo guarantees

2H25]~',oo + H2€W
gap(Q*) — 265 00

v >0 —e —

Proof. The proof mostly follows the proof of Corollary 5 and Theorem 10, and we only show the different and crucial steps
here. We still condition on the high probability event from concentration (Lemma 1).



Similar as the proof of Corollary 5 and Theorem 10, we have

‘/0*(1'0) + 2H5.7:,oo + Hgstat,n > Vf($0) +H - wE\I;Vn,%}é[H] |£D(f7w7 h)|

On the other hand, following the proof of Theorem 10, we have
V; H- Lo(f,w,h
plao) +H - e £o(fwb)

H-1

h=0

> Vi (2o) + (8ap(Q") — 2e7,00)E lz Ymp(xn) # 7 (xn)} | ao—1 ~ 7" | — Hew — Hestat,n-

Combining Eq. (16) and Eq. (17) yields

H-1

E Z Wrp(zn) # 7" (xn)} | @01 ~ W*] < H(2estat,n +ew + 267,00)/ (8aP(QF) — 26 7,0).

h=0

The remaining steps can be followed from the proof of Theorem 2.

E DISCUSSION ON THE DATA COVERAGE ASSUMPTION

(16)

a7

In this section, we provide an example that shows our data coverage assumption is more relaxed than the 7*-concentrability
assumption in Zhan et al. (2022) (their Assumption 1) based on raw density ratios. Notice that their assumption translates
into dj (wp,ap)/dP (xh,an) < C,Vh € [H],z5, € Xy, a, € A in our finite-horizon episodic setting. We will show an
instance where there exists some h, (@, ap) such that d} (zp, ar)/dP (zp, an) = oo and w* does not even exist (thus
w* ¢ W), but we still have ey, = 0. Therefore, our robust version of sample complexity results can give us meaningful

guarantees, however, we cannot apply the (robustness) results in Zhan et al. (2022).

Figure 1: Example for comparison with 7*-concentrability assumption (Zhan et al., 2022).

(xOv L) (x()v M) (x()v R)
R 0.8 0.6 0.3
Q| 08 0.6 0.3
fl 07 0.3 0.8
d* 1 0 0
dP 0 0.5 0.5
w 0 1 1

Table 1: Example for comparison with 7*-concentrability assumption (Zhan et al., 2022).

As shown in Figure 1, circles denote states and arrows denote actions with deterministic transitions. In this MDP, the length
of horizon is H = 1 and taking any action L, M, or R at the initial state z( transits to the Null terminal state. Since H = 1,
in the following discussion we drop the subscript & for simplicity. In Table 1, we show the reward function, the optimal value
function QQ*, the bad function f, the density-ratio function of the optimal policy d*, the data distribution d”, and the weight
function w. We construct a singleton weight function class YW = {w} and a realizable function class 7 = {Q*, f}. One can
easily verify that d* (xq, L) /d” (zo, L) = co, w* does not exist, and the approximation error £y as defined in Eq. (4) is 0.
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