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Abstract

We propose FedGLOMO, a novel federated learn-
ing (FL) algorithm with an iteration complexity
of O(e~1%) to converge to an e-stationary point
(.e., E[|[Vf(2)]|?] < e) for smooth non-convex
functions — under arbitrary client heterogeneity
and compressed communication — compared to
the O(e=?) complexity of most prior works. Our
key algorithmic idea that enables achieving this
improved complexity is based on the observation
that the convergence in FL is hampered by two
sources of high variance: (i) the global server ag-
gregation step with multiple local updates, exac-
erbated by client heterogeneity, and (ii) the noise
of the local client-level stochastic gradients. The
first issue is particularly detrimental to FL algo-
rithms that perform plain averaging at the server.
By modeling the server aggregation step as a gener-
alized gradient-type update, we propose a variance-
reducing momentum-based global update at the
server, which when applied in conjunction with
variance-reduced local updates at the clients, en-
ables FedGLOMO to enjoy an improved conver-
gence rate. Our experiments illustrate the intrinsic
variance reduction effect of FedGLOMO, which
implicitly suppresses client-drift in heterogeneous
data distribution settings and promotes communi-
cation efficiency.

1 INTRODUCTION

Federated learning (FL) is a new edge-computing approach
that advocates training statistical models directly on remote
devices by leveraging enhanced local resources on each
device (McMahan et al.| [2017])). In a standard FL setting,
there are n clients, each having its own training data, and

“Equal Contribution

a central server that is trying to train a model, parameter-
ized by w € RY, using the clients’ data. Suppose the data
distribution of the ™" client is D;. Then the i client has an
objective function f;(w) which is the expected loss, with
respect to some loss function ¢, over data drawn from D;,
and the goal of the central server is to optimize the average
loss f(w), over the n clients, i.e.,

flw) = =3 fi(w) & fi(w) = o (@, w)]. (1)

The setting where the data distributions of all the clients
are identical, i.e. D; = ... = D, is typically known as
the “homogeneous” setting. Otherwise, the settings where
the data distributions are not identical are referred to as the
“heterogeneous” settings.

The core algorithmic idea of FL — in the form of FedAvg
— was introduced in McMahan et al.| [2017]]. In FedAvg
(summarized in Algorithm [3), a subset of the clients per-
form multiple steps of gradient descent based updates on
their local data and then communicate back their respective
updates to the server, which then averages them to update
the global model (hence the name FedAvg). This idea of
performing multiple local updates before averaging once re-
duces the communication cost required for training. Another
essential strategy in FL to cut down the communication cost
is to have the clients send compressed/quantized messages
to the server in every round — this is of particular signifi-
cance for training deep learning models where the number
of model parameters is in millions or more.

In practice however, performing multiple local updates on
clients with heterogeneous data distributions leads to the so-
called phenomenon of “client drift”, wherein the individual
client updates do not align well (due to over-fitting on the
local client data) inhibiting the convergence of FedAvg
to the optimum of the average loss over all the clients. In
this paper, we identify the high variance associated with the

'In general this may be a weighted average, but here we only
consider uniform weights, i.e., each weight is 1/n.
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simple averaging step of FedAvg for the global update to
be at the heart of this issue.

Ever since the development of FL, significant attention has
been devoted to analyzing FedAvg under different settings,
modifying FedAvg using ideas from centralized optimiza-
tion to accelerate the training or to reduce the communica-
tion cost; we discuss these works in Section@ Compared
to centralized optimization, a formidable challenge in the
theoretical analysis of FL algorithms is the use of multiple
local updates in the clients which is compounded by the
heterogeneous nature of data distribution among the clients.
To limit the extent of client heterogeneity, a standard as-
sumption in FL theory is the bounded client dissimilarity
(BCD) assumption, i.e.,

1 n
=~ IVfilw) = Vi) <GV w, @)
i=1

for some large enough constant G < oo (e.g., see Al in
Karimireddy et al.|[2020]]). But this assumption is limiting
as it does not allow for arbitrarily large client heterogeneity.

Recently, Arjevani et al.|[2019] showed that the stochastic
first-order complexity of any algorithm in the centralized set-
ting to reach an e-stationary point (i.e., E[[|[Vf(z)|]?] <€)
for smooth non-convex functions is Q(e=1%). It is well
known that vanilla SGD has a suboptimal complexity of
O(e7?) as it cannot mitigate the high variance of the stochas-
tic gradient noise. Recognizing this issue, variance-reducing
techniques for SGD (Fang et al.|[2018]], Zhou et al.|[2018]],
Cutkosky and Orabonal[2019]], |Liu et al.| [2020]]) have been
proposed that attain the optimal complexity of O(e~1-%).
Coming to the federated setting, as we discuss in this paper,
in addition to the noise in the local client-level stochastic
gradients, one has to also contend with the high variance
associated with the global server aggregation step which
depends on the client heterogeneity and the number of local
update steps. In this case, as we argue in the subsequent sec-
tions, applying only local client-level variance-reduction is
not enough for improving the iteration complexity of vanilla
FedAvg beyond O<€_2) for smooth, non-convex losses.

To alleviate the issue of variance due to heterogeneity, we
propose a novel FL algorithm with compressed communica-
tion called FedGLOMO (Algorithm [I]and [2)) which applies
Global as well as 1.Ocal variance-reducing MOmentum to the
server update and client updates, respectively. We prove that
the iteration complexity of FedGLOMO is O(e 1) in the
smooth non-convex case, which is better than the O(e2)
complexity of related works in the FL setting; see Table[T]
and Theoremm Further, our theory does not use the BCD
assumption, i.e. eq. @), which is a standard assumption in
related works. Instead, we propose and use Assumption ]
which is a more realistic and empirically verified assumption
on the client drift, even allowing for arbitrary client hetero-
geneity. It is worth mentioning here that for FL, Karimireddy|
et al.[[2020] also propose an algorithm (MimeMVR) which

is shown to attain this improved complexity of O(e~1-%) but
with the BCD assumption and no compressed communica-
tion; we talk about this at the end of Section[2]

We summarize our contributions next:

(a) We propose FedGLOMO (Alg. [T]and[2), in which we ap-
ply a novel global momentum term at the server in addition
to local momentum at the clients. The design of FedGLOMO
is motivated by two critical issues that need to be alleviated
to accelerate convergence in FL; these are the high variances
associated with: (i) the global server aggregation step due
to heterogeneity of clients when there are multiple local
updates, and (ii) the noise of local client-level stochastic
gradients. Global and local momentum result in variance
reduction for the global server update and the local client
updates, allowing us to tackle (i) and (ii), respectively. This
enables FedGLOMO to converge to an e-stationary point
(i.e., E[|[Vf(2)||?] < e) for smooth non-convex functions
in O(e~1%) gradient-based updates, which is better than the
O(e~?%) complexity of most related works in the FL setting;
see Table [[land Theorem [T}

(b) Unlike prior work, our theory does not use the limit-
ing bounded client dissimilarity assumption (i.e., eq. (2))).
Instead, to tighten our result, we propose and use Assump-
tion 4] — which is a novel assumption on the client drift,
even allowing for arbitrary client heterogeneity in the worst
case. We empirically verify that Assumption 4| holds for
FedGLOMO as well as FedAvg. Theoretically, we also
show that Assumption]holds for any FL algorithm in the
case of linear regression and also with networks whose train-
ing dynamics follow that of a linearized model (a.k.a. the
“NTK” regime). Refer to the discussion after Assumption ]
and Remark 2l for details.

(¢) FedGLOMO is the first FL algorithm achieving O(e~15)
complexity while allowing compressed client-to-server com-
munication. We emphasize that from the theory perspective,
applying compression in FedGLOMO is not trivial and the
most obvious approach does not work; see Remark 3]

(d) In Section @ experiments on CIFAR-10 and Fashion-
MNIST (Xiao et al.|[2017]) show that in a highly heteroge-
neous setting of at most two (out of ten) classes per client,
FedGLOMO requires only about one-third the number of
bits used by FedAvg with PyTorch’s default momentum
applied to the local client updates; see Figure [I] Our ex-
periments also illustrate the variance reduction provided
by our scheme which implicitly mitigates client-drift un-
der heterogeneous data distribution and in turn promotes
communication-efficiency.

2 RELATED WORK

FedAvg and related methods: Reisizadeh et al.| [2020]
propose FedPAQ which is basically FedAvg (McMahan



et al.|[2017]])) with quantized client-to-server communica-
tion, and establish its convergence for the homogeneous
case. [Li et al.|[2019] establish the convergence of FedAvg
for strongly convex functions with heterogeneity (assum-
ing bounded client dissimilarity) but without any com-
pressed communication. Haddadpour et al.|[2021]] propose
FedCOMGATE which incorporates gradient tracking (Pu
and Nedic|[2020]) and derive results with data heterogene-
ity and quantized communication. [Karimireddy et al.|[2019]
propose SCAFFOLD which uses control-variates to mitigate
the client-drift owing to the heterogeneity of clients.|Li et al.
[2018]] present FedProx which adds a proximal term to
control the deviation of the client parameters from the global
server parameter in the previous round. Reddi et al.| [2020]
propose federated versions of commonly used adaptive opti-
mization methods and prove their convergence under hetero-
geneity. Local SGD (Zinkevich et al.| [2010], Stich| [2018]],
Yu et al.|[2018]],Wang and Joshi|[2018]], Basu et al.[[2019],
Stich and Karimireddy|[2019], [Patel and Dieuleveut [2019],
‘Woodworth et al.|[2020]], Bayoumi et al.|[2020]], [Liang et al.
[2019], Koloskova et al.|[2020]) is very similar to FL and is
essentially based on the same principle as FedAvg. How-
ever, in local SGD, there is usually no data heterogeneity
and all the clients participate in each round (known as “full
device participation”), both of which do not hold in FL and
simplify the derivation of convergence results.

Wang et al.| [2019]], Huo et al.| [2020] present momentum-
based updates at the server without any improvement in the
convergence rate as compared to momentum-free updates.
Qu et al| [2020] present Nesterov accelerated FedAvg
for convex objectives. [Karimireddy et al.|[2020] propose
Mime(MVR) which applies momentum at the client-level
based on globally computed statistics to control client-drift.
Khanduri et al.| [2021] propose STEM which applies mo-
mentum globally and locally for local SGD; however, their
server aggregation step is just plain averaging as they do not
have deal with server-side variance reduction, since all the
clients participate in local SGD.

Distributed optimization with compression: References
Alistarh et al.| [2017]],[Suresh et al.|[2017], Reisizadeh et al.
[2020], Haddadpour et al.| [2021], |[Tang et al.|[2018]], Wu
et al.|[2018)]], Bernstein et al.|[2018]], |Alistarh et al. [2018]],
Lin et al.| [2017]], Stich et al.| [2018]], [Basu et al.| [2019],
Hashemi et al.|[2021]], (Chen et al.|[2020, [2021] aim to mini-
mize the communication bottleneck in distributed optimiza-
tion by transmitting compressed messages to the central
server and establishing their convergence. [Horvath et al.
[2019], |Gorbunov et al.| [2021] provide distributed algo-
rithms with improved convergence rates by also applying
variance reduction and periodically using full gradients;
however, there are no multiple local updates in these works.
In Appendix D} we compare our work’s complexity against
that of |Gorbunov et al.| [2021]]. In this work, we employ the
quantization operator of |Alistarh et al.|[2017].

Complexity for smooth non-convex stochastic optimiza-
tion: |Arjevani et al.|[2019]] show that the optimal stochastic
first-order complexity to reach an e-stationary point (i.e.,
E[||V f(z)]]?] < e)is O() where o2 is the variance of
the stochastic gradients. Unfortunately, vanilla SGD is sub-
optimal and variance-reducing techniques must be applied
to attain the optimal complexity; some noteworthy works on
variance-reduction for SGD are SVRG (Johnson and Zhang
[2013]]), SAGA (Defazio et al.| [2014]]) and SARAH (Nguyen
et al| [2017]]). SVRG-style algorithms such as SPIDER
(Fang et al.[[2018]]) and SNVRG (Zhou et al.|[2018]]) attain
this optimal complexity by periodically using giant batch
sizes. Cutkosky and Orabona [2019] propose STORM which
also attains this optimal complexity with adaptive learning
rates, but without using any large batches. The key idea of
STORM is momentum-based variance reduction, obtained by
using the stochastic gradient at the previous point computed
over the same batch on which the stochastic gradient at the
current point is computed. [Liu et al.|[2020] present a much
simpler proof for essentially the same algorithm by employ-
ing a constant learning rate and requiring a large batch size
only at the first iteration. Our key idea of global and local
momentum is STORM-like variance-reducing momentum
applied to the aggregation step at the server, interpreted
as a generalized gradient-type update, and the local client
updates, respectively; see Section 4}

Table [I|compares the complexities of the most relevant re-
lated works in FL (r < n) and local SGD (r = n) with
ours on smooth non-convex functions. Note that under the
more challenging FL setting with partial-device participa-
tion, only FedGLOMO and MimeMVR (Karimireddy et al.
[2020]) attain the improved iteration complexity of O (e~1-%)
with respect to €. However, unlike [Karimireddy et al.| [2020],
our work does not rely on the bounded client dissimilarity
assumption (eq. (2)) and allows for compressed client-to-
server communication, in which case maintaining the im-
proved complexity is not trivial; for details, see Remarks
and[3] respectively. There are meaningful algorithmic differ-
ences between our work and |Karimireddy et al.| [2020] too.
The biggest one is that while we explicitly apply momentum
in the server aggregation step (global momentum) as well
as in the client updates (local momentum), Karimireddy
et al.[[2020] only apply globally computed momentum in
the local client updates. For a detailed discussion of the
differences of our work from [Karimireddy et al.| [2020]],
see Appendix [C] Since Mime is designed to deal with client
drift, we empirically compare it against FedGLOMO without
compression in a highly heterogeneous setting in Section [6]

3 PRELIMINARIES

Recall the setting and the optimization problem that the
server is trying to solve as defined in eq. (I). We assume
that the clients have access to unbiased stochastic gradients



Table 1: Number of gradient updates, i.e., T', required to achieve E[||V f(w)]||?] < € on smooth non-convex functions. Here,
n is the total number of clients and r is the number of clients participating in each round. “Client Participation” asks whether
all (r = n) or only a subset ( < n) of the clients participate in each round. “BCD?” asks if the bounded client dissimilarity
assumption (eq. (2)) is used or not. “Compression?” asks whether compressed communication is involved or not.

x1: o < n is a problem-dependent quantity; in practice, we expect o < n as confirmed in our experiments.

Ref. T Client Participation BCD? Compression?
Koloskova et al.|[2020], Wang et al.|[2019] O(ﬁ) Full (r = n) Yes X
Haddadpour et al.|[2021] 0(:L) Full (r = n) Yes
Khanduri et al.|[2021] O(:4=) Full (r = n) Yes X
Karimireddy et al.|[2019] O(:& Partial (r < n) Yes X
Karimireddy et al.|[2020] o ﬁil ) Partial (r < n) Yes X
This work (FedGLOMO) O(max (/2, \%) =) “ Partial (r < n) No v

of their individual losses. We denote the stochastic gradi-
ent of f; at w computed over a batch of samples B, by
V fi(w; B). Also in this paper, K is the number of com-
munication rounds, E is the number of local updates per
round or the period, and 7' = K F is the total number of
local updates or the (order-wise) number of gradient-based
updates. Further, r is the number of clients that the server
accesses in each round, i.e., the global batch size.

Vectors and matrices are written in boldface. For any pos-
itive integer m, the set {1,...,m} is denoted by [m], and
the uniform distribution over the set {0, ..., m} is denoted
by Unif[0, m]. 1(.) is the indicator function. Next, we recap
smooth functions.

Definition 3.1 (Smoothness). A function g : © — R is
to said to be L-smooth if for all 6,0’ € ©, ||Vg(0) —
Vg(0")| < L||@ — 0'||. For all 8,60 € ©, we also have:
9(8") < g(0) +(Vy(0),0' — 0) + 56" — 6]|>.

4 FEDGLOMO: GLOBAL AND 1.OCAL
MOMENTUM-BASED VARIANCE
REDUCTION

There are two issues that need to be alleviated for improving
the convergence rate in FL: (i) the high variance of simple
averaging used in the global server aggregation step (of
FedAvg), when there are multiple local updates, which
is exacerbated by heterogeneity of the clients, and (ii) the
high variance associated with the noise of local client-level
stochastic gradients. The key idea of FedGLOMO (Algo-
rithm [T] and ) is to apply variance-reducing global and
local momentum to combat (i) and (ii), respectively. We
now describe global and local momentum in detail.

Global momentum is applied to the sever aggregation step
which is line[T0]in Algorithm[I] To understand it better, let us
revisit FedAvg (summarized in Algorithm [3] although in a

Algorithm 1 FedGLOMO - Server Update

1: Input: Initial point wy, # of rounds of communication
K, period E, learning rates {nk}sz_Ol and global batch
size 7. @ p is the quantization operator. Set w_1 = wy.

2: fork=0,..., K—1do
3:  Server sends wy, wy_1 to a set Sy, of r clients chosen
uniformly at random w/o replacement.

4. forclienti € Sy do _

5: Set w\) = wy and @\ | | = wy_;. Run Algo-
rithm 2 for client 4. ’

6: end for

7. ifk = 0 then ,

8: Set uy, = %Ziesk Qp(wy, —w,(;) ).

9: else )

10: Setwp = &3 g Qplwy —wp) + (1 -

Buro + ST Qpl(wr — wily) —
(wp_1 — ﬁé’llﬂ)). /l (Global Momentum)
11:  endif
12: Update wy41 = wi — ug.
13: end for

slightly different way than usual) and its server aggregation
step (line [I2) which is just simple averaging. Similar to
the update of SGD suffering from high variance, this naive
averaging step — which we think of as the average of a batch
of generalized stochastic gradients — is characterized by high
variance stemming from heterogeneity and multiple local
updates. So, this way of server aggregation slows down the
convergence rate of FedAvg (and other related methods).

In this paper, we re-envision the server aggregation as a gen-
eralized gradient-based update by thinking of (wj — 'w,(j)E)
as the generalized gradient. Then, we wish to incorporate
the style of variance-reducing momentum applied in STORM

(Cutkosky and Orabonal[2019], [Liu et al.|[2020]) to our gen-



Algorithm 2 FedGLOMO - Client Update

Algorithm 3 FedAvg McMahan et al.| [2017]]

1. for 7 =0,. —1do

2. ifr=0 then

3 Setol) =Vfi(w)), v, = Vi@, ).
4: else

5: Pick a random batch of samples in client 4,

say B,(f)T Compute the stochastic gradients of
fi at w,(i)T, 'Lﬁ,(f) 17 w,(;)T , and "31(;) 1+ Over
B vie, ¥ fiws B0, V@), B,

vfl(wk‘r 1’81(:7') andvfl(@](: 1,7— 1’81(?1')

6: Update: v = V/i(w ](C)T,B,(;)T) +
sz(w,” 1,8,(;7)) and |
"A’l(cl)lr = Vf(wk 17381(:,)7) + (’EIEJ)IT 1
Vh(@ 1 B))

(/U](CZ' 1~

/ (Local Mom.)

7:  endif

8:  Update w,(;)ﬂ_l = w,i)T nkv( " and @ i1 =
ﬁl(clzl,‘r nk'vl(cl) 1,7°

9: end for

10: Send Qp(wy — w,(;)E) and Qp((wy — w,(;)E) -

(wi—1 — 'LB,(QlE)) to the server.

eralized gradient-based update; note that their method is for
stochastic gradients in the case of centralized optimization.
To that end, let us briefly recap STORM’s update rule. For a
function h(z), STORM’s update for the j iteration is:

n;v;j, where v; = {§h(zj;§j)+
Vh(z;_1:6)1( > 0)}. (3)

Zjp1 =2z —
(1—Bj)(vj—1 —

In eq. , &; denotes the source of randomness in the
j" iteration and 8; € [0,1) is the momentum parame-
ter. Note the use of the stochastic gradient at z;_; com-
puted on ;. Coming back to Algorithm (I} the quantity
uy, plays the role of v; in eq. (3). To see this clearly, let
us analyze Eq, [uy] (see lines 8 and [10]in Algorithm [T).
Under Assumption [3] the compression operator () pro-
duces an unbiased estimate of the input. Then defining

9w Sk) 2 LY s, (wy, — wi'y) and Glwy,_1;Sy) 2

Y ies, (w1 — @SELE), we have:

Eqp [ur] = {g(w; Sp)+
(1= Be) (up—1 — Glwi—1;Sk)) L(k > 0)}. 4

In eq. @), g(wy;Sk) and g(wi_1;Sk) play the roles of
Vh(z;;&;) and Vh(z;_1;&;), respectively. With this, one
can clearly see that eq. @) is the analogue of eq. (3) for the
global server aggregation in FL. However, this equivalence
is not so apparent without looking at the expected value of
uy, with respect to () p; in fact, the choice of quantities that

1: Input: Initial point wy, # of communication rounds K,
period F, learning rates {nk}f:_ol and global batch size

T.
2: fork=0,..., K—1do
3:  Server sends wy, to a set Sy of r clients chosen uni-
formly at random w/o replacement.
4:  forclient ¢ € S, do
5: Set 'w,(j))o = wy.
6: forr=0,...,E—1do
7. Pick a random batch of samples in client i, B(Z)
Compute the stochastic gradient of f; at w(z)
over B,E)T viz. Vfl(w,(;)T, B,(:)T)
8: Update w{’) = wl’) — eV fi(wl’): B,
9: end for ‘
10: Send (wy, — w,(j)E) to the server.
11:  end for '
12:  Update wy 1 = wy — % Ziesk (wy, — w,(:)E)
13: end for

are compressed in line [I0] of Alg.[2]and used in line [T0]of
Alg.[T]is crucial for establishing provable guarantees (also
see Remark [3).

Now that we understand global momentum, let us move on
to local momentum. For this see lines [3] [6] and [8]in Algo-
rithm these give us (wy — w\ ) and (wi_1 — @\ | )
after running for E steps. But notice that these lines are the
same as eq. (3) with 8; = 0 and the stochastic gradient at
the first iteration replaced by the full gradient. It is worth
mentioning here that these local updates are also similar to
SPIDER which is an SVRG-style update proposed in |Fang
et al.|[2018]. However, recognizing that this is also a special
case of the STORM update with 5; = 0, we prefer calling it
momentum in order to have a unifying terminology for both
the global and local updates.

One might wonder what is the role of global momentum
as SPIDER can be extended to improve the complexity in
distributed optimization without multiple local updates. For
this, in Appendix [F} we consider FedLOMO (Algorithm 4]
and [5) which is a simpler version of FedGLOMO with only
local momentum and no global momentum (i.e, plain aver-
aging at the server which is equivalent to setting 5 = 1 in
Algorithm [1), and show that it does not achieve O(e~*-%)
complexity under partial-device participation and compres-
sion (see Theorem [3). The root cause of this is client het-
erogeneity which amplifies its effect under multiple local
updates; without incorporating some form of variance reduc-
tion in the server aggregation step, the complexity cannot
be improved.

Let us try to provide some intuition as to how incorporat-
ing global momentum helps. Suppose we keep 1, = 7
and B = B < 1 for all k. Theoretically, we get a lower



bound for 3 which is O(n?). Then with this momentum-
based aggregation strategy, the variance reduces by a factor
of O(8/n) = O(n) as compared to aggregation by plain
averaging. (There are some other terms too but these are suf-
ficiently small.) This reduction in the variance by a factor of
O(n) is what improves the convergence rate of FedGLOMO.

It is true that FedGLOMO has to communicate twice the
amount of information per round as compared to FedAvg
or FedPAQ (Reisizadeh et al.|[|[2020]]) which is just FedAvg
with compressed communication. One can set the precision
of the quantizer sufficiently low to account for the extra per-
round communication cost of FedGLOMO — we adopt this
approach in our experiments. Also, we only assume access
to the full client gradient in line [3| of Alg. [2]for simplicity of
analysis, but our main result (i.e., Theoremﬂ]} can be readily
extended to the case of large enough batch sizes.

5 MAIN RESULT FOR FEDGLOMO
First, we state our assumptions.

Assumption 1 (Smoothness). ((x,w) is L-smooth with
respect to w, for all x. Thus, each f;(w) (i € [n]) is L-
smooth, and so is f(w).

Assumption 2 (Non-negativity). Each f;(w) is non-
negative and therefore, f¥ = min f;(w) > 0.

Most loss functions used in practice satisfy this anyways
and if not, we can just add a constant offset to achieve
non-negativity.

Assumption 3 (Quantization). The quantization operator
Qp in Alg. [I] and ] is unbiased, i.e., E[Qp(xz)x] = x,
and its variance satisfies E[|Qp () — z||?|z] < q||z||? for
some q > 0. The “qsgd” operator proposed in Section 3.1
ofAlistarh et al][2017)] satisfies Assumption|3]

Assumption 4 (Client Drift/Heterogeneity). Let A be an

FL algorithm with E local update steps and K communi-

cation rounds. Let 'w,(C ) be the i" client’s local parameter
at the start of the (1 + 1)” local step of the (k + 1)* round
of.A for i € [n] (similar to the notation in Alg. l 2| and

3). Define e, ell ) = Vfl(w,(:)T)—Vfl(% > el wk T) Then
0

r some << n, the following holds:
el S e <o 3 lfel
i€[n]

V7re{0,...,E—1}and k € {0,..., K — 1}. The expec-
tation above is w.r.t. any stochasticity in the local updates.

1 ®

Equation (3)) in the above assumption always holds with
a = n for any FL algorithm; this follows from the fact
that for any m > 1 vectors {a;}72,, || 3271, a;||*> <
m Z;n:l la;||? (this can be obtained by using the Cauchy-
Schwarz inequality). However, we empirically observe

a < n in practice for FedGLOMO as well as FedAvg;
see Section [6]and Appendix [H] respectively. The value of «
in Assumption[d]is a measure of the amount of client drift in-
duced by the algorithm which also depends on the degree of
heterogeneity in the system — as the heterogeneity increases
(decreases), we observe « to also increase (decrease).

From Figure 3] (in Section [6)), we see that for the highly het-
erogeneous setting that we consider for our experiments
in Section [0} & < 0.06n for most of the trajectory of
FedGLOMO on both CIFAR-10 and Fashion-MNIST (abbre-
viated as FMNIST). In the homogeneous case, o < 0.03n
and a < 0.02n for most of the trajectory on CIFAR-10
and FMNIST, respectively. We observe a similar trend of
a for FedAvg in Appendix [H] Additionally, we derive a
convergence result for FedAvg under Assumption [4] and
without the bounded client dissimilarity assumption (i.e.,

eq. (2)) in Appendix [H]

Some theoretical motivation for Assumption @ Let us
consider linear regression to provide a scenario where o =
0 provably for any FL algorithm. Suppose in client ¢, we
have feature and label pairs (x,y) ~ (X;,);), where the
label

) + ¢,

with £ ~ N; being independent zero-mean client-dependent
random noise. Obviously, the label distribution ); here
depends on the feature distribution X;, noise distribution
N; and w;. We assume that the covariance matrix of
the feature vectors is the same across all the clients, i.e.,
Ex~x,[zx?] = Q for all i € [n]; this is possible for e.g.,
by normalization or whitening of the features. Note that by
assuming the same covariance matrix across all the clients,
we are not assuming that the feature distributions are the
same across clients, but even if they are, there is heterogene-
ity through the different label distributions. Then, with the
squared loss, our per-client objective function is:

y=(w

filw) = Egy)~(x, ) [%(y — (w, w>)2} :

With the aforementioned conditions, it can be verified that
Vfi(w) = Q(w — w}). Thus,

)~ Q(uf!, -

Lyt

j€ln]

and s0 >0, € ek ) = 0. So, Assumptzonlholds here with
a = 0 for any FL algorithm.

In fact, the above analysis and result (i.e., « = 0) can
be extended to networks whose training dynamics follow
that of a linearized model, which has been shown to be
the case for infinite-width networks (see for e.g.,|Lee et al.
[2019]] and Jacot et al.| [2018]) and has been also used on
applications for finite-width networks (for e.g., inMu et al.
[2020]).



We now present the abridged version of the convergence
result of FedGLOMO, followed by some important remarks.
Its full version and detailed proof are in Appendix [A] and
Appendix [G.T] respectively.

Theorem 1 (Smooth non-convex). Let Assumptions
[l B and [3] hold. Further, suppose Assumption H is
true for FedGLOMO. In FedGLOMO, for each round

k, set qy = n = O(m), where C =
O(max (2, E(l%q))) and By, = O((1+ q)n*L*E*).
Suppose we use full-device participation (i.e., the global

batch size is n) only at k = 0. Then, FedGLOMO
can achieve By unijo, x —1][|| V f(wi=)[]?] < ein K =

O( max (\/g, 1\;’ ) 6’1'5) rounds of communication and

E = 0(1) local steps.

Remark 1 (Better iteration complexity). As per Theo-
rem (I} for converging to an e-stationary point, FedGLOMO
needs T = K E to be O max (/%, #)6_1'5). This iter-
ation complexity is the same as that of MimeMVR (Karim/{
ireddy et al.[[2020]) but without using the bounded client
dissimilarity assumption, i.e. eq. @I), (also see the next re-
mark for more details on this) and better than other related
works in the federated setting; see Table E} ‘We underscore
the significance of global momentum here by comparing this
complexity of FedGLOMO to that of FedLOMO (recall this
is a simpler version of FedGLOMO with only local momen-
tum and no global momentum, described in Appendix [F)
under partial-device participation and compression which is
O(Le7?2); see Theorem

Remark 2 (No requirement of bounded client dissimilar-
ity (BCD) assumption). Divergent from related works,
Theorem [I] does not use the commonly used BCD as-
sumption, i.e., eq. (Z). This is achieved by utilizing the
smoothness and non-negativity of the f;’s, specifically
a iep IVA)? < 5 3 2L(filw) = f7) <
2L f (w); see the proof outline of Theorem |]in Appendix
Instead of the BCD assumption, we use our empirically ver-
ified Assumption [ to provide a tighter (when o < n) and
data-dependent convergence result. Note that Assumption ]
will always hold for some o < n, regardless of the degree of
client heterogeneity. Thus, Theorem [T]allows for arbitrary
client heterogeneity.

Remark 3 (Compressed communication). To our knowl-
edge, FedGLOMO is the first algorithm that attains the
aforementioned improved iteration complexity for FL on
smooth non-convex functions with compressed communi-
cation. We emphasize that the choice of quantities com-
pressed in line [I0] of Algorithm [2]is important. This par-
ticular choice enables deriving the improved complexity
by first deriving a result analogous to smoothness, i.e.,
l(wr = wip) = (wi—1 = @&, p)l| < Llwy — wis |
(see Lemma[9]in Appendix[G.I). The straightforward choice
of sending Q p (wy, —w,(f)E) and Qp(wy_1 — "31@1,15) pro-
hibits us from deriving the improved rate, unless we also

assume @ p(.) to be a Lipschitz operator.

In Appendix [B] for » < n, we show that using the quan-
tization scheme of |Alistarh et al|[2017] with s = V/d,
FedGLOMO achieves more than a five-fold saving in the
total communication cost as compared to when there is
full-precision communication in FedGLOMO.

Remark 4 (A limitation). Even though our iteration
complexity of T = O(e 1) is better than that of
FedCOMGATE proposed by Haddadpour et al. [2021]]
(which is O(e~2)), our communication complexity of K =
O(e~1?) is higher than that theirs which is K = O(e™ 1)
(albeit under an extra assumption on the quantizer, namely
Assumption 5 in their paper). Ideally, we would like to have
E = O(e?) and K = O(e~15=P)) for some p > 0, in
order to reduce FedGLOMO’s communication complexity.
Exploring whether such a result is obtainable with our pro-
posed style of momentum is an interesting future direction.

6 EXPERIMENTS

To show the efficacy of global momentum in FedGLOMO,
we compare it against FedLOMO (recall this has only lo-
cal momentum and no global momentum; see Appendix [F)
and FedAvg (McMahan et al.| [2017]]) with the standard
momentum available in PyTorch applied to (i) only its lo-
cal updates, and (ii) both local and global updates — all
with compressed client-to-server communication. We de-
note (i) and (ii) by FedAvg-lm and FedAvg-glm (“lm”
and “glm” stand for local momentum, and global + local
momentum), respectively. FedAvg with compression is re-
ferred to as FedPAQ (Reisizadeh et al.| [2020]). Similarly,
we call FedAvg-lm and FedAvg-glm with compression,
as FedPAQ-Im and FedPAQ-glm. We also compare against
FedCOMGATE (Haddadpour et al.|[2021]) which uses gradi-
ent tracking to theoretically derive a better communication-
complexity than us (see Remark ). For compression, the
“qsgd” operator proposed in|Alistarh et al.|[2017] is used.

We consider the task of classification on CIFAR-10 and
Fashion-MNIST (Xiao et al.| [2017]]) abbreviated as FM-
NIST henceforth. The model used is a two-layer neural
network with ReLU activation in the hidden layers. The size
of both the hidden layers is 300/600 for FMNIST/CIFAR-10.
We train the models using the categorical cross-entropy loss
with /5-regularization. The weight decay value in PyTorch
(to apply ¢5-regularization) is set to 1e-4. We consider both
homogeneous and heterogeneous data distribution among
the clients. Similar to[McMahan et al.| [2017]], for the hetero-
geneous case, we distribute the data among the clients such
that each client can have data from either one or (at most)
two classes — note that this is a high degree of heterogeneity.
The exact procedure is described in Appendix [E| The num-
ber of clients (n) in all the experiments is set to 50, with
each client having the same number of samples. The global
batch-size r is 25, and the number of local updates per round



(i.e., E) is 10. All full gradients are replaced by stochastic
gradients computed on a (per-client) batch size of 256. The
learning rates, momentum parameters of the algorithms, and
some other experimental details are in Appendix [E]

In Fig. we compare FedPAQ-lm, FedPAQ-glm,
FedLOMO and FedCOMGATE with 4 (resp., 8) bits per-
round against FedGLOMO with 2 (resp., 4) bits per-round
on FMNIST (resp., CIFAR-10) in the heterogeneous and
homogeneous cases. We set the number of per-round bits
used by FedGLOMO to be half the number used by all other
algorithms, so that each one has the same per-round commu-
nication budget. All plots depict results over 3 independent
runs; the shaded regions represent +1 standard deviation
whereas the solid lines are the respective means. Please see
the discussion in the figure caption. These results illustrate
the power of global momentum.

Next, in the no-compression heterogeneous case, we com-
pare against Mime (specifically, “MimeSGDm”) of [Karim{
ireddy et al.| [2020] which also attains a complexity of
O(e~1%) but without compressed communication, and is
tailored to handle client heterogeneity. Having shown the
suboptimality of FedLOMO and FedPAQ-Im in Fig. [T} we
only compare FedAvg-glm, FedGLOMO without compres-
sion and MimeSGDm in the heterogeneous case in Fig. [2]
The plots in Fig. [2show that the implicit client-drift control-
ling ability of our proposed global momentum is on par with
the explicit client-drift controlling mechanism of Mime. The
test error values averaged over the last five rounds for the
plots in Figs[T|and [2] are in Tables [2]and 3] respectively.

We also provide some more empirical results on CIFAR-100

in Appendix

Algo. CIFAR-10 Het. FMNIST Het.
FedPAQ-Im 50.26 + 0.85 16.17 + 0.53
FedPAQ-glm 49.88 + 1.15 15.87 £ 1.10
FedLOMO 53.74 + 0.17 18.95 + 0.19
FedGLOMO 46.42 + 0.05 13.55 + 0.32
FedCOMGATE 46.26 + 0.25 15.32 + 0.09
Algo. CIFAR-10 Hom. | FMNIST Hom.
FedPAQ-Im 45.13 + 0.07 13.08 4+ 0.05
FedPAQ-glm 45.70 + 0.10 11.76 + 0.06
FedLOMO 45.96 + 0.01 14.22 £+ 0.01
FedGLOMO 44.97 + 0.05 10.98 + 0.05
FedCOMGATE 45.46 + 0.03 12.24 £+ 0.01

Table 2: Average test error % (=+ standard deviation) over
the last five rounds for the plots in the heterogeneous (top)
and homogeneous (bottom) cases in Figure E}

Verifying Assumption[d|for FedGLOMO: For each round
FORTE .

Iicim ke 10 ff;{” , where 55;)

Dicm 1€ 2112 o

is as defined in Assumption[d] for 4 and 2 bit FedGLOMO

k, we compute o = max, ¢(g|

Algo. CIFAR-10 Het. | FMNIST Het.
FedAvg-glm 50.26 £0.74 16.17 £0.53
MimeSGDm 46.10 £0.13 13.34 + 0.25
FedGLOMO 45.41 £0.15 13.48 + 0.26

Table 3: Average test error % (= standard deviation) over
the last five rounds for the plots in Figure E}

on CIFAR-10 and FMNIST, respectively. Note that we re-
move the expectation (w.r.t. the stochastic gradients) while
computing o for empirical verification. In Fig. 3] we plot
(a/n) over different rounds for the heterogeneous as well
as homogeneous case on both datasets; see the discussion
in the figure caption.

7 CONCLUSION

We presented FedGLOMO, a communication-efficient algo-
rithm for faster federated learning via the application of
variance-reducing momentum, both in the aggregation step
at the server as well as local client updates. We showed that
FedGLOMO has better iteration complexity than prior work
on smooth non-convex functions with compressed commu-
nication. Further, unlike prior work, our result does not use
the bounded client dissimilarity assumption, even holding
under arbitrary client heterogeneity. We also demonstrate
the efficacy of FedGLOMO via extensive experiments.
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Appendix [H: Convergence of FedAvg under Assumption [4]

A FULL STATEMENT OF THEOREM |1l AND PROOF OUTLINE

Here we present the full version of Theorem|[I]as Theorem [2] The detailed proof of this result can be found in Appendix[G.T]
We also provide a brief proof outline after the theorem statement.

Theorem 2 (Expanded version of Theorem[T). Ler Assumptions[I| 2)and[B|hold. Further, suppose Assumption[|is true for
FedGLOMO. In FedGLOMO, for each round k, set:
1
4 2 20a o (ra—ryy1/3 ¢
(a+ £) +800e2(1 + q)(E + 1)2(L + A=)/

r(n—1)

N =1 nd

 GLEKY/3(

1
n

Br = B =160e*(1 + ¢)n* L*E*(E + 1)2.

K—1/3 <
12002 (1+¢) (£ + QEDor ) =

Suppose we use full-device participation (i.e., the global batch size is n) only at k = 0. Then if

E+1< 7%@1_)“1(, we have:

K-1
% > RV £ (wi)]?] < %(1

k=0

H(a ) 00 g+ 2 (2 4 BEASI

Thus, FedGLOMO can achieve By« unijo, k —1] (|| V f (wp+)

of communication and E = O(1) local steps.

P|<einK = (’)(max (\/g, (1+4q) 758:"1)))6—1.5) rounds

Note that the above result is independent of the variance of local stochastic gradients (of the clients). In short, this happens
because we use local full gradients at 7 = 0 and because the local stochastic gradients are Lipschitz.



PROOF OUTLINE:

Before getting to the proof outline, we would like to mention that the key technical challenge in deriving the improved
convergence result with global momentum-based variance reduction is obtaining an analogue of the Lipschitzness of
stochastic gradients to the change in local parameters over E' local steps. More specifically, for pure stochastic optimization,
a key step in proving convergence of momentum-based variance reduction methods is using the Lipschitzness of the
stochastic gradients or the update quantities (see |(Cutkosky and Orabonal[2019], [Liu et al.|[2020]), i.e.,

va(wuft) - V.]?(wtflvgt)” < Lljxy — x|
In the FL setting where aggregation is performed at the server, we need an analogue of this at the server, i.e., something like
l(wp = wy) = (wi—1 = B, )| < Llfwy, — wy .

Deriving this result is a part of our contribution and is done in Lemma[9] (in Appendix [G.T).

Proof. Wesetn, =nand B, = 8V k € {0,. — 1}. Then, using Lemmalw1th full global as well as local batch sizes
at k = 0 (by which ug = & in the statement of Lemma' we have at any £’ > 0:

K —1 K —1

2 172
Bl ()] < flawo) — 2 3 B[V ()] + LEE OB D 5 Z 97w
k=0 k=0 i€[n
(1+ k' —1
+160nEﬂ(%+7r(n —(1-1)) >, L ENVAwOI, ©

for 4nLE? < 1and § > 3% (1+(t11)n47L7Lléj(E+1)

Also, since the f;’s are L-smooth and non-negative, using Lemma we have that:

ST EVA@OI? < 3 2LEf (we)] - ) < 2LE[f(wy)] —2L 3 f < 2nLE[f (wy)).

1€[n] 1€[n] 1€[n]
This step allows us to circumvent the need for the bounded client dissimilarity assumption. Using this in (6], we get:

k’l

E[f (wi)] < f(wo) — Z E[[|V f (wg)|?]
+ 64nLE(w +58(2 + W)) kz:lE[f(wk)]. ™
~ k=0
Unfolding the above recursion and simplifying a bit, we get:
E—1 ) nE E'—1 , /k’71
k; E[f (we)] < K f(wo) = =~ kZ:O E[[|V £ (wi)|P] + vk k; E[f (wi))- ®
Let us now ensure that vk’ < 1 forall ¥’ € {1,..., K}, so that we can simplify (8) to:
K —1 Bkl
L (wi)] < 2K f(uwo) — 7 3" B[V f(wn) ) < 2K f(a). ©
k=0 k=0

Now for 8nLE? < 1, it can be verified that 3 = 160e?(1 + ¢)n? L2E?(E + 1)? is a valid choice. Using this, we get that:

Tk < AK = 64173L3E3K(% (a + %) +80062(1 4 ¢)(E + 1) (3 + w)) . (10)

n r(n—1)

(A)



Setting
1

C BLEKY3(L(a+ 4) +800e2(1 + ¢)(E + 1)2(2 + <1jq)<n1;r>))1/3’

1
n (n—

Ui

we have (A) < 1. We also need to ensure that 8yLE? < 1 and 8 = 160e?(1 + q)n?L>E?(E + 1)? < 1. The range of E in
the theorem statement is obtained by combining the constraints (on E) that we get from these two requirements.

Finally, using (9) in (7) with ¥’ = K, substituting our choice of 77 and 3, and then simplifying a bit more, we get the final
convergence result. |

B REDUCTION IN TOTAL COMMUNICATION COST WHEN r < n

Here, we derive the claim made in the second paragraph of Remark 3]
We consider the practical regime of r» < n (as well as o < n).

First, consider the case where the clients communicate at full precision using 32 bits, i.e., ¢ = 0. The number of rounds of
communication /1 needed to reach an € stationary point is:

K ~ (%&UO))LS(SO%Q(E + 1)2(””))0'5

r(n—1

Since the communication cost per-round is proportional to 7 X (32d) bits (recall d is the model dimension), the total
communication cost C in this case is:

Cl = 32dr x Kl

- 32dr(%(w())) v (80062(E + 1)27%)0'5.

Now, let us consider the QSGD quantizer of |Alistarh et al.| [2017]] with s = \/& With this choice, ¢ = 1. Here, the number
of rounds of communication K, needed to reach an € stationary point is:

Ko~ (%(QUO))LS (320062(E + 1)27“)0.5-

Now using Theorem 3.4 of |Alistarh et al.[[2017], under the special case of s = v/d, the communication cost per-round can
be reduced to r x (2.8d + 32) bits. Hence, the total communication cost Cs in this case is:

Cy =~ (2.8d + 32)r x Ky

~ (2.8d + 32)T<M) 1'5 (320062(E + 1)2(”—7”)))0-5.

€ r(n—1
Therefore, o
L 32
Cy  2.8x405 5T
C ALGORITHMIC AND THEORETICAL COMPARISON WITH MIME (Karimireddy et al.
[2020])

We now discuss the major algorithmic and theoretical differences of our work from Karimireddy et al.| [2020].

* Algorithmically, |Karimireddy et al.| [2020] do not explicitly apply any momentum at the server. Instead, they apply
globally computed momentum in the local updates of the clients. On the other hand, FedGLOMO has an explicit
momentum-based update at the server to enable global variance reduction, apart from local momentum applied in the
client updates.

2Alistarh et al.|[2017] use n to denote the dimension



* Unlike FedGLOMO, the algorithms of |Karimireddy et al.|[2020] do not have any quantized/compressed communication.
As we discussed in Remark maintaining the improved complexity of O(e~!®) with compressed communication is
not trivial.

* Even in the absence of any compressed communication, FedGLOMO is more communication-efficient than Mime
requiring three-fourth / half the number of bits that Mime requires per-round for server to clients as well as clients to
server communication / only clients to server communication (which is typically the bottleneck in FL). This is because
in Mime, the server needs to send x (sending some other statistics s would require even more bits) and c to the clients,
and the clients need to send back (y;, V f;(x)) to the server (please see their notation). In FedGLOMO, the server needs
to send wy, and wy_1 to the clients, but the clients can just send back {(wy — w,(:)E) — (1 = Br)(wg—1 — @1(;11E)}
to the server in the absence of any quantization — this can be verified by just removing the quantization operator @) p

and expanding the update rule of uy, (line 10 of Algorithm I)) for k£ > 0.

* Our theory for FedGLOMO does not use the bounded client dissimilarity (BCD) assumption, i.e., eq. (2). Instead, we
propose and use Assumption[d which allows for arbitrary client heterogeneity; in the worst case, Assumption ] will
hold with o = n. In contrast, the results of MimeM VR use the BCD assumption.

* See the full version of Theorem V (on page 39 of the latest arXiv draft) of [Karimireddy et al.[[2020] for MimeMVR.
Their result is in terms of the gradient of f at the local client parameters and not the actual server parameters, which is
not ideal. Our result for FedGLOMO is completely in terms of the gradient of f at the server parameters.

D COMPARISON WITH Gorbunov et al.[[2021]

As mentioned in Section 2] |Gorbunov et al. [2021]] also propose algorithms with improved complexity in the distributed
setting without multiple local update steps. Since our work is under partial-device participation, we compare against their
algorithm for the same case, i.e. PP-MARINA. Note that PP-MARINA has a probability p of using full gradients from all
clients (i.e., full device participation) in each iteration. For a fair comparison against FedGLOMO, which uses gradients from
all the clients only in the first round (see Theorem , p should be set to % (K being the number of rounds) — in which case,
their complexity is O(e~2) which is worse than ours. See Theorem 4.1 in their paper for this.

E EXPERIMENTAL DETAILS AND SOME MORE RESULTS

We first describe the procedure we have used to generate heterogeneous data distribution (among the clients). First, the
training data (of both CIFAR-10 and FMNIST) was sorted based on labels and then divided into 100 equal data-shards.
Splitting the data into 100 equal shards (after sorting) ensures that each shard contains data from only one class for both
CIFAR-10 and FMNIST. Since the number of clients in our experiments is fixed to 50, each client is assigned 2 shards
chosen uniformly at random without replacement — this ensures that each client can have data belonging to either just one
class or two classes at the most. For the homogeneous case, we distribute the training data uniformly at random among the
clients.

In all our experiments, we use the learning rate schedule suggested in [Bottou| [2012]] where we decimate the client
learning rate by 1% after every round, i.e., n, = (0.99)*10, no being the initial learning rate. Note that this learning rate
schedule has been used earlier for FL experiments in|Haddadpour et al.|[2021]]. We search the initial learning rates over
{1073,5 x 1073,1072,5 x 1072, 107 !}; the best performance is obtained with an initial learning rate of 10~2 in almost
all the cases.

For FedGLOMO, we use a constant value of S5 = 0.2. For FedAvg-lm, FedAvg-glm, FedPAQ-Im and FedPAQ-glm, the
local (client-level) momentum parameter (in the Pytorch optimizer) is set to 0.9 (which is also the default value used). For
FedAvg-glm and FedPAQ-glm, we just implement the server update as a PyTorch optimizer update with momentum, and
this momentum parameter is searched over {0.9,0.7,0.5}. For Mime SGDm, we search its momentum hyper-parameter over
{0,0.9,0.99} as suggested in|Karimireddy et al.|[2020].

We make a small modification to FedGLOMO in our experiments for the heterogeneous case. Specifically, we modify line [§]
(which is the local momentum application step) of Algorithm 2]as follows:

Update: ”1(;)7 = %fl(w,(;l, B,(;)T) + 0.8(1),(;;)7_1 - §fi(w,(f7)7_1; B,(;)T)) and

,El(cizl.ﬁ' = %f’b(@](clllﬂr'?lgl(;)r) + 0'8(61(21,7-—1 - %fi(@l(ﬁl-,f—l; B’(“Z)T))



Without applying the above damping factor of 0.8, FedGLOMO seems to diverge — this is probably because we have chosen
the number of local updates to be too large.

All experiments are run on a single NVIDIA TITAN Xp GPU.

E.1 RESULTS ON CIFAR-100

We consider the task of classification on CIFAR-100 (100 classes). We use 512-dimensional features extracted from the last
layer of a ResNet-34 model pretrained on ImageNet. The architecture is a two-layered ReLU neural network with the size of
hidden layers being 300 and 150, respectively. As we have in the main paper, the total number of clients is 50 and 50% of
the clients participate in each round (i.e., r = 0.5n). Also, we consider heterogeneous and homogeneous (i.i.d.) settings
similar to the main paper; in the heterogeneous setting, each client has data from 2 classes. The number of rounds and the
number of local steps per round are 50 and 20, respectively. We compare 3 different runs of FedPAQ-Im, FedPAQ-glm,
FedLOMO and FedCOMGATE with 8 bits per round against FedGLOMO with 4 bits per round (so that the total number of
bits communicated per round of all algorithms is the same). All other details (about learning rates, momentum parameters,
etc.) are the same as in the main paper. The test error (error = 100 - accuracy) values averaged over the last five rounds for
this case is listed in Table @

Algo. CIFAR-100 Het. | CIFAR-100 Hom.
FedPAQ-Im 31.36 £ 0.05 31.02 £0.12
FedPAQ-glm 31.76 + 0.09 30.78 £ 0.16
FedLOMO 31.26 £ 0.16 30.73 £ 0.05
FedGLOMO 30.76 £+ 0.10 30.05 £+ 0.06
FedCOMGATE 34.27 £ 0.09 33.59 £ 0.09

Table 4: Average test error % (£ standard deviation) over the last five rounds for CIFAR-100.

In both the heterogeneous and homogeneous settings, notice that FedGLOMO converges to the lowest test error; this is
consistent with the results in the main paper on CIFAR-10 and FMNIST.

F FEDLOMO: A SIMPLER VERSION OF FEDGLOMO

Now we consider a simpler version of FedGLOMO, which we call FedLOMO, that applies only local momentum in the client
updates and does simple averaging at the server (like FedAvg), i.e., there is no global momentum (and hence the name of
this variant does not have a “G”). FedLOMO is summarized in Algorithm @ and [5] Notice that the momentum application
occurs in line 6] of Algorithm 5]

As mentioned in the main paper, FedLOMO does not achieve the optimal convergence rate for smooth non-convex functions
due to the absence of global momentum; see Theorem [3|and the subsequent remarks.

Just like the results of FedGLOMO, we do not use the BCD assumption (i.e., eq. @)) to derive the results of FedLOMO.

Algorithm 4 FedLOMO - Server Update

1: Input: Initial point wy, # of rounds of communication K, period E, learning rates {nk}kK:_Ol, per-client batch size b,
and global batch size . Q) p is the quantization operator.

2. fork=0,..., K —1do

Server chooses a set Sy, of  clients uniformly at random without replacement and sends wy, to them.

for client s € S); do
Set 'w,(j’)o = wy, and run Algorithmfor client 7.

S AN Al

end for 4
Update wy1 = wg, + % Ziesk QD(w,:)E — wg).
end for




Algorithm 5 FedLOMO - Client Update

1: forr =0,. —1do

2. ifr= 0 then

3: = V/i(wi).

4: else

5: Pick a random batch of b samples in client ¢, say B .- Compute the stochastic gradients of f; at 'w,(c )T and 'w,(c )T 1

over B( ) viz. V f; ('w,(j)T, B,(;)T) and Vfl('w,(;)T 1 B,E )T) respectively.

6 Updaev!) = Vi(wl B + (o), — Vfilwf,_,iBI)). 0 (Local Momentum)
7:  endif ‘

8 Update w’ )r+1 = w,(C)T 771@’01(;)7

9: end for

10: Send QD(w,(:)E — wy) to the server.

F.1 MAIN RESULT FOR FEDLOMO

Now, we present the convergence result of FedLOMO for the smooth non-convex case in Theorem [3] Its proof is in
Appendix [G.2]
Theorem 3 (Smooth non-convex case for FedLOMO). Let Assumptions[I} [2|and[3|hold. Further, suppose Assumptiond)

holds for FedLOMO. Define a distribution P for k € {0, ..., K — 1} such that P(k) = % where ¢ will be defined

later. Sample k* from P.
1. With compression (q > 0) and partial-device participation (r < n):

In FedLOMO, set ny, = mfor all k, where B = 4 4 %_(q)_r). Then for K > i (L (a+ £)):

B[V f (wg-)

64V BLf(wo) . 1 1 4
< —jap W= u(+ aBKyS( (e+3))

So FedLOMO needs K = O(-13) rounds of communication to achieve E[||V f (wy-)

a+%)’

16L f (wy) <a +4 ) e

2] < € fore < O(22%) = O(%4).

r

2. No compression (q = 0) and full-device participation (r = n):

1/3
In FedLOMO, set ny, = ﬁ (m) for all k. Then for K > (
E

E[|[V f(wie)|"] < —575 "

So FedLOMO needs K = O(—5+/<) rounds of communication to achieve E[||V f (wy+)||?] < ¢, fore < O(2).

We make some remarks to discuss implications of this result and establish connections to some claims made in the main
paper.

Remark 5 (Worse iteration complexity than FedGLOMO under compression and partial-device participation). Under
compression (i.e., ¢ > 0) and partial-device participation (i.e., 7 < n), the number of iterations 7' = K E of FedLOMO is
O(%) as per the above theorem (since we do not have any constraint on £ depending on ¢). So the iteration complexity of
FedLOMO is poorer than that of FedGLOMO under the same setting. However, it is on a par with the results of [Haddadpour
et al.| [2021]], [Koloskova et al.| [2020]], [Wang et al.[[2019], Karimireddy et al.|[2019].

Remark 6 (Same iteration complexity as FedGLOMO under no compression and full-device participation). When
there is no compression (i.e., ¢ = 0) and full-device participation (i.e., 7 = n), the number of iterations 7' = KFE of
FedLOMO turns out to be O( 611_5 \/g ); this is exactly the same as that of FedGLOMO under the same setting. Intuitively this
makes sense because under full-device participation (and no compression), the global momentum of FedGLOMO becomes
redundant.

Remark 7 (High variance of simple averaging at the server). At a high level, FedLOMO fails to attain the complexity
of FedGLOMO under partial-device participation and compression because of the high variance of the FedAvg-like plain



averaging step at the server. The high variance is itself due to the amplified effect of client heterogeneity with multiple local
updates. Without the application of some global variance-reduction technique (like the one in FedGLOMO), the complexity
cannot be improved. More precisely, in Theorem B is a constant that is not O(nLE) in general, due to which FedLOMO
does not achieve the improved convergence rate of O(K ~2/3) that FedGLOMO attains; see the proof of Theorem [3|in
Appendix [G.2]for more details. However, in the case of full-device participation and no compression, B is 0 which allows
FedLOMO to also achieve O(K ~2/3) convergence by choosing 7 = O(155175)-

G DETAILED PROOFS
G.1 DETAILED PROOF OF THE RESULT OF FEDGLOMO

Some definitions used in the proofs:

5L E

. . (@) . (i) () Vi Alient 4 5.2t @
5O, B0 [wy, — w), ] forany E' — 1 batches {B;", ..., Bp’ ;} inclient i, and dy, n g[:] O
en

1 i
9o(wi; Sk) £ = > Qp(wy, — wl(c7)]:7)
" 1E€ESK

~(4)

Ago(wy, wy_1; i) Qp((wy, — wy) — (w1 — By | )

1 i
g(wy; Si) £ - 3~ (wi — wi'p) = Eq, 90 (wis S)]

1€Sk
G 1350 2 =3 (s — ), )
k—1;9k ey k—1 k—1,E
1€Sk
B 223wl and v, 23 of)
sT ne[] k.7 T e[] k.7

e,Ei)T £ 'u,(:)T - Vfi(w,(:’) ) and E,(;;)T A2V (w,(;)T) — V(W)

T

Proof of Theorem 2] (recall that this is the full version of Theorem [I)):

Proof. Wesetn, =nand B, = VEke{0,..., K —1}.
Then using Lemma([I] we have that:

k' —1 k'—1

pe 37212 a
Bl (wn)] < flao) — "0 3" BV (o)) + L BN S w19 ) 7
k=0 k=0 i€[n]
2 Blug — 50 + 160g23( L + LD (1 1)) kz S EVAiw]?, (D
4nEpS n?  r(n—1) n//) = frad ! ’

2 272 ;2 2
for 477LE2 <1 andﬁ > 80e (1-"-((11)1145L§)(E+1) .

Suppose we use full batch sizes for the local updates as well as the server update at k = 0 (the latter means r = n only for
k = 0). Then, ug = ¢ above. Also, since the f;’s are L-smooth, using Lemma we have that:

D ElIVAi(wi)|® < Y 2L(E[fi(wy)] - f7) < 2nLE[f(wy)] = 2L Y f < 2nLE[f (wy)].

1€[n] 1€[n] 1€[n]

The last step above follows because the f;’s are non-negative. This trick allows us to circumvent the need for the bounded
client dissimilarity assumption.



Using these in (TI)), we get:

E k-1
E[f (wi)] < f(wo) = 1= > B[V (w)]]
k=0
n?L2E(aE + 4) g (Q+4+qg(n-r) pls
=y
Using (12) recursively, we get:
K —1 nE K —2 K —2
> Elf(wi)] <K f(wo) = == Y (K = 1= BE[IVF(wr)|P] +7 D (K — 1= K)E[f(ws)] (13)
k=0 k=0 k=0
nE k-1 k-1
<K f(wo) = == > EBIIVF(wi)|*]+ 9K Y E[f (wy)]. (14)
k=0 k=0
Let us now ensure that vk’ < & forall ¥’ € {1,..., K}, in which case we can simplify to:
k-1 k’—l
E[f(w)] < 2k f(wo) — Z E[[|V f (wg)[|”] < 2K f(w). (15)
k=0
Now: 2L°E(aE +4 1
Ak gyK:64nLE($+5ﬁ(%+ W))K (16)

Now if we set 8pLE? < 1, then it can be verified that 3 = 160e?(1 + q)n>L?E?(E + 1)? is a valid choice. Using this
above, we get that:

1+Q)(n—r))). (17

é) +800e2(1+ ) (B +1)* (L + : r(n—1)

1
V' < AK = 64173L3E3K(7 (a +
n E

(A)

1
6LEKL/3(L (ot #)+800¢2 (1+q)(B+1)2(L+ TEDC= 178

Setting n = we have (A) < % But we must also have

4FE
8nLE? = <1. (18)

SKV3 (L (o + &) +800e2(1 + q) (B + 1)2(& 4 (LEolnory) /s =

. 1/3 > 1
This holds for K*/3(E +1) > 120002 (1rq) (44 CEDE D)

r(n—1)

Further 8 must be smaller than 1, so

160e*(1 + ¢)(F + 1)*

B =160e*(1+ q)n*L*E*(E 4+ 1)* =
(0 ) + 800€2(1 4 q)(E + 1)2(£ 4 UEn=r)y)2/3

<1. (19)
36£2/3((

1
n

This holds for £ + 1 < %(nl)r) K.

Now using in with ¥ = K and our choice of 3 = 160e*(1 + ¢)n’L?*E*(E + 1)? and n =
1
we get:

6LEK/3(L(a+4)+800e2(14q)(E+1)2(L+ (ltz)l(nl r) ))1/3°

K-1
E
- BV wn)P)

k=0

+ 128773L3E3(—(a +
n

E[f(wk)] < f(wo)

é) +800e2(1 + ¢)(E + 1)2<% L d+a(n

- ) fwo). 20

r(n—1)



Rearranging the above a bit and using the fact that f(wg) > 0, we get:

N

4f (wo) 273 02(1 4 g, A+qgn—r)
< 22 ht = AL VASL A _
kz:: 197 ()P} < = 5127 LB (1 (ot ) 48001+ q) (B 417 (7 + =1 )) £ (wo)
2D

Substituting the value of 7 above, we get:
K—1

1 39Lf(wyp) /1 4 9 orq  (I4+qg)(n—r)\\1/3

— < (2 = NS VAN A .
= H]E IVl < =55 (n(a+ =) +800e2(1 + g)(E + 1) (n R P ) 22)
This concludes the proof. |

Lemmas used in the proof of Theorem 2}

Lemma 1. Suppose 4nLE? < 1 and 3 > 80¢* (Lt q)n” LB (E+1)" Then forany k' € {1,..., K}, we have:

(1—4nLE)
E* 16 L2E2 E+4) k2
E[f (wi)] < f(wo) — L Z B[V f (w7 + LB 5 Z B[V fi(wi) 2]
k=0 k=0 i€[n]
+ 2 Efug — 8% + 160 B(% + M( ))kf > E[IV i (w1,
1B 0 0 n 2" rn o e i(Wg
Proof. Per the previous definitions:
up = B9q(wi; Sk) + (1 — Blur—1 + (1 — B)Agq(wy, wi—1; Sk) (23)
By L-smoothness of f, we have for k > 1:
L
Elf(wir)] < E[f (w)] + E{Vf(wr), whr — wi)] + SE[] wiir — wp %]
o
1 1 L
= E[f(wp)] + BV (wy), —wi)] + Bl = (g5 = 5 ) Bllwen — w4
I*) ~————

ar)

Let us analyze (I*) first.

E[(V f(wy), —ur)] = E{V f(ws), —g(wi; Sk) — (1 = B)(up—1 — g(wr—1;Sk)))] (25)
= E[(Vf(wi), —g(wk; S)] — (1 = BYELV f(wr), uk—1 — g(wk—1; Sk))]
i)

5 — wi))l+ (1= BE[-Vf(wi), up_1 — 5—1)]

i€[n] (IV¥)

(IIT*)

follows by taking expectation with respect to @) p. (IIT*) is obtained by taking expectation with respect to Si above.

(IV*) is obtained by taking expectation with respect to {B,(:)l, cee B,(f)E_l »_, and Sy, above.

From Lemma forn < % and F < %min(n%, 172% - nL> we can bound (IIT*) as:

317212
W LPE(B 1) S~ 515 () P). - (26)

i€[n]

E E—-1
) < — B[V f(we) 2] - 5 (1 = n*L2E*) 3 Eloe ] +
=0

n

Note that for nL < 1 (which is going to be the case eventually), we can combine all the above constraints on 7 and E' into
ianLE < 1.



As for (IV*):

AV*) < (1= BE[[V f(w)ll|wr—1 — x—1ll] @7
(1-B)( nE 2, 201 = B)E[Jup—1 — dp—1]’]
< E 2
< (2<1 — 5 BV )]+ o ) (28)
E 1— B)2 _
— IV + O Bl ~ B P 9)
(28) above follows by the AM-GM inequality.
Adding (26) and (29), we get:
E-1
nk U _ 1-p)2 -
9 < =BV Sl - 30 - LB Y Elfon ]+ Ol ~ B
7=0
1673 L2E%(aE + 4
3 OB S w1 ) 7] GO)
1€[n]
Now, let us analyze (IT*). We have:
E[luxl*) < 2E[[[8x]|*] + 2E(]lwr — 3x]|°) @)
Notice that:
] " E-1
_ i _
B = Bty e, [ 2 (0 =] = B s, e, (2 7 32
i1€[n] 7=0
Thus:
B E-1 ) E-1
E:1% < B | > oes|| | < B0 Y Ellws 1. (33)
=0 =0
The expectation above is with respect to all the randomness in the algorithm so far.
Using and the result of Lemmain with 2nLE? < 1, we have that:
BE-1 B B
E([lul® < 2B9° Y E[l[wr-|*] + 2{(1 — B)?E[l|u—1 — 85—1%] + 26%E[]| 9 (wi; Sk) — |’]
7=0
+8¢2(1+q)(1 = B2 L2 EX(E + 1)*Elllwy — wi- 2]} (34)
Recalling that (II*) = g = E[[|uy|?], we get:
p B2 1
— 2 2 T2 2 , 52
s < 7 TZ:% E[|[Tx,-I*] + m{(l = B)Ell[ug—1 — 8p—1[I"] + 28°E[||lgq (wi; Sk) — k||
+8e2(1+q)(1 - B)"* L E*(E + D*EfJlwy — w7} (39)
Adding (30) and (33):
nE . 1\ B2
% W < M 20 _M(y_. 2722 1 — 2
1)+ < ~TEEV fw) 2] - 7 (1-PL2E2 - ) > Bl I
> 0fordnLE <1
167P L2 E? 5(1 — §)2 -
+ T(QE +4) Z E[||V fi(wp)[I*] + (477E) Efl|ur—1 — 6x—1]°]

i€[n] from Lemmal[8]

2

+ Q—Emmdwk;sk) S+ 22(1 4 g) (1 — AL E(E + 1°E[Jw, —wi ). (36)



Therefore, using Lemma 8] recursively, we get:

E 1603 L2E%(aE + 4
@)+ @) < - v )7 + EEEED S g o)
1€[n]
5(1-8)* 582 . ~
TTmE E[||uo — 80]?] tonE Z 2FVE[|lgo(wis St) — 811?)
=t (V¥
k
+10*(1 4+ q)nL*E(E +1)* ) (1= B)** " VE[|w; — wi1[*].  (37)
=1
Using Lemma([I0] we get:
E-1
% 2p( 4 | (I+q) ¢, T (1) |2
v < PB4 e (1= 1)) 3 3 Ellef ) (38)
i€[n] 7=0
Putting this back in (37), we get:
o 16nL2E%(aE 4 4) 9
@)+ (@1%) < —2ER[|9 f(wp) 2] + ; > E[|Vfi(we)]?)
" <in]
5(1— B)% = of 4 (1+4q) r - 2(k—1) i) (|2
+47]7EE[||U(>—50|| ] +10n8 (7 rn—1) (1—5»2 Z ZE |”z 1%

l

I
s

i€[n] 7=0

(1= )" VE Jw; —wia]). (39)

)=

+10e*(1 + ¢)nL*E(E + 1)?

N
Il
_

Next, using (39) in (24), we get that:

3122 a
Bl (win)] < Elf(uy)] ~ "D E(IV S o) )+ T OEED S gy
ie[n]

5(1—B)* < ofq , (1+4q) )20k ()2
bt Sl _ 1 4

T Elluo 80l + 10m5” (5 + A (1 - ))l_Zl PIDILLETE
1L
8nE 2

+

k
F 101+ BB + 112 Y (1= B¢ Bl — w1 2] - JElwesr —wilP). 40)
=1

Summing the above from k = 0 through (k' — 1) for any &’ € {1,..., K}, we get:

E'—1 2112 k-1
Bl ()] < flawo) — 12 3 B[V ()| + LLEE A ED 5 Z (19 i) )
k=0 k=0 i€[n
00 . 2l _ k'—1 0o
#3312+ 1o (L o+ +_q1 (-2 Y S ERlnS
1=0 " r(n k=0 ig[n] 7=0 1=0
k-1 [eS) 1 I k'—1
F10(L+ QL2 BB + 1701~ 8 3 Bllwe —wia [P 30 = )% = (g5~ 5) 2 Elllwns — will)
k=1 =0 k=0

(41)



Simplifying the above by noting that Y, (1 — 3)% < 32 (1 — B)! = 1/8, we get:

E[f(wx)] < f(wo) — ??E[Hvﬂwk)'g] 167 L2E:2(aE+4 K —1 z[: -
=0 —0 ic[n]
5 _ q (1+gq , k-1 E—-1
+ ol =80l + 1093 (% + m( o) ];)Z[:]ZJE ol
(1 #LB) 2

10e2(1 + q)nL2E(E +1)? )
+ 3 Z T DY

(VI*¥) — want this to be < 0

We want (VI*) to be < 0. For this, we must have:

80e2(1 + q)n*L?E*(E + 1)?
(1 —4nLE)

g = (43)

Note that the denominator above is positive since we already have a constraint of 477LE <1

With §3 satisfying the above constraint, and using the result of Lemmalfor S [Hv " 112], we get:
nE " b 16PL2E2(aF + 4) " ,
E[f (wi)] < f(wo) = == > E[l[Vf(ws)|*] + — > EllIV fiw)|?]
k=0 k=0 i€[n]

5 = ¢  (+4q)
+ mE[Huo — 8o’ + 16077E5(7 m(l )) 1;) Zez[;] IV fi(wi) ], (44)

Finally, note that we have two constraints namely: 4nLE < 1 and 2nLE? < 1. We can merge these constraints into
4nLE? < 1 for E > 1 (which is the case).

This gives us the desired result. |

Lemma 2. Forn < % and £ < %min (7]%, 172% — n%) (III*) in the proofofLemmacan be bounded as:

1 ) E E—-1
(%) = E[(Vf(wy), — > (w'p —wi)] < —ZE[IVF(wi) |2 - 5 (1 *L2E*) Y Ellow |
i€[n] 7=0
1603 L?E*(aE + 4
 JOTEE OB R S 9 fiwn)”

1€[n]



Proof. (II1¥) = E[(V f(wy), £ Y, () — wi))]. Then:

(%) = E[(V f(wy), —— Z Z nog)]

E—-1
=—nZE V£ (wy), Zv,ﬂ
zi[:L]
E-1 |
= S { - LRIV S wi)IP) ~ DBl + 2BV S () - )} “
7=0
E-1
= > { ~ SEUV(wn)l?) = SEIBe )+ SEIIVF(wi) = VI (@) + Y (Ber) = Bl }
7=0
E-1

< S { -~ TRV Fwi) )~ DR 2] + 0B S ) — V7 @)+ nEIY () — B}
J—r <L||wg—wg,-||
(46)
E—
< Z [ DRIV fawi)|] ~ TElw- 1)+ nL%Elws — W I+ B[V f @) w7} @)

above follows by using the fact that for any two vectors @ and b, (a,b) = ([la||® + ||b]|* — ||a — b]|?). Also, (46)
follows from the fact that for any two vectors a and b, ||a + b||? < 2||a||? + 2||b]|2.
Per definitions, observe that:

E]~c,7'-|-1 - Ek},r - nﬁk,r- (48)

From this, we have that wy, — @y, , = 13—, Tk, Hence, ||wy, — Wy, .|| = <P ) ||k, t” -
this follows from the fact that for any p > 1 vectors {u1,...,u,}, || > b, u1||2 < pz 1 ||ul||2 Using all th1s in
we get:

T—1

B E—
) < —TZE[| V£ (we) |2 + Z {-% 40 L2 Y B[k ?) + [V (@) = Bl
t=0
n 3L2E2 E-1
<—f E[|[V £ (wi)]?] 2ZEH%H Z]EHvan +nZ]E||Vf Wy,.) — Tn-||*] (49)

from Lemmal[3]
Using Lemma 3] to bound the last term above gives us:

E-1

16n*L2E%(aE + 4
) < PR ) - L (1 er2e?) 3 B+ O P S g s o)
=0 i€[n]

This gives us the desired result. n

1 1o (1 1 1 .
Lemma 3. Forn < t and E < me<n77 TPIE T ﬁ) we have:

&

-1

_ _ 16n2L2E%(aE + 4
Bl — V@) 2] < TP OB S 9 o)
i€[n]

4
Il
o

where the expectation is with respect to the randomness due to {Bk 1o+ 715’,(:_)E_1 A



Proof. Letey ; = Uy, — V f(Wg,,). Then:

||Ek,7'||2 = Hﬁk,'r - vf(ﬁk,T)HQ
1 - 2
= Hﬁ Z( 9 - vfi('wk,T))H
i€[n]
1 1 1 2
= Hﬁ Z(ek) +é§c,)7)
i€[n]
2 2 2 ) ||?
<] o el
i€[n]

So:

_ 2 i
Bl 1) < [ 3 ek
€|

€N 1€|n

But:

2l el ]- el ]]+ 3 e

icln] i#j:1,5€[n]

In the cross-term above, we can take expectatlons individually as {Bk 1o
dent for ¢ # j. Next, from LemmaEl E| e,C = =0Vi i, k, 7. Hence:

(] 3 <[] - S el ]
i€[n] i€[n]

Using the above result and Assumptiond]in (52)), we get that:

Ell/ex| < 2 S Ellle | ZE lleg” |1
i€[n] i€[n]
Now:
E ~(4) 2 \v4 v ]
€k E[|V fi(w(),) = V fi(@y ) ||*
= I°E[[lw’) —mrnﬂ

< L’E wi 7721;

But since w,?o = wy, V i, we have Wy, o = wy. Hence:

e[ = e Eowe - 5o
7—1 )
<L B[ — v
t=0
7—1

k,7

o 2ol

kE 1} and {Bk 15+

61V

2] (52)

. B,(j )Eq } are indepen-

(33)

’ka*UZ’Ukt H

=P L2713 [Tkl + o2 — 2(Tk vi))]

t=0



Substituting the above in (53), we get:

_ 2
E[l[ex-*] < =5 D Ellle e |1 Z 772LQTZE Bk,4l12 + o)1 —

1€[n]

2(Vk. 1, i)

2a17 L T i
= 2 S Bl S Gl P+ 3 B - 2 Y o)

i€[n] t=0 i€[n]

= 2 S wllefl )+ 2T S (iRl

i€[n] t=0 ig[n]
2 i 2an?L3T = i
< =5 D Elle I+ =37 3 ElllwIP)
1€[n] t=0 ic[n]

i€[n]

(54)

(35)

(56)

To get from 1) we use the fact Zie[n] v,(:)t = NWx,¢. Now summing up 1) from 7 = 0 through to  — 1, we get:

E—-1

2 = 2cw) L E?
> Bl < = Z Z el > Z Efljoy |
=0 E ] 7=0 Le[n] 7=0
from Lemmal[7] from Lemma[3]

Now using Lemmaand Lemmaabove with n < % and £ < imin(i = — L ) we get:

nL>n?L? ~ nL

2
1< > 2B L2V fi(wy)|?
i€[n]

27212
an*L°FE
+ 2 Z 16E||V f;(wy)]|.

i€[n]

This gives us the desired result.

Lemmad. E ) B(i)[e,(f)T]:6Vk6{O,...,K—l},TE{1,...,E—1}.
ko100 Pk T )

Proof. Note that:

For > 0:
(i) (i) (i)
]EB,?)I,H.,B,(;)T e ] = B s [or = Vifilwy2)]

=Ego g [V B + (0, = Vw1 B0)) = Vfi(w;))]

:EB;(J)lwa;(le[E o [vfz('wkraBl(c)T) (Ul(:)r 1_vfl(wkr 1»8 7)) = Vfi(w
=Ep0 .50 ,J(vffl | = Vii(wl” )]

50,50l 1]

Doing this recursively, we get:

Ego . 75<>[€;(C)T]: efy =0

Note that this result also holds if we use full gradients at 7 = 0.

1 1o (1 1
Lemmas$s. Forn <  and E < me(ﬁ’ LE T nL) we have:

ZE lop 2 17] < 16E]|V £ (wg) ||,

eDIB

LB ]

(57)

(58)



Note that in this lemma, the expectation is with respect to the randomness only due to {Bk Tr-evs B](CZ)E_l}?Zl

Proof. First, recall that e,&i)T — o' k sV fl( ) Note that efj)o 0, as we are using clients’ full gradients at 7 = 0. We
have:
Elloiy 7] < 2Elllel ) 1°) + 2E{IV £i(w{ I} (59)

Using Lemma 2.1 of [Liu et al.| [2020] with 8 = 0, we have:

T—1
Elllef I°) < Elleip|1*) +227 3 Ellwy) ., — w)|)
t=0
T—1 ) )
<20 Efllwy), —wih|?). (60)
t=0
The last step follows because eEC)O =0.
Summing the above from 7 = 0 through to E¥ — 1, we get:
E-1 E-17-1
Z E[Hek 1) <2r? Z Z]E |'wk- A1 wk tH ]
7=0 7=0 t=0
<2EL2 Y El|wy), —wi[?] ©1)

7=0

Next, re-arranging equation (11) in Lemma 2.2 of [Liu et al.| [2020] (observe that in our case, G (.) is simply the gradient),
we get:

E[||Vfi<w,i,l>||2]§5w< D) filw) )] - (1= nLE Il . — w2 +Ellel 17 (62

Summing (62) from 7 = 0 to £ — 1 and using (6)), we get:

= : 2 : (1-nL) = :
§jE[||Vfi<w,Stl>||21s5<fi<wk>—E[f¢<w;iig>Df—n;? S Ellwg) w1
=0 7=0

+2EL221E lwi”  —wi) 2. (63)
7=0

Next, summing (61) and (63) gives us:

Z{E les 1121 + BV fi(wi )21} < = (filwr) — Elfi(wi )

d\[\?

L—nL (5) @ 2 ((1—nL) 2\ @) () 12
() Bllwls — el i P) = (55 - 4BL?) Y Bl w64

N / T7=0

> 0forn < ¢ > 0for B < U8

So if we have n < LandE< Ll L —n%),weget:

Z{E lei 2 17+ ElIV fi(w DI} < = (fiwy) — Elfi(w( ). (65)

3\[\9

Now from LemmaH for E < {min (%Lv Tﬂ% - nL) we have that:

filw) = Elfi(wp)] < mE(V fi(we) | (66)
Putting (66) in (63) and then using it (59) gives us the desired result. |



Lemma 6. Forn < % and £ < %min(n%, 172% — nL) we have:

fi(wy) = Elfi(w(p)] < MBIV fi(wy)|?.
The expectation above is with respect to the randomness only due to {B,(;)l, e 781(:;)]3_1 A
Proof. By L-smoothness of each f;, we have:

% % L 7
fi(wip) = filwi) + (V filwe) wily — wi) = 5 wip — wel”

= filwi) — fi(w) < (Vfi(wi), wi — w,i”E> f||w“> —wy

o i L i
< |V fi(wo)|? + 7/ lwy s — wil|? +% [}y — wgl|? for o’ > 0.
2 20 2

follows by Young’s inequality

Recall that 'w,Ef)E wy =1 ET o v k > Hence taking expectation above with o = 2nE, we get that:

fitwe) = Elf(wl’)] < nBIVfiw) P + 7B (3 5 )ZEH o) (©7)
E-1

<nEIV fi(w)P + 53 Ellel )] (68)
=0

follows from the fact that nLE < i. Next, from the proof of Lemma for £ < (i 2”LL2) :

E-1

SE[JolL 2] < 2 (fi(wr) — Elfi(w )
n

7=0

Putting this in (68)), we get:

Filw) = E[fi(w )] < nE||V fi(wp)|* + 3(fi(wk) E[fi(w(p)].

= fi(wy) — E[fi(w},)] < 4nE||V fi(wy)||. (69)
[ |
Lemma 7. Forn < % and E < %min(n%, 172le — 17%) we have:

E—
Z E(llef” 7] < 32E%72 L2V f;(wy,) |-

The expectation above is with respect to the randomness only due to {Bk 1o~ 781(!;)]5_1 1
Proof. Note that in Lemmal we have already bounded E E[|l e,(é)T %] (see ) — but here we expand it more for use

in Lemma[3
First, from (61), we have:

E—-1
ST Elllef) |?] < 2BL2 Z Elwy) ., —wi |,
=0 7=0



Next, using the fact that 'w,(:)T = w,(;)T 771)](;1, we get:

E-1 E-2 E-1
ST Elle 1) < 2B2L2 Y E[|lof) (1) < 2B52L2 S Elllof ) |[?) < 2E5* LX(16E|[V f:(wy,)||).
7=0 =0 7=0

from Lemmal[3]

This gives us the desired result.

Lemma 8. Suppose 2nLE? < 1. Then:

Elllur — 6]1%] < (1 — B)*Ellue—1 — 6x—1]°] + 28°E[llgq (w; Sk) — 6x|]

+8e%(14 q)(1 — B)**L*E*(E + 1)E[||wy, — wy_1 %]

i ~ . . S0 1 56 o
Proof. First, note that for each i € [n],]EB;)“”_,B;)E_l[wk W, ] =6, . So:

Es, (50)....50, o, 190wk S)] = 8.

(@)

Similarly, for each ¢ € [n], IEBQ) 5O (w1 — @, ] = 5}(:21. Hence:
k10 Pk B-1 >
B, 50,50, jr, 0(Wk-1:8K)] = 8k

We have:

E[llur — 611°] = E[l| B9 (wi; Sk) + (1 = B)ur—1 + (1 — 8)Agq(wi, wi—1;Sk) — 8x|]
=E[||(1 — B)(ur—1 — 6k—1) + Bgg(wik; Sk) — 6k + (1 — B) (01 + Agg(wy, wi—1;Sk))|*]
= (1= B)?Elllur—1 — 0k—11*] + E[[|Bgq(wi; Sk) — 8k + (1 — B)(8x—1 + Agq(wi, wi—_1; Sk))||]

The cross-term in (72) vanishes by taking expectation with respect to Qp and Sj,. Next:
E[l|Bgq(wk; Sk) — 0k + (1 — B)(8r—1 + Agq(wi, wi—1; Sk))||?]
= E[||8(9q (wi; Sk) — 0k) + (1 — B)(6k—1 + Ago(wk, wi—1; Sk)) — 61)||°]
< 28°E||gq(wi; Sk) — 6k[*] + 2(1 — B)’E[[|6x—1 + Agq(wi, wi—1; Sk) — 8k ]
Next, note that:
E[||6r—1 + Ago(wi, wr—1;Sk) — 8k’
= E[||Agq (wr, wi—1; Sk)|I*] + E[[[6x — 8r—1[*] — 2E[(Agq(wi, wi—15Sk), 6k — 6k—1)]
= E[| Agq(wy, wi—1;Sk)|1%] + E[l|6x — 8x—1[1*) — 2E[|0k — 051 ]%]
< E[l|Agq(wk, wi—1; k) |17

([74) follows by first taking expectation with respect to @ p and then using (70) and (71).

Further:
[l Agq(wr,wi 18017 =E[| 2 3 Qo wi'y) — (we s @, )| ]
1E€Sk
r 7 ~ (7
<Es |5 Y E[lQn((wi —wi’y) = (wemr =82, )]
1ESK
1 .
<Es, |- Y (1+9E ll(wr —wiy) — (wies — @2, )l ]
1E€Sk

=3+ @[ — wfly) — (s — B, )]

16 [n]

(70)

(71)

(72)

(73)

(74)
(75)

(76)

(77



([76) follows from Assumption [3|on the variance of @ p. Further, using Lemma[9] we get

E[||(wy, — wi'p) — (wi—1 — @y p)l|?) < 4e*5? L2E*(E + 1)%E[||wy, — wi—1?), (78)
for 2nLE? < 1.
Using this in (77):
E[| Ao (wi, wi—1; Si)|I] < 4e3(1 + @) L2 EX(E + 1)°E[|Jwi — wy—1 ). (79)

Now using (79) in (73) and then using it in (73)), we get:

E[lB9q(wk; Sk) — 8k + (1 = B)(8r—1 + Agq(wi, wr—1;Sk))|?]
< 28°El|lgq(wi; Sk) — 6k[*] + 8e*(1 + ) (1 — B)*n° L*E*(E + 1)°E[||wy, — wi—1[?].  (80)

Finally, putting (80) back in (72) gives us the desired result. [ |

Lemma 9. Suppose 2nLE? < 1. ThenV k > 0 and i € [n], we have:

E[|[(wy, — wi'y) — (wi—1 — @, p)|] < 2eLE(E +1))wy, — w1 .

Proof. We have for any i € [n]:

l(wn —wi’y) = (wis = @}, ) |—Hva vak o
Sanlvff;’ 51 @®1)

The last step follows by the triangle inequality.
Next, we have:

oy 52, | = IV fiwi s B + (o) = V(w5 B}
(Vi@ B+ @) V@ BU

Note that BS)T can be the full batch too.
Re-arranging the above, using the triangle inequality and the smoothness of the stochastic gradients, we get:

||Uk~r_vk 17'||<L||wk‘r_wk‘ 17”"'””1” 1_’01({)17' 1||+L||wk‘r 1_@1(; 1,7— 1l (82)

Unfolding the above recursion, we get:

oy = 82, 1 < 2L i) — @, - (83)
Just as a sanity check for b observe that ||vk 0= 17,2)1 oll = IV filwi) = Vfi(wr—1)|| < L||lwy — wp—_1]|. Next:
”wk T Al(c)l 7'+1|| = ||wk1;r - Al(cl)l s 77(”1(@1)7 17](6)1 T)”
< Ny = @2+ nlloy, 5

<lw? — @, |+ 2nLZ lwy) — @yl
t=0

The last step follows by using (83). Thus:

T7—1
lwy) — @, <l — @+ 20l Y wl) — . (84)
t=0



Based on ([84)), we claim that: 4 ‘
lwf) = @2, |l < (1+20LE) ke — we-y]|. (85)

We prove this by induction. Let us first examine the base case of 7 = 1. We have:

(1) _ ~(0)
k,1

lw}! N |

wk—l,l” = |lwy — wi—1 — n(vho ~Vrl10
= [Jlwy, — wr—1 = n(Vfi(wg) = V fi(wi-1))|l
< Jlwk — w1 || + nL|[wi, — wi—1 |
< (14 2nLE)!|wy — wy—1]].

For ease of notation, let us define dj, £ ||wy, — wy_1||. Now suppose the claim is true for 7 < . Then using , we have
forr=t—+1:

t
lwf = B2 el < {0+ 20LE) + 200 Y7 (1 + 20LE)"™ }dy

to=0
< {1+ 29LB)" + 2L (¢ + 1)(1 + 20LE)' }dy
< (1+2nLE)' (1 +2nL(t + 1))dy < (14 2nLE)""d. (86)
This proves our claim.
Now, using our claim, i.e., in (83), we get:
o, =B, I < 2031+ 20LE) lwg —wia | < 2L( + D)L+ 20LE) lwy —wia | (87)
t=0
Note that this bound is independent of :.
Finally, using in (1)), we get:
I wr — wilp) — (wis =@, ) < D nllol 7|
7=0
E—1
<Y 2nL(r + 1)(1 + 29LE)"||wy, — wy ||
7=0
< 2nLE(E + 1)(1 + 2nLE)" |lwy, — w1 ]|
< 2LE(E + 1)e2"F |lwy, — wy_y|. (88)
The last step follows from the fact that 1 + 2z < e* V z.
Finally, setting 2nLE? < 1 gives us the desired result. |

Lemma 10. (V*) in the proof of Lemmal[l|can be bounded as:

vo<app(h e L0 (1- 1)) 3 3 Ellol) )

i€[n] 7=0

Proof. We have (V¥) = E[||gq(wi; S;) — &%) Note that:

(4) (%)

Elllgg (wi; Si) — 8]%] < nQE[ % 3 W _ % > WHQ}
S, ot
b | |
o L K

i€[n]

(B)



In (A), we take expectation with respect to Si, and @ p(.) — for that, we use Lemma 4 of [Reisizadeh et al.|[2020]. Note that

X;C )T — Xy, in their lemma corresponds to (w,(C )E wy,) in our case. Specifically, using eqn. (59) and (60) in|Reisizadeh et al.

[2020] (they also have Assumption [3), we get:

@< s (1= D)+ 2 Bl ~ il

e Ty Uy LR D DR ||vak
i€[n

]
2
gﬁ(l—%)éllﬁ-qEZ ZEM},” (90)

Next, we deal with (B). We have:

® 5[50, || 3= {@o (ulls ) - (ullk - w) ]

i€[n]
q i 2
< g 2 B[l -
1€[n]
E—-1
qEn’ i
< T3 D0 Y Ell I ay
i€[n] 7=0
Now using (90) and (91)) in (89), we get:
. Ui r () | aE qE 0|
vV )§7_1(1**)4(1+Q)EZ ZM”% Z Z]EHv
r(n ) " i€[n] 7=0 i€[n] 7=0
E—-1
< 4772E(i + M(l _ C)) Z Z E[Hv(i) ”2] (92)
- n?  r(n—1) n// e 5 kT
This gives us the desired result. |

Lemma 11. For any L-smooth function h(x), we have ¥ x:

|Vh(z)||* < 2L(h(x) — h*) where h* = min h(x).

x

Proof. For any y, we have that:

L
W< h(y) < (@) + (Vh(z),y —2) + 5 lly — | (93)

= ha(y)

Setting Vhy(y) = 0, we get that § = & — +Vh(z) is the minimizer of h(y) (which is a quadratic with respect to ).
Plugging this back in gives us:

h* < h(z) + <Vh(:c)7 —%Vh(m)> + g” - %Vh(w)HQ — h(z) — iHVh(w)HQ. (94)

This gives us the desired result. n



G.2 DETAILED PROOF OF THE RESULT OF FEDLOMO

Let us redefine the quantities needed to prove the results of FedLOMO.

P2 = Zwk and vy, ZUS)T

16 n) 1€[n]
efl) 2 off) — Vii(wl’) and &), £ Vi(w()) -V filw.)
Proof of Theorem

Proof. Letus set i = 1.

: : 1 1o (1 1 1.
Using Lemma withn <+ and F < me(ﬁ’ Pz T TL)

B[ (we1)] < Ef(we)] — D B[V f(wi) )~ 20— LB —nLE) 3 Bl ]
+ 1677LE2{% P 4”% =M ;]E[||Vfi<wk>||2]. 95)

Note here that for n < ﬁ’ ?TL < QLZ — nL andso F < g+ ornlE < 4. Since E > 1, we are just left with nLE < I

Next, we circumvent the need for the bounded client d1351m11ar1ty assumption by using the fact that each f; is L-smooth and
so ||V fi(wg)||? < 2L(fi(wy) — fF) using Lemma Hence:

ST E[IVfi(w)|?] < 2L Y E[(fi(wy) — £7)] = 2nLE[(f (wy,) — £* + A7), (96)

i€[n] i€[n]
where A* := f* — % >, f. Using all this in , we get:

E-1

E[f(ws1)] < Bl (wn)] — BV fwi)|) ~ L (1 = n?L2E? — gLE) 3 E{w.-|?)
>o0fornLE<t 0
+ 327;L2E2{772L($) + g (% + W) }E[(f(wk) — AL 97
=B

Note that (1 — n?L?E? — nLE) > 1i fornLE < . Further, — f* + A* = —f* 4+ f* — 15" fr = 150 fx
hence, we can ignore the corresponding term when the f;’s are non-negative. Re-writing the above equation, we get:

oF +4 B
Bl (wes)] < Elf ()] — BV Faw) 7]+ 82022E2 [P L (22 4 AR paw)]
32 L3E3 4 279 10 nk 9
< E[f(wp)]{1+ (T(a + ) +16BrPL2E?) b — TRVl ©8)
=¢
Let us denote M (a + —) + 16 Bn> L% E? as ( for brevity.
Unfolding the above recursion from k& = 0 through K — 1, we get:
K—1
E —k
E[f(wk)] < f(wo)(1 + ) — 777 (1+ Q= ME[|V £ (wi)1?]. 99)
k=0
Re-arranging the above, we get:
K—-1 K (K—=1-k)
2 14 1+
S BBV faog) ] < =LA O e py = LEOT 7 (100)

k=0 EZk 0 1+ Ok 115:7()1(1‘?0]C



Notice that py, defines a distribution over k. Hence, the LHS is E;p(x)[E[||V f (w4 )||?]] with P(k) = py. Incorporating this
and simplifying further, we get:

(L+ Q10

2 f(wo)C
. 101
{ (L4 Q)F (1ob

Eiero BNV A7) < ol T e

% }, where P(k) =
n

Also note that: (14 ¢) ™5 < 1— CK + C2EEFD <1 _ (K 4 (2K2 Hence, 1 — (1+¢)~% > (K(1 — (K). Using this
in (IOT)), we have for (K < 1:

2f (wo) (1410
Er~p() [E[| V f (wi)[|?]] < WEK(I = (K)’ where P(k) = m- (102)
=d(n)

Plugging in the value of ¢ in li the denominator, d(n) = nEK(l —16n*L?E? (# (oz + %) + B) K).

Case 1, ¢ # 0 (compression) and r < n (partial-device participation):
Before going ahead, we would like to highlight that the reason FedLOMO does not achieve the optimal rate here is because
B is a constant that is not O(nLE).

Let us choose n = m. Note that:

1 1
nLE < 7 for K > . (103)

Thus, for sufficiently large K, this choice of 7 is valid. Also:

CK:%FW(%(“J’%))<Zf°rK>64lBS(%(a+%))' (104

So for K > 64%(%(0(4— %)),

VK 3 VK

d(n) = nEK(1 — (K TP W S 105

(n) =nEK( C)ZSL\/E( 7 LT (105)

Plugging this in (T02)), we get:
oy 64V BLf(wo) (14 Q1R
Ek:NP(k?)[]E[”vf(wk)” ]] SW, where P(k) = m for k € {07 ce 7K — 1}7
Lt 1 e 4 _g, 4+gm-r)
(= 1% * Toprers (p (0 7)) wnd B =+ o 109

Case 2, ¢ = 0 (no compression) and r = n (full-device participation):
Here, B=0and ( = M(O‘+ %)

3

1/3
Let us choose 7 = 75 (@) . Now note that nLE < % for K > (af% ) Also, (K = % with our choice of 7.

Plugging this in (T02)), we get:

Eyonp() [BIIV f (i) 7] <

A\ 1/3
16Lf(wo) [ + &
K?2/3 n ’

(1+ QU0

1
= forke{0,..., K —1}and ( = —.
ko (L+Q)F

here P(k) =
where P(k) 5K

This concludes the proof. n

Key lemma used in the proof of Theorem [3}



_ 1 1o (1 1 1 .
Lemma 12. Forn, = nwheren < + and £ < Zmln(n—L, i ﬁ) in FedLOMO, we have:

E—-1
Bl k1) < Bl )] ~ " EIVS @)}~ 30~ 97LE* ~nLE) 3 Bl )
2 o
+ 16@13%% +3(5+ M(l - )} X ElVA@?)

1€[n]
Proof. By the L-smoothness of f, we have:

E[f(wk11)] < E[f(wg)] + va wy), Z Qp( ’wkE wk)>} H‘ Z Qp( wkE wy, H } (107)

ZES}C

() an

Let us analyze (I) first — taking expectation with respect to Sy, and @ p(.) (recall that Q p(.) is unbiased from Assumption|[3),
we get:

(0 = B[V fw), — 3 (ol — )]
i€[n]

But this is the same as (IIT*) in the proof of Lemma I} using Lemma[2]and Assumption ] we get:

nE ey 167 L2E(aE + 4
O < "R w7 - 10— 2r2e?) Y Bl - Y S mo ) aos
7=0 i€[n]

1 1. 1 1 1
Whenﬂ < b and £ < Zmln(nj, W - E)

Let us now analyze (II). Recall that:

= ]! 3 avtall o]

Observe that: 1 1
Es, [; > Qp(wyy - wk)} = > Qp(wy —wy).
1E€Sk i€[n]
Hence:
_L 1 (4) 2
@ =S { B[] 3 @p(wily -~ wi| ]

i€[n]

(10D

[H Z @p( wk B~ Wk) — % Z QD(’U’;(J;)E - ’wk)HQ} } (109)
i€([n]

1ESk

av)

Note that in (III), the expectation is without S. In (IV), we take expectation with respect to S, and Q p(.) — for that, we

use Lemma 4 of |Reisizadeh et al. [2020]. Note that x( ) — X}, in their lemma corresponds to (w,g )E wy,) in our case.

Specifically, using eqn. (59) and (60) in Reisizadeh et al [2020] (they also have Assumption [3), we get:
1
V)< —— (1 = 7) (1 E| 2
V)< o +q) Z [lws’s — w1

i€[n]

1

r(n—l)(l_%)4(l+q Z HZW’U
i€[n]

2

7r(n’7_ 3 (1-2)a0+q EZ ZE i | (110)
i€n] T

IN



Next, we deal with (III). Noting that Eg [% Z QD(w,C 5 wk)} = (Wy, g — wy), we get:

() = [HwkE—wkll]Jr]E[EQD[H* {QD(“’I«E wk)—(wé)E “”“)}HQ”
i€ln]

<&[| 3 s
7=0

2 . 2
J 7z 2 B[l -]
1€[n]
E—-1

<n’E Y E[|[vp-|*) qE" 3 ZE [ (111)

7=0 i€[n] 7=0

Now, using (IT0) and (TTTI) in (T09) gives us:
LEp [~ 4(1
< S Bl (R () 3 Ellof? 17}

i€[n] 7=0
from Lemma[3]
LEn g  41+gq)
{ Z Elloc+ (5 + iy (1 ”))ME[%E 19 )7} (112)
Therefore, using (T08) and (TT2) in (T07), we get:
E[f(wk+1)] < E[f(wy)]
E-1 37212
RV ) - 20— 228%) 3l 7+ ST OB S gy a7
7=0 i€[n]
LE
LB Z Bl 1]+ (5 + oo (1 )68 3 B m )
nk U -
= Elf(wi)] <E[f(wy)] = B[V f(wi)|?] = 51 = n*L*E* = nLE) > Ell[we %)
7=0
2L(aFE +4 4(1+
o (PR 38} S o
This completes the proof. n

H CONVERGENCE OF FEDAVG UNDER ASSUMPTION E|

Here, we provide a convergence result for FedAvg (Algorithm [3)) in the absence of the bounded client dissimilarity
assumption (i.e. eq. (Z)) and instead assuming that Assumption @ holds for Fedavg.

Before presenting the convergence result, we show empirical proof that Assumption 4] holds for FedAvg. For this, we
compute and plot « (as we did in Section [f)) for 8 and 4 bit FedAvg on CIFAR-10 and FMNIST, respectively; the results
are in Figure ]

Theorem 4 (Smooth non-convex case for FedAvq). Letr Assumptions [I) and [2| hold. Further, suppose Assumption )
holds for FedAvg (Algortthm l) Let 02 be the maximum variance of the local (client-level) stochastic gradients. In

1+ 70
FedAvg, set i, = 15/ for all k. Define a distribution P for k € {0, ..., K — 1} such that P(k) = SR TITOr where
k=0

¢:=n?L?E? (65?7:)1) + 80”7LE) Sample k* from P. Then for K > max (64; (2)? 47")

2

B[V f(wi)|?] < 4%@“ N \;‘7(}9 N ;gjl‘?)) LBy (o, a14)
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Figure 4: Variation of (%) over different rounds of 8 and 4 bit FedAvg for CIFAR-10 (Fig. and FMNIST (Fig. in
the heterogeneous and homogeneous cases. In both cases, notice that o« < n throughout training. Also, as expected, observe
that (£ ) is higher for the heterogeneous case (except towards the end of training for FMNIST).

So FedAvg needs K = O(-13) rounds of communication to achieve E[||V f (wy+)||?] < €, for e < O(max (1, nr/ga)).
Note that if we plug in o = n in eq. (I14), then we get a convergence result for FedAvg without making use of Assumption[d)}

Thus, we recover the same complexity for FedAvg/Local SGD (which is basically FedAvg with full-device participation)
asKarimireddy et al.|[2019]], Koloskova et al.| [2020] — but without the bounded client dissimilarity assumption.

Note that the iteration complexity of FedAvg is O(e~2), even with r = n. In contrast, note that the iteration complexity of
FedLOMO improves to O(e~1®) with 7 = n (and no compression) as per Theorem

In the convergence result of Theorem ] we see that « only shows up in the non-dominant term. So unlike FedGLOMO,
Assumption ] holding with a < n does not improve the order-wise convergence rate/complexity of FedAvg.

Proof. Using Lemma for n, LE < %, we can bound the per-round progress as:

K

Elf(wen)] < Elf(wn)] - LBV o]+ LB (G0 + S (15 Bl v sw)|])
i€[n]

2
neLE (e LE SaE 1 (n—n)E
1 I L e
T3 ( ( + 9 ) + 3r(n—1)

)02. (115)
Now applying our earlier trick of using the L-smoothness and non-negativity of the f;’s, we get:

Z IV fi (wy)]|? < Z 2L(fi(wg) — f¥) < 2nLf(wg) — 2L Z 15 <2nLf(wy).

i€[n) [n] i€[n]

Putting this in eq. (TT3), we get for a constant learning rate of 7, = :

Blf(wnn)] < (1+ LB (g + ) JELf (o] = "B () ]
n’LE nLE SaE 1 (n=—mEN o
2 ( (1+ 9 >+7 3r(n—1)>g - {16)

For ease of notation, define ¢ := n2L2E? (G%ZQ) + 8%775]5) and (o := (# (1 + %) +14 é:f(::;)f) ) . Then, unfolding

the recursion of eq. (T16) from & = 0 through to k = K — 1, we get:

2

K-1 K-1
E[f(wk)] < (1+¢)% f(wo) — % >+ OE PRV (wi)|2) + 2 Lo Do+ QEP A
k=0 k=0



A+ m
TSRO

Let us define py, : . Then, re-arranging eq. (117)) and using the fact that E[f (wg)] > 0, we get:

K-1

2 2(1 + Q)" f(wo) 2
l;)kaE[lwf(wk)ll I < JESE T4 O +1LG0 (118)
B 2¢ f(wo) nL 8aFE 1 (n—r)
C nE(l— (14 ¢)7K) +nLE< (1+T)+@+3r(n—1)>02’ (119)

where the last step follows by using the fact that fo,;é(l +<)
did in the proof of Theorem 3}

K= % and plugging in the value of (5. Now as we

K(K +1)
2

1+ K <1-¢K+2 <1—CK+CK? = 1-(14¢0 K >¢KQ1—-(K).

Plugging this in eq. (TT9), we have for (K < 1:

=

-1

2f(wo) nL SaE 1 (n—r)
pkE[||vf(wk)H2] < m + ULE( (1 + T) + B + m)az. (120)

~
Il

0

In this case, note that the optimal step size will be n = O( 3 Ei/ﬁ)’ even for = n. This is in contrast to FedLOMO for

which the optimal step size is 7 = O( forr =n.

1
TEKT7S)
So let us pick n = L 7/ 7c- Note that we need to have nLE' < < ; this happens for K > 4r. Further, let us ensure (K < 35

this happens for K > 64” (2)2. Thus, we should have K > max (64; ()2 4r) Putting n = 75 /% in eq. || and
also using 1 — (K > 4 5, We get:

K-1
4L f(wo) o? /1 (n—r) 8a%r ra o /r
E 21 < — — — | — ). 121
kz:%p’“ IV #(wi)l} < ===+ ./77=K(E+3(n—1)) oK )+ 52 () (121)
This finishes the proof. u
Lemma 13. For nyLE < L we have:
nkE of (n—r) 8ani, LE
< _ Ik
Bl (i) < BLf(w0)] - BBV )]+ L2 (s + S ) (- Z]E 19 fi(wn)|I)
2
nLE (i LE SaFE 1 (n—r)EN o
1 -4 — .
+ 2 ( n ( + 9 )_|_7“_|_Z’>7"(71—1))(7
Proof. Define
. ~ 1 i
Gy = Viw B G = Y = Y Vfi(w))),

lE [n] 1€[n]

_ 1 ; __
Wy, 1= - Z w,(C and e( ) = sz(wk T) V fi (W, ).

Then:
Wit1 = wg — 1 Z ( > a). (122)
1€Sk
Whr = Wk = Mk ) Uk (123)

E 5 yn , [th,r] = i (124)



7'—1/\ 2 7—1 ) 7_02
E[| > ]| ] < 7 Ellal®) + T (125)
t=0 t=0
T—1 2 T7—1 )
E[| Y al| ] < v Y ElVAiCw)IA) + o (126)
t=0 t=0

Recall that o2 is the maximum variance of the local (client-level) stochastic gradients. In eq. ( , the expectation is w.I.t.
{Bz(;t}? 1 tl o and it follows due to the independence of the noise in each local update of each cllent Similarly, eq. ,

the expectation is w.r.t. {B t} ! and it follows due to the independence of the noise in each local update.

Next, using the L-smoothness of f and eq. (122)), we get

Elf (wi1)] < E[f(wy)] — E[(Vf(wi), me Z ( Sal )]+ ;‘E[an%:l (% 3 agl) ‘2] (127)
€Sk =0 1E€ESK
= E[f(wi)] — E(V f(wy), Ez_:l??kﬁmﬂ + 771%{ E[ Z Up,r|?] ( Z E[| Z
=0 i€ln
" (128)
= MELE (n(r—1) /2= o?
< Bl (wn)] = mE(( (), 3 wir)] + By ={ T (3 Bl P+ ) (129)
=0 =0
’j[fl > S BV )] % +0%) )

i€[n] 7=0

Note that eq. (128) follows by taking expectation w.r.t. Sy, in eq. (127), while eq. (I29) follows from eq. (124), eq. (123) and

eq. (126).

For any 2 vectors a and b, we have that (a, b) = 1(||a||® + ||b]|> — |la@ — b||?). Using this:

E-1 E-1 E—-
(V7 (w0), 3 i) = S0 (VS (wg),w ) = 5 S0 (17 )|+ kel = 195 (0) — ). (130)
T7=0 7=0 =0
Putting this in eq. (129), we get:
E n £
Elf (wrs1)] < ELf (wi)] — =BV f(wp)] ]f—(lfnkLEr( )Z [y
N o RLE 5 (n wn%El S
iy DBV wr) — w4+ 0% (722 IV £:wi)IP) . (31
7=0 i€[n] 7=0

(A) (B)

We upper bound (A) and (B) using Lemma[I4]and Lemma T3] respectively. Plugging in these bounds, we get:

77kE B n(r—1) 27272 =
Bl ()] < BIS ()] = FEIVS (won)|] = 5 (1= mL B3 = R 12B2) 3 Bl |
=0
©
PLE? (n—r) ani LEN /1 5 n:LE /n,LE 8aF 1 (n=r)EN\ o
kLE (6 (n—1) - 91:1 )(ﬁ g{%E[”vﬁ(wk) ]) + k2 ( kn (1+ 9 )+? + 3r(n — 1))" ’

A1)y



for np LE < 5. Note that (C) > 0 for ny LE < < . Thus, for ny LE < < =, we have:

- 8ani LEN /1
Blf(wen)] < Elf(wn] - BBV w0+ LB (s + ) (5 3 BV AGw|])
1€ [n]
n:LE (niLE 8aF 1 (n—r)EN ,
2 ( n (1 9 ) F (n—1))"’ (133)
n
Lemma 14. Forn,LE < %:
oy s 16072 L2 E® 2L2E® /. 8aE
>~ ElIVF(we) —unr | < EL2E? Y Ellfue ) + = " BV fi(wn)|) + = (14 =5 ) o,
=0 =0 i€[n]
Proof. We have:
E[|V f(wr) — wr|*] = E[|V f(wy) = V(@) + Vf (@) — -] (134)
< 2E[|Vf(wk) = V(@ 7)|°] + 2E [V f (@ 7) — v |’] (135)
1 NN
< 2L°E |y — @i, 2] + 2E[ || D (Vhilwir) - Vhitw () | ] (136)
i€[n] __E( D
7—1
<o k]| Y an ]+ 22 3 Bl (137)
t=0 i€ [n]
2 = 2 7'(')'2 20¢L (4) _ 2
<22 L2 (7 3 Elljun? + T ) + S Y Bl — @l [f (138)
t=0 i€[n]

Equation (T36) follows from the L-smoothness of f and the definition of uy, ;. Equation (T37) follows from eq. (T23) and
Assumption 4} Equation (I38) follows from eq. (I123) and the L-smoothness of f;.

But:
) ) T—1
> Elllwy, @2 = > Bl (wily — e Y @) — @ —nkzukt I (139)
1€[n] i€[n] t=0
=i Yy E IIZum—ZuktH (140)
i€[n]
T—1 ]
<npr 303 B[, — ag) ) (141)
i€[n] t=0
T—1 ]
=ity Y El|a 2(ty, )] (142)
t=0 i€[n]

Equation 1| follows because w,(:}) = wy Vi € [n], due to which Wyo = wy. Next, using the fact that uy, , =



% Zze[n] ugcz)T we can simplify eq. 1} to:
7—1
ST Ellwl — w2 <ngr Y S @12 - Bl %) (143)
i€[n] t=0 i€[n]
< nkTZ ST E[a) | (144)
t= Oze[n
< wZ ST EIIVAi(w D] + o). (145)
t=0 i€[n]

Next, using Lemmafor LB < % in eq. (145), we get:

i . 4 2,2
> Ellwy), — i < =5 3 (QE(IVfiwe) ] + o). (146)

i€[n] i€[n]
Plugging eq. (I46) back in eq. (I38), we get:

02) 8a7;,%L27'2

B[V f (i) = unr 2] < 202L%( ZEHUMH 7

> QE[IV fi(wi) |’ + 0?) (147)

i€[n]

i, 16an? L272 2[270? 8«
= P27 Y EluealP) + =gy Y B[V (w7 + BT (24 7). (48)
= i€[n]

Summing up eq. (148) for 7 € {0,...,E — 1}, we get:

E-1 E-1

16 L E3 2L?E? 8aFE
>~ ElIVF(we) = unr | < iRL2E? Y Ellfue ) + =g — ZEHW 2+ B (14 =5 ) o™,
7=0 7=0
(149)
|
Lemma 15. For nyLE < %, we have:
T—1
S ENVA(w )] < S BE[Vfi(wi)]*] +02).
t=0
Proof.
E[|V fi(wi)I?] = E[IV fi(wiy) = Vfi(wi) + Vfi(w)|]
< 2E[|[V fi (wy) |2) + 2E[|V fi (w(’}) = V fi (wy) ]
< 2|V fi(wn)|?] + 2L7E[ ]} — w2 (150)
But:
2
|, — wi}|] [anzm wil): B, }<w2 IV Fi(w BO)IE] < n? 2 S ROV AfI7 +
t’'=0 t'=0 t'=0
(151

Putting this back in eq. (I50), we get:

E[|V fi(wy) 2] < 2E[|[V fi(wi)|[?] + 20 thz 11V f:(wi )2 + 0?). (152)

a?).



Now summing up eq. (152)) forall ¢t € {0,...,7 — 1}, we get:

T—1
STENVAw)I] < 20 BV fi(wi) 7)) + 2072 L?ZTZ 11V £:(wi )12 + o)
t=0 =0
7—1
< 20 (B[ V fi(wi)|?) + n2 L2723 (B[ fi(w) %] + 0?). (153)
t=0
Let us set n LE < 1/2. Then:
T—1 @) 17'_1 0.2
S ENIVA(wi )] < 2BV £iwi) 1P) + 7 S EIV A )P +
t=0 t=0
Simplifying, we get:
T7—1
S BV < ZEEIV fiwi)]?) + 02). (154)
t=0
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