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1 PROOF OF THEOREM 4

Before proving Theorem 4, we need to bound two important
terms shown in Lemmal[ll

Lemma 1. Let f : R? — R be a convex function and
0* = argminy f(0). In iteration t, g, is the estimated
gradient. Suppose |[E[g; ]l < G, ||E[g; ||l2 < G, and
|16 — 6*||]2 < R. If there exists a constant ¢ > 1 s.t.
LVF@)]* < Blgi] < c[VF@)]* and c[VF(6)]

Elg; | < 1[Vf(0,)]™, then we have
SIEIE < (7500, Blad) +2(c — D)6 ()
(VF(6),00 — 07) < c{Elgi], 0, — 6) +2(c — 1)GR.
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1.1 PROOF OF LEMMA(]]
Proof. (Lemmal[) Since we have the constant bound that
1
VO <Elg/] < c[VF0)]" (3)
(V)] )

and because of gZ’ > 0and g; < 0 we can obtain

Il B = - (Elo ] BlgtD) < (IV/(60]*, Elgi )
< c(Elg?1,Elgi]) = clIElgt 1.
IIElGF 11 = - (Elor], Elor ] < (I (6] Elgr )
< c(Elgr 1, Elgr 1) = cl[Elgi 11

For cross terms, we have:

([VF(0]" Elg, ])
([Vf(0:)],Elg/])

VAW,
q

=

=N

=

&’

Notice that:
1 2
- [E[g¢]|I2
=~ |[El?] + Elgi 11
%(H]E[gﬂlli +||E[g; I3 + 2(Elg; ], Elg; 1))

Then we can further derive:

IR

<10, Elgi ) + (97601 o+
VO Bl ) + 5 (V6] Elgi )
(V1O Bl + (V7O Elgr])+

(I F(@)T Elg )y + (V6] Elgi ]+

(-3 = D (VFOIFElgr ) + (V6] Elgi )
=(V£(6), Elad)) + (5 ~ DIVA@], Elgi )

+ (g~ DAVF@ Elg )

(VS0 Elod) + (& — o) Elgi ], Elor ]

+ (2 o) (Elgr 1, Eloi]).

According to Cauchy-Schwarz Inequality, there is
[(Elg 1 Elg; )| < |[Elg |2l [Elgi Jll2 < G. Combin-
ing the proof above, we can get Equation [T}

To prove Equation [2] first notice:

1

(Bl [0~ 0°7) < (VO] [0~ 0°TF)
< (Elgi, 16, — 6°]"),

“(Elgr ] [0 - 0°17) < (V@] [0~ 67])
< c(Blg; ), 10, - 0°]7),

C(Elg ), [0 — 0717) < (T FO0))*, 60 — 6]
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< 2 {Elgi )10, - 0],
C(Elgr | 10— 0°17) < (V0] 00— 0°])
< Z{Elgr )0 - 0°T*),

where [0; — 6*]t = max{0; — 0*,0} and [0, — 0*]" =
min{6; — 6*,0}.
Then we have:

(V10,00 0")

(V@] + VO] 6~ 6T + 6~ 7))
(VA" 16— 6°1) + (VSO [B. — 0] )+
(V007 00 6°T7) + [V £(@0] 60— 671
<elBlg1 0, 0°) + fElg - 1)+
(Bl [0, — 0°7) + ~ (Bl 00— 07])
=c(Elg?], 10— 0°%) + e(Blgr ) [6. — 0°) )+
C(Elgr 1,10~ 6°%) + e(Elgi ] [0, — 0°] )+
(=~ O)((Blgr ) [0~ 6°1%) + (Elgi ], [0 — 6°17)
=c(Elg], [0~ "]+

Elg;],[6: — 6]7))

In addition, (E[g; |, [0; — 6*]) and (E[g,"], [0; — 6*]7)
could be bounded by Cauchy-Schwarz Inequality:

[(Elg;'], [6: — 60°]7) < |[E[gi" ]2]16: — 677 |2
= ||E[g; ]I|2|| min{6; — 6%, 0}||2
< ||E[g]l|2]10 — 6*]2
<GR

(Elr ], 10— 0°1%)] < IElg7 Jalll6 — 6°1* 1
= [|[Elg; ||2]| max{6; — 6%, 0}|2
< ||Elg; ]l|2||0: — 07 ]|2
<GR

Therefore Equation [2]can be proved, and this completes the
proof. O

LemmalT] gives the new bounds of two terms assuming the
constant bound on the gradient, which are essential to the
proof of convergence rate. Based on Lemmal[I] we can prove
Theorem 4, which bounds the error of Stochastic Gradient
Descent (SGD) on a convex optimization problem when the
estimated gradient g; in the ¢-th step resides in a constant
bound of V f(6;).

Proof. (Theorem 4) By L-smooth of f, for the ¢-th iteration,

f(Ors1) < f(01) +(Vf(0r),00401 — 0) + §||9t+1 — 0413,

2
= 0 ~n(V (0,00 + gl

Because of the constant bound on gradient and ||E[g;]||3 =

E[||g:|13] — Var(g:), by taking expectation on both sides
w.r.t g; we get from Lemma [T] that

16,) - Elg]) + 2K o/}

1 Ln?
o (SIE1IE - 2c - 6 ) + Bl

Ef(0r41)] < n{V.f(0),

< £(0,) —

= 1160~ (Bl - Var<gt>)—2<c—i>e2)+

L g
< 10 - %Emgtua o e Dy
< J(0) = TEllgel13) + Lo? + 2n(c - i)G2

where the last inequality follows as Lnc < 2 — ¢2. Because
f is convex, still from Lemmawe get

E[f(0:11)]
< F(O7) +(Vf(0:),0: — 07) —
Ui

1
“o? +2n(c—-)G?,
c c

77
< Elllgel[3]+

< f(0") +

1
D52 4 2(c — —)G?,
c c

(E[ge], 00 — 07) +2(c — *)GR TR g4l 31+
_ * * n 21, 1 2
= f(07) + cE{ge, 0: — 07) = S llgell2] + P
2(c— 1)GR—F277(C— 1)Gg.
c c
Denote A = 202 +2(c — L)GR + 2n(c — 1)G?. We now

repeat the calculatlons by completing the square for the
middle two terms to get

E[f(0i11)]
* c *
< f(07) + %E[Zn@t,ﬁt = 07) = n?||gel 3] + A
* c * *
< f(07) + %E[II& — %13 = 116 — 6" — nge|[3] + A,
* c * *
= f(0%) + %E[(Wt — 0|3 = 1161 — 0*[13)] + A
Summing the above equations fort = 0,...,7T — 1, we get
T-1
> Elf(Bea) — £(67)]
t:O
<5 (H9o —0*(13 — E[ll6r — 6*[13]) + TA
< C||90 — 63 L TA.
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Finally, by Jensen’s inequality, ¢ f (67) < 23:1 f(6y),

T-1

> E[f(6i41) - f

t=0 t=1

Combining the above equations we get

o Clllo =015 m ,
)+ 50T + oot

1 1
2(c — E>GR + 2n(c — E)GQ.

E[f(0r)] <f(6

This completes the proof. O

2 PROOF OF THEOREM 3

To prove Theorem 3, we first introduce a Lemma as follows:

Lemma 2. [f the total variation maxg Varp(f(7)) < 03,
then L(0) is 03-smooth w.r.t. 0.

Proof. Since L(0) =
smoothness requires that

+ 3 cplog P(710,T), o3-

IVL(61) — VL(62)||2 < 0361 — 0|2

where L is a constant. Because of the mean value theorem,
there exists a point 6 € (61, 62) such that

VL(6) — VL(6;) = V(VL()) (0, — 65).

Taking the L, norm for both sides, we have

IVL(01) = VL(62)l[2 =I|V(VL©))(¢1 — 6]l
<|[V(VLO))||2 1161 — O2ll2 (5)
Then, the problem is to bound the matrix 2-norm

IV (VL(H))||2. Since we know the explicit form of L(6),
we know

VIOg Z@,

nnZ%f
V(VL(6))

== lf(n)-

TET

Vlog Zy)[f () — Vlog Zg]" P(7]0,T),

(6)

where V(VL(#)) is the co-variance matrix. Denote
Covy[f(7)] = =V(VL(6)), which is both symmetric and
positive semi-definite. We have

IV(VL(8))ll2 = [ICovs[f (T]ll2 = Amas,

where A4, 1S the maximum eigenvalue of the matrix
Covy[f (7)]. Then, because of the positive semi-definiteness
of the co-variance matrix, all the eigenvalues are non-
negative, and we can bound A, as

Amaz < Z Ai = TT(COVQ [f(T)]),

where T'r(Covg[é(X)]) is the trace of matrix Covg[f(7)].
Using the definition in Equation[6] 7r(Covg|f(7)]) can be
further derived as:

Tr(Cove[f(7)]) = Ep(llf ()I13] = [ER[f(7)]]]3,

which is equal to the total variation Varp(f(7)). Therefore,
we have

IV(VLO)|]2 < Varp(f(1)) < o3.
Combining this with Equation 5] we know
IVL(61) = VL(82)[[2 < o3 || — ba]|2

This completes the proof.

We give the full proof of Theorem 3 as follows:

Proof. (Theorem 3) Since we use M; samples from the
training set {7;})7% and M, samples 7}, ... ;Thg, from
P(7|T, 0) using XOR-Sampling at each iteration, we have

i 2 f

TGDMl

Mo

_72]0

Denote g, = 3~ Z;‘Ql f(7;) — f(7}), we have the expec-

tation of gj, as

Ep.plgk] = Ep. plgi].
In each iteration & we can adjust the parameters in XOR-
Sampling to give the constant factor approximation of both

the denominator and the nominator, then for each gi we can
obtain from Theorem 2 that

SIVLO]* < Ep,plgif] <

S[VL(6r)]™

S[VL(O:)*, (D)

<L

<Epplgy | < <[VLOL)] . ()

(o2

where we denote
g;;"' :max{g,i,()}, g;;_ = min{g};,O}7
[VL(03)]" = Ep[En[f(1)] — f(7')]"]
[VL(Ok)]” = Ep[[Ep[f(r)] — f(T)]"].



. M _ M
Notice that gk = ]\/1[2 Yoica gk and g, = J%b doica g,C .
Combined with Equation [7]and 8] we know,

LIVLO)* <Blgf) < VL0,
SIVL6)]™ < Elg] < S[VE@]

As required in Theorem 3, ||E[g;"]||2 and ||E[g;, ]||2 can be
bounded by

Elgy ] = Ep[[Ep[f(7)] — f(=")]7]
< OEp([Ep[f(r)] - f(r)]*
< OEp[[Ep[f(T)]]* + [-f(r)]7]
= {[Ep[f(D)]I" —Ep[[f(7)]"]}
Elgy ] = Ep[[Ep[f(7)] = f(7)]7]
> 6Ep([Ep[f ()] — f()]7]
> SEp[[Ep[f(7)]]” +[-f(7)]"]
= §{[Ep[f(N)]]” = Ep[[f(7)]*]}.
Therefore, we have |[E[g;]||3 < 6*G + E)? and
IE[g; )15 < 0*(G + E)*.
In terms of variance, because Ep plgr] = Ep plgi],

the variance of gy, denoted as Varp p(gx), can then be
bounded as

VCLTD’p(gk)
1 & 1 &
E;f(ﬂ‘) +Varp (M;Jc(ﬂ)>

:iVarD(f(Tj)) + MLQVG/TP(]"(TZ‘I))

=Varp

M,
Lo o
My M,

The last inequality is because Varp(f(1)) < o and
maxg Varp(f(7})) < 03.

Since L(#) is convex and o3 —smooth from Lemma ac-
cording to Theorem 4, when the learning rate 7 is bounded
by:

< 2 — 42
NS 55

we can then apply Theorem 4 to get the result in Theorem
3:

€))

E[L(0x)] — OPT
< 6||00 — 0*]13 | not N no3 N
277K (SMl 6M2

2(0% = 1)(G + E)R + 2n(8* - §)(G + E)2.

This completes the proof. O

3 PROOF OF THEOREM 5

Proof. (Theorem 5) Since we use flow constraints
to ensure valid trajectories, the number of bi-
nary variables in XOR-Sampling in O(|S||A]).
From Theorem 2 we know that in each iteration
of X-MEN, we need to access O(—|S||Allog(l —
1/v/6)log(—|S||Al/vlog(1 — 1/4/3))) queries of NP
oracles in order to generate one sample. However, as
specified also in Ermon et al [2013b], only the first
sample needs those many queries. Once we have the
first sample, the number of XOR constraints to add can
be known in generating future samples for this SGD
iteration. Therefore, we fix the number of XOR constraints
added starting the generation of the second sample. As a
result, we only need one NP oracle query in generating
each of the following (My; — 1) samples. Therefore,
total queries in each iteration will be O(—|S||A| log(1 —
1/v/6)log(—|S||Al/vlog(1 — 1/3/8))+My). To complete
all K SGD iterations, X-MEN needs O(—K|S||.A|log(1 —
1/v/9)log(—|S||.A|/vlog(1 — 1/4/6)) + K My) NP oracle
queries in total. O
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