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1 NOTATIONS AND BASIC RESULTS

Let S be the subset of clients sampled in the ¢—th round. Let £(*) denotes the randomness due to the stochastic sampling
at round ¢.

Normalized Stochastic Gradient: Agt) Z Vfi(w (f k) 3 (t, k))
T =0
Normalized Gradient: h(t Z Vfi(w
(H
1
: s (8 h®
Average Normalized Gradient: h(") = N Z:

Server Updates: w1 = w(t) — 775 Z AW, where 7, = 10T
7€S(t)
Lemma 1 (Young’s inequality). Given two same-dimensional vectors u,v € R?, the Euclidean inner product can be
bounded as follows:
=1, vl
< 02 P
bovis Tt
for every constant v > (.

Lemma 2 (Jensen’s inequality). Given a convex function f and a random variable X, the following holds.

fEX]) <E[f(X)].

Lemma 3 (Sum of squares). For a positive integer K, and a set of vectors X1, . . ., X, the following holds:
K 2 K
2
doxi|| <Kl
k=1 k=1

Lemma 4 (Variance under uniform, without replacement sampling). Let x = ﬁ vazl x;. If X is approximated using a
mini-batch M of size M, sampled uniformly at random, and without replacement, then the following holds.

1 -
-— Xi| =X,
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2 CONVERGENCE PROOF FOR FEDAVG (THEOREM 1)
In this section we prove the convergence of FedAvg, and provide the complexity and communication guarantees. We

organize this section as follows. First, in[2.T] we present some intermediate results, which we use to prove the main theorem.
Next, in[2.2] we present the proof of Theorem 1, which is followed by the proofs of the intermediate results in[2.3]

2.1 INTERMEDIATE LEMMAS

Lemma 5. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumption 2,
then the iterates {w®)}, generated by FedAvg satisfy

B¢ >H —Eew

Esw ¢ [f(w““))]gf( ) ij <t>)H +Eeor V5w ) wM

2
202 1
_— + 2E$(t) 5(1) M Z hz(t) y

where 1), is the server learning rate, and E () £ ['] is expectation over the randomness in the t—th round, conditioned on
(t)
wit),

Lemma 6. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2, 3.
Further, 0., the client learning rate is chosen such that n. < 5+—. Then, the iterates {w t)}t generated by FedAvg satisfy

2 1 XN
< N ;Eg(t)
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Lemma 7. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2, 3.
Then, the iterates {w ")}, generated by FedAvq satisfy

2

TR [ O+ i mmages s e
Esw e M%hi ZE h — v (w®) +(N71)M o2+ 3E ||V f(w'?)

2.2 PROOF OF THEOREM 1

For the sake of completeness, we first state the complete theorem statement.

Theorem. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2,3.
Further, the client learning rate 1., and the server learning rate ns are chosen such that n. < g LT NsNe < 35 4 5117 Then, the

iterates {w")}, generated by FedAvg satisfy

min & [V 1w ) <0 (D) o (LT s -t

te[T) NsNeTT M
Effect of initialization Stochastic Gradient Error
(N — M)
+0 <7757707L( DM oy | +O (nZL27(r = 1)oy),
Client Drift Error

Error due to partial participation

where f* = argmin, f(x).

Proof. Note that for simplicity, we use the notation 7j; = 7);7.7. Substituting the bounds in Lemma [6]and Lemma [7]in ),
we get
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Rearranging the terms, and summing overt =0,...,T — 1, we get
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2.3 PROOFS OF THE INTERMEDIATE LEMMAS

Proof of Lemma[3] Using L-smoothness (Assumption 1) of f, and only considering the randomness in the ¢-th round
{S(t)@(t)},

L 2
Esto g0/ (WD) = f(w0) < Eseo e (V1 (w0), wlHD) —w®) 4 2B o [w) - w0
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Next, we bound the terms 73 and 75 separately.
N
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Ty =-Eew ( VS (w'), N Z h; (from Assumption 3 and uniform sampling of clients)
i=1
1 2 1 i
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Next, we bound 75.
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where, () follows from the following reasoning.
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Substituting the bounds on 77 @) and T> (B) in (3)), we get the result in the lemma. O



Proof of Lemma(6] We borrow some of the proof techniques from [Wang et al., 2020].
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i=1 k=0
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Next, we bound the individual difference ]Egm ’wl(t’k) —w®
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Summing over k = 0,...,7 — 1, we get
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Define D = 2n2L%7(7 — 1). We choose 7. small enough such that D < 1/2. Then, rearranging the terms in

— 2 — 2
1 . (t)H ne(r —1)a®  2n27(r - 1) H e (b) H _
ZEEH [wi" L7 ST |V fi(w) ©)
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Proof of Lemmal7} Also,

Eso o |17 30 (B = VW) + VW) = f(wl) + 7 f(w)

€S ()
2 2
1 2
< 3Esio e |17 0 (b = VAwD)) | +3Ese Z Vii(w®) = Vf(w®) +31EHVf(w<t>)H
ieS®) 7,68(*)
N-M 1
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(sampling without replacement, see Lemma [}
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3 CONVERGENCE RESULT FOR FEDVARP (THEOREM 2)

In this section we prove the convergence result for FedVARP in Theorem 2, and provide the complexity and communication
guarantees.

We organize this section as follows. First, in [3.1] we present some intermediate results, which we use to prove the main
theorem. Next, in[3.2] we present the proof of Theorem 2, which is followed by the proofs of the intermediate results in[3.3]

3.1 INTERMEDIATE LEMMAS

Lemma 8. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumption 2,
then the iterates {w'")}, generated by FedVARP satisfy

" 2 _ 2
Esco ¢ [f(w(t-i-l))} < fw®) - % |:HVf(W(t))H + Eeor ‘h(t)H ~Eew

——
+ s g0 [Hv‘” H ] : 10)

where N, = nsn.T is the effective server learning rate, and E S £(t) ['] is expectation over the randomness in the t—th
round, conditioned on w®,

Lemma 9. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2.
Then, the iterates {w")}, generated by FedVARP satisfy

Esw e

_ o2 o2 AN-M)[1 & 2 2
(t) B h(t) H = 0-7 E ! Hh(t) B ‘ (t) H ~2L2 H (t_l) H
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Lemma 10. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2, 3.
Then, the iterates {w')}; generated by FedVARP satisfy

2
V5 ) |
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Est g0 NZHW R A S e DI
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for any positive scalar 3.

2
‘V fi(w®) — h§t) H from LemmaHin the previous section.

We also use the bound on +; Z;V:1 Eec

3.2 PROOF OF THEOREM 2

For the sake of completeness, first we state the complete theorem statement.
Theorem. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions
2, 3. Further, the client learning rate 1., and the server learning rate ns are chosen such that n. < 10LT NsNe <

73/2 5 . .
min { éV]{TN, 4‘§¥L, = } Then, the iterates {w'")}, generated by FedVARP satisfy

(0)y — £+ Lo?
w® < fwWw) — f NsNe O™ 2 2 272 _ 2
gﬂ%lE”Vf )H 0 <WMT +O + 2L (r = 1)0% ) + O (L7 (7 — 1)0?)

Effect of initialization Stochastic Gradient Error

Client Drift Error

where f* = argmin, f(x).

Corollary 1. Setting n. = \/%T 7 and ns = VTM, FedVARP converges to a stationary point of the global objective f(w)
2 1
min }EHVf(w(t))H < O( )

at a rate given by,
1
°(z)
te{0,...,T—1 MTT T

stochastic gradient error  client drift error

Proof. We define the Lyapunov function as below for some « and ng <6< ”3 . A necessary condition for this to be
satisfied is 7js = nsn.7 < 1/L. The precise choice of «, § will be dlscussed later.

N 7721L 2 1 Y (t+1) 2
R 2| | f(w(ttD) 4 (5 - 2) Hv(t) oY Hij(w(t)) —y! H . 11
j=1
Using Lemma 8]
i R
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1 & 2
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1 & NI
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where for the last line we use that Esmé(t) [Hv(t) HQ} = Es<t),§<t> {Hv(t) —h® HQ} + Egm Hfl(t) HQ} and § < % Next,

2
define C(® 2 L Z;V=1 Eew {Hij (w®) — hgt) H } . Substituting the bounds from Lemma|9|and Lemmain (12) we



get,

R(t+1) < E |:f(w(t))

w®) s A (N—M) oM\ 4 (6  oM)o?
H (+M(N—1)+NC+M+N -

" (4525” <<fjv_ Af; ra(1-20) (14 ;) ) HV<H>H2
(e o (1) ) s e
Choice of o, . Our goal is now to find a suitable § and « such that,
(46?\%2 ((]]VV__AS) to (1 - %) (1 + ;) ﬁ?LQ) <5-— "ZL
<]2\j<gv‘_ﬂf)) ta (1 - J‘;) (1 +5)) <a

We define A = (1 — &) (1 + %) and B = (1 — 4£) (14 3). In case of full client participation, M = N,and A = B = 0.
The resulting condition on « is

2

13)

20 (N - M) M
az ; B < ——.
M1 -B) (N-1) N-M
We set o = W‘EB) %, and our condition on ¢ then reduces to,
n2L/2
d Z 472 L2 s / =272
1— n2L2 (N—M) 2A72L%2 (N—-M)

M (N—-1) M@O-B) (N-1)
We want 7js such that,

472 L% (N — M)  2A472L? (N —M) 1
M (N-1) "M(1-B) (N—-1) —2

A sufficient condition for this is

42021 2472021
<= et N g 14
M Sy M M(I-B) 1 4
For § = 5y B=1- gy and A= (1 - ) (37 — 1) < 57 A sufficient condition for (T4) to be satisfied is
/M M3/2 /M M3/2
s < min{ —, = NsNe <4 ——
=ML SIN sl =\ 4L 8LrN
With (T4) we have § > 72 L. We set § = 27j2 L which gives us a = 8%?§L (g\f_%). Since 6§ < % we also need 775 < ﬁ.
With this choice of «, d, from (T3] we get
46 5  aM)\ o2
ROHD < RO _ %E H ®) H 0L Vo (2 )T
Viw + M +5 N + M + N ) T
1072L o?
<R® - H 37,01 4 —= T 15
+ 7 s)
where we use the condition that 775 < Zg]{ Further, we can bound C(Y) = L ZJ 1 Een {HVf] (w(®)) (t) H ] using

Lemmal6] which gives us

107}, Lo

n 2
RO < RO = 2 (1 asy2L27(r = 1) [V (w) |+ 60m2L2(r = 1) [0 + 4ro?] + —1



Using the condition on 7. that 1, < 101L , and unrolling the recursion we get,

(t—1) )
1072 Lo?
R® < RW w®) H 677, m2 L 2 4 drg?] 4 2T 16
< +t=21 + 6z L2 (r = 1) [0 + drog] + — (16)
Next, we bound RV, Using (12) and 20) we can bound R(!) as follows,
M O‘
R < f(w(© w(©) H s co ¢
<) - by o) co 4 2T
[ 0w <1 “X) y X I
(0)y _ @ (0) 2 2 2 8z Lo
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Substituting the bound on R™) from in (T6), and using t = T we get
=1 /- 2 ~or 9
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Rearranging the terms, we get
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3.3 PROOFS OF THE INTERMEDIATE LEMMAS

Proof of Lemma[8] Using L-smoothness (Assumption 1) of f,

2

POV < Jw0) = (90, w0 ) 1 T [0

Taking expectation only over the randomness in the ¢-th round: due to client sampling (inherent in S()) and due to stochastic
gradients (inherent in £*) £ {fft’k)}7;7k), we get
2
]

el

_ 2L
Esw ¢ {f(W(tH))} < f(w) — i Eg g0 <Vf(W(t))aV(t)> + L]Esm £

a 2L
w Fw®) = i Eeco <Vf( ), h(t)> + LEs(t) £
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where (a) follows since
1
Es(t)’g(t,) |:V(t):| :]E'S(t),é(t) W Z Agt) ]Es(f) S(t) Z y(t) +y(t)
ieS®) 1€S(t)
L ¢ ®)
—— D _y® () i i i
= NZEW) [Ai } vy +y (uniform sampling of clients)
N T—1
_ LSt m LS v ) R
—NZ £(t) ;Z fi(w; 7, 677)
i=1 k=0
—E "],
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Proof of Lemma
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Esw ¢ ‘V(t) —h®
2
— 1 (t) t) _ @ T
—Es(t)7£(t) i Z A; —y2 + Zy —h (Server update direction in FedVARP)
ieS®)
1 1 & i
_ = ® _ 1, ® ® _ 0, L ® _ 1@
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2
() o2 1
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T
where (a) follows from the following reasoning.
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(Assumption 2; independence of stochastic gradients across clients)



1
s Z E£<f)< ~h{" " - h(t)> (since {y'"'} are independent of S®, £®)
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Further, (b) follows since Eg (1) {(Az(-t) - hgt), Aét) - h§t)>} = 0 fori # j. Finally, (c) follows from the following reasoning.
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Next, we bound 77 in (T8).
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Finally, substitutin in , we get the result in the lemma. O
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N
2
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4 CONVERGENCE RESULT FOR CLUSTERFEDVARP (THEOREM 3)

In this section we prove the convergence result for ClusterFedVARP in Theorem 3, and provide the complexity and
communication guarantees.

We organize this section as follows. First, in[4.1) we present some intermediate results, which we use to prove the main
theorem. Next, in[4.2] we present the proof of Theorem 3, which is followed by the proofs of the intermediate results in[4.3]

4.1 INTERMEDIATE LEMMAS

The proof of ClusterFedVARP follows closely the proof of FedVARP. We borrow Lemma [§] from Section 3] and the
next lemma is analogous to Lemma[9]



Algorithm 1 ClusterFedVARP

1: Input: initial model w(?), server learning rate 7,, client learning rate 7, local SGD steps 7, 7, = 757.7, number of

rounds 7', number of clusters K, initial cluster states y,(CO) = 0 for all k£ € [K], cluster identities ¢; € [K] forall i € [NV],
cluster sets C, = {i : ¢; = k} forall k € [K]

2: fort=1,2,...,T do

3: Sample S*) C [N] uniformly without replacement
4: for i ¢ S® do

5: Agt) + LocalsGD(i,w®, 7,n)

6: end for

7: /I At Server:

8 v = Tieso (A - y8) + £ 2y
90 wltt) = w(®) _ iy
10: //State update
11: for k € [K] do

e AW
b S _ Efsi";i;%cgk LIS e £0
yl(f) otherwise

13: end for

14: end for

15: procedure LocarSGD(i, w), 7, 1)

16: Set W,Et’o) =w(®

17: fork=0,1...,7—1do

18: Compute stochastic gradient Vfl(w(t’k) §(t’k))

p g i\W, 58
19: wgt,kJrl) _ WZ(_t,k) B Uchi(WEt’k), fi(t,k))

20: end for
21: Return (w® — w'"™)/n.r
22: end procedure




Lemma 11. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2.
Then, the iterates {w")}, generated by FedVARP satisfy

_ 2 o2 AN-M)[1 & .
Ee ‘ 0 _p®]" <« 2 LR Hho_ H ZLZH (t—1) H
S, |[V <t MN=1) N; ew ||[hy7 = Vfi(w +17
2N -M) 1 (t=1)y _ o)
M= l)N;va (W) = ve

Lemma 12. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2, 3.
Then, the iterates {w'®)}, generated by FedVARP satisfy

Viiw®) - h;

1 N 0_2 1 N
E =5 [V s w®) -yt _ SRR o b
¢80 Nj_lH 1i( H 4 Tr T szzl t

N
1
op | (1 5) 2 T s e S o -

for any positive scalar 3. Note that keeping r = 1 (which implies o3 = 0) we recover our earlier result in Lemma ( upto
multiplicative constants).

We also use the bound on % Zjvzl E&(t)

2
‘V fi(w®) — hlgt) H from LemmaHin the previous section.

4.2 PROOF OF THEOREM 3

For the sake of completeness, first we state the complete theorem statement.

Theorem. Suppose the function f satisfies Assumption 1, and the individual client functions satisfy Assumptions 2,

4. Further, the client learning rate 1., and the server learning rate ns are chosen such that n. < 10%, NsNe <

min {%, 1é‘fL, 4L7'} Then, the iterates {w(t)}t generated by ClusterFedVARP satisfy

min E HVf t))H <O <f(W(O))_f*> +0 (nsUCLU + 2L (r — )02>

te[T] NsNeTT M
Effect of initialization Stochastic Gradient Error
USTICTLU%( (N —M) 272 2
@) O n:L -1
+ ( o wvo1) ) POl — Do)

- Client Drift Error
Error due clustering

where f* = argmin, f(x).

Corollary 2. Setting n. = \/%T - and ns = V1M, ClusterFedVARP converges to a stationary point of the global
objective f(w) at a rate given by,

e BTl s 0 () +o (G am)+ 2 (3)
——

stochastic gradient error partial participation error client drift error

N—r
Proof. The proof is analogous to the proof of Theorem 2 in Section with 1 — % replaced by p = ( (i‘é )) . We use the same
M
Lyapunov function defined in (TT)), with ’ﬁTL <6< % Using Lemma we get

~ 2 =
R < ) 2 s+ 0 s

‘V@ _ g0l




‘ij(w t) (t+1)H @21

1 N
+O[N E 1Es(t),£(t)
j=

where A® £ L Z;\le Eec [Hij (w®) — h;t)
get,

2
} . Substituting the bounds from Lemma and Lemma in 1) we

2 5 _ 2 2
R <R [f(w(t)) - (w(t))H + (m L oW - M) +4a(1 —p)) A® 4 % +4a(1 - p) (i - a%)]

2 "M (N-1)

ASFRI2 (N — M 1 2
+ < n.L” ( ) ¢ ap <1 n ﬂ) ﬁiL“') E HV(H)H

M (N-1)
20 (N - M) (t—1) (t) 2
<M(]V1)+ap 1+ﬂ> ZEHVfJ ycj (22)
Choice of o, . Our goal is now to find a suitable § and « such that,
451]2L2 (N - M) 1\ 5 5 n2L
14+ = |)nl?) <6— =2
( M (N_1 (\itg)nt) s 9
26 (N - M)
-~ 1
(M -1 + ap( +,6)>
We define A = p (1 + %) and B = p(1 + ). The resulting condition on « is
20 N-—-M
(67 2 ( )a 6 S 1 - ]-
M(1-B) (N-1) P
We set a = m (( N 1)) , and our condition on ¢ then reduces to,
)
s L/2
6= 1 _ 42L2 (N-M) 2A72L% (N—M)
T~ M (N-1)  M@O-B) (N-1)
We want 7} such that,
472L% (N — M) n 2A172L2 (N — M) < 1
M (N-1) M(1-B) (N—-1) — 2
A sufficient condition for this is
472L?  1 2AR2L? 1
Ns= 2 Is™ 2 (23)
M 4 M1-B) 4

For 8 = ﬁ — 2, B=12+41and A < ;£ . Hence, a sufficient condition for (23) to be satisfied is
vVM(1 - vVM(1 -
7;}5 S M = nST’C S M
8L 8Lt

With (23)) we have § > 712 L. We set § = 2772 L which gives us a = Nfg'f Lp) (gv M) Since § < "S , we also need 75 < ﬁ.

With this choice of «, d, from (22)) we get

46 §o? o?
(t+1) < plt) _ s H ®) H 0 _ t) 4 29~ (9 L2
R <R ]E Vf(w +N+4Oz(1 p) | A +,W + 4a(1 — p) T+0'K
4072L 0% | 322L (N — M) ,

< pw _ s w=M)
SR M T M (N-1) 7%

(24)

w(t))H + 37, A1 +



2
where we use the condition that 77, < 16L Further, we can bound A(*) = ~ Z;\le Ee {Hij(w(t)) — h§t) H ] using

Lemmal[f] which gives us

7s 2 -
R+ < RO _ ) (1 — 4802 L7 (T — 1)) HVf(W(t))H + 6752 L* (1 — 1) [02 + 47'03]

40772L0 3272L (N — M)
+ S
M T M (N-1)

Using the condition on 7. that n. < 5 LT and unrolling the recursion we get,

2
))H +67,n2 L (1 — 1) [0® + 47'03] +

(t-1)
RO < RM 4 ¥ <_
t=1

4.0772LO' 32772L(N M) 52
M T M (N-1) K

(25)
Next, we bound R™"). Using (21)) and (3T) we can bound R(") as follows,
2
RW <f(wl®) — w(® H ( +4a(1 - )) A 1 4a(1 - p) <U - af(>
T
© _ o Ly ON[s
+ B¢ s { v’ —h H } +04PNi_Zl"Vfi(W )H
ﬁs 32172L (N M)
< f(w®) -7 Vf(w(o))H + 4z L (r = 1) [0® + drog] + =7 m . A}
© _ o] 1 v ON[E
+ 0B 50 { v H } +apN;HVf,;(W )H . (26)

Substituting the bound on R(!) from (26) in (23)), and using t = T we get

(T-1)
RT <f(w®)— > (

t=0

4072 L 202L (N — M
H Jr677S ( -1 [02+47'O'§] 07l U 320, L ( )2)

M T M (N-1) K

N

5 8pin?L (N —M) 1 2
2B o |[v© B[] + v 2 [V ]
e f[v M-y W-1 NV

Rearranging the terms, we get

i B0 < £ Sefvrwof
UL 16?\38“7 + 2 ok 20222 - 10?4 90722277 - 1)
+ T 8MsLE¢(0) s [H © _h© H } J\f/?lfﬁji) ((]Xf—]\f))]bé HVf(W(O))HZ]
=0 (f( ;))T f*) +0 <ﬁ]\14::2> +0 <”§f( ((]]VV_Af))> + OM2L* (1 — 1)o” + 2 L7 (1 — 1)07),
which concludes the proof. O

4.3 PROOFS OF THE INTERMEDIATE LEMMAS

Proof of Lemmal[I1] The proof is analogous to proof of Lemma|[TT] The only difference being that in (T9), we do not bound

N-—M
the term 5 O




Proof of LemmalI2}

N N
1
Beosor |7 L[On0 ) -5 = 5 LBeoso [[ene vt [ e
j=1

Let C,(:) = {i:c; =kandi € SW}, ie., the set of sampled clients which belong to the k-th cluster. For a specific cluster
cj € [K]

Esw [Hij(w D) -yl H ]
B 2

Zlec(?) Al(t)
= Eggo |1(1C01 2 0) || Vay(w?) -

et (e =) [vaiw) - v

(Cluster center update in ClusterFedVARP)
- 2

:]Ecgi) H(|Cg)|?£0) Viiw) - ! Z (Al(t) Vi(w®) + V fi(w' ))

Ion
C e

]

ZHW ) — v fy(w®) H

lec(”

oy {610 |75

< B |1(je)] #0) |

-HE

cé“ |

2
# B [1(e01=0) [V ") -5

] (Jensen’s inequality; Young’s inequality)

2
< g [1(|C01#0) | 4% + c“) 3 |V Aaw®) — Al

Cj | lecz‘tl)

2
-HECg? {H (ICS)I = 0) vaj(w(t)) yﬁ?

[

(Assumption [])

Substituting in 27) we get

N
S Eso [vaj(w<t> )| ]
i=1

M=

4TEC,<:) [H(|C](€t)| 7& 0)] Uf( + QECS) ]I( Z val t) A(t)

k=1 | k‘ lEC(t)
N
# 3B [16t) =0)] [0 -y ef? <
=1
S (t) 0]
_ 2 t t) t
,Z 4T(17p)O'K+2EC}(;) H(|Ck | #0) (f)| Z val w( —Al H
k=1 lec(f)
N
> HV £ (w®) yﬁ? , (28)
j=1

N—r
where p = E ) {H(CS) = 0)} _ (%)> is the probability that no client from a particular cluster is sampled in S*) (same
C]' r



for all j since we assumed equal number of devices in each cluster). Note that,

2
Ey 1(c”| # 0) 0 (t) Z H fi(w®) =E,» % Z 1(c”| # 0,1 € ¢y val(w(t)) - Al(t)H
k Ol e &
(29)
2 T
= > | VA = AP 30 S == 1 e )
1ECk PO
N—
= 3 o - ap s e
1€Cy z= 1Z ( )
r N
=3 [vaw®) - Al QZM
leCy, z=1 (M)
(1— Z ”vfl t) (t)H (30)
LeCy,
Substituting the bounds from (28), (30) in 27), we get
L
ﬁZEf(t)’Sm {Hij(Wa) yc,H)H }
j=1
<4(1—-p)oi +2(1 ZE v A(“HQ LS ot w®) oo
< % co |||V Fi(w P [ ey 22 ||V -y (31)
j=1

|

+p (1 - 1) R Ve[ e+ ) 5 s |V i(wt) -
5)" NI

402 4
< (1—p) [40% + —+ 5 Z]Et U\ij(w@)) ~n"
j=1

for any positive constant 3. O
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