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1 NOTATIONS AND BASIC RESULTS

Let S(t) be the subset of clients sampled in the t−th round. Let ξ(t) denotes the randomness due to the stochastic sampling
at round t.

Normalized Stochastic Gradient: ∆(t)
i =

1

τ

τ−1∑
k=0

∇fi(w(t,k)
i , ξ

(t,k)
i )

Normalized Gradient: h(t)
i =

1

τ

τ−1∑
k=0

∇fi(w(t,k)
i )

Average Normalized Gradient: h̄(t) =
1

N

N∑
i=1

h
(t)
i

Server Updates: w(t+1) = w(t) − η̃s
1

M

∑
i∈S(t)

∆
(t)
i , where η̃s = ηsηcτ

(1)

Lemma 1 (Young’s inequality). Given two same-dimensional vectors u,v ∈ Rd, the Euclidean inner product can be
bounded as follows:

⟨x,v⟩ ≤ ∥x∥
2

2γ
+

γ ∥v∥2

2

for every constant γ > 0.

Lemma 2 (Jensen’s inequality). Given a convex function f and a random variable X , the following holds.

f (E[X]) ≤ E [f(X)] .

Lemma 3 (Sum of squares). For a positive integer K, and a set of vectors x1, . . . ,xK , the following holds:∥∥∥∥∥
K∑

k=1

xk

∥∥∥∥∥
2

≤ K

K∑
k=1

∥xk∥2 .

Lemma 4 (Variance under uniform, without replacement sampling). Let x̄ = 1
N

∑N
i=1 xi. If x̄ is approximated using a

mini-batchM of size M , sampled uniformly at random, and without replacement, then the following holds.

E

[
1

M

∑
i∈M

xi

]
= x̄,
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E

∥∥∥∥∥ 1

M

∑
i∈M

xi − x̄

∥∥∥∥∥
2

=
1

M

(N −M)

(N − 1)

1

N

N∑
i=1

∥xi − x̄∥2 .

Proof.

E

∥∥∥∥∥ 1

M

∑
i∈M

xi − x̄

∥∥∥∥∥
2

= E

∥∥∥∥∥ 1

M

N∑
i=1

I(i ∈M) (xi − x̄)

∥∥∥∥∥
2

=
1

M2
E

 N∑
i=1

(I(i ∈M))
2 ∥xi − x̄∥2 +

∑
j∈[N ]

∑
j∈[N ]
i ̸=j

I(i ∈M)I(j ∈M) ⟨xi − x̄,xj − x̄⟩


=

1

M2

N∑
i=1

M

N
∥xi − x̄∥2 + 1

M2

∑
i ̸=j

M

N

(M − 1)

(N − 1)
⟨xi − x̄,xj − x̄⟩

=
1

M2

N∑
i=1

∥xi − x̄∥2
[
M

N
− M

N

(M − 1)

(N − 1)

]
+

1

M2

M

N

(M − 1)

(N − 1)

∥∥∥∥∥
N∑
i=1

(xi − x̄)

∥∥∥∥∥
2

︸ ︷︷ ︸
=0

=
1

M

(N −M)

(N − 1)

1

N

N∑
i=1

∥xi − x̄∥2 .

2 CONVERGENCE PROOF FOR FEDAVG (THEOREM 1)

In this section we prove the convergence of FedAvg, and provide the complexity and communication guarantees. We
organize this section as follows. First, in 2.1 we present some intermediate results, which we use to prove the main theorem.
Next, in 2.2, we present the proof of Theorem 1, which is followed by the proofs of the intermediate results in 2.3.

2.1 INTERMEDIATE LEMMAS

Lemma 5. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumption 2,
then the iterates {w(t)}t generated by FedAvg satisfy

ES(t),ξ(t)

[
f(w(t+1))

]
≤ f(w(t))− η̃s

2

[∥∥∥∇f(w(t))
∥∥∥2 + Eξ(t)

∥∥∥h̄(t)
∥∥∥2 − Eξ(t)

∥∥∥∇f(w(t))− h̄(t)
∥∥∥2]

+
η̃2sL

2

 2σ2

Mτ
+ 2ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

h
(t)
i

∥∥∥∥∥∥
2
 ,

where η̃s is the server learning rate, and ES(t),ξ(t) [·] is expectation over the randomness in the t−th round, conditioned on
w(t).

Lemma 6. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2, 3.
Further, ηc, the client learning rate is chosen such that ηc ≤ 1

2Lτ . Then, the iterates {w(t)}t generated by FedAvg satisfy

Eξ(t)

∥∥∥∇f(w(t))− h̄(t)
∥∥∥2 ≤ 1

N

N∑
i=1

Eξ(t)

∥∥∥∇fi(w(t))− h
(t)
i

∥∥∥2
≤ 2η2cL

2(τ − 1)σ2 + 8η2cL
2τ(τ − 1)

[
σ2
g +

∥∥∥∇f(w(t))
∥∥∥2] .



Lemma 7. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2, 3.
Then, the iterates {w(t)}t generated by FedAvg satisfy

ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

h
(t)
i

∥∥∥∥∥∥
2

≤ 3

N

N∑
i=1

E
∥∥∥h(t)

i −∇fi(w
(t))

∥∥∥2 + 3(N −M)

(N − 1)M
σ2
g + 3E

∥∥∥∇f(w(t))
∥∥∥2 .

2.2 PROOF OF THEOREM 1

For the sake of completeness, we first state the complete theorem statement.

Theorem. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2,3.
Further, the client learning rate ηc, and the server learning rate ηs are chosen such that ηc ≤ 1

8Lτ , ηsηc ≤ 1
24τL . Then, the

iterates {w(t)}t generated by FedAvg satisfy

min
t∈[T ]

E
∥∥∥∇f(w(t))

∥∥∥2 ≤ O(
f(w(0))− f∗

ηsηcτT

)
︸ ︷︷ ︸

Effect of initialization

+O
(
ηsηcLσ

2

M
+ η2cL

2(τ − 1)σ2

)
︸ ︷︷ ︸

Stochastic Gradient Error

+O
(
ηsηcτL

(N −M)

(N − 1)M
σ2
g

)
︸ ︷︷ ︸

Error due to partial participation

+O
(
η2cL

2τ(τ − 1)σ2
g

)︸ ︷︷ ︸
Client Drift Error

,

where f∗ = argminx f(x).

Proof. Note that for simplicity, we use the notation η̃s = ηsηcτ . Substituting the bounds in Lemma 6 and Lemma 7 in (2),
we get

E
[
f(w(t+1))− f(w(t))

]
≤ − η̃s

2

∥∥∥∇f(w(t))
∥∥∥2 − η̃s

2
E
∥∥∥h̄(t)

∥∥∥2
+

η̃s
2

[
2η2cL

2(τ − 1)σ2 + 8η2cL
2τ(τ − 1)

(
σ2
g +

∥∥∥∇f(w(t))
∥∥∥2)]

+
η̃2sL

2

[
2σ2

Mτ
+

6(N −M)

(N − 1)M
σ2
g + 6E

∥∥∥∇f(w(t))
∥∥∥2]

+ 3η̃2sL

[
2η2cL

2(τ − 1)σ2 + 8η2cL
2τ(τ − 1)

(
σ2
g +

∥∥∥∇f(w(t))
∥∥∥2)]

≤ − η̃s
2

(
1− 8η2cL

2τ(τ − 1)− 6η̃sL− 48η̃sLη
2
cL

2τ(τ − 1)
) ∥∥∥∇f(w(t))

∥∥∥2 − η̃s
2
E
∥∥∥h̄(t)

∥∥∥2
+

η̃s
2
(1 + 6η̃sL) 2η

2
cL

2(τ − 1)
[
σ2 + 4τσ2

g

]
+

η̃2sL

2

[
2σ2

Mτ
+

6(N −M)

(N − 1)M
σ2
g

]
≤ − η̃s

4

∥∥∥∇f(w(t))
∥∥∥2 + 2η̃sη

2
cL

2(τ − 1)
[
σ2 + 4τσ2

g

]
+

η̃2sL

2

[
2σ2

Mτ
+

6(N −M)

(N − 1)M
σ2
g

]
. (2)

where (2) follows because

8η2cL
2τ(τ − 1) ≤ 1

8
(∵ ηc ≤ 1

8τL )

6η̃sL ≤
1

4
(∵ ηsηc ≤ 1

24τL )

48η̃sLη
2
cL

2τ(τ − 1) ≤ 6η̃sL ≤
1

4
. (∵ 8η2cL

2τ(τ − 1) ≤ 1
8 )

Rearranging the terms, and summing over t = 0, . . . , T − 1, we get

1

T

T−1∑
t=0

E
∥∥∥∇f(w(t))

∥∥∥2



≤ 4

η̃sT

T−1∑
t=0

E
[
f(w(t))− f(w(t+1))

]
+ 8η2cL

2(τ − 1)
[
σ2 + 4τσ2

g

]
+ 2η̃sL

[
2σ2

Mτ
+

6(N −M)

(N − 1)M
σ2
g

]

≤
4
[
f(w(0))− f(w(T ))

]
ηsηcτT

+
4ηsηcLσ

2

M
+ 8η2cL

2(τ − 1)σ2 + 12ηsηcτL
(N −M)

(N − 1)M
σ2
g + 32η2cL

2τ(τ − 1)σ2
g .

2.3 PROOFS OF THE INTERMEDIATE LEMMAS

Proof of Lemma 5. Using L-smoothness (Assumption 1) of f , and only considering the randomness in the t-th round
{S(t), ξ(t)},

ES(t),ξ(t)f(w
(t+1))− f(w(t)) ≤ ES(t),ξ(t)

〈
∇f(w(t)),w(t+1) −w(t)

〉
+

L

2
ES(t),ξ(t)

∥∥∥w(t+1) −w(t)
∥∥∥2

= −η̃s ES(t),ξ(t)

〈
∇f(w(t)),

1

M

∑
i∈S(t)

∆
(t)
i

〉
︸ ︷︷ ︸

T1

+
η̃2sL

2
ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

∆
(t)
i

∥∥∥∥∥∥
2

︸ ︷︷ ︸
T2

. (3)

Next, we bound the terms T1 and T2 separately.

−T1 = −Eξ(t)

〈
∇f(w(t)),

1

N

N∑
i=1

h
(t)
i

〉
(from Assumption 3 and uniform sampling of clients)

=
1

2

Eξ(t)

∥∥∥∥∥∇f(w(t))− 1

N

N∑
i=1

h
(t)
i

∥∥∥∥∥
2

−
∥∥∥∇f(w(t))

∥∥∥2 − Eξ(t)

∥∥∥∥∥ 1

N

N∑
i=1

h
(t)
i

∥∥∥∥∥
2
 . (4)

Next, we bound T2.

T2 ≤ 2ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

(
∆

(t)
i − h

(t)
i

)∥∥∥∥∥∥
2

+ 2ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

h
(t)
i

∥∥∥∥∥∥
2

(Young’s inequality)

≤ 2

M

1

N

N∑
i=1

Eξ(t)

∥∥∥∆(t)
i − h

(t)
i

∥∥∥2 + 2ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

h
(t)
i

∥∥∥∥∥∥
2

(uniform sampling of clients, E[∆(t)
i ] = h

(t)
i )

≤ 2

M

1

N

N∑
i=1

σ2

τ
+ 2ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

h
(t)
i

∥∥∥∥∥∥
2

, (5)

where, (5) follows from the following reasoning.

Eξ(t)

∥∥∥∆(t)
i − h

(t)
i

∥∥∥2 = Eξ(t)

∥∥∥∥∥1τ
τ−1∑
k=0

(
∇fi(w(t,k)

i , ξ
(t,k)
i )−∇fi(w(t,k)

i )
)∥∥∥∥∥

2

(from (1))

=
1

τ2
Eξ(t)

[
τ−1∑
k=0

∥∥∥∇fi(w(t,k)
i , ξ

(t,k)
i )−∇fi(w(t,k)

i )
∥∥∥2

+
2

τ2

∑
j<k

Eξ(t)

〈
E
[
∇fi(w(t,k)

i , ξ
(t,k)
i )−∇fi(w(t,k)

i )|w(t,j)
i

]
︸ ︷︷ ︸

=0

,∇fi(w(t,j)
i , ξ

(t,j)
i )−∇fi(w(t,j)

i )

〉]

≤ σ2

τ
. (Assumption 3)

Substituting the bounds on T1 (4) and T2 (5) in (3), we get the result in the lemma.



Proof of Lemma 6. We borrow some of the proof techniques from [Wang et al., 2020].

Eξ(t)

∥∥∥∇f(w(t))− h̄(t)
∥∥∥2 ≤ 1

N

N∑
i=1

Eξ(t)

∥∥∥∇fi(w(t))− h
(t)
i

∥∥∥2 (Jensen’s inequality)

=
1

N

N∑
i=1

Eξ(t)

∥∥∥∥∥1τ
τ−1∑
k=0

(
∇fi(w(t))−∇fi(w(t,k)

i )
)∥∥∥∥∥

2

(from (1))

=
L2

N

N∑
i=1

1

τ

τ−1∑
k=0

Eξ(t)

∥∥∥w(t,k)
i −w(t)

∥∥∥2 (6)

Next, we bound the individual difference Eξ(t)

∥∥∥w(t,k)
i −w(t)

∥∥∥2.

Eξ(t)

∥∥∥w(t,k)
i −w(t)

∥∥∥2 = η2cEξ(t)

∥∥∥∥∥∥
k−1∑
j=0

∇fi(w(t,j)
i , ξ

(t,j)
i )

∥∥∥∥∥∥
2

= η2c

Eξ(t)

∥∥∥∥∥∥
k−1∑
j=0

(
∇fi(w(t,j)

i , ξ
(t,j)
i )−∇fi(w(t,j)

i )
)∥∥∥∥∥∥

2

+ Eξ(t)

∥∥∥∥∥∥
k−1∑
j=0

∇fi(w(t,j)
i )

∥∥∥∥∥∥
2


≤ η2c

k−1∑
j=0

Eξ(t)

∥∥∥∇fi(w(t,j)
i , ξ

(t,j)
i )−∇fi(w(t,j)

i )
∥∥∥2 + k

k−1∑
j=0

Eξ(t)

∥∥∥∇fi(w(t,j)
i )

∥∥∥2


≤ η2c

kσ2 + k

k−1∑
j=0

Eξ(t)

∥∥∥∇fi(w(t,j)
i )

∥∥∥2
 . (7)

Summing over k = 0, . . . , τ − 1, we get

1

τ

τ−1∑
k=0

Eξ(t)

∥∥∥w(t,k)
i −w(t)

∥∥∥2 ≤ η2c
1

τ

τ−1∑
k=0

kσ2 + k

k−1∑
j=0

Eξ(t)

∥∥∥∇fi(w(t,j)
i )−∇fi(w(t)) +∇fi(w(t))

∥∥∥2


≤ η2c (τ − 1)σ2 +
η2cL

2

τ

τ−1∑
k=0

k

k−1∑
j=0

[
Eξ(t)

∥∥∥w(t,j)
i −w(t)

∥∥∥2 + ∥∥∥∇fi(w(t))
∥∥∥2]

≤ η2c (τ − 1)σ2 + 2η2cL
2τ(τ − 1)

[
1

τ

τ−1∑
k=0

Eξ(t)

∥∥∥w(t,k)
i −w(t)

∥∥∥2]

+ 2η2cτ(τ − 1)
∥∥∥∇fi(w(t))

∥∥∥2 . (8)

Define D ≜ 2η2cL
2τ(τ − 1). We choose ηc small enough such that D ≤ 1/2. Then, rearranging the terms in

1

τ

τ−1∑
k=0

Eξ(t)

∥∥∥w(t,k)
i −w(t)

∥∥∥2 ≤ η2c (τ − 1)σ2

1−D
+

2η2cτ(τ − 1)

1−D

∥∥∥∇fi(w(t))
∥∥∥2 . (9)

Substituting (9) in (6), we get

Eξ(t)

∥∥∥∇f(w(t))− h̄(t)
∥∥∥2 ≤ η2cL

2(τ − 1)σ2

1−D
+

D

1−D

∥∥∥∇fi(w(t))−∇f(w(t)) +∇f(w(t))
∥∥∥2

≤ 2η2cL
2(τ − 1)σ2 + 4Dσ2

g + 4D
∥∥∥∇f(w(t))

∥∥∥2 . (since D ≤ 1/2)



Proof of Lemma 7. Also,

ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

(
h
(t)
i −∇fi(w

(t)) +∇fi(w(t))
)
−∇f(w(t)) +∇f(w(t))

∥∥∥∥∥∥
2

≤ 3ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

(
h
(t)
i −∇fi(w

(t))
)∥∥∥∥∥∥

2

+ 3ES(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

∇fi(w(t))−∇f(w(t))

∥∥∥∥∥∥
2

+ 3E
∥∥∥∇f(w(t))

∥∥∥2

≤ 3ES(t),ξ(t)

 1

M

∑
i∈S(t)

∥∥∥h(t)
i −∇fi(w

(t))
∥∥∥2

+ 3
N −M

(N − 1)M

1

N

N∑
i=1

E
∥∥∥∇fi(w(t))−∇f(w(t))

∥∥∥2 + 3E
∥∥∥∇f(w(t))

∥∥∥2
(sampling without replacement, see Lemma 4)

≤ 3

N

N∑
i=1

E
∥∥∥h(t)

i −∇fi(w
(t))

∥∥∥2 + 3(N −M)

(N − 1)M
σ2
g + 3E

∥∥∥∇f(w(t))
∥∥∥2 .

3 CONVERGENCE RESULT FOR FEDVARP (THEOREM 2)

In this section we prove the convergence result for FedVARP in Theorem 2, and provide the complexity and communication
guarantees.

We organize this section as follows. First, in 3.1 we present some intermediate results, which we use to prove the main
theorem. Next, in 3.2, we present the proof of Theorem 2, which is followed by the proofs of the intermediate results in 3.3.

3.1 INTERMEDIATE LEMMAS

Lemma 8. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumption 2,
then the iterates {w(t)}t generated by FedVARP satisfy

ES(t),ξ(t)

[
f(w(t+1))

]
≤ f(w(t))− η̃s

2

[∥∥∥∇f(w(t))
∥∥∥2 + Eξ(t)

∥∥∥h̄(t)
∥∥∥2 − Eξ(t)

∥∥∥∇f(w(t))− h̄(t)
∥∥∥2]

+
η̃2sL

2
ES(t),ξ(t)

[∥∥∥v(t)
∥∥∥2] , (10)

where η̃s = ηsηcτ is the effective server learning rate, and ES(t),ξ(t) [·] is expectation over the randomness in the t−th
round, conditioned on w(t).

Lemma 9. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2.
Then, the iterates {w(t)}t generated by FedVARP satisfy

ES(t),ξ(t)

∥∥∥v(t) − h̄(t)
∥∥∥2 ≤ σ2

Mτ
+

4(N −M)

M(N − 1)

[
1

N

N∑
i=1

Eξ(t)

[∥∥∥h(t)
i −∇fi(w

(t))
∥∥∥2]+ η̃2sL

2
∥∥∥v(t−1)

∥∥∥2]

+
2(N −M)

M(N − 1)

1

N

N∑
i=1

∥∥∥∇fi(w(t−1))− y
(t)
i

∥∥∥2 .
Lemma 10. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2, 3.
Then, the iterates {w(t)}t generated by FedVARP satisfy

ES(t),ξ(t)

 1

N

N∑
j=1

∥∥∥∇fj(w(t))− y
(t+1)
j

∥∥∥2
 ≤ M

N

σ2

τ
+

1

N

N∑
j=1

Eξ(t)

∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2




+

(
1− M

N

)(1 + 1

β

)
η̃2sL

2
∥∥∥v(t−1)

∥∥∥2 + (1 + β)
1

N

N∑
j=1

∥∥∥∇fj(w(t−1))− y
(t)
j

∥∥∥2
 ,

for any positive scalar β.

We also use the bound on 1
N

∑N
j=1 Eξ(t)

∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2 from Lemma 6 in the previous section.

3.2 PROOF OF THEOREM 2

For the sake of completeness, first we state the complete theorem statement.

Theorem. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions
2, 3. Further, the client learning rate ηc, and the server learning rate ηs are chosen such that ηc ≤ 1

10Lτ , ηsηc ≤
min

{
M3/2

8LτN , 5M
48τL ,

1
4Lτ

}
. Then, the iterates {w(t)}t generated by FedVARP satisfy

min
t∈[T ]

E
∥∥∥∇f(w(t))

∥∥∥2 ≤ O(
f(w(0))− f∗

ηsηcτT

)
︸ ︷︷ ︸

Effect of initialization

+O
(
ηsηcLσ

2

M
+ η2cL

2(τ − 1)σ2

)
︸ ︷︷ ︸

Stochastic Gradient Error

+O
(
η2cL

2τ(τ − 1)σ2
g

)︸ ︷︷ ︸
Client Drift Error

where f∗ = argminx f(x).

Corollary 1. Setting ηc =
1√
TτL

and ηs =
√
τM , FedVARP converges to a stationary point of the global objective f(w)

at a rate given by,

min
t∈{0,...,T−1}

E
∥∥∥∇f(w(t))

∥∥∥2 ≤ O
(

1√
MτT

)
︸ ︷︷ ︸

stochastic gradient error

+ O
(
1

T

)
︸ ︷︷ ︸

client drift error

.

Proof. We define the Lyapunov function as below for some α and η̃2
sL
2 ≤ δ ≤ η̃s

2 . A necessary condition for this to be
satisfied is η̃s = ηsηcτ ≤ 1/L. The precise choice of α, δ will be discussed later.

R(t+1) ≜ E

f(w(t+1)) +

(
δ − η̃2sL

2

)∥∥∥v(t)
∥∥∥2 + α

1

N

N∑
j=1

∥∥∥∇fj(w(t))− y
(t+1)
j

∥∥∥2
 . (11)

Using Lemma 8,

R(t+1) ≤ E

f(w(t))− η̃s
2

∥∥∥∇f(w(t))
∥∥∥2 + η̃s

2

1

N

N∑
j=1

Eξ(t)

∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2 − η̃s
2
Eξ(t)

∥∥∥h̄(t)
∥∥∥2 + δES(t),ξ(t)

∥∥∥v(t)
∥∥∥2

+α
1

N

N∑
j=1

ES(t),ξ(t)

[∥∥∥∇fj(w(t))− y
(t+1)
j

∥∥∥2]
 (Jensen’s inequality)

≤ E

f(w(t))− η̃s
2

∥∥∥∇f(w(t))
∥∥∥2 + η̃s

2

1

N

N∑
j=1

Eξ(t)

[∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2]+ δES(t),ξ(t)

[∥∥∥v(t) − h̄(t)
∥∥∥2]

+α
1

N

N∑
j=1

ES(t),ξ(t)

[∥∥∥∇fj(w(t))− y
(t+1)
j

∥∥∥2]
 , (12)

where for the last line we use that ES(t),ξ(t)

[∥∥v(t)
∥∥2] = ES(t),ξ(t)

[∥∥v(t) − h̄(t)
∥∥2]+ Eξ(t)

[∥∥h̄(t)
∥∥2] and δ ≤ η̃s

2 . Next,

define C(t) ≜ 1
N

∑N
j=1 Eξ(t)

[∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2]. Substituting the bounds from Lemma 9 and Lemma 10 in (12) we



get,

R(t+1) ≤ E
[
f(w(t))− η̃s

2

∥∥∥∇f(w(t))
∥∥∥2 + (

η̃s
2

+
4δ

M

(N −M)

(N − 1)
+

αM

N

)
C(t) +

(
δ

M
+

αM

N

)
σ2

τ

]
+

(
4δη̃2sL

2

M

(N −M)

(N − 1)
+ α

(
1− M

N

)(
1 +

1

β

)
η̃2sL

2

)
E
∥∥∥v(t−1)

∥∥∥2
+

(
2δ

M

(N −M)

(N − 1)
+ α

(
1− M

N

)
(1 + β)

)
1

N

N∑
j=1

E
∥∥∥∇fj(w(t−1))− y

(t)
j

∥∥∥2 . (13)

Choice of α, δ. Our goal is now to find a suitable δ and α such that,(
4δη̃2sL

2

M

(N −M)

(N − 1)
+ α

(
1− M

N

)(
1 +

1

β

)
η̃2sL

2

)
≤ δ − η̃2sL

2
,(

2δ

M

(N −M)

(N − 1)
+ α

(
1− M

N

)
(1 + β)

)
≤ α

We define A =
(
1− M

N

) (
1 + 1

β

)
and B =

(
1− M

N

)
(1+β). In case of full client participation, M = N , and A = B = 0.

The resulting condition on α is

α ≥ 2δ

M(1−B)

(N −M)

(N − 1)
, β ≤ M

N −M
.

We set α = 2δ
M(1−B)

(N−M)
(N−1) , and our condition on δ then reduces to,

δ ≥ η̃2sL/2

1− 4η̃2
sL

2

M
(N−M)
(N−1) −

2Aη̃2
sL

2

M(1−B)
(N−M)
(N−1)

We want η̃s such that,

4η̃2sL
2

M

(N −M)

(N − 1)
+

2Aη̃2sL
2

M(1−B)

(N −M)

(N − 1)
≤ 1

2

A sufficient condition for this is

4η̃2sL
2

M
≤ 1

4
, and

2Aη̃2sL
2

M(1−B)
≤ 1

4
. (14)

For β = M
2(N−M) , B = 1− M

2N and A =
(
1− M

N

) (
2N
M − 1

)
≤ 2N

M . A sufficient condition for (14) to be satisfied is

η̃s ≤ min

{√
M

4L
,
M3/2

8LN

}
⇒ ηsηc ≤

{√
M

4τL
,
M3/2

8LτN

}

With (14) we have δ ≥ η̃2sL. We set δ = 2η̃2sL which gives us α =
8Nη̃2

sL
M2

(N−M)
(N−1) . Since δ ≤ η̃s

2 , we also need η̃s ≤ 1
4L .

With this choice of α, δ, from (13) we get

R(t+1) ≤ R(t) − η̃s
2
E
∥∥∥∇f(w(t))

∥∥∥2 + (
η̃s
2

+
4δ

M
+

αM

N

)
C(t) +

(
δ

M
+

αM

N

)
σ2

τ

≤ R(t) − η̃s
2

∥∥∥∇f(w(t))
∥∥∥2 + 3η̃sC

(t) +
10η̃2sL

M

σ2

τ
(15)

where we use the condition that η̃s ≤ 5M
48L . Further, we can bound C(t) = 1

N

∑N
j=1 Eξ(t)

[∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2] using

Lemma 6, which gives us

R(t+1) ≤ R(t) − η̃s
2

(
1− 48η2cL

2τ(τ − 1)
) ∥∥∥∇f(w(t))

∥∥∥2 + 6η̃sη
2
cL

2(τ − 1)
[
σ2 + 4τσ2

g

]
+

10η̃sLσ
2

Mτ
.



Using the condition on ηc that ηc ≤ 1
10Lτ , and unrolling the recursion we get,

R(t) ≤ R(1) +

(t−1)∑
t=1

(
− η̃s

4

∥∥∥∇f(w(t))
∥∥∥2 + 6η̃sη

2
cL

2(τ − 1)
[
σ2 + 4τσ2

g

]
+

10η̃2sLσ
2

Mτ

)
. (16)

Next, we bound R(1). Using (12) and (20) we can bound R(1) as follows,

R(1) ≤f(w(0))− η̃s
2

∥∥∥∇f(w(0))
∥∥∥2 + (

η̃s
2

+
αM

N

)
C(0) +

αM

N

σ2

τ

+ δEξ(0),S(0)

[∥∥∥v(0) − h̄(0)
∥∥∥2]+ α

(
1− M

N

)
1

N

N∑
i=1

∥∥∥∇fi(w(0))
∥∥∥2

≤ f(w(0))− η̃s
4

∥∥∥∇f(w(0))
∥∥∥2 + 4η̃sη

2
cL

2(τ − 1)
[
σ2 + 4τσ2

g

]
+

8η̃2sLσ
2

Mτ

+ δEξ(0),S(0)

[∥∥∥v(0) − h̄(0)
∥∥∥2]+ α

(
1− M

N

)
1

N

N∑
i=1

∥∥∥∇fi(w(0))
∥∥∥2 . (17)

Substituting the bound on R(1) from (17) in (16), and using t = T we get

R(T ) ≤f(w(0))−
(t−1)∑
t=0

(
η̃s
4

∥∥∥∇f(w(t))
∥∥∥2 + 6η̃sη

2
cL

2(τ − 1)
[
σ2 + 4τσ2

g

]
+

10η̃2sLσ
2

Mτ

)

+ 2η̃2sLEξ(0),S(0)

[∥∥∥v(0) − h̄(0)
∥∥∥2]+

8Nη̃2sL

M2

(
1− M

N

)
1

N

N∑
i=1

∥∥∥∇f(w(0))
∥∥∥2

Rearranging the terms, we get

min
t∈[0,T−1]

E
∥∥∥∇f(w(t))

∥∥∥2 ≤ 1

T

T−1∑
t=0

E
∥∥∥∇f(w(t))

∥∥∥2
≤ 4(f(w(0))− f∗)

η̃sT
+

40η̃sLσ
2

Mτ
+ 24η2cL

2(τ − 1)σ2 + 96η2cL
2τ(τ − 1)σ2

g

+
1

T

[
8η̃sLEξ(0),S(0)

[∥∥∥v(0) − h̄(0)
∥∥∥2]+

32Nη̃sL

M2

(
1− M

N

)
1

N

N∑
i=1

∥∥∥∇f(w(0))
∥∥∥2]

= O
(
(f(w(0))− f∗)

η̃sT

)
+O

(
η̃sLσ

2

Mτ

)
+O(η2cL2(τ − 1)σ2 + η2cL

2τ(τ − 1)σ2
g)

3.3 PROOFS OF THE INTERMEDIATE LEMMAS

Proof of Lemma 8. Using L-smoothness (Assumption 1) of f ,

f(w(t+1)) ≤ f(w(t))− η̃s

〈
∇f(w(t)),v(t)

〉
+

η̃2sL

2

∥∥∥v(t)
∥∥∥2 .

Taking expectation only over the randomness in the t-th round: due to client sampling (inherent in S(t)) and due to stochastic
gradients (inherent in ξ(t) ≜ {ξ(t,k)i }i,k), we get

ES(t),ξ(t)

[
f(w(t+1))

]
≤ f(w(t))− η̃sES(t),ξ(t)

〈
∇f(w(t)),v(t)

〉
+

η̃2sL

2
ES(t),ξ(t)

∥∥∥v(t)
∥∥∥2

(a)
= f(w(t))− η̃sEξ(t)

〈
∇f(w(t)), h̄(t)

〉
+

η̃2sL

2
ES(t),ξ(t)

∥∥∥v(t)
∥∥∥2



= f(w(t))− η̃s
2

[∥∥∥∇f(w(t))
∥∥∥2 + Eξ(t)

∥∥∥h̄(t)
∥∥∥2 − Eξ(t)

∥∥∥∇f(w(t))− h̄(t)
∥∥∥2]+

η̃2sL

2
ES(t),ξ(t)

∥∥∥v(t)
∥∥∥2 ,

where (a) follows since

ES(t),ξ(t)

[
v(t)

]
= ES(t),ξ(t)

 1

S(t)
∑

i∈S(t)

∆
(t)
i

− ES(t)

 1

S(t)
∑

i∈S(t)

y
(t)
i

+ y(t)

=
1

N

N∑
i=1

Eξ(t)

[
∆

(t)
i

]
− y(t) + y(t) (uniform sampling of clients)

=
1

N

N∑
i=1

Eξ(t)

[
1

τ

τ−1∑
k=0

∇fi(w(t,k)
i , ξ

(t,k)
i )

]
= E

[
h̄(t)

]
.

Proof of Lemma 9.

ES(t),ξ(t)

∥∥∥v(t) − h̄(t)
∥∥∥2

= ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

∆
(t)
i − y

(t)
i +

1

N

N∑
j=1

y
(t)
j − h̄(t)

∥∥∥∥∥∥
2

(Server update direction in FedVARP)

= ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

∆
(t)
i − h

(t)
i + h

(t)
i − y

(t)
i +

1

N

N∑
j=1

y
(t)
j − h̄(t)

∥∥∥∥∥∥
2

(a)
= ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

(
∆

(t)
i − h

(t)
i

)∥∥∥∥∥∥
2

+ ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

h
(t)
i − y

(t)
i +

1

N

N∑
j=1

y
(t)
j − h̄(t)

∥∥∥∥∥∥
2

(b)
=

1

M2
ES(t),ξ(t)

 ∑
i∈S(t)

∥∥∥∆(t)
i − h

(t)
i

∥∥∥2
+ ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

h
(t)
i − y

(t)
i +

1

N

N∑
j=1

y
(t)
j − h̄(t)

∥∥∥∥∥∥
2

(c)

≤ σ2

τM
+ ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

h
(t)
i − y

(t)
i +

1

N

N∑
j=1

y
(t)
j − h̄(t)

∥∥∥∥∥∥
2

︸ ︷︷ ︸
T1

. (18)

where (a) follows from the following reasoning.

ES(t),ξ(t)

〈
1

M

∑
i∈S(t)

(
∆

(t)
i − h

(t)
i

)
,
1

M

∑
i∈S(t)

h
(t)
i − y

(t)
i +

1

N

N∑
j=1

y
(t)
j − h̄(t)

〉

=
1

M2
ES(t)

 ∑
i∈S(t)

Eξ(t)

〈
∆

(t)
i − h

(t)
i ,h

(t)
i − y

(t)
i + y(t) − h̄(t)

〉
+

∑
i∈S(t)

∑
j∈S(t)

i ̸=j

Eξ(t)

〈
∆

(t)
i − h

(t)
i ,h

(t)
j − y

(t)
j + y(t) − h̄(t)

〉
=

1

M2
ES(t)

 ∑
i∈S(t)

Eξ(t)

〈
∆

(t)
i − h

(t)
i ,h

(t)
i − y

(t)
i + y(t) − h̄(t)

〉
(Assumption 2; independence of stochastic gradients across clients)



=
1

M2
ES(t)

 ∑
i∈S(t)

Eξ(t)

〈
∆

(t)
i − h

(t)
i ,h

(t)
i − h̄(t)

〉 (since {y(t)
i } are independent of S(t), ξ(t))

=
1

(τM)2
ES(t)

 ∑
i∈S(t)

Eξ(t)

〈
τ−1∑
k=0

(
∇fi(w(t,k)

i , ξ
(t,k)
i )−∇fi(w(t,k)

i )
)
,

τ−1∑
j=0

∇fi(w(t,j)
i )− 1

N

N∑
ℓ=1

τ−1∑
j=0

∇fℓ(w(t,j)
ℓ )

〉
=

1

(τM)2
ES(t)

 ∑
i∈S(t)

Eξ(t)

[
τ−1∑
k=0

〈
∇fi(w(t,k)

i , ξ
(t,k)
i )−∇fi(w(t,k)

i ),∇fi(w(t,k)
i )− 1

N

N∑
ℓ=1

∇fℓ(w(t,k)
ℓ )

〉]
+

1

(τM)2
ES(t)

 ∑
i∈S(t)

Eξ(t)

τ−1∑
k=0

∑
j ̸=k

〈
∇fi(w(t,k)

i , ξ
(t,k)
i )−∇fi(w(t,k)

i ),∇fi(w(t,j)
i )− 1

N

N∑
ℓ=1

∇fℓ(w(t,j)
ℓ )

〉
=

1

(τM)2
ES(t)

 ∑
i∈S(t)

Eξ(t)

[
τ−1∑
k=0

〈
E
[
∇fi(w(t,k)

i , ξ
(t,k)
i )−∇fi(w(t,k)

i )|w(t,k)
i

]
,∇fi(w(t,k)

i )− 1

N

N∑
ℓ=1

∇fℓ(w(t,k)
ℓ )

〉]
+

2

(τM)2
ES(t)

 ∑
i∈S(t)

Eξ(t)

∑
j<k

〈
E
[
∇fi(w(t,k)

i , ξ
(t,k)
i )−∇fi(w(t,k)

i )|w(t,j)
i

]
,∇fi(w(t,j)

i )− 1

N

N∑
ℓ=1

∇fℓ(w(t,j)
ℓ )

〉
= 0.

Further, (b) follows since Eξ(t)

[
⟨∆(t)

i − h
(t)
i ,∆

(t)
j − h

(t)
j ⟩

]
= 0 for i ̸= j. Finally, (c) follows from the following reasoning.

E
∥∥∥∆(t)

i − h
(t)
i

∥∥∥2 =
1

τ2
E

∥∥∥∥∥
τ−1∑
k=0

(
∇fi(w(t,k)

i , ξ
(t,k)
i )−∇fi(w(t,k)

i )
)∥∥∥∥∥

2

=
1

τ2
E

[
τ−1∑
k=0

∥∥∥∇fi(w(t,k)
i , ξ

(t,k)
i )−∇fi(w(t,k)

i )
∥∥∥2

+ 2
∑
j<k

〈
E
[
∇fi(w(t,k)

i , ξ
(t,k)
i )−∇fi(w(t,k)

i )|w(t,j)
i

]
,∇fi(w(t,j)

i , ξ
(t,j)
i )−∇fi(w(t,j)

i )
〉]

≤ σ2

τ
. (Assumption 2)

Next, we bound T1 in (18).

ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
j∈S(t)

(
h
(t)
i − y

(t)
i + y(t) − h̄(t)

)∥∥∥∥∥∥
2

= ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

(
h
(t)
i −∇fi(w

(t−1))− (h̄(t) −∇f(w(t−1))) +
(
∇fi(w(t−1))− y

(t)
i + y(t) −∇f(w(t−1))

))∥∥∥∥∥∥
2

≤ 2ES(t),ξ(t)

∥∥∥∥∥∥ 1

M

∑
i∈S(t)

(
h
(t)
i −∇fi(w

(t−1))−
(
h̄(t) −∇f(w(t−1))

))∥∥∥∥∥∥
2

+ 2ES(t)


∥∥∥∥∥∥ 1

M

∑
i∈S(t)

(
∇fi(w(t−1))− y

(t)
i + y(t) −∇f(w(t−1))

)∥∥∥∥∥∥
2


=
2(N −M)

M(N − 1)N

N∑
i=1

Eξ(t)

[∥∥∥h(t)
i −∇fi(w

(t−1))− h̄(t) +∇f(w(t−1))
∥∥∥2]



+
2(N −M)

M(N − 1)N

N∑
i=1

∥∥∥∇fi(w(t−1))− y
(t)
i + y(t) −∇f(w(t−1))

∥∥∥2 (Lemma 4)

(d)

≤ 2(N −M)

M(N − 1)N

[
N∑
i=1

Eξ(t)

[∥∥∥h(t)
i −∇fi(w

(t−1))
∥∥∥2]+

N∑
i=1

∥∥∥∇fi(w(t−1))− y
(t)
i

∥∥∥2] (∵ Var(X) ≤ E
[
X2

]
)

=
2(N −M)

M(N − 1)N

[
N∑
i=1

Eξ(t)

[∥∥∥h(t)
i −∇fi(w

(t)) +∇fi(w(t))−∇fi(w(t−1))
∥∥∥2]+

N∑
i=1

∥∥∥∇fi(w(t−1))− y
(t)
i

∥∥∥2]

≤ 2(N −M)

M(N − 1)N

[
2

N∑
i=1

Eξ(t)

[∥∥∥h(t)
i −∇fi(w

(t))
∥∥∥2]+ 2Nη̃2sL

2
∥∥∥v(t−1)

∥∥∥2 + N∑
i=1

∥∥∥∇fi(w(t−1))− y
(t)
i

∥∥∥2] . (19)

Finally, substituting (19) in (18), we get the result in the lemma.

Proof of Lemma 10.

ES(t),ξ(t)

 1

N

N∑
j=1

∥∥∥∇fj(w(t))− y
(t+1)
j

∥∥∥2


=
1

N

N∑
j=1

ES(t),ξ(t)

∥∥∥∇fj(w(t))− y
(t+1)
j

∥∥∥2
=

1

N

N∑
j=1

[
M

N
Eξ(t)

[∥∥∥∇fj(w(t))−∆
(t)
j

∥∥∥2]+

(
1− M

N

)∥∥∥∇fj(w(t))− y
(t)
j

∥∥∥2] (20)

=
1

N

N∑
j=1

[
M

N
Eξ(t)

[∥∥∥∇fj(w(t))−∆
(t)
j

∥∥∥2]+

(
1− M

N

)∥∥∥∇fj(w(t))−∇fj(w(t−1)) +∇fj(w(t−1))− y
(t)
j

∥∥∥2]

≤ 1

N

N∑
j=1

[
Mσ2

Nτ
+

M

N
Eξ(t)

∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2 + (
1− M

N

)∥∥∥∇fj(w(t))−∇fj(w(t−1)) +∇fj(w(t−1))− y
(t)
j

∥∥∥2]

≤ M

N

σ2

τ
+

1

N

N∑
j=1

Eξ(t)

∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2


+

(
1− M

N

)(1 + 1

β

)
η̃2sL

2
∥∥∥v(t−1)

∥∥∥2 + (1 + β)
1

N

N∑
j=1

∥∥∥∇fj(w(t−1))− y
(t)
j

∥∥∥2
 . (β is a positive constant)

4 CONVERGENCE RESULT FOR CLUSTERFEDVARP (THEOREM 3)

In this section we prove the convergence result for ClusterFedVARP in Theorem 3, and provide the complexity and
communication guarantees.

We organize this section as follows. First, in 4.1 we present some intermediate results, which we use to prove the main
theorem. Next, in 4.2, we present the proof of Theorem 3, which is followed by the proofs of the intermediate results in 4.3.

4.1 INTERMEDIATE LEMMAS

The proof of ClusterFedVARP follows closely the proof of FedVARP. We borrow Lemma 8 from Section 3, and the
next lemma is analogous to Lemma 9.



Algorithm 1 ClusterFedVARP

1: Input: initial model w(0), server learning rate ηs, client learning rate η, local SGD steps τ , η̃s = ηsηcτ , number of
rounds T , number of clusters K, initial cluster states y(0)

k = 0 for all k ∈ [K], cluster identities ci ∈ [K] for all i ∈ [N ],
cluster sets Ck = {i : ci = k} for all k ∈ [K]

2: for t = 1, 2, . . . , T do
3: Sample S(t) ⊆ [N ] uniformly without replacement
4: for i ∈ S(t) do
5: ∆

(t)
i ← LocalSGD(i,w(t), τ, η)

6: end for
7: // At Server:
8: v(t) = 1

|S(t)|

∑
i∈S(t)

(
∆

(t)
i − y

(t)
ci

)
+ 1

N

∑N
j=1 y

(t)
cj

9: w(t+1) = w(t) − η̃sv
(t)

10: //State update
11: for k ∈ [K] do

12: y
(t+1)
k =


∑

i∈S(t)∩Ck
∆

(t)
i

|S(t) ∩ Ck|
if |S(t) ∩ Ck| ≠ 0

y
(t)
k otherwise

13: end for
14: end for
15: procedure LOCALSGD(i,w(t), τ, η)
16: Set w(t,0)

i = w(t)

17: for k = 0, 1 . . . , τ − 1 do
18: Compute stochastic gradient∇fi(w(t,k)

i , ξ
(t,k)
i )

19: w
(t,k+1)
i = w

(t,k)
i − ηc∇fi(w(t,k)

i , ξ
(t,k)
i )

20: end for
21: Return (w(t) −w

(t,τ)
i )/ηcτ

22: end procedure



Lemma 11. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2.
Then, the iterates {w(t)}t generated by FedVARP satisfy

ES(t),ξ(t)

∥∥∥v(t) − h̄(t)
∥∥∥2 ≤ σ2

Mτ
+

4(N −M)

M(N − 1)

[
1

N

N∑
i=1

Eξ(t)

[∥∥∥h(t)
i −∇fi(w

(t))
∥∥∥2]+ η̃2sL

2
∥∥∥v(t−1)

∥∥∥2]

+
2(N −M)

M(N − 1)

1

N

N∑
i=1

∥∥∥∇fi(w(t−1))− y(t)
ci

∥∥∥2 .
Lemma 12. Suppose the function f satisfies Assumption 1, and the stochastic oracles at the clients satisfy Assumptions 2, 3.
Then, the iterates {w(t)}t generated by FedVARP satisfy

Eξ(t),S(t)

 1

N

N∑
j=1

∥∥∥∇fj(w(t))− y(t+1)
cj

∥∥∥2
 ≤ 4(1− p)

σ2
K +

σ2

τ
+

1

N

N∑
j=1

Et

∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2


+ p

(1 + 1

β

)
η̃2sL

2
∥∥∥v(t−1)

∥∥∥2 + (1 + β)
1

N

N∑
j=1

∥∥∥∇fj(w(t−1))− y(t)
cj

∥∥∥2
 .

for any positive scalar β. Note that keeping r = 1 (which implies σ2
K = 0) we recover our earlier result in Lemma 10 (upto

multiplicative constants).

We also use the bound on 1
N

∑N
j=1 Eξ(t)

∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2 from Lemma 6 in the previous section.

4.2 PROOF OF THEOREM 3

For the sake of completeness, first we state the complete theorem statement.

Theorem. Suppose the function f satisfies Assumption 1, and the individual client functions satisfy Assumptions 2,
4. Further, the client learning rate ηc, and the server learning rate ηs are chosen such that ηc ≤ 1

10Lτ , ηsηc ≤
min

{√
M(1−p)
8Lτ , M

16τL ,
1

4Lτ

}
. Then, the iterates {w(t)}t generated by ClusterFedVARP satisfy

min
t∈[T ]

E
∥∥∥∇f(w(t))

∥∥∥2 ≤ O(
f(w(0))− f∗

ηsηcτT

)
︸ ︷︷ ︸

Effect of initialization

+O
(
ηsηcLσ

2

M
+ η2cL

2(τ − 1)σ2

)
︸ ︷︷ ︸

Stochastic Gradient Error

+O
(
ηsηcτLσ

2
K

M

(N −M)

(N − 1)

)
︸ ︷︷ ︸

Error due clustering

+O
(
η2cL

2τ(τ − 1)σ2
g

)︸ ︷︷ ︸
Client Drift Error

where f∗ = argminx f(x).

Corollary 2. Setting ηc = 1√
TτL

and ηs =
√
τM , ClusterFedVARP converges to a stationary point of the global

objective f(w) at a rate given by,

min
t∈{0,...,T−1}

E
∥∥∥∇f(w(t))

∥∥∥2 ≤ O
(

1√
MτT

)
︸ ︷︷ ︸

stochastic gradient error

+O
(
(N −M)

(N − 1)

√
τ

MT

)
︸ ︷︷ ︸

partial participation error

+ O
(
1

T

)
︸ ︷︷ ︸

client drift error

Proof. The proof is analogous to the proof of Theorem 2 in Section 3, with 1− M
N replaced by p =

(N−r
M )
(N
M)

. We use the same

Lyapunov function defined in (11), with η̃2
sL
2 ≤ δ ≤ η̃s

2 . Using Lemma 8, we get

R(t+1) ≤ E
[
f(w(t))− η̃s

2

∥∥∥∇f(w(t))
∥∥∥2 + η̃s

2
A(t) + δES(t),ξ(t)

∥∥∥v(t) − h̄(t)
∥∥∥2



+α
1

N

N∑
j=1

ES(t),ξ(t)

∥∥∥∇fj(w(t))− y(t+1)
cj

∥∥∥2
 , (21)

where A(t) ≜ 1
N

∑N
j=1 Eξ(t)

[∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2]. Substituting the bounds from Lemma 11 and Lemma 12 in (21) we

get,

R(t+1) ≤ E
[
f(w(t))− η̃s

2

∥∥∥∇f(w(t))
∥∥∥2 + (

η̃s
2

+
4δ

M

(N −M)

(N − 1)
+ 4α(1− p)

)
A(t) +

δσ2

Mτ
+ 4α(1− p)

(
σ2

τ
+ σ2

K

)]
+

(
4δη̃2sL

2

M

(N −M)

(N − 1)
+ αp

(
1 +

1

β

)
η̃2sL

2

)
E
∥∥∥v(t−1)

∥∥∥2
+

(
2δ

M

(N −M)

(N − 1)
+ αp(1 + β)

)
1

N

N∑
j=1

E
∥∥∥∇fj(w(t−1))− y(t)

cj

∥∥∥2 . (22)

Choice of α, δ. Our goal is now to find a suitable δ and α such that,(
4δη̃2sL

2

M

(N −M)

(N − 1)
+ αp

(
1 +

1

β

)
η̃2sL

2

)
≤ δ − η̃2sL

2
,(

2δ

M

(N −M)

(N − 1)
+ αp(1 + β)

)
≤ α

We define A = p
(
1 + 1

β

)
and B = p(1 + β). The resulting condition on α is

α ≥ 2δ

M(1−B)

(N −M)

(N − 1)
, β ≤ 1

p
− 1.

We set α = 2δ
M(1−B)

(N−M)
(N−1) , and our condition on δ then reduces to,

δ ≥ η̃2sL/2

1− 4η̃2
sL

2

M
(N−M)
(N−1) −

2Aη̃2
sL

2

M(1−B)
(N−M)
(N−1)

We want η̃s such that,

4η̃2sL
2

M

(N −M)

(N − 1)
+

2Aη̃2sL
2

M(1−B)

(N −M)

(N − 1)
≤ 1

2

A sufficient condition for this is

4η̃2sL
2

M
≤ 1

4
,

2Aη̃2sL
2

M(1−B)
≤ 1

4
. (23)

For β = 1
2p −

1
2 , B = p

2 + 1
2 and A ≤ 2

1−p . Hence, a sufficient condition for (23) to be satisfied is

η̃s ≤
√
M(1− p)

8L
⇒ ηsηc ≤

√
M(1− p)

8Lτ

With (23) we have δ ≥ η̃2sL. We set δ = 2η̃2sL which gives us α =
8η̃2

sL
M(1−p)

(N−M)
(N−1) . Since δ ≤ η̃s

2 , we also need η̃s ≤ 1
4L .

With this choice of α, δ, from (22) we get

R(t+1) ≤ R(t) − η̃s
2
E
∥∥∥∇f(w(t))

∥∥∥2 + (
η̃s
2

+
4δ

M
+ 4α(1− p)

)
A(t) +

δσ2

Mτ
+ 4α(1− p)

(
σ2

τ
+ σ2

K

)
≤ R(t) − η̃s

2

∥∥∥∇f(w(t))
∥∥∥2 + 3η̃sA

(t) +
40η̃2sL

M

σ2

τ
+

32η̃2sL

M

(N −M)

(N − 1)
σ2
K , (24)



where we use the condition that η̃s ≤ M
16L . Further, we can bound A(t) = 1

N

∑N
j=1 Eξ(t)

[∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2] using

Lemma 6, which gives us

R(t+1) ≤ R(t) − η̃s
2

(
1− 48η2cL

2τ(τ − 1)
) ∥∥∥∇f(w(t))

∥∥∥2 + 6η̃sη
2
cL

2(τ − 1)
[
σ2 + 4τσ2

g

]
+

40η̃2sL

M

σ2

τ
+

32η̃2sL

M

(N −M)

(N − 1)
σ2
K .

Using the condition on ηc that ηc ≤ 1
10Lτ , and unrolling the recursion we get,

R(t) ≤ R(1) +

(t−1)∑
t=1

(
− η̃s

4

∥∥∥∇f(w(t))
∥∥∥2 + 6η̃sη

2
cL

2(τ − 1)
[
σ2 + 4τσ2

g

]
+

40η̃2sL

M

σ2

τ
+

32η̃2sL

M

(N −M)

(N − 1)
σ2
K

)
.

(25)

Next, we bound R(1). Using (21) and (31) we can bound R(1) as follows,

R(1) ≤f(w(0))− η̃s
2

∥∥∥∇f(w(0))
∥∥∥2 + (

η̃s
2

+ 4α(1− p)

)
A(0) + 4α(1− p)

(
σ2

τ
+ σ2

K

)
+ δEξ(0),S(0)

[∥∥∥v(0) − h̄(0)
∥∥∥2]+ αp

1

N

N∑
i=1

∥∥∥∇fi(w(0))
∥∥∥2

≤ f(w(0))− η̃s
4

∥∥∥∇f(w(0))
∥∥∥2 + 4η̃sη

2
cL

2(τ − 1)
[
σ2 + 4τσ2

g

]
+

32η̃2sL

M

(N −M)

(N − 1)

(
σ2

τ
+ σ2

K

)
+ δEξ(0),S(0)

[∥∥∥v(0) − h̄(0)
∥∥∥2]+ αp

1

N

N∑
i=1

∥∥∥∇fi(w(0))
∥∥∥2 . (26)

Substituting the bound on R(1) from (26) in (25), and using t = T we get

R(T ) ≤f(w(0))−
(T−1)∑
t=0

(
η̃s
4

∥∥∥∇f(w(t))
∥∥∥2 + 6η̃sη

2
cL

2(τ − 1)
[
σ2 + 4τσ2

g

]
+

40η̃2sL

M

σ2

τ
+

32η̃2sL

M

(N −M)

(N − 1)
σ2
K

)

+ 2η̃2sLEξ(0),S(0)

[∥∥∥v(0) − h̄(0)
∥∥∥2]+

8pη̃2sL

M(1− p)

(N −M)

(N − 1)

1

N

N∑
i=1

∥∥∥∇f(w(0))
∥∥∥2

Rearranging the terms, we get

min
t∈[0,T−1]

E
∥∥∥∇f(w(t))

∥∥∥2 ≤ 1

T

T−1∑
t=0

E
∥∥∥∇f(w(t))

∥∥∥2
≤ 4(f(w(0))− f∗)

η̃sT
+

160η̃sL

M

σ2

τ
+

128η̃sL

M

(N −M)

(N − 1)
σ2
K + 24η2cL

2(τ − 1)σ2 + 96η2cL
2τ(τ − 1)σ2

g

+
1

T

[
8η̃sLEξ(0),S(0)

[∥∥∥v(0) − h̄(0)
∥∥∥2]+

32pη̃sL

M(1− p)

(N −M)

(N − 1)

1

N

N∑
i=1

∥∥∥∇f(w(0))
∥∥∥2]

= O
(
f(w(0))− f∗

η̃sT

)
+O

(
η̃sLσ

2

Mτ

)
+O

(
η̃sLσ

2
K

M

(N −M)

(N − 1)

)
+O(η2cL2(τ − 1)σ2 + η2cL

2τ(τ − 1)σ2
g),

which concludes the proof.

4.3 PROOFS OF THE INTERMEDIATE LEMMAS

Proof of Lemma 11. The proof is analogous to proof of Lemma 11. The only difference being that in (19), we do not bound
the term N−M

N−1 with 1.



Proof of Lemma 12.

Eξ(t),S(t)

 1

N

N∑
j=1

∥∥∥∇fj(w(t))− y(t+1)
cj

∥∥∥2
 =

1

N

N∑
j=1

Eξ(t),S(t)

[∥∥∥∇fj(w(t))− y(t+1)
cj

∥∥∥2] . (27)

Let C(t)k = {i : ci = k and i ∈ S(t)}, i.e., the set of sampled clients which belong to the k-th cluster. For a specific cluster
cj ∈ [K]

ES(t)

[∥∥∥∇fj(w(t))− y(t+1)
cj

∥∥∥2]

= EC(t)
cj

I(|C(t)cj | ≠ 0
)∥∥∥∥∥∥∇fj(w(t))−

∑
l∈C(t)

cj

∆
(t)
l

|C(t)cj |

∥∥∥∥∥∥
2

+ I
(
|C(t)cj | = 0

)∥∥∥∇fj(w(t))− y(t)
cj

∥∥∥2


(Cluster center update in ClusterFedVARP)

= EC(t)
cj

I(|C(t)cj | ≠ 0
)∥∥∥∥∥∥∥∇fj(w(t))− 1

|C(t)cj |

∑
l∈C(t)

cj

(
∆

(t)
l −∇fl(w

(t)) +∇fl(w(t))
)∥∥∥∥∥∥∥

2
+ EC(t)

cj

[
I
(
|C(t)cj | = 0

)∥∥∥∇fj(w(t))− y(t)
cj

∥∥∥2]

≤ EC(t)
cj

I(|C(t)cj | ≠ 0
) 2

|C(t)cj |

∑
l∈C

(t)
cj

∥∥∥∇fj(w(t))−∇fl(w(t))
∥∥∥2 + 2

|C(t)cj |

∑
l∈C(t)

cj

∥∥∥∇fl(w(t))−∆
(t)
l

∥∥∥2



+ EC(t)
cj

[
I
(
|C(t)cj | = 0

)∥∥∥∇fj(w(t))− y(t)
cj

∥∥∥2] (Jensen’s inequality; Young’s inequality)

≤ EC(t)
cj

I(|C(t)cj | ≠ 0
)4σ2

K +
2

|C(t)cj |

∑
l∈C(t)

cj

∥∥∥∇fl(w(t))−∆
(t)
l

∥∥∥2



+ EC(t)
cj

[
I
(
|C(t)cj | = 0

)∥∥∥∇fj(w(t))− y(t)
cj

∥∥∥2] (Assumption [])

Substituting in (27) we get

N∑
i=1

ES(t)

[∥∥∥∇fj(w(t))− y(t+1)
cj

∥∥∥2]

≤
K∑

k=1

4rEC(t)
k

[
I(|C(t)k | ≠ 0)

]
σ2
K + 2EC(t)

k

I(|C(t)k | ≠ 0)
r

|C(t)k |

∑
l∈C(t)

k

∥∥∥∇fl(w(t))−∆
(t)
l

∥∥∥2



+

N∑
j=1

EC(t)
cj

[
I(C(t)cj = 0)

] ∥∥∥∇fj(w(t))− y(t)
cj

∥∥∥2 (|C(t)k | ≤ r)

=

K∑
k=1

4r(1− p)σ2
K + 2EC(t)

k

I(|C(t)k | ≠ 0)
r

|C(t)k |

∑
l∈C(t)

k

∥∥∥∇fl(w(t))−∆
(t)
l

∥∥∥2



+ p

N∑
j=1

∥∥∥∇fj(w(t))− y(t)
cj

∥∥∥2 , (28)

where p = EC(t)
cj

[
I(C(t)cj = 0)

]
=

(N−r
M )
(Nr )

is the probability that no client from a particular cluster is sampled in S(t) (same



for all j since we assumed equal number of devices in each cluster). Note that,

EC(t)
k

I(|C(t)k | ≠ 0)
r

|C(t)k |

∑
l∈C(t)

k

∥∥∥∇fl(w(t))−∆
(t)
l

∥∥∥2
 = EC(t)

k

[
r

|C(t)k |

∑
l∈Ck

I(|C(t)k | ≠ 0, l ∈ C(t)k )
∥∥∥∇fl(w(t))−∆

(t)
l

∥∥∥2]
(29)

=
∑
l∈Ck

∥∥∥∇fl(w(t))−∆
(t)
l

∥∥∥2 r∑
z=1

r

z
P(|C(t)k | = z, l ∈ C(t)k )

=
∑
l∈Ck

∥∥∥∇fl(w(t))−∆
(t)
l

∥∥∥2 r∑
z=1

r

z

(
r−1
z−1

)(
N−r
M−z

)(
N
M

)
=

∑
l∈Ck

∥∥∥∇fl(w(t))−∆
(t)
l

∥∥∥2 r∑
z=1

(
r
z

)(
N−r
M−z

)(
N
M

)
= (1− p)

∑
l∈Ck

∥∥∥∇fl(w(t))−∆
(t)
l

∥∥∥2 . (30)

Substituting the bounds from (28), (30) in (27), we get

1

N

N∑
j=1

Eξ(t),S(t)

[∥∥∥∇fj(w(t))− y(t+1)
cj

∥∥∥2]

≤ 4(1− p)σ2
K + 2(1− p)

1

N

N∑
j=1

Eξ(t)

[∥∥∥∇fj(w(t))−∆
(t)
j

∥∥∥2]+ p
1

N

N∑
j=1

∥∥∥∇fj(w(t))− y(t)
cj

∥∥∥2 (31)

≤ (1− p)

4σ2
K +

4σ2

τ
+

4

N

N∑
j=1

Et

[∥∥∥∇fj(w(t))− h
(t)
j

∥∥∥2]


+ p

(
1 +

1

β

)
η̃2sL

2
∥∥∥v(t−1)

∥∥∥2 + p(1 + β)
1

N

N∑
j=1

∥∥∥∇fj(w(t−1))− y(t)
cj

∥∥∥2 ,
for any positive constant β.
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