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A APPENDIX

The Appendix contains following parts:

[A1] Detail on comparison of results.

[A.2] Proof in Section 2, i.e., upper bounds in Theorem 1, Corollary 2, Proposition 3 and 4.
Proof in Section 3, i.e., lower bounds in Theorem 5.

[A4] Additional experiments.

Other supporting results, including the proof for Lemma 6.

Special cases of comparison graphs, details related to Section 2.1}

[A7 Upper bound for unregularized/vanilla MLE.

Al COMPARISON OF RESULTS

This section is a complement to Section 2.1} We will summarize all existing works on the estimation error of Bradley-Terry
model in two tables, and then compare our results with the results inNegahban et al.|(2017); Agarwal et al.|(2018)); Hendrickx
et al.[(2020) in detail.

For simplicity, in Tableﬂ] and Table@]we use k to replace B for results in Hajek et al.|(2014)); |Shah et al.|(2016) as x < B
when 176* = 0, and in Tablewe omit the lower bound as they are usually in fairly complex forms.

InNegahban et al. (2017), they establish an 5 upper bound for ||# — 7t ||2/||7||2 in the order of A;(ZZ’” ) /nmaxL logn  where
7w(z) == w;/ Z]‘ w; with w; = exp(6;), 7 is the rank centrality estimamtor of 7, A refers to the second smallest eigenvalue,

Ly, = D™ A (which has the same spectrum as D=Y2£,D"1/2) and £, = D — A. Recall that our /5 upper bound is for
|0 — 6]|2 and the order is #LEA) /=t We can now see that it’s hard to give a general comparison between the two

results because 1. for a general graph, there is no precise relationship between Aa(L,.,) and A2 (L 4); 2. more importantly,
for a general model parameter 6, there is no tight two-sided bound between || — ||2 and || — 7||2/||7||2. Although, it
would be a very interesting future work to give a tight description of these two relevant pairs of quantities and make a
meaningful comparison.

Agarwal et al.|(2018) establish an ¢;-norm upper bound for the score parameter 7; := w;/ > 5 Wj with w; = exp(6;). Their

ne " navg logn
)\Q(DilA)nmin L

with Tmin = minie[n] 7ATZZ

bound is of the order

, where ngug = > min;, D = diag(ny, -+ ,n,), and n := log (ﬁ)

MminTmin

i€[n]

In|Hendrickx et al.[(2020), they propose a novel weighted least square method to estimate vector w, with w; = exp(6;),
and provide delicate theoretical analysis of their method. Their estimator shows a sharp upper bound for E[sin? (1, w)]
and equivalently for E|[w /|2 — w/||w]||2||2, in the sense that the upper bound for E[sin? (1, w)] matches a instance-wise
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Norm Reference Upper Bound
Simons and Yao| (1999) p=1 < e“\/%
1 logn
Yan et al, (2012) S el [l
. 2k [logn ‘ . _logn
Il oo i Han et al.f2020) <e \/ o Tog(ap)
Chen et al.|(2019), |Chen et al.|(2020) < e2r \/1;’%
Our work < e?rE \/10% |
Hajek et al.| (2014) < efrlan
113 Shah et al.| (2016) <edrlEn s o=2n 1
2 ~ pL ~ pL
i Negahban et al.|(2017) < etr k;gL" . > e""p%
Chen et al.[(2019), /Chen et al|(2020) < ez"p%
sin?(-,-) (W) Hendrickx et al.[(2020) < e%W
2
-1l (%) Agarwal et al|(2018) < enyfloen

Table 1: Comparison of results under E'R(n, p) in literature.

Norm Reference Upper Bound
| lle | [Yanetal/@012) -y |
Our work % e [ /\;&EA) Tmaclogn
| Hajek etal](2014) < esﬁ%
I3 | |Shahetal[(2016) S & i
Our worli /\:Tmi)? fmaxil
sin?(-, ) (W) | Hendrickx et al| (2020) < e L)
|1l (W) Agarwal et al. (2018) < %\/bﬁ"'

Table 2: Comparison of results for a fixed general comparison graph in literature.

lower bound up to constant factors. Such a universal sharp/optimal bound for general comparison graph (although the lower

bound is not in the form of minimax rate) is unique in literature. For convenience of comparison, here we assume w;’s are

t i
O(1) (otherwise we can put a factor €25 in the bound %). Then their upper bound is of the order TLTH%:'%) , Where EL

refers to the Moore-Penrose pseudo inverse of the graph Laplacian of the comparison graph. To correct for their different
t
choice of metric, we need to multiply ||w||3 to their bound, and it becomes % On the other hand, the upper bound

for expected ¢ loss in|Shah et al.|(2016)) is m Since A3(L4) is the smallest positive eigenvalue of L 4, it holds that

Tr(L'L) < n/A2(L4), and hence the upper bound for expected error in|[Hendrickx et al.{(2020) is tighter than the one in
Shah et al.[(2016). Although, it should be noted that the loss function in|Hendrickx et al.| (2020) is not directly comparable
to a plain /5 loss, and we are just doing an approximate comparison.

In our paper, however, we provide a high probability bound for ||§ — 0|3 in the order of L’;\%?Z’;) . It’s usually hard to make
a fair comparison between a high probability bound and a bound for expected metrics, but in |[Hajek et al.|(2014); Shah
et al.|(2016), they also provide a high probability bound in equation (8b) of Theorem 2. As we discussed in Section 2.2 and
Section 5, the ¢5 bound is not the primary focus of our paper, and although our theoretical analysis is not optimized for ¢
error, our bound is still tighter than the bound in|Hajek et al.|(2014); [Shah et al.[|(2016) for moderately dense and regular
graphs, and is only worse for fairly sparse and irregular graphs.



A.2 PROOF IN SECTION 2

Proof of Theorem[l] We will use a gradient descent sequence defined recursively by 6 = ¢* and, fort = 1,2,...,

O+ =9 _ p[ve,(6D) + po®).

Our proof builds heavily on the ideas and techniques developed by |Chen et al.| (2019) and further extended by (Chen
et al.| (2020), and contains two key steps. In the first step, we control HH(T) — 9p || for T large enough, by leveraging the
convergence property of gradient descent for strong convex functions. In the second step, we control ||#(") — §*|| through a
leave-one-out argument. The proof can be sketched as follows:

1.

2.
3.

Bound ||#(T) — ép||oo, for large 7" using the linear convergence property of gradient descent for strongly-convex and
smooth functions.

Bound [|[§(T) — 6* ||, for large T using the leave-one-out argument.

Finally, ||ép — 0*|| is controlled by triangle inequality.

Step 1. Bound [|67) — 0|, for large T.

1.

Linear convergence, orthogonality to 1,. We say that a function / is a-strongly convex if V2/(x) = al,, and
B-smooth if | Ve(x) — VE(y)||2 < Bz — yl|2 for all 2,y € dom(¢). By Lemma[2] we know that £,,(-) is p-strongly
convex and (p + Npayx)-smooth. By Theorem 3.10 in Bubeck|(2015), we have

69 = 0plla < (1 = L) — 0yl (1)

Besides, as we start with 0* that satisfies 1;9* = 0, it holds that 1; ) = 0 for all t > 0. To see this, just notice that

VE(0) =p0+ > [0 + (0 — 0;)](e; — e;)
(i,5)eE

and 1, (e; — e;) for any 7, 5. Then by 1,7 §®) = 0,V and (T), we have 1,6, = 0.
Control ||0* — §p||2. By a Taylor expansion, we have that
Co0p3y) = Lo(0739) + (0 — ") TV L,(6%; )
+5(0, = )TV, (& w) (0, - 0),
where £ is a convex combination of 6* and é,,. By Cauchy-Schwartz inequality,
(8, = 0") TV (075 9) < IV, (675 9)l12]107 = 6,2

The two inequalities above and the fact that £,(6*;y) > ¢ p(ép; y) yield that

A
Pmin(V2E, (€5 y))

By Lemma IV, (0% 9)2 S 4/ W . This fact, together with ppin(V2€,(&;y)) > pand p < L /Mmax’)
gives that [|0* — 0,||2 < cry/n + 7, for some ¢ > 0.

Bound [|0(7) — @,||2. Take T = |x2€3*#n% | and remember that L < k2e*#n8. The previous two steps imply that

16" — 6,12 <

R T
16T — Opll2 < c(1 — ————)Tky/n+7 < cexp ( p) kvVn+r.

P + Mmax P + TMmax

Let fq = " Zi Tamax | [REL - )\;(N ﬁEA) \/ "m‘“‘(lzg "+7) and consider inequality e~9kv/n + 7 < f;. The solution

is given by g > logk + % log(n + 1) — log f4 and the inequality holds as long as g > & + 6logn + 3log k since
L < max{1,k}e3*#n8 Take g = k + 5logn + log , then as long as

Tp > 2nmaxnga



it holds that Tp > 2 g(p + Nmax), then [|§(T) — ép||2 < cexp(—g)kv/n + r is smaller than Cy f; for some constant
C,. Since T = |k2e3rEnS| and p > e/ i, we have

Tp> CP’%eKE n’ VNmax = 2Nmaxng.

In conclusion, we have R R o
16 = 0,lloc < 16T = 0,ll2 < Cafa.

The arguments above also hold with f, = A2€LIEA) v/ n’"“"‘](;"Jrr) .ie., we have [0T) — 6,y < C, f, for some constant

C.

Step 2. Bound ||0(™) — 0* ||, by a leave-one-out argument.

Denote ¢(z) = and r = log k + kg, and define the leave-one-out negative log-likelihood as

1
14+e—=

1 1
gglm) (6) = Z Aij [yij log ———— + (1 — %i5) log }
1<i<j<niij#m ¥ (0: — 0;) —(0; —0;)

(@)

1 1
A |0 (07, — 07) log ——————— 0* — 0% )log——— |
’ [Z\{m} j[w( D8 G = )ng(ej—em]

so the leave-one-out gradient descent sequence is, fort = 0,1, ..,
u+im) — gltam) _ (WSJ") (9(t,m)) n pe(t,m)> _

We initialize both sequences by #(?) = #(0-™) — g* and use step size n =

p+’r} . By assumption 2, Ao (L£a) > 0, so we can

let fa = CaA ﬁA) |:\/ nmmx(n+r) +pﬁ(9*)\/_‘:| fb = 10e"® nmalx fa9 fc = C)\:FEA) Dmex logn+7’) fd fb + fc

with sufficiently large constant C.. > 0 and C, > C.. By assumption 1, we have f. + fg < 0.1. We will show in Lemma@
I@Ithatfor all0 <t < T = |[r2e37Enf |

10D — 6% |l2 < fa,
max 0™ — 0% | < fo,

men]

max [0 — 0D, < f.,

me(n]

3)

16®) — 6*||oc < fa.

When ¢ = 0, (3) holds since (©) = (O™ = ¢* By Lemma@ @ and a union bound, we know that (3] holds for all
0 <t <T=|k?3=nS]| with probability at least 1 — O(n~*). Therefore, using the result in step 1, we have

16, = 6lloc < 118 = 0T loc + 16 = 67[low < 2fa.

As a byproduct, we have . .
18, = 6" ll2 < (16, = 6Tl + 67 — %2 < 2/,

Lemma 1. With probability at least 1 — O (k= 2e~3*2n=10) the gradient of the regularized log-likelihood satisfies

Nmax (N + 1)

i3 + pr(6%)/n'.

V4, (07115 <

In particular, for p < ﬁ, /Muax’ e have ||V, (0%)||3 < w

Proof. Triangle inequality gives
VL, (07)[l2 < [[VEo(07)[l2 + pll67]]2-



By definition of x(6*), we have ||6*||2 < v/n'k(6*). For the first term, by Lemmawe have

2
2 Pmax (N + 1)

IVE@)E=D_| > B — @ —0))]| <Ci—"

i=1 |jEN ()
O
Lemma 2. Let kp(x) = max(; j)ep | — x|, then V0 € R™,
9 1
)\max(v ‘€p(9§ y)) S 1% + §nmax7
“)

1
W)\Q(EA)

Aa(V2,(05)) = p+ 1o

In particular, we have
1

4ere(0%)e2(10—0" o

A2 (V2,(0;9)) = p+ A2(La).

Proof. Use the fact that
9 efieli T
V3o (65 y) = Z m(ei —ej)(e;—ej)
(4,5)EE
0

andV(i,j) € E, 4exp(}€E(0)) < (e;i ::;J)Q < 4 kp(21) < KE(@2) + 2|71 — 2]/ o0. In addition, the largest eigenvalue of

graph Laplacian satisfies (Corollary 3.9.2 in|Brouwer and Haemers| (2012)))

)\max L S % j SQ max- 5
(La) <£?§E(” +n;) <2n )

Lemma 3. Provided that (3) holds, then

o [0 0" < ok
me|n

(6)
max [[0CF4") — 0%y < fo+ fo.
men]
Proof. By triangle inequality, we have
max [0 — 6% < max (|04 = 0O +[/0©) — || < fe+ fa
me[n] me[n]
max 16 — 67 < max 16 — 005 + (|69 — 0%l < fe + fa-
me|n me(n
O

Lemma 4. Suppose (3) holds, and the step size satisfies 0 < n < m. If

kE(0)
fa<01and f, > CpS

“N2(L4) L

R N ] 7

for some large constant C,, then with probability at least 1 — O(k~2e=3%2n=10) we have

104+ — 6%, < f.



Proof. By the form of the gradient descent, we have that

oD — o =0 — v, (00 — ¥
=0 — VL, (01) = (0" = nVL,(67)] = nVE(07)

1
- [zn - / v?ep(e(f))dr] (00 — %) — Ve, (6%),
0
where 0(7) = 6* + 7(0) — 6*). Letting H = fol V20,(6(7))dr, by the triangle inequality,

16+ — 0% l2 < [[(Ln — nH)(0) — 6%)[|2 + 1] VE,(6") |-

Setting kg (2) = max(; j)eg |2; — x|, then, for sufficiently small ¢, we have that

kp(0(1) < kp(0%) 4 2/10® — 0|0 < kp(0*) + €

as long as
2fs <e.

Then, by Lemma 2] and setting € = 0.2, for any 7 € [0, 1],

X2(L4) < X2(La)

1
T0ers @) = 3erp (@) e < XA (V2,(0(7))) < Amax(V,(0(7))) < p+ =Mimax.

p+ 5

Since 1, (#®) — 6*) = 0, we obtain that

(7 = nH)(O — ") |2 < max{|1 — nAa(H)], |1 — DAmax (H)[}|6 — 67]2.

By (T0) and the fact that n < we get

1
pF+nmax’

nA2(£a)

_ ) _ p* -
(L, —nH)(0 o))< (1 10exE(9*)

)6 —6%]|2.

By Lemma(I]and the induction hypothesis, we have

A2(L4) Nmax (N + 1)
(t+1) _ p= < _ A2 A * <
[0 07l < (1= Joommtey e TCn |\ = +ee@)Vn| < fa
as long as
eHE (9*) nmax(n + T)
a > Ca + pK 0* n
f (L) 7 pr(07%)V/

for some large constant C,,.

Lemma 5. Suppose (3) holds and assume that

eRE (%) Nomax (N7 % e"EO") [ (log ntr .
1. faZCa,\ng) [ é +r) + pr(6 )ﬁ},fC:CC)\z’?ﬁA)\/ (Lg +1) \yith Cy> C..
2 Nmin )fb > 3v72max fa

© 10erE(9F

3 fet+ fa<O.L

then as long as the step size satisfies 0 < n < , with probability at least 1 — O(k~2e=3%2n=10) ywe have

1
P+Nmax

max |01 _g* | < f.
me[n]

)

®)

&)

(10)

(1)

12)

13)

(14)



Proof. Recall that the gradient descent step for leave-one-out estimator #(™) is defined as

plt+m) — gltm) _ (Vggn) (9(t,m)) + pe(t,m)) 7
where

1 1
Ayj [yz‘j log ————— + (1 — ¥i;) log }
1<i<j<niij#m ¥ (0: — 0;) 1—9 (6, —0;)

1 1
+ Z Apj [w (05, —07) log———= +7¢ (05 — 65,) log ] .
F€MN{m}

Direct calculations give

(Ve (0)]m =

Do Awy [0 = 0505, = 05) = 1) + (1= (65, — 07))¢(0m — 05)]
jem\{m}

= ST Ay [0, — 07) + (0 — 0,)] -

JE[n]\{m}
Thus, we have
O™ — 0 = [ T=mp—n Y At (&) | (O™ = 05) — b+ D At ()05 = 07),
JE€[n\{m} JE[R\{m}
where &; is a scalar between 6}, — 67 and pltm) _ Hgt’m). Notice that ¢/ (x) = ﬁ < 1 for any ¢ € R, thus by
Cauchy-Schwartz inequality we have

* 1 m *
D A (€)™ =) < v 64 — 6] (15)
je[n]\{m}

. 1
Also, since n < pEE—

n
1— o W (EN > T — o max )
= E A" (&) =1 —=np—n 7 20
j€m\{m}
Therefore,

0<l—mp—n D Apit/(&) <1 —nnmm min ' (&).
. JEN (m)
JE[R\{m}
Since &; is a scalar between 6, — 6% and pltm) _ 9§-t’m), we have
1< 0% — 07|+ or — g% — (ptm) _ gt
jérﬁgﬁ)lijl_jemﬁ%\m i jemﬁ%\m T — (0, )]
< kp(0*) 420%™ — 0|00 < kE(0*) + €

as long as

10 — 0% [|oo < fo+ fa < €/2. (16)
Let e = 0.2, then e® < 5/4 and

¢/(5) _ efj _ e_lfj‘ S 6_‘5j| 1 1
J (1—1—651)2 (1+e*\5j|)2 - 4

>
~ deetre(0*) T Herp(0*)”
By triangle inequality we get

m * U”min m * * 77 T'max m *
601 — 62, < (1= T ) 105 = 03]+ prll6° o + D100 — 6

(I7)
T'min * V/ Mmax
Sfb—mfb*'ﬁp“(o)‘i"? 1 (fat+fe) < 1o




as long as

Tt > pr(07) + Y (F, 4 £,

[0ers @) 10 4
By assumption, fa =C, 321?29;)) |: nmaxéner) JFP"Q(Q*)\/F], fc —C. e)\'-;?‘(:ﬁ;)) nmax(lzgn+r) with C,, > maX{C’C,l},
SO
v/ 'max Nmax n—+r n
a cy d a 0* > 0*).
fo> fe, and === fo > (L) Vot — pr(07) | = pr(07)

Therefore, a sufficient condition for |9£,§+1’m) — 05 < fois

Nmin 3\/ Tmax
]_()eliE(@*)fb > 4 faa

which is satisfied by our assumption. O

Lemma 6. Suppose () holds with f. = C, f\?gj)) A/ nm"“‘(lzg ntr) for some sufficiently large constant C., fq = fo + [,

then as long as the step size satisfies 0 < n < p++, with probability at least 1 — O(k~2e~3%2n~10) we have

maix] ||9(t+1,m) _ e(t)H2 < fc-
me|n

Proof. By the update rules, we have
pUHY _ glttm) —p() _ g (9(1)) — [g(tm) _ nvg(pm)(g(t,m))}
=0 — 9L, (0) = [6¢) — 5L, (9|
[ Ve, (0 = v (o) |
=V1 — Vg,

where
1
v = [In —n / VQKP(Q(T))dT:| 00 —6"™), vy =1 [wpw(fﬂ'ﬂ) - wgm(e(fvm))}
0

Now following the same arguments towards (I2)), as long as n < 5 +; , We can get

Dla)) g — g,

loillz < (1 = 1200y

For v5, we know that

11}2 = Z {Amz [w(Oft,m) _ Qg,m)) — gzm} — A [w(ez(t,m) i egrtl,m)) I ¢(9f . arn)} } (ei B em)
i€[n]\{m}
= > Al — 0) — Gl (ei — ).
i€[n]\{m}

Kfz»efsnEnflo)
b

By the form of the derivatives and Lemma we know that with probability at least 1 — O(n

2
1 _ * * = * *
||;U2H§ =1 > A @i = O =05+ D Ain i — ¢ (0] — 0;,))°
i€[n]\{m} i€[n]\{m}

< Nmax (logn + 1) n logn + Npax + 7 < Nmax(logn + 7) '
~ L L ~ L

(18)




Therefore, we have

[0FFD — gL Iy < vy ||z + (o]

nA2(La) tm Nmax (l0gn + 7)
<(1- W)He — 0"y + Cny - 7 (19)
nAa(La) Nmax(logn + 1)
<(A-—=5)fe+Cn\| ————F——— < fo,
<(1- RSN e+ On BN <y
where the last inequality is due to the fact that C. is a sufficiently large constant by our assumption and
N2 (LA) Nmax(logn + 1) "0 I ax(logn + 1)
maxi e 7 ) = f =(C 20
stz . fo=Corrmy : (20)
O
Lemma 7. Suppose (3) holds and fq > fy + f., then with probability at least 1 — O(k~2e=3*#n=10) we have
I8¢+ — 6"l < fu.
Proof. By Lemma5|and Lemma [f] we have
0667 — 61, < 10+ — 0 gt —
< [OHD — 9y | 95N — 0] < fe + fo < fa,
since fg > fp + f. by our assumption. O
Lemma 8. With probability at least 1 — O(k~2e~3*n=10) it holds that
- 12
_ . . logn +7) - Nmax
max > (5 — (67 —67)] <ol L) >
LJEN (1) J
- 42
= — * * n+r)- Nmax 21
S S v o) | <o @
i=1 | jEN(4) i
logn +n +r
_ % %112 max
e 3 (g 0065 =) < O,
J

where r = log k + K.

Proof. To prove the first inequality, notice that by Hoeffding’s inequality we have

max (1 | 2L Snmax(l
ZAij[gij—ﬂﬁ(@f—@}‘)] > \/W SZeXp(—n 8nma (Zgn+7‘)):2m—2€—3wn—127
j<i max

—10

where 7 = log k + k. By union bound we know that on an event B with probability at least 1 — x~2e~3#2n~10 we have

2
Vi€ [n], [ Al — 0(8; - 65)]] < Smeslpmnin),

Next we prove the second inequality. Consider the unit ball S = {v € R™ : ), en] v? = 1} in R™. By Lemma 5.2 of
Vershynin| (201 1), we can pick a subset I/ C S so that log [I/| < c¢n and for any v € S, there exists a vector u € U such that
lu—v|l2 < 5. Foragivenv € S, pick u € U such that |Ju — v||z < 3 and we have

S owi | D0 i — (0 - 07)] Zuz S (G — (O —03)] +Z vi—wi) | Y (G — (0] - 07)]

i=1 FJEN(4) LIEN(2) JEN(4)

- - 2 1

Sgui Z [Yij — v (0] —07)] +% Zl Z [5ij — ¥(0; — 67)]

LIEN (4) JEN (D)




1

2
Taking maximum over v and the left hand side can achieve \/ Dy [Z jen Wi —v(0; — 9;‘)]} , thus we have

P
Do D By v =l <2max u | D (G — (O] —0))
i=1 [jeN() =1 |jeN()
= QTgachij(ui — ;) [gij — (0 — 9;‘)} .
i<j

To apply Hoeffding’s inequality and union bound, we should account for || < e°", so we can get that with probability at
least 1 — k=2e 3210 it holds that

2
n

* * 1
Z Z (i — (07 — 07)] SClz (logn+n+r)ZAij(uifuj)2
i=1 | jEN(i) i<j
(logn+n+ 1) Amax(L4)
L Y

<C

where r = log k + kg Since Apax(L£4) < 2Nmax, the second inequality is proved.

Next we prove the third inequality. For each i € [n], let V; := {v € R"~ ! : > i Aij v? < 1}. By Lemma 5.2 of |Vershynin
(2011), we can pick a subset U; C V; so that log |I;] < 2 Z#i A;; and for any v € V;, there exists a vector u € U; such
that [|u — v||2 < 1. For a given v € V;, pick u € U; such that ||u — v||> < 3 and we have

D wislig — w0 =0 = D wislgiy —w(0; D1+ Y (vij — wig)[Gi; — 0(OF — 65)]

JEN (1) JEN (1) jeN(‘)
< > gy — (0] — 07)] > (i — w0 — 05)]?
JEN(4) JEN(3)

Taking maximum over v and the left hand side can achieve \/ > jenyliy — (0; — 07)]? , thus we have

Z [1% — 77/) 9*)]2 < 2max Z Uqj ym 7/}(0: - 0;)]

JEN) e S ENT)
Therefore,
?615[35]( Z [Yij — (0 — 9;)]2 < 2?61?73](11}16%} uij[§ig — (67 — 67))-
FEN (i) " JEN (i)

Now a straightforward application of Hoeffding’s inequality and union bound gives
1
max Y [gi; — (0] - 0;)) < C7 [logn + nmax + K +log ]
with probability at least 1 — O(k~2e~3%#n~10), O

Corollary 2 (Erdds-Rényi graph). Suppose that the comparison graph comes from an Erdés-Rényi graph ER(n, p). Assume
that 1, 0* = 0, k < n, kp < logn, L < nfe*™® max{1,x}, np > Cylogn, and L > Cy max{l,k}e*=n/ log2 n for
some sufficiently large constants C1,Cy > 0. Set p = ¢,/K+/Tmax/L . Then 1] 6, = 0, and with probability at least

1 —O(n™%), it holds that
logn
9 _0* o QKE
16, 0"l ey [ +eny 220
0 — 0% <eF .
16, — 671> <e \/pL

(22)



Proof of Corollary2] For an ER(n,p) graph G with p > cloi ™ for some larege ¢ > 0, it holds with probability at least
1 — O(n~19) that G is connected, and

1
5”}7 S Nmin S Nmax S an,

and

Ao (La) =

-
U L'AUZ%.

wrotfu=o [ul?
The proof can be seen in either (Chen et al.| (2019) or |Chen et al.| (2020). Thus, by a union bound, we can replace the
corresponding quantities in upper bounds in Theorem[T]and get the high probability bounds in Corollary [2] O

Proposition 3 (Path graph). Suppose the comparison graph is a path graph ([n], E) with E = {(i,i + 1) };¢[,—1] and for
each 7, item ¢ and item ¢ + 1 are compared L; ;4 times such that min; L; ;41 > ce*2n log n for some universal constant c,
then with probability at least 1 — n =%, the vanilla MLE 6, satisfies

1
n—1
. exp(2|0F — 0% lo
HOO _ 0*”00 5 Z Xp( ‘ 7 z+1|) g’ﬂ ) (23)
=1 Li,i+1

In particular, when L; ;11 = L for all i € [n — 1], we have

~ 1 N 1
160 = 0l 5 2/ "ET 16y — 7, 5 evemy [T @

Proof of Proposition[3] Consider a path graph with edge set £ = {(i,7 + 1) : i € [n — 1]}. Let M;; be the number of wins
of item ¢ against item j. For the ease of notations, in this proof we use 6 to denote the vanilla MLE 6,. We know that

Mi exp(6; — 0;)
Ve, = 3 < - Y
it \Mij + Myi 14 exp(6; — 0;)

Thus the vanilla MLE solving V£(0) = 0 is given by

0i41 — 0; =log Mi+1,i —log Mi,i+1 = log Ri+1,ia

where M;; := #{i beats j} and R;; := Jlgﬂ
Let 6; = 0 and we can get

91 = O7 éi+1 = Z(lOgRj-i-Lj — 10g7‘j+17j), = 1, e, N — 1,

j=1
where log R 11, = log Mj11,j —log Mj jy1,logrji1; = 67,4 — 07 . Shifting 6* to make 6] = 0 and we have
i

10i41 — 071 ] = |D>_(log Rj41,5 —logrj41,5) (25)

j=1

Let F}; := ]\L4] with L;; = M;; + M;; and we have
ij

1- Fj; 1— pji
1Og RZ_/ — 1og ’rij = 10g F Jr log » .1'731 .
Jt Jt

Now using the Talyor expansion of f(x) = log(L — 1) at p;;, we can get

1 1-2z; 9
IOng‘j - logrij = —Uij(Fij _pij) + §m(Fz] _pij) )



where v;; == [pi;(1 —pij)] ™' =241 + rﬂ =v;; < dexp(|0 — 9’-‘\), and z;; is a number between p;; and F;;. We

know that v;; (F;; — p;;) is a subgaussian- I L - variable. In particular, for the path graph, by a standard sub-Gaussian tail

bound on the first term, we can show that W1th probability at least 1 — n=?, it holds fori = 1,--- ,n — 1 simultaneously
and some constant C' > 0 that

Z JJ+1 log"

\Z%,JH i+l —Pig+1)| £ C
J]+1

Using Chernoff’s method we can show a slightly sharper bound that if min; L;; > 25¢%** log n then with probability at

least 1 — n=9,
logn
max |F; — pij| < C .
i Lijvij
Since e"F = max(; jycp g’; > 1 = p2 , the last inequality and the condition on L;; imply that |F;; — p;;| <

s opiiPii Vij
pijpiitij ij
min{p,;, p;; } /5 simultaneously, and consequently z;; € [0.8p;;, 1.2p;;]. Therefore, the second term can be bounded as

1 225 1
*7”(1% —-pij)? <c ey (Fij —pij)* <c

v;; logn
2z (1 Zjl)z pL] Jt .

Y3, J+1 10% n

In particular, for the path graph, the summation of the second term is controlled by Z . Thus, when

mjin L;it1 > ce"Pnlogn,

for some sufficiently large constant ¢, the summation of the second term is negligible compared to the bound on the

1
summation of the first term 4/ > w Therefore, the error (23) can be bounded as

1
exp(2|07 — 07 ,,|) logn
Ljj+

7

i1 — 051 <C D

j=1

which 1mphes that He G*HOO < C\/En 1 exp(2[0; 07, ]) logn .

Li i+

In the special case L; ;1 = L for all i, we have ||§ — 6% || oo < C'y/ w and [|0 — 6% ||z < ny/ w . 0O

In Shah (2016) they prove the lower bound e ™" \/Lf for {5 error under path graph, while in our paper we prove the lower

bound e, /7 for £ error under path graph. Thus the upper bound above on the closed-form MLE achieves the minimax
lower bound up to a v/logn and exp(2xg) factor.

Proposition 4 (General tree graph). Suppose the graph is a tree graph ([n], E') where item 4 and j are compared L;; times
such that min; j L;; > ce?**£nlog n for some universal constant c. Then with probability at least 1 — n™*, the vanilla MLE
éo satisfies

160 — 07|l < | max
11,

1
Z exp(2(0; — 05]) logn . 26)

. o L;
(i,5)€path(iy,iz)

In particular, when L; ; = L, we have

. D1 - Dnl
180 = 0"llow S €| =25 16— 07 S e | 5 &)

Proof of Propositiond] Suppose G = ([n], E) is a tree graph and let D be the diameter of the graph, ie., D =
max; je[n] [path(i, j)| where path(i, j) := {(4,41), (42,43), - - , (im,J)} € E is the shortest path from i to j. For in-
stance, for complete graph and star graph, D = 1; for path graph, D = n — 1; for a complete binary tree with depth or
height h, D = 2h.




The key property of a tree graph is that it has three equivalent definitions: 1. it is a maximal loop-free graph; 2. it is a minimal
connected graph; 3. it is a simple graph with |E| = |V| — 1. By the first definition, it can be seen that for any two nodes i
and j, there is exactly one path from i to j, otherwise there will be a loop. Using this property, for a fixed item ¢, the MLE

equation
Mi' exp(@z- —9) .
£(0). = 5 J - J =
Vo iEN (i) <Mij +Mj;  1+exp(0; —0)) 0. Vi€ ln
i [

can be solved by
0;, =0, 6,= Z (log Rj; —logrjs), 1 # io.
(¢,7)€path(io,l)
Note that, the choice of g is not crucial for the ¢, bound, as such shifting would at most lead to an inflation on the Eoo error

by 2. In fact, if we let € with ¢;, = 0 be the entry-wise error when we choose 9 = 0;, = 0, then after shifting 6 to get O
with 0;, = 6;, = 0 for some i, # ig we will get [|€]|oo < [|€]loo + |65, 1nlloe < 2Hé||oo.

Following the same argument in the proof of Proposition we can show that when min; jyep Li; > e2*En log n, we have

exp(2/07 — 03]) logn

A r <

"% (i,j)Epath(is i2)
Again, the overall £, error is determined by the extreme values of |0 — 07| and 1/L;;.

To simplify the bound, we can consider the uniform sampling scheme under which L;; = L for all (¢,j) € E. By the
definition D = max; je[n) [path(s, j)|, we have

- ex Dlogn

166" < \/p(L)g : 28)
and as a corollary,

. exp(2k)Dnlogn’

- 5 | 22 2xe)Dnlog . @)

In particular, for a path graph, D = n — 1 and the two bounds become the same bounds in Proposition 3]

For a star graph, D = 1 and the bounds become

s exp(2kg)logn s exp(2kg)nlogn
-8l 5 o SRR gy, | fexpCrinlogn
L L
which are both sharp up to a log n factor according to the lower bounds in|Shah et al.|(2016) and our work. In addition, for the

star graph, one can actually show with much simpler arguments that the condition on L can be relaxed to L > ce?"® log n,
because in a star graph essentially we are just comparing n — 1 pairs separately. O



A.3 PROOF IN SECTION 3
Let F'(t) = %, then the Bradley-Terry model can be written as p;; = F[(w] — w})/o] with 0 = 1. We have
maxye(o,.2x/0) F'(t) = F'(0) = 1/4, so ¢ in Lemma [13]satisfies

C:cez@TN.

Moreover, we denote W := {6* | [|6* . < B}. Since 1,,6* = 0, we have B < & := max; ; |0; — 03| (in general, there
is no more information, but for some special cases, e.g., when entries of 8* are equal-spaced, we have k = 2B). In what
follows in this section, we still use quantity o for generality, but keep in mind that in our setting o = 1. We still use B to
differ it from k.

A.3.1 Background and Required Results

Before writing our proof of Theorem E] we note down specific results from (Shah et al., 2016) and other sources that we will
use repeatedly.

Definition 9 (Pairwise (9, 3) —packing set from (Shah et al., 2016)). Let § € R™ be a parameter to be estimated, as indexed
over a class of probability distributions P := {Py | 8 € W}, and let p : R™ x R™ — R be a pseudo-metric. Suppose there
exist a finite set of M vectors {91, ey HM} such that the following conditions hold:

. 1
Cmin p(07,6") >6and = > Dkr (Pes|[Per) < 8
SRERIL I (2) jnelat omn

Then we refer to {6',...,6} as (6, 3)—packing set.

Lemma 10 (Fano minimax lower bound). Suppose that we can construct a (8, 3)—packing set with cardinality M, then the
minimax risk is lower bounded as:

wt sup B[ (0.0°)] = 5 (1= P57

Proof. See (Yu,|1997, Lemma 3) for details. O

Lemma 11 (Equivalence of ||-||  and [|-||, norms). Given any vector 6 € R", with n € N fixed, the following inequalities
holds:

1
i 1612 = 161l < 1191l
Proof. The result is standard e.g. see (Wendland, 2018, Proposition 2.10) for a more general version and proof. For the sake
of completeness we provide a direct proof of the equivalent statement |6 < ||6]], < /n'||0]|, as follows:

? <

6], = max|0;| = , /max |0;
i€[n] 1€[n]

2912 < 01l
1

1
61l = | 2207 < | Smax|of® = nmax|oi® = v |l

This proves the lower and upper inequalities respectively, as required. L

Remark 1. We note that the above inequalities are tight i.e. have optimal constants. In the case of the upper bound consider
0=1,=(1,...,1)" € R". So 10ll.. = 1 and [|0|, = v/n = /n||f]|,, showing the tightness of the upper bound.
In the case of the lower bound, consider § = e; i.e. WLOG the first standard basis vector in R™. We then have that
6] = 110]l5 = 1, which shows tightness in the lower bound.



Lemma 12 (Lemma 7 in (Shah et all 2016)). For any o € (0,%), there exists a set of M(c) binary vectors
{z,..., M@} c {0,1}" such that

an < || — zkHz <n forallj#k e [M(a)], and (30)

(e1,27) =0 forallj € [M(«)] 31)
Lemma 13 (Lemma 8 in (Shah et al., 2016)). For any pair of quality score vectors 67 and 0% and for

¢i= maXge[0,2B/0) F'(x)
" F(2B/o)(1 - F(2B/o))

we have

N com, j C ] N com, 7
Dxr, (Pgs [|[Pgr) < UQPC (07— 0% L (07— 0%) =: Tpc 167 — 6%

Lemma 14 (Lemma 14 in (Shah et al., [2016))). The Laplacian matrix L A satisfies the trace constraints:

tr(La) =2 (32)
At n2
Proof. See (Shah et al.,|2016, Lemma 14) for details. O

The challenge - constructing a suitable pairwise packing set that meets Definition 0] The main tool to use here is the
Varshamov-Gilbert Lemma

A.3.2 Sketch of Lower Bound Proof

In brief, we seek a minimax lower bound proof of the same form as (Shah et al., 2016, Theorem 2(a)), except in our case
we choose our packing set norm to the ¢, norm, rather than the E% in (Shah et al., 2016, Theorem 2(a)). We leverage
their construction directly in two main ways. First, we use the slightly modified version of Fano’s Lemma that enables the
(8, B)-packing set to be constructed for the £, norm, not the £2_ norm, consistent with our high probability upper bound per
Lemma|[10} Second, we can switch out their use of the (4, 3)-packing set in the £ norm to the (§’, 3’)-packing set in the (o
norm. This is done by using the topological equivalence of norms in finite dimensions per Lemma|[TT] which is shown to be
tight in the dimension per Remark|[I] For the sake of clarity, we use much of the same wording as the proof from (Shah et al,
2016, Appendix B), for the convenience of the reader.

A.3.3 Lower Bound Proof - Part I

Our proof follows directly the approach taken from (Shah et al., 2016, Section B.1). The normalized Laplacian L of the

comparison graph is symmetric and positive-semidefinite. We can thus decompose this via diagonalization as L = U AU
where U € R™*" is an orthonormal matrix, and A is a diagonal matrix of nonnegative eigenvalues A;; = A;(L) for each

2 n?

J € [n]. Similar to (Shah et al., 2016, Section B.1) we first prove that the minimax risk is lower bounded by co® {*—.
comp

Fix scalars o € (0, i) and § > 0, with values to be specified later. Obtain set of vectors on the Boolean Hypercube {0, 1}"

ie. {z1,...,2M} given by Lemma where M (a) is set to be
M(a) = Lexp {g(10g2 + 2alog2a + (1 — 2a) log(1 — 204))” . 34)
Define another set of vectors of the same cardinality {67 | j € [M(a)]} via 67 := %U TPz, where P is a permutation

matrix. The permutation matrix P has the constraint that it keeps the first coordinate constant i.e. P;; = 1. By construction
for each j # k we have that



. (@ 1 . (i) 1 ) . (zu) o
e A N EEF N - o)

Here (i) follows from Lemma Addltlonally (ii) follows since 67 := %U T P27, In the case of the final inequality

2 . . . . .
(4i1), we have sz — 2k H > O‘Z‘S = 2. Since the set {z ZM(@) } are binary vectors with a minimum Hamming
distance at least an using Equation . Consider, any dlStlIlCt j, k € [M(«)], then for some subset {i,...,i,} C
{2,...,n} with an < r < n it must follow that

R R e ) e SPTAN
LA—TL ﬁA_n A_,',L”n:1 Tm A
The last part follows since A is a diagonal matrix of non-negative eigenvalues with A;; = X\;(L). Now for given {as, ..., an}

such that an < Y"1 , a; < n we have that

52 .
Q) SolI67 =64z, = = Do ain(La)
i=2

2 j;ék:
The permutation matrix P is chosen such that the last n — 1 coordinates are permuted to have a; > ... > a,, and keep the
" coordinate fixed. By this particular choice, and using the fact that tr (£ ) = 2 we have that:

(M£a>;!|ef eH_f,A—nn ctr(£a) < - tr(La) = -

Now by the choice of P above, we have that for every choice of j € [M («)]
- P
(La,07) = ﬁel TP =el2l =0

where the last equality follows from Equation . Now the basic condition needs to be veriﬁed i.e. did the 67 we
chose satisfy the boundedness constraint, to ensure that 7 € Wg? Setting 52 = 0. U —d " n’ = it indeed follows that
|67 ||Oo HzJ H < 4] < B Here (i) follows since 27 € {0,1}". Furthermore (ii) follows from our choice of & and

tr( L1, .
MCY# with ¢ = 0.002, where Lemma guarantees that Neomp > 64‘2 52 We have thus
verified that each vector §; also satisfies the boundedness constraint ||9j H ~ < B, which is required for membership in Wp.

Finally by Lemma|[I3|we have that:

our assumption that Neomp >

Dy (Py; [|[Pgr) <

Neomp( 46*
%”C— =0.01n (36)
g n

To summarize, we have now constructed a (&', 3')-packing set with respect to the norm p (67, 6%) := ||67 — 6% || __, where
8" =0,/% from Equation , and 8’ = 0.01d from Equation .
Finally we have by substituting (¢, 3’) into the pairwise Fano’s lower bound (Lemma 10} that:

} o} 0.01n + log 2 n 0.01n + log 2
>/ - 1-——— ) =co 1-—
oo n log M () ¢ Neomp log M ()

which yields the claim, after appropriate substitution of ¢ and setting oo = 0.01.

o Elo-e

For the case of n < 9, consider the set of the three n-length vectors z! (O, e, —=1),22=1(0,...,0)and z* = (0,...,0).

Construct the packing set (6, 6%, 6%) from these three vectors (2!, 2%, 2%) as done above for the case of n > 9. From the

67 — GkH >1 & mingp, HHJ — 9’““2 1 > and
max; . |67 — GkHzA < 462, and as a result max; ;, Dxr, (Pgi||Por) < 4NU+C6 Choosing 6% = "NlogQ and applying the
pairwise Fano’s lower bound (Lemma[T0) yields the claim.

calculations made for the general case above, we have for all pairs min;, ‘

For the other case, the lower bound in terms of \; (ﬁ A ), the argument is similar, and we end up with an extra factor of %



A.3.4 Lower Bound Proof - Part I1

Given an integer n’ € {2,...,n}, and constants o € (0, 1), § > 0, define the integer:

M (@) := Lexp {Z’(log2 + 2alog 2a + (1 — 20) log(1 — 2@)” (37)

Applying Lemma using n’ as the dimension results in a subset {zl - /(a)} of the Boolean hypercube {0, 1}"/,

with specified properties. We then define a finite set of size M’ (), of n-length vectors {91 , ., oM /(a)} using:

67 = {O (zj)T0~-~O]—r for each j € [M ()]

For each j € [M(«)], let us define 7 := %U TV/AT'97. For the first standard basis vector e, € R™, we then have that

(1,,07) = ﬁEXUTvAT 67 = 0. Here the main fact used is Lal, =0. Additionally we have that for any j # k, we
have that:

. 1, 162 /= T e ooy 1682 SN 1
Hw—akﬂiZ;He]—@k@:gg (ej—ek) AT (QJ—ak) > ) N (38)
i=[(1—a)n’]

. 2.7 .
Now, setting §2 = 0.01 1300:}) ¢ results in:

11671 <7"F01" F,/ AY) F w@h) < B (39)

where inequality (i) follows from the fact that 27 has entries in {0, 1}; step (ii) follows because the matrices v/AT and

co tr(,CT )
¢B?

on the sample size with ¢ = 0.01. We have thus verified that each vector #7 also satisfies the boundedness constraint

HQj HOO < B, as required for membership in Wg. Furthermore, for any pair of distinct vectors in this set, we have:

EQ have the same eigenvalues; and inequality (i7¢) follows from our choice of ¢ and our assumption Neomp >

R

52 . 2
I = 2 - ) < o2

By Lemma|[I3|we have that:

Neom ,
Dx1, (Pg;[|[Pgr) < w—;’c 167 — 6%||% = 0.01n’ (40)
g

Iz,

Finally we have by substituting (', ') into the pairwise Fano’s lower bound (Lemma|[10) that:

5 n’ 1
| > Yo Zim—an] A (1 - 0.0ln’+log2>
NE

gy IE[H?—G* 2 log M’ (cx)

0*eWp

Substituting our choice of § and setting o = 0.01 proves the claim for n’ > 9.

For the case of n’ < 9. Consider the packing set of the three n’-length vectors §' = SUVAT (0,1,...,0), 0> =

—6' and 63 = (0,...,0). Then we have for all pairs min; [|6? — 6"

4Ncomp46
0-2

|io > émin#kH@j—@kH; Z % and

o o log2

2 _
. Choosing 6° = g NoosC

max; . |67 — QkH%A < 462, and as a result max; ; Dk, (Pgs [|Pgr) <
pairwise Fano’s lower bound (Lemma[T0) yields the claim.

and applying the



A4 ADDITIONAL EXPERIMENTS

In this section, we show some additional results of experiments. The section has three parts:

1. Experiments related to Section
2. Extra comparisons as a supplement to Section 5}

3. Experiments to illustrate that in some cases kg is still loose and point out a potential future direction.

A.4.1 Subadditivity

In this section, we show some simulation results illustrating the advantage of using subadditivity property in the estimation
of the BTL model, as we discuss in Section[d]

Island graph. In this setting, we consider the Island graph with n nodes described in Example[7]and denote the node set of
the k-th island as V}. Suppose we get the estimator 60®) ¢ RIVsl (k > 1) based on k-th Island V}, with the augmented version
6%) € R" such that the subvector §(*) (Vi) = 6%). We can define the ensemble estimator add-MLE in the following way:
first shift 8*) and get

é(k) = é(k) + Sk, Sk = Sk—1 + é(k_l)(nisland) - H(k) (noverlap)7 S0 = 0.
Then construct 89¢ € R™ such that for all k, 8294(V},) = 6). At last, we centerize 8%) and get

A ~ 1 ~
gadd _ Gadd —1,- Elzgadd-

For the ease of implementation and precise description of the performance, we construct the true parameter 0* by first set
6" (i) = 6"(1) + (i — 1) such that avg(6*) = 0, and then shift 67 ) := 6 (V},) by s, := —(k —1)s and call s € R the
shifting coefficient. Figure[I|shows that add-MLE outperforms the joint-MLE, where “shift” in the right panel is the shifting
coefficient s. Notice that to save space and for the ease of understanding, we transform “shift” to “diff”” in the Section [5]so
that “diff”” shows the difference in the average: avg(@i*k_l)) - avg(BE*k)). We set L = 10 for all pairs.

1.4
—— joint mle —— joint mle
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Figure 1: Estimation errors given by joint-MLE and add-MLE on Island graphs. The y-axis is [|@ — 6*|| . In the left panel,
the x-axis is the size of islands 7;s1ang While Noyeriap = 5, k = 3, L = 10 in all cases. In the right panel, the x-axis is s, the
shifting coefficient while 7;54nd = 50, Noveriap = 5, k = 5, L = 10. The lines show the average of 100 trials with the
standard deviation shown as the shaded area.

Barbell graph. In this setting, a barbell graph Gpgrpeii([1], E) of two equal-sized complete subgraphs Gy, Go linked by a
set of bridge edges Eyridgge = {(i,7) : i € G1,j € Ga, (i, j) € E} are generated as is discussed in Example|[8] Note that the
vertex sets V7, V5 of Gy, Gy are disjoint and V4 U V2 = [n]. We set L = 10 for all pairs. Again, two methods of estimation
are compared:

« Joint-MLE. A single regularized MLE 67°"* is fitted on Gparpei:-



* Add-MLE. Two regularized MLE’s 0D and 8? are fitted separately on G, and Go. Then for each e = (7, §) € Epridge.
we calculate

d, = 1og(1 feﬁ ),

winij

where pe = clip( 7572557+ Pups Piv) for e = (i, j) with two constants 0 < pp < pup < 1 for regularity. We take
1] ]
Py = 0.1, pyp = 0.9. Then for e = (4, j) € Epriqge, the shifting constant 3, is defined as

= do— (B0~ 52,

where 6() is the augmented version of () satisfying () (V;) = (). Then the average §p is calculated via
$p = ﬁ ZeeE §. and the add-MLE 0244 is constructed via

and éadd _ éadd -1, - llTéadd_
Notice that we slightly change the way of constructing the add-MLE in Section ] to exploit multiple random bridge edges in
this setting.

Similar to the Island graph case, we let G; be the complete graph of node {1,..., %} and G, the complete graph of nodes
{3 +1,...,n}. To set the true parameter, we let

g _ 40T HGE=1)6i< 5,
s O (- 1)6,0 > 5,

where s € R is the shifting coefficient.

As we can see from Figure[2] the performance of the add-MLE is more stable than that of the joint-MLE, while ensuring
better or similar /., estimation error.

0.45 | —— joint mle 0.50 1 —— joint mle
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shift shift

Figure 2: Estimation errors given by joint-MLE and add-MLE on Barbell graphs with 100 nodes(left) and 200 nodes (right).
Two equal-sized complete subgraphs are linked by 10 (left) and 20 (right) randomly sampled bridge edges. The y-axis is
||é — 0*|| and the x-axis is s, the shifting coefficient. L = 100 for bridge edges and L = 10 for non-bridge edges. The
lines show the average of 100 trials with the standard deviation shown as the shaded area.

A.4.2 Extra comparisons

A one-sentence summary of this section is, we demonstrate our discussions in Section [5]by real cases that £ g can give much
tighter upper bounds than «.



We consider a k-banded graph where comparisons are made only for pairs with difference in indices smaller or equal to
k. That is, the edge set of the comparison graph is Ey, := {(7,7) : |i — j| < k}. We consider two settings, k = y/n and
k = n/logn, and in each setting, we set £ = log(n), L = 10 and 8} = 67 + (: — 1)d fori > 1 with 6 = x/(n — 1).

We compare the real /5-error of the regularized MLE and three upper bounds: the upper bound for the ¢5-error provided
by our paper using  and kg, and the one provided by [Shah et al (2016). As is shown in Figure[3] x gives tighter upper
bounds than « in the setting of banded comparison graph. It should be noted that all curves are going up because for a
banded graph, L needs to be sufficiently large to guarantee o(1) ¢, error, and we set L = 10 simply for illustration of the
effectiveness of kg versus x here.

—— kappa —— kappa
6
10 kappa_E 10° A kappa_E
— Shah —— Shah
10° 4 — real 10% 1 — real

10! 4 10" 5 ///

T T T T T T 100 44 T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
n n

Figure 3: Comparison under the k-banded graph with k = /n’ (left) and k = n/log(n) (right). Each point on lines is an
average of 20 trials. The two curves of upper bounds kappa and Shah are manually shifted downwards so that they started at
the same level with the curve for kappa_E, to remove the affect of the choice of constant (though all leading constants are
set to be 1 here) and make it easier to compare the increasing rate of the bound.

A.4.3 Cases where g is loose

Consider a path graph of n nodes and edge set {(é,7 + 1) : ¢ € [n — 1]}. Assume 6] = 07 + (i — 1)J, then kg = § and
k = (n — 1)4. In this case, a factor of e"F gives tighter control than e”. However, if we add one edge (1, n) into the graph,
kg becomes (n — 1)§ and our upper bound will increase a lot, which is counter-intuitive because the newly-added 1 out of n
edges should not affect the estimation accuracy too much. In other words, the bound gets looser after the new edge is added.
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Figure 4: Experiment on the path graph. Left: the ¢, error of the regularized MLE when adding new edges with big
performance gaps to the path graph. Right: the £, error of the regularized MLE when switch some pairs of the performance
parameter {6} } so that there are more big-gap edges while keeping the algebraic connectivity. The results show that when
the proportion of big-gap edges is small, the estimation error would not be affected a lot. Both experiments are under

Kk = 6.9, equal-gap 6*, n = 200 and L = 5000 and based on 40 trials for each hyperparameter, with 0.05 and 0.95 quantiles
shown by the shaded area.



The reason is that g itself is not enough to provide tight control across all comparison graphs. For instance, to avoid such
loose cases, one also needs to take into account the proportion of edges with big performance gaps compared to edges with
small performance gaps.

I-infinity error
S

0 2000 4000 6000 8000 10000
L

Figure 5: Experiment on the path graph, under x ~ 6.9, equal-gap 6*, n = 200 and based on 40 trials for each hyperparam-
eter L, with 0.05 and 0.95 quantiles shown by the shaded area.

Figure ] shows some numerical results on the impact of big-gap edges. In the left panel, we add edges to the top-right and
bottom-left corner of the adjacency matrix so that their performance gaps are big. In the right panel, we switch some pairs of
parameters {6 } so that there are more big-gap edges while keeping the algebraic connectivity. The first switch will switch
07, an/2]+1' The i-th switch will switch the pair 65, _,, grn/2]+2i—1' As an example, takingn = 8,07 = 0,and § = 1, 2
switches will make parameters change as

(13273>475763 778) — (5’277743176a378)' (41)

In the left panel, as new big-gap edges come in, the algebraic connectivity of the graph gets larger as well, keeping estimation
errors in the same level. In the right panel, as we keep the algebraic connectivity constant, the impact of the proportion of
big-gap edges is shown more clearly.

Another thing we need to point out is that for cases like path graphs, even if we ignore the factor of «, bounding estimation
error itself is hard due to the poor connectivity of the graph, as is argued in|Shah et al.| (2016) (their upper bound for both
path and cycle graphs is not optimal). As we have shown in Section [2.2] even for d-regular graphs with relatively small d,
the algebraic connectivity is not big enough and our upper bound cannot match the lower bound. But as the comparison
graph gets denser and more regular, kg will get closer to x, making the difference between e*# and e” not as dramatic,
although in finite sample phase the difference can still be big because it is an exponential factor.

The last thing we want is that the estimation itself (without providing a theoretical tight upper bound for the estimation
error) under the path graph is hard: one need a huge L to make accurate estimation when n is big, as is shown in Figure[3]



A.5 OTHER SUPPORTING RESULTS

Proposition 6. (Subadditivity) Let I, I5, I5 be three subsets of [n] such that Ug?:ll ;i = [n]and, foreach j # k, I; € I
and for ¢ = 1,2, I; N I3 # (). Assume that the sub-graphs induced by the I;’s are connected. Let 8* be the vector of
preference scores in the BTL model over n items and 6 ;) be the MLE of Oa) for the BTL model involving only items in
I;, 7 = 1,2,3, with augmented versions é(j) € R™ such that é(j)(Ij) = é(j). Take two nodes t1 € I1 N I3, ty € 15N I3,
and let 5 = 0 a(t1) — 9(3) (t1), 65 = 5(3) (t2) — 5(2)(t2). An ensemble MLE 6 € R" is a vector such that 6(I;) = 9(1),

6(Ss) = 0(2)(52) + 03 4 02, and 0(Ss) = 5(3)(53) + 03, where Sy = Iy \ I; and S5 = I3 \ ({1 U I). It holds for any
ensemble MLE 6 that

18c(0,07) < doc (01, 071)) + doc(02). 0(3)) + o (03), 63 ). (42)

where doo (V1,V2) := [|(vi — 1Tavg(v1)) — (v2 — 1T avg(va))||oo, where avg(x) := 11} x.

Proof of Proposition[6] First, for each i = 1,2, 3, we may shift 0(1) and 0( ) separately by constant vectors to ensure that so
that

o 1 o N
avg(a(i)) = |I | ‘lele(i) =0 and avg(O(i)) =0

so that X )
doo (6(1), 0(3)) = 10i) — 003 [l o- (43)
Next, for each i = 1,2, 3, let 6;y € R" be the augmented version of é(i) e RI%1 given by

0y (1) = 0y, 01)(7) =0, &1
where v () refers to the j-th entry of vector v. Similarly, we define
00 (1:) = 00y, 00,)(5) =0, ¢ L,

Step 1. We now define the ensemble MLE 6 and show the subadditivity property. The idea is to first fix é(l), and then shift
the entries of 0~(2) and 0~(3) with coordinates in /5 and I3 respectively to comply with the differences in the common entries
of Il, .[3 and I27 13.

Let S; = I, So = I\ I1 (note that we don’t put any constraint on Iy N I5), Ss = I3 \ (I; U I). We allow Ss to be [Z) bu
by the assumption that I; Z I, we have Sy # (). Since U?_, I; = [n] and I; N I3 # § for i = 1,2, we have U}_, S; = [n
and S; N S, = () for any ¢ # k. Pick an arbitrary t; € I; N I3, ty € I N I3, and let

03 = é(l)(tl) 9 (3) (t1) 0y = 3) (tg) é(g) (tg).

t
]
Notice that since there is no constraint on I; N I, t; can be equal to to. Moreover, define 9(3) and 9(2) b

9(3)( ) = {g(?))( )¢+5537 WAS 537 and 0’ 2)(]) — {5(2)( )¢+353 + (52, VS SQ,
) .7 3 , ] 2,

respectively. Letting

0= é(l) + é(g) + é(g), 44)
it can be seen that
9(1 (), J€S,
0(j) = 4 02)(j) + 05+ 82, j €S,
9(3)( i)+ d3, J € Ss.

Step 2. Let 65 = é?‘l)(tl) - éa) (t1), 05 = 52*3) (t2) — 02‘2)(t2). Define a new true parameter 8* by shifting 8* via
01, (4), €S,
0"(j) = 9(2)(]) 03403, j €S,
0 (J) + 5§7 ] € Sd



It can be verified that 6% = 0* + (6*(t1) — 0*(t1))1,, i.e., 0* is a shift of 8*. To show this, it suffices to show that for all
j € [nl. 3 _

0% (j) — 0"(j) = 0"(t1) — 6" (t). (45)
In fact, for j € Si, since 92‘1) (I) is a shift of @* (I, ), Equation (45) holds immediately by the definition of *. For j € Ss,
we have

6*(j) — 6" (j) = 0(3)( )*9(1)@1) 6?3)@1) —0°(j).

Since t; € I3 and 0(1)(13) is a shift of 8*(13), it holds that 02‘3)( j)—60*(j) = 62‘3)(151) — 0*(t1) and Equation li follows.
For j € S5, we have

6"(5) — 0°(J)

é? y(7) + 9(1)@1) é?g) (t1) + 6?3)(152) - 52‘2) (t2) — 0%(J)
0(z)(j) — 07 (j) + 673 (t2) — O(y) (t2) + 671, (t1) — 6(;)(t1).

Since t € I and 0, (I2) is a shift of 6% (I5), it holds that 873, (j) — 67 (j) = 87, (t2) — 6" (t) and thus

07 (j) — 67 (j) = 8(3)(t2) — 6" (t2) + 61 (t1) — 633, (t1)
Again, since t1,ty € I3, we have 0~Ek3) (ta) — 0*(t2) = éfg)(t ) — 6*(t1) and Equation (45)) follows.

Step 3. Now we are ready to show the conclusion of the proposition. To analyze the error, we first notice that for any
v,ue R"anda € R,

doo(1,V) = doo(u, v + al,) < Ju— (v +aly)|e + Z\uz (vi + a)| < 2[lu— (v + aly)| e

Since 0* is a shift of 8*, we have . o
dx(0,0%) < 2|0 — 0"||0o-

For j € 54, R § ~ R A
10(5) — 0"(5)| = 101)(5) — 071, < [01) — 61yl o
For j € S3,
10(7) — 6" ()| = 6(3) () — 075 ()] + 105 — 651 < 2[10(1) — 071 lloe + 0(3) — Ol e
For j € S,.

16(7) — 6" ()] = 16(3)(4) — 67 ()| + 185 — 63| + |62 — 53]
< 110y = 60y lloo +2[10(2) = Oz lloo + 2(18(3) — O(3)lloo-
Therefore by definition of | - || and Equation (43),
16 = 6% [l0o < 2([10(1) — 0f1)lloc + [0(2) — 82y lloc + 18(3) — O 1oc)
= 2(ds(0(1), (1)) + doo(0(2), 0(5)) + doc(0(3), 0(3))),

and we have

1 . . )
Zdoo(eae ) < doo(01),0(1)) + deo (9(2)70( )+ dso (9(3)70(3))-
L
Lemma 15. Given a d-Cayley graph, where (i, ) € E ifand only if i — j = k(mod n) with —d < k < d, k # 0. It satisfies
Ao (L) < d®/n?.

Proof. By definition, a d-Cayley graph is a 2d-regular graph, and it’s well known that (see, e.g. Brouwer and Haemers|,
2012) the spectra of its adjacency matrix A is given by

2mj . 27y
Zg“k—i-(_ , Cj::cosTj—&-\/—lsmTj,

k=1



forj = 1,---,n. Thus, Ao(LA) = 2d — 22221 cos(%). Since cos(zf—Lk) = 1 — 2sin® “kand for k < d < 0.5n,
sin Tk € (0.5%k, Zk), we have

d
Ao(La) = d4n? /n? Z k* = cd®/n?,
k=1
for some factor ¢ € (27%/3, 472 /3). O



A.6 SPECIAL CASES OF COMPARISON GRAPHS

By Theorem|1| for the estimator ép to be consistent, L needs to be sufficiently large. We can check some common types
of comparison graph topologies and see in what order the necessary sample complexity Neomp = |E|L needs to be, to
achieve consistency. To simplify results, we assume €2~ < log n. Spectral properties of graphs listed here can be found in
well-known textbooks (Brouwer and Haemers| 2012). [Shah et al.| (2016) provide analogous comparisons. Per Section 2.2 we
include results for the d-Caley graphs, and expander graphs here. For reader convenience other results from Section|2.2|are
also noted below.

Complete graph: In this case, A\2(£A) = Nmax = Nmin = 7 — 1. Thus, we need e2*% logn/n = o(L). Hence L = Q(1)
and Neomp = Q(n?).

Expander graph: If the comparison graph is a d-regular expander graph with edge expansion (or Cheeger number)
coefficient ¢, then A2 (L£a) > ¢?/(2d) (Alon et al., 2008), nmax = Nmin = d. Here ¢ is defined by ¢ := min g  e(S,T)/|S]
where {S,T'} is a partition of the vertex set and |S| < |T|. We need d?e?*= /¢* - (e*"n V dlogn) = o(L), $0 Neomp =
Q(nd3e?7e [¢* - (e2:En Vv dlogn)).

Complete bipartite graph: If the comparison graph has two partitioned sets of size mj and mq such that m; < meo, then
A2 (LA) = M1, Nunax = M2, Nin = Mm1. We need e2*Emy /m3 - [(€2*Fnma/m3) V logn] = o(L). When m; = Q(n),
we have Neomp = Q(n?).

d-Cayley graph: (i,j) € F if and only if i — j = k(mod n) with —d < k < d, k # 0. It is a 2d-regular graph, and
Xo(La) < d®/n? (see Appendix , Nmax = Mmin = 2d. Thus, we need e?*2n*/dS - (e?*2n v 2dlogn) = o(L), so
Neomp = Q2208 /d5 - (e**#n V 2dlogn)) for d = o(n) and Neomp = Q(n?) for d = Q(n).

Path or Cycle graph: When comparisons occur based on a path or cycle comparison graph, then by Proposition

160 — 6% |0 < eF2y/ %Lg" . Thus, we need e2*#nlogn = o(L) and Neomp = Q2(e2*#n?logn).
Star graph: A star graph on n node is a tree graph with diameter D = 1. By Proposition 4] we have |8y — 8% <
e"® (/12" Thus, we need e2*# logn = o(L) and Neomp = 2(e>*#nlogn).

Barbell graph: It contains two size-n/2 complete sub-graphs connected by 1 edge, so A2(La) < 1/n, npax = n/2,
Nmin = n/2 — 1. We need e2*£n3logn = o(L), and Neomp = e2c2n’log n.



A.7 UPPER BOUND FOR UNREGULARIZED/VANILLA MLE
A.7.1 Main theorem

The unregularized or vanilla MLE is defined as

6:= argmin {(0;y), (46)
6cR™: 1760=0

where £(0;y) is the negative log-likelihood, given by

UO;y) == Y Ay {Ti;log (6 — 0;) + (1 — i) log[1 — v (6; — 0,)]}, 47

1<i<j<n

andt € R — 9(t) = 1/[1 + e~!] the sigmoid function. To make the expressions of results simpler, we consider the
parameter range k < n and kg < logn as discussed in the comments after Theorem

Theorem 16 (Vanilla MLE). Assume the BTL model with parameter 0* = (05,...,0%)" such that 1,/ 6* = 0 and a
comparison graph G = G([n], E) with adjacency matrix A, algebraic connectivity \a(L A ) and maximum and minimum
degrees Niax and Numin, respectively. Suppose that each pair of items (i, j) € E are compared L times. Let k = max; j |07 —
0% and kp = max(; j)ep |0] — 07]. Assume that G is connected, or equivalently, A\2(L ) > 0. In addition, assume that 1.
Ao (L£4)2L > Ce* & max{nmax logn, eQKEn%}for some large constant C > 0, and 2. \o(LA) > 2€2"Enyay /Nomin.

min

Then, with probability at least 1 — O(n~"), the unregularized MLE 6 from ([@6) satisfies

nmaxlo n nmax e"E /logn’ n_
10— 6*[loo < ey x50 Vioe +s\/ J (48)
Nmin Nmax
2rp
where s 1= el\w and
2Mmin
A erE Nmax™
0 _ 9* < max 7 49

provided that L < n°, k < n, kg < logn, and the right hand side of Equation is smaller than a sufficiently small
constant C' > 0.

Remark 2. The expression of the ¢, bound looks messy, but in the ER(n, p) case it reduces to the same form as the
upper bound of the regularized MLE in Corollary 2] Moreover, for vanilla MLE we require an additional pure topological
assumption Aa(La) > 26 E 1 ax /Mmin, Which is stringent in some sense as it exclude many graphs with small 7,,;,. But
for such graphs with high degree heterogeneity nax/Mmin, it’s reasonable that we need some regularity in our objective
function. We believe that this condition can be weakened, and the /., upper bound can be improved or tightened by
improving the proof techniques, which can be a good future direction for researchers.

To prove Theorem [I6] we need two lemmas, Lemma[T7]anbd [§]
Lemma 17. Under the setting of Theorem it holds with probability at least 1 — O(n~°) that
16 — 67| < 5. (50)

Following Chen et al.| (2020), we decompose the full negative loglikelihood function as
0n(6) = £ (0—m) + £ (0-m) . (51)

where 6,,, € R is the m-th entry of @ and 8_,,, € R™~1 is the subvector containing the rest of entries, and the two functions
are given by

1 1
0m(0_,) = E Ajj [gij log —————— + (1 — ¥i;) log } ;
1<i<j<n:i,j#m b (6 = 6;) 1 =4 (6: - 6;)
1 1
(m) _ A .
G OmlO-m) = D Am; [ymﬂ log g =gy (L~ Imi)log T — 9]')] '

JERN\{m}



Let H™ := v2¢™)(¢_,,), and

0(_77,3 = argmin 0™ (6_,,).

0 i ]|0_m—0*  |loo<s
Lemma 18. Under the setting of Theorem it holds with probability at least 1 — O(n~?) that

P Nmaxn

maX 9 —6%,, —aml,— < 07 (52)
méen] || 1 ||2 (ACA)
for some constant C' > 0, where a,, = avg (0(_",2 - Gim> =Ll (0(_77,3 - Him).
Proof of Theorem[I6] Again we define the leave-one-out negative log-likelihood as
Lcreios 06— 9;) 1= 46— 6))
<i<j<n:i,j#m (53)

1 1
+ Y Amj {w(@—@;)log+¢(9Tn—92‘)log},
i€n)\{m} ¢ (01 - am) L

For the ¢5 bound, notice that by Taylor expansion

00(8) = £a(0°) + (8= 67)7 91 (0%) + 3 (0 — 7Y H(E)( — 0°),

where ¢ is a convex combination of 6 and 8*. By Lemma. we have [|§ — 6|, < 5 and hence ||¢ — 8*||o < 5. By

Lemmal we have 1 (0 0*)T H(€)(0—0%) > ce "7 \y||@—0*||2 for some constant ¢ > 0. By the fact that £,,(0*) > £,,(6),
Cauchy-Schwartz mequahty, and Lemmal T} we have

NmaxT
6 — 6* < —|IVe(07 < ==
| 2 IIV @2 < 5 7
For the £/, bound, the proof can be sketched as following steps.
0. By Lemma 0 — 6*||s < 5 with probability at least 1 — O(n~?).
1. By Lemma it holds with probability exceeding 1 — O(n~?) that,
(m ) % FNmaxn
max [0V — 0 — aml,_1]5 < C —_—
men] || 1”2 (ACA)

where a,, = avg (0(_722 - Gjm) =117 (H(m) Gim).

—m

2. Show that on the same event,

— * *1\2
m) maXmen] Zie/\/(m) (Jmi — ¥ (05, — 67))
0 — 0 — amla_12 <C
max [ a 1llz <C1 Na(La)2e 2

(54)

Bp
max 0* 2
—|—C'17(£ )2 |‘9 [

Following the same arguments towards Equation (66), we can get

(m) e*e 2
107 — 0 ., — G112 < m”ve )(6_,,)|%.

By Equation (51J), for each i € [n] \ {m}, we have

0
00;

0 0
4( ™) (Bfm) = %gn(e) wg(m) ( m ‘ H,m),



Using the fact that V£,,(0) = 0, we get

d
9 y=m) o
20,'" (0-m)jo—g =

Therefore, we have

0 ~ o~
(m) — A g — _ 0,
557 (O 10-) lg_g= —Ami [ — (0 — )]

IVE @3 = S A [Fos — 60— 8]
i€[n]\{m}
Z Amz ymz - ¢ (Q:n 0:))2
i€[n]\{m}
—~ —~ 12
23 A [005, —0) — (0~ 6)]
i€[n]\{m}

2 Y A G =005 =) +200-07% D Am

i€[n]\{m} i€[n]\{m}
20N A s — ¥ (05— 0))” + Anan 18— 07| %
i€[n]\{m}

Now use the fact that 1,) * = lzé = 0, we have

(6 — 0, _ 16— 6%

n—1 - n—1

lamLn—1 — amloills = (n — 1)[avg(@_n, — 0%,,)]* =

These results, together with the fact that A\3(£4) < 2nmax < 2n, give Equation (54).

. Show that on the same event,

||§_9*||00.C4e " Pnin < INAX | E (Ymi — ¢ (05, — 7)) |
me|[n]
i€N(m)

+ v/ Nomax max 16 — 6% — amla_i]l2 (35
me|n
+ /Tomax max ||9(m) §,m —amlu_1]l2-

First, define two univariate functions as some proxy of gradient and hessian:

) ~
9 (O 10-m) = 5o O | 0-m) == D Awi (Gmi = ¥ (O = 01))
i€[n]\{m}
(m) 9% m)
h (am | O—m) - 892 é ( m | O—m) = Z Amz¢ (Gm - ei) 77[} (gi - om)

i€n]\{m}
By the definition of 6 and the shift invariance of £,,, we have £,,(8) < ¢, (8) for any 6 € R", thus
(05 | 6—m) + L™ (0-10) = £.(6).
This implies

(07, 1 0—m) = L5 (O | 0—1)

A - 1
= 605 1 0-m) + O — 07)9"™ (05, | 0-m) + 5 O — 07)2h™ (€] 6-1m),

where ¢ is a convex combination of #* and 6,,,. By Lemma (17, we have |¢ — 6%,| < |0,, — 6%,| < 5. Thus for
any i # m it holds that |¢ — 6 < |€ — 0% | + |07, — 0] + ‘9 — 9*‘ < 10 + k. By definition of 2(™), we have

%h(m) (€ \B,m > coe” "B, for some constant co > 0. Therefore, we get

eQﬁE

o (CQnmin)2

(O — 03,)? lg"™) (05, | 6_n)|*. (56)



To bound |¢(™ (0%, | 6_,,)|,

m

9 O 10l =] > Ai i — (05, — 05)
i€[n]\{m}
S Z Ami (gmi - ¢(0;z - 0:)) (57)
i€[n]\{m}
D A0, = 07) — 0 (0;, — 0™ + apn)) (58)
i€[n]\{m}
D Ami(0, = 0™ + am) — (0, — 0))] (59)
i€[n]\{m}

By Cauchy-Schwartz inequality, we can bound (58)) and (39) by

D Ami(O = 07) = (B, — 0 + )| < ][00 07, — amLoa3,
i€n]\{m}
2

ST A0, — 0" + am) = (0 — )| < nunax|070) — O — @ L3
i€[n]\{m}
Plugging these bounds into Equation and taking maximum over m € [n] give the desired bound (33).

4. Plug (33) back into (34) and get

2KE 5
*
max E ymz - ’l/}mz)

i€N(m)

ma. 9 5 —aml,—
ME[T)l(] || 1”2 ~ A (EA)

etne Minax 2
—— max Ymi — Ui
)\2 (ﬂA) mm me(n] | ze./\;(m)( )|
e4I€E n2

+

“max ax (|97 — 6%, — am a1 3

/\g(ﬁA)2 n2. me(n]

min
4I€E 2

e n (m) A 2
2 max (|0 — 0_, — a1l
)\2(,6,4)2 n?nin me[n] H m m men ”2
as we assume ~©fnmax < 1 e have
X2(L£L4) Nmin — 2°
maX He (/9\ am1 ||2 ezﬁE (logn + nmaX) 64HE nmdx logn
—m — -1
méeln] e TmEnTHiZ s N (L4)2L Ao(La)2n2, L
4Kk E 2 2KkE (60)
e nmax e BN axT

)‘2(‘614) Tnin 2(£A)2L .
5. Plug (60) back into (33) and we can get

2K 2 2Kk
E Nmax1ogn e PnZ e "Pnpan

0—0*
H || min L * 7/erninn )‘Q(EA)ZL (61)
2" BN a 2 etEn2  logn efvEnd  n
X K 1 max max max
02 a(LaL { g ma) + = A2<£A>2nmm]

One term can be reduced and the inequality becomes

Nmax IOg n 2K max K g n 2,% Tmax
16— 6%[loo S e°* T+e B I (L4)2n2 1+6E\/ K No(La)nZ, | (62)
O



A.7.2 Proof of Lemmas
Proof of Lemma[I7} We will use a gradient descent sequence defined by
O+ = ) — v, (0D) + po?).
The leave-one-out negative log-likelihood is defined as
ame) =Y Ay [yij log
1<i<j<nii,j#m

1
ST |06~ 00 log g 0 (0 - 6 o
i€n\{m} 1# (91 - em)

1
e rey]

1
Y (0; — 0;)

1
/ll) (em — 91) ’
SO the lea\/e'one'out gradient descent Sequence iS deﬁned as

0(t+1,m) _ e(t,m) - n[véng)(a(t,m)) + po(t,m)]'

We initialize both sequences by 8(°) = §(®) = ¢* and set p = L,/ fmax - and step size 1) = m We will show that

K
under the assumption Ao (L£4)?L > CeQHE max{nmax logn, e2*Enn2, / nZ .} for some large constant C' > 0, we have

min

K/ maxl

max 9™ — 9O, <f) = C1 \ /w <1

me
ehE

10 — 0% ||y <fo = 02 /”maxn [ (63)
logn
max ‘a(t m) o* <f3 _ 03 F Nmax "
me(n] m A2 Mmin L -

A useful fact given that (63) holds is that

10¢™ = 0%l < f1 + for (64)

We again have the Taylor expansion
0D — g1 — (1= )1, = nH ()0 = 9m)) = y[VE, (01)) = V™ (94
Now by the fact that Apin 1 (H(§)) > coe™ " Aa, we have
I (1= np) L — nH(&)) (61 — 0™y < (1= np — canAa) [0 — 0™
for some constant ¢; > 0 and the other term can be bounded as
V€, (6™ — Ve (64|13
— * * — * * 2
= Z g G =0 (05 = 05)) |+ D Ajm (Ggm — 0 (05 = 03,))
j [ N\{m} JEN\{m}
1
<C’1 nmax logn + Cl—(log N+ Nmax)-

||,9(t+1) _ 9(t+1,m)|| (1 — c1nAa) f1 4 0y /201 nmx logn < fi

to hold, we need f; > C e/\f £/ %log” for some sufficiently large positive constant C' > 0.

Therefore, for

Next, we bound ||§(**1) — §*||. By Tarlor expansion,

OU) — 0% = (1 — pA\) I, — nH()) (0 — 0%) — nA6* — VL, (67).



Equation (41) becomes
(1 =9\ L —nH(£)) (0 = 07) < (1 =X — canda) [0 — 67,
and equation (42) becomes

n

* - * * MMmax
Ve, (0 )ngz Z Aij (5ig — ¥ (07 = 67)) SCzT,
i=1 [jen\{i}

for some constants ¢, Co > 0. Therefore,

NMNmax *
0D 0 < (1= coma)fo 4y 5™ A0

For ||§“+1) — 6*|| < fs to hold, we need ei‘f’E fa > C/™maxt for some sufficiently large constant C, which is guaranteed
by the definition of fs.

(t+1,m)

Next, we bound |0y, 0%, |. Note that by the definition of the gradient descent

05T O = 1= D0 Awp(€) | (05 = 0) = Mt D Ant! ()6 - 6))
Jem\{m} JE[n\{m}
where §; is a scalar between 05, — 67 and it — G;t’m). Since [|§*™) — 6|l < 3, we have |¢; — 07, + 0] <
105, — 05 — oie™ 4 Hj(-t’m)| < 6 and ||¢]|o is bounded. Therefore,
Z Amt!(&) = s min s
j€n]\{m}

and

ST A€l — ST AmE))? | ST (O™ —6r)2

JGN(m) JEN (m) JEN (m)

< cay/Nmax (f1 + f2)-

for some constant c3, ¢4 > 0. Thus we have
‘97(724_1’7”) - 9:n| < (1 - CBnnmin) + v/ TPmax (fl + f2) + >‘77|9;kn|-

For 0%.| < fs to hold, we need "m‘“ in f3 > C'\/Nmax f2 for some sufficiently large constant C' > 0, which is
ensured by the definition of fs, f5.

|0'r(7€,+17m)

As the last step, we again use the fact that £,(-) is p-strongly convex and (p + nmax)-smooth (see definition in the paragraph
before Equation (]I[)), so by Theorem 3.10 in [Bubeck! (2015)), we have

~ p « ~
169 =Byl < (1 = —L—Y]}6" =B, . (©5)

By a union bound, Equation holds for all ¢ < T with probability at leaast 1 — O(Tn~1?). Triangle inequality implies
that

N % A * p N *
10, = 0% loc <1107 = 0,12 + 107 — 0% ||oo < (1 — ———)"V/0 0, — 0% |0 +2
p+ nmax
Take T' = n® and remember that L < n5. If p > npax, then (1 — p+7fmax yrym < 2‘”5\/77 < 1/2. Otherwise, since
(- —L Ty <exp(——L ) v
P + Mmax P+ Nmax ’

using the fact that k < n, we have

(1-———)"Vn <exp (—T

P + Nmax

1
nmaxL

> kyn < ce "nd? < =

In conclusion, we have ||, — 6% ||, < %HHAP — 0*|| o + 2, thus [|§, — 0*||o < 4, with probability at least 1 — O(n=5). [



Proof of Lemma By definition, 0(_’2,3 is a constrained MLE on a subset of the data, thus by Taylor expansion, for £ given
by a convex combination of 8% and 6" we have

—m>

(- (0%,,) =000
=0 (07,,) + (07 = 07 —an L) VET™ (67,)

1
+ 500 0% —anl, ) THE (O] 07, — o),
where we use the invariant property of o™ 0_..), ie., ¢ (0_.,) = o™ (6_,, + c1,,_1). By the fact that || —
0", |l < ||0(_”2 — 0%, |lcc <5 and Lemma|2, we have

O — 0%, —anl,_)THE™(€)(0) — 07, — anlu1) = ce " Aa(La,) |0 — 0%, — anl,lf3.

Applying Cauchy-Schwartz inequality to the expansion and we can get

QHE

(m) * 2 € —m * 2
e V(6513

Ca P

Where A_,, is the adjacency matrix of the comparison graph with node m excluded. By the interlacing property of the
eigenvalue sequences of Laplacians of graph and its induced subgraph (see, e.g. Brouwer and Haemers, [2012}, Proposition
3.2.1), we have Ao(La_, ) > A2(L4), thus

e2KE

(m) * 2 —-m * 0\ (12
||0—7n - a—m - am171—1||2 < WHVK% )(em)HZ (66)

4)
Now by Lemma it holds with probability at least 1 — O(n~10) that

2P E s

(m) _p* _ 1 2 < (- “max’
||07m 0", —am n—1H2 <C L)\Q(ﬁA)Z )

and the conclusion is guaranteed by a union bound. O
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