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A PROOF OF THEOREM 4.1

For any function F ∈ {Mij ,∇iU,∇lMij ,∇2
ijU}, the error of the estimator can be decomposed by triangle inequality as

follows,

|F (T,k)(z)− F (z)| ≤ |F (k)(z)− F (z)|+ |F (T,k)(z)− F (k)(z)|.

The first term is introduced by the finiteness of k. The second term is introduced by finiteness of the time T of restrained
dynamics. The following two lemmas provide upper bounds for finite-k error and finite-T error respectively.

Lemma A.1 (Error by finite k). For any function g(r), consider the two functionals I[g] and I(k)[g] defined as follows

I[g](z) =
∫
R3D

g(r)e−βV (r)
N∏
j=1

δ(xj(r)− zj)dr,

I(k)[g](z) = (
2π

βk
)N/2

∫
R3D

g(r)e−β(V (r)+ k
2

∑N
j=1(xj(r)−zj)

2)dr.

Their difference are bounded by

|I[g](z)− I(k)[g](z)| ≤ 1

2βk
Tr[∇2

zI[g](z)].

Moreover, the difference of the derivatives of I[g](z) and I(k)[g](z) are bounded by

| ∂p

∂zi1 , . . . , ∂zip
I[g](z)− ∂p

∂zi1 , . . . , ∂zip
I(k)[g](z)| ≤ 1

2βk

∂p

∂zi1 , . . . , ∂zip
Tr[∇2

zI[g](z)].

Proof. The proof of the upper bound of |I[g](z)− I(k)[g](z)| follows Maragliano et al. (2006). We generate the proof to
the upper bound of the derivatives. Consider the Fourier transform of I[g](z) as follows

Ĝ(ζ) =

∫
CN

e−iζ·z
∫
R3D

g(r)e−βV (r)
N∏
j=1

δ(xj(r)− zj)drdz =

∫
R3D

g(r)e−βV (r)

∫
CN

e−iζ·z
N∏
j=1

δ(xj(r)− zj)dzdr

=

∫
R3D

g(r)e−βV (r)e−iζ·x(r)dr.

Accepted for the 38th Conference on Uncertainty in Artificial Intelligence (UAI 2022).



The Fourier transform of I(k)[g](z) is

ˆG(k)(ζ) = (
2π

βk
)N/2

∫
CN

e−iζ·z
∫
R3D

g(r)e−β(V (r)+ k
2

∑N
j=1(xj(r)−zj)

2)drdz

= (
2π

βk
)N/2

∫
R3D

g(r)e−βV (r)

∫
CN

exp{−iζ · z − βk

2

N∑
j=1

(xj(r)− zj)2}dzdr

= (
2π

βk
)N/2

∫
R3D

g(r)e−βV (r)

∫
CN

exp{−βk
2

N∑
j=1

(zj − xj(r) +
i

βk
ζj)

2 − iζ · x(r)− |ζ|
2

2βk
}dzdr

=

∫
R3D

g(r)e−βV (r)e−iζ·x(r)−
|ζ|2
2βk dr = e−

|ζ|2
2βk Ĝ(ζ).

By applying reverse Fourier transformation, we have

|I[g](z)− I(k)[g](z)| =
∣∣ ∫

CN
eiζ·z(Ĝ(ζ)− ˆG(k)(ζ))dζ

∣∣ ≤ ∫
CN

eiζ·zĜ(ζ)|1− e−
|ζ|2
2βk |dζ

≤
∫
CN

eiζ·zĜ(ζ)
|ζ|2

2βk
dζ =

1

2βk
Tr[∇zI(k)[g](z)].

To generalize the upper bound to the derivatives, notice the Fourier transform of the derivatives ∂p

∂zi1 ,··· ,∂zip
I[g](z)

and ∂p

∂zi1 ,...,∂zip
I(k)[g](z) are ipζi1 . . . ζipĜ(ζ) and ipζi1 · · · ζipĜk(ζ), respectively. Similarly, applying reverse Fourier

transformation

| ∂p

∂zi1 , . . . , ∂zip
I[g](z)− ∂p

∂zi1 , . . . , ∂zip
I(k)[g](z)| ≤

∫
CN

eiζ·zipζi1 · · · ζipĜ(ζ)|1− e
− |ζ|2

2βk |dζ

≤
∫
CN

eiζ·zipζi1 · · · ζipĜ(ζ)
|ζ|2

2βk
dζ =

1

2βk

∂p

∂zi1 , . . . , ∂zip
Tr[∇2

zI[g](z)].

Lemma A.2 (Error by finite T (Maragliano et al., 2006)). For any function f(r, z), consider the true average functional
and the time average estimator defined as follows

A(k)[f ](z) =

∫
R3N

f(r, z)pk(r, z)dr,

A(T,k)[f ](z) =
1

T

∫ T

0

f(r(t), z)dt.

As T →∞, their difference is given by

A(T,k)[f ](z)−A(k)[f ](z)− >
√
τk[f ](z)

T
ξk[f ](z),

where ξk[f ](z) is a Gaussian variable with mean zero and variance

V ar[ξk[f ](z)] =

∫
R3N

(f(r, z)−A(k)[f ](z))2pk(r, z)dr,

and τk[f ](z) is given by

τk[f ](z) =
1

V ar[ξk[f ](z)]

∫ T

t=0

∫
R3N

E[f(r(t), z)−A(k)[f ](z)](f(r, z)−A(k)[f ](z))2pk(r, z)drdt.

Moreover, as k goes to infinity, V ar[ξk[f ](z)] = V ar[ξ[f ](z)] +O(1/k) and τk[f ](z) = τ [f ](z) +O(1/
√
k), where ξ[f ]

and τ [f ] are defined by replacing A(k)[f ] by its limiting functional

A[f ](z) = Z−1eβU(z)

∫
R3N

f(r, z)e−βV (r)
N∏
j=1

δ(zj − xj(r))dr.

Now we are ready to given upper bounds for the errors of estimators of∇U(z), M(z),∇M(z) and∇2U(z) by applying
Lemma 1.1 and 1.2 respectively.



A.1 ERROR OF M(z)

Define fij(r) =
∑
k
∂xi(r(α))

∂rk

∂xj(r(α))
∂rk

, and 1(r) = 1. Then Mij(z) can be written as

Mij(z) = Z−1eβU(z)

∫
R3D

∑
k

∂xi(r(α))

∂rk

∂xj(r(α))

∂rk
e−βV (r)

N∏
i=1

(zi − xi(r))dr

=

∫
R3D fij(r)e

−βV (r)
∏N
i=1(zi − xi(r))dr∫

R3D e−βV (r)
∏N
i=1(zi − xi(r))dr

=
I[fij ](z)
I[1](z)

.

Therefore, the finite-k error |Mij(z)−M (k)
ij (z)| is bounded by

|Mij(z)−M (k)
ij (z)| = |I[fij ](z)

I[1](z)
− I

(k)[fij ](z)

I(k)[1](z)
|

≤ 1

2βk

I[fij ](z)Tr[∇2I[1](z)] + Tr[∇2I[fij ](z)]I[1](z)
(I[1](z))2

+O(
1

k2
).

The finite-T error is bounded by

|M (T,k)
ij (z)−M (k)

ij (z)| = | 1
T

∫ T

0

fij(z)dt−
∫
R3D

fij(z)pk(r, z)dr|

= |A(T,k)[fij ](z)−Ak[fij ](z)| →
√
τ [fij ](z)

T
ξk[fij ](z).

A.2 ERROR OF ∇U(z)

∇iU(z) can be written as

∇iU(z) = −β−1∇i ln
(
Z−1

∫
R3D

exp(−βV (r))

N∏
j=1

δ(xj(r)− zj)dr
)

= −β−1∇i ln I[1](z) = −β−1
∇iI[1](z)
I[1](z)

.

The finite-k error is bounded by

|∇iU(z)−∇iU (k)(z)| = β−1|∇iI[1](z)
I[1](z)

− ∇iI
(k)[1](z)

I(k)[1](z)
|

≤ 1

2β2k

|∇iI[1](z)|Tr[∇2I[1](z)] + |∇iTr[∇2I[1](z)]|I[1](z)
(I[1](z))2

+O(
1

k2
).

The finite-T error is bounded by

|∇iU (T,k)(z)−∇iU (k)(z)| = | k
T

∫ T

0

(zi − xi(r(t)))dt−
∫
R3D

k(zi − xi(r))pk(r, z)dr|

= k|A(T,k)[zi − xi(r)](z)−Ak[zi − xi(r)](z)| → k

√
τ [zi − xi(r)](z)

T
ξk[zi − xi(r)](z).

A.3 ERROR OF ∇M(z)

∇lMij(z) can be written as

∇lMij(z) = ∇l
(
I[fij ](z)
I[1](z)

)
=
∇lI[fij ](z)I[1](z)− I[fij ](z)∇lI[1](z)

(I[1](z))2
.



Therefore, the finite-k error is bounded by

|∇lMij(z)−∇lM (k)
ij (z)|

= |∇lI[fij ](z)I[1](z)− I[fij ](z)∇lI[1](z)
(I[1](z))2

− ∇lI
(k)[fij ](z)I(k)[1](z)− I(k)[fij ](z)∇lI(k)[1](z)

(I(k)[1](z))2
|

≤ |∇lI[fij ](z)
I[1](z)

− ∇lI
(k)[fij ](z)

I(k)[1](z)
|+ |I[fij ](z)∇lI[1](z)

(I[1](z))2
− I

(k)[fij ](z)∇lI(k)[1](z)
(I(k)[1](z))2

|

≤ 1

2βk

( |∇lI[fij ](z)|Tr[∇2I[1](z)] + |∇lTr[∇2I[fij ](z)]|I[1](z)
(I[1](z))2

+
I[fij ](z)|∇lTr[∇2I[1](z)]|+ Tr[∇2I[fij ](z)]|∇lI[1](z)|

(I[1](z))2
+
I[fij ](z)|∇lI[1](z)|Tr[∇2I[1](z)]

(I[1](z))3
)
+O(

1

k2
).

The finite-T error is bounded by

|∇lM (T,k)
ij (z)−∇lM (k)

ij (z)| ≤ |A(T,k)[
∂fij(z)

zl
](z)−A(k)[

∂fij(z)

zl
](z)|

+ βk|A(T,k)[fij(z)(zl − xl(r))](z)−A(k)[fij(z)(zl − xl(r))](z)|
+ βk|A(T,k)[fij(z)](z)A(T,k)[(zl − xl(r))](z)−A(k)[fij ](z)A(k)[(zl − xl(r))](z)|

→

√
τ [
∂fij(z)
zl

](z)

T
ξ[
∂fij(z)

zl
](z) + βk

√
τ [fij(z)(zl − xl(r))](z)

T
ξ[fij(z)(zl − xl(r))](z)

+ βk

√
τ [fij(z)]

T
A(k)[(zl − xl(r))](z)ξ[fij(z)](z)

+ βk

√
τ [(zl − xl(r))](z)

T
A(k)[fij ](z)ξ[(zl − xl(r))](z) +O(

1

T
).

A.4 ERROR OF ∇2U(z)

∇2
ijU(z) can be written as

∇2
ijU(z) = ∇j

(
−β−1∇iI[1](z)

I[1](z)

)
= −β−1

∇2
ijI[1](z)I[1](z)−∇iI[1](z)∇jI[1](z)

(I[1](z))2
.

Therefore, the finite-k error is bounded by

|∇2
ijU(z)−∇2

ijU
(k)(z)|

= β−1|
∇2
ijI[1](z)I[1](z)−∇iI[1](z)∇jI[1](z)

(I[1](z))2
−
∇2
ijI(k)[1](z)I(k)[1](z)−∇iI(k)[1](z)∇jI(k)[1](z)

(I(k)[1](z))2
|

≤ β−1
(
|
∇2
ijI[1](z)
I[1](z)

−
∇2
ijI(k)[1](z)
I(k)[1](z)

|+ |∇iI[1](z)∇jI[1](z)
(I[1](z))2

− ∇iI
(k)[1](z)∇jI(k)[1](z)
(I(k)[1](z))2

|

)

≤ 1

2β2k

( |∇2
ijI[1](z)|Tr[∇2I[1](z)] + |∇2

ijTr[∇2I[1](z)]|I[1](z)
(I[1](z))2

+
|∇iI[1](z)∇jTr[∇2I[1](z)]|+ |∇iTr[∇2I[1](z)]∇jI[1](z)|

(I[1](z))2
+
|∇iI[1](z)∇jI[1](z)|Tr[∇2I[1](z)]

(I[1](z))3
)
+O(

1

k2
).



The finite-T error is bounded by

|∇2
ijU

(T,k)(z)−∇2
ijU

(k)(z)| ≤ k|A(T,k)[
∂(zj − xj(r))

zi
](z)−A(k)[

∂(zj − xj(r))
zi

](z)|

+ βk2|A(T,k)[(zj − xj(r))(zi − xi(r))](z)−A(k)[(zj − xj(r))(zi − xi(r))](z)|
+ βk2|A(T,k)[(zj − xj(r))](z)A(T,k)[(zi − xi(r))](z)−A(k)[(zj − xj(r))](z)A(k)[(zi − xi(r))](z)|

→ k

√
τ [
∂(zj−xj(r))

zi
](z)

T
ξ[
∂(zj − xj(r))

zi
](z) + βk2

√
τ [(zj − xj(r))(zi − xi(r))](z)

T
ξ[(zj − xj(r))(zi − xi(r))](z)

+ βk2
√
τ [(zi − xi(r))](z)

T
A(k)[(zj − xj(r))](z)ξ[(zi − xi(r))](z)

+ βk2
√
τ [(zj − xj(r))](z)

T
A(k)[(zi − xi(r))](z)ξ[(zj − xj(r))](z) +O(

1

T
).

B CONVERGENCE RATE OF HESSIAN-VECTOR PRODUCT ESTIMATOR

Here we discuss the convergence rate of using Hessian vector product estimator

∇U(z + δv)−∇U(z − δv)
2δ

,

compared to the direct estimator∇2Uv. Here v = MTM∇U
‖M∇U‖ . By Theorem 4.1, we know that

• For any z, the error of estimating∇U is bounded by |∇iU(z)−∇iU (T,k)(z)| ≤ O( 1k + k√
T
),

• For any z, the error of estimating v = MTM∇U
‖M∇U‖ is bounded by |vi(z)− v(T,k)i (z)| ≤ O( 1k + k√

T
),

• For any z, the error of estimating∇2U is bounded by |∇2
ijU(z)−∇2

ijU
(T,k)(z)| ≤ O( 1k + k2√

T
).

First we consider the error of directly estimating∇2Uv.

|(∇2Uv)i − (∇2U (T,k)v(T,k))i| = |
∑
j

∇2
ijU(z)vj(z)−∇2

ijU
(T,k)(z)v

(T,k)
j (z)|

≤
∑
j

|∇2
ijU(z)vj(z)−∇2

ijU
(T,k)(z)v

(T,k)
j (z)|

≤
∑
j

(
|∇2

ijU(z)−∇2
ijU

(T,k)(z)|vj(z) + |vj(z)− v(T,k)j (z)|∇2Uij(z) + |∇2
ijU(z)−∇2

ijU
(T,k)(z)||vj(z)− v(T,k)j (z)|

)
≤ O(

1

k
+

k2√
T
).

So the convergence rate of the error is O( 1k + k2√
T
), due to the contribution of |∇2

ijU(z)−∇2
ijU

(T,k)(z)|.

Now let’s consider the Hessian-vector product estimator. The error can be decomposed into three terms as follows

|∇iU
(T,k)(z + δv(T,k))−∇iU (T,k)(z − δv(T,k))

2δ
− (∇2Uv)i|

≤ |∇iU
(T,k)(z + δv(T,k))−∇iU (T,k)(z − δv(T,k))

2δ
− ∇iU(z + δv(T,k))−∇iU(z − δv(T,k))

2δ
|

+ |∇iU(z + δv(T,k))−∇iU(z − δv(T,k))
2δ

− (∇2Uv(T,k))i|

+ |(∇2Uv(T,k))i − (∇2Uv)i|.



The first term comes from the error of estimating∇U , which can be upper bounded by

|∇iU
(T,k)(z + δv(T,k))−∇iU (T,k)(z − δv(T,k))

2δ
− ∇iU(z + δv(T,k))−∇iU(z − δv(T,k))

2δ
|

≤ 1

2δ

(
|∇iU (T,k)(z + δv(T,k))−∇iU(z + δv(T,k))|+ |∇iU (T,k)(z − δv(T,k))−∇iU(z − δv(T,k))|

)
≤ O(

1

δ
(
1

k
+

k√
T
)).

The second term comes from finite difference estimate of∇2U . Using Taylor expansion,

∇iU(z + δv(T,k))−∇iU(z − δv(T,k))

=

(
Ui(z) + δv(T,k)∇∇iU(z) +

δ2

2
(v(T,k))T∇2∇iU(z)v(T,k)

)
−
(
Ui(z)− δv(T,k)∇∇iU(z) +

δ2

2
(v(T,k))T∇2∇iU(z)v(T,k)

)
+O(δ3)

= 2δ(∇2Uv(T,k))i +O(δ3).

Therefore, the error is bounded by

|∇iU(z + δv(T,k))−∇iU(z − δv(T,k))
2δ

− (∇2Uv(T,k))i| = O(δ2).

The third term comes from the error of estimating v, which can be upper bounded by

|(∇2Uv(T,k))i − (∇2Uv)i| ≤
∑
j

∇2
ijU(z)|vj(z)− v(T,k)j (z)| ≤ O(

1

k
+

k√
T
).

The combined convergence rate of the total estimation error is bounded by

|∇iU
(T,k)(z + δv(T,k))−∇iU (T,k)(z − δv(T,k))

2δ
− (∇2Uv)i|

≤ O(
1

δ
(
1

k
+

k√
T
)) +O(δ2) +O(

1

k
+

k√
T
).

The upper bound contains two terms of δ which are O( 1δ (
1
k + k√

T
)) and O(δ2). The optimal δ is O(( 1k + k√

T
)1/3) which

makes the rate of the error be O(( 1k + k√
T
)2/3). The third term is always not the leading term.

Remark: The benifit of Hessian-vector product estimator depends on how fast T grows as k grows. Let α = limk→∞
log T
log k .

• If α ≤ 2, neither direct estimator nor Hessian-vector product estimator converges.

• If 2 < α ≤ 4, direct estimator does not converge, but Hessian-vector product estimator converges at a rate of
O(k−(α−2)/3).

• If 4 < α ≤ 6, both estimators converge. The direct estimator converges at a rate of O(k−(α−4)/2) and the Hessian-
vector product estimator converges at a rate of O(k−2/3). If α ≤ 16/3, the Hessian-vector product estimator converges
faster and if α > 16/3, the direct estimator converges faster.

• If α > 6, both estimators converge. The direct estimator converges at a rate of O(k−1) and the Hessian-vector product
estimator converges at a rate of O(k−2/3). The direct estimator converges faster.

The relation between the convergence rate and α are shown in Figure 1.

C MÜLLER POTENTIAL PARAMETERS

This section provides the detailed parameters in Eq.(21).

A = (−200,−100,−170, 15), a = (−1,−1,−6.5, 0.7),
b = (0, 0, 11, 0.6), c = (−10,−10,−6.5, 0.7),
x0 = (1, 0,−0.5,−1), y0 = (0, 0.5, 1.5, 1).



Figure 1: Relation between the convergence rate β = − limk→∞
log |∇2U(T,k)v(T,k)−∇2Uv|

log k and the rate α = limk→∞
log T
log k .
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