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A  PRELIMINARY LEMMAS

We state some standard concentration bounds that are used in our proofs. Their proofs can be found in the citations provided.

Lemma A.1 (Chernoff Bounds, Section 4.2 in Mitzenmacher and Upfal|[2005]])
Let Z be any random variable. Then for any t > 0,

1. P(Z > E[Z] +t) < minysg E[eMZElZD ]2t
2. P(Z < E[Z] —t) < minyso E[e? ElZ1=2)]e—

Lemma A.2 (Hoeffding’s Lemma, Lemma 2.6 in|Massart and Picard| [2007])
Let Z be a bounded random variable with Z € |[a, b]. Then,

Elexp(A(Z — E[Z])] < exp (@)
forall A € R.

Lemma A.3 (Chernoff-Hoeffeding inequality, Chernoff] [1952], Hoeftding| [[1963]])
Suppose X1, ..., Xt are independent random variables taking values in the interval [0, 1], and let X = Zte[T] Xy and

X = % (Zte[T] X:). Then for any € > 0 the following holds:
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X
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B EXAMPLE OF CBN WITH m(C) < N
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Consider a CBN C = (G, P) with N intervenable nodes and in-degree at most k£ — 1, and let k& be such that 2F « N. Further,
let P be such that for at most 2* nodes, chosen in the reverse topological order, the conditional probability of a node being 1
given its parents is Bernoulli with parameter 1/2%*+1, and for the remaining nodes the conditional probability of a node
being 1 given its parents is Bernoulli with parameter 1/2. Now, using the definition of m(C) provided in Section 3] it is easy
to see that m(C) < 2F < N.

C ESTIMATION OF REWARD FROM OBSERVATION

In Algorithm [C.T|below we explain our strategy (derived from Bhattacharyya et al.|[2020]) for estimating the reward of the
interventional arms a; , using 7'/2 observational samples collected by playing the observational arm ag. This is followed by
details on each of the steps involved. Recall, N is the number of intervenable nodes.
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Algorithm C.1 Estimating Rewards from Observational Samples

INPUT: His containing the 7'/2 observational samples collected by playing arm ag, and G
1: For each i € [N], reduce the input ADMG G to ADMG H; as outlined in Algorithm
2: Next, for each ¢ € [N] and = € {0, 1}, construct the Bayes net D; ,, which simulates the causal effect of intervention
do(X; = x) on the reduced graph ;.
3: Using Algorithm@]on the input samples, estimate the distributions of all D; . Then, using learned D; ,, generate
samples to estimate marginal of Y and return them as estimated rewards.

Step 1 : This step executes Algorithm [C.2]based on the reduction algorithm from Bhattacharyya et al.|[2020].

Algorithm C.2 Reducing G to H;

INPUT: ADMG G and index i € [N].
I: Let W =Y U X; UPa®(X;), and G/ be the graph obtained by considering V\'W as hidden variables. Let V; denote
the nodes in G,
2: Projection Algorithm: It reduces G/ to H,; as follows:
1. Add all observable variables in G to H,.
2. For every pair of observable variable V/,V}! € V;, add a directed edge from V' to V! in H;, if (a) there exists a
directed edge from V to V' in G;, or if (b) there exists a directed path from V}/ to V! in G which contains only
unobservable variables.

3. For every pair of observable variable V/, V}! € V;, add a bi-directed edge between V}/ and V! in H;, if (a) there
exists an unobserved variable U with two directed paths in G/ going from U to V} and U to V| and containing
only unobservable variables.

3: Return H;.

Algorithm C.3 Estimating distributions of D ,,
INPUT: ADMG #; and = € {0,1}.

: for every V; € 51 do
for every assignment V; = v and Z; = z where Z; are effective parents of V; in H; do
N; < the number of samples with Z; = z
Nj ,, < the number of samples with Z; = zand V; = v
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N;+2
: for every V; € V;\S4 do
for every V; = v and Z;\ X; = z, where Z; are effective parents of V; in #; do
if X € Z; then
N; < the number of samples with Z;\X; =z and X; =«

10: N; , < the number of samples with V; = v, Z;\X; = zand X; =«
11: if N; > ¢ then

12: D;o(Vy = v|Zi = 2) 25

13: elseA

14: DZ,ZE(V] = 'U|ZJ — {Xz} = Z7Xi = (ﬁ) — %

15: else

16: N; < the number of samples with Z; = z

17: Nj ,, < the number of samples with V; = v and Z; = z
18: if N; > ¢ then

19: BM(VJ =v|Z; =2) + %

20: else

21: D;.(V; =v|Zj=2) < %

22: Return lA)m




Step 2 : Construction of D; , is done using the method described in Section 4.1 of [Bhattacharyya et al|[2020]]. Without loss
of generality let S; be the c-component containing X;. To construct D; .., we start with #,;. Then, for each V' ¢ Sy such
that X; is in the set Z; of “effective parents” (Section 4, Bhattacharyya et al.|[2020]]) of V', we create a clone of X; and fix
its value to z (i.e. the clone has no parents). Then we remove all the outgoing edges from the original X;. Note that, for any
assignment v of all variables except X; in H;, the causal effect Py, (v|do(X; = z)) =3 Pp, , (v, X; = ).

Step 3 : In this step, we estimate the distributions of all D; , using the 7'/2 samples that were provided as input. Details are
described in Algorithm Using this estimated distribution, we get O(T") samples and compute an empirical estimate ji; ,
of the reward 1; , = Pg(Y = 1|do(X; = x)). This follows from the construction of D; , in Step 2 which implies,

pie =Pg(Y = 1|do(X; = )) = Py, (Y =1|do(X; = x)) = ¥ Pp, (Y =1,v, X, =)

x,v’
where v’ is an assignment of nodes in D, ,, other than X; and Y.
D PROOF OF THEOREM 3.1
For the sake of analysis, we assume without loss of generality that q1,qo, ..., qy are arranged such that their corre-
sponding c-component sizes k1, ka2, . . ., kx satisfy the following relation: (g;)*¥* < (g2)*2 < ... < (qn)*V. Also, let

q = mingg 50y ¢; (if ¢ = O foralli € [N]then ¢ = w7), k = max; k;, and py” = P(X; = z,Pa’(X;) = z). We
remark that p%” is different from p3;® used in Section [5to denote P(X; = z, Pa(X;) = z); note that Pa(X;) C Pa‘(X).
Let d be the maximum indegree of any node in .S; for ¢ € [N]. Finally, let Z; be the size of the domain from which Pa“(X;)
takes values, and note that Z; < 2Fi¢t*i and let Z = max; Z;. Note that, by our assumption Z is O(1). Also, in this section,
let m(C) be denoted by m.

We begin by proving Lemmas[D.1] [D.2] and[D.3|which would be used to prove Theorem [3.1] The following lemma bounds
the probability of making a bad estimate of ¢; for any ¢ € [N], at the end of 7'/2 rounds.

Lemma D.1
Let ' = 1{At the end of T /2 rounds, there exists i such that |g; — ¢;| > (1 — 27Y/*)q}. Then P(F = 1) <
AN Ze~76(1=275)*¢T

Proof. Let F; , = 1{At the end of T /2 rounds there exists z such that |p;* — pi®| > (1 — 271/%)g}. From Lemma
it follows that,

P(\ﬁj“ —pgtl > i(l - 2*1/’“)11) < 2725 (1-270)%* %

By union bound,

By definition ¢; = min, , p;* and §; = min, , p,*. Hence,
~ 1 ) B
P([G— @l = 70— 27%)q) S 2P(Fp = 1) < 4Z;e" 16072007
Taking union bound, we get P(F = 1) < 4NZ€—ﬁ(1_2—1/k)zq2T' -

The next lemma shows that with high probability the estimate of m at Step 6 of SRM-ALG is good.

Lemma D.2
Let F be as defined in Lemma and let J = 1{At the end of T /2 rounds the following holds m < 2mj. Then F = 0

implies J = 1, and in particular, P(J = 1) > 1 — 4N Ze~16(1=27"/")*¢’T

Proof. Note that if ¢; = 0 for all ¢ € [N], then our proposition is trivially true. F' = 0 implies after 7"/2 rounds for all
i € [N], g — q;| < (1 —27Y/*)q. Now from definition of m we know that there is an { < m such that for i > I,



(¢:)" > (). Hence, for i > I, since ¢ < g¢; by definition

K 1 _ ki _ ki 1 1
@)™ > (%‘ —51-2 Uk)‘]) > (qi -(1-2 Uk)%‘) 2 i 2 5

Since, I < m, we have |{j | (jf’ < 5}| < 2m. This implies 7 < 2m.

The next lemma provides the confidence bound on the estimate of 1; ,, computed by AlgorithmlC_Tﬂ for each i, x .

Lemma D.3

For an action a; , € A, at the end of T /2 rounds P(|[i; o — fti,z| > €) < exp (—62
dependent on the structure of G but independent of P.

.
A .
q}'{g ), where Kg > 1 is a constant

Proof. Using Theorem 2.5 and Theorem A.1 in Bhattacharyya et al.|[2020], it can be inferred that the learner can
estimate [i; ,-, such that |fi; , — ;2| < €, with probability 1 — §;, using 0(22“? log 224 log éi/(qfl €?)) samples, where

u2
u; = 1+ k;(d+ 1). Hence using samples T' = K’ 22,; - log %, where K’ is a constant independent of the problem instance,
q; € K

we get, P(|[ii.o — x| <€) >1— 0;. Writing 6, in terms of T" and €, and using Kg = max{1, K’22'2“?},

N T qzl_%62 2q£€iT
P(|fie — pial > €) <exp (— K 9222 Sexp | —e€ Ky

Also by[A73] for a, by,

T
P(o — 10l > €) < exp ( - 2622) |

O

Now we are ready to prove the theorem using the above Lemmas, and let K = 2F 'K Let L, =

H —L(1—271/F)242% 144Km Nt _ : 6 (m\4 16 Km Nt
mingey (4N Ze~ 16 ( Vot < JHEm 60 NEY and Ly = mingen o5 (2)* < (/185 Jog 't and we assume

t =

throughout the proof that T’ > max{L1, Ly }. Consider a; , € Q. By LemmalA.3] and Lemma|D.2}

2T T T
]P’(|ﬁw —pig| > €| F= O) < 2exp (—624m) < 2exp <—624m> < 2exp (—624Km)

Ifa; , ¢ Q, and qfi > L then given F' = 0 we get,

m’

k:’.
~ T T
P(Wz‘,w - Mi,:c| > € | F= O) < exp (—62(1Kg> < exp <—€2 4Km>

Ifa;, ¢ Q and g/ < L, thengiven F = OfromLemma q > (G-t —27VR)g)k > ((E)V/k = L(L)Vkiyyki >
(g% = 2GRN = gt we get,

2m =

ki
~ - 2¢;'T 2 T 2 T
P(Wi,w - Mz‘,w‘ > € | F= 0) < exp <—€ Kg) < exp (—6 Mlﬂ) < exp (—6 4Km)

3)

4Km

T
< 6N —é?
<6 exp< 64Km>

~ T
P{There exists an action a such that |[iq, — o] > € | F =0} < (4N + 2) exp (62 )




P /16K NT
Substituting € = |/ =™ log ==, we get,

E[T‘T|F:0]§2

16Km, NT 6 @4< L4Km, NT
T %8 NAI\T ) = T %%

Finally, the expected simple regret of Algorithm I]is as follows:

E[rr] = Elrr|F = 0]P(F = 0) + E[rg|F = 1|P(F = 1)
< Elrr|F = 0]+ P(F = 1)

< 1447{(771 log NT + AN Ze 16(1-27V)%¢°T
m

Since T' > max(L1, L2) the simple regret is O (w / 7 log 1\7/3"> .

E PROOF OF THEOREM

Throughout this proof we assume the following terminology: a) a node is a root node if it has not parents, b) a node is a
leaf node if it has no children. Consider an n-ary tree 7 € T on N intervenable nodes. Note that since 7 is a tree, each
node X; for i € [IV] has at most one parent. In addition 7 has one special node Y, called the outcome. There is a directed
from every leaf node in 7 to Y, and let L+ be the set of all leaf nodes. We use V to denote the set of nodes in 7T, that is,
V ={Xy,...,Xn,Y}. Without loss of generality, we assume that X1, ..., X is in the reverse topological order, that is,
X isaleaf node, Xy is a root node, X y_1 is either a root node or a child of Xy, and so on. Let T, be the sub-graph of 7
defined by the nodes X1, ..., Xs. An edge belongs to T if both its endpoints belong to { X7, ..., X }. Further, let h
be the maximum number of nodes in a (directed) path from a root node to Y. Now we define distributions Py, . .., Py, all
compatible with 7 such that the optimal arm in the CBN C; = (7,IP;) is a; 1 for i € [M], and for Cy = (T, Py) every arm
is an optimal arm.

Defining Py: For X; not belonging to Ty let Po(X; = 1|.) = 0.5, and for X; belonging to 7, and for an appropriately
chosen « let

Py(X;=1) =« If X; is a root node,
Py(X;=1|Pa(X;)=0) =« If X; is not a root node,
Py(X;=1|Pa(X;)=1)=1—-« If X; is not a root node,
Po(Y =1].)=05 Po(Y =0].)=05

The value of « is appropriately chosen later to achieve the desired lower bound. Note that in the above equations if X; is not
aroot node then Pa(Xj;) is a singleton set. Also, Po(Y = 1|.) denotes the probability of Y = 1 conditioned on any value of
its parents. Next, we define P; for i € [N].

Defining P;: Let L; be the set of leaf nodes that are reachable from X, that is there is a directed path from X to every leaf
node in L;. Note that if X; is a leaf then L; = {X;}. We use L; = 1 and L; = 0 to denote all nodes in L; evaluated to 1
and 0 respectively. Also, let LZ‘T/[ be the set of all leaves in Tjs and L, = LJ\T/I \ L;. Then

The value of € is appropriately chosen later to achieve the desired lower bound. The distributions of X; given its parents
corresponding to IP; is the same as those defined for PPy.

We set a = min{(2h|L7| 4+ 2"+1) 71 (2"|L7|M)~'} and hence o < 4. Using this it is easy to see that m(C;) = M for
i € [0, M] and M > 4. Additionally, in C; arm a; 1 is the optimal arm for ¢ € [1, M| and the reward for every arm in Cy is
0.5. We will denote a* as the optimal arm for every C;, and note that a* = a, 1 for C;, where ¢ € [M]. First, in Lemma
we lower bound the regret of returning a sub-optimal arm in C; at the end of T rounds. Further, in Lemma[E.2] we show that
any algorithm would have a non-trivial probability of returning a sub-optimal arm in at least one of the constructed CBNss.
Finally, we would use Lemmas and to lower bound the expected regret of any algorithm. Let rew;(a; ) denote



the expected reward of action do(X; = x) under the distribution P;. We deviate from the usual notation of y in this case,
because the reward now depends on the arm and the corresponding distribution. We require the following sets in Lemmas

[E.q]and[E2} Vi = L\ Lj, Vo= LN L;, V3 =L;\ L;, Vi = L¥ \ (L; UL;),and V5 = V' \ LY.

Lemma E.1
Foreveryi € [1,M], j € [1,N], x € {0,1}, and (j,x) # (3, 1) the following holds: rew;(a; 1) — rew;(a; ) > 0.5¢.

Proof. For any i,j € [M], we have

rewi(am) =05+ ]P)z(V4 = 07‘/1 = 1, ‘/2 = 17‘/3 =0 | dO(XZ = 1))(6) (El)
rew;(a;1) =054+P;(Va=0,V1 =1,V =1,V3 =0 | do(X; =1))(e) (E2)

Subtracting Equation [E.2]from Equation[E.T| we have

rewi(ai,l) —rewi(aj,l)
= ]P)z(V4 = O) [P,(Vl = 17‘/2 = 1,‘/3 =0 ‘ dO(Xi = 1)) - ]P’z(Vl = 17‘/2 = 1,V3 =0 | dO(Xj = 1))]6
> (1— )M [(1- o) PULl+IVa) (gha)]e

?

—~
a2

> (1 —a)METl — 2ha)e
> ((1 = h|L7]a) — 2"a)e
> 0.5¢

(i) in the above equations follows from the definitions of & and P;. Similarly, it can be shown that rew; (a; 1) — rew;(a;0) >
0.5¢ for j € [N], and rew;(a;,1) — rew;(a; 1) > 0.5¢ for j € [M + 1, N]. Also rew;(a; 1) — rew;(ag) > 0.5e. O

Let ALG be an algorithm that outputs arm ar at the end of 7' rounds. We choose € = min{ i, \/ % }. Note that corresponding

to every C; for i € [0, M], ALG and PP; together define a probability measure on all the sampled values of the nodes of T
over T rounds. Denote ID; as this measure and [E; as the expectation over ID; for ¢ € [0, M]. Let G; be the sampled values of
the nodes of 7 at time ¢ and let G; = {G1,...,G:}. Also, fori € [0, M] let D;(.|G;—1) = Pi(.); here D;(.|G;_1) denotes
the probability of the sampled values of the nodes of G conditioned on its history till time £ — 1. Observe that conditioned on

history G;_1, ALG determines an arm, say a;, to pull at time ¢ (either deterministically or in a randomized way), and for
4,7’ € 1, N]if a; = a; , then PY(X; = z|do(X; = x)) = Pi(X; = z|do(X; = x)).

Lemma E.2
For any algorithm ALG there exists an i € [M] such that D;(ar # a; 1) >

Sl

-1
M

Proof. We use K L(Dg, ;) to denote the KL divergence between Dy and D; for any ¢ € [M]. Let Nj(f ") be the number

of times ALG plays the arm a; ; at the end of T rounds. Also, let B = {a;1 | i < M and E, [N;i’l)] < 2T/M?}. Observe
that |B| > M /2, as otherwise the sum of the expected number of arm pulls of arms not in 5 would be greater than 7T". First,
using Lemma 2.6 from [Tsybakov| [2008]], we have,

-exp (—K L(Dy, D))

N =

Do(ar = a;1) + Dilar # a;1) >

Rearranging and summing the above equation over arms in 3, and observing that a;1€B Do(ar = a;,1) < 1 we have

Z Di(ar # ain) > 5 - Z exp(—K L(Do,D;)) — 1 (E3)

ai1€EB aj,1€EB

N |

Now we bound exp(—K L(Dy,D;)) for every ¢ such that a, ; € B. Using the chain rule for product distributions (see|Auer
et al.|[1995] and Chapter 2 in|Slivkins| [2019])) the KL divergence of Dy and D; for any i € [M] can be written as

T T
KL(Do,D;) = > KL(Do(Ge|Gr1), Di(Ge|Gr-1) = Y KL(PH(Gr). PL(Gr)) (E4)

t=1 t=1



Each term on the right hand side of the above summation can be computed as follows:

¢ PL(V =v)
Z}P’ v) log PV = v) (V —

Py(Y =z|Li =1,L; =0,V = v5)
—SPYY =a,L; = 1,1, = 0, Vs = v5) 1 —
ZZ LY =, 5 =Vs) Og]}Dt(Y—x|Li=17L§=0,V5=V5)

0.5
Bi(L; = 1,1, = 0)[1 +1lo

0.25
< 0.5(Pi{d oML
@)05( H{do(X: = 1)} + |T|) 8o
:—0.5(1P>g{do( 1)} + 2" L] ) (1 — 4¢?)

4 2\3

= 0.5(Ph{do(X; = 1)} +2"|Lrla) (4¢ (63) +..0)
gG(Pf){do(Xizl)}+2h|L7—\a)e . (E.5)

In the above equations: (i) follows by observing that for every other evaluation of V the distributions P and P! are same
hence the corresponding terms in KL divergence amount to zero, (ii) follows from the definitions of P} and P!, and (iii)
follows by observing that

Po(Li = 1,L; = 0) < Po{do(X; = 1)} + 2"|Lrla.

Using Equations[E.4|and [E.5] we have for every a; 1 € B,

!

; 18T
L(Do, D Z Eo[NS] + 28| Ly |aT)€? < <1, (E.6)

— (i)

where (i) follows from the definition of 3. Finally, using Equations[E.3|and [E.6] and |B| > M /2, we have

Z Di(ar # a;1) > % Z exp(—K L(Dg, D;)) — 1

a;1€E8B ai1€E8
> 1Bl
~ 2e
M
>
~ de
Therefore as |B| < M, by averaging argument there exists an ¢ € [M] such that

M

Di(ar # ai1) > EZ\;

O

From Lemmas and for any algorithm ALG, if € < i then the expected simple regret of ALG can be upper bounded
as follows

. 1 _g-1 1 M1 M
TALG(T) > Di(aT 7& ai,1)§€ > 4 M (2 ) > 42M 187T . (E.7)
On the contrary, if € > then M >T,s0/M/T = ) and regret ra1c(7) > Q(1). Hence, for any algorithm there

exists an i € [0, M| such that the expected simple regret of the algorithm on C; is ( %



F PROOF OF THEOREM 4.2

We begin by constructing the causal graph G on N + 1 nodes {X1,...,Xn,Y}, where N > 3.In G, X is the parent of
X1,...,Xn—1 and there is a directed edge form each node to the outcome node Y. The strategy remains the same as in the
proof of Theorem .1} Now given ¢1, ¢o, . . . , ¢n, compatible with the graph G, we will construct Py, . .., Py such that on at
least one CBN C; = (G, P;) the expected simple regret of any algorithm is tight. Also, without loss of generality, assume
that ¢y < g2 <--- <gn.

Defining Py: For all the nodes in the graph G, we define the distribution PPy as follows:

Po(Xy =1) =qn

q;
Po(X; =1 XNy =0) =
of Xy =0)=1— o~
1
Po(X; =1 Xy =1) = 5
Po(Y =1].) =0.5
Po(Y = 1].) denotes the probability of Y = 1 conditioned on any value of the parents. Also, note that since ¢1, . .., gy are

compatible with the given graph G, we have, for any ¢ # N, ¢; = ming, ., Po(X; = z;, Xy = 2n) <Po(X;, =1, Xy =
1) = qn /2. In addition, Py (X; = 1| Xy =0) = ¢;/(1 — qn) < 2¢;. Let M = m(C;) forall i € [N]and M' = M — 1.

Case a: M > 12.

Defining P;: Fori = N, define Py (Y = 1| Xy =1) =05+ ¢ and fori # N, P,(Y =1|X; =1,Xy =0) =0.5+¢e.
The remaining conditional distributions are same as those of Py.

Now, it is easy to see that the optimal action for IP; is a; 1. As in proof of Theorem let rew; (a; ,) denote the expected
reward of action do(X; = x) under the distribution P;.

Lemma F.1
Foreveryi € [M'], j € [N], x € {0,1}, and (j,x) # (i, 1) the following holds: rew;(a; 1) — rew;(a;j ) > 0.1e.

Proof. Fori = N, the regret for choosing a sub-optimal arm a is rewy (ay 1) —rewy(a) > (1 — gn)e > 0.5¢. For i # N,
the regret for choosing a sub-optimal arm a; ,,, where j # IV is as follows:

rew;(a; 1) —rew;(a; z) > (1 — gn)e — gie

3
(-2

> 0.25¢

For j = N, the regret is as follows:

rew;(a;1) —rew;(an,0) = (1 — q1)e — Pi(X; = 1| Xy = 0)e > (0.5 — 2¢;)e
rew;(a; 1) —rew;(an1) = (1 —q1)e > 0.5¢

Hence, if ¢; < 1/M' < % the regret of pulling a sub-optimal arm is 0.1e.
O

Let ALG be an algorithm that outputs arm ar at the end of 7" rounds. We choose ¢ = min{%, y/22-}. For i € [N], denote

D; as the measure on all the sampled values of the nodes of G over T rounds and [E; as the expectation over D;. Let G; be the
sampled values of the nodes of G at time ¢ and let G; = {G1, ..., G;}. Also, fori € [0, M'] let D;(.|G;—1) = P(.). Note
that ALG determines the arm a; conditioned on G;_; (either in a deterministic or randomized way). Also for j, ;' € [1, N],
if a; = a;, and j' # 7, then PY( X, = z|do(X;) = z) = Pi(X;» = z|do(X; = x)).

Lemma F.2
For any algorithm ALG, there exists an i € [M'], such that D;(ar # a;1) > 257—.




Proof. We use K L(Dg,D;) to denote the KL divergence between Dy and D; for any ¢ € [N]. Let Nj(f’l) be the number of

times ALG plays the arm a; 1 at the end of T rounds. Also, let B = {a; 1 | i < M’ and Eq [N}i’l)] < 2T'/M’}. Observe that
|B| > M'/2, as otherwise the sum of the expected number of arm pulls of arms not in 5 would be greater than 7T'. First,
using Lemma 2.6 from [Tsybakov|[2008]], we have,

Do(ar = a;1) + Dilar # a;1) > xp (—K L(Dg, D))

l\')\»—l

Rearranging and summing the above equation over arms in 3, and observing that )}, s Do(ar = a;1) < 1 we have

l\')\»—l

> Dilar #ain) > 5 Y exp(—KL(Dg,D;)) -1 (F.8)

ai1€EB aj,1€EB

Now we bound exp(—K L(Dy, D;)) for every ¢ such that a, ; € B. Using the chain rule for product distributions (see|Auer
et al[[[1995] and Chapter 2 in|Slivkins| [2019]) the KL divergence of Dy and D; for any ¢ € [M] can be written as

T
KL(Dg, D ZKL Do(Gi|Ge—1),D:(Gi|Ge1) = Y KL(PG(Ge), Pi(Gy)) (E9)

t=1 t=1

Now each term in the summation can be written as, for i # N,
KL(Py, PY)
Ph(v)
_ ¢ 0
- Z ]PO (V) log Pz (V)
v

= PH(Y =y|Xn =0,X; = )PH(Xy = 0,X; = 1)log

PLY =yl Xy =0,X; =1)
PUY =y|Xn =0,X; =1)

0.5 0.5
=05P Xy =0,X; =1)] 1 1
o(Xn =0, )[Ogo.5+e+°go.5—e
<6PL(X Ny =0,X; = 1)é? (F.10)
Fori= N,
t t t V)
L(P,,PY) Z]P’ (v>

Py(Y =y| X1 =1)
PHY = y[Xn = 1)

=Y PH(Y =y|Xy = D)P)(Xy =1)log

0.5 0.5
=0.5P ( Xy =1)]|1 1
o(Xn )[°g0.5+e+0g0.5—e]

< 6Ph( Xy = 1)é? (E.11)
Using Equatlonand-ln equatlon L we get when ¢; < ,

2
KL(Do,D;) < G[IE [NED] 4 M,T}
24T
M e
1

IN



Now putting the value of K L(Dg,D;) in Equation we get the following,

> Dilar #ai) > 5 Y exp(~KL(Do, D)) ~ 1

a;1€E8 a;1€8B
|B|
2 i
2e
M
>y
~ 4e

Therefore as |B| < M’, by averaging argument there exists an ¢ € [M’] such that

Dj(a% # a;q) > < _

From Lemmas|F.1{and for any algorithm ALG, if € < i then the expected simple regret of ALG can be upper bounded as
follows

M M M
rarc(T) > Dy(ak # a;1) - (0.1€) > 4er -(0.1€) > %M/ AT (F.12)
Otherwise, if € > %, M’ >T,so+/M'/T = Q(1) and regret rarc(T) > Q(1).
Hence, it is proved that regret is lower bounded by Q(y/24).
O
Case b: M < 12. Define N distributions Py, . . . , Py as follows. We choose € = ﬁ. The rest of conditional distributions

remain same as Py. For all i € [N],

Now, the optimal arm for action IP; is a; 1, and the regret of pulling a sub-optimal arm in place of the optimal arm a; ; is
(1 — gi)e > 0.5 - e. Each term in the summation of Equation[F.9|can be written as

Ph(v)
KLP,PH =Y Po(v)log =2
( 0> Z) zv: O(V) Og Pf(v)
Py(Y =y|X; =1
=Y PLY =y|X; = 1)PL(X; =1)log -2 :
0.5 0.5
=0.5PL(X; = 1)1 1
0-5Fp (X )[ 805 te Og0.5—6}
< 6P (X; = 1)é?
Since Po(X; = 1].) < 0.5.
- T
KL(Do,D;) < 6[EO[N¥’”] + 2]62 (E13)
Note that EO[N}M)] <T
KL(Dy,D;) < 9Te* < 0.2 (F.14)

Now putting the value of K L(Dy,D;) in Equation[F.8 we get the following,

3 Di(or # ai1) > % 3 exp(—KL(Do, D)) — 1
i€[N] i€[N]

N

2 2¢0-2

\%

—-1.




Hence any algorithm ALG there exists an ¢ such that the regret incurred by it is

saz—1 [1
Tarc(T) > 0.5D;(ar # a;q)e > 22—

— F.15
N 45T (E15)

Finally, from Equations [F.12{and [F.15|it follows that the expected simple regret of any algorithm is {2 (w / %), where M
depends on q and k; for i € [N].

G PROOF OF THEOREM

Throughout the proof we use a* to denote the optimal arm. First, we prove a few lemmas, and then use it to bound the
expected cumulative regret of CRM~-ALG. Recall the definitions of E;, O, and C¥ from Section|G] In this section we need to
keep the context of which X; the C} corresponds to, therefore, we refer to it as CZ ¥ instead. The following lemma shows
that the expectation of i; ,, as defined in Equationis equal to p; , for every 7, z.

Lemma G.1 ‘
iz (t) is an unbiased estimator of u; 4, that is E[fi; ()] = i o. Moreover P(|f1; 5 (t) — pi x| > €) < 2exp(—2(N;" +
CI™)e?) .

Proof. We begin by restating the the definition of [i; ,, from Equation

Zjestm 1{Yj =1} + Zce[cjf] Ype
NP® 4 0

ﬂi,w (t) =

We note that in Equation Y% is a random variable such that E[Y,>*] = py, .. Note that this holds because we partition the
time steps where arm a( was pulled into odd and even instances O, and E;.Taking expectation on both sides of the above
equation we have

E[ﬁz,m(t)]
2jesi MY =11 42 ceicpe) YCZT
Ntz,m _’_Ctzw
E[ZjeS:’T’ 1{Y; : 1} +‘Zce[02'x] v ’ Ntzz
Ntz,z +CZ’$

I
=

=a,Cp" =b|P(N}™ = a,C)™" =)

v
NE

9
Il
—
o
I
o

e
NE

Alhq, + bﬂ ; i, Q,2
<W>P(Nt = a, Ot = b)

1

S
I
o

a
o0 o0 ) )
= pia ) D PN} =0, C}7 =)
a=1b=0
= i,z

Next we prove the concentration inequality part of the lemma, which is similar to Chernoff-Hoeffding inequality (Lemma
[A73) for our estimator.



Sjesir 1Y = 1)+ Tociepn ¥
]P’( JES; J _ = elcy”] > i + e)
N5+ Cp
:P< Do MY =1 D0 YT (NPT O g + (N +c:@>e>
jESZ’m ce[CZ"“]
< mi - — ixo “ANDEHCH)e
< I§1>151E|:exp (A( Z ({Y; =1} — pio) + Z (Y, Mz,z))>:|€
jesz,w CE[C;"T]
— . Jp— _ . i7;p o ) _)\(Nti,m_i_cti,m)e
r/\ﬂ;gE[ H exp (MI{Y; = 1} — i) H exp (A(Y, Mw))] e
ses c€lC}]
(ﬁ) . L — _ . i7w o ) _)‘(Ntlyw'i‘czﬂ)e
— r/\n;g H E[exp ()\(]l{YJ = 1} /iz,z)):| H E |:6Xp ()\(YC ,Ufz,x))] e
ses celci
G ONFEAZ RN
= ry;gexp( t8 * t8 — AN+ Cp )6)
< exp (“2(N" + CP)e?) (G.16)

In the above equations, the inequality in (¢) follows from Lemmal|A. 1} the equality in (i¢) follows from the fact that each
term in the product are independent, and (i77) follows from Lemma Following the same steps as above we get the
following two sided bound

P(|7hi 2 (t) — pie] > €) < 2exp (=2(NJ" + Ci7)e?) (G.17)

O

Next we show that the estimates of u,, at the end of 7" rounds is good with high probability.

Lemma G.2
Let p = min; , , P(X; = z,Pa(X;) = z). Then for sufficiently large T € N, at the end of T rounds the following hold:

—~ A A3
1. P(|o(T) = o] = &p) <27 F
. . . . 2
2. Letp,; = ﬁ Yico, HXi(t) = z,Pa(X;)(t) = 2}, and " = ming p,’7. Then P(py" > §) > 1 — Z T,
where Z; is the size of the domain from which Pa(X;) takes values.
pAZ p2
3. P(lﬁz,m(T) - Mz’,z| > %) < 2T_% +Z;T 7.

Proof. a) Since 3 > 1, at the end of 1" rounds arm a, is pulled by Algorithmat least (In7T") times. Hence, N > (InT),

and by[A3]

2
AD

A a3
P([fio(T) ol = 5*) < 267307 =27 F

b) In this part we show, using union bound, that the estimation of ;qu’w being less that p/2 have low probability. Since,
|O7| > N9./2, by Lemma[A.3] we have,

Now using this we get,

2
) <z, T~ 7 (G.18)



¢) Let the conditional probability distribution P(. | p" > £) be denoted by P,,. Since 8 > 1, N} > InT. Further if
;371;’”” £ then Cz >k NT > 2InT (from the definition of ch 7"). Hence, from Lemma|G. 1| we have

A A2 2
Pp(lm,rm — fig] > 40> < 2exp ( 320plnT> — o7 (G.19)

)

Finally by the law of total probability and using Equations[G.18|and [G.19|

~ A N A
P(“%,x(T) - = 4O> < Pp(,”i,x(T) - ,U'i,;c| > 40> +P< S

PA% p>
<oT~m 4+ Z, 77

[NVRleS]

O

Next we show that 3 as set in CRM-ALG is bounded in expectation. Lemma[G.3]and its proof is similar to Lemma 8.6 in
Nair et al.[[2021]].

Lemma G.3

pQA%

Let L = arg min;epy {t o

>3N(Z+3) } where Z = max; Z;, and suppose CRM—ALG pulls arms for T rounds, where

50
T > max(L,e?0), and let a* # ao. Then at the end of T rounds <E[B?] < 50.

’ 9A2

Proof. Before proceeding to the proof of the lemma we make the following two observations.

Observation G.4
1. If a* # ag then Ag = g+ — o
2. Let [i* = max; o (7o (T)). f [fio (T) — o] < 22 and [ o (T)~prs.e| < 22 forall (i, ) then 32 < i —fio(T) < e,

50
<p?< g—%. Notice that since T > 23, g% <InT.

and =

9A2

Let Uy be the event that |fio(T) — po| < 42, and for any i,z let U; , be the event |fi; »(T) — ;x| < 52. Also let
U= (NiUiz)NUy. If U, UM, and U denote the compliment of the events Uy, U; , and U respectively, then

P P 2
T== T7 T
2 Z 2N
SQN( p2A2 + 2A2>+ p242 aSpSl,A()Sl
T o T 32 T 33
_2N(Z+3)
T =0
T 33

We will use the above arguments to first show that E[3?] >
implies 3% > 322 Since P{U} > 1 -,

5 A2 From part 2 of Observation we have that the event U

32 32 326

2>7 _ -
E[m*%g(l 2 9A2  9A2



p2A2

Since T satisfies =2~ > 3N (Z + 3), this implies 225 < 24, and hence E[3?] > -%. Similarly, from part 2 of

InT 9AZ — 9AZ’ 9AZ"
Observation we have that the event U implies 32 < %. If U does not hold then 52 < InT. Hence using the fact that T’
(0]
p%A%
satisfies Thf; > 3N(Z +3),and hence 6 InT < i—%, we get,
32 32 50
EB?] < -5(1—-8)+6InT < -5 +0lnT < = .
O
Lemma G.5
Suppose a* # a; 5. Then at the end of T' rounds the following holds:
i 8InT 1 . 72
Further if a* # ag then
8InT 2
EINY] < (B[8 T+ =0 +1) + 5,
Af 3
Proof. Let Fi* = N2&¥ + C%". Then,
NE = Z 1{ar = a;} - (G.20)
teT
Np® <max(0,0 — C3") + Y 1{ar = a;», F)" > €} (G.21)
teT

Here, we make an observation regarding the expected value of C’}m

Observation G.6 )
E[C3"] = E[min, p,; % [N$/2]] > § - pia - ENQ] - (1 = ZT~7%) = § - pia - 0" - B[N

Proof. Note that the expectation of min,, ﬁsz is over the distribution of the CBN and that of N2 over the distribution in the
observation across all 7" rounds. Recall p; , = min, p;”” By Lemma we have,

2
Pi,x

2
. . Pi,x 1n )
P(ﬁz’ﬁf > pie - Pt > p”) >1—e 2 =17

2 = 2

Now using this we get,

. . . . . . Py x
P(ﬁ%“ < p;x) < P(min@i’% < p;””) < ZP(@%’% < p;””) < Z1

~ho




We can now bound the expectation of C’%x for sufficiently large 7" as follows:

E[min p; 7 [Nz/2]] > SE[minp, 77 N7]

1 ,
5> a-Eming}% | Np = aP(Nf = a)

1 > Di, .o~ Di,
252(1- ;x-P<mzlnpz’7T> ° |NT—a>IP’(N%:a)
>li mmp >p”|N =a |P(NY =a)
=9 — zT T T
p12 €T
> 22 R[NY] - max {0, 1—Z,T~ % }
1 i,
=7 Pie- 7 - E[N7] (G.22)
O
Taking expectation of Equation[G.2T] we get
E 1, pz x i,T 0 _ i,T
[ING®] <max {0, — == - “E[INpI} + > Plag = a0, F}° > 0) (G.23)

te[l+1,T]

Now we bound -, ;1 7y Pla(t) = ai0, F}* > (), and assuming a* # ao. The proof for a* = ag is similar. We use F

to denote the effective number of pulls of a* at the end of T" rounds. Also, for better clarity, we use fi; . (F%“:, T) (instead of
fii.(T)) and fig (N2, T) (instead of fip(T")) to denote the empirical estimates of y; . and o computed by Algorithmat
the end of 1" rounds.

Z ]P’(at = ai’x,FZ’I > E)

te[l+1,T]

2Int “c 21n(t
= Z P + — < ,UJ1 :c ) ) + )
F(l FZ:L'
tell, T—1]
/2lnt [2Int
S Z IED<rnln~3€[0 t],ua (S t) < maXs, c[e—1,t ,Ufz T Sja + )

€[0,7-1]

B Sl (R LSNP ET

te[T] s€[0,t—1] s; €[—1,t]

If fig= (s, 1) + /22 < Ji; o (sj,t) + 2“3” is true then at least one of the following events is true

_ 2Int
Hax(8,t) < pgx — sn ; (G.24a)
. 2Int
Hiaw(8jt) 2 flie + [ = (G.24b)
J

(G.24c)



The probability of the events in Equations and[G.24b] can be bounded using Chernoff-Hoeffding inequality

—~ 2Int
P(Hu*(sat)ﬁﬂa*— . ) <t

S

S

—~ 2Int
P(Ni,z(sjat) 2 Hix + = ) S t74 .

Also if £ > (8lnT1 then the event in Equation|G.24¢|is false, i.e. fiq+ > i » + 2 21nt . Thus for ¢ = 81“T —|— 1> 81“TL

which implies

2

Yo Plat) =20 S N 2 g% (G.25)

te[¢+1,T] te[T] s€[0,t—1] s; €[€—1,t]

If a* = ag then using the exact arguments as above we can show that Equation [G.23]still holds. Hence, using Equations
2

[G.23|and [G.25] we have if a* # a; . then
8InT T

E[N;"] < maX{O AT 4 LT E[N%]} +tg-

1,T

The arguments used to bound E[N%], when a* # ay is similar. In this case the equation corresponding to Equation is

E[N?] <E[B|InT+(+ Y Pla(t) =ao, N > (}. (G.26)
tel+1,T]

Also the same arguments as above can be used to show that for £ = Skf +1,
(0]

7T2

ZP{a( =ap, N >} < 3

teT

Finally using Equations [G.26|and [G.27] we have

(G.27)

E[N?] < (E[B ]1In T+8£1T+1>+”2.
0

Lemma G.7
If a* = ag then at the end of T rounds the following is true:

2 8InT
E[ND] > T — 2N(1+%)+ZL

Proof. At the end of T rounds we have
NP+ > Np*=T

7,T

Taking expectation on both sides of the above equation and rearranging the terms we have,
E[NJ] =T — Z E[N"]
Now we use Lemmal[G.3to conclude that

$In T
E[NF] > T - (2N(1+ 5 +Z -



Now that we have bounds on E[N%] and E[N:*], we can bound the regret as follows.

Case a (a* = ao): In this case we bound the expected cumulative regret of Algorithm 2] From Lemma|G.5]and[G.7] for any
2

Pix

T satisfying both T~ 74~ > Z; and

4 8InT 2 8InT
T> — <1 + 12 ) + (2N(1 + 50+ > A?) (G.28)
7,T T 1,T 1,

1,

we have IE[N}:”] < %2 Notice that Equation holds for sufficiently large 7. Hence the cumulative regret caused by
pulling sub-optimal arms a; , is

[ V)

™
a5 G.29
3 (G.29)
57(%
Case b (a* # ap): In this case we bound the regret of pulling sub-optimal arms when 7' > max(L, e 0 ), where L is as
defined in Lemma|G.3] Note that this is satisfied for sufficiently large 7. Hence from Lemma|G.3|and Lemma[G.5] we have
for a* # a; , and for ag

E[N:"] < max{0,1+8InT L Py LT (G.30)
T = A AZ T T36A2 3 '
58I T 2
ENY < 222 41+ D (G.31)
A2 3

Hence the cumulative regret can be written as

58InT w2 1 io e T 72
E[R(T)] < Ag (A% +1+ 3) + Y Ai,x(max {0, 1+ 81nT<A2 - 1”36;?}) + 3) (G.32)
Ai,w>0 1,T

O

H REMARKS ON EXPERIMENT INVOLVING ALGORITHM FROM Yabe et al. [2018]

We mention few issues faced while implementing PROP - INF using the details from|Yabe et al.|[2018]] and how we resolved
them: (a) In Step (3) of Algorithm 1 in|Yabe et al|[2018] (which is a subroutine for PROP—-INF), they iterate over all
possible assignments to the parents of each node. Specifically, the algorithm would be exponential time in the in-degree of
the reward node Y and therefore it runs efficiently only when Y has a small number of parents. SRM—ALG does not face this
issue. To compare both algorithms we therefore created instances where in-degree of Y~ was small. (b) Another issue faced
while implementing their algorithm is in an inequality condition specified in Equation 4 of [Yabe et al.[[2018]]. We observe
that this inequality is trivially satisfied unless the time period becomes very large (of the order of > 10'%) even for their
experiments given in Section 5 of [Yabe et al|[2018]]. Since running the algorithms for such a long time period is not feasible,
we run both algorithms till we see clear convergence of SRM-ALG. (c) A third problem we faced was in setting the time
period range for our Experiments. They use T € {C,2C, ...,9C}, but in Step 3 of Algorithm 1 and Step 4 of Algorithm
2 in|Yabe et al.|[2018]], they estimate probabilities using 7'/3C samples. This would leave them with at most 3 samples
for such an estimation which would give noisy and unreliable estimates. Instead of using this set of values for T', we use
equally spaced points in a time range where we see clear convergence of SRM—-ALG (d) Finally, it is not discussed how the
optimization problem giving 7 in Step 12 of Algorithm 2 of [Yabe et al.|[2018] is solved, and they use a fixed value for 7] in
experiments. Since there is no technique proposed to solve the optimization problem, we use the same fixed 77 as them.
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