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Appendix

A MESSAGE UPDATE

Despite the dense connections in the factor graph, max-sum
belief propagation achieved admirable performance in the
case of approximate the MAP of Boolean matrix factoriza-
tion [[Ravanbakhsh et al., 2016]]. Here we also utilize this
strategy that not only derive the MAP of matrix decompo-
sition X and Y, but also infer the background row- and
column-wise bias g, v. Though the information of u,v
and X, Y communicates through likelihood factor g and
auxiliary variable W, their independence of each other re-
sulted in disconnected message update between p, v and
X, Y. Conveniently, { X, Y, W} and p, v, W} can be con-
sidered as two separate systems. In this paper we focus on
the message update of {u, v, W}, and adopt the algorithm
in[Ravanbakhsh et al.[[2016] for {X, Y, W}.

A.0.1 update X,Y,W

Variables to factor message.

Conveniently, all the variables in {X,Y, W} are binary
variables (X, Y, Wi;i € {0,1}). Following the nota-
tion in [Ravanbakhsh et al.| [2016]], we denote the message
between factors and variables as m (e.g., mx,, -, (Xi;)
{0,1} — R). Max-sum BP is utilized to calculate the out-
going message, while consideration all incoming messages
from neighbor factors, despite the receiving one, e.g.,

)t+1 =Mp;— Xy (Xil)t+

Z mfij/lHX,;, (X’ll)t

J'#3

mx;, —fin (Xij

Our objective is to achieve the maximum likelihood,
which align with the difference between the message of

mx;,— fiji (XU = 1) and mx;,—fiu (Xij = O)’ Le

b = qutzﬁfijz(l) - qu‘,L"fijl(O)

In the case of individual variable X; to the factor f;j

(I)fﬁl (mhzl‘)Xﬂl )t + Z mf,ij/l%X“ (1)t)
J'#J
- (mhq,lﬁxill (O)t + Z mfij/l*)Xil (O)t)
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Similarly, the message U can be derived as

\Ilijl = lOg( (}/lj — 1 + qul 1451

i’ i

For W, since each variable W, ;; has exact two factor neigh-
bors g;j, fiji, the message from W, to either factors is the
message from the other factor, i.e.,

my, ., —g;; (Wiﬂ) =My Wi (Wiﬂ)

Mgy, W, (lel) =My, —f0 (lel)

We will discuss in detail of the message involve factor g in
next section.

factor to variable message

For factor h, it only connect to the single variable X;; or
Y, which works as prior knowledge for the sparsity of X
and Y, where their information is passed through

o) o P = 1)

hi(Xi =1) — hy(Xy = 0) = 109(m>
B o (Y =1)

hij(Yij = 1) = hy;(Yi; = 0) = log(m)
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Factor f links X,Y with the auxiliary variable W, that
ensures W;;; = Xy A Yy, e,

J( X, Yij, Wist) = log(Z(Wij = X A Yiy))

Notably, f(Xil;}/lja Wijl) — —oo if Wijl 7& Xa A YEj.
Such that it restrict the message scenarios when passing the
information from f to X, Y. Here, we use my, , . x,,(x,)
as example, where my, ., ,y; (v;,) can be similarly derived.
For X;; to equal to 1, if Y}; = 1, restricted by f, W;;; =1,
and if ¥;; = 0, Wy;; = 0, thus,

my, ;1 —Xau (1)t+1 = max(mylj%fm (1)1:+
M, — fij (1)t7 my;;— fin (O)t T MW, fig (O)t)

While if X;; = 0, W;;; = 0 regardless the value of Yj;, i.e.,
= ma‘x(mYszfizz(l)t—"_

myi;— fin (1) + My, — f; 0)")

my,;;—Xau (O)

Mw,;—fin (O)t7

Since \ijiﬂ = m)/lj_’fijl(]‘) - mYlj—>fijL(O)7 and I';j; =
my,, s, (1) —myy, ., (0) the message from f to X
can be derived as

Qiji = mfijl_>Xil(1) —my Xy (O)

= max (T + \ifijl, 0) — max(\ifijl, 0)
Similarly, we have

\Ijijl =my,.,—Y, (1) —my, Yy (0)

= max (T + Ci)ijla 0) — max(@jl, 0)

Following the same strategy, while considering the message
from factor f to variable W, if W;;; = 1, X = Y}; = 1,
whereas if W;;; = 0, either X;; or Y;; should equal to zero,
1.€.,

mfijl_)Wijl(l)t+1 = mYzj—>fizl(1)t + mXil_ﬁfijl(l)t

mfijz—>Wi,-l(0)t+1 = mal‘(myvlj—)fi”(l)t_F
MXi= fije (O)t’ my,;—fin (O)t +mx, (1)t»
myy;— fin 0"+ mx;, —# (0)")

Such that

Dijk =my,;,w,,, (1) —my;,—w,, (0)
= min(Pi + Wiji, Piji, Visi)

A.1 UPDATE p,v, W
In the previous section, we have derived the messages pass-

ing between the X, Y and W. In this section, we derive
the message passing between p, v and W, where they all

related to the likelihood factor g. Also, different with binary
variable W, p and v are Bernoulli variable, that the simpli-
fied singleton message does not applied for their message
update. We first reinstate the log likelihood function of each
element (A;;) that represent the factor g.

p(Aij =11Z;; =0) =1 — (1 = py)(1 — pvy)
p(Aij = 0|Zi; = 0) = (1 —ps)(1 — pivy)
p(Aij =1|Zi; =1) =1 —ps(1 — piv;y)
p(Aij =0]Zi; = 1) = py(1 — piv;)

In the case of Bernoulli variables p;, the incoming message
from factor g to p; is certainly the likelihood information,

n

0 = log(] [ p(Ai))

j=1

while the message from p; to g would be the MAP of the
posterior distribution, i.e.,

i = arg maxlog(] [ p(Aij)p(ps))

Hi j=1

= arg maX(Z log(p(Aij)) + bi(p:))

1223 j=1
Given no knowledge on the bias before hand, here we im-
pose a uniform prior on the Bernoulli variable, such that
b;(p;) = 0. In addition, the log posterior is related to 4
situations,

n

Q, = E
j=1,A:;=1,Z,;;=0

n

+
j=1,A;=1,Z;;=1

n

+

j:l,AijIO,ZijZO

log(1 — (1 —ps)(1 — pivy))
log(1 —ps(1 — pivy))

log((1 = pr)(1 = pivy))

n

>

j:l,AijZO,Zijzl

log(ps(1 — pivy)

Here we assume Py — 0, such that p(1 — p,v;) — 0,
and both 3°7 , 4 _; 7 _ilog(l — ps(1 — piv;)) and
Z?ZLAU:O’ZU:l log(ps(1 — piv;) can be approximate
by a constant that does not contribute to the inference of Q.
Also (1—py¢)(1—p,v;) can be approximated by (1 —pt;v5).
It also has practical meanings, that for the inference of back-
ground bias, we only consider the values that are not covered
by the latent pattern X, Y. While our objective is to infer p;
that better reflect the background information of A;.. How-
ever, it is still non-trivial to derive QZ as every observation
is related to a different v;. Instead of deriving exact MAP of



likelihood, we treat this as an optimization problem, where
we could utilize conventional loss function to achieve the
same objective that optimize the difference between p; with
A;.. Here, we apply a modified mean square loss, i.e.,

n

>

§=1,Z;;=0

'Uj(Aij - Mz‘)2

The most important benefit of this modified loss is that
it ensures the probability of each p; would be from [0, 1]
and still consider the impact from v; for each observations.
Conveniently, Qi is inferred from the derivative of €2, i.e.,

n
§=1,Z:;=0 Aiju;

Q) = argmax () = -
K Zj:LZ,_-j:o Uj

Similarly, we have

i=1,Z;;=0
m
A Zi:l,Zij:O Aijl%‘
0; = n :
211:1,2”:0 122

Now we have derived all messages in the likelihood despite

[iji : mg,, ,w,, that passed the information from the like-

lihood factor to each of auxiliary variable W;;;. Overall, the

message take the form of

t+1 _
= Wifllla’tl?f#(gij(Zij,ﬂu v;)

+ Z mWijl"’gij (Wijl’)t)

U#l

My, W, (Wijl)

When updating W;;;, we consider two scenarios: 1. Z;; =
v;;lwm = 1 with likelihood factor p(A;;|Z;; = 1) and 2.
iz Wigi = 0, p(Aij| Zi; = 0).
W,;:1 = 1 falls into the situation of scenarios 1, that no
matter the value of W/, Z;; = VW,;; = 1. The message
for W;j; = 1 can be derived as
nglf?f#(gz‘j(zm Wi, Vj)
+ Z My, —gi; (Wijl’)t)

£l

= log(p(Aij[1))

+ Z ma"r(mwiﬂ/ —9ij (1)7 mWijl/ —9ij (O))
U'#1

My, W (1) =

W1 = 0 could involve both cases. If Z;; = 0, all W;;;, =
0,ie.,

mgij —Wiji (0) = log(p(Alj ‘0)) + Z mWijI’ —gij (O)
I #1

If Z;; = 1, at least one of W;;;» equal to zero. To achieve
the maximum likelihood, the W;;;» with the maximum like-
lihood difference on O or 1 should be set as 1, we de-
note it as Wij;-, where I* = arg max ., (mw, , g, (1) —
my, ., g, (0)), such that we have

1,

my,;w,;, (0) = log(p(Aij|1))

+ Z max(mwijl’*!hj (1)’ mWijl’_>g77.i (0))
1Al

— My, g (O)

Taken together,

My, ; W, (0) = max(ZOQ(p(AiﬂO))
+ Z mW1,_7‘l/ —9ij (O)a log(p(A” |1>)
V£l
+ Z max(mWi_;’z/ —gij (1)’ myy, ., —gi; (0))

V£l
— My, g, (O))

Therefore

Fijl =My, W, (1) — Mg, W, (0)

= log(p(Ai;[1))

+ Z max(mwijl, —0ij (1)7 mWM'L/ —Gij (0))
141

— maz(log(p(Ai;10))

+ Z my, ,—g,;(0),log(p(Aij[1))
V£l

+ Z max(mWﬁjl"’!]q‘,j (1)’ mWijl’_>g77.7 (0))
V£l

— My, g, (O))

p(Ay[1)

p(Ai;(0)

max(0, —maml’?ﬁlfgjl’))

)+ Z max(0, f‘fjl/),

£l

= min(log(
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