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A PROOFS OF USEFUL LEMMAS

Lemma 1 (Gaussian mechanism). For any deterministic real-valued function f : D → Rm with sensitivity Sf , we can
define a randomized function by adding Gaussian noise to f :

fdp(D) := f(D) +N
(
0, S2

fσ
2 · I

)
,

where N
(
0, S2

fσ
2 · I

)
is a multivariate normal distribution with mean 0 and co-variance matrix S2

fσ
2 multiplying a

m×m identity matrix I . When σ ≥
√

2 log(1/(1.25δ))

ε , fdp is (ε, δ)-differentially private.

Lemma 2 (JL Lemma for inner-product preserving (Bernoulli)). Suppose S be an arbitrary set of l points in Rd and
suppose s is an upper bound for the maximum L2-norm for vectors in S. Let B be a k × d random matrix, where Bij
are independent random variables, which take value 1 and value −1 with probability 1/2. With the probability at least

1− (l + 1)2 exp
(
−k
(
β2

4 −
β3

6

))
,

u>v

s2
− 4β ≤

(
Bu/
√
k
)> (

Bv/
√
k
)

s2
≤ u>v

s2
+ 4β.

Lemma 3. 1. ∀x ∈ [0, 1], − log (1− x)− x ≥ x2

2 .

2. ∀x ∈ [0, 1], x− log (1 + x) ≥ x2

4 .

3. ∀x > 1, x− log (1 + x) ≥ x
2 .

Proof. Define f1(x) := − log (1− x)− x− x2

2 . f ′1(x) =
x2

1−x ≥ 0. Thus f1(x) increases on [0, 1] and f1(x) ≥ f1(0) = 0.

Define f2(x) := x− log (1 + x)− x2

4 . f ′2(x) =
x(1−x)
2(1+x) . f2(x) increases on [0, 1] and f2(x) ≥ f2(0) = 0.

Define f3(x) := x− log (1 + x)− x
4 . f ′3(x) =

3x−1
4(1+x) > 0. f3(x) increases on [0, 1] and f3(x) ≥ f(1) > 0.

Lemma 4. Denote Ĥn = 1
nX
>X , Ĉn = 1

nX
>Y , H = E(x,y)∼P

[
xx>

]
and C = E(x,y)∼P [x · y]. Assume ‖Ĥpub

n −
Ĥn‖ ≤ β, ‖Ĉpub

n − Ĉn‖ ≤ β with prob 1− f(β). We have that when β ≤ 2‖C‖‖H−1‖+5
8 ,

PX,y∼D,R1,R2

[
‖ŵpub

n −w∗‖ ≤ β
]
≥ 1− h(β),

where ŵpub
n =

(
Ĥpub
n

)−1
Ĉpub
n , c := ‖C‖‖H−1‖2+2‖H−1‖ and h(β) = f(β/2c)+d2 exp

(
− nβ2

8c2d2

)
+d exp

(
− nβ2

8c2d

)
.
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Proof. Hoeffding inequality and union bound together imply that with prob. 1− d2 exp
(
−nβ

2

2d2

)
− d exp

(
−nβ

2

2d

)
,

‖Ĥn −H‖ ≤ β, ‖Ĉn − C‖ ≤ β.

Thus with prob 1− g(δ), ‖Ĥpub
n −H‖ ≤ β, ‖Ĉpub

n −C‖ ≤ β, where g(β) = f(β/2) + d2 exp
(
−nβ

2

8d2

)
+ d exp

(
−nβ

2

8d

)
We further have

• ‖Ĉpub
n ‖ ≤ ‖C − Ĉn‖+ ‖C‖ ≤ ‖C‖+ β

• ‖
(
Ĥpub
n

)−1
−H−1‖ ≤ ‖

(
Ĥpub
n

)−1
‖‖H−1‖ ·‖Ĥpub

n −H‖ ≤
(
‖H−1‖+ ‖

(
Ĥpub
n

)−1
−H−1‖

)
· ‖H−1‖ ·β, which

implies that when β ≤ 1
2‖H−1‖ , ‖

(
Ĥpub
n

)−1
−H−1‖ ≤ ‖H−1‖2·β

1−‖H−1‖·β ≤
‖H−1‖2·β

2 .

• When β ≤ 1
2‖H−1‖ ,

‖
(
Ĥpub
n

)−1
Ĉpub
n −H−1C‖ ≤ ‖Ĉpub

n ‖ · ‖
(
Ĥpub
n

)−1
−H−1‖+ ‖H−1‖ · ‖Ĉpub

n − C‖

≤ (‖C‖+ β) · ‖H
−1‖2 · β
2

+ ‖H−1‖ · β

≤
(
2‖C‖‖H−1‖2 + 5‖H−1‖

)
4

β.

Let b := (2‖C‖‖H−1‖2+5‖H−1‖)
4 and replace β by b−1β, we have that when β ≤ 2‖C‖‖H−1‖+5

8

PX,y∼D,R1,R2 [‖ŵn −w∗‖ ≤ β] ≥ 1− h(β),

where h(β) = g(β/b) = f(β/2b) + d2 exp
(
− nβ2

8b2d2

)
+ d exp

(
− nβ2

8b2d

)
.

Lemma 5. If r is a random variable sampled from standard normal distribution, we have following concentration bound:

P [|r| < β] ≥ 1− 2√
2πβ

exp

(
−β

2

2

)
Proof. It’s shown in page 2 in Pollard [2015].

Lemma 6. If r1, r2 are two independent random variables sampled from standard normal distribution, r1r2 can be
written as c1−c2

2 , where c1, c2 are independent two random variables sampled from chi-squared with degree 1. Moreover,∑n
i=1 r1,nr2,n can be written as c1,1:n−c2,1:n

2 , where c1,1:n, c2,1:n are independent two random variables sampled from
chi-squared with degree n.

Proof. r1r2 =

(
r1+r2√

2

)2
−
(
r1−r2√

2

)2

2 . Because r1, r2 are two independent standard normal random variables, r1+r2√
2
, r1−r2√

2

are two independent standard normal random variables as well. c1 := r1+r2√
2

and c2 := r1−r2√
2

complete the proof for the
first part.∑n
i=1 r1,nr2,n = 1

2

∑n
i=1(c1,i− c2,i) =

1
2 (
∑n
i=1 c1,i−

∑n
i=1 c2,i). c1,1:n :=

∑n
i=1 c1,i and c2,1:n :=

∑n
i=1 c2,i finish the

proof.

B PROOFS IN SECTION 4

We restate the assumptions and theorems for the completeness.

Assumption 1. Di, i = 1, · · · , n, are i.i.d sampled from an underlying distribution P over Rd+1.

Assumption 2. The absolute values of all attributes are bounded by 1.



Assumption 3. E(x,y)∼P
[
xx>

]
is positive definite.

Theorem 1. When β ≤ c for some variable c that depends on σε,δ , d and P , but independent of n,

P
[
‖ŵdgm

n −w∗‖ > β
]
< 1− exp

(
−O

(
β2 n

σ4
ε,δd

4

)
+ Õ(1)

)
.

Proof of Theorem 1. Denote
(
maxj∈[m] dj

)
by dmax. Denote R ∈ Rn×d is a random matrix s.t. Ri,j ∼ N

(
0, 4dmaxσ

2
ε,δ

)
.

We split R into RX and RY representing the addictive noise to X and Y .

ŵdgm
n =

(
1

n
(X +RX)>(X +RX) + (λ− 4dmaxσ

2
ε,δ)I

)−1
(X +RX)>(Y +RY )

n
.

1. For any i ∈ [d], 1
4dmaxσ2

ε,δ

[
R>XRX

]
i,i

is sampled from chi-square distribution with degree n. From the cdf of chi-square
distribution, we have following concentration:

P

[∣∣∣∣∣
[
1

n
R>XRX

]
i,i

− 4dmaxσ
2
ε,δ

∣∣∣∣∣ < β

]
≥ 1− exp

(
−n ·

(
β

4dmaxσ2
ε,δ

− log

(
1 +

β

4dmaxσ2
ε,δ

)))

− exp

(
−n ·

(
− log

(
1− β

4dmaxσ2
ε,δ

)
− β

4dmaxσ2
ε,δ

))
.

Moreover, for i 6= j, Lemma 6 implies that 1
4dmaxσ2

ε,δ

[
R>XRX

]
i,j

can be written as c1,1:n−c2,1:n
2 , where c1,1:n, c2,1:n

are independent two random variables sampled from chi-squared with degree n. Thus

P

[∣∣∣∣∣
[
1

n
R>XRX

]
i,j

∣∣∣∣∣ < β

]
= P

[∣∣∣∣c1,1:n − c2,1:n2n

∣∣∣∣ < β

4dmaxσ2
ε,δ

]

≥ P

[
|c1,1:n − n| <

nβ

4dmaxσ2
ε,δ

, |c1,1:n − n| <
nβ

4dmaxσ2
ε,δ

]

≥ 1− 2P

[
|c1,1:n − n| ≥

nβ

4dmaxσ2
ε,δ

]

≥ 1− 2 exp

(
−n ·

(
β

4dmaxσ2
ε,δ

− log

(
1 +

β

4dmaxσ2
ε,δ

)))

− 2 exp

(
−n ·

(
− log

(
1− β

4dmaxσ2
ε,δ

)
− β

4dmaxσ2
ε,δ

))

Union bound implies that

P

[∥∥∥∥ 1nR>XRX − 4dmaxσ
2
ε,δ · I

∥∥∥∥ ≤ β1] ≥ 1− d2 · exp

(
−n ·

(
β1

4ddmaxσ2
ε,δ

− log

(
1 +

β1
4ddmaxσ2

ε,δ

)))

− d2 · exp

(
−n ·

(
− log

(
1− β1

4ddmaxσ2
ε,δ

)
− β1

4ddmaxσ2
ε,δ

))

2. P
[∥∥∥X>RXn

∥∥∥ ≤ β2] ≥ 1− 4σε,δd
3d1/2max√

2πnβ2
exp

(
− nβ2

2

8d2dmaxσ2
ε,δ

)
, implied by Lemma 5.

3. P
[∥∥∥X>RYn

∥∥∥ ≤ β3] ≥ 1− 4σε,δd
3/2d1/2max√

2πnβ3
exp

(
− nβ2

3

8ddmaxσ2
ε,δ

)
, implied by Lemma 5.

4. P
[∥∥∥R>XYn ∥∥∥ ≤ β4] ≥ 1− 4σε,δd

3/2d1/2max√
2πnβ4

exp
(
− nβ2

4

8ddmaxσ2
ε,δ

)
, implied by Lemma 5.



5. Similar to 1,

P

[∥∥∥∥R>XRYn

∥∥∥∥ ≤ β5] ≥ 1− 2d exp

(
−n ·

(
β5

4d1/2dmaxσ2
ε,δ

− log

(
1 +

β5
4d1/2dmaxσ2

ε,δ

)))

− 2d exp

(
−n ·

(
− log

(
1− β5

4d1/2dmaxσ2
ε,δ

)
− β5

4d1/2dmaxσ2
ε,δ

))

One can simplify − log (1− x)− x and x− log (1 + x) by Lemma 3. Set β1 = 1
2β, β2 = 1

4β, β3 = β4 = 1
4β, β5 = 1

2β.
The above concentrations together imply that when β < 8ddmaxσ

2
ε,δ, ‖Ĥpub

n − Ĥn‖ ≤ β, ‖Ĉpub
n − Ĉn‖ ≤ β with prob at

least 1− f(β), where f(β) = exp
(
−min

{
O
(
n · β2

d2d2maxσ
4
ε,δ

)
+ Õ(1)

})
.

With the application of Lemma 4: when β ≤ 2‖C‖‖H−1‖+5
8

PX,y∼D,R1,R2
[‖ŵn −w∗‖ ≤ β] ≥ 1− h(β),

where h(β) is:

1. when β < 16bddmaxσ
2
ε,δ , h(β) = exp

(
−O

(
n · β2

d2d2maxσ
4
ε,δ

)
+ Õ(1)

)
;

2. when β ≥ 16bddmaxσ
2
ε,δ , h(β) = exp

(
−O

(
n · β2

d2dmaxσ2
ε,δ

)
+ Õ(1)

)
;

where b =
(2‖C‖‖H−1‖2+5‖H−1‖)

4 is a distribution dependent constant. In the other word, when β ≤
min

{
16bddmaxσ

2
ε,δ,

2‖C‖‖H−1‖+5
8

}
,

PX,y∼D,R1,R2 [‖ŵn −w∗‖ ≤ β] ≥ 1− exp

(
−O

(
n · β2

d2d2maxσ
4
ε,δ

)
+ Õ(1)

)
,

Theorem 2. When β ≤ c for some variable c that depends on d and P , but independent of n and σε,δ,

P [‖wrmgm
n −w∗‖ > β] < exp

(
−O

(
min

{
kβ2

d2 ,
nβ

kd2σ2
ε,δ
, n1/2β
d3/2σε,δ

})
+ Õ(1)

)
. If we take k = O

(
(nd)1/2

d
1/2
maxσε,δ

)
,

P [‖ŵrmgm
n −w∗‖ > β] < exp

(
− n1/2β

d3/2d
1/2
maxσε,δ

·O (min {1, β}) + Õ(1)

)
.

Proof of Theorem 2.

ŵrmgm
n =

(
1

n

(
X>

B>B

k
X +X>

B>√
k
RX +R>X

B√
k
X +R>XRX

))−1(
1

n

(
X>

B>B

k
Y +R>X

B√
k
Y +X>

B>√
k
RY +R>XRY

))

Define M := 1√
k
B. Then we can make the analysis one by one.

1. JL-lemma applied by Bernoulli random variables implies that with probability 1− (d+2)2 exp
(
−k
(
β2
1

64d −
β3
1

96d
√
d

))
,∥∥∥∥ 1nX>M>MY − 1

n
X>Y

∥∥∥∥ ≤ β1.
Proof. Lemma 2 implies that with prob 1− (d+ 2)2 exp

(
k
(
β2

4 −
β3

6

))
, for any u, v ∈ {X>i |i ∈ [d]} ∪ {Y },

(Mu)>Mv

n
− 4β ≤ u>v

n
≤ (Mu)>Mv

n
+ 4β.



This further implies that ∥∥∥∥ 1nX>M>MY − 1

n
X>Y

∥∥∥∥ ≤ 4
√
dβ.

β1 = 4
√
dβ helps finish the proof.

2. JL-lemma applied by Bernoulli random variables implies that with probability 1− (d+ 2)2 exp
(
k
(
− β2

2

64d2 −
β3
2

96d3

))
,∥∥∥∥ 1nX>M>MX − 1

n
X>X

∥∥∥∥ ≤ β2.
3. With prob. 1− 2kd

√
2kddmaxσ2

ε,δ

πnβ3
exp

(
−n β3

8kddmaxσ2
ε,δ

)
,
∥∥∥R>XRXn

∥∥∥ ≤ β3.

Proof. To simplify the proof, let’s assume RX is a standard gaussian matrix. Because P (|(RX)ij |) ≤ β) ≥ 1 −
2√
2πβ

exp
(
−β2/2

)
shown in Lemma 5,

P
(
‖R>XRX‖ ≤ kdβ

)
≥ P

(
‖RX‖ ≤

√
kdβ

)
≥ 1− 2kd√

2πβ
exp (−β/2) .

It’s equivalent that

P

(∥∥∥∥R>XRXn

∥∥∥∥
2

≤ β3
)
≥ 1− 2kd

√
kd

2πnβ3
exp

(
− n

2kd
β3

)
.

Plug-in the variance of RX leads to the targeted inequality.

4. With prob. 1− 2

(
1√

πσε,δβ4

√
ndmax

d5/4 + 2kd

)
· exp

(
−
√
n · β4

4σε,δ
√
ddmax

)
∥∥∥∥R>XBYn
√
k

∥∥∥∥ ≤ β4,∥∥∥∥X>B>RYn
√
k

∥∥∥∥ ≤ β4
Proof. Denote c :=

R>XBY

n
√
k

and further ci :=
((RX)i)

>
b

√
k

, where (Rx)i is the ith column for RX and b = BY
n .

P [|ci| ≤ β] =
∫
b

P [|ci| ≤ β|b]P[b]db

≥ max
α>0

∫
|b|≤α·1

P [|ci| ≤ β|b]P[b]db

≥ max
α>0

∫
|b|≤α·1

P [|ci| ≤ β||b| = α · 1]P[b]db

≥ max
α>0

P [|ci| ≤ β|b| = α · 1]P[|b| ≤ α · 1]

≥ max
α>0

(
1− 4ασε,δ

√
dmax√

2πβ
exp

(
− β2

8α2σ2
ε,δdmax

)
− 2k exp

(
−n ·

4α2σ2
ε,δdmax

2

))

≥ 1−

 1√
πσε,δβ

√
dmaxn

+ 2k

 · exp(−√n · β

4
√
dmaxσε,δ

)
//α2 =

β

2
√
ndmaxσε,δ

.

Then

P [‖c‖ ≤ β] ≥ 1−
d∑
i=1

P

[
‖ci‖ >

β√
d

]
≥ 1−

 1√
πσε,δβ

√
dmaxn

d5/4 + 2kd

 · exp(−√n · β

4σε,δ
√
ddmax

)
.

Similarly,

P

[∥∥∥∥X>B>RYn
√
k

∥∥∥∥ ≤ β] ≥ 1−

 1√
πσε,δβ

√
ndmax

d5/4 + 2kd

 · exp(−√n · β

4σε,δ
√
ddmax

)
.



Union bound gives the conclusion.

5. With prob. 1− 2

(
1√

πσε,δβ5

√
dmaxn

d5/2 + 2kd2
)
· exp

(
−
√
n · β5

4σε,δdd
1/2
max

)
∥∥∥∥R>XBXn
√
k

∥∥∥∥ ≤ β5,
which is implied similar to 4.

6. With prob. 1− 2k(d+ 1)

√
2kd1/2dmaxσ2

ε,δ

πnβ6
exp

(
−n β6

8kd1/2dmaxσ2
ε,δ

)
,
∥∥∥R>XRYn

∥∥∥ ≤ β6.

Proof. To simplify the proof, let’s assumeRX andRY is a standard gaussian matrix first. Because P (|(RX)ij |) ≤ β) ≥
1− 2√

2πβ
exp

(
−β2/2

)
shown in Lemma 5,

P
(
‖R>XRY ‖ ≤ k

√
dβ
)
≥ P

(
‖RX‖ ≤

√
kdβ, ‖RY ‖ ≤

√
kβ
)
≥ 1− 2k(d+ 1)√

2πβ
exp (−β/2) .

It’s equivalent that

P

(∥∥∥∥R>XRYn

∥∥∥∥ ≤ β6) ≥ 1− 2k(d+ 1)

√
k
√
d

2πnβ6
exp

(
− n

2k
√
d
β6

)
.

Plug-in the variance of RX and RY leads to the targeted inequality.

Define Ĥ rmgm
n := 1

n

(
X>A

>A
k X +X>A

>
√
k
RX +R>X

A√
k
X + 1

nR
>
XRX

)
, Ĥn := X>X

n , Ĉrmgm
n =

1
n

(
X>A

>A
k Y +R>X

A√
k
Y +X A√

k
RY +R>XRY

)
, Ĉn = 1

nX
>Y .

The above analysis implies that, with prob.

1− (d+ 2)2 exp

(
−k
(
β2
1

64d
− β3

1

96d
√
d

))
− (d+ 2)2 exp

(
−k
(

β2
2

64d2
− β3

2

96d3

))

−2kd

√
2kddmaxσ2

ε,δ

πnβ3
exp

(
−n β3

8kddmaxσ2
ε,δ

)
−

 1√
πσε,δβ4

√
ndmax

d5/4 + 2kd

 · exp(−√n · β4

4σε,δ
√
ddmax

)

−

 1√
πσε,δβ5

√
ndmax

d5/2 + 2kd2

·exp(−√n · β5

4σε,δdd
1/2
max

)
−2k(d+1)

√
2kd1/2dmaxσ2

ε,δ

πnβ6
exp

(
−n β6

8kd1/2dmaxσ2
ε,δ

)

we have
‖Ĥ rmgm

n − Ĥn‖ ≤ β2 + β3 + 2β5, ‖B̂rmgm
n − B̂n‖ ≤ β1 + 2β4 + β6.

Let β2 = 2β
3 , β3 = 1

6 , β5 = β
12 and β1 = β4 = β6 = β

4 . We will have ‖Ĥpub
n − Ĥn‖ ≤ β, ‖Ĉpub

n − Ĉn‖ ≤ β, with prob.
1− f(β), ∀β ≤ 4

√
d (implies β1 ≤

√
d and β2 ≤ d), where

f(β) = (d+ 2)2 exp

(
− kβ2

768d

)
+ (d+ 2)2 exp

(
− kβ2

432d2

)

+2kd

√
12kddmaxσ2

ε,δ

πnβ
exp

(
−n β

48kddmaxσ2
ε,δ

)
+

 2√
πσε,δβ

√
ndmax

d5/4 + 2kd

 · exp(−√n · β

16σε,δ
√
ddmax

)

+

 2
√
3√

πσε,δβ
√
ndmax

d5/2 + 2kd2

·exp(−√n · β

48σε,δdd
1/2
max

)
+2k(d+1)

√
8kd1/2dmaxσ2

ε,δ

πnβ
exp

(
−n β

48kd1/2dmaxσ2
ε,δ

)



Lemma 4 implies that for β ≤ min{8b
√
d, 2‖C‖‖H

−1‖+5
8 }, we have

P [‖ŵn −w∗‖ ≤ β] ≥ 1− h(β),

where h(β) is:

h(β) = exp

(
−min

{
O

(
kβ2

d2

)
, O

(
n

β

kddmaxσ2
ε,δ

)
, O

(
n1/2

β

dd
1/2
maxσε,δ

)}
+ Õ(1)

)
,

where Õ(1) includes log terms of n, d, dmax, k, β. If we take k = O

(
(nd)1/2

d
1/2
maxσε,δ

)
,

h(β) = exp

(
− n1/2β

d3/2d
1/2
maxσε,δ

·O (min {1, β}) + Õ(1)

)
.
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