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A  PROOFS OF USEFUL LEMMAS

Lemma 1 (Gaussian mechanism). For any deterministic real-valued function f : D — R™ with sensitivity Sy, we can
define a randomized function by adding Gaussian noise to f:

f®(D) = f(D) + N (0,S70% 1),

where N (0 ( o1 ) is a multivariate normal distribution with mean 0 and co-variance matrix S o? multiplying a

RV . .
> 210g(16/(1 259)) ) fdp is (5,5)

m X m identity matrix I. When o > -differentially private.

Lemma 2 (JL Lemma for inner-product preserving (Bernoulli)). Suppose S be an arbitrary set of | points in R% and
suppose s is an upper bound for the maximum L2-norm for vectors in S. Let B be a k x d random matrix, where B;;
are independent random variables, which take value 1 and value —1 with probability 1/2. With the probability at least

1—(I+1)%exp (—k‘ (ﬁi - %))

=2 <3 +4p.
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2. Vx e [0,1], z —log (1 +2) > %
3. Vx>1,z—log(l+z)> 3.

Proof. Define f1(z) := —log (1l —x) —z — %2 fi(x) =

> 0. Thus f(x) increases on [0, 1] and f1(z) > f1(0) = 0.

Define fo(z) :=x — log (1 + x) — %2 f5(x) = w(h? fo(z) increases on [0, 1] and fa(z) > f2(0) = 0.

Define f3(z) := « —log (1 +x) — §. fi(x) = 3f755 > 0. f3(x) increases on [0, 1] and f3(x) > f(1) > 0. O

Lemma 4. Denote H, = 1XTX, C, = LXTY, H = E(xyyop [xx"] and C = E(x y)up [x - y]. Assume || Epub —
3 Apub _ A ; 2lCIHE+5
H,|| < B,|CR*™ — Cp|| < B with prob 1 — f(3). We have that when f < ==Ho—1=2,

Pxy~D,ri.Rs [IWO® — w*|| < 8] > 1—h(B),

N -1 .
where Wit = (Hge)  Cpeb, e o= ||| H |2+ 20 H | and h(8) = F(5/26) + & exp (~ 2 ) +desp (~ 27
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Proof. Hoeffding inequality and union bound together imply that with prob. 1 — d? exp ( —2) dexp ( np? ),
1H, — H| < 8,]1Cn — C|l < 5.

Thus with prob 1 — g(6), ||HP*® — H|| < 3,]|CP* — C|| < S, where g(3) = f(8/2) + d? exp ( 8d2) + dexp ( B2>
We further have
clCrrEl < e =Gl +ICl < lCl+ 8
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e When 8 < 2”H g

. -1 . A . -1 N
|(Fe2)  Coee— HLCN < ICRRY - (| (AE) = B H R -

[H M-8 1
<(cl+s)- 5 +H- B
2 H—l 2 H—l
< CICIH " ”* + 5 II)ﬁ
4
Letb := (loha L‘ I ) and replace 3 by b~! 3, we have that when 3 < w
PX,)’ND,Rl,Rz [HVAVN - W*” < 5] >1- h(5)7
2
whete h(3) = g(3/8) = £(8/20) + & exp (— i ) + dexp (— 3 ). =

Lemma 5. If r is a random variable sampled from standard normal distribution, we have following concentration bound:

2
Plr|<8]>1-— \/22?5 exp (_52)

Proof. 1t’s shown in page 2 in |Pollard| [2015]. U

Lemma 6. If ri,ro are two independent random variables sampled from standard normal distribution, rire can be
written as <52, where cy, c3 are independent two random variables sampled from chi-squared with degree 1. Moreover,

n b .
Y i1 T1,nT2,n can be written as
chi-squared with degree n.

C””% where c1 1., C2,1.n, are independent two random variables sampled from

(252) (%)

Proof. rire = . Because r1, o are two independent standard normal random variables, ’"1\7’"2 ,h \/“ 2
are two independent standard normal random variables as well. ¢; := % and ¢y := % complete the proof for the
first part.

Z?:l T1,nT2,n = % Z?:l(cu —cCg) = %(ZZ 1€, — Z?:l €2,i)- C1,1m 1= Z?:l c1iand ¢ 1. 1= Z?:l ¢, finish the
proof. O
B PROOFS IN SECTION 4

We restate the assumptions and theorems for the completeness.

Assumption 1. D;, i = 1,--- ,n, are i.i.d sampled from an underlying distribution P over R4+,

Assumption 2. The absolute values of all attributes are bounded by 1.



Assumption 3. E ) p [XXT] is positive definite.

Theorem 1. When 3 < c for some variable c that depends on o 5, d and P, but independent of n,

P [WE™ —w*| > 5] <1—exp (—0 (62a4nd4> + O(l)) :
£,0

Proof of [Theorem 1| Denote (max;e ] d;) by dmax. Denote R € R"*? is a random matrix s.t. R; j ~ N (0, 4dmaxo—g75)-
We split R into Rx and Ry representing the addictive noise to X and Y.

-1 (X + Rx)T(Y + Ry) .

n

1
wiem — (n(X +Ry)T(X +Ry)+(\— 4dmaxa§’5)1>

1. Forany i € [d], W [R <R X] . is sampled from chi-square distribution with degree n. From the cdf of chi-square
distribution, we have f0110w1ng concentration:

p g
>1- —-n- | —- -1 14—
S e e =
—exp|—mn-|—log|1-— p — b .
ﬁldrna,(oi5 4dmaxag,5

Moreover, for i # j,[Lemma 6/implies that ;7——— [R R X] _can be written as %, where ¢1 1., €2,1:n

1
LR}RX} — Adax0? 5
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are independent two random variables sampled from chi- squared w1th degree n. Thus
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8 8
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- _ . < >1-—d2. —n. _
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), implied by [Lemma 5

Union bound implies that
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2 P[||REx | < o] 21— Aol e
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3. P H = 53} >1-— i exp ( W) implied by [Lemma 5

/2q1/
4. P [HR;TYH < 64] >1- 405%5“3" exp (—%) implied by [Lemma 5




5. Similarto 1,
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One can simplify — log (1 — ) — 2 and 2 — log (1 + z) by Set 81 = 38, Bo = 1B, Bs = Ba = 1B, Bs = 3B.
The above concentrations together imply that when 8 < 8ddwmax02 s, || HP™® — H, || < B,[|C2*® — C,,|| < B with prob at

least 1 — f(f), where f(3) = exp (— min{O (n ﬁ) + O(l)})

max” g,

With the application of when g < w

Pxy~D.Ri Ry [[[Wn = W[ < B] = 1= h(B),

where h(f) is:

1. when § < 16bddmaxo? 5, h(3) = exp (=0 (n+ g ) +0(1));

max"~ g,§

2. when 8 > 16bdduax0? 5, h(3) = exp (—o (n %) + O(l)) :

max9g 5

2N H =2 +5)|H ! . e .
where b = Gl I+5l ) is a distribution dependent constant. In the other word, when [ <

1
. 2 2|C|IIHY|+5
min {16bddmaxoe75, M}’

~ * 62 A
Pxy~D.Ri Ry [[Wn — W | < B] > 1 —exp (—0 (" 2 o1 | PO,

max" g,0

O

Theorem 2. When [ < c for some variable c that depends on d and P, but independent of n and o,
. 2 n nl/2 ~ nd)t/2

Plllwimem™ — w*|| > 8] < exp (70 (mm{%, kdgf?yé,ﬁ}) +O(1)). If we take k = O (d(i{gaaa)’

P [ W™ — w* | > 5] < exp (—”3 L0 (min {1, 8)) + é(l)) |

a3/2di 2o s

Proof of[Theorem 2|
1 BB BT B e BB B BT
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Define M := ﬁB. Then we can make the analysis one by one.

1. JL-lemma applied by Bernoulli random variables implies that with probability 1 — (d + 2)2 exp ( —k (% — 96/;%/3) ) ,

1 1
HXTMTMY — XTYH < Bi.
n n

Proof. [Lemma 2|implies that with prob 1 — (d + 2)? exp (k (%2 - %)), for any u,v € {X,"|i € [d]} U{Y},

T T T
(Mu) Mv*‘%ﬁ%ﬁ (Mu) MU+4ﬂ.

n



This further implies that

1 1
“XTMTMY - XTYH < 4Vdg.
n n

81 = 4+/d3 helps finish the proof. O

. JL-lemma applied by Bernoulli random variables implies that with probability 1 — (d + 2)% exp (k (— 6232 - %) ),

n
. [2k a0 5
. With prob. 1 — 2kd s eXD <_n8kddmzxa§j)’

Proof. To simplify the proof, let’s assume Ry is a standard gaussian matrix. Because P (|(Rx);;|) < 8) > 1 —

\/2275 exp (—3%/2) shown in

1 1
H X"MTMX — XTXH < Bo.
n

.
RXHRX H < Bs.

2kd
P(IRLRx | < kdB) 2 P (I1Rx| < VEB) 21— 5o (-5/2).
It’s equivalent that
R} Rx kd n
PN < 8y) > 1 - 284,/ (—5r8) -
(H noo|y 63) - 2mn B3 P 2/€d63
Plug-in the variance of Rx leads to the targeted inequality. O

. _ 1 45/4 . — B
. With prob. 1 2<md +2kd> eXP( vn 4ag,am>

RIBY XTBTR
|BEz [T
RIBY ((Rx),) b - - BY
Proof. Denote ¢ := ;( NG and further ¢; := 7 where (R,,) ; is the ith column for Rx and b = ol

Pllci| < 8] = / P(lc:| < Bb] P[bldb

> max/ P [lc:| < 5[b] P[bldb
b<a-1

a>0

a>0

Zmax/ P [lci| < AIb| = & - 1] P[bldb
bl <a-1

> maxP [le;] < Blb| = a - 1]P[Jb| < o 1]

S ) 4a0e 51/ dmax B? ok 4a20575dmax
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Then
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= vd N 10+ 5\ Alpas
Similarly,
XTBTRy } 1 3
Pl|l————|| <B| >1- d®/* 4+ 2kd -exp(—\/ﬁ~),
|:H n\/E WUEAgﬂ\/TTm 40’6,5%



Union bound gives the conclusion.

. DY S S 2. —yn-—L
5. With prob. 1 2( Mwﬂsmd +2kd) exp( v 405‘,;dd,1n/fx>

B
< Bs,

which is implied similar to 4.
. 2k 2 d o2
6. With prob. 1 — 2k(d + 1)y 205 exp (—nigrrab— ).

Proof. To simplify the proof, let’s assume R x and Ry is a standard gaussian matrix first. Because P (|(Rx);;|) < 3) >

1—\/7 exp (—42/2) shownin

2%k(d + 1)
P(IRKRY || < kVa5) 2 P (I Rx | < /K5, 1Ry ]| < ViB) 21 = = b exp (-5/2).

R Ry
n

< Be.

It’s equivalent that

Pl < >1—2k(d+ 1)) ——r - ,
(H no )= /36) =12 U e O ( 2k\/ﬁ/86>

Plug-in the variance of Rx and Ry leads to the targeted inequality. O
Define Aem = L(XTAAX 4 XTA R4 RIAX +LR{Ry), H, = XX (e =

L(XTAAY + RY4Y + X & Ry+RXRy) o —%XTY.

The above analysis implies that, with prob.

2 Bi B} 2 653 B
1—(d+2)%exp (—k <64d — 96d\/&)> — (d+2)%exp (—k (64d2 96d3>>

| 2kddano? 5 B3 1 B
—2kdy| ———— 2 exp | —-n—>"—"—— | — d®/* 4 2kd | - ex (— n- 4)
m™nfs p ( Skddmaxagﬁ /7T05 5B/l P vn 40. 51/ ddmax

1 2kd'/2d 02
d®/? 4 2kd? | -exp <¢ﬁ 5512> 2k(d+1)\/—sv‘sexp 7nkd1/2§—62
\/m—m\/m 408 Jddmdx 7Tn66 8 maxo's’[;

we have
||Hrmgm — Hy| < B2+ s + 2[35, B, — Br|l < B1 4 284 + Be.
Let B = %, Bs = 6, Bs = and B1 = B4 = Bs = 2. We will have ||HP"> — H,,|| < 3,]|CP"® — C,,|| < A, with prob.

1-f(B8), V8 < 4vd (1mphes 51 < Vdand 5y < d), Where

f(B) = (d+2)?exp ( i > + (d +2)% exp <kﬂ2)

768d 432d?
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implies that for 8 < min{8bv/d, W}, we have
P[W, —w"|[ < 8] > 1 - h(B),

where h(3) is:

_ k32 f B =
h(B) = exp (— min {O (dz) ,O <nkddmaxo—g,5> ,O (nl/ZCMM) } + O(1>> )

where O(1) includes log terms of ., d, diax, k, 3. If we take k = O ( (1%1)1/2 )

dmaxo's,é

nl/Qﬂ

d3/2d11n/zfxo'e,5

h(B) exp( '0(min{1,5})+0(1)>~
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