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1 PROOF OF LEMMA 1

1.1 SUPPORTING LEMMAS

We first provide some useful lemmas. The first lemma provides the Lipschitz continuity property of the state visitation
measure.

Lemma 1. Suppose Assumptions 1 and 2 hold. We define the total variation norm between two state visitation distributions
respectively corresponding to two policies µθ1 , µθ2 as ∥νθ1(·)− νθ2(·)∥TV =

∫
S |νθ1(ds)− νθ2(ds)|. Then there exists

some constant Lν > 0, such that

∥νθ1(·)− νθ2(·)∥TV ≤ Lν ∥θ1 − θ2∥ .

Proof. Since we consider ergodic Markov chains, Theorem 3.1 of Mitrophanov [2005] shows that there exists some constant
Cν > 1, such that

∥νθ1(·)− νθ2(·)∥TV ≤ Cν ∥Pθ1 − Pθ2∥op , (1)

where Pθ denotes the state transition kernel corresponding to a policy µθ, and the operator norm ∥·∥op is given by
∥P∥op = sup∥q∥TV =1 ∥qP∥TV . Then we have

∥Pθ1 − Pθ2∥op = sup
∥q∥TV =1

∥∥∥∥∫
S
(Pθ1 − Pθ2)(s, ·)q(ds)

∥∥∥∥
TV

=
1

2
sup

∥q∥TV =1

∫
s′

∣∣∣∣∫
s

(Pθ1(s, ds
′)− Pθ2(s, ds

′)) q(ds)

∣∣∣∣
≤ 1

2
sup

∥q∥TV =1

∫
s′

∫
s

|Pθ1(s, ds′)− Pθ2(s, ds
′)| q(ds)

=
1

2
sup

∥q∥TV =1

∫
s′

∫
s

|P (ds′|s, µθ1(s))− P (ds′|s, µθ1(s))| q(ds)

(i)
≤ 1

2
sup

∥q∥TV =1

∫
s

LP ∥µθ1(s)− µθ2(s)∥ q(ds)

(ii)
≤ 1

2
LPLµ ∥θ1 − θ2∥ ,

where (i) follows form Assumption 2, and (ii) follows from Assumption 1. Then, combining the above bound together with
(1) completes the proof.
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Next, we show that the value function of a deterministic policy is Lipschitz continuous.

Lemma 2. Suppose Assumptions 1 and 2 hold. The value function is Lipschitz continuous w.r.t. the policies. That is, for any
θ1, θ2 ∈ Rd, s ∈ S, we have

∥V µθ1 (s)− V µθ2 (s)∥ ≤ LV ∥θ1 − θ2∥ ,

where LV = RmaxLν +
LrLµ
1−γ .

Proof. By definition, we have V µθ (s0) =
∫
S r(s, µθ(s))ν

s0
µθ
(ds), where νs0µθ (·) is the discounted state visitation measure

given the initial state, i.e., νs0µθ (s) =
∫
S
∑∞
t=0 γ

tp(s0 → s, t, µθ)ds. We then derive

|V µθ1 (s0)− V µθ2 (s0)|

=

∣∣∣∣∫
S
r(s, µθ1(s))ν

s0
µθ1

(ds)−
∫
S
r(s, µθ2(s))ν

s0
µθ2

(ds)

∣∣∣∣
≤
∣∣∣∣∫

S
r(s, µθ1(s))ν

s0
µθ1

(ds)−
∫
S
r(s, µθ1(s))ν

s0
µθ2

(ds)

∣∣∣∣
+

∣∣∣∣∫
S
r(s, µθ1(s))ν

s0
µθ2

(ds)−
∫
S
r(s, µθ2(s))ν

s0
µθ2

(ds)

∣∣∣∣
≤
∫
S
|r(s, µθ1(s))| ·

∣∣∣νs0µθ1 (ds)− νs0µθ2
(ds)

∣∣∣+ ∫
S
|r(s, µθ1(s))− r(s, µθ2(s))| νs0µθ2 (ds)

(i)
≤ Rmax

∥∥∥νs0µθ1 (·)− νs0µθ2
(·)
∥∥∥
TV

+ Lr

∫
S
∥µθ1(s)− µθ2(s)∥ νs0µθ2 (ds)

(ii)
≤ RmaxLν ∥θ1 − θ2∥+ LrLµ ∥θ1 − θ2∥

∫
S
νs0µθ2

(ds)

=

(
RmaxLν +

LrLµ
1− γ

)
∥θ1 − θ2∥ ,

where (i) follows from Assumption 2, and (ii) follows from Lemma 1 and Assumption 1.

The next lemma establishes the boundedness and Lipschitz continuity property for the gradient of Q-function.

Lemma 3. Suppose Assumptions 1-3 hold. The gradient of Q-function w.r.t. action is uniformly bounded. That is, for any
(s, a) ∈ S ×A, θ ∈ Rd,

∥∇aQ
µθ (s, a)∥ ≤ CQ,

where CQ = Lr + LP · γRmax

1−γ . Furthermore, ∇aQ
µθ (s, aθ) is Lipschitz continuous w.r.t. θ, that is, for any θ1, θ2 ∈ Rd, we

have

∥∇aQ
µθ1 (s, aθ1)−∇aQ

µθ2 (s, aθ2)∥ ≤ L′
Q ∥θ1 − θ2∥ ,

where L′
Q = LQLµ + γLPLV .

Proof. For the boundedness property, we have

∥∇aQ
µθ (s, a)∥ =

∥∥∥∥∇a

∫
S
(r(s, a) + γP (s′|s, a)V µθ (s′)) ds′

∥∥∥∥
≤ ∥∇ar(s, a)∥+ γ

∫
S
∥∇aP (s

′|s, a)∥ · |V µθ (s′)| ds′

≤ Lr + LP · γRmax

1− γ
,

where the last inequality follows from Assumptions 1, 2 and the fact that |V µθ (s′)| ≤ Rmax

1−γ .



We next show the Lipschitz property as follows.

∥∇aQ
µθ1 (s, aθ1)−∇aQ

µθ2 (s, aθ2)∥
≤ ∥∇aQ

µθ1 (s, aθ1)−∇aQ
µθ1 (s, aθ2)∥+ ∥∇aQ

µθ1 (s, aθ2)−∇aQ
µθ2 (s, aθ2)∥

(i)
≤ LQ ∥aθ1 − aθ2∥+ ∥∇aQ

µθ1 (s, aθ2)−∇aQ
µθ2 (s, aθ2)∥

= LQ ∥µθ1(s)− µθ2(s)∥+ ∥∇aQ
µθ1 (s, aθ2)−∇aQ

µθ2 (s, aθ2)∥
(ii)
≤ LQLµ ∥θ1 − θ2∥+

∥∥∥∥∫
S
γ∇aP (s

′|s, a) (V µθ1 (s′)− V µθ2 (s′)) ds′
∥∥∥∥

≤ LQLµ ∥θ1 − θ2∥+ γ

∫
S
∥∇aP (s

′|s, a)∥ · |V µθ1 (s′)− V µθ2 (s′)| ds′

(iii)
≤ (LQLµ + γLPLV ) ∥θ1 − θ2∥ ,

where (i) follows from Assumption 3, (ii) follows from Assumption 1 and (iii) follows from Assumption 2 and Lemma 2.

1.2 PROOF OF LEMMA 1

To simplify the notation, we define ψθ(s) := ∇θµθ(s), aθ = µθ(s) and ∇aQ
µθ (s, aθ) = ∇aQ

µθ (s, a)|a=µθ(s) in the
following proof.

We start from the form of the off-policy deterministic policy gradient given in (2), and have

∥∇J(θ1)−∇J(θ2)∥

=

∥∥∥∥∫
S
ψθ1(s)∇aQ

µθ1 (s, aθ1)νθ1(ds)−
∫
S
ψθ2(s)∇aQ

µθ2 (s, aθ2)νθ2(ds)

∥∥∥∥
=

∥∥∥∥∫
S
ψθ1(s)∇aQ

µθ1 (s, aθ1)νθ1(ds)−
∫
S
ψθ1(s)∇aQ

µθ1 (s, aθ1)νθ2(ds)

+

∫
S
ψθ1(s)∇aQ

µθ1 (s, aθ1)νθ2(ds)−
∫
S
ψθ1(s)∇aQ

µθ2 (s, aθ2)νθ2(ds)

+

∫
S
ψθ1(s)∇aQ

µθ2 (s, aθ2)νθ2(ds)−
∫
S
ψθ2(s)∇aQ

µθ2 (s, aθ2)νθ2(ds)

∥∥∥∥
≤
∥∥∥∥∫

S
ψθ1(s)∇aQ

µθ1 (s, aθ1)νθ1(ds)−
∫
S
ψθ1(s)∇aQ

µθ1 (s, aθ1)νθ2(ds)

∥∥∥∥
+

∥∥∥∥∫
S
ψθ1(s)∇aQ

µθ1 (s, aθ1)νθ2(ds)−
∫
S
ψθ1(s)∇aQ

µθ2 (s, aθ2)νθ2(ds)

∥∥∥∥
+

∥∥∥∥∫
S
ψθ1(s)∇aQ

µθ2 (s, aθ2)νθ2(ds)−
∫
S
ψθ2(s)∇aQ

µθ2 (s, aθ2)νθ2(ds)

∥∥∥∥
≤
∫
S
∥ψθ1(s)∥ · ∥∇aQ

µθ1 (s, aθ1)∥ |νθ1(ds)− νθ2(ds)|

+

∫
S
∥ψθ1(s)∥ · ∥∇aQ

µθ1 (s, aθ1)−∇aQ
µθ2 (s, aθ2)∥ νθ2(ds)

+

∫
S
∥ψθ1(s)− ψθ2(s)∥ · ∥∇aQ

µθ2 (s, aθ2)∥ νθ2(ds)

(i)
≤ LµCQ ∥νθ1(·)− νθ2(·)∥TV + Lµ

∫
S
∥∇aQ

µθ1 (s, aθ1)−∇aQ
µθ2 (s, aθ2)∥ νθ2(ds)

+ CQ

∫
S
∥ψθ1(s)− ψθ2(s)∥ νθ2(ds)

(ii)
≤ LµCQ ∥νθ1(·)− νθ2(·)∥TV + LµL

′
Q ∥θ1 − θ2∥

∫
S
νθ2(ds) + CQLψ ∥θ1 − θ2∥

∫
S
νθ2(ds)



(iii)
= LµCQ ∥νθ1(·)− νθ2(·)∥TV +

LµL
′
Q

1− γ
∥θ1 − θ2∥+

CQLψ
1− γ

∥θ1 − θ2∥

(iv)
≤
(
LµCQLν +

LµL
′
Q

1− γ
+
CQLψ
1− γ

)
∥θ1 − θ2∥

:= LJ ∥θ1 − θ2∥ ,

where (i) follows because ∥ψθ(s)∥ ≤ Lµ as indicated by Assumption 1 and ∥∇aQ
µθ (s, a)∥ ≤ CQ by Lemma 3, (ii) follows

from Assumption 1 and Lemma 3, (iii) follows because
∫
S νθ(ds) =

1
1−γ , and (iv) follows from Lemma 1.

2 PROOF OF THEOREM 1 AND THEOREM 1

2.1 SUPPORTING LEMMAS

In the following, we provide a few supporting lemmas that are used in the main proof of Theorem 1. The first lemma
characterizes the properties of mini-batch sampling.

Lemma 4. The following two properties hold.

1. Let Ŷ , Ȳ ∈ Rd1×d2 be matrices satisfying
∥∥∥Ŷ ∥∥∥

F
≤ CY ,

∥∥Ȳ ∥∥
F
≤ CY . If Ŷ is an unbiased estimator of Ȳ and {Ŷj}j

are i.i.d. estimators, then we have

E

∥∥∥∥∥∥ 1

M

M−1∑
j=0

Ŷj − Ȳ

∥∥∥∥∥∥
2

F

≤ 4C2
Y

M
.

2. Let ŷ, ȳ ∈ Rd be vectors satisfying ∥ŷ∥ ≤ Cy, ∥ȳ∥ ≤ Cy. If ŷ is an unbiased estimator of ȳ and {yj}j are i.i.d.
estimators, then we have

E

∥∥∥∥∥∥ 1

M

M−1∑
j=0

ŷj − ȳ

∥∥∥∥∥∥
2

≤
4C2

y

M
.

Proof. We first prove the first statement of the matrix case as follows.

E

∥∥∥∥∥∥ 1

M

M−1∑
j=0

Ŷj − Ȳ

∥∥∥∥∥∥
2

F

=
1

M2

d2∑
c

M−1∑
i=0

M−1∑
j=0

E⟨Ŷ ci − Ȳ c, Y cj − Ȳ c⟩

=
1

M2

M−1∑
j=0

E
∥∥∥Ŷj − Ȳ

∥∥∥2
F
+

1

M2

d2∑
c

∑
i ̸=j

E⟨Ŷ ci − Ȳ c, Y cj − Ȳ c⟩

=
1

M2

M−1∑
j=0

E
∥∥∥Ŷj − Ȳ

∥∥∥2
F

≤ 2

M2

M−1∑
j=0

(
E
∥∥∥Ŷj∥∥∥2

F
+ E

∥∥Ȳ ∥∥2
F

)

≤ 4C2
Y

M
,

where Ŷ cj is the c-th column of Ŷj .



We next prove the second statement of the vector case as follows.

E

∥∥∥∥∥∥ 1

M

M−1∑
j=0

ŷj − ȳ

∥∥∥∥∥∥
2

=
1

M2

M−1∑
i=0

M−1∑
j=0

E⟨ŷi − ȳ, yj − ȳ⟩

=
1

M2

M−1∑
j=0

E ∥ŷj − ȳ∥2 + 1

M2

∑
i ̸=j

E⟨ŷi − ȳ, yj − ȳ⟩

=
1

M2

M−1∑
j=0

E ∥ŷj − ȳ∥2

≤ 2

M2

M−1∑
j=0

(
E ∥ŷj∥2 + E ∥ȳ∥2

)
≤

4C2
y

M
.

Next, we provide some important properties of w∗
ξθ

.

Lemma 5. Let w∗
ξθ

be defined in Proposition 1. Suppose Assumptions 1-3 hold. Then we have

∥∥w∗
ξθ

∥∥ ≤ Cwξ ,

where Cwξ =
LµCQ
λΨ(1−γ) . Furthermore, for any θ1, θ2, we have

∥∥∥w∗
ξθ1

− w∗
ξθ2

∥∥∥ ≤ Lw ∥θ1 − θ2∥ ,

where Lw = LJ
λΨ

+
LµCQ
λ2
Ψ(1−γ)

(
L2
µLν +

2LµLψ
1−γ

)
.

Proof. We first show the boundedness of ∥∇J(θ)∥.

∥∇J(θ)∥ =

∥∥∥∥∫
S
∇θµθ(s)∇aQ

µθ (s, a)|a=µθ(s)νθ(ds)
∥∥∥∥

≤
∫
S
∥∇θµθ(s)∥

∥∥∇aQ
µθ (s, a)|a=µθ(s)

∥∥ νθ(ds)
(i)
≤ LµCQ

∫
S
νθ(ds) =

LµCQ
(1− γ)

,

where (i) follows from Assumption 1 and Lemma 3.

Recall we define Ψθ = Eνµθ
[
∇θµθ(s)∇θµθ(s)

T
]
. Assumption 1 implies that Ψθ is non-singular. Then by definition, we

have

∥∥w∗
ξθ

∥∥ =
∥∥Ψ−1

θ ∇J(θ)
∥∥ ≤ 1

λΨ
∥∇J(θ)∥ ≤ LµCQ

λΨ(1− γ)
.



Next, we show the Lipschitz continuity property.∥∥∥w∗
ξθ1

− w∗
ξθ2

∥∥∥
=
∥∥Ψ−1

θ1
∇J(θ1)−Ψ−1

θ2
∇J(θ2)

∥∥
=
∥∥Ψ−1

θ1
∇J(θ1)−Ψ−1

θ1
∇J(θ2) + Ψ−1

θ1
∇J(θ2)−Ψ−1

θ2
∇J(θ2)

∥∥
≤
∥∥Ψ−1

θ1
(∇J(θ1)−∇J(θ2))

∥∥+ ∥∥(Ψ−1
θ1

−Ψ−1
θ2

)
∇J(θ2)

∥∥
(i)
≤ LJ
λΨ

∥θ1 − θ2∥+
∥∥(Ψ−1

θ1
−Ψ−1

θ2

)
∇J(θ2)

∥∥
=
LJ
λΨ

∥θ1 − θ2∥+
∥∥(Ψ−1

θ1
Ψθ2Ψ

−1
θ2

−Ψ−1
θ1

Ψθ1Ψ
−1
θ2

)
∇J(θ2)

∥∥
=
LJ
λΨ

∥θ1 − θ2∥+
∥∥Ψ−1

θ1
(Ψθ2 −Ψθ1)Ψ

−1
θ2

∇J(θ2)
∥∥

≤ LJ
λΨ

∥θ1 − θ2∥+
1

λ2Ψ
∥Ψθ2 −Ψθ1∥ ∥∇J(θ2)∥

≤ LJ
λΨ

∥θ1 − θ2∥+
LµCQ

λ2Ψ(1− γ)
∥Ψθ2 −Ψθ1∥ ,

where (i) follows from Lemma 1 and Assumption 1.

Observe that

∥Ψθ2 −Ψθ1∥

=

∥∥∥∥∫
S
∇θµθ2(s)∇θµθ2(s)

T νθ2(ds)−
∫
S
∇θµθ1(s)∇θµθ1(s)

T νθ1(ds)

∥∥∥∥
≤
∥∥∥∥∫

S
∇θµθ2(s)∇θµθ2(s)

T νθ2(ds)−
∫
S
∇θµθ2(s)∇θµθ2(s)

T νθ1(ds)

∥∥∥∥
+

∥∥∥∥∫
S
∇θµθ2(s)∇θµθ2(s)

T νθ1(ds)−
∫
S
∇θµθ2(s)∇θµθ1(s)

T νθ1(ds)

∥∥∥∥
+

∥∥∥∥∫
S
∇θµθ2(s)∇θµθ1(s)

T νθ1(ds)−
∫
S
∇θµθ1(s)∇θµθ1(s)

T νθ1(ds)

∥∥∥∥
(i)
≤ L2

µ ∥νθ1(·)− νθ2(·)∥TV + 2Lµ

∫
S
∥∇θµθ2(s)−∇θµθ1(s)∥ νθ1(ds)

(ii)
≤ L2

µ ∥νθ1(·)− νθ2(·)∥TV +
2LµLψ
1− γ

∥θ1 − θ2∥

(iii)
≤
(
L2
µLν +

2LµLψ
1− γ

)
∥θ1 − θ2∥ ,

where both (i) and (ii) follow from Assumption 1, and (iii) follows from Lemma 1.

Thus, we have ∥∥∥w∗
ξθ1

− w∗
ξθ2

∥∥∥
≤ LJ
λΨ

∥θ1 − θ2∥+
LµCQ

λ2Ψ(1− γ)
∥Ψθ2 −Ψθ1∥

≤
[
LJ
λΨ

+
LµCQ

λ2Ψ(1− γ)

(
L2
µLν +

2LµLψ
1− γ

)]
∥θ1 − θ2∥ .

The next lemma provides an important bound for the difference between the gradient estimators and the true gradient.



Lemma 6. Suppose Assumptions 1-3. Then we have

E ∥hθt(wt,Bt)−∇J(θt)∥2 ≤ 3L2
hE
∥∥wt − w∗

θt

∥∥2 + 3L2
hκ

2 +
6L4

µC
2
wξ

M
,

where Lh = L2
µ and κ is defined in (7).

Proof. By definition, we have

E ∥hθt(wt,Bt)−∇J(θt)∥2

= E
∥∥∥hθt(wt,Bt)− hθt(w

∗
θt ,Bt) + hθt(w

∗
θt ,Bt)− hθt(w

∗
ξθt
,Bt) + hθt(w

∗
ξθt
,Bt)−∇J(θt)

∥∥∥2
≤ 3E

∥∥hθt(wt,Bt)− hθt(w
∗
θt ,Bt)

∥∥2 + 3E
∥∥∥hθt(w∗

θt ,Bt)− hθt(w
∗
ξθt
,Bt)

∥∥∥2
+ 3E

∥∥∥hθt(w∗
ξθt
,Bt)−∇J(θt)

∥∥∥2
(i)
≤ 3L2

hE
∥∥wt − w∗

θt

∥∥2 + 3L2
hE
∥∥∥w∗

θt − w∗
ξθt

∥∥∥2 + 3E
∥∥∥hθt(w∗

ξθt
,Bt)−∇J(θt)

∥∥∥2
(ii)
≤ 3L2

hE
∥∥wt − w∗

θt

∥∥2 + 3L2
hκ

2 + 3E
∥∥∥hθt(w∗

ξθt
,Bt)−∇J(θt)

∥∥∥2
(iii)
≤ 3L2

hE
∥∥wt − w∗

θt

∥∥2 + 3L2
hκ

2 +
6L4

µC
2
wξ

M
,

where (i) follows because for any w1, w2, θ ∈ Rd, we have

∥hθ(w1,Bt)− hθ(w2,Bt)∥ =

∥∥∥∥∥∥ 1

M

M−1∑
j=0

∇θµθt(s
′
t,j)∇θµθt(s

′
t,j)

T (w1 − w2)

∥∥∥∥∥∥
≤ L2

µ ∥w1 − w2∥ := Lh ∥w1 − w2∥ ,

(ii) follows from (7), and (iii) holds due to the fact that

E
∥∥∥hθt(w∗

ξθt
,Bt)−∇J(θt)

∥∥∥2
= E

∥∥∥∥∥∥ 1

M

M−1∑
j=0

∇θµθt(s
′
t,j)∇θµθt(s

′
t,j)

Tw∗
ξθt

−∇J(θt)

∥∥∥∥∥∥
2

=
1

M2

M−1∑
i=0

M−1∑
j=0

E⟨∇θµθt(s
′
t,i)∇θµθt(s

′
t,i)

Tw∗
ξθt

−∇J(θt),

∇θµθt(s
′
t,j)∇θµθt(s

′
t,j)

Tw∗
ξθt

−∇J(θt)⟩

=
1

M2

M−1∑
j=0

E
∥∥∥∇θµθt(s

′
t,j)∇θµθt(s

′
t,j)

Tw∗
ξθt

−∇J(θt)
∥∥∥2

(i)
≤ 1

M2

M−1∑
j=0

2L4
µC

2
wξ

=
2L4

µC
2
wξ

M
,

where (i) follows from Assumption 1, Lemma 4 and Lemma 5.



2.2 PROOF OF THEOREM 1

We use the following notations for the clarity of the presentation:

gθt(wt,Bt) =
1

M

M−1∑
j=0

δt,jϕ(xt,j) =
1

M

M−1∑
j=0

(At,jwt + bt,j) := Âtwt + b̂t;

ḡθt(wt) = Edθt [δtϕ(xt)] = Ātwt + b̄t;

ḡθt(w
∗
θt) = Ātw

∗
θt + b̄t = 0;

hθt(wt,Bt) =
1

M

M−1∑
j=0

∇θµθt(s
′
t,j)∇θµθt(s

′
t,j)

Twt.

In this proof, we develop a new approach to analyzing the coupled actor and critic’s stochastic approximation processes, due
to their simultaneous updates both with constant stepsizes. The central idea is to cancel the critic’s cumulative tracking error
by the actor’s overall positive progress to the stationary policy, which is different from the existing analysis of (stochastic)
PG-type algorithms that mainly decouples or asymptotically decouples the critic’s error from actor’s error. Further, we
develop a new analysis to bound the estimation error of the Fisher information of deterministic policy arising via the
compatibility theorem, and then further capture how such a metric affects the convergence via its minimum eigenvalue.

The main proof consists of three steps.

Step I: Characterizing dynamics of critic’s error via coupling with actor.

In the first step, we characterize the propagation of the dynamics of critic’s dynamic tracking error based on its coupling

with actor’s updates. That is, we develop the relationship between
∥∥∥wt+1 − w∗

θt+1

∥∥∥2 and
∥∥wt − w∗

θt

∥∥2 by their coupling
with actor’s updates.

We first use the dynamics of the critic to obtain∥∥wt+1 − w∗
θt

∥∥2
=
∥∥wt + αwgθt(wt,Bt)− w∗

θt

∥∥2
=
∥∥wt − w∗

θt

∥∥2 + 2αw⟨wt − w∗
θt , gθt(wt,Bt)⟩+ α2

w ∥gθt(wt,Bt)∥
2

=
∥∥wt − w∗

θt

∥∥2 + 2αw⟨wt − w∗
θt , ḡθt(wt)⟩+ 2αw⟨wt − w∗

θt , gθt(wt,Bt)− ḡθt(wt)⟩

+ α2
w ∥gθt(wt,Bt)∥

2

=
∥∥wt − w∗

θt

∥∥2 + 2αw(wt − w∗
θt)

T Āt(wt − w∗
θt) + 2αw⟨wt − w∗

θt , gθt(wt,Bt)− ḡθt(wt)⟩

+ α2
w ∥gθt(wt,Bt)∥

2

(i)
≤ (1− 2αwλ)

∥∥wt − w∗
θt

∥∥2 + 2αw⟨wt − w∗
θt , gθt(wt,Bt)− ḡθt(wt)⟩+ α2

w ∥gθt(wt,Bt)∥
2

≤ (1− 2αwλ)
∥∥wt − w∗

θt

∥∥2 + 2αw⟨wt − w∗
θt , gθt(wt,Bt)− ḡθt(wt)⟩

+ 2α2
w ∥gθt(wt,Bt)− ḡθt(wt)∥

2
+ 2α2

w ∥ḡθt(wt)∥
2

= (1− 2αwλ)
∥∥wt − w∗

θt

∥∥2 + 2αw⟨wt − w∗
θt , gθt(wt,Bt)− ḡθt(wt)⟩

+ 2α2
w ∥gθt(wt,Bt)− ḡθt(wt)∥

2
+ 2α2

w

∥∥ḡθt(wt)− ḡθt(w
∗
θt)
∥∥2

= (1− 2αwλ)
∥∥wt − w∗

θt

∥∥2 + 2αw⟨wt − w∗
θt , gθt(wt,Bt)− ḡθt(wt)⟩

+ 2α2
w ∥gθt(wt,Bt)− ḡθt(wt)∥

2
+ 2α2

w

∥∥Āt(wt − w∗
θt)
∥∥2

≤ (1− 2αwλ)
∥∥wt − w∗

θt

∥∥2 + 2αw⟨wt − w∗
θt , gθt(wt,Bt)− ḡθt(wt)⟩

+ 2α2
w ∥gθt(wt,Bt)− ḡθt(wt)∥

2
+ 2α2

w

∥∥Āt∥∥2 ∥∥(wt − w∗
θt)
∥∥2

(ii)
≤ (1− 2αwλ+ 2α2

wC
2
A)
∥∥wt − w∗

θt

∥∥2 + 2αw⟨wt − w∗
θt , gθt(wt,Bt)− ḡθt(wt)⟩

+ 2α2
w ∥gθt(wt,Bt)− ḡθt(wt)∥

2
,



where (i) follows from the property (wt−w∗
θt
)T Āt(wt−w∗

θt
) ≤ −λ

∥∥wt − w∗
θt

∥∥2 with some constant λ > 0 for any policy,
which has been proved in Tsitsiklis and Van Roy [1997], Bhandari et al. [2018], Tu and Recht [2019], Xiong et al. [2020],
and (ii) follows because ∥A∥2 ≤ 2(1 + γ2)C4

ϕ ≤ 4C4
ϕ := C2

A.

Taking the expectation on both sides yields

E
∥∥wt+1 − w∗

θt

∥∥2
≤ (1− 2αwλ+ 2α2

wC
2
A)E

∥∥wt − w∗
θt

∥∥2 + 2αwE⟨wt − w∗
θt , gθt(wt,Bt)− ḡθt(wt)⟩

+ 2α2
wE ∥gθt(wt,Bt)− ḡθt(wt)∥

2

= (1− 2αwλ+ 2α2
wC

2
A)E

∥∥wt − w∗
θt

∥∥2 + 2α2
wE ∥gθt(wt,Bt)− ḡθt(wt)∥

2
. (2)

Observe that

E ∥gθt(wt,Bt)− ḡθt(wt)∥
2

= E
∥∥∥Âtwt + b̂t − Ātwt − b̄t

∥∥∥2
(i)
≤ 3E

∥∥∥(Ât − Āt)(wt − w∗
θt)
∥∥∥2 + 3E

∥∥∥(Ât − Āt)w
∗
θt

∥∥∥2 + 3E
∥∥∥b̂t − b̄t

∥∥∥2
≤ 3E

∥∥∥Ât − Āt

∥∥∥2
F

∥∥wt − w∗
θt

∥∥2 + 3E
∥∥∥Ât − Āt

∥∥∥2
F

∥∥w∗
θt

∥∥2 + 3E
∥∥∥b̂t − b̄t

∥∥∥2
(ii)
≤ 12C2

A

M
E
∥∥wt − w∗

θt

∥∥2 + 12(C2
AE
∥∥w∗

θt

∥∥2 + C2
b )

M
(iii)
≤ 12C2

A

M
E
∥∥wt − w∗

θt

∥∥2 + 12(C2
AC

2
w + C2

b )

M
,

where (i) follows because (x+ y + z)2 ≤ 3x2 + 3y2 + 3z2, (ii) follows from Lemma 4 and Cb := RmaxCϕ ≥ ∥b∥, and
(iii) follows because

∥∥w∗
θt

∥∥2 =
∥∥Ā−1

t b̄t
∥∥2 ≤ Cb/λA = RmaxCϕ/λA := Cw by Assumption 4.

Substituting the above bound into (2), we have

E
∥∥wt+1 − w∗

θt

∥∥2
≤ (1− 2αwλ+ 2α2

wC
2
A)E

∥∥wt − w∗
θt

∥∥2 + 2α2
wE ∥gθt(wt,Bt)− ḡθt(wt)∥

2

≤
(
1− 2αwλ+ 2α2

wC
2
A +

24α2
wC

2
A

M

)
E
∥∥wt − w∗

θt

∥∥2 + 24α2
w(C

2
AC

2
w + C2

b )

M
.

Since αw ≤ λ
2C2

A
;M ≥ 48αwC

2
A

λ , we further obtain

E
∥∥wt+1 − w∗

θt

∥∥2
≤
(
1− 2αwλ+ 2α2

wC
2
A +

24α2
wC

2
A

M

)
E
∥∥wt − w∗

θt

∥∥2 + 24α2
w(C

2
AC

2
w + C2

b )

M

≤
(
1− αwλ

2

)
E
∥∥wt − w∗

θt

∥∥2 + 24α2
w(C

2
AC

2
w + C2

b )

M
. (3)

Next, we use Young’s inequality, and obtain

E
∥∥∥wt+1 − w∗

θt+1

∥∥∥2
≤
(
1 +

1

2(2/λαw − 1)

)
E
∥∥wt+1 − w∗

θt

∥∥2 + (1 + 2(2/λαw − 1))E
∥∥∥w∗

θt − w∗
θt+1

∥∥∥2
(i)
≤
(
1− λαw

4

)
E
∥∥wt − w∗

θt

∥∥2 + 4− λαw
4− 2λαw

· 24α
2
w(C

2
AC

2
w + C2

b )

M
+

4

λαw
E
∥∥∥w∗

θt − w∗
θt+1

∥∥∥2
(ii)
≤
(
1− λαw

4

)
E
∥∥wt − w∗

θt

∥∥2 + 4− λαw
4− 2λαw

· 24α
2
w(C

2
AC

2
w + C2

b )

M
+

4L2
w

λαw
E ∥θt+1 − θt∥2 , (4)



where (i) follows from the bound derived in (3), and (ii) follows from Lemma 5.

Step II: Bounding cumulative tracking error via compatibility theorem for DPG.

In this step, we bound the cumulative tracking error based on the dynamics of the tracking error from the last step. To this
end, we need to first bound the difference between two consecutive actor parameters.

Observe that θt+1−θt = 1
M

∑M−1
j=0 ∇θµθt(s

′
t,j)∇θµθt(s

′
t,j)

Twt := hθt(wt,Bt) and E ∥hθt(wt,Bt)∥
2 ≤ 2E ∥∇J(θt)∥2+

2E ∥hθt(wt,Bt)−∇J(θt)∥2. We proceed to bound (4) as follows

E
∥∥∥wt+1 − w∗

θt+1

∥∥∥2
≤
(
1− λαw

4

)
E
∥∥wt − w∗

θt

∥∥2 + 4− λαw
4− 2λαw

· 24α
2
w(C

2
AC

2
w + C2

b )

M
+

4L2
w

λαw
E ∥θt+1 − θt∥2

≤
(
1− λαw

4

)
E
∥∥wt − w∗

θt

∥∥2 + 48α2
w(C

2
AC

2
w + C2

b )

M
+

8L2
wα

2
θ

λαw
E ∥∇J(θt)∥2

+
8L2

wα
2
θ

λαw
E ∥hθt(wt,Bt)−∇J(θt)∥2

(i)
≤
(
1− λαw

4
+

24L2
hL

2
wα

2
θ

λαw

)
E
∥∥wt − w∗

θt

∥∥2 + 48α2
w(C

2
AC

2
w + C2

b )

M
+

8L2
wα

2
θ

λαw
E ∥∇J(θt)∥2

+
8L2

wα
2
θ

λαw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)
(ii)
≤
(
1− λαw

8

)
E
∥∥wt − w∗

θt

∥∥2 + 8L2
wα

2
θ

λαw
E ∥∇J(θt)∥2 +

48α2
w(C

2
AC

2
w + C2

b )

M

+
8L2

wα
2
θ

λαw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)
, (5)

where (i) follows from Lemma 6, and (ii) follows because αθ ≤ λαw√
96LhLw

.

We further take the summation over all iterations on both sides of (5) and have

T−1∑
t=0

E
∥∥wt − w∗

θt

∥∥2
≤
T−1∑
t=0

(
1− λαw

8

)t ∥∥w0 − w∗
θ0

∥∥2 + 8L2
wα

2
θ

λαw

T−1∑
t=0

t−1∑
i=0

(
1− λαw

8

)t−1−i

E ∥∇J(θt)∥2

+

[
48α2

w(C
2
AC

2
w + C2

b )

M
+

8L2
wα

2
θ

λαw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)]
T−1∑
t=0

t−1∑
i=0

(
1− λαw

8

)t−1−i

≤
8
∥∥w0 − w∗

θ0

∥∥2
λαw

+

[
48α2

w(C
2
AC

2
w + C2

b )

M
+

8L2
wα

2
θ

λαw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)]
· 8T

λαw

+
64L2

wα
2
θ

λ2α2
w

T−1∑
t=0

E ∥∇J(θt)∥2 . (6)

Step III: Overall convergence by canceling tracking error via actor’s positive progress.

In this step, we establish the overall convergence to a stationary policy by novel cancellation of the above cumulative
tracking error via actor’s update progress.

Based on Lemma 1, we have

E[J(θt+1)]− E[J(θt)]

≥ E⟨∇J(θt), θt+1 − θt⟩ −
LJ
2
E ∥θt+1 − θt∥2



= αθE⟨∇J(θt), hθt(wt,Bt)⟩ −
LJα

2
θ

2
E ∥hθt(wt,Bt)∥

2

= αθE ∥∇J(θt)∥2 + αθE⟨∇J(θt), hθt(wt,Bt)−∇J(θt)⟩ −
LJα

2
θ

2
E ∥hθt(wt,Bt)∥

2

(i)
≥ αθ

2
E ∥∇J(θt)∥2 −

αθ
2
E ∥hθt(wt,Bt)−∇J(θt)∥2

− LJα
2
θ

2
E ∥hθt(wt,Bt)−∇J(θt) +∇J(θt)∥2

≥
(αθ

2
− LJα

2
θ

)
E ∥∇J(θt)∥2 −

(αθ
2

+ LJα
2
θ

)
E ∥hθt(wt,Bt)−∇J(θt)∥2

(ii)
≥
(αθ

2
− LJα

2
θ

)
E ∥∇J(θt)∥2 −

(αθ
2

+ LJα
2
θ

)(
3L2

hE
∥∥wt − w∗

θt

∥∥2 + 3L2
hκ

2 +
6L4

µC
2
wξ

M

)
(iii)
≥ αθ

4
E ∥∇J(θt)∥2 −

3αθ
4

(
3L2

hE
∥∥wt − w∗

θt

∥∥2 + 3L2
hκ

2 +
6L4

µC
2
wξ

M

)
, (7)

where (i) follows because xT y ≥ − 1
2x

2 − 1
2y

2, (ii) follows from Lemma 6, and (iii) follows from the condition αθ ≤ 1
4LJ

.

We next take the summation over all iterations on both sides of the above bound and obtain

αθ
4

T−1∑
t=0

E ∥∇J(θt)∥2

≤ E[J(θT+1)]− E[J(θ0)] +
3αθ
4

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)
· T +

9αθL
2
h

4

T−1∑
t=0

E
∥∥wt − w∗

θt

∥∥2
≤ Rmax

1− γ
+

3αθ
4

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)
· T +

9αθL
2
h

4

T−1∑
t=0

E
∥∥wt − w∗

θt

∥∥2 . (8)

Substituting the cumulative tracking error bound derived in (6) into (8) yields

αθ
8

T−1∑
t=0

E ∥∇J(θt)∥2

(i)
≤
(
αθ
4

− 144L2
hL

2
wα

3
θ

λ2α2
w

) T−1∑
t=0

E ∥∇J(θt)∥2

≤ Rmax

1− γ
+

3αθ
4

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)
· T +

18αθL
2
h

λαw

∥∥w0 − w∗
θ0

∥∥2
+

[
48α2

w(C
2
AC

2
w + C2

b )

M
+

8L2
wα

2
θ

λαw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)]
· 18αθL

2
hT

λαw
,

where (i) follows from the condition αθ ≤ λαw
24LhLw

.

Finally, we have

min
t∈[T ]

E ∥∇J(θt)∥2 ≤ 1

T

T−1∑
t=0

E ∥∇J(θt)∥2

≤
(

8Rmax

αθ(1− γ)
+

144L2
h

λαw

∥∥w0 − w∗
θ0

∥∥2) · 1
T

+ 6

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)

+

[
48α2

w(C
2
AC

2
w + C2

b )

M
+

8L2
wα

2
θ

λαw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)]
· 144L

2
h

λαw

=
c1
T

+
c2
M

+ c3κ
2,



where

c1 =
8Rmax

αθ(1− γ)
+

144L2
h

λαw

∥∥w0 − w∗
θ0

∥∥2 , (9)

c2 = 36L4
µC

2
wξ

+

[
48α2

w(C
2
AC

2
w + C2

b ) +
48L2

wL
4
µC

2
wξ
α2
θ

λαw

]
· 144L

2
h

λαw
, (10)

c3 = 18L2
h +

24L2
wL

2
hα

2
θ

λαw
. (11)

2.3 PROOF OF COROLLARY 1

Following from the upper bound in Theorem 1, we let c1T ≤ ϵ
2 and c2

M ≤ ϵ
2 to achieve the ϵ-accuracy. Then we obtain

T ≥ 2c1
ϵ and M ≥ 2c2

ϵ . Further, since we generate M samples in the update steps of both critic and actor in Algorithm 1,
the total number of samples we use is thus 2MT = 8c1c2

ϵ2 .

3 PROOF OF LEMMA 2

We use the notations ψθ(s) := ∇θµθ(s), aθ = µθ(s) and ∇aQ
µθ (s, aθ) = ∇aQ

µθ (s, a)|a=µθ(s) in the following proof.

We start from the form of the deterministic policy gradient given in (4), and have

∥∇Jβ(θ1)−∇Jβ(θ2)∥

=

∥∥∥∥∫
S
ψθ1(s)∇aQ

µθ1 (s, aθ1)νβ(ds)−
∫
S
ψθ2(s)∇aQ

µθ2 (s, aθ2)νβ(ds)

∥∥∥∥
=

∥∥∥∥∫
S
ψθ1(s)∇aQ

µθ1 (s, aθ1)νβ(ds)−
∫
S
ψθ1(s)∇aQ

µθ2 (s, aθ2)νβ(ds)

+

∫
S
ψθ1(s)∇aQ

µθ2 (s, aθ2)νβ(ds)−
∫
S
ψθ2(s)∇aQ

µθ2 (s, aθ2)νβ(ds)

∥∥∥∥
≤
∥∥∥∥∫

S
ψθ1(s)∇aQ

µθ1 (s, aθ1)νβ(ds)−
∫
S
ψθ1(s)∇aQ

µθ2 (s, aθ2)νβ(ds)

∥∥∥∥
+

∥∥∥∥∫
S
ψθ1(s)∇aQ

µθ2 (s, aθ2)νβ(ds)−
∫
S
ψθ2(s)∇aQ

µθ2 (s, aθ2)νβ(ds)

∥∥∥∥
≤
∫
S
∥ψθ1(s)∥ · ∥∇aQ

µθ1 (s, aθ1)−∇aQ
µθ2 (s, aθ2)∥ νβ(ds)

+

∫
S
∥ψθ1(s)− ψθ2(s)∥ · ∥∇aQ

µθ2 (s, aθ2)∥ νβ(ds)

(i)
≤ Lµ

∫
S
∥∇aQ

µθ1 (s, aθ1)−∇aQ
µθ2 (s, aθ2)∥ νβ(ds) + CQ

∫
S
∥ψθ1(s)− ψθ2(s)∥ νβ(ds)

(ii)
≤ LµL

′
Q ∥θ1 − θ2∥

∫
S
νβ(ds) + CQLψ ∥θ1 − θ2∥

∫
S
νβ(ds)

(iii)
=

(
LµL

′
Q

1− γ
+
CQLψ
1− γ

)
∥θ1 − θ2∥

:= LJβ ∥θ1 − θ2∥ ,

where (i) follows because ∥ψθ(s)∥ ≤ Lµ as indicated by Assumption 1 and ∥∇aQ
µθ (s, a)∥ ≤ CQ by Lemma 3, (ii) follows

from Assumption 1 and Lemma 3, and (iii) follows because
∫
S νβ(ds) =

1
1−γ .



4 PROOF OF THEOREM 2 AND COROLLARY 3

4.1 SUPPORTING LEMMAS

The following lemma provides the important properties of w∗
β,ξθ

.

Lemma 7. Let w∗
β,ξθ

be defined in (5). Suppose Assumptions 1-3 hold. Then we have∥∥w∗
β,ξθ

∥∥ ≤ Cwξ ,

where Cwξ =
LµCQ
λΨ(1−γ) . Furthermore, for any θ1, θ2, we have∥∥∥w∗

β,ξθ1
− w∗

β,ξθ2

∥∥∥ ≤ Lw′ ∥θ1 − θ2∥ ,

where Lw′ =
LJβ
λΨ

+
2L2

µLψCQ

λ2
Ψ(1−γ)2 .

Proof. We first show the boundedness of ∥∇Jβ(θ)∥.

∥∇Jβ(θ)∥ =

∥∥∥∥∫
S
∇θµθ(s)∇aQ

µθ (s, a)|a=µθ(s)νβ(ds)
∥∥∥∥

≤
∫
S
∥∇θµθ(s)∥

∥∥∇aQ
µθ (s, a)|a=µθ(s)

∥∥ νβ(ds)
(i)
≤ LµCQ

∫
S
νβ(ds) =

LµCQ
(1− γ)

,

where (i) follows from Assumption 1 and Lemma 3.

We define Ψβ,θ = Eνµβ
[
∇θµθ(s)∇θµθ(s)

T
]
. Assumption 1 implies that Ψβ,θ is non-singular. Then by definition, we have

∥∥w∗
β,ξθ

∥∥ =
∥∥∥Ψ−1

β,θ∇Jβ(θ)
∥∥∥ ≤ 1

λΨ
∥∇Jβ(θ)∥ ≤ LµCQ

λΨ(1− γ)
.

Next, we show the Lipschitz continuity property.∥∥∥w∗
ξθ1

− w∗
ξθ2

∥∥∥
=
∥∥∥Ψ−1

β,θ1
∇Jβ(θ1)−Ψ−1

β,θ2
∇Jβ(θ2)

∥∥∥
=
∥∥∥Ψ−1

β,θ1
∇Jβ(θ1)−Ψ−1

β,θ1
∇Jβ(θ2) + Ψ−1

β,θ1
∇Jβ(θ2)−Ψ−1

β,θ2
∇Jβ(θ2)

∥∥∥
≤
∥∥∥Ψ−1

β,θ1
(∇Jβ(θ1)−∇Jβ(θ2))

∥∥∥+ ∥∥∥(Ψ−1
β,θ1

−Ψ−1
β,θ2

)
∇Jβ(θ2)

∥∥∥
(i)
≤ LJ
λΨ

∥θ1 − θ2∥+
∥∥∥(Ψ−1

β,θ1
−Ψ−1

β,θ2

)
∇Jβ(θ2)

∥∥∥
=
LJ
λΨ

∥θ1 − θ2∥+
∥∥∥(Ψ−1

β,θ1
Ψβ,θ2Ψ

−1
β,θ2

−Ψ−1
β,θ1

Ψβ,θ1Ψ
−1
β,θ2

)
∇Jβ(θ2)

∥∥∥
=
LJ
λΨ

∥θ1 − θ2∥+
∥∥∥Ψ−1

β,θ1
(Ψβ,θ2 −Ψβ,θ1)Ψ

−1
β,θ2

∇Jβ(θ2)
∥∥∥

≤ LJ
λΨ

∥θ1 − θ2∥+
1

λ2Ψ
∥Ψβ,θ2 −Ψβ,θ1∥ ∥∇Jβ(θ2)∥

≤ LJ
λΨ

∥θ1 − θ2∥+
LµCQ

λ2Ψ(1− γ)
∥Ψβ,θ2 −Ψβ,θ1∥ ,

where (i) follows from Lemma 1 and Assumption 1.



We further derive the following bound.

∥Ψβ,θ2 −Ψβ,θ1∥

=

∥∥∥∥∫
S
∇θµθ2(s)∇θµθ2(s)

T νβ(ds)−
∫
S
∇θµθ1(s)∇θµθ1(s)

T νβ(ds)

∥∥∥∥
≤
∥∥∥∥∫

S
∇θµθ2(s)∇θµθ2(s)

T νβ(ds)−
∫
S
∇θµθ2(s)∇θµθ1(s)

T νβ(ds)

∥∥∥∥
+

∥∥∥∥∫
S
∇θµθ2(s)∇θµθ1(s)

T νβ(ds)−
∫
S
∇θµθ1(s)∇θµθ1(s)

T νβ(ds)

∥∥∥∥
(i)
≤ 2Lµ

∫
S
∥∇θµθ2(s)−∇θµθ1(s)∥ νβ(ds)

(ii)
≤ 2LµLψ

1− γ
∥θ1 − θ2∥ ,

where both (i) and (ii) follow from Assumption 1.

Thus, we have ∥∥∥w∗
β,ξθ1

− w∗
β,ξθ2

∥∥∥
≤
LJβ
λΨ

∥θ1 − θ2∥+
LµCQ

λ2Ψ(1− γ)
∥Ψβ,θ2 −Ψβ,θ1∥

≤

(
LJβ
λΨ

+
2L2

µLψCQ

λ2Ψ(1− γ)2

)
∥θ1 − θ2∥ .

4.2 PROOF OF THEOREM 2

The main difference here from the proof of Theorem 1 lies in the fact that we apply TDC to update critic in Algorithm 2
due to the off-policy sampling, which introduces an extra correction parameter ut. Thus, we introduce a grouped vector
zt = [wTt u

T
t ]
T ∈ R2d and rewrite the dynamics of critic as a lifted linear system:

zt+1 = zt + αw

[
Ât Ĉt
ηÂt ηD̂t

]
zt + αw

[
b̂t
ηb̂t

]
:= zt + αw

[
Ĝtzt + ℓ̂t

]
:= zt + αwgθt(zt,Bt).

TDC algorithm is designed to find the fixed point w∗
β,θ satisfying Āw∗

β,θ + b̄ = 0, where Ā = Edβ
[
Â
]
, b̄ = Edβ

[
b̂
]
.

Correspondingly, if we let z∗θ = [w∗
β,θ

T0T ]T , then we have

ḡθ(z
∗
θ ) = Ḡz∗θ + ℓ̄ = 0,

where Ḡ = Edβ
[
Ĝ
]
, ℓ̄ = Edβ

[
ℓ̂
]
. Based on the above lifted linear system, we proceed our proof as follows.

The main proof consists of three steps.

Step I: Characterizing dynamics of critic’s error via coupling with actor.

In the following, we first characterize the relationship between
∥∥∥zt+1 − z∗θt+1

∥∥∥2 and
∥∥zt − z∗θt

∥∥2.



We first use the dynamics of the above linear system to obtain

∥∥zt+1 − z∗θt
∥∥2

=
∥∥zt + αwgθt(zt,Bt)− z∗θt

∥∥2
=
∥∥zt − z∗θt

∥∥2 + 2αw⟨zt − z∗θt , gθt(zt,Bt)⟩+ α2
w ∥gθt(zt,Bt)∥

2

=
∥∥zt − z∗θt

∥∥2 + 2αw⟨zt − z∗θt , ḡθt(zt)⟩+ 2αw⟨zt − z∗θt , gθt(zt,Bt)− ḡθt(zt)⟩

+ α2
w ∥gθt(zt,Bt)∥

2

(i)
≤ (1− 2αwλ

′)
∥∥zt − z∗θt

∥∥2 + 2αw⟨zt − z∗θt , gθt(zt,Bt)− ḡθt(zt)⟩+ α2
w ∥gθt(zt,Bt)∥

2

≤ (1− 2αwλ
′)
∥∥zt − z∗θt

∥∥2 + 2αw⟨zt − z∗θt , gθt(zt,Bt)− ḡθt(zt)⟩

+ 2α2
w ∥gθt(zt,Bt)− ḡθt(zt)∥

2
+ 2α2

w ∥ḡθt(zt)∥
2

= (1− 2αwλ
′)
∥∥zt − z∗θt

∥∥2 + 2αw⟨zt − z∗θt , gθt(zt,Bt)− ḡθt(zt)⟩

+ 2α2
w ∥gθt(zt,Bt)− ḡθt(zt)∥

2
+ 2α2

w

∥∥ḡθt(zt)− ḡθt(z
∗
θt)
∥∥2

= (1− 2αwλ
′)
∥∥zt − z∗θt

∥∥2 + 2αw⟨zt − z∗θt , gθt(zt,Bt)− ḡθt(zt)⟩

+ 2α2
w ∥gθt(zt,Bt)− ḡθt(zt)∥

2
+ 2α2

w

∥∥Ḡt(zt − z∗θt)
∥∥2

≤ (1− 2αwλ
′)
∥∥zt − z∗θt

∥∥2 + 2αw⟨zt − z∗θt , gθt(zt,Bt)− ḡθt(zt)⟩

+ 2α2
w ∥gθt(zt,Bt)− ḡθt(zt)∥

2
+ 2α2

w

∥∥Ḡt∥∥2F ∥∥(zt − z∗θt)
∥∥2

(ii)
≤ (1− 2αwλ

′ + 2α2
wC

2
G)
∥∥zt − z∗θt

∥∥2 + 2αw⟨zt − z∗θt , gθt(zt,Bt)− ḡθt(zt)⟩

+ 2α2
w ∥gθt(zt,Bt)− ḡθt(zt)∥

2
,

where (i) follows from the property ⟨zt − z∗θt , ḡθt(zt)⟩ ≤ −λ′
∥∥zt − z∗θt

∥∥2 with some constant λ′ > 0 for any policy

which has been proved in Theorem 3 of ? as long as η > max
{
0, σmin

(
D−1 · A+AT

2

)}
, and (ii) follows from

∥∥Ḡ∥∥2
F
=

(1 + η2)
∥∥Ā∥∥2

F
+
∥∥C̄∥∥2

F
+ η2

∥∥D̄∥∥2
F
≤ (1 + η2)C2

A + C2
C + η2C2

D ≤ 5(1 + η2)C4
ϕ := C2

G.

Taking the expectation on both sides of the above bound yields

E
∥∥zt+1 − z∗θt

∥∥2
≤ (1− 2αwλ

′ + 2α2
wC

2
G)E

∥∥zt − z∗θt
∥∥2 + 2αwE⟨zt − z∗θt , gθt(zt,Bt)− ḡθt(zt)⟩

+ 2α2
wE ∥gθt(zt,Bt)− ḡθt(zt)∥

2

= (1− 2αwλ
′ + 2α2

wC
2
G)E

∥∥zt − z∗θt
∥∥2 + 2α2

wE ∥gθt(zt,Bt)− ḡθt(zt)∥
2

= (1− 2αwλ
′ + 2α2

wC
2
G)E

∥∥zt − z∗θt
∥∥2 + 2α2

wE
∥∥∥Ĝtzt + ℓ̂t − Ḡtzt − ℓ̄t

∥∥∥2
≤ (1− 2αwλ

′ + 2α2
wC

2
G)E

∥∥zt − z∗θt
∥∥2

+ 6α2
w

(
E
∥∥∥(Ĝt − Ḡt)(zt − z∗θt)

∥∥∥2 + E
∥∥∥(Ĝt − Ḡt)z

∗
θt

∥∥∥2 + E
∥∥∥ℓ̂t − ℓ̄t

∥∥∥2)
≤ (1− 2αwλ

′ + 2α2
wC

2
G)E

∥∥zt − z∗θt
∥∥2

+ 6α2
w

(
E
∥∥∥Ĝt − Ḡt

∥∥∥2
F

∥∥zt − z∗θt
∥∥2 + E

∥∥∥Ĝt − Ḡt

∥∥∥2
F

∥∥z∗θt∥∥2+E
∥∥∥ℓ̂t − ℓ̄t

∥∥∥2)
(i)
≤ (1− 2αwλ

′ + 2α2
wC

2
G)E

∥∥zt − z∗θt
∥∥2 + 6α2

w

(
4C2

G

M
E
∥∥zt − z∗θt

∥∥2 + 4(C2
GE
∥∥z∗θt∥∥2 + C2

ℓ )

M

)

(ii)
=

(
1− 2αwλ

′ + 2α2
wC

2
G +

24α2
wC

2
G

M

)
E
∥∥zt − z∗θt

∥∥2 + 24α2
w

(
C2
GE
∥∥∥w∗

β,θt

∥∥∥2 + C2
ℓ

)
M



(iii)
≤
(
1− 2αwλ

′ + 2α2
wC

2
G +

24α2
wC

2
G

M

)
E
∥∥zt − z∗θt

∥∥2 + 24α2
w(C

2
GC

2
w + C2

ℓ )

M

(iv)
≤
(
1− αwλ

′

2

)
E
∥∥zt − z∗θt

∥∥2 + 24α2
w(C

2
GC

2
w + C2

ℓ )

M
, (12)

where (i) follows from Lemma 4, (ii) follows from
∥∥z∗θt∥∥2 =

∥∥∥w∗
β,θt

∥∥∥2, (iii) follows because
∥∥∥w∗

β,θt

∥∥∥2 =
∥∥Ā−1

t b̄t
∥∥2 ≤

Cb/λA = RmaxCϕ/λA := Cw by Assumption 4, and (iv) follows from the conditions αw ≤ λ′

2C2
G

and M ≥ 48αwC
2
G

λ′ .

We further derive that

E
∥∥∥zt+1 − z∗θt+1

∥∥∥2
(i)
≤
(
1 +

1

2(2/λ′αw − 1)

)
E
∥∥zt+1 − z∗θt

∥∥2 + (1 + 2(2/λ′αw − 1))E
∥∥∥z∗θt − z∗θt+1

∥∥∥2
(ii)
≤
(
1− λ′αw

4

)
E
∥∥zt − z∗θt

∥∥2 + 48α2
w(C

2
GC

2
w + C2

ℓ )

M
+

4

λ′αw
E
∥∥∥z∗θt − z∗θt+1

∥∥∥2
(iii)
=

(
1− λ′αw

4

)
E
∥∥zt − z∗θt

∥∥2 + 48α2
w(C

2
GC

2
w + C2

ℓ )

M
+

4

λ′αw
E
∥∥∥w∗

β,θt − w∗
β,θt+1

∥∥∥2
(iv)
≤
(
1− λ′αw

4

)
E
∥∥zt − z∗θt

∥∥2 + 48α2
w(C

2
GC

2
w + C2

ℓ )

M
+

4L2
w′

λ′αw
E ∥θt+1 − θt∥2 , (13)

where (i) follows from Young’s inequality, (ii) follows from the bound derived in (12), (iii) follows because
∥∥∥z∗θt − z∗θt+1

∥∥∥2 =∥∥∥w∗
β,θt

− w∗
β,θt+1

∥∥∥2, and (iv) follows from Lemma 7.

Step II: Bounding cumulative tracking error via compatibility theorem for DPG.

Recall that we define hθt(wt,Bt) := 1
M

∑M−1
j=0 ∇θµθt(s

′
t,j)∇θµθt(s

′
t,j)

Twt. We continue with (13) and have

E
∥∥∥zt+1 − z∗θt+1

∥∥∥2
≤
(
1− λ′αw

4

)
E
∥∥zt − z∗θt

∥∥2 + 48α2
w(C

2
GC

2
w + C2

ℓ )

M
+

4L2
w′α2

θ

λ′αw
E ∥hθt(wt,Bt)∥

2

≤
(
1− λ′αw

4

)
E
∥∥zt − z∗θt

∥∥2 + 48α2
w(C

2
GC

2
w + C2

ℓ )

M
+

8L2
w′α2

θ

λ′αw
E ∥∇Jβ(θt)∥2

+
8L2

w′α2
θ

λ′αw
E ∥hθt(wt,Bt)−∇Jβ(θt)∥2

(i)
≤
(
1− λ′αw

4

)
E
∥∥zt − z∗θt

∥∥2 + 48α2
w(C

2
GC

2
w + C2

ℓ )

M
+

8L2
w′α2

θ

λ′αw
E ∥∇Jβ(θt)∥2

+
8L2

w′α2
θ

λ′αw

(
3L2

hE
∥∥wt − w∗

θt

∥∥2 + 3L2
hκ

2 +
6L4

µC
2
wξ

M

)
(ii)
≤
(
1− λ′αw

4

)
E
∥∥zt − z∗θt

∥∥2 + 48α2
w(C

2
GC

2
w + C2

ℓ )

M
+

8L2
w′α2

θ

λ′αw
E ∥∇Jβ(θt)∥2

+
8L2

w′α2
θ

λ′αw

(
3L2

hE
∥∥zt − z∗θt

∥∥2 + 3L2
hκ

2 +
6L4

µC
2
wξ

M

)

=

(
1− λ′αw

4
+

24L2
hL

2
w′α2

θ

λ′αw

)
E
∥∥zt − z∗θt

∥∥2 + 48α2
w(C

2
GC

2
w + C2

ℓ )

M

+
8L2

w′α2
θ

λ′αw
E ∥∇Jβ(θt)∥2 +

8L2
w′α2

θ

λ′αw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)
(iii)
≤
(
1− λ′αw

8

)
E
∥∥zt − z∗θt

∥∥2 + 48α2
w(C

2
GC

2
w + C2

ℓ )

M
+

8L2
w′α2

θ

λ′αw
E ∥∇Jβ(θt)∥2



+
8L2

w′α2
θ

λ′αw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)
, (14)

where (i) follows from Lemma 6, (ii) follows since
∥∥wt − w∗

θt

∥∥2 ≤
∥∥zt − z∗θt

∥∥2, and (iii) follows because αθ ≤ λ′αw√
96LhLw′

.

Then, taking the summation over all iterations on both sides of (14) yields

T−1∑
t=0

E
∥∥zt − z∗θt

∥∥2
≤
T−1∑
t=0

(
1− λ′αw

8

)t ∥∥z0 − z∗θ0
∥∥2 + 8L2

w′α2
θ

λ′αw

T−1∑
t=0

t−1∑
i=0

(
1− λ′αw

8

)t−1−i

E ∥∇Jβ(θt)∥2

+

[
48α2

w(C
2
GC

2
w + C2

ℓ )

M
+

8L2
w′α2

θ

λ′αw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)]
T−1∑
t=0

t−1∑
i=0

(
1− λ′αw

8

)t−1−i

≤
8
∥∥z0 − z∗θ0

∥∥2
λ′αw

+

[
48α2

w(C
2
GC

2
w + C2

ℓ )

M
+

8L2
w′α2

θ

λ′αw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)]
· 8T

λ′αw

+
64L2

w′α2
θ

λ′2α2
w

T−1∑
t=0

E ∥∇Jβ(θt)∥2 . (15)

Step III: Overall convergence by canceling tracking error via actor’s positive progress.

Similarly to the on-policy case, we use the Lipschitz continuity property to obtain (see (7))

E[Jβ(θt+1)]− E[Jβ(θt)]

≥ αθ
4
E ∥∇Jβ(θt)∥2 −

3αθ
4

(
3L2

hE
∥∥wt − w∗

β,θt

∥∥2 + 3L2
hκ

2 +
6L4

µC
2
wξ

M

)
,

where we use the condition αθ ≤ 1
4LJβ

.

Further, we take the summation over all iterations on both sides of the above bound and have

αθ
4

T−1∑
t=0

E ∥∇Jβ(θt)∥2

≤ E[Jβ(θT+1)]−E[Jβ(θ0)]+
3αθ
4

(
3L2

hκ
2+

6L4
µC

2
wξ

M

)
· T+9αθL

2
h

4

T−1∑
t=0

E
∥∥wt−w∗

β,θt

∥∥2
≤ Rmax

1− γ
+

3αθ
4

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)
· T +

9αθL
2
h

4

T−1∑
t=0

E
∥∥wt − w∗

β,θt

∥∥2
≤ Rmax

1− γ
+

3αθ
4

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)
· T +

9αθL
2
h

4

T−1∑
t=0

E
∥∥zt − z∗θt

∥∥2 .
Then, we substitute the cumulative error from (15) into the above bound and have

αθ
8

T−1∑
t=0

E ∥∇Jβ(θt)∥2

(i)
≤
(
αθ
4

− 144L2
hL

2
w′α3

θ

λ′2α2
w

) T−1∑
t=0

E ∥∇Jβ(θt)∥2

≤ Rmax

1− γ
+

3αθ
4

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)
· T +

18αθL
2
h

λ′αw

∥∥z0 − z∗θ0
∥∥2



+

[
48α2

w(C
2
GC

2
w + C2

ℓ )

M
+

8L2
w′α2

θ

λ′αw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)]
· 18αθL

2
hT

λ′αw
,

where (i) follows from the condition αθ ≤ λ′αw
24LhLw′

.

Finally, we obtain

min
t∈[T ]

E ∥∇Jβ(θt)∥2 ≤ 1

T

T−1∑
t=0

E ∥∇Jβ(θt)∥2

≤
(

8Rmax

αθ(1− γ)
+

144L2
h

λαw

∥∥z0 − z∗θ0
∥∥2) · 1

T
+ 6

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)

+

[
48α2

w(C
2
GC

2
w + C2

ℓ )

M
+

8L2
w′α2

θ

λαw

(
3L2

hκ
2 +

6L4
µC

2
wξ

M

)]
· 144L

2
h

λαw

=
c4
T

+
c5
M

+ c6κ
2,

where

c4 =
8Rmax

αθ(1− γ)
+

144L2
h

λ′αw

∥∥z0 − z∗θ0
∥∥2 , (16)

c5 = 36L4
µC

2
wξ

+

[
48α2

w(C
2
GC

2
w + C2

ℓ ) +
48L2

w′L4
µC

2
wξ
α2
θ

λ′αw

]
· 144L

2
h

λ′αw
, (17)

c6 = 18L2
h +

24L2
w′L2

hα
2
θ

λ′αw
. (18)

4.3 PROOF OF COROLLARY 3

Following from the upper bound in Theorem 2, we let c4T ≤ ϵ
2 and c5

M ≤ ϵ
2 to achieve the target ϵ-accuracy. Then we obtain

T ≥ 2c4
ϵ and M ≥ 2c5

ϵ . Further, since we generate M samples in the update steps of both critic and actor in Algorithm 2,
the total number of samples we use is thus 2MT = 8c4c5

ϵ2 .
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