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1 PROOF OF LEMMA

1.1 SUPPORTING LEMMAS

We first provide some useful lemmas. The first lemma provides the Lipschitz continuity property of the state visitation
measure.

Lemma 1. Suppose Assumptions[I|and 2| hold. We define the total variation norm between two state visitation distributions
respectively corresponding to two policies i, , po, as ||ve, (-) — vo, ()l = [s Vo, (ds) — ve,(ds)|. Then there exists
some constant L,, > 0, such that

Hyal () - VGz(')”TV < LV Hel - 92” .

Proof. Since we consider ergodic Markov chains, Theorem 3.1 of [Mitrophanov|[2005] shows that there exists some constant
C, > 1, such that

Hyel(') _V92(')||TV < CV ||P01 _P92||0p7 (1)

where Py denotes the state transition kernel corresponding to a policy /i, and the operator norm ||-||, is given by
||P||Op = SUp|g|,., =1 llgP|| v - Then we have

1Po, = Pollyy = sup / (Poy — Pa,) (s, )a(ds)
llgllrv=11l/S

o
— sup
2l py=1s

TV

/ (Py, (5,ds') — Poy(s,ds')) q(ds)

S

< - sup / /\P@l s,ds") — Pa,(s,ds")| q(ds)
2|\q\|w—1
=5, s [ 1P 1100, (9) = P s o (5D a(d)
H‘ZHTV::L
O 1
<5 s [ Lol (s) - o ()] a(as)
H‘ZHTvzl s
i) 1

< 5LpLu|ifr = Ol

where (i) follows form Assumption 2] and (ii) follows from Assumption[I} Then, combining the above bound together with
(1) completes the proof. O
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Next, we show that the value function of a deterministic policy is Lipschitz continuous.

Lemma 2. Suppose Assumptions[l|and 2 hold. The value function is Lipschitz continuous w.r.t. the policies. That is, for any
01,05 € R, s € S, we have

||[VHo1(s) — VFe2(s)|| < Ly ||61 — 62,

L.L
where Ly = RyaxL, + 1—;

Proof. By definition, we have V“" (50) = [s7(s, po(s))vio (ds), where 59 (-) is the discounted state visitation measure

given the initial state, i.e., v50 (s) = [ >0 V'P(s0 = 8,1, jug)ds. We then derive

[V (50) — VP2 (50)

vt (g (a5) = [ vt (), (05
[ vt (i as) = [ v (), ()
[ oo (9w, (@) = [ vl (s))vis, (@)
S S

< /S (5, 10, ()

()
vit, ()= i, Oy, + o [ i (5) = o (5) 3, ()

<

_|_

vin, () = v, (0] + [ 1o, (5)) = (s, (), (09

S Rmax

(ii) i
< Rumax Ly ||61 — 02| + L.L, 0, — 92||/ u;gz (ds)
S

L.L,
— (RuasL + £222 ) 101 - 2]

where (i) follows from Assumption 2] and (ii) follows from Lemma [I]and Assumption I}

The next lemma establishes the boundedness and Lipschitz continuity property for the gradient of Q-function.

Lemma 3. Suppose Assumptions[I}[3|hold. The gradient of Q-function w.r.t. action is uniformly bounded. That is, for any
(s,a) € S x A,0 € RY,

IVaQ"(s,a)|| < Cq,

where Cg = L, + Lp - YRumax - Eyrthermore, V aQ"? (s, ap) is Lipschitz continuous w.r.t. , that is, for any 01,0 € R4, we
have

IVaQ" (s, a9,) = Va@"* (s, a0,)|| < Ly 161 — b2,

where L’Q =LoL,+~LpLy.

Proof. For the boundedness property, we have

19.Q (s, 0)]| = Hv [0ty P s v ) a

< [[Var(s, a) +7/ IVaP(s'|s,a)ll - [V (s) ds'
S

Rmax
<L+ Lp - L2omax
I—vy

where the last inequality follows from Assumptions and the fact that [V#(s)| < R“‘avx .



We next show the Lipschitz property as follows.

[Va@Q"1 (s, a0,) — VaQ"*2 (s, ag, ) ||
< ”anM’l (Sv a91) - anﬂsl (Sv a92)|| + ||VGQH91 (37 CL92) - anlm? (57 a92)”

(i)
< Lq llag, — ag, || + [[Va@"1 (s, a,) — VaQ"*2 (s, ag, ||
= LQ ”/1‘91 (8) — Mo, (S)” + ||VQQM81 (Sa a92) - VGQMBQ (Sa a92)||

(i)
< LQLM ||91 — 92H + H/ ’yvaP(S’|s7a) (V“fh (S/) — Hes (8/)) ds’
S

< LQLy (|61 = 62| +7/ IVaP(s'|s,a)|| - [V (s") = VI (s)| ds’
S

(iif)
< (LqL,+~LpLy) |61 — 62|,

where (i) follows from Assumption |z|, (i) follows from Assumption |I| and (iii) follows from Assumption |Z| and Lemma@

O

1.2 PROOF OF LEMMA

To simplify the notation, we define 19 (s) := Vogpg(s), ag = pg(s) and V,Q"?(s,a9) = V,Q"(8,a)|a=p,(s) in the
following proof.

We start from the form of the off-policy deterministic policy gradient given in (2), and have
IVJ(0r) = V(02|
= | [ o170 s v, 0~ [ 5900 5 )
s s

+/7p91(5)an“61 (Saael)y%(d‘s)*/wel(s)anM% (s7a92)V92(d8)
S S

/ Vo, (S)VGQ#GI (87 ag, )Vgl (ds) - / Ve, (S)VaQue1 (57 a91)y‘92 (ds)
S S

T / o (5)V.aQ" (5, ag, v, (ds) — / oy (5)V.aQ" (5, ag, ), (ds)
S S

< H [0 5170@ a0, 0, (5) = [ 0, (5)90Q4 (5,0, ()
S S

N H /5 Vo (5)V Q"1 (5, ap. Yo, (ds) — /S Yo, (8)Va@"%2 (5, ag, )ve, (ds)

+ H/Swgl(s)VQQ“GZ (s, a0, )Vve,(ds) — /Swez(s)an”ez (s, ag, )ve, (ds)

< / s ()] - V0@ (5, ay)| v, (ds) — v (ds)|
S
4 / o ()] - V0@V (5. ap,) — V@™ (5, a6, )| vo, (ds)
+ /S 62 (5) — o ()] - 11Va@"5 (5, gy )| v, (ds)
(i)
2 1,0 16, () — v6s OVllgy + L / V00" (5,0, ) — VaQ" (5, an, )| vo, (ds)
+Cq / 106, (5) — o (5)]] vo, (ds)
S

(ii)
L L,Co W00 () — v0s (Vs + LuLly 161 — o] / Vo (ds) + Co Ly |61 — 6] / oy (ds)
S S



L. L ChL

(iii)

= LuCallve, () = o, Ollry + T2 100 = 0l + TE2 1101 = 62
@iv) Lu.Ly  CgLy

<L L, —— | |61 -0

2 (Lol + 122 + §2L2 ) 1o, — gy

=Ly |61 — 62|,

where (i) follows because |19 (s)|| < L, as indicated by Assumption[I|and [|[V,Q"¢(s,a)|| < Cq by Lemmal[3] (ii) follows

from Assumptionand Lemma , (iii) follows because f s vy(ds) = ﬁ, and (iv) follows from Lemma

2 PROOF OF THEOREM [1]AND THEOREM
2.1 SUPPORTING LEMMAS

In the following, we provide a few supporting lemmas that are used in the main proof of Theorem [I] The first lemma
characterizes the properties of mini-batch sampling.

Lemma 4. The following two properties hold.
1. Let Y, Y € R4*9 pe matrices satisfying HY’H < Cy, ||YHF < Cy. IfY is an unbiased estimator of Y and {Y] i
F
are i.i.d. estimators, then we have

2
M-1
1 N 4C2
Blap 257 =5
Jj=0 F

2. Let §,5 € R? be vectors satisfying ||9|| < Cy, |yl < Cy. If § is an unbiased estimator of ij and {y;}; are i.i.d.
estimators, then we have

2

M-—1 2
1 o 4C,
Elag 20— =37
j=0
Proof. We first prove the first statement of the matrix case as follows.
2
| M1 ) | G MoiM-1 B B
E MZYJ‘_Y =2 E{Y =YY =Y*)
j=0 r c =0 75=0
1 M-1 9 1 do
=5 2 BT =T ¢ g o E vy - v
Jj=0 ¢ i#jf
Mot
= LB -,
§=0
M—1
2 ~ 112 2
<= % (e[n]] +e1mi)
§=0
- 4C%
— M 7

where ffjc is the c-th column of YJ



We next prove the second statement of the vector case as follows.

R 1 A _
=35 2 Blg — ol + g DB~ 5y~ 0)
=0 i#]

AN
(V)
N
=
s
T
+
=
=
T
N—

Next, we provide some important properties of wg, .

Lemma 5. Let w, be defined in Proposition[l| Suppose Assumptions |Z|-E| hold. Then we have

nge | < Cws’
where Cy,, = )\i‘(fc’z‘;) Furthermore, for any 01, 05, we have
|z, = wt,, | < Lw o = 621l
_ L L,Co 2 2L, Ly
where L, = 3 + W (L#L,, + 5 )

Proof. We first show the boundedness of ||V.J(6)]|.

1v50)] = H [ Fonn$)9.@ 5.0yt

< /S IV 0110 (5)]| || V2@ (5, @)y ]| 70 (d5)

©) L CQ
<L,C / ve(ds) = —H—=,
e s (1-7)
where (i) follows from Assumption [T|and Lemma 3]
Recall we define Uy = &, [Vopg(s)Vouo(s)"]. Assumptionimplies that Wy is non-singular. Then by definition, we

have

)< feCe
Ap(l—7)

* _ 1
g, || = w5 97O < -1V I ()



Next, we show the Lipschitz continuity property.

ngel - wZGZ
= |0, VI(61) — U, VI (6)|
= || wa 1V I(61) — U, ' VI (0a) + W, ' VI (62) — W, VI (6,)]|

< | H(VI(61) = VI(02)) || + || (Ty," — ¥p.h) VI(6:)|
2 o 161 — O] + || (W5 — Wy t) VJ(62)]]

= f—; 161 = Oa| + || (U, Wo, Wyt — Wyt g, Wy t) VI (6) |
= ii; 161 — 0ol + || ¥," (o, — Wo,) W, 'V ()|

< 2101 = tall + 5 o, Vo, | [V T(0)]

< L0y = 0ol + 5 s [, — o,

where (i) follows from Lemma [I[]and Assumption [T}

Observe that
||\I/92 - \1’91 ||

/ Voo, (5) Voo, () vs, (ds) — / Voo, (5)Vous, (s) v, (ds)
S S

< H/SVGMQz(S)VHMOQ(S)Tygz(dS) _/SVW%(S)VGM@(S)TVQI (ds)

i H | ot (51 Va0, (5)7v0,5) — [ Tarin (5) Vi, (5) v, ()
S S

+ /S Voo, (5) Voo, (5)7 v, (ds) — /S Votio, (5)Vopa, (5)T v, (ds)

G
< L2 |ve, () = vo, ()l oy + QLu/ Ve, (s) — Ve, ()|l ve, (ds)

(i) 2L, L,
< LZ v, () — va, (- )”TV + 1— w

(111) 2L L
(L2L + w)||91—92||7
1—»v

01 — o]

where both (i) and (ii) follow from Assumption|I] and (iii) follows from Lemma ]

Thus, we have

ngel - wgeQ

Ly L,.Co
<=6, -0 || Uy, — U
< S0 02l + s I, — |
L;  L.Cq ) 2L, Ly
- | L7 L, + ———— 01 — 62| .
<[5 sty (e + 22 ) 1o - o

The next lemma provides an important bound for the difference between the gradient estimators and the true gradient.



Lemma 6. Suppose Assumptions[I{3| Then we have

4 2
6LAC2,

E || ho, (we, Be) — VI (0,)|]* < BLIE ||Jw, — w, Y

> 1 3L2k2 4+

where Lj, = Li and k is defined in (7).

Proof. By definition, we have

E |[hg, (we, Be) — V. (6:)]|”

2
= E |[ha, (we, B) = o, (w5, Be) + o, (5, Bo) = ho, (w],, . Be) + ha, (w,, , B) = V()

2
< 3K ||ho, (wy, By) — ho, (w},, By)|” + 3E tht (w},, By) — ho, (wZ@t,Bt)H

+3E Hhet (we,, » Bt) — VJ(et)HQ

2

@ 2
< 313 [[w, — wj, |* + 3L3E [ws, - w, ||+ 3E |ho, (wi,, . B) — VI(00)

(i) 2
< 3LIE Hwt —wp,|

" 3L3n2 + 3E b, (wg,, . B) — VJ(0))
6LAC2,

)

<302 [y —wp,||* +3L3R +

where (i) follows because for any w1, ws, 6 € R, we have

M—-1
1
lhe (w1, Be) = ho(wz, B)ll = || 7 > Voo, (s; ;) Vous, (s; ;)" (w1 — ws)
=0
< L2 |lwi — wa| := Ly, [Jwr — wal|,

(ii) follows from (7), and (iii) holds due to the fact that

2
E tht(wget,lgt) - VJ(Gt)H

1 M-—1 2
=E |57 > Vouo (st,;)Vopa,(si;) we, —VI(0)
j=0
1 M—-1M-1
= E(Vopo, (s1,:)Vone, (s1,:) we, —VI(0),
i=0 =0
Vopo, (s1;)Vope, (s ;) wi, —VJI(0))

M—1
1 * ,
— i1z O || Voo, (5) Vot (st i, — V(00
7=0

A M-1 42

0 1 Z 4 2 ZL#Cws

=3 - ‘ 2huCuc = 31
i=

where (i) follows from Assumption[I} Lemma]and Lemmal[3]



2.2 PROOF OF THEOREM

We use the following notations for the clarity of the presentation:

M-1 | M-l
9o, (we, By) = i Z Or i 0(e,5) i Z (Agjwe + by ;) —Atwt—f'bt,
7=0

go, (wy) = Eq,, [5t¢($t)] = Aywy + by;
9o, (wp,) = Aywg, + by = 0;

1M1

hef (wta Bt Z Vg,uﬂf St J)vgluef (St ])th'

7=0

In this proof, we develop a new approach to analyzing the coupled actor and critic’s stochastic approximation processes, due
to their simultaneous updates both with constant stepsizes. The central idea is to cancel the critic’s cumulative tracking error
by the actor’s overall positive progress to the stationary policy, which is different from the existing analysis of (stochastic)
PG-type algorithms that mainly decouples or asymptotically decouples the critic’s error from actor’s error. Further, we
develop a new analysis to bound the estimation error of the Fisher information of deterministic policy arising via the
compatibility theorem, and then further capture how such a metric affects the convergence via its minimum eigenvalue.

The main proof consists of three steps.
Step I: Characterizing dynamics of critic’s error via coupling with actor.

In the first step, we characterize the propagation of the dynamics of critic’s dynamic tracking error based on its coupling

2 by their coupling

2
and Hwt —

with actor’s updates. That is, we develop the relationship between Hwt+1 — w(,ﬁHl

with actor’s updates.

We first use the dynamics of the critic to obtain

lweer = s, |
= ||wt + awgo, (Wi, By) — wy, H2
= [[w = wp,||* + 200 (w; = w3, go, (we, Bo)) + 02 9o, (e, B
= ||wy — wj, H2 + 200 (Wi — wg, , Go, (W) + 200, (W — wy, , go, (we, Be) — Go, (w))
+ a2, llge, (we, B)|®
= [[w = w,|I* + 200 (w; — w3,)T Ax(w = w5,) + 200 (w — w},, go, (w2, Be) = Fo, (wr))
+ a2, llgo, (we, B)|®

2 . _
(1 = 20\ + 200 (wy — wp,, go, (we, Be) — Go, (we)) + o2, |90, (we, By)|?

< (1= 2a,A

) [ =
) |Jwe — we,” + 20, (e — wp, , go, (Wi, Be) — go, (wr))
+207, [|ga, (wi, B) — go, (w)||* + 202, ||go, (wy)||”
= (1 - 2a,A )Hwt wp, H + 200 (W — wy, , go, (we, By) — Go, (we))
+ 207, llgo, (wi, By) = go, (we)[|* + 202, |30, (we) = go. (w5,
= (1 -2, )Hwt*we,H + 200, (wy — wo,,ge,(’wnBt)*get(wt»
+ 207, |lgo, (we. Br) = g, (w)||* + 203, || Au(we )|
(I—Qaw)\)Hwt thH + 200 (W — wy, , go, (we, Be) — Go, (wy))
(

+ 203, [l9o, (we, Br) — go, (wo)|” +2aw||At|| Iawe = wp,)||”

(11

< (1 =20\ +202C?) Hwt wp, —|— 200y, (Wi — wy, , go, (Wi, Br) — go, (wy))

+ 2aw ngt (wt’ Bt) - get (wt)H2 )



where (i) follows from the property (w; —w}, )" Ag(wy —w} ) < =\ |Jwy — wj, ? with some constant \ > 0 for any policy,
which has been proved in Tsiftsiklis and Van Roy|[1997]], Bhandari et al.|[2018]], Tu and Recht|[2019], Xiong et al.|[2020],
and (ii) follows because || A[* < 2(1 + 72)021) < 46‘;‘5 = C3.

Taking the expectation on both sides yields
. 112
E [[wesr —wg, |
. 112 X _
< (1 —2au,A+ QQiCi)E ||wt — wy, H + 20 Ewy — wy, , g9, (wi, Be) — go, (wy))
+2a3,E [|ga, (wr, Br) — go, (wy)|®

2 _
= (1 — 2a A + Qafqu‘)E Hwt — + 204121,1[*3 llgo, (wt, B:) — go, (wt)||2 . 2)

Observe that
E | go, (we, Br) — Go, (we)||”

N ~ _ _ 12
=K HAtwt + bt — Atwt — bt

@ . _ 2 . _ 2 2
< 3E H(At — A (wy — w;t)H +3E H(At — Agwy, | +3E Hbt - th

. 2 9
< 3B || A — 4| [Jwe = w, |

.2 ) 2
—AtHF||w;t|| +3]EHbt—th

2
i) 1202 + C?
< AR Hwt - 2 b)
M ¢ M
(i) 120% L2 12(CAC2 + 7
< MAEHwt—wet =+ ( AM b)7

where (i) follows because (z + y + 2)? < 322 + 3y? + 322, (ii) follows from Lemmaand Cp := RinaxCy > , and
(iil) follows because [|w;, ||* = || 4,5 < Cb/Aa = RunaxCis/Aa := Cyy by Assumption 4
Substituting the above bound into (2), we have
. 12
E [|wipr —wj, |
* |2 -
< (1 - 20\ + 202 CHE ||wy — w;, || + 202 E ||go, (wy, Be) — Go, (wy)||”
2402 C*% L2 2402 (C3C3 + 02)
< (1—2aw/\+2a121,0124+]\/I‘L‘)EHwt—w@t + ‘}l\/[
. 48awC'A
Since o, < 202 M > —, we further obtain
)
E [|wpr —wp, |
2402 C% L2 2402 (C3C32 + CF
< (1_2%“2@30%MA)EHM—% + HulCiCu+ G,)
wA L2 2402 (C3C3 + CF)
<1 - ) E ||w; —wy, || + S b )
Next, we use Young’s inequality, and obtain
.2
E Hwt+1 — w9t+1
< 1+; E |lwr — w, || + (1+2(2/2a —1))EHw*—w* ’
- 2(2/Ma — 1) . v b 7 e
@) Ay, L2 4= da, 2402 (C5C2 + CP) 4 . . 2
< (129 ) Bl = | e 2eCaZe T )y g -,
(i) Aty 2 4—da, 2402 (CEAC2 + 02) 4172
< (11— =2 Elwy — w) L w b YR |01 — 0 4
_< 1 ) e =3 |" + T35 i + 30 Bl =0l @)



where (i) follows from the bound derived in (3)), and (ii) follows from Lemma ]
Step II: Bounding cumulative tracking error via compatibility theorem for DPG.

In this step, we bound the cumulative tracking error based on the dynamics of the tracking error from the last step. To this
end, we need to first bound the difference between two consecutive actor parameters.

Observe that 041 —0; = 7 Zy Lo Vouo, (1 ;)Vopa, (st ;) we = ho, (wy, By) and E||h, (wy, B)|* < 2E | VI (0,)]* +
2E ||ho, (wy, By) — VJ(Ht)H . We proceed to bound @) as follows

2

*
E Hwt_H - wer+1

Ay, .
(1 — j) IEHwt — wy,

24— Doy, 2402 (C%C2 +C?) 4L72v
T e, ?\4 ) T Naw E [fr41 - 00
w

Ay L2 4802 (CAC2 +CF)  8L%a3
< (1 — 4) E Hwt — w‘gt + M + )\O[w E ||VJ(9t)||
8L2 a2
+ L2000, Br) = VI 6]
@ Ao 2412 L2 o 2 48a%(CAC2 +C}?) 8L%a3
<(1-=* . E 5 = ) 0
>~ ( 4 + AO{ ) H’Ll)t IUQt + M + )\Ofw HVJ( t)”
8LZ% a2 Lic?
ZZw0 [ 312,.2 #
T o UM TN
(i) Aty L2 8Lial o 4802 (C3C2 + C2)
< ( - 8) E fJwe = wh,[|” + B IVIEG)I + ST
8LZ% a2 6L,C3,
w 31,2 k2 B we 5
T T T ) ®)
where (i) follows from Lemma@ and (ii) follows because ay < ﬁ;‘i.
We further take the summation over all iterations on both sides of (3)) and have
T-1
E [Jwe —wj, |
t=0
T-1 t T-1t-1 t—1—i
pYem L2 SL2a2 Aty
<3 (1-20) Juo - 7+ B Y Y (1-222) g va)P
t=0 W t=0 i=0
4802 (CAC2 + C2)  8L%02 (. ., , SOLLCL. || &= & Ao \ T
w w w 3L £ 1— w
- M T T TN ; ; 8
% |12 4 2
< 8 H’wo — w@o H 48&11)(CA021 + Cl?) + 8L12u 3L2 I{Z + GLNCWE 8T
= Aty M Aty h M Aty
| 641303 —
202 E|VJ(0.)| - (6)

wto

Step III: Overall convergence by canceling tracking error via actor’s positive progress.

In this step, we establish the overall convergence to a stationary policy by novel cancellation of the above cumulative
tracking error via actor’s update progress.

Based on Lemmal[I] we have

E[J(0:41)] — E[J(6,)]

LJ

> B(VJ(0r), 0041 — 0p) — = [[041 — 0|



2
LJO&Q

= agE(VJ(0), ho, (wi, By)) — E ||hg, (wr, By)|*

2
LJOée

B [ VI (00)|I* + aB(V I (6,), ho, (we, Br) = VI (6,)) — E ||hg, (we, Bo)|”

vz

« (07
SEIVI@)* ~ ZE |ho, (we, B) = VI (6,)]”
_ LJO&%
2
[0 (07
(5 = Lsad ) EIVIO)IF = (5 + Lsad) Ellha, (i B) = V160,

E || ho, (wy, B) — VJ(0;) + VJ(6,)])?

v

(10 (o7} 2 2 * (|12 2.2 6Lﬁ01205
> (——LJQQ)EHVJ(&)H —(7+ng> BLRE [|w, — wj, ||* +3L7R? + —5"<

30[9

Gii) 1O
O‘QE IVJ(6,)]> — =2 <3L,2LE [|we — w;tHQ + 303K + ’;\45> , (7

4

where (i) follows because 7y > 7%:02 — %yQ, (ii) follows from Lemma@ and (iii) follows from the condition cig < LJ .

We next take the summation over all iterations on both sides of the above bound and obtain

T-1
LY E[VI@)IP
t=0

| 3a Cy 9agL2 2
< E[J(0r11)] - E[J(00)] + <3L2 24+ Li wé) T+ =" > E|w —w;, |
t=0
6L 4 2 o T—1
< fia; + % <3L2 24 MMW) . 9a9Lh ZE [|we — wng (8)

Substituting the cumulative tracking error bound derived in (@) into (8) yields

T-1

(67

o 2BV’
t=0

) 1441212,
< (0‘9 049> Z]EHVJ 0]

=

4 A2a2
Riax 3ag 2 2 GLfLCig 180{th
< 3Lk _ |- T+ —2" —
S1- 1 ( M avol L wj, |
4 12
L 48an(CinU + C’f) n SL?Uag 3L,211<2 N LMCw5 . IS(XQL%T’
M )\Oéw M )\aw
where (i) follows from the condition g < 5 4>2ﬁw .
Finally, we have
T—1
minE | VJ(0,)]* < = Z E V(0]

te(T)

8Rmax 14412
ag(l—7) Y

402
v (st T

4802 (C2C2 + C?) 8IL2 6L,Cy, 1443
a’w( A w+ b)+ Oé9 (3[/2 +

M Ay M Ay

_% %‘FC:\,H



where

8Rpax 14412 2

p— - * 9
U o) T ey 100l ©

A812 L*C? o2 | 14412

_ 42 2 (2 2 2 W p - we =0 h
cr = BOLLCY, + | 4807, (CRCT +CF) + —51 Sl (10)

2412 1202

c5 = 18L2 4 —w=hTo (11)

Y
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Following from the upper bound in Theorem we let 2 < § and §% < £ to achieve the e-accuracy. Then we obtain

T> 2% and M > 2% Further, since we generate M samples in the update steps of both critic and actor in Algorithm
the total number of samples we use is thus 2MT = 8‘;—;2

3 PROOF OF LEMMA

We use the notations vy (s) := Vgpg(s), ag = pg(s) and V, Q4 (s, a9) = VoQH (8, a)|a=p(s) in the following proof.

We start from the form of the deterministic policy gradient given in (@), and have

IVJ5(61) = VI (62)]|

/ Yo, (s)anuel (87 a‘el)yﬁ (dS) - / Yo, (S)VGQM% (8, a’ez)yﬁ (d8>
S S

/ o ()Y@ (5, ag, s (ds) — / o (5)V.0 @472 (5, a, s (ds)
S S

+ /S%/fal(S)VaQ”BQ(Saaez)Vﬁ(dS)—/Si//ez(S)VaQ““? (s,a0,)vp(ds)

IN

/ or (5)VaQ 0 (s, ag, )3 (ds) — / Gor ()Y Q% (5, ag, w3 (ds)
S S

il

/ ¢91 (S)VGQM% (37a92)yﬁ<d8) - / Wz (S)VGQHSZ (87 aez)Vﬁ(dS)
S S
< /5 s ()] - V0@ (5, ap, ) — Va @22 (5, ag, )| v (ds)

4 /S o () — o ()] - V0@V (5, ao,)l| v (ds)
(i)
< Ly [ 19000 (5:00,) = FaQ" (5. 00,) [ valds) + Ci [ 10, = b 5)| ()
) S S
L, 16, — 0] / vs(ds) + CoLy |61 — 0] / vs(ds)

S S

aiy (Lulg | CqLy
= (1—7 + 1_7) 161 — B2

= LJ/% ”01 - 02” y

where (i) follows because ||1g (s)ﬁ < L, as indicated by Assumption|[T]and [|[V,Q" (s, a)|| < C¢ by Lemmal3] (ii) follows
31

from Assumptionand Lemma 3| and (iii) follows because [ vs(ds) = ﬁ



4 PROOF OF THEOREM 2 AND COROLLARY

4.1 SUPPORTING LEMMAS

The following lemma provides the important properties of wf ¢, .

Lemma 7. Let wj ¢, be defined in (B). Suppose AssumptionleHﬂhold. Then we have

*
[, || < Cue,
L,Cq
where Cy,, = m Furthermore, for any 01,05, we have
w560, = wheo, | < Lur 162 = 21l
_ Lyy | 2L0L4Cq
Where Lw/ = 3o + W

Proof. We first show the boundedness of ||V Jg(0)]|.

19.750)]] = H [ Von519a@7 (5. )00

< /S Vo6 (s)II[VaQ"* (5, @)lampug(s) || va(ds)

@) L,Cq
<L,C /1/ (ds) = ==
s (1)
where (i) follows from Assumption [I]and Lemma 3]
We define Vg9 = E,, [Vono(s)Voue(s)T]. Assumptionimplies that W5 ¢ is non-singular. Then by definition, we have

LMOQ

Hwﬁ &0 | = H‘P 9VJ6 H |VJ[3( )< N(l—7)

Next, we show the Lipschitz continuity property.

[z, — e,
= | w5h, 9 Is(0) — w3}, VIs(62)
_ H‘PEE VJs(01) — W5k Vs(62) + W5 VIs(05) — \p[;lezv(]ﬁ(aQ)H
H\p (VJ5(02) = VIs(02))|| + [ (055, = 035,) 9s(02)|

E 16— 62l + || (w5h, — w3h,) TIs(62)|

IN

I/\@

ﬂual—eznjuu(\pg}g 0 Vb, — Vi Va0, Vsh,) VIa(6)|

—\\91 92||+H%191 %,92—wﬁ,m%,zgwﬁ(ez)\\

<L =161 = 6a| + T W50, — Wg0,l IV I (62)]
o 32
Ly L,.Co

< —||8; — 6 —ETE Wg, — U

=S 161 — 62 + X7 W50, — Vg0l

where (i) follows from Lemma|[T]and Assumption|[I]



We further derive the following bound.

15,6, — g0, |l

| ot (5)Voman (o) () ~ | Voo, () oo, (5)7vads)
S S

: H/s Votias(5) Votios (5) v(ds) = /S Voo, (s)Vope, (s) vg(ds)

+ H/SVeuez(s)veuel(S)TV,@(ds) - [gveual(s)veuel(s)TVﬁ(ds)

()
Cor, / IVart0, (s) — Vopa, (5)] vs(ds)
S

() 2L, L
< S0 -6l
-7

where both (i) and (ii) follow from Assumption

Thus, we have

széel - wEéeQ
Ly L,C

TNy~ ol + o i
w v(1—7)

L 2% L,C
o S ) 6y — 6y
/\\p )‘\11(1_7)

IN

15,0, — Vg0,

4.2 PROOF OF THEOREM

The main difference here from the proof of Theorem|[I]lies in the fact that we apply TDC to update critic in Algorithm 2]
due to the off-policy sampling, which introduces an extra correction parameter u;. Thus, we introduce a grouped vector
z = [wlul']T € R?? and rewrite the dynamics of critic as a lifted linear system:

o At ét z715
Zt41 = 2t + Q [UAt UDt:| zZt + Qu L?l;t

=2t + Qyy |:GtZt + ét:|

=2t + A 9o, (zt, Bt)

TDC algorithm is designed to find the fixed point wj , satisfying Aw} , + b = 0, where A = Eg,, {A} b =Eq, H

Correspondingly, if we let 25 = [w}; o 07T, then we have
Go(2p) =Gz + 0 =0,

where G = Ey s [G‘] A =Eq 5 m . Based on the above lifted linear system, we proceed our proof as follows.
The main proof consists of three steps.

Step I: Characterizing dynamics of critic’s error via coupling with actor.

| 2

2
In the following, we first characterize the relationship between HZHI — Z;f,“ and Hzt — zgt




We first use the dynamics of the above linear system to obtain

B
= ||z + wgo, (21, B) — |
= ||z — 25, ||” + 20 (2t — 23, 96, (26, Be)) + o2 |96, (¢, Be) I
= ||zt — 23, H2 + 200 (2 — 23, o, (2¢)) + 2000 (20 — 24, 9o, (26, Be) — G, (21))

2
+ai, llge, (2, Byl

&) 2 . -
< (1= 2auN) ||zt — 25,||” + 200z — 25, 90, (26, Be) — Go, (2¢)) + a2, |96, (21, By)|?
+ 202 |lgo, (20, Be) — o, (20)|I” + 202, 1|30, (z0)|I*
_ _ a2
+202, |lgo, (20, Be) — Go, (20)|° + 202, || Ga, (24) — Go, (25,)]|
. 112 . _
= (1= 2a,\) Hzt — 2p, || + 200 (2 — 2g,, 9o, (21, Bt) — Go, (21))
_ - .12
+202 |lga, (20, Bt) — Go, (z0)|I” + 202, |Gz — 23,
. 112 N _
< (1 —2a,)\) Hzt — 2, H + 200, (2t — 23, 90, (2t, Bt) — o, (2t))
_ ~ 12 112
+ 202 |lgo, (2¢, Br) — Go, (20)||” + 202 |Gel| ||z = 2,) |

(i) 2 . B
< (1 —2a,\N + 202 C2) ||zt — 2, H + 200 (2t — 2g,, 9o, (26, Bt) — Go, (21))

)
< (1= 2a,\) Hzt — zp, ||2 + 200 (2t — 23, 90, (2, Be) — o, (21))
)

. 12 . _
= (1 — QQwA HZt — th || + 2aw<zt - 29t799t (Zt7Bt) — 96, (Zt)>

+ 202 ||go, (22, Be) — o, (z2)]1*,

where (i) follows from the property (z; — 2;,,go, (2¢)) < =N |2 — 25,

2 . .
with some constant A\’ > 0 for any policy

which has been proved in Theorem 3 of ? as long as 7 > max {0, Omin (D_1 . #) }, and (ii) follows from ||G H? =

(14 7?) HAH? + HCHQF +n? HDH? < (1 +7°)Ch + CE +1*Ch < 5(1+1*)C == C.

Taking the expectation on both sides of the above bound yields

E||z1 - 7, |

< (1 =2, N +202CE)E ||zt — 2, H2 + 200 B2 — 25, 90, (2, Bt) — 9o, (1))
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< (1 =2, N + 202 CE)E ||Zt — 25, H2
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ét —Gt 2+E

)

*
Zet

P+E |
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2
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+ 602 (E Hét — Gy
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2
2402, ( CZE |wh,, || +C3
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(iii) 2402 C2 2402 (CAC2 + C?
¢ <1 e\ 4 2022 + %G) E o - 5, | + 22060+ )
(iv) QN 2 2402 (CEC2% + C?
g( . )EHzt—zg (CaCu €0 (12)
. .. 2 2. 2 <17 12
where (i) follows from Lemma , = ngﬂt’ , (iii) follows because ng 0, H = HA th
Cp/Aa = RyaxCy/Aa = C,, by Assumption and (iv) follows from the conditions a,, < 5 02 and M > 480““CG )
We further derive that
T
E Hth — 29,,,
0 1 / . P
S l+m E||Zt+1 ZO,H 1+2(2/A Ay — ))]E th 7291+1
(ii) Nay, L 12 48a2 (CAC2 + C?) 4 . . |12
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(iv) N v, 12 4802 (CLC2 + C? 4qu
< (1 T >E |2 — 22, ||” + wl o ) + 3o Enem 0,117, (13)

2

* %
0, 20t+1

where (i) follows from Young’s inequality, (ii) follows from the bound derived in (T2), (iii) follows because ’

2
, and (iv) follows from Lemma

ngﬂt o w270t+1
Step II: Bounding cumulative tracking error via compatibility theorem for DPG.
Recall that we define hg, (wy, By) :== 55 Ej]vigl Voue,(s; j)Voue,(s; ;)" w,. We continue with (T3) and have

2

*
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2 (2.2 2 2
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and (iii) follows because ag < \ﬁ)\ L”““L .
h !

where (i) follows from Lemma@ (ii) follows since Hwt wg, || < ||zt

Then, taking the summation over all iterations on both sides of (T4) yields

T-1 9
ZE||zt—ZéZH
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3 (120 e S S () e
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Step III: Overall convergence by canceling tracking error via actor’s positive progress.
Similarly to the on-policy case, we use the Lipschitz continuity property to obtain (see (7))
E[Jg(0r+1)] — E[J5(61)]
(072} 2 3oy LAC?
> ZE VI (0" — e <3Li]E Hwt w atH +3Lj;k* + MM§> ;

where we use the condition ayg < I
B

Further, we take the summation over all iterations on both sides of the above bound and have
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Then, we substitute the cumulative error from (15]) into the above bound and have
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where (i) follows from the condition ag < 5 ﬁ/:g -

Finally, we obtain
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(16)

a7

(18)

Following from the upper bound in Theorem we let 7 < £ and §7 < § to achieve the target e-accuracy. Then we obtain
T> 2% and M > 2% Further, since we generate M samples in the update steps of both critic and actor in Algorithm

the total number of samples we use is thus 2M7T = 8664—205.
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