Appendix for "Differentially Private SGDA for Minimax Problems"

A Motivating Examples

We provide several examples that can be formulated as a stochastic minimax problem. All these examples
have corresponding empirical minimax formulations.

AUC Maximization. Area Under the ROC Curve (AUC) is a widely used measure for binary classification.
Optimizing AUC with square loss can be formulated as

min By, (1 — h(6;%) + h(0;x'))*|y = 1,y = ~1]
€

where h : © x R? — R is the scoring function for the classifier. It has been shown this problem is equivalent
to a minimax problem once auxiliary variables a, b, v € R are introduced |Ying et al., 2016].

minmax F(0,a,b,c) = E,[f(0,a,b,v;z)]

6,a,b v
where f = (1— p)(h(6:%) — a)?Ily = 1] + p(h(6; %) — b)2Ily = —1] + 2(1 + v)(Ph(B;x)Ily = —1] — (1 -
p)h(0;x)I[y = 1])] — p(1 — p)v? and p = P[y = 1]. Such problem is (non)convex-concave. In particular,
Liu et al| [2020] showed that when h is a one hidden layer neural network the objective f satisfies the
Polyak-Lojasiewicz condition. Differential privacy has been applied to learn private classifier by optimizing
AUC |Wang et al.| 2021]. The proposed privacy mechanisms there are objective perturbation and output
perturbation.
Generative Adversarial Networks (GANs). GAN is introduced in |Goodfellow et al.| [2014] which can
be regarded as a game between a generator network Gy and a discriminator network D,,. The generator
network produces synthetic data from random noise &, while the discriminator network discriminates between
the true data and the synthetic data. In particular, a popular variant of GAN named as WGAN |Arjovsky
et al.l [2017] can be written as a minimax problem

m‘inmng[f(W7v;z,§)] = E,[Dw(z)] — E¢[Dw(Gv(£))].

Recently [Sahiner et al.| [2021] showed that WGAN with a two-layer discriminator and generator can be
expressed as a convex-concave problem. An heuristic differentially private version of RMSProp were employed
to train GANSs by Xie et al. [2018]. Recently differential privacy has successfully applied to private synthetic
data generation by GAN framework |Jordon et al|, 2018, Beaulieu-Jones et al., 2019].
Markov Decision Process (MDP). Let A be a finite action space. For any a € A, P(a) € [0,1]"*" is
the state-transition probability matrix and r(a) € [0,1]™ is the vector of expected state-transition rewards.
In the infinite-horizon average-reward Markov decision problem, one aims to find a stationary policy 7 to
make an infinite sequence of actions and optimize the average-per-time-step reward v. By classical theory of
dynamics programming [Puterman, [2014], finding an optimal policy is equivalent as solving the fixed-point
Bellman equation

" + hi = max {> (pij(a)h; +pij(a)rij(a))}, Vi
j=1

where h € R" is the difference-of-value vector. [Wang| [2017] showed that this problem is equivalent to the
minimax problem as follow
. T
P(a)—I)h
min max (P(a) = I)h +r(a))
where H and U are the feasible regions chosen according to the mixing time and stationary distribution. We
refer to |Zhang et al.| [2021] for a discussion on the measure of population risk.

Robust Optimization and Fairness. Let Dy, --- ,D,, be m different distributions on some support. The
aim is to minimize the worst population risks I parameterized by some w among multiple scenarios:

Din I(w) = max {Bzyop, (W 21)], -+ By o, [€(W; 2] }



This problem can be reformulated as a zero-sum game between two players w and v as follow

i i, [ ;i:E[ il ;i}
v{,rglvvrggi;v ~D,; [L(W; 2;)] ;v (w;2;)

where A,, = {v eR™ :v; >0, 27;1 v; = 1} denotes the m-dimensional simplex. Such robust optimization
formulation has been recently proposed to address fairness among subgroups [Mohri et al.,[2019] and federated
learning on heterogeneous populations |Li et all, 2019|.

B Proofs of Theorem [1 and Remark [

In this section, we prove the privacy guarantee of DP-SGDA based on the privacy-amplification by the
subsampling result, which is a direct application of Theorem 1 in |Abadi et al.| [2016]. First we introduce
some necessary definitions.

Definition 1. Given a function g : Z* — R%, we say g has A(g) {2-sensitivity if for any neighboring datasets
S,S" we have

lg(S) — g(S")]l2 < A(g).

Definition 2 (|Abadi et al., [2016]). For an (randomized) algorithm A, and neighboring datasets S, S’ the
A-th moment is given as

aa(A, S, 8") = log Eoas) [( PIA(S) = O]] )A]

P[A(S") = O

The moments accountant is then defined as

O‘A()‘) = sup aA()‘a Sa S/)
S,S’

Lemma 1 (|Abadi et al.,[2016]). Consider a sequence of mechanisms { At }e[r) and the composite mechanism
A= (A4, Ar).

a) [Composability] For any A,
T
aa(N) = as ).
t=1

b) [Tail bound] For any €, the mechanism A is (€,0) differentially private for

0= m/\inozA(/\) — e

Lemma 2 (|Abadi et al.,[2016]). Consider a sequence of mechanisms Ay = g;(S¢) + & where & ~ N(0,02I).
Here each function g, : 2™ — R has ly-sensitivity of 1. And each S; is a subsample of size m obtained by
uniform sampling without replacementﬂfrom S, i.e. Sy ~ (Unif(S))™, Then

m2nA(\+ 1) m3\3

o(

OzA(/\) < )

n?(n —m)o? ndg3

Theorem 1 (Theoremrestated). There exist constants c1, co and c3 so that for any e < clT/nQ, Algorithm
is (€,0)-differentially private for any § > 0 if we choose

S coGw+/T log(1/6) low > c3Gyr/Tlog(1/9)
and oy > .
ne ne

Ow Z

n our case we use uniform sampling on each iteration to construct I; and therefore S, as opposed to the Poisson sampling
in [Abadi et al.| [2016]. However, one can verify that similar moment estimates lead to our stated result [Wang et al.,|2019]



Proof. Let S = {z1, - ,2,} and S’ = {z},---,z/,} be two neighboring datasets. At iteration ¢, we first
focus on AY = % Z;”:l Vwf (Wi, vi; Zi{) + & Since f(-,v;2) is Gyw-Lipschitz continuous, it implies for any
neighboring datasets S, S’,

1 1 & 2Gw
HE Z;wa(wt,vt;zig) i~ Zlvwf(Wth;Z;g) ‘2 < —
j= j=

m

Therefore we can define g(S;) = 52— >, Vw f(Wt,vi,2;) such that A(g,) = 1. By Lemma |1/ b) and

the log moment of the composite mechanism AW = (A}, -, A¥) can be bounded as follows
m2T\?
n?g2,

QpAw ()\) S

where 6w = 0w/2Gyw. Similarly, since AY = Vi f(W¢, v¢;2;,) + ¢ has fo-sensitivity 2Gy,/m, then the log
moment of the final output A = (AY, AY,---, A¥, AY.) can be bounded as follows

m2TA2  m2T)\?

252 252
n4cz, n?cz

as(A) <aav(N) +aaw(A) <

By Lemma [l a), to guarantee A to be (e, d)-differentially private, it suffices that

Xm2T Xe M2m2T e A€ -
SZ’ < —,exp(——) <4, <5

w2z S log(L) and \ < 52 log( " )

2-2
n4oz, 4 MO w mo

It is now easy to verify that when e = c;m?T/n?, we can satisfy all these conditions by setting

- car/T log(1/0) and 5. > cs\/ T log(1/6)

w — v Z
ne ne

for some explicit constants c1,cs and c3. The proof is complete. O

Proof of Remark[1, Without loss of generality, we consider with only one o in the the proof of Theorem [i}
Then algorithm A is guaranteed to be (¢, 6)-DP if one can find A > 0 such that

N2m2T e A€ 9 n

W <S ?, eXp(fj) S 5, and A S g log(%)
Given 0 = #, the second inequality can be reformulated as A > 410%5(”). Therefore by choosing 02 =
w, the first inequality becomes A < 41%(”), indicating A\ = 4log(m) 1t suffices to show such choice

n<e

of \ satisfies the third inequality, which is straightforward by the choice of m and € < 1. The proof is
complete. O

C Proofs for the convex-concave setting in Section [3.1

Recall that the error decomposition given in Section that the weak PD risk can be decomposed as
follows:

AV (Wr, V) = AV (Wr, V1) — A§(Wr, V) + A (Wr, V1), (1)

where the term A" (Wr, V) — AY(Wr,Vr) is the generalization error and the term AY(Wr,Vr) is the
optimization error.

The proof of Theorem [2] involves the estimation of the optimization error and generalization error which are
performed in the subsequent subsection, respectively.



C.1 Estimation of Optimization Error

We start by studying the optimization error for Algorithm This is obtained as a direct corollary of
Nemirovski et al.| [2009], with the existence of the Gaussian noise’s variance and the mini-batch. Recall that
d= max{dl, dg}

Lemma 3. Suppose (A1) holds, and Fg is convex-concave. Let the stepsizes Nwi = Ny =0, t € [T] for
some 1 > 0. Then Algorithm [1] satisfies

B , _ (G2 +G2) D2 +D%2 (DwGw+ DyGy) 2 |, 2
E4[F, — inf E4[F < Nw T v w Ty d .
sup AlFs(wr, v)] Jof, AlFs(w,vr)] < 5 + T + T +nd(oy +0y)

Proof. According to the non-expansiveness of projection and update rule of Algorithm [I} for any w € W,
we have
n

m

2

[Wepr — W3 < ||we —w— =Y Ve f(we, viizy) — né

m ¢ 2
=1

m

1 m 1 2
<|lwi —wl3 + 277<W — Wy, — vaf(wt,Vt; Zig) + §t> + 772HE Vwf(We, vy Zi{) ‘2 +n°)1&13
j=1 j=1

+ 2772<% Z vwf(wtavt; Z¢{)7£t>
j=1

m

< we — wl|3 + 2n(w — Wi, Vo Fs (W, vi)) + 277<W — Wi, ™ vaf(wt,vt; Zi{) — VwEs(wy, Vt)>
j=1

1 m
+ PG+ PlIEI + 2772<E Z Vi (Wi, vi; Zig)7§t> +2n(w — Wy, &),
=1

where in the last inequality we have used f(-, vy, Zi{) is Gw-Lipschitz continuous. According to the convexity
of Fs(-,v;) we know

1 m
2n(Fs(we, vi) = Fs(w, vy)) §||Wt*W||§*HWt+1*W||g+277<W*Wt7 m vaf(wtvvt; Zig)*vwFs(Wt;Vt)>
j=1

1 m
+ 0P Go + PllEl + 2772<E Z Vi f(We, vi; Zig)aft> + 2n(w — Wi, &).
j=1

Taking a summation of the above inequality from t = 1 to T we derive

T T m
1
2n Z(FS(Wt7Vt) — Fs(w,vy)) < [|lwy1 — wl3 + 277; <W - Wi, — z; Vwf (W, vi; zi{) - VWFs(Wt,Vt)>
— =

t=1
T T 1 m
+ TGy, + 7 Z 1€¢115 + 2n° Z <E Z Vi f (Wi, vi; Zi{)7ft> + 2n(w — we, &)
t=1 t=1 j=1
It then follows from the concavity of Fis(w,-) and Schwartz’s inequality that

T T m
1
QZU(FS(Wtth) — Fs(w,vr)) < 2D3, — 2772 <Wt7 m zzlvwf(wtavt;zig) - VwFS(Wt,Vt)>
j=

t=1 t=1

T m
1
+2Dw7IH E (E E wa(Wt,Vt;Zi{) — VwFs(wy,vi) )

t=1 j=1

T T m
1
+ TGy, + 1 E 1115 + 2n° E <E E wa(Wt,Vt;Zig)vft> +2n(w —w, &), (2)

t=1 t=1 =1



We can take expectations on the randomness of A over both sides of (2) and get

T
27> EalFs(wi,vi)—F <2DZ +2DuiE4 | Vi (Wi, Vi 2y) = Vo s (wi, vo) | |
n; AlFs(wi, vi) = Fs(w, V)] +2DwnEa ; Z f(we,viszy) s(We, ve)||,
+ PG, + nPdioy,,
where we used that the variance E4[[|&[|3] = d102,, the unbiasedness E4[(w;, 1 > wa(wt,vt,zlj) -

VwFs(we,v¢))] = 0, the independence E4[( Z;n:l wa(whvt;zi{),&ﬂ = 0 and Epo[(w — wy,&)] = 0.
Since the above inequality holds for all w, we further get

T T m
. _ 1
QUZEA[FS(Wt,Vt)]—“}ngA[FS(WNT)] <2D3,+2DwnE4 [H > - > Vwlf(wi,vi; Zig)—vwFS(Wth)HJ
=1 t=1 " =1

+ TGy, + n’dioy,, (3)

According to Jensen’s inequality and Gy,-Lipschitz continuity we further derive

(| S S vwttwvin-Furstvivi )

t=
<E4 [H zT:(nl% zm: wa(Wt»Vt;Zi.Z)—VwFS(Wth))Hz] = sz;]EA H‘% zmjl Vwf (W, vi; zig) — VwFs(wy,vy)
= j=

t=1 ' j=1

)

Plugging the above estimate into we arrive

T

i v 2DwnGwVT
Qn;EA[FS(Wt’Vt)] - “}g‘fNEA[FS(W,vT)} <2D2 + WUTW

By dividing 29T on both sides we have

+Tn*G%, + Tn*dios,.

D2 D.Gy nG%  ndio?
—+ + + . 4
nT vmT 2 2 @

T
Z A[Fs(wy,vy)] *v‘}g)f/v]EA[Fs(W,VT)] <

ﬂ \

In a similar way, we can show that

T

1 D2 D,G, nG2 ndyo?
— sup Ea[Fs(wp,v)] — EalFg(we, vi)] < — + v o+ v. 5
The stated bound then follows from and and the fact that d = max{dy, d2}. O

C.2 Estimation of Generalization Error

Next we move on to the generalization error. Firstly, we introduce a lemma that bridges the generalization
and the stability. We say the randomized algorithm A is e-weakly-stable if, for any neighboring datasets
S, S’, there holds

sup (Sup Ealf(Aw(S),v;2) — f(Aw(S"),v;2)] + sup Ea[f(w, Ay (S);2) — f(w, Ay (S"); Z)]) <e.

z vey wew

Lemma 4. [Lei et all, [2021] If A is e-weakly-stable, then there holds

A (Aw(5), Av(5)) = D5 (Aw(5), Av(S)) <e.



We also need the following standard lemma before we prove the stability of DP-SGDA.

Lemma 5 ([Rockafellar| [1976]). Let f be a convez-concave function. Then

w—w Vwf(w,v) =V f(w,v) >0
v—v ’ va(wla V/) - vvf(w7 V) -
The stability analysis is given in the following lemma. This lemma is an extension of the uniform argument

stability results in [Lei et al.| [2021] to the case of mini-batch DP-SGDA.

Lemma 6. Suppose the function Fg is convex-concave. Let the stepsizes Nyt = v+ =1 for some n > 0.

a) Assume (A1) and (A3) hold, then Algorithm [1] satisfies

4y/e(T + T2 /n)(Gw + Gy)?*nexp(L3Tn?/2)
7 .

AY(Wr, V7)) — AG(Wr, V) <
b) Assume (A1) holds, then Algorithm[1] satisfies
W (& S W (&, S 2 T
AY(Wp, v7) — AL (Wr, V1) < 4V20(Gw + Gy) (\/T—&— g)

Proof. Without loss of generality, let S = {zy,---,2,},5 = {2z}, - ,2],} be neighboring datasets differing
by the last element, i.e. z, # z/. Let {wy, v:}, {w}, vi} be the sequence produced by Algorithm [1| w.r.t. S
and S’, respectively. We first prove Part a). In the case n ¢ I;, by the non-expansiveness of projection, we
have

/
Witl — Wipg

/
Vi+l = Vi

H<vt_w>

wf(wtavh Zn) - wa(wz/tvvilt; 27/1))
H( (Vo f(we, vis zn) = va(Wéwé;Zil)))

NS
Wi — W,
)
where the last inequality follows from Lemma[5]and the L-smoothness assumption. If n € I;, then it follows
that

2
<

s 3

Wi — L ;‘nzl wa(wtavt; Zli) - 77§t Wt + Zg 1 vwf(wt7vt7 Zﬂ + nft
Vi + m E;nzl vvf(wta Vi Zzg) + 77<t - Vt E] 1 va(wta Vt7 ZZJ 77<t

+Ei W — W wa(Wt,Vt;Ziz)_ wf(WtaVuZJ)
m = Vi — v]/‘/ ’ va(wé,vi; Zlg) va(Wt,Vt, zzi)

2

2

< (1+ L)

)

2

/!
Wit1 — Wt+1

/
Vit — Vt+1

_izznlvwlf(whvt?zf)_nft_ ZJ 1VWf(thvt7 +77§t
vt+ Ej 1v f(Wt,VmZZJ)‘H?Ct—Vt Ej 1v f(Wt,Vt7 77Ct
1 2
<
- m Z
iy €l ,i]#n
—NVwf(We, Vis2n) — Wy + 0V f(Wh, V5 27,)
m Vt+77v F(wWe,viszn) — v =V f(wy, vi; 27,)

Wy = Ve (W01 2) W) 1V (W Vi )
v+ nvvf(wtavt; sz) - Vg - vaf(wiavé; Z;J)

2

2

2 2
m—1 w 14+p||(w;—w,
< 1 L22 t t
<2 >!(vt—vt>2 S,
2
+ 1+ 1/p772 Vw (Wi, vi; 2n) — Vw f(Wy, vi; 27,) (6)
m vvf(whvt; Zn) f(wtavta n) 2 ’



where in the last inequality we used the elementary inequality (a+b)% < (1+p)a®+(1+1/p)b* (p > 0). Since
I; are drawn uniformly at random with replacement, the event n ¢ I; happens with probability 1 —m/n and
the event n € I; happens with probability m/n. Therefore, we know
2 2 2
E. Wil — Wi < (n — )(1+L2 %) Wt 1+ L*?)m—1||[/w, —w;
" Vidl = Vig - Vt —vi /)l mn Ve~ Vi

m1+pH( > 2 @4(1+1/p)n2(G3v+G3)

n m
/
Wi — W,
Vi —V}

2

n

2
)]

2

< (1 + Ly +p/n)

ﬁ (1 + L*n? —i—p/n).

j=k+1

Applying this inequality recursively, we derive

~w A\ Pl 4 +1 !
E, H<Wt+1 W/t+1> < (1+1/p) (G2, +G2) an
Vit1l — vt+1 n 1

By the elementary inequality 1 + a < exp(a), we further derive
| <40 U0 gz 4 2) f 7 |t| e (L2 ?+ /n)
X

| =)
Vi+l = Vig a k=1  j=k+l
t t
4(1+1
= L+ /p)(GstrG%) n*exp (L2 Z 7]2+p(t7k)/n)
k=1 j=k+1
t t
4(1+1
< %(Gﬁv +G3)exp <L2 > +pt/n> > o
j=1 k=1
By taking p = n/t we get
2 2 2 t t
Wil — W2+1) < de(Gy + GL)(L +t/n) ox (Lz 2) 2

Now by the Lipschitz continuity and Jensen’s inequality we ave
)= S(Aw(S), vi2)] + sup EAlf(w, Au(S):2) — f(w, Au(S);2)])

sup (supEA[f(AW(S),v;z
z vey
- 4y/e(T + T?/n)(Gw + Gv)*nexp(L*Tn?/2)
Vn '

SGwEA[[Wr — Wrll2] + GVEA[|[Vr — V7 [|2] <

According to Lemma [4] we know
- 4\/e(T + T2 /n)(Gw + Gv)?nexp(L?Tn?/2
A (g, 7)< 2V ( /n)( x )"nexp(L°Tn"/2)

A (W, Vr) —
We consider two cases at the ¢-th iteration. If n & I, then analogous to the

" =1 wf(wtvvtazﬂ + 77625
vf(wtvvtv — G

Next we focus on Part b).
discussions in |Lei et al.|[2021] we can show

m
Wil 7W£+1 Wi — %Zj:l wa(whvt;ziz) 77’&5 - %Z
Virl — Vi m Zy:l

Vit ok Z;nzl Vi f(We, vi; Z,g) +nG — Vt

s [emdl)

2
S

+4(G2 + G%)n?




Combining the preceding inequality with @ and using the probability of n & I;, we derive

W — 2 -1 —
t+1 — Wy < n Wi — Wy
Virl = Vi ol T 0n Vi— Vv,
2
P L (v )
n Vi —Vy 2
W, — W,
Vi —V;
Applying this inequality recursively implies that
E Wit1 — W1/:+1 < 4(G2 + GQ)n2(1 + 1/(np)) i (1 + B)t—k
A Vgl — V£+1 = w v — n

— 4G + G (1+ n—lp)g((l + 2 ) =ae AR %) ((1+2) ).

E;,

2
+ 4(G2, + Gi)ﬁ“)
2

(G + GO

+A(GY, + GO (1 +1/(np)).
2

= (1 +p/n)

2

2

By taking p = n/t in the above inequality and using (1 + 1/t)! < e, we get

2
!
Wit1 — Wiy
IEA ( / +
Vi+l = Vip

2 2 2 t2
IE 16(G2, + G2)n (t + ﬁ)

Now by the Lipschitz continuity and Jensen’s inequality we ave

sup ((sup B[ f(Aw(S), viz) = f(Aw(S"),vi2)] + sup Eal[f(w, Av(S):2) — f(w, Au(S'):2)))

vey wew

T
<GWEA[IWr = Wrlla] + GyEall[vr — Vrlla] < 4VE(Gw + Go)n* (VT + ).

According to Lemma [4] we know

T
AV (W, vr) — A% (W, vr) < 32(Gw + GV)QUQ(ﬁ+ E)'

C.3 Proof of Theorem [2I

Finally we are ready to present the proof of Theorem [2}

Theorem 2 (Theorem [2f restated). Suppose the function Fs is convez-concave. Let the stepsizes nw,; =
v =1, t=[T] for somen > 0.

a) Assume (A1) and (A3) hold. If we choose T < n and n =< 1/(\Emax{\/ﬁ, \/dlog(l/(S)/e}), then
Algorithm [1] satisfies

1 \/dlog(1/
A (wr,v7) = O max{GZ + G2, (Gw + Gy)?, D& + D2, Dy Gy, +Dva}max{ﬁ, %})

b) Assume (A1) holds. If we choose T < n? and n =< 1/(nmax{\/ﬁ7 \/dlog(l/é)/e}), then Algom'thm

satisfies

dlog(1/6
A" (wr,v7) = O max{G2 + G2, (Gw + Gy)?, D + D2, Dy Guy + Dy Gy} max {% %})



Proof of Theorem[4 We first focus on Part a). According to Part a) of Lemma |§| we know

4/e(T + T2 /n)(Gw + Gy )*nexp(L*Tn?/2)
\/ﬁ

AY(wp,vr) — A (W, vr) <

and by Lemma [3] we know

n(Gy +G3) | D3 + D3 L DuwGw + DGy
2 onT vmT

Combining the above two quantities we have

4y/e(T + T2 /n)(Gw + Gy)*nexp(L*Tn?/2) N (G2, + G2) N D2 + D2
vn 2 2nT

+nd(oy, + o). (8)

A (Wr,vr) < +nd(cZ + o2).

Aw(WT, VT) <

n Dy Gw + DG,
vmT

Furthermore, by Theorem [ we know

G2,Tlog(1/6) G2Tlog(1/9)

2 W 2 _ v

GW_O( n2e2 )’ 0"_0( n2e2 )
Plugging it back into we have
A (Sr7, 97) = (9( V(T +T2/n)(Gw + Gv)*nexp(L*Tn?)
VT Jn

LG+ GY) | DL+ DY DuGw + DVGy | (G + G%)leog(1/6>)

2 2nT vmT n2e2 '

By picking 7' < n and n =< 1/(L max{\/n, \/dlog(l/é)/e}) we have exp(L2Tn?) = O(min{l, #m}) =
O(1) and

1 \/dlog(1/6
AV (Wr, V1) = O(max{va G2, (G + Gy)%, D2+ D2, Dy Goy + DyGy} max {7 M})

N ne

We now turn to Part b). According to Lemma [§] Part b) we know
W (=, = W [ =, — 2 T
A (WT,VT) —AS<WT,VT> < 4\/§T](GW+GV) (\/T—l— E)

Similar to Part a) we have

G%,+G2) +D‘2,V+D‘2, +DWGW—|—DVGV +n(G%V+G3)leog(1/5))
2 20T VT n2e2 '

By picking T =< n? and n < 1/(nmax{\/ﬁ, \/dlog(1/5)/e}> we have

A (W, vp) =0 (n(Gw+Gv)2 (ﬁJr%) L

1 /dlog(1/s
A (W, T7) = O(max{cfv £ G2, (G + Gy)?, D2 + D2, Dy Gy + DyGy } max {% %})

The proof is complete. O



D Proofs for the nonconvex-strongly-concave setting in Section

In this section, we will provide the proofs for the theorems in Section Recall that we define RY =
mingew Rs(w), and R* = mingeyw R(w). Then, for any w* € arg miny, R(w) we have the error decompo-
sition:
E[R(wr) — R*] =E[R(wr) — Rs(wr)] + E[Rs(wr) — Rg] + E[Rg — Rs(w")] + E[Rs(W") — R(W")]
<E[R(wr) = Rs(wr)] + E[Rs(W") — R(W")] + E[Rs(wr) — Rj].
The term E[Rg(wr) — R%] is the optimization error which characterizes the discrepancy between the primal
empirical risk of an output of Algorithm [1| and the least possible one. The term E[R(wr) — Rs(wr)] +

E[Rs(w*) — R(w*)] is called the generalization error which measures the discrepancy between the primal
population risk and the empirical one. The estimations for these two errors are described as follows.

D.1 Proof of Theorem [3

To prove Theorem [3] i.e., optimization error, we introduce several necessary lemmas. The first lemma is an
application of Danskin’s Theorem.

Lemma 7 (|Lin et al.,[2020]). Assume (A3) holds and Fs(w,-) is p-strongly concave. AssumeV is a convex
and bounded set. Then the function Rg(w) is L + L?/p-smooth and VRs(w) = Vy Fs(w,Vvs(W)), where
Vs(w) = argmaxyey Fs(w,v). And vg(w) is L/p Lipschitz continuous.

The second lemma shows that Rg also satisfies the PL condition whenever Fs does.

Lemma 8. Assume (A8) holds. Assume Fs(-,v) satisfies PL condition with constant p and Fs(w,-) is
p-strongly concave. Then the function Rg(w) satisfies the PL condition with p.

Proof. From Lemma IVRs(W)||2 = || VwFs(w,vs(w))||2. Since Fs satisfies PL condition with constant
W, we get

IVRs(w)ll3 > 2(Fs(w, vs(w)) — min Fs(w', ¥s(w))). 9)
Also, since Fs(w',vg(w)) < maxyey Fs(w’',v), we have
< =
wmgevFSW Yo()) < i, e PO v) = iy, Rs(w) 1o

Combining equation @D and (| , we have

IVRs(W)3 > 21(Rs(w) — min Rs(w')).

The proof is complete. O

Now we present two key lemmas for the convergence analysis. The next lemma characterizes the descent
behavior of Rg(wy).

Lemma 9. Assume (A2) and (A8) hold. Assume Fs(-,v) satisfies the p-PL condition and Fs(w,-) is
p-strongly concave. For Algorithm the iterates {w, v} satisfies the following inequality

L277w,t

5 E[[vs(we) — vil3]

E[Rs(Wiy1) — Rg] <(1 — pnw ¢ )E[Rs(we) — R +

L+ L? 2 . B2
+( /p)n t(Bw o2y
2 m

Proof. Because Rg is L + L?/p-smooth by Lemma [7, we have

L+L?%/p

RS(Wt+1) — Rg SRS(Wt) RS + <VRS(W15) Wip1 — Wt> + — 9

[Wit1 —Wt||§

m

Z Vwf WuVuZZJ) + &)

1
:RS(Wt) - R — Nw,t VRS Wt E

N (L+ L?/p)ng, +

5 ”Eszf(wtavt;zig)+§t||%'

j=1
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We denote E; as the conditional expectation of given w; and v;. Taking this conditional expectation of both
sides, we get

E; [RS(Wt-i-l) - RE] :RS(Wt) - Rg - 77w,t<VRS(Wt)a VWFS(thvt»

(L+L*/p)na s, 1
= E V(Wi vi525) — Vw Fs(We, vi) + Vi Fs (Wi, vi) — &3
m 4 ¢

o

2
SRS(Wt) - RE - 77w,t<VRS(Wt)7 VwFS(Wu Vt)>
(L+L*/p)ng, (L+L%/p)n%: B,
TR G Fs (w v 2 R (P g2 )
2 2 m
<Rs(wi) = Ry = TS| VRs(wo)|l3 + 5[V Rs(we) — Vo Fs(we,vi) 3
(L o, B2
— W (¥ 4 o2
+ 5 (m + doy,),
where in first inequality since E,[|| - ZJ 1 Ve f(We, vi; zj) VwFs(wy,ve)|3] = L Z;n:l ]Et[||wa(wt,vt;zig)—
VwEs(wi,vi)|3] < TS’ and E[||&]|3] = di102, < do2,, and the last inequality we use nw < 1/(L + L?/p).
Because Rg satisfies PL condition with p by Lemma [§] we have
Ei[Rs(wit1) — Rg] <(1— pnw.i)(Rs(wi) — Rg) + MHVRS(Wf) VwEs(wi, vi) 3
L+ L?/p)ns, . B2
Lo /p)n £(Ba y o2
2 m
L o (L+L%/p)ns. Ba

(L= pwt)(Rs(we) = Rg) + === [1Vs(we) =iz + (7+d0 );

2

where the second we use Fs is L-smooth. Now taking expectation of both sides yields the claimed bound.
The proof is complete. O

The next lemma characterizes the descent behavior of vy.

Lemma 10. Assume (A2) and (A3) hold. Assume Fs(-,v) satisfies PL condition with constant p and
Fs(w,-) is p-strongly concave. Let vg(w) = argmaxyey Fs(w,v). For Algorithm (Il and any € > 0, the
iterates {wy, v¢} satisfies the following inequality

N 1 . 1 B2
Bvess— s (wer) 8] (14020 o+ (1) (1= ) BV —Fs (w314 14+ i, L2/ P (= +do)
1 \ B
+ (L+ 2L/ p* (L + L2/ p)ig B[ Rs (wi) = R5] + (14 e)ng ,(—* + o).
Proof. By Young’s inequality, we have

1., .
[Vier — Vs(wir1)[3 < (14 €)||vegr — V(w13 + (1+E)HVS(Wt)*VS(Wt+1)||§-

For the term ||[Vg(w;)—Vs(W¢y1)]|3, since vg(-) is L/p-Lipschitz by Lemma taking conditional expectation,
we have

X X 1 —
Ei[[Vs(Wes1) — Vs(we)[3] < L/ p°Eel[|wigr — well3] = Lz/anfv,tlEt[HE >Vl (W vi; z;7) + &3]
j=1

BQ
< L/ "0 | VwFs(we, vi) |5 + L2/p2n3v,t(ﬁ +doy,)
B,
< 91 [0 IV Rs(w0) — Vo Fs (w3 + 212 /%03, IV Rs(wo) [ + I/l (2 4 do)

. B
< 2L/ P02, (Vs (we) — viell3 + 207/ p* 3, 4| (W3 + L2/ "0, o( + o),

11



where the last step uses the fact that Fig is L-smooth. Because Rg is L+ L?/p-smooth by Lemmawe have
mHVRS(wt)H% < Rg(w;) — R¥. Therefore
Eif|[Vs(Wesr) = Vs(wo)l3] <2L%/0%ng, o[ Vs (We) = vell3 + 4L%/p* (L + L?/p)ng, 1(Rs(wi) — Rs(w™))
2 (2 a0 1)
For the term ||vyy11 — V5(wy)||3, by the contraction of projection, we have

m

Ee[[vers = Vs(wo) 3] < Eelllve +nv(— Z F(Wi,veizyy) + G) = vs(we) 3]

1 m
< |ve = vs(W)ll5 + 20y 1Be[(vi — Vs (We), ZV Wi, visz))] + n%,t]Et[ll% Z Vo (Wi, visz,) + Gell3]
=1

A . B
< ve =95 (W3 + 20w (ve = V5(We), Vo Fs (Wi, V1)) 41151 Vo Fs (Wi, Va)llz + 03, (— + do)
i . BS
< (= pnv)llve = Vs (Wo)l3+ 2 o (Fs (Wi, vi) = Fs (Wi, ¥ (we)) 4004 [ Vo s (we, vi) [543, (—¥ +do),

where the third inequality we use the Fg(w,-) is p-strongly concave. Since Fg is L-smooth, by choosing
vt < 1/L, we have

Nv,t

N . B2
Bl vesr —vs(woll3) < =piv.) [ve—Vs(will3 = =71 Vv Fs (we, vi) I3 (Wi, vo)ll3 4070 (—¥ +dov)

. B2
<(1 = prve)[ve — vs(we)ll3 + U%,t(ﬁ +do?). (12)

Combining and we have

Eif[[ves1—Vs(wis)ll3] S((1+%)2L4/p277\2;v,t+(1+€)(1_pnv;t))||Vt_‘75(wt)||g+(1+ )19+ L2/ 0 ( +d0 w)
+(1+ %)4L2/p2(L + L%/ p)ng o (Rs(wi) = Rs(w")) + (1 + e)n%,t(% +dos).

Taking expectation on both sides yields the desired bound. The proof is complete. O

Lemma 11. Assume (A2) and (A3) hold. Assume Fs(-,v) satisfies PL condition with constant p and
Fs(w,-) is p-strongly concave. Define a; = E[Rgs(w;) — Rs(W*)] and by = E[||[Vs(w¢) —v¢||3]. For Algorithm
if Nwe < 1/(L+ L?/p) and 1y < 1/L, then for any non-increasing sequence {\; > 0} and e > 0, the
iterates {wy, Vi }ier) satisfy the following inequality

i1+ App1bir1 < ka4 Eo Ay
(L+L?/p)ng., B2 By, B3
+ ft(ﬁ +doz,) +2(1+ )/\ L?/p? nw,t(ﬁ +doz,) + A(1+ E)W?/,t(ﬁ +do3),
where
1
ki =1 — pnw,e) + (1 + 2)4L2/P2(L + LQ/P)U\QN,tv

L277w t
ko ==
2,t 2)\t

1
+(14e) (1= pnve)+ 1+ E)2L4/p2n3v,t'

12



Proof. Combining Lemma [0] and Lemma we have for any A\;11 > 0, we have

1
a1 + Agp1berr <((1— pnw,e) + A1 (1 + 2)4L2/P2(L + L2/ p)n2, 1) a

L2y, !
+(F At (L4 O = priv) + At (L+ 2)2LY %0, )by

L+ L?/p)n , B2
+( /p)n ,t(l
2 m

1
<((1— Nw,t) + Ae(1+ 2)4L2/P2(L + LQ/P)nanv,t)at

L2774, 1
+ (T4 (4 (1= o) + (L + 2L P b

L+ L2 ‘2’v B2 1 B2 -
-l-%(ﬁw-l—dos‘,)‘i‘ﬂl-f-;))\tLQ/pznfv’t(ﬁw+d0‘2,v)—|—)\t(1+6)q7‘2,’t(;"+d0‘2,)

1
=((1 = pwe,t) + M(L+ )AL /p*(L+ L/ p)ng, )

L?nw 1
F (TG (L = prie) + (L 2L 071, )b

L+ L?/p)n% , B2 1 B2 B2
+ (2&(?‘”—|—d0‘2,v)+2(1+E))\tLQ/pQUa,’t(HW+d03v)+)\t(1+6)17‘2,’t(ﬁ+d0‘2,).

1 B2 B2
+do) + 201+ 2) N1 L2 015, (T +dog )+ Mg (L )ng (X +doy)

where the first inequality we used A¢y1 < As. The proof is completed. O
We are now ready to state the convergence theorem of Algorithm

Theorem 3 (Theorem [3] restated). Assume (A2) and (A3) hold. Assume Fs(-,v) satisfies PL condition
with constant u and Fs(w,-) is p-strongly concave. Assume p < 2L? and Let k = %. For Algom'thm if

2
Nw,it = (’)(ﬁ) and 1y = O(% ”K/“}), then the iterates {wy, vy} satisfy the following inequality
. . (1 1y,B%/m+do’ Lk Lx® ,B2/m + do2
E[Rs(wr41) — Rg] = (’)(mm{? ﬁ}(W> + max {17 7}7(W))' (13)

Furthermore, if ow, o0y are given by , we have

E[Rs(wWr41) — R]
:(’)(min{l 1}( B2 +G%VdTl/i?]og(l/(S))_i_maX{l’\/?}L/&( B2 +G\2,dT1/310g(1/5))). (14)

I’ ; mT2/3 n2e2 p2 mT?/3 n2e2
Proof. Since 1y < 1/L, we can pick € = m. Then we have (1 +¢€)(1 — pnvy) = 1 — 254 and
1+ % < ﬁ Therefore Lemma [11| can be simplified as
8L?/p*(L + L?/p)ng,
k1t <(1— pnwe) + M 7t,
Pliv,t
L21p 4 Plivt ALY/ p*ng 4
kot < : 1-— : =
Ht= 20 N 2 N Plivt
2
If we choose \; = % and 7y ¢ < min{ 852\/‘ﬁ_L2/p, 4\/1%2 }iv,t, then further we have ky, < 1 — 2t

13



and kp; <1 — 22t By Lemmawe have

(L+L?/p)n3, ; B2

Qri1 + Asrbosn <(1— min{g,L2}nw,t)(at b)) + 5 (2 +dod)
16L%/pn3 , B2 412(2 — B2
4 /g nw,t(l +d0_3v) + ( pnv,t)nw,tnv,t(iv —|—d0'\2,)
Py ¢ m 2p(1 = pnv.e) m
,LLT]W t (L + L2/P)’7w t 82
<(1— Aeby) + —— W (w52
<( 9 — ) (as 4+ Aiby) + 5 (m+ w)
16L%/p*n3,, B2 4L%(2 — pvt)w a7 e, B2
N /r; n 2B o2y (2 — P t) w1 £(BY | o2y
= m 2p(1 — pnv.t) m

where we used p < 2L2. Taking ny ; = % and 1y, = max{8x2\/(L + L2/p)/ ,4\/5/12}”27/3 and multiplying
the preceding inequality with ¢ on both sides, there holds

2(L+ L%/p) B2

t At1b t—1 Atb —¥ + do?
(atp1 + Aey1begr) < ( )(a + Aebe) + 2 ( m + doy,)
4 2
32L /p mln{s 2\/L+L2/p’ 4fﬁ2} B2 2 16L2 max{&% L + LZ/P 74fﬁ2} B2
+ s (=X +dol,) + 5 +dog).
upt/ m 2u?pt2/3

Applying the preceding inequality inductively from ¢ =1 to T', we have

32L*/p? min{ Vi }2
2(L + L? B2 8k2\/L+L2 ’4\/2 B2
Tlar i + Arsabrn) <25 D0 a2 log(r) + VB (B oy
16L2max{8/$ V(L+L?/p)/ 74\f,‘{2} 32 do2) T3,
2u?p
Consequently,

E[Rs(Wr11) — RS) <ari1 + Ary1bria

2 4 2
2L+ I p)(Biy/m + dod) log(T) | B2(B3, fmtdo ) LYpPmin{ A, 5) 1

- I T 1P %

16(B2 /m+do2) L*max{8x*/(L+L2/p) /1, 4v/2k%} 1 15
2%p T2 (15)

Therefore, the estimation follows from the fact that x = L/p.

The result in Theorem |3| follows by observing max {1, \/ %}LM—’f > min {%, f} Substituting the values of

Ce A/ O, 1 Cs A/ O, 1 . . . . .
2Gwy/Tloe(s) and oy = %ﬁlg(&% into yields the desired estimation . O

Ow, Oy, 1.€., Ow= —

D.2 Proof of Theorem 4| (Generalization Error)

We first focus on to the generalization error E[R(wr) — Rg(wr)]. Firstly, we introduce a lemma that bridges
the generalization and the uniform argument stability. We modify the lemma so that it satisfies our needs.

Lemma 12 (|Lei et al., 2021]). Let A be a randomized algorithm and € > 0. If for all neighboring datasets
S,S’, there holds

]EA[HAW(S) - AW(S/)H2] <e

Furthermore, if the function F(w,-) is p-strongly-concave and Assumptions |l (A8) hold, then the primal
generalization error satisfies

Es.a[ R(Aw(S)) = Rs(Aw(8))] < (1+L/p) G

14



The next proposition states the set of saddle points is unique with respect to the variable v when Fg(w, )
is strongly concave.

Proposition 1. Assume Fs(w,-) is p-strongly concave with p > 0. Let (Wg,Vg) and (W, V) be two saddle
points of Fs. Then we have ¥g = V.

Proof. Given wg, by the strong concavity, we have
o N - ~ - ~ o o P~ ~
Fs(Ws,Vs) > Fs(Wg,Vs) + (VyFs(Wg, Vs), Vs — Vi) + §HVS — Vis|l3-

Since (Wg,vg) is a saddle point of Fg, it implies Vg attains maximum of Fs(Wwg,-). By the first order
optimality we know (VyFs(Wg,Vg), Vg — Vi) > 0 and therefore

Fs(Ws, Vs) 2 Fs(Ws, V) + L[V = V513 = Fs(We, 95) + £[[os - V53, (16)

where in the second inequality we used (W', V) is also a saddle point of Fg. Similarly, given W we can
show

Fs (W5, ¥5) 2 Fs(Ws, ¥s) + £|[vs = V5. (7)
Adding and together implies that p||vs — v%||3 < 0. This implies vg = V% which completes the
proof. O

Recall that mg : WW — W is the projection onto the set of saddle points g = {Wg : (Wg, Vs € arg min max Fg(w,v)}.
ie. mg(w) = argming co, 3||w — Wg||3. Proposition [I| makes sure the projection is well-defined. The next
lemma shows that PL condition implies quadratic growth (QG) condition. The proof follows straightforward

from [Karimi et al.| [2016] and we omit it for brevity.

Lemma 13. Suppose the function Fs(-,v) satisfies u-PL condition. Then Fg satisfies the QG condition
with respect to w with constant 4u, i.e.

Fs(w,v) — Fs(mg(w),v) > 2u|lw — ms(w)||3, Vv eEV
With the help of Assumption [f] and the preceding lemmas, we can derive the uniform argument stability.

Lemma 14. Assume (A1), (A8) and (A4) hold. Assume Fs(-,v) satisfies PL condition with con-
stant p and Fg(w,-) is p-strongly concave. Let A be a randomized algorithm. If for any S, E[||Aw(S) —
T5(Aw(9))||2] = O(e4), then we have

, 1 /@2, @2
_ < —— + —.
EfllAw(8) = Aw(S)l2] < Olea) + oy [ 75 + 2

Proof. Let (ms(Aw(S)),Vs) € argminy maxy Fg(w,v) and (7s/(Aw(S’)), Vs/) defined in the similar way.
By triangle inequality we have

E[[| Aw(S) = Aw (52

<E[|Aw(S) =75 (Aw () ll2]+lI7ms (Aw(S)) =7 (Aw ()2 +E[[ Aw (5') =75/ (Aw (5"))|2]
=lI7s(Aw(S)) = 75 (Aw () |2 + Oea)-

Since mg(Aw(5)) € arg minyew Fs(w,Vg) and by Assumption (A4) we know that mg(Aw(95)) is the closest
optimal point of Fg to mg/(Aw(S’)). And since Vg is fixed, by Lemma [13] we have

2ulms(Aw(S)) = 75 (Aw(S)II3 <Fs(ms (Aw(S")), ¥s) = Fs(ms(Aw(S5)), ¥s).
Similarly, we have

2|5 (Aw(S)) — T (Aw(S))15 <Fsr (m5(Aw(S)), Vsr) — For (ms: (Aw(S")), V).

15



Summing up the above two inequalities we have

Apl|lms (Aw(9)) — msr (Aw (S5 <Fs(ms (Aw(S")),¥s) — Fs(ms(Aw(S)), ¥s)
+ Fsr(ms(Aw(9)), Vs') — Fsr(ms:(Aw(S")), V7). (18)

On the other hand, by the p-strong concavity of Fg(-,v) and vg = arg maxyecy Fs(ms(Aw(S)), v), we have
Llvs = V13 <Fis(ms(Aw(9)), ) = Fs(ms(Aw(S)), ¥s0).
Similarly, we have
LIvs = Vs l13 <Fs (msr (Aw(S)), V1) = For(msr(Aw(S'), ¥):
Summing up the above two inequalities we have
pllvs = Vsil3 <Fs(ms(Aw(S)), Vs) — Fs(ms(Aw(S)), V')

+ For (15 (Aw(5")), Vs1) — Fsr(msr (Aw(S")), Vs). (19)

Summing up and rearranging terms, we have
Apllms (Aw(S)) = w5 (Aw (S + pllVs — v ll3
<Fs(ms (Aw(S")), V) = Fsr(ms: (Aw(5), ¥s) + Fsi(ms(Aw(S)), V1) = Fs(ms(Aw(9)), ¥s)

:%(f(ﬂs'(Aw(S')),Vs;Z) — f(rs (Aw(5")), V5:2)) + f(ms(Aw(9)), Vsr:2) — f(ms(Aw(S)), V515 2))

2Gw 2GV A~ A

<=2 s (Au(S)) = mor(Aw(SDll2 + 22 [¥s — ¥ 2

1 /G2 4G .
S\ Tt s (Aw()) — s (Aw(SDIE + pll9s — V1B,

where the second inequality is due to Lipschitz continuity of f, the third inequality is due to Cauchy-Schwartz
inequality. Therefore

2/pllms (Aw(5)) = mo (Aw(S"))]l2 < \/4u|\7fs(Aw(5)) — 7o (Aw (93 + pllVs — VoI5 <

The proof is complete. O

We are now ready to present the generalization error of Algorithm [I]in terms of wr.

Theorem 4. Assume (A1), (A3) and (A4) hold. Assume Fgs(-,v) satisfies PL condition with constant u
and f(w,-;2) is p-strongly concave. For Algom'thm the iterates {wy, v} satisfies the following inequality

L Er 1 G2 G2
E[R - R <1+ —)Gw — 4 =+ ).
[Rwr) = Rs(wr)l < (14 )G (/504 415+ %)
Proof. Since Rg satisfies u-PL, by Lemma [I3] and Theorem [3] we have

Bllwr — w(wn)ll] < y/Bllwr — s(wn)lB] < /Bl (Rswr) - R) < e

By Lemma [14] we have
er 1 |G? G2
E —whill< JET 2 [ Zw Py
[lwr — wh||2] < o + 2\ 12 + o

By Part b) of Lemma [12] we have

L a2 1 ez, a2
E - <1+ D00 (4 L[Sy O,
[R(wr) = Rs(wr)] < (1+ )G ( et et W)

The proof is complete. O
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The next theorem establishes the generalization bound for the empirical maximizer of a strongly concave
objective, i.e. E[Rg(w*) — R(w*)]. The proof follows from [Shalev-Shwartz et al.[[2009].

Theorem 5. Assume (A1) holds. Assume Fg(w,-) is p-strongly concave. Assume that for any w and S,
the function v — Fg(w,Vv) is p-strongly-concave. Then

4G2
< .
on

E[Rs(w") — R(w")]

Proof. We decompose the term E[Rg(w*) — R(w™*)] as

E[Rs(w")—R(w")] = E[Fs(w",v5)—F(w*,v*)] = E[Fs(w*, %)~ F(w*, v5)] +E[F(w",v%)— F(w*,v")],

where Vi = argmaxy, Fg(w*,v). The second term E[F(w*,v) — F(w*,v*)] < 0 since (w*,v*) is a
saddle point of F. Hence it suffices to bound E[Fs(w*,v%) — F(w*,vE)]. Let 8" = {{,...,2,} be
drawn independently from p. For any i € [n], define S = {z1,..., 21,2, 2i11,...,2n}. Denote Ve =
arg maxyey Fge (w*,v). Then
. . 1 . . 1 . .
Fs(w*,¥5) = Fs(w,¥5) =— > (F(W" 95 2) = FW" Vi) ) + - (FW",¥5:20) = F(W", Vi 2))
J#i
1

ko Ak ko Ak 1 Kk Ak ko Ak
:g(f(w avs(i);zz/') — f(w 7VS§Z;‘)) ‘*‘E(f(w aVS;Zi) — f(w avs(i);zi))

+ Fgi (W*,Vs) — Fsw (W5, V5ei))

1 * ok * ok 1 * ok * ok

Sg(f(w aVsu);Z;) - f(w aVs§z§)) ‘*‘E(f(w Vi zi) — f(w aVsu);Zi))
2GV Ak Ak

S lIVs = Vs lly (20)

where the first inequality follows from the fact that v§, is the maximizer of Fgu) (w™,-) and the second

inequality follows the Lipschitz continuity. Since Fg is strongly-concave and v} maximizes Fg(w*,-), we
know

p

2

Combining it with we get ||\7§ — Vi
holds for any z

ok

. 2 . .
V5 — Vi 5 S Fs(w,vg) — Fs(W", V).

, < 4Gy /(pn). By Lipschitz continuity, the following inequality

* ok * &k 4G‘2/
|f(W 7VS;Z)_f(W 7VS(i);Z)‘ < on .

1 n
=~ E[f(w" V5w =),

i=1

E[F(w",v5)] =E[F(W",V5w)] =

*

where the last identity holds since z; is independent of v§;,. Therefore

= ~ % k&K 4G%
ZE[f(W*7Vs§Zi) - f(w 7vs(i>;zi)] < .

E[Fs(w*,v§) — F(w*,v§)] = o

The proof is complete. O

Theorem 6 (Theoremrestated). Assume the function f(w,-;z) is p-strongly concave and Fs(-,v) satisfies
wu-PL condition. Suppose (A1) and (A8) hold. If E[Rs(wry1) — R5] < er, then

1 /G2 G2
E[R(wr) — Rs(wr)] < (1+ @Gw(\/i e
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and

E[Rs(w™) — R(w")] < o
Proof. Tt follows directly from Theorem [4] and [f] O

D.3 Proof of Theorem [

Theorem 7 (Theorem [f] restated). Assume (A1), (A3) and (A4) hold. Assume Fs(-,v) satisfies PL
condition with constant p and f(w,-;2z) is p-strongly concave. For SGDA, if E[Rg(wr)— R%] = Oler), then
iterates {wy, vi} satisfies the following inequality

G2 4G2
E[R(wr) — R*] = O(er + ( 1+ + v).,

2 /
Furthermore, if we choose T = O(n), Nw, = C’)(ﬁ) and 1y = O(M), then

t2/3
. K275 dlog(1/9)
E[R(wr) — R*] = O(M1'75 nl/3 n5/6¢ ))-

Proof. For any w* € arg miny, R(w), recall that we have the error decomposition , which is

E[R(wr) — R*] =E[R(wr) — Rs(wr)] + E[Rs(wWr) — R5] + E[Ry — Rs(w")] + E[Rs(w") — R(w")]
<E[R(wr) — Rs(wr)] + E[Rs(wr) — Rg] + E[Rs(w") — R(w")],

where the inequality is by R — Rg(w*) < 0. By Theorem [4] we have

E[R(wr) — Rs(wr)] <

And by Theorem [5| we have
4G2
pn

E[Rs(w") — R(w")] <
We can plug the above two inequalities into 7 and get

G2 4G?
E[R(wr) — R*] = O(er + ( 1+ + Y).

) 2, 2
Now by the choice of w1, 7v.t, and Theorem |3, we have ep = (’)(’;Zi %)

constant. Plugging ep into the preceding inequality and letting T'= O(n) yields the second statement. [

Assume m is a

E Additional Experimental Details
E.1 Source Code

For the purpose of double-blind peer-review, the source code is accessible in the supplementary file.

E.2 Computing Infrastructure Description

All algorithms are implemented in Python 3.6 and trained and tested on an Intel(R) Xeon(R) CPU W5590
@3.33GHz with 48GB of RAM and an NVIDIA Quadro RTX 6000 GPU with 24GB memory. The PyTorch
version is 1.6.0.
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E.3 Description of Datasets

In experiments, we use three benchmark datasets. Specifically, ijennl dataset from LIBSVM repsitory,
MNIST dataset and Fashion-MNIST dataset are from [LeCun et al. [1998], and Xiao et al|[2017]. The
details of these datasets are shown in Table 3| For the ijennl dataset, we normalize the features into [0,1].
For MNIST and Fashion-MNIST datasets, we first normalize the features of them into [0,1] then normalize
them according to the mean and standard deviation.

Dataset #Classes #Training Samples #Testing Samples #Features

ijennl 2 39,992 9,998 22

MNIST 10 60,000 10,000 784
Fashion-MNIST 10 60,000 10,000 784

Table 1: Statistical information of each dataset for AUC optimization.

E.4 Training Settings
The training settings for NSEG and DP-SGDA on all datasets are shown in Table

Learning Rate Epochs |Projection Size
Methods Datasets Batch Size Ori DP ori |DP | Ori DP
w | vV |[w|V
ijennl 64 300 | 300 |350|350(1000| 15 {100 100
NSEG MNIST 64 11 11 5 | 5 |100 15| 2 2
Fashion-MNIST 64 11 | 11 | 5| 5 |100 |15 | 3 3
ijennl 64 300 | 300 |350(350| 100 | 15 | 10 10
D(i_lii%A MNIST 64 11 |11 | 5|5 |100]| 15| 2 2
Fashion-MNIST 64 11 | 11 | 5| 5 | 100 |15 | 3 3
ijennl 64 3000(3001|{500({501| 10 | 10 |100 100
DI(Z’MS&?A MNIST 64 900 [1000|100(210| 10 |10 | 2 2
Fashion-MNIST 64 900 [1000|100(210| 10 |10 | 2 2

Table 2: Training settings for each model and each dataset.

E.5 DP-SGDA for AUC Maximization

In this section, we provide details of using DP-SGDA to learn AUC maximization problem. AUC maximiza-
tion with square loss can be reformulated as

F(0,a,b,v) = E5[(1 — p)(h(6;x) — a)I[y = 1] + p(h(6;x) — b)*I[y = —1]
+2(1 4 v)(ph(6; x)I[y = —1] — (1 — p)h(6;x)I[y = 1])] — p(1 — p)v?]

where z = (x,y) and p = P[y = 1]. The empirical risk formulation is given as

Fi(0,0.%) = 37 {2 (h(055) = )P = 1+ 2= (h(6:30) = )Tl = 1)
+2(1 +v)(ih(9;xi)ﬂ[yi =-1] - ih(@;xi)]l[yi = 1]) - lV2}
n_ Ny n
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Algorithm 1 DP-SGDA for AUC Maximization

Inputs: Private dataset S = {z; : i € [n]}, privacy budget €,d, number of iterations T', learning rates
{74, Ae}{=y, initial points (6o, ao, bo, Vo)

[y

2: Compute ny =" Iy, =1 and n_ =Y | I[y; = —1]
3: Compute noise parameters o; and oo based on Eq.
4: fort=1to T do
5:  Randomly select a batch S
6:  For each j € I;, compute gradient Vo f(0;, ar, b, vi;25), Vo f (8¢, ar, b, vi;2;5), Vo f (01, ar, by, vi;2;) and
Ve f (01, ar,be, vi; z5) based on Eq. (21)

7. Sample independent noises & ~ N (0,0%1,42) and ¢; ~ N(0,03)
8 Update

011 0y 1 Vo f(0r,at, b, vi;25)

Gt41 —H{ ag | — v *Z Vaf(O, a1, b, v 25) +ft)}

b1 by mjelt vbf(etaatabhvt’ g)

Vil :H{Vt + Ae(— Z Ve f(Or, ar, by, vi;z5) + Ct)}
JGIt

9: end for

10: Outputs: (07, ar,br,vr) or (Or,ar, by, vr)

For any subset S; of size m, let I; denote the set of indices in Sy, the gradients of any j € I; are given by

Vof(0,a,b,v;z;) :%(h(ﬁ;xj) —a)Vh(l;x;)y; = 1] + i(h(@;xj) —b)Vh(8;x;)I[y; = —1]

+ 201 4+9) (VA0 = 1] = (033 = 1))

Vol 0 0.boviz) === Oy = 1), Vof(0.0.b.viz;) = == (b= h(0is))Tly; = =1

Vel (0.ab.viz) =2( b0y = —1) = b))l = 1]) = =v (21)

The pseudo-code can be found in Algorithm [T}

F Additional Experimental Results

We show the details of NSEG and DP-SGDA (Linear and MLP settings) performance with using five different
e €{0.1,0.5,1,5,10} and three different § € {le—4,1le—5,1e—6} in Table From Table we can find that
the performance will be decreased when decrease the value of § in the same e settings. The reason is that
the small J is corresponding to a large value of o based on Theorem [I} A large o means a large noise will
be added to the gradients during the training updates. Therefore, the AUC performance will be decreased
as 0 decreasing. On the other hand, we can find that our DP-SGDA (Linear) outperforms NSEG under the
same settings. This is because the NSEG method will add a larger noise than DP-SGDA into the gradients
in the training and we have discussed this detail in the Section

We also compare the o values from NSEG and DP-SGDA methods on all datasets in Figure [1| (a) with
setting =1e-5 and (b) d=1e-4. From the figure, it is clear that the o from NSEG is larger than ours in all
€ settings. This implies the noise generated from NSEG is also larger than ours.
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