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1 PROOFS

We provide proofs to the lemmas and theorems in the paper
in this subsection.

1.1 LEMMA 1.1 AND ITS PROOF

Lemma 1.1. (Subspace detection property holds for noise-
less £°-SSC under the deterministic model) It can be verified
that the following statement is true. Under the deterministic
model, suppose data is noiseless, 7y > di, + 1, Y*) is in
general position. If all the data points in Y %) are away from
the external subspaces for any 1 < k < K, then the sub-
space detection property for £°-SSC holds with an optimal
solution Z* to (3).

Proof. Letx; € Sj,. Note that Z** is an optimal solution to
the following ¢V sparse representation problem

min | 2| stox; = [XW\ x;, XOM)ZE Z, =0,

where X (=) denotes the data that lie in all subspaces except

i 87
Sk. Let Z*' =
k |:ﬂ

corresponding to X(®) \ x; and X(~*) respectively.

where a and (3 are sparse codes

Suppose 3 # 0, then x; belongs to a subspace S = Hx,.,
spanned by the projected data points corresponding to
nonzero elements of Z*’, and S’ #* Sk, dim[S'] < dy.
To see this, if S = Sk, then the data corresponding to
nonzero elements of 3 belong to Sy, which is contrary to
the definition of X(=%). Also, if dim[S’] > dj, then any d,
points in X(*) can be used to linearly represent x; by the
condition of general position, contradicting with the opti-
mality of Z**. Since the data points (or columns) in X.:
are linearly independent, it follows that x; lies in an external
subspace Hx,, spanned by linearly independent points in
Xz+i,and dim[Hx ] = dim[S’] < dy.. This contradicts
with the assumption that x; is away from the external sub-
spaces. Therefore, 3 = 0. Perform the above analysis for
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all 1 < ¢ < n, we can prove that the subspace detection
property holds forall 1 <7 < n.

O

1.2 PROOF OF THEOREM 3.1

Before proving this theorem, we introduce the following
perturbation bound for the distance between a data point
and the subspaces spanned by noisy and noiseless data,
which is useful to establish the conditions when the subspace
detection property holds for noisy ¢°-SSC.

Lemma 1.2. Let 3 € R" and Yg has full column rank.
Suppose § < &y, where r = ||3]|o, then Xg is a full
column rank matrix, and

[d0xi, Hx,p) — dlxi Hy, )l < = ——5 (D

forany 1 <¢ < n.

Lemma 1.3 shows that an optimal solution to the noisy ¢°-
SSC problem (5) is also that to a ¢°-minimization problem
with tolerance to noise.

Lemma 1.3. Let nonzero vector 3* be an optimal solution
to the noisy £°-SSC problem (5) for point x; with ||3*|lo =
r* > 1. If A > 79 where 7y is defined as

26v/r*

*

ox

To = + 71,

where

]

T = m, U;( = Umin<X[3*)7

with § < 0%, and 0% is defined as

—w o
Oy = min oy,
rer*]
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then 3* is an optimal solution to the following sparse ap-
proximation problem with the uncorrupted data as the dic-
tionary:

i = 07
2

. . 200/1*
min|[Bllo st [xi = YBlla <"+ — 75—, B
X

g

where ¢* = ||x; — X3z
Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. We first show that d(x;,Sk) <

c* + Z‘Zﬁ. To see this, 0% = omin(Xpg~) < 1 as the
X

columns of X have unit ¢£2-norm. It follows that

201/ r*
o

*

X

By Lemma 1.3, it can be verified that 3* is an optimal
solution to the following problem

. . 200/r*
min [|Bllo st [|x; = YBl2 < "+ ——, Bi =0.
B ox
(3)
Let x’' be the projection of x; onto HW’ and let the

columns of Y have column indices I in Y*), that is,
YYC) = Y (). Then there exists 3’ € R" and 8j = 0
for all j ¢ I such that x’ = Y@ and ||B'||, < r*.
It is clear that 3’ is a feasible solution to (3) because
d(xi, Hgm) =[x = YB'|, < " + 2‘;@ and it satisfies
SDP for x;. x

Suppose that there is an optimal solution 3" to (3) which
does not satisfy SDP for x;, then ||3”|, < r*. Then
the subspace spanned by Yz, Hy a1 is an external sub-
space of y; and Hyﬁ,, € Hy, =, and it follows that

d(x;, Hy,, ) > c*+ 2‘;—*‘/7 However, since (3" is a feasible
X
solution, d(x;, Hy B,,) <+ 2‘507 V'™ This contradiction
X

shows that every optimal solution to the noisy £°-SSC prob-
lem (5) satisfies SDP for x;.

O

1.3 PROOF OF LEMMA 1.2

The following lemma is used for proving Lemma 1.2.

Lemma 1.4. (Perturbation of distance to subspaces) Let
A, B € R"™" are two matrices and rank(A) = 7,
rank(B) = s. Also, E = A — B and ||E||2 < C, where
|I||2 indicates the spectral norm. Then for any point x € R™,
the difference of the distance of x to the column space of A
and B, i.e. |d(x,Ha) — d(x, Hg)]|, is bounded by

Clix|
ld(x,Ha) —d(x,Hp)| < min{ar(A),szs(B)}.

Proof. Note that the projection of x onto the subspace Ha
is AATx where AT is the Moore-Penrose pseudo-inverse
of the matrix A, so d(x, Ha ) equals to the distance between
x and its projection, namely d(x, Ha) = ||x — AATx||5.
Similarly, d(x, Hg) = ||x — BB x||s.

It follows that

|d(x,Ha) — d(x,Hp)| = |[x — AATx]|2 - [|x = BB*x]2|
< |AA*x — BB x||; < [[AAT — BB |2||x[l2. 4

According to the perturbation bound on the orthogonal pro-
jection in Chen et al. [2016], Stewart [1977],

|AA* — BB*|; < max{[EA* [, [EB* 2} (5)
Since [EA*[2 < [El2|A 2 < =S, BBy <
IE2]|BT|2 < %, combining (4) and (5), we have

Os

C

C
dix,Hp) —d(x,H < _—
dx Ha) — dix Hp)| - < masx{ s, il
_ Clxls
min{o,(A),os(B)}
So that (1) is proved. O
Proof of Lemma 1.2. We have y; = x; — n;, and

2
O'min(YgYB) - (Umin(YB)) Z 0'2Y’T-

By Weyl [Weyl, 1912], |0;(Y3) — 0:(Xg)| < ||Ngll2 <
||NﬁHF < ﬁé Since ﬁé < Oy, < Umin(Yﬁ) <
0i(Yp), 0i(Xg) = 0i(Yg) = /10 2 oy, — /16 > 0
for 1 < ¢ < min{d,r}. It follows that o, (Xg)
oy, —+/rd > 0and X has full column rank.

Also, | Xg — Ygll2 < [|Xg — Yg||r < /7. According
to Lemma 1.4,

N

v

|d(xi, Hx,) — d(xi, Hy,)|
NG
< —
min{owin(Xg), omin(Yg)}
vre 4
oy, —TS Gy, —0

IN

1.4 PROOF OF LEMMA 1.3

Proof of Lemma 1.3. We have

x: — XB*|15 + AlB*[lo < |Ix; — XO0||3 + A[|0]jo = 1
=" =% — X8 < VI = ArF < 1.



We first prove that 3* is an optimal solution to the sparse
approximation problem

mﬁin 1Bllo st |lxi —XB|l2<c*, B;=0. (6)

To see this, if 7* = 1, then 5* must be an optimal solution
to (6). If r* > 1, suppose there is a vector 3’ such that
Ix; — X@'l2 < ¢ and |80 < 8" |o. then L(B') <
c* 4+ A|B*|lo = L(B*), contradicting the fact that 3* is an
optimal solution to (5).

Note that X g« is a full column rank matrix, otherwise a
sparser solution to (5) can be obtained as vector whose
support corresponds to the maximal linear independent set
of columns of X 3-.

Also, the distance between x; and the subspace spanned
by columns of Xg- equals to c*, i.e. d(xi,me) = c*.
To see this, it is clear that d(x;, Hxﬁ*) < c¢*. If there is a
vector y = X3 in Hx,. with supp(3) C supp(3*), and

Ix; —yll2 < ¢*, then L(B3) < L(B*) which contradicts
the optimality of 3*. Therefore, d(x;, HXB*) > c*, and it
follows that d(x;, Hx 5. ) = c*.

Since ||x; — XB*|2 < 1, | X3*|]2 < 2. Also,
Tmin(Xg-Xp-) 875 < X873 < 4,

it follows that [|3*||3 < 5. By Cauchy-Schwarz inequal-
X
iy, 87 < 245 and [NB*[l2 < [18°h8 < L

Therefore,

[xi = Y32 = |lxi — XB" + NG|l
26/ 1%

* )
ox

<lxi = XB* |2 + NS |2 < ¢* +

so that 3* is a feasible for problem (2).

To prove that 3* is an optimal solution to (2), we first note
that 3* must be an optimal solution to (2) if * = 1. This is

because c* < V1 —Ar* <1—Xand A > 795 > %Uﬁso
xX

that ¢* + 2507 Vr® < 1, and it follows that O is not feasible to
X
2).

If ¥* > 1 and suppose B8* is not an optimal solution to
(2), then an optimal solution to (2) is a vector 3’ such that
Ixi = Y32 < ¢* + Z‘Sgi and [|B'|lo =7 < r*. Yg
is a full column rank rnatr)i(x, otherwise a sparser solution
can be obtained as vector whose support corresponds to the
maximal linear independent set of columns of Y 3. We have

26/ r*

d(xi, Hy,,) < [[xi = YB'|la < " + —
Ix

According to Lemma 1.2, we have

However, according to the optimality of 3* in the noisy
£9-SSC problem (5), we have

d(x;,Hx,, ) — ¢* = d(x;, Hx,, ) — d(x;, Hx . )
@ *
> (" =r)A > 0. 8)
To see D holds, let 3" € R<, supp (3”) C supp (B') such
that [|x; — XB"[|, = d(x;, Hx,, ). Then by the optimality
of 3%,

|x; = XB"|l, > d(xs,Hx,.) + A* — X |supp (8")]
> d(xi, Hx . ) + (1" = 7).

The contradiction between (7) and (8) shows that 3* is an
optimal solution to (2). O

1.5 PROOF OF THEOREM 3.3

Proof of Theorem 3.3. This theorem can be proved by
checking that the conditions in Theorem 3.1 are satis-
fied. O

1.6 PROOF OF THEOREM 3.6

In order to prove this theorem, the following lemma is pre-
sented and it provides the geometric concentration inequal-
ity for the distance between a point y € Y *) and any of its
external subspaces. It renders a lower bound for M;, namely
the minimum distance between y; € Sj and its external
subspaces.

Lemma 1.5. Under semi-random model, given 1 < k < K
andy € Y*), suppose H Hy. 4, 1s any external sub-
space of y. Moreover, assume that for any external subspace
H' of y, Te(ULU®U® "Uy) < di — 1 where Uy is
an orthonormal basis of H. Then for any ¢ > 0,

1 1 ) dt?
Prld(y,H) > — —2t4/1 — — —t*] > 1 — 8exp(———).
d; dy, 2

€))



Proof of Lemma 1.5. Let H be a fixed subspace of dimen-
siond, < dp,andy ¢ H. Sincey € Sy andy ¢ H. Let
y=U®gandE [yy'] =1,,.

Then the projection of y onto H is Pgy(y) = Un UITIy, and

we have
E[|[Pa(y)3] = Ely  UaUsiUnUsy]
=E[Tr(y ' UnUsy)]
=E[Tr(Unyy ' Un)
= Tr(UgElyy ' |Un)
— TH(URUPEFy TU® "Up)

= —Tr(UgU""U U < =1-—.
dr r(Un H) < dr dr
According to the concentration inequality in section 5.2

of [Aubrun and Szarek, 2017], for any ¢ > 0,

10)

~E (Bl > 1] < Sexp(- %),

(1)

Pr[| [P (y)ll

and by (10) E [[Pr(y)ll,] < /1 - &

Now let H be spanned by data from Y, i.e. H = H{yl }di s

where {y“} ¢ , are any d. linearly independent points that
does not contain y. For any fixed points {yij }jzl, (11)

holds. Let A be the event that [Pe(y) — E [|[Pu(y)ll,]| > ¢,
we aim to integrate the indicator function 14 with respect
to the random vectors, i.e. y and {y;, } <1, to obtain the
probability that A happens over these random vectors. Let
Yy =y, using Fubini theorem, we have

Prid] = /n SU) HA@?:ld/”L(j)

- / v Pr[AHYj}j#i}@j;éidu(j)
®j¢78(1)

dyt2 dpt?
S/ SeXp(*T)@’#zdﬂ(j) = 8exp(— l; );
®J¢18(J)

12)

where SU) € {8} | is the subspace that y; lies in, and
19 is the probabilistic measure of the distribution in S,
The last inequality is due to (11).

Note that for any y’s external subspace H = H {yi, 1,

= VIyl5 - IPa(y)l5 = V1 - [Pu(y B Ac-
cordmg to (12), we have
1 1 dyt?
Prld(y, H) > — — 2t,/1 — — — 3] > 1 — 8exp(——
dp, & 2

O

—).

Lemma 1.6. ([Laurent and Massart, 2000, Lemma 1]) Let
{Xi}le be i.i.d. standard Gaussian random variables and

k
X =3 X2, then
=1

Pr {ka > 2vkx+2x} > exp (—z),

Pr {k‘ -X> 2\/@} >exp(—x).

Lemma 1.7. (Spectrum bound for Gaussian random matrix,
[Davidson and Szarek, 2001, Theorem I1.13]) Suppose A €
R™*™ (m > n) is a random matrix whose entries are i.i.d.
samples generated from the standard Gaussian distribution
N(0,-L). Then

1-— \/g < Elon(A)] <Elo1(A)] <1+ \/g

Also, for any t > 0,

2

Prlo,(A) <1 — ,/% — 1] < exp <m;> . (13)
2

Prlo1(A) > 1+ ,/% + 1] < exp (_m;f) .

Lemma 1.8. Let Y € R?*" be any submatrix of Y (¥
with rank(Y) = randr < rg < [3] < dy, k € [K].
Suppose ¢; > 0 is an arbitrary small constant, €9, 1 > 0 be
small constants, and dy, is large enough such that 2d;0‘05 +

Qdk_.O'l < eoand \/%+ \/m < g;. Then with

probability at least 1 — exp(—cidy,) — 2ny exp (—dy?),
omin(Y) > o/ .., where o/ . is defined by (17).

min?

Proof. Let Y = U®aS be a submatrix of size
dip x 7 of Y®), o € R% " and elements of « are
ii.d. standard Gaussians, that is, o;; ~ N(0,1), i €
[dk),7 € [r]. S € R"™" is a diagonal matrix with
Sii = Hoz"H2 for i € [r]. Define C := aS. By the
concentration property of y2-distribution (Lemma 1.6),
with probability at least 1 — 2njexp (—d%g), S;; €
[Vdi —2d39%, \/dj + 2d°° + 2d07) for all i € [r] and
any submatrix Y of YY),

Now we estimate an lower bound for the least singular value
of a. By (13) of Lemma 1.7, for a particular submatrix Y
of Y*) and the corresponding e and any ¢ > 0, we have

k—\/—\ft]>1—exp( d’;)

(14)

Pr |:Umin ( )

Now there are ("T’“) ways of chooing the submatrix Y, and
(™) < (2+)". Applying the union bound to (14), we have

r =

The following lemma shows the lower bound for any sub-
matrix of Y (*),

Pr [omin(@) > Vi~ vF - dkt]>1-<@k>exp(-dkj)



dyt? eng
>1- i
5 ) 1 —exp (ro log . 5
(15)

>1—exp (rlogen—k -

for any submatrix Y € R%**" of Y(*) Let ¢; > 0 and

\/ 270 lo
t = % + y/c1 in (15), then with probability

at least 1 — exp (—24%), oy (@) > V(1 — /1) —
f

conclude that w1th probability at least 1 — exp(—ci1dg) —
2n exp (—d%g),

2rg log <. Combined with the bounds for S;;, we

enk

V(1= \/e) = -
\/dk + 2d0.95 + 2d0'9

219 log =
Omin (Y) = Umin(as) >

1
Z 1+2d;0‘05+2d;0'1 ( -

1
(1 —+/c1 —¢€1) = Omin-

1+4¢o

O

Proof of Theorem 3.6. Let Y3 for any 3 € R™ with
IBllo = 7o. Noting that Y g have columns from at most
ro subspaces, let 8 = > %, B, {B(T)}:Ozl have non-
coverlapping support, each Y g is a submatrix of Y g and
columns of Y g are from the same subspace. For any
(r)
where {u(’”)}:il have non-overlapping support and u(")
corresponds to Y g for r € [ro]. With dpin sufficiently
large as specified in the conditions of this theorem, by

Lemma 1.8, omin (Y gr)) > 0py,, for r € [ro], where o
is defined by (17). Furthermore, define

u € R™ with ||ul|, = 1, wecan writt uasu =>_'° ; u

min

max
t1,t2€[K]: t1#t2

affma = aff (Stl s St2) .

‘We then have
2
1Y gulf;

—zuw (RE

N
(‘S) Y;(S)Yﬁ(t) u(t)

s tE[rg] s<t
ol =2 Y [[u®]| [[u®] affia
s,t€[ro]: s<t
2
( Omin — TO - 1)aﬂlnlx) Hu”Q
= U;r%m (’I"O - 1)aﬂmax (16)

It follows that o (Yg) > 0/, —(ro—1)aff(Sy,, St, ). By
Weyl [Weyl, 1912], |omin (X3) — omin(Y)| < ||Ngll2 <
d+/79. Therefore, it follows by (16) that

Omin(Xg) > o2 — (ro — Daff(S;,,Si,) — d/r9 > 0,

min

if § < Pin=(ro= DEH(S”’S”) = c. It can be verified that

(20), (21) and (22) guarantee (12), (13) and (14) in Theo-
rem 3.3 respectively, therefore, the conclusion holds. O

dpt?

T 2r0 en;C
dg

) 1.7 PROOF OF THEOREM 4.1

We need the following lemmas before presenting the proof
of Theorem 4.1. Lemma 1.9 shows that the low rank approx-
imation X is close to X in terms of the spectral norm [Halko
et al., 2011]. Lemma 1.10 presents a perturbation bound for
the distance between a data point and a subspace before and
after the projection P.

Lemma 1.9. (Corollary 10.9 in Halko et al. [2011]) Let
po > 2 be an integer and p’ = p — py > 4, then with
probability at least 1 — 6e~P, the spectral norm of X — X
is bounded by

X = X[z < Cp,py)

where

CP#’O = (1 + 17\/ 1 + )Upo-i-l +

andalzagz...

8P \
R iOILAL

J>po
are the singular values of X.

Lemma 1.10. Let 3 € R, y,

subspace of y;, Yg = P(Yp) and Y has full column
rank. Then

= Py, Hy, is an external

ld(yi, Hy,) —

< Cppo(1+

d(yi Hy, )l

o

CILPU

mm1gr§cik oYy r —

forany 1 <i<mandy; € S.

Proof. This lemma can be proved by applying Lemma 1.4.
O

Proof of Theorem 4.1. For any matrix A € RP*?_ we first
show that multiplying Q to the left of A would not change
its spectrum. To see this, let the singular value decompo-
sition of A be A = UAEVX where U and V5 have
orthonormal columns with UXU A= VXV A = L. Then
QA = UQ@aXVqa is the singular value decomposition of
QA withUga = QU4 and Vga = V4. This is because
the columns of Uga are orthonormal since the columns Q
are orthonormal: Uj, Uqa = UpQ QU =L and X
is a diagonal matrix with nonnegative diagonal elements. It
follows that opin (QA) = omin(A) for any A € RP*4,

For a point x; = y; + n,, after projection via P, we have
the projected noise n; = Pn;. Because

[8]|2 = [Pni]l2 = |Q nyll2 < [ Qll2]msll2 < [Imy]|2 <6,

the magnitude of the noise in the projected data is also
bounded by 4. Also,

I%ill2 = 1Q "xill2 < lIxill2 < 1.



Let B € R", Yg = PYg with ||B]o = 7. Since

Omin(QY ) = omin(Yg)), we have

|Tmin (Yﬁ) —omin(Yg)| = |Umin(QYvﬁ) — omin(Yg)|
< 1QYs — Y|

=1QQ"Ys — Ypll2

=1QQ X5~ X+ Ng — QQ'Ng|

< Cppo + INgllF + 1QQ ™ Ng|

< Cppy + 2047 a7

It follows from (17) that if

- . k
Cp.po + 201/ dmax < k:r{?.r.l,K g§)7

then Y is also in general position.
In addition, since 79 < |+ ] and MNIB*|lo < L(0) < 1, we

haveH~* <re<|i].
B O_TO_L)\J

Based on (17) we have

0. — Ov,r| < Cpp, +25y/10, (18)

and it follows by (18) that 6 < minj<,«r, (‘7?7T because
0 <minj<y<py 0y,r — Cppy — 204/To.
Again, for 3 € R™ with ||8]|o = r < ro, we have
|omin (Xp) = Owmin (Xp)| = |omin(QXp) — omin(Xp)|
<1QXps - Xpll
= 1QQ X — Xpll2 = || X — Xapll2
< Cppo- 19)

It can be verified by (19) that

0% = 0Xr| < Cppy- (20)

Combining (20), Lemma 1.10, and the known condition that

1
M; — Cppo(1+ _)
' minlSTﬁjk oY,r — vapo - 25@
20
>0+ ——m ),
OX rog — Cp,po
we have
~ ~ 26
M;s=M; 6> < ,
0% .o
where y; € Sk.
Based on (18) and (20), we have
- 20
flrg < 1 — ,
0% rq

because
)
— Cppo —204/T9 — 0

ming <r<rqg 6'Y,7"0
20

O0X,ro — OPJ)U

<1-

1.8 PROOF OF THEOREM 4.2

Proof of Theorem 4.2. It can be verified that Mi > f‘fg .

Let B € R", Y3 = PYg with ||8]jo = r and rank(Y 5) =
r, then for any u € R’, |[Ygulz = |PYguls >
(1 —9)|Ygullz2 > (1 — €)omin(Yg)||ull2. It follows
that Umin(Yg) > (1 — €)omin(Yg), and Oy, = (1-
£)oy ,. Similarly, oin(Xg) > (1 — €)omin(Xg) for
B € R*,||Bllo = r and rank(Xg) = r. It follows that
0R, 2 (1 —€)ox . Since (31)-(34) hold, the conditions
(12)-(16) required by Theorem 3.3 on the projected data Y
and X) also hold. Therefore, the subspace detection prop-
erty holds with B* for x; with probability at least 1 — K¢

by the union bound when p > 5/(3:%?2)% O

2 BOUND FOR SUBOPTIMAL AND
GLOBALLY OPTIMAL SOLUTIONS
FOR NOISY /°-SSC AND
NOISY-DR-/°-SSC

While our theoretical analysis for noisy £°-SSC and Noisy-
DR-¢°-SSC is based on optimal solution to the ¢° regular-
ized problem (5), in this subsection we prove that the bound
for the suboptimal solution ﬁ obtained by Algorithm 1 is
in fact close to an optimal solution to (5), justifying the
theoretical findings of noisy £°-SSC and Noisy-DR-/°-SSC.

We further present the bound for the gap between B and 3%,
||§ — 3*||2, based on Theorem 5 in Yang and Yu [2019]. Let
9(B) = ||x;—X3||3 and B* be the globally optimal solution
to (5), S* = supp(8*), ﬁ be the suboptimal solution to (5)
obtained by PGD, S = supp(@). The following theorem
presents the bound for H,@ - B*|2-

Theorem 2.1. (Theorem 5 in Yang and Yu [2019]) Suppose
Xgus+ has full column rank with kg = opin (Xsus+) > 0
where S is the support of the initialization for PGD on
problem (5). Let x > 0 such that 2x2 > & and b is chosen
according to (21) as below:

N A
0 < b < min{min|3;|, dg ’
jes max; g |3T3j|g:E|
A
min |37, ) - @D
jes "7 Max;¢s- |ﬁ|525*



Let F = (S\ S*) U (S*\ S) be the symmetric difference
between S and S*, then

~ . 1 A ~
18 =A< g (D (max{0. 7 — slB; —b})*+

jEFNS

Z (max{0, % - lib})Q)%.

JEF\S

Remark 2.2. It is observed that the gap || 8- p* |2 is small
when %—H|B\j—b| forj € FNS and %—nb are small. Based
on this observgtion, Theorem 2.3 establishes the conditi/gns
under which 3 is also an optimal solution to (5), i.e. 8 =

B*.

Define  S* = supp(8*),  H* _
maxi<j<p dist(8, Hxg\(;,)» # = max{H" +
1B: — XB%l2.2x — XBl22lx — XB°[a),
ko = Urrlin(XSUs*) > 0 where S = supp(ﬁ(o))‘

The following theorem demonstrates that B = B*if \is
two-side bounded and Bpi, = min,, 3,20 | 3| is sufficiently
large. '

Theorem 2.3. (Conditions that the suboptimal solution by
PGD is also globally optimal) If

(22)
and

(23)

then B = B*.

Sketch of Proof. It can be verified that max{0, 3 — /<:|,§j -
b|} = 0 and max{0, 2 — kb} = 0 under the conditions (22)
and (23), therefore, 3 = 3* by applying Theorem 2.1. [

3 TIME COMPLEXITY OF NOISY ¢°-SSC,
NOISY-DR-/°-SSC-LR,
NOISY-DR-/°-SSC-CSP

The time complexity of running PGD by Algorithm 1 for
noisy £°-SSC is O(T'nd), where T is the maximum iteration
number. The time complexity of running Algorithm 1 for
Noisy-DR-/°-SSC-LR is comprised of two parts. The first
part is the time complexity of steps 1-3 with matrix multi-
plication and QR decomposition, which is O(dp? + pdn).
The second part is the time complexity of step 4, which is
O(Tnp). The overall time complexity of Noisy-DR-£°-SSC
is O(dp? + pdn + Tnp). In practice, p is much smaller than
min {d,n, T}, so Noisy-DR-/°-SSC-LR is more efficient

than noisy £°-SSC. Noisy-DR-/°-SSC-CSP is even more
efficient than both noisy ¢°-SSC and Noisy-DR-¢°-SSC,
whose time complexity is O(pdn + Tnp). This is because
the linear transformation P obtained by CSP does require
QR decomposition.

4 PROXIMAL GRADIENT DESCENT
(PGD) FOR NOISY (°-SSC

Algorithm 1 describes how to perform Noisy-DR-¢£°-SSC-
LR for data clustering. Note that Noisy-DR-/°-SSC per-
forms noisy #°-SSC on the dimensionality reduced data X.
Proximal Gradient Descent (PGD) is employed to optimize
the objective function of noisy /°-SSC for every data point
x;, which is desribed in Algorithm 1. In the k-th iteration of
PGD for problem (5), the variable 3 is updated according to

B =T (B — sVg(B1))),

where s is a positive step size, g(3) = ||x; — X313, Ty is
an element-wise hard thresholding operator:

0 : ‘11j| S 0
u; : otherwise

)l = {

1<j<n.

) — —

It is proved in Yang et al. [2017] that the sequence {3(*)}
generated by PGD converges to a critical point of (5).

Algorithm 1 Proximal Gradient Descent (PGD) for noisy
£9-SSC problem (5)

Input:
The initialization ,B(O) , step size s > 0, parameter A, maxi-
mum iteration number 7', stopping threshold e.
1: for1 <i<ndo
20 B = —svg(aY)
3 BY =Ta(B")
4: if|[L(BY) — L(B* V)| < ¢ then
5
6
7

break
end if
end for
Output: 3 which is the suboptimal solution to (5)

S ADDITIONAL EXPERIMENTAL
RESULTS

We present more results of Noisy-DR-/°-SSC-LR and
Noisy-DR-£°-SSC-CSP in Table 1 with different projec-
tion dimension p. Figure 1 show how the accuracy and NMI
varies with respect to A on the Extended Yale-B data set.

Figure 2a to Figure 2f illustrate SDP violation with respect
to A for different noise levels, justifying our theoretical
finding that a large )\ tends to preserve the subspace detec-
tion property for noisy £°-SSC, Noisy-DR-¢°-SSC-LR and
Noisy-DR-¢°-CSP.



Table 1: Clustering results on various data sets, with different values of p for the linear transformation P and the best two results in bold

Data Set | Measure | Noisy /°-SSC Noisy-DR-’-SSC-LR Noisy-DR-(’-SSC-CSP
P p=min{d,n}/5 | p=min{d,n}/10 | p =min{d,n}/15 | p=min{d,n}/5 | p = min{d,n}/10 | p = min{d,n}/15

COIL-20 AC 0.8472 0.8479 0.8479 0.8479 0.8486 0.8472 0.8472
NMI 0.9428 0.9433 0.9433 0.9433 0.9439 0.9428 0.9428

COIL-100 AC 0.7683 0.6992 0.7276 0.7043 0.5404 0.7046 0.7233
NMI 0.9182 0.8626 0.8919 0.8636 0.7819 0.8708 0.8726

Yale-B AC 0.8480 0.8219 0.8231 0.8289 0.8500 0.8318 0.8277
NMI 0.8612 0.8519 0.8527 0.8534 0.8538 0.8593 0.8594

Accuracy w.r.t. Aon the Extended Yale-B Data

NMI w.r.t. A on the Extended Yale-B Data

0.9 i 0.9 ‘
> - -0 o:?’ffc.;---o--e---o---‘g‘gk-o ] 4
] o
0.7 1 0.7 1
>
[8] r 4
9 L 4
3 0.5 1 S05 |
2 =z
£ L ]
L ] ++-B-** Noisy LO-SSC
0.3F 1 0.3 — == Noisy-DR-L0-SSC-LR
L ] 3 4 — =~ Noisy-DR-L0-SSC-CSP
—+4-KM
] H 1 —+-5C
0.1 0.1 —&-- SMCE
SSC-OMP
0.1 0.3 05 » 07 0.9 0.1 0.3 05 » 07 0.9 ~0- Noisy SSC
Figure 1: Accuracy (left) and NMI (right) with respect to different values of A on the Extended Yale-B data set
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Figure 2: The SDP violation rate with respect to A for noisy /°-SSC, Noisy-DR-£°-SSC and Noisy-DR-¢°-SSC-CSP. The
SDP violation rate for Noisy-DR-/°-SSC and that for Noisy-DR-/°-SSC-CSP are the same, so their curves overlap each
other.
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