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1 DAT ALGORITHM FRAMEWORK

Algorithm A1 Distributed adversarial training (DAT) for solving problem (??)

1: Initial 8, dataset D9 for each of M workers, and 7T iterations

2: for Iterationt = 1,2,...,7T do

3: for Workeri =1,2,..., M do > Worker
4: Draw a finite-size data batch B C DO

5 For each data sample x € B, call for an inner maximization oracle:

6t(i>(x) = arg max ¢(0:, d;x), (AD)

18] oo <e

where we omit the label or possible pseudo-label y of x for brevity

6: Computing local gradient of f; in (2?) with respect to 8 given perturbed samples:
g’ =) [Vol(0;%)] + E__ ) [Vood(0:;x + 8" (x))] (A2)
t t
7 (Optional) Call for gradient quantizer Q)(-) and transmit Q(g,@) to server
8: end for
9: Gradient aggregation at server: > Server
& =3y XL, Qe (A3)
10: (Optional) Call for gradient quantizer &; < Q(g:), and transmit g; to workers:
11: for Worker¢ =1,2,...,M do > Worker
12: Call for an outer minimization oracle A(-) to update 0:
0i11 = A(0:8:,m1), 7 is learning rate (A4)
13: end for
14: end for

Additional details on gradient quantization Let b denote the number of bits (b < 32), and thus there exists s = 2°
quantization levels. We specify the gradient quantization operation @Q(-) in Algorithm as the randomized quantizer
[Alistarh et al., 2017, |Yu et al., [2019]. Formally, the quantization operation at the ith coordinate of a vector g is given by
[[Alistarh et al., 2017

Q(g:) = llgll2 - sign(gs) - &i(gs, 8),  Vie{1,2,...,d}. (AS5)
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In (AS), &(gi, s) is a random number drawn as follows. Given |g;|/||g||2 € [I/s, (I + 1)/s] for some | € N* and 0 < [ < s,
we then have
l/s with probability 1 — (s|g; o —1

Silgis) = { ({+ 1)/s with orobability (s|gi(| /|\‘(|Jg‘\|/l‘g—”1), : (AS)
where |a| denotes the absolute value of a scalar a, and ||a||; denotes the ¢5 norm of a vector a. The rationale behind using
is that Q(g;) is an unbiased estimate of g;, namely, E¢, (4, )[@Q(9:)] = gi» with bounded variance. Moreover, we at
most need (32 + d + bd) bits to transmit the quantized Q)(g), where 32 bits for ||g]|2, 1 bit for sign of g; and b bits for
&i(g:, s), whereas it needs 32d bits for a single-precision g. Clearly, a small b saves the communication cost. We note that if
every worker performs as a server in DAT, then the quantization operation at Step 10 of Algorithm[AT]is no longer needed.
In this case, the communication network becomes fully connected. With synchronized communication, this is favored for
training DNNs under the All-reduce operation.

2 THEORETICAL RESULTS

In this section, we will quantify the convergence behaviour of the proposed DAT algorithm. First, we define the following
notations: '
®;(0,x) = ol $(0,67;x), and ®;(8) = E,cpe P;(0;x). (A7)
) || oo <e
We also define
ll(e) = EXED(i)l(O; X)a (AB)

where the label y of x is omitted for labeled data. Then, the objective function of problem (??) can be expressed in the
compact way

1 M
U(0) = 37 D_Ni(6) + 2i(6) (A9)

and the optimization problem is then given by ming ¥(8).

Therefore, it is clear that if a point 8* satisfies
Ve (67)] <&, (A10)

then we say 0™ is a £ approximate first-order stationary point (FOSP) of problem (??).

Prior to delving into the convergence analysis of DAT, we make the following assumptions.

2.1 ASSUMPTIONS

Al. Assume objective function has layer-wise Lipschitz continuous gradients with constant L; for each layer
[Vi®(8.;) — ViW(0 )| < Lil|6.; — 6 ,],Vi € [h]. (ALD)
where V,; U (6. ;) denotes the gradient w.r.t. the variables at the ith layer. Also, we assume that () is lower bounded, i.e.,

U* := ming ¥(6) > —oo and bounded gradient estimate, i.e., vgﬁ“ I <G

A2. Assume that ¢(8, ; x) is strongly concave with respect to d with parameter 1 and has the following gradient Lipschitz
continuity with constant L:
IVe(0,8:x) — Vo(0,8";x)|| < Lylld — &' (A12)

A3. Assume that the gradient estimate is unbiased and has bounded variance, i.e.,

EXGB“) [VQZ(O,X)] ZVQZ(O),Vi, (A13)

Exesn [Vo®(0;%)] =Vo®(8), Vi, (Al4)

where recall that B(") denotes a data batch used at worker i, Vgl(8) := ﬁzgl Voli(0) and Vo®(0) :=
& Zf\il Vo®;(0); and

Eeso | Vel(8;x) — Vol(0)|* < 0°,Vi (A15)

Vo®(8;x) — Vo®(0)|? < 02, Vi. (A16)

EXGB“)



Further, we define a component-wise bounded variance of the gradient estimate

EvesoI[Vol(8; %)k — [Vol(0)];k]* < 03y, Vi, (A7)
Ereso [[Vo®(0;x)]5x — [Vo®(0)]1l” < 07}, Vi, (A18)

J

where j denotes the index of the layer, and k denotes the index of entry at each layer. Under A3, we have
h d;
D et Dkl max{ajzk, Uﬁc} < o2

A4. Assume that the component wise compression error has bounded variance

E[(Q(g™(0)]x) — [87(0)];x)?] < 6%, Vi. (A19)

The assumption A4 is satisfied as the randomized quantization is used [Alistarh et al., 2017, Lemma 3.1].

2.2 ORACLE OF MAXIMIZATION

In practice, ®;(0;x), Vi may not be obtained, since the inner loop needs to iterate by the infinite number of iterations to
achieve the exact maximum point. Therefore, we allow some numerical error term resulted in the maximization step at (AI).
This consideration makes the convergence analysis more realistic.

First, we have the following criterion to measure the closeness of the approximate maximizer to the optimal one.

Definition 1. Under A2, if point §(x) satisfies

;1<12H1x” (6 —6%(x),Vsh(0,0"(x);x)) < ¢ (A20)

then, it is a € approximate solution to §*(x), where

0% (x) := argmax ¢(0, §; x). (A21)
< |lel

and x denotes the sampled data.

Condition (A20) is standard for defining approximate solutions of an optimization problem over a compact feasible set and
has been widely studied in [Wang et al., 2019} [Lu et al., 2020].

In the following, we can show that when the inner maximization problem is solved accurately enough, the gradients of
function ¢(8, §(x); x) at §(x) and §*(x) are also close. A similar claim of this fact has been shown in [Wang et al.,2019|
Lemma 2]. For completeness of the analysis, we provide the specific statement for our problem here and give the detailed
proof as well.

Lemma 1. Let E,Ek) be the (ue) /Li approximate solution of the inner maximization problem for worker k, i.e.,
maxgx) (0, 5(k); x¢), where x; denotes the sampled data at the tth iteration of DAT. Under A2, we have

HVg(b (Ht, 5£k) (x¢); Xt) — Vo (Gt, (5*)§k)(xt); xt> H2 <e. (A22)

Throughout the convergence analysis, we assume that 5t(k) (x¢), Vk, t are all the (ue)/ Li approximate solutions of the inner
maximization problem. Let us define

2

(966,81 (x0):x0)]is = [V6(01, (6 (xo)i il | = e (A23)

From Lemma we know that when 6t(k) (%) is a (pe)/ L7 approximate solution, then

2

d;
<e. (A24)

ho d;
DD =)
i=1 j=1

=17

[1V6(8:. 6" (x0)330) )1y = V(01 (81 (xo)i il

1



2.3 FORMAL STATEMENTS OF CONVERGENCE RATE GUARANTEES

In what follows, we provide the formal statement of convergence rate of DAT. In our analysis, we focus on the 1-sided
quantization, namely, Step 10 of Algorithm[AT]is omitted, and specify the outer minimization oracle by LAMB [You et al.|
2019], see Algorithm[A2] The addition and multiplication operations in LAMB are component-wise.

Theorem 1. Under AI-A4, suppose that {0.} is generated by DAT for a total number of T iterations, and let the problem
dimension at each layer be d; = d/h. Then the convergence rate of DAT is given by

(14 X)o?

V3 necuti]| Ly
MB '

2 K
)+ Sl + 20

T
1 Ay
= E|Ve¥(8,)|* < 2 A25
P Y BIVev O < T 42 (e (a25)

where Ay = E[U(01)] — ©*|, n; is the learning rate, k = ¢, /c;, ¢; and ¢, are constants used in LALR (??), x is an
o2,
error term with the (ih + j)th entry being \/(1;?35, Y4+ (5%—, e and £;; were given in (A24), L = [Ly,...,L;]7T,

C=1 %, 0 < By < 1is given in LAMB, B = min{|B®|,Vi}, and G is given in Al

Remark 1. When the batch size is large, i.e., B ~ VT, then the gradient estimate error will be O(o02/ VT ). Further, it
is worth noting that different from the convergence results of LAMB, there is a linear speedup of deceasing the gradient
estimate error in DAT with respect to M, i.e., O(c?/(M+/T)), which is the advantage of using multiple computing nodes.

Remark 2. Note that A4 implies E[(Q([g®)(8)]:;) — [g¥)(8)]:;]1%] < 2?21 ijl 67; := 2. From [Alistarh et al., 2017,

Lemma 3.1], we know that §2 < min{d/s?, /d/s}G?. Recall that s = 2°, where b is the number of quantization bits.

Therefore, with a proper choice of the parameters, we can have the following convergence result that has been shown in
Theorem ??.

Corollary 1. Under the same conditions of Theoreml(l] if we choose

ne~O(/VT), e~0(E), (A26)
we then have
T
1 Ay (1+X)o?  curl|/L|1 o .| d Vd
— Y E||Ve¥(6,)]? < + + +0 € —, —— . A27
T; Ve (6:)|l = CVT VB YN 3 T min | -7, (A27)

In summary, when the batch size is large enough, DAT converges to a first-order stationary point of problem (??) and there
is a linear speed-up in terms of M with respect to 2. Next, we provide the details of the proof.

3 PROOF DETAILS

3.1 PRELIMINARIES

In the proof, we use the following inequality and notations.
1. Young’s inequality with parameter € is
1 €
(6 y) < oIl + Sy I, (A28)
where x,y are two vectors.
2. Define the historical trajectory of the iterates as F; = {0;_1,...,01}.

3. We denote vector [x|; as the parameters at the ith layer of the neural net and [x];; represents the jth entry of the parameter
at the ith layer.

4. We define

M M
1 Z i 1 i
8= 77 i—1 Ex,e80 ()\Vl(et§xt) + Vb (8:, 0. (x1); Xt)) = ?_1: g, (A29)



3.2 DETAILS OF LAMB ALGORITHM

Algorithm A2 LAMB [You et al.,|[2019]

Input: learning rate 7, 0 < (1, f2 < 1, scaling function 7(-), ¢ > 0
fort=1,...do
m; = fymy;_1 + (1 — B1)&:, where g, is given by
vi = Bovim1 + (1= B2)g7
m; =m;/(1 - p)
v =vi/(1-B5)
Compute ratio u; = ﬁ
end for
Update

me([164i)

[[az,q]

0111, =0;,;— Uy ;. (A30)

3.3 PROOF OF LEMMA

Proof. From A2, we have

st (et, 8 (x,); xt> Vo (et, ()% (x,); xt)

| < Lol (x0) — (69 ()l (A31)

Also, we know that function ¢ (8, 8, x) is strongly concave with respect to d, so we have

165 (er) — (7)1 ()|
< (Vs0(61, (57)1 (x1)ix2) = V(01,81 ()i 1), 8 (xe) = (8" (1)) . (A32)

Next, we have two conditions about the qualities of solutions 5t(i) (x¢) and (& *)ﬁ“ (x¢). First, we know that 6,@ (x¢) is a-¢

approximate solution to (5*),@ (x¢), so we have
<(5*)§i)(xt) — 6 (x4), V0(8;,8,” (Xt);xt)> <e. (A33)
Second, since (6*)@ (x;) is the optimal solution, it satisfies
(67 (xe) = (8" (x0), V5(81, (81 (xe)sx0) ) < 0. (A34)
Adding them together, we can obtain
(817 6x0) = (817 (x0). V5001 (87)(7 (xe): x0) = V(00,8 (x0)ix2) ) < . (A35)

Substituting (A35)) into (A32)), we can get

ul[68 (x0) — (6% (x)|1? < e. (A36)

Combining (A31), we have

2

V661,67 (x)ixe) = V(6,677 (xa)ixe) | < L2 (A37)

=
"



3.4 DESCENT OF QUANTIZED LAMB

First, we provide the following lemma as a stepping stone for the subsequent analysis.

Lemma 2. Under AI-A3, suppose that sequence {0} is generated by DAT. Then, we have

E|V¥ 2 1 2
_E[V¥O)* 0 +N”

E[—(VU¥(6,), )] < 5 MB

Proof. From (AZ]), and A2, we know that

SO we can get

Then, we have

where

and

Vo®i(8,x) = Voo(8, () (x); %),

M
1
VoU(6) =4 > AVeli(6) + Vo®;(0)
=1

M
=A\Vol(0) + % ZEXGD(Uved)(av (5*)@ (x); %)

:=g(0). .

E(VY(0;),8:) =E(V¥(0:),8:) + E(VY(0;),8: — 8t)
=Er,Ex, |7 (VV(0:),8:) + E(VY(0;), 8 — &)
EHV‘I’(at)HQ +E(VU(0;), 8t — &)
=E[|VU(6,)]* + E(VU(6,), 8 — g;) +E(V¥(6;),8; — &)

M
1 i
& =17 ;Ex@m (AVLO1,x0) + Vo081, (6) (x0)i x1) ) = AVU(B,) + VE(B),

M

ZExtEB(i> (AVl(eu xt) + Voo (B, (6*)1" (x2); Xt)) :

i=1

1

8t ::M

(A38)

(A39)

(A40)

(A41)

(A42)

(A43)
(A44)

(A45)
(A46)

(A47)

(A48)

Next, we can quantify the different between g; and g; by gradient Lipschitz continuity of function 7(+) as the following

@ 1 & A ,
Ellg: — g1 < 17 > ErExiz [[Vo(0r, (679 (x0)ix1) — Va(6:, 09 (xe)ix)|?| "<
=1

(A24)

where in (a) we use Jensen’s inequality.

And the difference between g; and g; can be upper bounded by

2

M
1 )
Ellg: — gil” =Er, || 17 D Exi/7 Vod(0:, (67 (x:);xt) — Voo (6)

i=1

2

M
1
+AEF, || 57 > B, 7 VIO %) — VI(6y)

i=1

A_g(l + )\)0'2
 MB

(A49)

(A50)

(AS1)



Applying Young’s inequality with parameter 2, we have

E|[|V¥(6,)|? _ X *
Bl (V0 (6), )] <~ BIve @) + SO | myg, g7 1 Bl - g
@ EjveE) (4N
< -
< 5 +e+ VB

3.5 PROOF OF THEOREM

Proof. We set 1 = 0 in LAMB for simplicity. From gradient Lipschitz continuity, we have

" h h g,
U(0r41) <V(6;) + Z<[V9‘I’(9t)]u 011 —0u3) + ) 3||9t+1,z' -
1= =1
(a) h & [u nic2
<W(0;) — ZZ (116:.:1) <v\p(0t i “J> :
=R

where in (a) we use (A30), and the upper bound of 7(||6, ;| ).

Next, we split term R as two parts by leveraging sign([V¥(6;)];;) and sign([u,];;) as follows.

h d;
I 0] ﬁ ]”” 1 (sign((V(6,)];7) = sign([wi];;))
iy [u,]
) ZT 160 DT H(60 ) 2% 1 Gign([T9(00)L) # senlurly)
d;
(s)—mclzzw/ S VWOl (ien((VIP(O)],) = sien([g)

) BRI e (V8 sien((ui))

Y e ZZ szﬁ VU (0,)]:;1&):;
— N Z Z (1164, (0¢)]:; |[| ]zJ” 1 (sign([V¥(60;)];;) # sign([uli;)) -

where in (@) we use the fact that ||uy ;|| < 4/ 1?52

(b) we add

—mC ZZ \/ ng V\I] 0t za gt ij (Slgn([v\lf(et)]”) # Slgn([gt}m))

i=1 j=1

(A52)

(AS3)

(A54)

(AS5)

(A56)

(AS57)

(A58)

(A59)



Taking expectation on both sides of (A58)), we have the following:

] < —mcry/ GQdBQ ZZE ([VW(6:)]ij(8t)i;

i=1 j=1

h d;
e Y Y E([VE(6,)]i;1 (sign([V¥(0:)]i;) # sign([ugli;))] - (A60)

i=1 j=1

=V

Next, we will get the upper bounds of U and V separably as follows. First, we write the inner product between [V (0)];;
and [g;];; more compactly,

h
<= " S EAVHO (a6D)
< —may/ GQdﬂ2 ZE (IVU(0:)li; [81)i — [gt)i + [gt)i) (A62)

h
< —mna % (E (V¥(0),g:) + ZE (IVU(0,)]:, [&)i — [gt}ﬁ) : (A63)

Applying Lemma[2] we can get

(A3 2
? — meryf GQdﬂz SEVE(0,)? + mcr (szﬁ 2) <6+ %)
h(l —
e[ ZE (VO] )~ [zl (A64)

@ h(l — 14+ \)o?
< — (GQdﬁQ) “E|V¥(6,)] + nicy % <€+ (]\/[B)J)

niCl B2 2 [h 2
\/Z]EHV\I’ 0| + cne GQd EHgt gl (A65)

(b) ntcl ( 62) EHV‘I](at)H2+77tcl h(l ﬂ? <E+ (1+)‘) )

= 4\ Gxd G2d MB
(1 —
+ i %52 (A66)

where we use the in (a) we use Young’s inequality (with parameter 2), and in (b) we have

2

1 M (3) A4
Elg — g’ =E M;Q(gt ) < 62 (A67)
Second, we give the upper of V:
V <iew Y Y [VU(0:)]i; P (sign([VE(6:)];5) # sign((84i;)) (A68)
i=1 j=1

=W

where the upper bound of W can be quantified by using Markov’s inequality followed by Jensen’s inequality as the



following:

W =P (sign([V¥(0,)];;) # sign([&:];))
P[|[VY(0:)lij — [&tlis] > [VP(0:)]is]
E[[VU(6:)]ij — [&¢])]

T V(6]
VEIVE(0,)]i; — [8i]i)°]
- [V(0:)]i;]

\/E[([gt]ij —lgflij + 18] — [&dij + [&elij —

[8¢)i)?]

[[V¥(6:)]i;]

(1+X)o?
(a) \/ I ‘] + z]+6

=V R e,

where (a) is true due to the following relations: i) from (A51)), we have

2
El(aly — 7)) < %,
ii) from (A49), we can get
El(lgdij — [871i7)%] < eiss
and iii) from (A67), we know

E[([&)i; — [gt)i)*] < 635

Therefore, combining (A53)) with the upper bound of U shown in (A66) and V shown in (A68)(A73), we have

BW(0,.) <EW(0)] — mery) "y P EITR @O + ey ) (H !
w1+ Mo
+ e (G2d )62+mcu\fzz * “ +eij + 6% +

=1 j=1

Note that the error vector x is defined as the following

1+\)o? T
VG ey + 87

(1+>\)0id
F 2
_\/ B -t Ehdi + g, |

and we have
Ly

L=|:|€eR"
Ly,

Recall
Cy

Cl.

(1+X)o;
X = \/ MIB| +e ”er ERd,

(A69)

(A70)

(AT1)

(A72)

(A73)

(A74)

(A75)

(A76)

(AT7)

(A78)

(A79)

(A80)



Rearranging the terms, we can arrive at

h(1—p2)1 2y _E[¥(6:)] — E[¥(0:11)] 2 (1+A)o?
- N < 4 2
arq 1 UVEO)I) < e +4C8% 20 (e + 1
—_———
=C
wk|| L
Applying the telescoping sum over ¢t = 1,..., T, we have
T
1 o _E[¥(01)] —E[¥(0r41)] (1+M)o? 2
t=1
KV3 nicufil| Ll
— —_—. A82
+ 22 el + 2 (A82)
O

4 ADDITIONAL EXPERIMENTS

4.1 TRAINING DETAILS

ImageNet AT and Fast AT experiments are conducted at a single computing node with dual 22-core CPU, 512GB RAM
and 6 Nvidia V100 GPUs. The training epoch is 30 by calling for the momentum SGD optimizer. The weight decay and
momentum parameters are set to 0.0001 and 0.9. The initial learning rate is set to 0.1 (tuned over {0.01,0.05,0.1,0.2}),
which is decayed by x1/10 at the training epoch 20, 25, 28, respectively.

ImageNet DAT experiments are conducted at {1, 3, 6} computing nodes with dual 22-core CPU, 512GB RAM and 6 Nvidia
V100 GPUs. The training epoch is 30 by calling for the LAMB optimizer. The weight decay is set to 0.0001. 5, and 35 are
set to 0.9 and 0.999. The initial learning rate 7, is tuned over {0.01, 0.05, 0.1, 0.2, 0.4}, which is decayed by x1/10 at the
training epoch 20, 25, 28, respectively. To execute algorithms with the initial learning rate n; greater than 0.2, we choose the
model weights after 5-epoch warm-up as its initialization for DAT, where each warm-up epoch & uses the linearly increased
learning rate (k/5)n;.

4.2 ADDITIONAL RESULTS

Discussion on cyclic learning rate. It was shown in [Wong et al.l [2020]] that the use of a cyclic learning rate (CLR)
trick can further accelerate the Fast AT algorithm in the small-batch setting [Wong et al.,[2020]. In Figure[AT] we present
the performance of Fast AT with CLR versus batch sizes. We observe that when CLR meets the large-batch setting, it
becomes significantly worse than its performance in the small-batch setting. The reason is that CLR requires a certain
number of iterations to proceed with the cyclic schedule. However, the use of large data batch only results in a small amount
of iterations by fixing the number of epochs.

Additional details on HPC setups. To further reduce communication cost, we also conduct DAT at a HPC cluster. The
computing nodes of the cluster are connected with InfiniBand (IB) and PCle Gen4 switch. To compare with results in
Table ??, we use 6 of 57 nodes of the cluster. Each node has 6 Nvidia V100s which are interconnected with NVLink. We use
Nvida NCCL as communication backend. In Table ??, we have presented the performance of DAT for ImageNet, ResNet-50
with use of HPC compared to standard (non-HPC) distributed system.
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