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Abstract

Deep neural network (DNN) usually learns the target function from low to high frequency, which is
called frequency principle or spectral bias. This frequency principle sheds light on a high-frequency
curse of DNNs — difficult to learn high-frequency information. Inspired by the frequency principle,
a series of works are devoted to develop algorithms for overcoming the high-frequency curse. A
natural question arises: what is the upper limit of the decaying rate w.r.t. frequency when one
trains a DNN? In this work, we abstract a paradigm for modeling and analysis of algorithm suitable
for supervised learning problems from the sufficiently wide two-layer neural network, i.e., linear
frequency principle (LFP) model. Our theory confirms that there is a critical decaying rate w.r.t.
frequency in LFP model. It is precisely because of the existence of this limit that a sufficiently wide
DNN interpolates the training data by a function with a certain regularity. However, if the decay
rate of an algrithm in our paradigm is above such upper limit, then this algorithm interpolates the
training data by a trivial function, i.e., a function is only non-zero at training data points. This work
rigorously proves that the high-frequency curse is an intrinsic difficulty of the LFP model, which
provides similar insight to DNN.

Keywords: Deep neural network, frequency principle, upper limit bound

1. Introduction

The study of generalization in deep learning attracts much attention in recent years due to the con-
tradiction to the traditional wisdom (Breiman, 1995; Zhang et al., 2017), that is, over-parameterized
DNNs often generalize well in real dataset. Recently, a series of works have demonstrated a fre-
quency principle (F-Principle), an implicit bias in Fourier domain, that is, a DNN tends to learn a
target function from low to high frequencies during the training (Xu et al., 2019, 2020; Rahaman
et al., 2019). Xu (2018); Xu et al. (2020) propose that the low-frequency bias is due to that a
function with a certain regularity decays w.r.t. frequency in the Fourier domain with a certain rate.
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This mechanism is further confirmed by a series of theoretical works (Luo et al., 2019; Zhang et al.,
2019; Luo et al., 2020; Cao et al., 2019; Yang and Salman, 2019; Ronen et al., 2019; Bordelon et al.,
2020; E et al., 2020). The frequency principle implies a rational that DNNs generalize well for real
datasets, which are often low-frequency dominant (Xu et al., 2020). Meanwhile, such low-frequency
bias also suggests a high-frequency curse, i.e., DNNs are difficult to learn high-frequency informa-
tion. To overcome the high-frequency curse, various approaches are proposed (Xu et al., 2020;
Jagtap et al., 2020; Biland et al., 2019; Cai et al., 2020; Peng et al., 2020; Cai and Xu, 2019; Liu
et al., 2020; Li et al., 2020; Wang et al., 2020; Tancik et al., 2020; Mildenhall et al., 2020; Agarwal
et al., 2020; Campo et al., 2020; Jiang et al., 2020; Xi et al., 2020).

A natural question is that what is the upper limit of the decaying rate w.r.t. frequency in DNN.
The decaying rate means the decaying speed of the Fourier coefficient of the difference of the
neural network function and the target function with respect to the frequency. Such an upper limit
characterizes the boundary of the frequency bias, providing a better understanding of the implicit
bias of DNNs in Fourier domain. In addition, it also provides a guidance for algorithm design of
DNNs which could be more efficient in capturing high-frequency information. In this work, we
use Linear Frequency Principle (LFP) (Luo et al., 2020) dynamics to model the dynamical behavior
of a sufficiently wide two-layer neural network in the linear regime Jacot et al. (2018), and prove
that there is a critical decaying rate w.r.t. frequency in LFP model. It is precisely because of the
existence of this limit that the LFP model interpolates the training data by a function with a certain
regularity. However, if the decay rate of an algrithm in our paradigm is above such upper limit, then
this algorithm interpolates the training data by a trivial function, i.e., a function is only non-zero at
training data points.

Theoretical works have estimated the decaying rate w.r.t. frequency follows a power law for
DNNs with a certain regularity activation function in the gradient descent training (Luo et al., 2019;
Zhang et al., 2019; Luo et al., 2020; Cao et al., 2019; Ronen et al., 2019; Bordelon et al., 2020).
The long-time limit solution of such gradient descent training is proved to be equivalent to solving a
Fourier-domain variational problem (Zhang et al., 2019; Luo et al., 2020). Inspired by above works
about the F-Principle, in this paper, we propose a general Fourier-domain variational formulation
for supervised learning problem, including DNNs in linear regime, and study its well-posedness.
In continuum modelling, it is often difficult to impose the constraint of given values on isolated
data points in a function space without sufficient regularity, e.g., a LP space. We circumvent this
difficulty by regarding the Fourier-domain variation as the primal problem and the constraint of
isolated data points is imposed through a linear operator. Under a necessary and sufficient condition
within our unified framework, we establish the well-posedness of the Fourier-domain variational
problem. We show that the well-posedness depends on a critical exponent, which equals to the data
dimension. This is a stark difference compared with a traditional partial differential equation (PDE)
problem. For example, in a boundary value problem of any PDE in a d-dimensional domain, the
boundary data should be prescribed on the (d — 1)-dimensional boundary of the domain, where the
dimension d plays an important role. However, in a well-posed supervised learning problem, the
constraint is always on isolated points, which are 0-dimensional independent of d, while the model
has to satisfy a well-posedness condition depending on the dimension. In practice, common DNNs
in linear regime is a convenient way to implement our formulation. Therefore, the convergence rate
of high-frequency has a upper limit. An algorithm with too fast high-frequency learning would lead
to a learned function only non-zero at training data points. Such understanding of the upper limit
of decaying rate indicates a better way to overcome the high-frequency curse is to design a proper
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pre-condition approach to shift high-frequency information to low-frequency one, which coincides
with several previous developed algorithms for fast learning high-frequency information (Cai et al.,
2020; Cai and Xu, 2019; Liu et al., 2020; Li et al., 2020; Wang et al., 2020; Tancik et al., 2020;
Mildenhall et al., 2020; Agarwal et al., 2020).

The rest of the paper is organized as follows. Section 2 shows some related work. In section 4,
we propose a Fourier-domain variational formulation for supervised learning problems. The neces-
sary and sufficient condition for the well-posedness of our model is presented in section 5. Section 6
is devoted to the numerical demonstration in which we solve the Fourier-domain variational problem
using band-limited functions. Finally, we present a short conclusion and discussion in section 7.

2. Related Works

It has been an important approach to study machine learning from the perspective of implicit bias
(Neyshabur et al., 2014), such as the implicit bias of training algorithms (Gunasekar et al., 2018a;
Soudry et al., 2018), dropout (Mianjy et al., 2018), linear network (Gunasekar et al., 2018b) and
DNNs under different initializations (Luo et al., 2021).

The low-frequency implicit bias is named as frequency principle (F-Principle) (Xu et al., 2019,
2020) or spectral bias (Rahaman et al., 2019) and can be robustly observed no matter how over-
parameterized NNs are. Xu (2018); Xu et al. (2020) propose a key mechanism of the F-Principle
that the regularity of the activation function converts into the decay rate of a loss function in the
frequency domain. Theoretical studies subsequently show that the F-Principle holds in general set-
ting with infinite samples (Luo et al., 2019) and in the regime of wide NNs (Neural Tangent Kernel
(NTK) regime (Jacot et al., 2018)) with finite samples (Zhang et al., 2019; Luo et al., 2020) or
samples distributed uniformly on sphere (Cao et al., 2019; Yang and Salman, 2019; Ronen et al.,
2019; Bordelon et al., 2020). E et al. (2020) show that the integral equation would naturally leads to
the F-Principle. In addition to characterizing the training speed of DNNs, the F-Principle also im-
plicates that DNNs prefer low-frequency function and generalize well for low-frequency functions
(Xu et al., 2020; Zhang et al., 2019; Luo et al., 2020).

3. Notations

In the following, we consider the regression problem of fitting a target function f* € C.(R%).
Clearly, f* € L?(R?). Specifically, we use a sufficiently wide two-layer DNN, h(zx, 8(t)) with a
parameter set 6(t) which varies with the training time ¢, to fit the training dataset {(z;, y;)}-; of n
sample points, where x; € R?, y; = f*(a;) for each i. For the convenience of notation, we denote
X = (ml,...,mn)T, Y = (yl,...,yn)T.

It has been shown in Jacot et al. (2018); Lee et al. (2019) that, if the number of neurons in each
hidden layer is sufficiently large, then ||@(t) — 8(0)|| < 1 for any ¢ > 0. In such cases, h(x, 0(t))
can be approximated up to the first order in the Taylor expansion at 6(0), which means the the
following function

hlin($> 0) = h(wv 00) + Vgh (ma 00) : (0 - 00)7 (D

is a very good approximation of DNN output h(x,6(t)) with 8(0) = 6y. Note that, we have
the following requirement for h which is easily satisfied for common DNNs: for the gradient in
equation (1), we require that for any 8 € R, there exists a weak derivative of h(-, ) with respect
to @ satisfying Vgh(-,0g) € L*(R?).
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A two-layer neural network is
m
h(z,0(t) = ajo(w;- o +by), (2)
j=1

where o is the activation function, wj; is the input weight, a; is the output weight, b; is the bias
term.

In this work, for any function g defined on R?, we use the following convention of the Fourier
transform and its inverse:

Flal(€) = /Rdg(a:)e‘z’“g“‘c dz, g(z)= 5 Flgl(€)e>™=€ g,

4. Fourier-domain Variational Problem for Supervised Learning

To study the decaying rate limit w.r.t. frequency in DNN training, we propose a Fourier-domain
variational problem for supervised learning, in which frequency bias can be imposed by weight
term (£)“ in equation (4). To show the motivation and the rationality of the variational problem, we
first introduce a linear frequency principle.

4.1. Motivation: Linear Frequency Principle

In the large width limit, it is reasonable (Jacot et al., 2018; Lee et al., 2019) to assume a linear
condition, i.e., h(x,0) = hy,(x, @). Based on the linear condition, Zhang et al. (2019); Luo et al.
(2020) derived a Linear F-Principle (LFP) dynamics to effectively study the training dynamics of a
two-layer NN with the mean square loss in the large width limit. Up to a multiplicative constant in
the time scale, the gradient descent dynamics of a sufficiently wide two-layer NN is approximated
by

OFul(€,1) = — (4(€))*Flu,) (&), 3)

where u(z, t) = h(z,0(t)) — f*(z), up(z, t) = u(z, t)p(z), p(x) = L 3 | 6(x — x;), account-
ing for the real case of a finite training dataset {(x;,y;)}";, and y(&§) depends on the initialization

and frequency. For ReLLU activation function,

0)3 0)2r(0
(7(5»2 = Ea0),r(0) 167TZ(H£)H¢1+3 + 462(2 )‘J’E#r)l )

where 7(0) = |w(0)| and the two-layer NN parameters at initial a(0) and w(0) are random variables
with certain given distribution. The reason why there are 1/(|€||“*! and 1/||&||%*3 is explained with
example d = 1 as follows. In the gradient flow, the gradient of h(x,0) w.r.t. a; leaves a ReLU
function, which decays in 1/|¢|?, and the gradient of h(x, 8) w.r.t. w; leaves a Heaviside function,
which decays in 1/|¢|. Due to the chain rule, when we considering the evolution of the function,
there will be square of gradients, thus, there are 1/|€||? and 1//&||*.

The dynamics in equation (3) shows the low frequency components converges faster than high
frequency components. The RHS is only affected by the training data due to the sample distribution,
that is, this dynamics stops evolution only when the error on training data is zero. However, the LHS
contains the Fourier transform of the whole fitting function. Therefore, the fitting function beyond
the training data can be inferred. The number of functions that satisfy the constraints on training
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data is infinite. It can be proved that the faster convergence of low-frequency components leads
to that the model prefers to select a function with large low-frequency coefficients. Zhang et al.
(2019); Luo et al. (2020) rigorously deduced the solution of the LFP model (3) is equivalent to that
of the following optimization problem in a proper hypothesis space F,,

win [ (@) HFNE) - Flhun(€) e,
h—hini€Fy JRd

subject to constraints h(x;) = y; fori = 1,...,n. Here, hini = h(x, 0(0)) is the original output of
DNN. The weight (7(&))~2 grows as the frequency £ increases, which means that a large penalty is
imposed on the high frequency part of h(x) — hiyi(x). Based on such analysis, h(x) — hiyi(x) is a
low-frequency function (which is a function whose Fourier transform has large value only near the
origin). But if hjn;(z) is not 0, h(z) may be not a low-frequency function. In most cases, the target
function in the real world is a low-frequency function. Thus, the low-frequency function is usually
more likely to have good generalization in real data set. Therefore, a random non-zero initial output
of DNN leads to a specific type of generalization error. To eliminate this error, we use DNNs with
an antisymmetrical initialization (ASI) trick (Zhang et al., 2020), which guarantees hini(x) = 0.
Then the final output h(x) is dominated by low frequency, and the DNN model possesses a good
generalization.

4.2. Fourier-domain Variational Formulation

Inspired by the variational formulation of LFP model, we propose a new continuum model for the
supervised learning, which includes DNNs with gradient flow learning. In the minimization problem
proposed above, for large ||£||, the main component of the weight term is ||€||*!. Therefore, after
ignoring the constant and low-order term, we can use (€)' to replace this weight item, where
& =1+ HEHQ)% is the “Japanese bracket” of £&. We use this form to connect our variational
problem with Sobolev space, which is convenient for us to carry out theoretical analysis.

Further, we can replace the index d 4+ 1 by a more general constant « to be determined later.
Thus we obtain the following variational problem:

min Qult] = [ (61" IFIR(O) de. @
st. h(x) =y, i=1,---,n, 5)

where % = {h(z)| [pa (€)™ | F[h] (£)]? d¢ < oo}. According to the equivalent theorem in Luo et al.
(2020), —« is the decaying rate w.r.t. frequency in the gradient flow dynamics in (4). In this work,
we study how the property of the solution in the variational problem depends on a.

The solution of the variational problem is assumed to be not less-regular than L? functions.
But in the spatial domain, the evaluation on n known data points is meaningless in the sence of L?
function since an L? function is defined upto a Lebesgue zero measure set. To overcome this, we
consider the problem in the frequency domain and define a linear operator Px : L'(R?)NL?(R%) —
R™ for the given sample set X to transform the original constraints into the ones in the Fourier
domain: Px ¢* = Y. More precisely, we define for ¢ € L'(R?) N L?(R%)

. . T
Px¢ = ( /]R [ OE)emmET g /R L O(E)ermEm ds) : (©)

5
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The admissible function class reads as
Axy = {¢ € L'RYH N L*RY) | Pxd=Y}.

Notice that [| F~1[¢]]| ;¢ = (Jpa(€)*[6(&)[* dE) 2 is a Sobolev norm, which characterizes the
regularity of the final output function h(x ) = F~1[¢](x). The larger the exponent « is, the better
the regularity becomes. For example, when d = 1 and o = 2, by Parseval’s theorem,

1
lully: = [ A+ IERIFLAOP A = [ o+ 1Vu da.

Accordingly, the Fourier-domain variational problem reads as a standard variational problem in
spatial domain. This is true for any quadratic Fourier-domain variational problem, but of course our
Fourier-domain variational formulation is not necessarily being quadratic. The details for general
cases (non-quadratic ones) are left to future work. For the quadratic setting with exponent «, i.e.,
Problem (4), it is roughly equivalent to the following spatial-domain variational problem:

min/ (u? + |V2ul?) dz
R4

This is clear for integer «v/2, while fractional derivatives are required for non-integer /2.
Back to our problem, after the above transformation, our goal is transformed into studying the
following Fourier-domain variational problem,

Problem 1 Find a minimizer ¢* in Ax y such that
* : —1 2 «. 7
¢ € arg¢>emm, 19 [¢]||H2 N

We should point out that this variational problem is a paradigm for supervised learning prob-
lems, and a two-layer infinitely wide neural network corresponds to the special case of taking
= d + 1. And not all « can be obtained by the neural network with commonly-used activa-
tion functions. However, by analogy, we believe that the infinitely wide multi-layer neural network
in NTK regime also belongs to the paradigm we proposed and corresponds the case « > d.

We remark that the operator Px is the inverse Fourier transform with evaluations on sample
points X . Actually, the linear operator Px projects a function defined on R to a function defined
on 0-dimensional manifold X. Just like the (linear) trace operator 7" in a Sobolev space projects a
function defined on d-dimensional manifold into a function defined on (d — 1)-dimensional bound-
ary manifold. Note that the only function space over the O-dimensional manifold X is the n-
dimensional vector space R", where n is the number of data points, while any Sobolev (or Besov)
space over d-dimensional manifold (d > 1) is an infinite dimensional vector space.

5. The Critical Decaying Rate

In this section, we consider a critical exponent for «, which leads to the existence/non-existence
dichotomy to Problem 1. We first prove that there is no solution to the Problem 1 in subcritical case
a < d, and for o > d the optimal function is a continuous and nontrivial solution (See proof in
Appendix.). Therefore, we conclude that to obtain a non-trivial interpolation among training data
for supervised learning, such as DNN fitting, the decaying rate of high-frequency information can
not be too fast, i.e., there exists a upper limit of the decaying rate w.r.t. frequency.
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5.1. Subcritical Case: o < d

In order to prove the nonexistence of the solution to the Problem 1 in o < d case, at first we need to

find a class of functions that make the norm tend to zero. Let 1), (&) = (271)%0%_2”2”2”5 I* | then
B
by direct calculation, we have F~1[¢),](z) = e 202 . For a < d the following proposition shows

that the norm ||F~1[¢),] ||]2LI% can be sufficiently small as o — 0.

Proposition 1 (critical exponent) For any input dimension d, we have

0, a<d,

: —1 2 _

3_%”’7 [wd]HH% - Cd7 a = d7 (8)
oo, «>d.

Here the constant Cy = %(d — 1)!(277)_6113&7‘1//22) only depends on the dimension d.

Remark 1 The function F~'[¢)] can be any function in the Schwartz space, not necessarily Gaus-
sian. Proposition 1 still holds with (possibly) different C.

For every small o, we can use n rapidly decreasing functions F~1[¢),](x — ;) to construct the
solution F~![¢,](x) of the supervised learning problem. However, according to Proposition 1,
when the parameter ¢ tends to 0, the limit is the zero function in the sense of L?(R?). Therefore we
have the following theorem:

Theorem 1 (non-existence) Suppose that’Y # 0. For o < d, there is no function ¢* € Axy
satisfying
*carg min [|[F ]| .
o cars min |F (ol

In other words, there is no solution to the Problem 1.

5.2. Supercritical Case: o > d

We then provide a theorem to establish the existence of the minimizer for Problem 1 in the case of
a > d.

Theorem 2 (existence) For a > d, there exists ¢* € Ax y satisfying
* : —1 2
€ arg min [|F a.
& g min |70l
In other words, there exists a solution to the Problem 1.

Remark 2 Note that, according to the Sobolev embedding theorem (Adams and Fournier, 2003;
Evans, 1999), the minimizer in Theorem 2 has smoothness index no less than [O‘%]

6. Numerical Results

In this section, we illustrate our results by solving Fourier-domain variational problems numerically.
We use uniform mesh in frequency domain with mesh size A¢ and band limit M A€. In this discrete
setting, the considered space becomes RCM)? we emphasize that the numerical solution with this
setup always exists even for the subcritical case which corresponds to the non-existence theorem.
However, as we will show later, the numerical solution is trivial in nature when o < d.
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6.1. Special Case: One Data Point in One Dimension

To simplify the problem, we start with a single point X = 0 € Z with the label Y = 2. Denote
¢j = ¢(&;) for j € Z. We also assume that the function ¢ is an even function. Then according to
the definition of Px, we have the following problem:

Example 1 (Problem 1 with a particular discretization)

M
min (1+ j2A8%)% \(Z)J\ , )
¢eRMFl
M
s.t. Z@-Ag =1, (10)
j=1

If we denote ¢ = (p1,02,...,00)7, b = AL? A=(1,1,...,1) € RM and T € RM where
Ty = VA1 +2A2)5,i=1,2,--- | M.

In fact this is a standard Tikhonov regularization (Tikhonov and Arsenin, 1977), also known
as ridge regression problem with the Lagrange multiplier A\. The corresponding ridge regression

problem is,
min||A¢ — b3 + [T, (1)

This problem admits an explicit and unique solution (Tikhonov and Arsenin, 1977),
¢=(ATA+TTT) tATh. (12)

By using the inverse discrete Fourier transform, we obtain the final output function in x space:
h(zx) = Z2 sy ]Zl (1+ j2A%) ™2 cos(2mjz). (13)

Fig. 1 shows that for this special case with a large M, h(x) is not an trivial function in o > d
case and degenerates to a trivial function in o < d case.

6.2. General Case: n Points in d Dimension

Assume that we have n data points &1, s, ..., 2z, € R? and each data point has d components
which means ; = (2;1,%2,...,%;q)", and denote the corresponding label as (y1,y2, ..., Yn)'.
For the sake of simplicity, we denote the vector (j1,j2,- - ,jq)T by Jj,..j,- Then our problem
becomes

Example 2 (Problem 1 with general discretization)

M
o 2
nglblf)d Z (1 =+ ||Jj1~~-jd”2A§2)2 ’¢jl-~~jd’ ’ (14)
¢€R .7 N 7]d__M
M
s.t. Z Giin® AT g™ — oy K =1,2.....d (15)
Jisensja=—M
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2.01

1.54

1.0

h(x)

0.5 1

— o=0.5

0.0

05 1.0

Figure 1: Fitting the function h(x) shown in equation (13) with different exponent ’s. Here we
take M = 105, A¢ = 0.01, A = 1 and different v and observe that h(z) is not an trivial function in
a > d case and degenerates to a trivial function in o < d case.

1.2
1.01
0.8 1
—~ 0.6
s
< 0.4
0.2
— M=5 — M=1000
0.0 1 — M=10 % data point
— M=100
-0.2 . : .
-1.0 -0.5 0.0 0.5
X

(a) 2 points in 1 dimension

1.0

h(x)

1.2
1.0
0.81
0.6 1
0.44
0.2
— M=3 — M=100

0.0 — M=10 % data point
— M=25

-0.2 T " .
-1.0 -0.5 0.0 0.5 1.0

X

(b) 20 points in 2 dimension

Figure 2: Fitting data points in different dimensions with different band limit M. We use a proper
a (o > d) and observe that even for a large M, the function h(x) does not degenerate to a trivial
function. Note that the blue curve and the red one overlap with each. Here the trivial function
represents a function whose value decays rapidly to zero except for the given training points.

The calculation of this example can be completed by the method analogous to the one used in

Example 6.1.

In Fig.2, we set « = 10 in both cases to ensure o > d and change the band limit M/. We observe
that as M increases, the fitting curve converges to a non-trivial curve. In Fig.3, we set M = 1000
in 1-dimensional case and M = 100 in 2-dimensional case. By changing exponent o, we can see in
all cases, the fitting curves are non-trivial when @ > d, but degenerate when o < d.
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1.0 1.0
0.8 0.8
0.6 0.6
—~ 0.41 —~ 0.41
X X
< 021 < 021
0.0 1 L 0.0 1
—-0.24 —— alpha=0.1 —— alpha=10 —-0.24 — a=0.1 — a=10
— alpha=1 % data point — a=2 % data point
-0.4 . . = -0.4 . . .
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
X X
(a) 2 points in 1 dimension (b) 20 points in 2 dimension

Figure 3: Fitting data points in different dimensions with different exponent a’s. We observe that
with a proper M, the function h(zx) is not a trivial function for @ > d case and degenerates to a
trivial function for o < d case.

7. Conclusion

To understand the limit of the frequency bias in DNNs, we propose a Fourier-domain variational
formulation based on the LFP model and establish the sufficient and necessary conditions for the
well-posedness of the Fourier-domain variational problem, followed by numerical demonstration.
Our work suggests that there is a upper limit of the decaying rate w.r.t. frequency, i.e., high fre-
quency cannot converge too fast, in order to obtain a nontrivial solution in LFP model, thus, point-
ing out the intrinsic high-frequency curse. For two-layer infinite-width neural networks, existing
works have shown their solutions are equivalent to the solutions of particular Fourier-domain varia-
tional problems (Luo et al., 2020). However, for general non-linear DNNSs, this equivalence is only
qualitative.

In addition, our Fourier-domain variational formulation provides a novel viewpoint for mod-
elling machine learning problem, that is, imposing more constraints, e.g., higher regularity, on the
model rather than the data (always isolated points in practice) can give us the well-posedness as
dimension of the problem increases. This is different from the modelling in physics and traditional
point cloud problems, in which the model is independent of dimension in general. Our work sug-
gests a potential approach of algorithm design by considering a dimension-dependent model for
data modelling.
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Appendix A. Lemma 1

Lemma 1 Let the function 1, (€) = (27r)%0de_27r2”2”5”2, ¢ € R We have

0, a<d,
lim / lEl°o (@) de = { Cay o =d, (16)
o—0 Rd

oo, a>d.

Here the constant Cg = 1(d — 1)!(2m) ¢ g&d//;) only depends on the dimension d.

Proof In fact,
i « : o 425212
lim / 1€]1%1¢s (€)]? d€ = lim / €][*(2m) o2 emim o I g
=0 Rd o—0 Rd
= lim (2m)%?® / log et Io¢1" g(og)
o—0 Rd

oo

. — _ _ 2,2

= lim (27)%0? ratd=le=4m qr . wy,
o—0 0

d
I?Er;) is the surface area of a unit (d — 1)-sphere.
2

where wy =

Notice that

o) 1 00

1 —Ar2p2 1 _An2,2 1 42,2

/ ,r,a+d le 4mer dr / Taer 1e 42y dr / Taer 1e 4y dr
0 0 1

o 2,.2 & 2,2
S/ e 4T d?‘—i—/ T[a}+de—47r ™ qr
0 0

1 oo
= o + /0 plod+dg—dr?r? 4.
T
and
/oo plol+d—an®r? g % <[a]+2d71>!(27T)7([a]+d+1), [a] + d is odd,
0 g@”)_([ahdﬂ)(%)m}%d([a] +d—1)!, [a] +dis even.

Therefore, in both cases, the integral [;* rotd=1g=47*r* 4. is finite. Then we have

o0
lim / €)% (€)]? d€ = lim (27)%o% / potd=lo=4m?r® q.
o—0 Rd o—0 0
_J0,  a<d,
B oo, a>d.
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When a = d, it follows that
OO d—1_ —4x?r? 1 —2d
/ potale™ 4 qp = 5(2%) (d—1)L
0

Therefore

lim / €1 (O dé = 5(d — Di(2m)

which completes the proof. |

Appendix B. Proof of Proposition 1

Proof Similar to the proof of Lemma 1, we have

lim || F [ ]]|2 ¢ = lim (27m)d0? / (02 + |log|?) 2 e 171 q o)
o—0 H?2 o—0 R

= lim(Zﬂ')dada/ rit(o? +12)3e A - wy.
0

o—0

For o < 1, the following integrals are bounded from below and above, respectively:
* a- —4 > d—1_—4r?r?
/ rHo? + 1) 2e ”Tdr>/ rotd=le=4m " dr = O > 0,
0 0

and

00 1 [e'e]
/ pd=1 (o +1") 47”d7‘</ (1+7°) 47rrd1"—|—/ ré ((2r)) —Am*r? gy
0 0 1

1 00
< / (1 +r )7 —472r2 dr + 2&/ ra+d—le—47r2r2 dr
0 0

= (Cy < o0,

where Oy = [ patd=le=4m%r2 qpand Oy = fl d=1(1442)%¢ —4r?r? qp g 00 I potd—1g—4n?r? q,.
Therefore, we obtain the results for the subcritical (o« < d) and supercritical (o > d) cases

o—0
)0, a<d,
B oo, a>d.
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For the critical case o« = d, we have

lim | 7445 ]]12

c—0

o0
_hm27rd/ “o? +1%)ze AT Q- wg
0

o—0
o
= lim (27) d

i |
‘L

a o0
2d 1 —47T r2 dr - wa + hr% |:2(27T)d0'2/ T2d_36_47r2r2 dr'wd+0(02)
0

= lim (27) pld=lo=4m?r? q,. wq

U~>O

w\m

= (- 1i(em) 2

F(%)'

Therefore the proposition holds. |

Appendix C. Proof of Theorem 1

Proof Given X = (z1,...,x,)Tand Y = (y1,...,yn)T, let A = (exp(—”mg—if"lp)) be an
nxn

g
n x n matrix. For sufficiently small o, the matrix A is diagonally dominant, and hence invertible.

So the linear system Ag(?) = Y has a solution g(*) = (g@, gég), : 797(;;)) T. Let

€)= giPe M Ty, (¢),

2
(4]

where 1,(§) = (27r)5l<7"le_27r o*I€I” satisfying F[t),] () = € 207 . Thus

_ == le
ng)f CRED Zgz oo
In particular, forallt =1,2,--- .\ n

ey 12

g, (x:) Zg;’ w7 = (Ag); =y

Therefore, ¢, € Ax y for sufficiently small o > 0.
According to the above discussion, we can construct a sequence {¢1 }>°_, C Ax y, where
M is a sufficiently large positive integer to make the matrix A invertible. As Proposition 1 shows,

lim [|F o]l 4 =

m——+00

Now, suppose that there exists a solution to the Problem 1, denoted as ¢* € Ax y. By definition,

—17 %72 . —177012 . 2
176N < min 17l < lim 1P 6212y =

Therefore, ¢* (&) = 0 and Px ¢* = 0, which contradicts to the restrictive condition Px ¢* =Y for
the situation that Y # 0. The proof is completed. |
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Appendix D. Proof of Theorem 2
Proof 1. We introduce a distance for functions ¢, 1) € L? (Rd):
dist(¢,9) = [|F 7 [é] = F ' [l -

Under the topology induced by this distance, the closure of the admissible function class Ax y
reads as

Axy = {0 € LR N LARY | Pxo=Y] 07,

2. We will consider an auxiliary minimization problem: to find ¢* such that

¢* carg min [|F'[¢]]l 5. (17)
PeAX Y
Let m := inf d)em\\}" e Il ;4 According to the proof of Proposition 1 and Theorem 1, for a

small enough o > 0, the inverse Fourler transform of function

Zgl 727r1£"'w1 (5)

ll=]]

has finite Sobolev norm ||,7:_1[¢0]||Ha < 00, where 1, (&) satisfies F~1[1h,](z) = e 207, A =

2

(eXp(_M)>an and g(U) — (g£o—),géa)7 . 7g’r(la)) = AilY. Thus m < +oQ.

202

3. Choose a minimizing sequence {¢;}?°, C Ax y such that
. 17T .
Jim [ F7 (o]l g = m.

By definition of the closure, there exists a function ¢, € Ax y for each k such that

=

1F~Hw) = F ol g <
Therefore {¢1}32, C Ax,y is also a minimizing sequence, i.e.,

. 1 o
Jim [ F7 (o]l g = m.

Then {F~![#]}22, is bounded in the Sobolev space H 2 (R?). Hence there exist a weakly conver-
gent subsequence {F 1[4y, ]}3°, and a function F~'[¢*] € H 3 (R?) such that

F Y pn) = F " in H2(R?) as k — oo.

Note that

m=inf |F e, g <IF e, e < liminf|F - on, ]l 5 =m,
oEAX Y ¢nk

where we have used the lower semi-continuity of the Sobolev norm of H 2 (R%) in the third inequal-
ity. Hence H]—"_l[gzb*]HH% =m.
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4. We further establish the strong convergence that F~[¢,, ] — F'[¢*] — 0 in H2 (R?) as
k — oo.
In fact, since F~![¢n,] — F1[¢*] in H3(R?) as k — o0 and limj e[| F n, ]l ;5 =

m = ||F ¢ ]HHQ,Wehave
Jim (|7 pny ) = FH07g = Jim (F [bn] = F S F e = F 07D
:kli—>ngo<f.71[¢nk]’ Hond) +(F 7", FHO ) — (FHon, F D) — (F O FH 0n,])

= m? i — i ((Fon, ], F107]) + (F 67, 5 n])
= m? 4w — (FUg), FUg) — (F ), F ) = 0,

Here (-, ) is the inner product of the Hilbert space H 2.
5. We have ¢* € L'(RY) because

[e@rae= [ £ W Lag < 7116701 </Rd<;>ad£>520m<+oo7

where C' := (fRd @ df) : < +o0. Hence ¢* € L'(R?) N L?(RY) and Px ¢* is well-defined.
6. Recall that Px ¢, =Y. We have

Y —Pxo¢*| = lim |[Px¢n, — Pxo’|
k——+o0
= lim ’ / (6, — ¢)e*™%% dg’

k——+o0
[ ()% (Gn, — 6") 2 dg‘
R (€)%

= lim
k—+o0

‘ 2mix€ ‘

< kEI_EOOH]: [¢nk] - f_1[¢*]||1{% (/Rd (&)~ d£>
=C lim [|F Y¢n,] _fil[(p*mHa =0

k—+o0 2
Hence Px¢* =Y and ¢* € Ax y.
7. Note that
m= inf ||F7! o < inf || F7! o <||F e, e =m.
BN o O PP N o O Ea O [P
This implies that inf¢€AX’YH]-"*1[¢]HH% = m and ¢* € argmin%AXyH}"*l[(b]HH%, which
completes the proof. |

Appendix E. Details of numerical experiments
E.1. Special Case: One Data Point in One Dimension

To simplify the problem, we start with a single point X = 0 € Z with the label Y = 2. Denote
¢j = ¢(&;) for j € Z. We also assume that the function ¢ is an even function. Then according to
the definition of Px, we have the following problem:
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Example 3 (Problem 1 with a particular discretization)

M

i 1+ j2A6%)% |9, 18

(ﬁrj\;;( NS (18)
M

st Y ¢ AE=1, (19)
j=1

where we further assume ¢9 = ¢(0) = 0. If we denote ¢ = (é1,P2,...,dnm)T, b = Aig’ A =
(1,1,...,1) € RM and

(1+12A82)% )

r VX (1+22A¢2%)7
(1+ M2Ag2)T

In fact this is a standard Tikhonov regularization (Tikhonov and Arsenin, 1977) also known as ridge

regression problem with the Lagrange multiplier A\. The corresponding ridge regression problem is,

ngWA¢—b%+wrm@, (20)

where we put \ in the optimization term || T'¢||3, instead of the constraint term || A¢ — b||3. This
problem admits an explicit and unique solution (Tikhonov and Arsenin, 1977),

¢=(ATA+TTT) tATh. 1)

Here we need to point out that the above method is also applicable to the case that the matrix I' is
not diagonal.

Back to our problem, in order to obtain the explicit expression for the optimal ¢ we need the
following relation between the solution of the ridge regression and the singular-value decomposition
(SVD).

By denoting I'=1Iand

A=AT"! = \% ((1 F12AeH) T, (14 22AeH) T, .. (1 + M2Ag2)%) ,

where I is the diagonal matrix, the optimal solution (21) can be written as
S —1 L. -1 . -
¢ = ()" (ATA n I) 14T = (r7)! (ATA n I) ATh = ()¢,

- L -1 . - .
where ¢ = (ATA +1 ) ATb is the solution of ridge regression with A and I'. In order to

obtain the explicit expression for ¢ we need the following relation between the solution of the ridge
regression and the singular-value decomposition (SVD).
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Lemma2 If T = I, then this least-squares solution can be solved using SVD. Given the singular
value decomposition

A=UZVT,
with singular values o;, the Tikhonov regularized solution can be expressed aspects
¢ =VDUTD,
where D has diagonal values
D, — i
23 0_7/2 + 17

and is zero elsewhere.

Proof In fact, ¢ = (ATA + I'T) 'ATh = V(STS + 1I)"'VTVETUTH
= V. DUTbh, which completes the proof. |

Jo 1 a =
Since AAT = X Zj]‘il(l + j2A¢?)72, we have A = UL VT with

M 2
1 o
U=1, Y=—— 1+ 2A3) 72 | = Z/V),
5 ;( ) /

V= ((1 F12AE2)75/2,(1+ 22AeY) "5 /7, ... (1 + M2A52)—%/Z)T.

Then we get the diagonal value
Do Z/VA
22N+ 1

Therefore, by Lemma 2

e 1 )\ a a a\T
¢ =VDUb= ZQ//A\C1<(1 +12A6%) 72, (1 4+ 22AH)72,..., (1 + M2A§2)—§> b.
Finally, for the original optimal solution
-17 1 o a a\T
¢ = (I7) 1¢:m((1+1%5) 2, (1+22A8%) 72, . (1+ M?A&?)~ z)

which means o
PO o A
T (224 N)AE

To derive the function in x space, say h(x), then

M
1 @ o
1 ‘2A 2\— 35 2mijz
h(x) = (Z2+ \) ;M( + JTAET) 2e
M
2A o2mj). 22
ZQH ; + 7 AE) 77 cos(2mja) (22)

Fig. 1 shows that for this special case with a large M, h(x) is not an trivial function in o > d
case and degenerates to a trivial function in o < d case.
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E.2. General Case: n Points in d Dimension
Assume that we have n data points 1, €, . .., 2, € R? and each data point has d components:
x; = (Ti1, Tiz, - -+, Tid)"

and denote the corresponding label as (y1,y2, - .., yn)'. For the sake of simplicity, we denote the
vector (ji,j2, -, Jjd)T by Jj,..j,. Then our problem becomes

Example 4 (Problem 1 with general discretization)

M
. @ 2
min T (4 P88 (65l 23)
SEREMT gy a=—M
M o
st Y e ™ =y k=12, d (24)
Jisenja=—M

The calculation of this example can be completed by the method analogous to the one used in
subsection E.1. Let

Aj = <e2ﬂiA£JIMfM-~-mej, .. 762WiA§JJT11'2mJ'dmj’ . ’QQWiAgJ]&JW”.JWm]')T ,7=1,2...,n,
(25)
A: (A17A25-‘-7An)T 6Rn><(2M)da b= (y17y27"°7yn)T ER”Xl? (26)
' @ d d
L= (LA 1o gl PAE) % € REM)ITEZADT, 27)

We just need to solve the following equation:
¢=(ATA+TTT) *ATh. (28)
Then we can obtain the output function h(x) by using inverse Fourier transform:

M
h(z) = Z ¢j1..'jd62WiA£J]’1“‘jd'm (29)
Jiyeenda=—M

Since the size of the matrix is too large, it is difficult to solve ¢ by an explicit calculation. Thus we
choose special n, d and M and show that h(z) is not a trivial solution (non-zero function).

In our experiment, we set the hyper-parameter M, a, A\, A€ in advance. We set A = 0,5, A =
0.1 in 1-dimensional case and A\ = 0.2, A¢ = 0.1 in 2-dimensional case. We select two data
points {(—0.5,0.9), (0.5,0.9)} as the given points in 1-dimensional case and four points as given
points in 2-dimensional case whose second coordinates are 0.5 so that it is convenient to observe
the phenomenon. At first, we use formula (25), (26) and (27) to calculate matrix A, IT" and vector b.
Then from the equation (28) we can deduce vector ¢. The final output function h(x) is obtained by
inverse discrete Fourier transform (29).
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In Fig.2, we set « = 10 in both cases to ensure o > d and change the band limit M/. We observe
that as M increases, the fitting curve converges to a non-trivial curve. In Fig.3, we set M = 1000
in 1-dimensional case and M = 100 in 2-dimensional case. By changing exponent o, we can see in
all cases, the fitting curves are non-trivial when @ > d, but degenerate when o < d.
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