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Abstract

We consider the sparse moment problem of learning a k-spike mixture in high-dimensional space
from its noisy moment information in any dimension. We measure the accuracy of the learned
mixtures using transportation distance. Previous algorithms either assume certain separation as-
sumptions, use more recovery moments, or run in (super) exponential time. Our algorithm for the
one-dimensional problem (also called the sparse Hausdorff moment problem) is a robust version
of the classic Prony’s method, and our contribution mainly lies in the analysis. We adopt a global
and much tighter analysis than previous work (which analyzes the perturbation of the intermediate
results of Prony’s method). A useful technical ingredient is a connection between the linear system
defined by the Vandermonde matrix and the Schur polynomial, which allows us to provide tight
perturbation bound independent of the separation and may be useful in other contexts. To tackle
the high-dimensional problem, we first solve the two-dimensional problem by extending the one-
dimensional algorithm and analysis to complex numbers. Our algorithm for the high-dimensional
case determines the coordinates of each spike by aligning a 1d projection of the mixture to a random
vector and a set of 2d projections of the mixture. Our results have applications to learning topic
models and Gaussian mixtures, implying improved sample complexity results or running time over
prior work.

Keywords: Moment Problems, Topic Modeling, Gaussian Mixture Models

1. Background

We study the moment problem in which we are given the (noisy) information of the moments of a
measure u, and our goal is to recover u up to certain accuracy. The moment problem is a classical
problem studied for over a century in mathematics, statistics, computer science, physics, control
theory, medical image, etc. Various versions of the problem have found numerous applications
in different domains (e.g., Schmiidgen (2017); Lasserre (2009); Ang et al. (2002); Pintarelli and
Vericat (2016); Bessis et al. (1976); Natterer (2001)). We study the sparse version of the problem,
in which the underlying measure is a mixture of k discrete distributions over a common discrete
domain [d] = {1,2,---,d}. In particular, we consider mixture 1 which is a k-spike distribution
supported on the d — 1 dimensional simplex Ag_1 = {x = (z1,-- ,24) e RY | YL 2 = 1,2 >
0 Vi € [d]}. Each point in Ay_; represents a discrete distribution over [d]. We first introduce the
sparse moment problem for d = 2 (also known as the sparse Hausdorff moment problem or the
k-coin model (Schmiidgen, 2017; Li et al., 2015; Gordon et al., 2020)).

The sparse Hausdorff moment problem: For d = 2, the mixture is a k-spike distribution sup-
ported on Ay =~ [0,1]. We call the model the k-coin model (i.e., a mixture of k& Bernoulli dis-
tributions). Denote the underlying mixture as ¥ = (o, w). Here, @« = {aq, a9, -+ ,ax} and
w = {wy,wy, - ,wg} € Ag_1, where a; € [0,1] specifies the ith Bernoulli distribution and
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w;j € [0, 1] is the probability of mixture component «;. For mixture ¥ = (o, w), the tth moment is
defined as M;(9) = S[O,l] a'd(da) = Zle w;at. Our goal is to recover the unknown parameters
(o, w) of the mixture 9 given the first K noisy moment values M/ with |M] — M;(9)|s < & for
1<t<K.

We call K the moment number and ¢ the moment precision/accuracy, both of which are essential
parameters of the problem. We measure the quality of our estimation 9 in terms of the transportation
distance between probability distributions, i.e., Tran(d, 9) < O(e). Using transportation distance
as the metric is advantageous for several reasons: (1) if the desired accuracy € is much smaller than
the minimum separation ( = min |o; — «;/|, the estimation ¥ must be a per-spike recovery since
it must contain a spike that is sufficiently close to an original spike in 9 (given the weight of the
spike is lower bounded); (2) if the desired accuracy e is larger than ¢ or the minimum weight Wiy,
we are allowed to be confused by two very close spikes or miss a spike with a very small weight,
thus potentially avoiding the inverse dependency on ¢ and wmpy, wWhich are otherwise unavoidable
if we must recover every spike. Generally, for this problem, we are interested in understanding
the relations and trade-offs among the moment number K, the moment accuracy/precision &, and
the accuracy e of our estimation 9 (i.e., transportation distance at most €), and designing efficient
algorithms for recovering 9 to the desired accuracy.

The sparse moment problem in higher dimensions: For the higher dimensional case, suppose the

underlying mixture is ¥ = (¢, w) where o = {1, ..., o} (a; € Ay_1 which are d-dimensional
points in a bounded domain) and w = {ws, ..., w} € Ag_;. For vector o;; = (i1, .., q) and
multi-index t = (t1,--- ,tq) € Z‘i, we denote monomial af = aﬁlloz% - -aﬁdd, and the t-moment

of ¥ as Mg(9) = § Ay, atd(da) = Zf;l w;at. In the sparse moment problem, we are given

noisy access of t-moment My (9) for [t||; < K. Here we also call K the moment number. Since
there are /9@ different moments, when d is large, we also consider the case where we have noisy
access to the moments of the projections of ¥4 onto lower-dimensional subspaces (typically 1d or 2d
projections). An affine transformation of the samples in concrete applications such as topic models
can often obtain such noisy moments.

1.1. Applications and connections to prior work

The Hausdorff moment problem and its higher dimensional version have many applications in dif-
ferent areas, such as mathematics, statistics, computer science, physics, etc. In recent years, the
noisy sparse moment problem has found applications to a variety of unsupervised learning scenar-
ios, including learning topic models (Hofmann, 1999; Blei et al., 2003; Papadimitriou et al., 2000),
learning Gaussian mixtures (Wu and Yang, 2020), collaborative filtering (Hofmann and Puzicha,
1999; Kleinberg and Sandler, 2008), learning a mixture of product distributions (Feldman et al.,
2008; Gordon et al., 2021a) and causal inference (Gordon et al., 2021b). Now, we first discuss the
connection between the sparse moment problem and learning mixture models. Then we list some
applications in other areas.

Applications to learning mixture models.: Indeed, several prior results for the sparse moment
problem we study in this paper were presented explicitly or implicitly in the context of learning
mixture models (e.g., Rabani et al. (2014); Li et al. (2015); Kim et al. (2019); Gordon et al. (2020);
Wu and Yang (2020); Doss et al. (2020)). Here we use the problem of learning topic model as an
example: We are given a corpus of documents. We adopt the popular “bag of words” model and
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take each document as an unordered multiset of words. The assumption is that a small number of
k “pure” topics are distributed over the underlying vocabulary of d words. A K-word document
(i.e., a string in [d]¥) is generated by first selecting a topic p € Ay_; from the mixture 19, and then
sampling K words from this topic. K is called the snapshot number and we call such a sample a
K-snapshot of p. For all |t|; < K, we can obtain noisy estimates of M () or M¢(IIz(1?)) (where
IR (1) is the projection of 1 onto a lower dimensional subspace R) using the K -snapshots (i.e., the
documents in the corpus). We aim to recover the mixture ¥ using as few samples as possible. Once
we have computed the noisy moments using samples, the problem reduces to the sparse moment
problem. We will discuss the applications to learning topic models in Section 6.1 and to learning
Gaussian mixtures in Section 6.2.

Other Applications.: We mention a few other problems where our results are directly or potentially
useful:

1. The moment problem can be used for recovering the initial condition for a class of heat dif-
fusion equations (Ang et al., 2002): Suppose the initial condition f(x,t) att = 0 is a k-spike
distribution (e.g., k heat sources), and we can measure f(x,t) at ¢ = 1 (with measurement
noise), and the task is to recover the initial k-spike distribution (Ang et al., 2002). See Re-
mark 54 for more details. In some other PDE problems, the input moment information is com-
puted using a particular numerical algorithm (now the noise comes from the error/precision
of the numerical algorithms), and the moment problem is used as a sub-procedure for solving
the PDE. For example, the moment problem can be used for approximately solving a class
of Poisson equations (Pintarelli and Vericat, 2016), in which the moment information can be
computed using numerical integration.

2. The Hausdorff moment problem is used as a sub-procedure for bounding/locating the zeros of
the partition function of the lattice Ising model (Lee-Yang theory) (Bessis et al., 1976). Here
the moments can be computed exactly for some special lattices and approximated for more
general lattices.

3. Our algorithm for higher dimensions is also closely related to computerized tomography,
in which we would like to recover the 3d (or higher dimensional) object from its 1d or 2d
projections (Natterer, 2001). Existing techniques used the information from a continuous set
(or a net) of 1d or 2d projections for recovery (e.g., the classical Radon transform). Our
technique (see Theorem 5 and Algorithm 3) only use only O(d) 1d and 2d projections.

2. Our Contributions

The k-Coin model. We first discuss prior work on the k-coin model (¢ is supported on [0, 1]),
and our results. Rabani et al. (2014) showed that recovering a k-spike mixture requires at least the
first K = 2k — 1 moments in the worst case (even without any noise). Moreover, they showed
that for the topic learning problem, if one use K = ¢(2k — 1) snapshot samples (for any constant
¢ = 1) and wish to achieve an accuracy O(1/k) in terms of transportation distance, e**() samples
are required (or equivalently, the moment accuracy should be at most e2(5)). On the positive
side, they solved the problem using sample complexity max{(1/¢)°®) (k/€)°**)} (or moment
accuracy min{¢°® | (e/k)O**)}), where ( is a lower bound of the minimum separation). In fact,
their algorithm is a variant of the classic Prony’s method and the (post-sampling) running time is
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Reference K Moment Accuracy () | Running Time | Separation
Rabani et al. (2014) | 2k — 1 | min{¢P®) (¢/k)O*)} poly (k) Required
Kim et al. (2019) 2k — 1 O w2, e O(k?) Required
Gordon et al. (2020) | 2k COM) i - € O(k*>t°M) | Required
Li et al. (2015) 2% — 1 (¢/k)Ok) (k/e)O) No Need
Wu and Yang (2020) | 2k — 1 (¢/k)OH) O(k™) No Need
Theorem 3 2k —1 (¢/k)OH) O(k?) No Need

Table 1: Algorithms for the k-coin problem where K is the moment number. The last column indi-
cates whether the algorithm needs the separation assumption. In particular, the algorithms
that require the separation assumption need to know ¢ and wy,j, where ( is the minimum
separation, i.e., ¢ < min;x;|o; — o < 1/k, and wyin < min; w;. We measure the
running time in terms of the arithmetic operations In addition, poly(k) refers to O(k€)
for a relatively large constant ¢ and w refers to the smallest real number such that two
k x k matrices can be multiplied using O(k“+°(1)) operations. We note that there is a
trivial lower bound w > 2 while the best-known upper bound is w < 2.373 (Alman and
Williams, 2021).

poly (k) where their bottleneck is solving a special convex quadratic programming instance. Li et al.
(2015) provided a linear programming-based algorithm that requires the moment accuracy (¢/ k)o(k)
(or sample complexity (k/e)?*)), matching the lower bound in Rabani et al. (2014). However,
after computing the noisy moments, the running time of their algorithm is super-exponential KO**),
Motivated by a problem in population genetics that could be reduced to the k-coin mixture problem,
Kim et al. (2019) analyzed the Matrix Pencil Method, which requires moment accuracy ¢Ok) .
wfnm - €. The matrix pencil method requires solving a generalized eigenvalue problem, which needs
O(K?) time. Wu and Yang (2020) studied the same problem in the context of learning Gaussian
mixtures. In fact, they showed that learning 1d Gaussian mixture models with the same variance
can be reduced to learning the k-coin model. Their algorithm achieves the optimal dependency on
the moment accuracy without separation assumption. Their recovery algorithm is based on SDP
and runs in time O(k?*) for some w < 2.373 using the state-of-the-art SDP solver (Huang et al.,
2022). Recently, Gordon et al. (2020) showed that under the separation assumption, it is possible
to recover all k spikes up to accuracy e, using the first 2k-moments with accuracy (9% . wpi - €.
Their algorithm is also a variant of Prony’s method and it runs in time O(k2+0(1)). We summarize
the prior and our results in Table 1.

Theorem 1 (The k-Coin model, informal) Let ¥ be an arbitrary k-spike distribution over [0, 1].
Suppose we have noisy moments M; such that |[M;(9) — M| < (e/k)°%) for 0 <t < 2k — 1. We
can obtain a mixture 9 such that Tran(9,9) < O(e) in O(k?) arithmetic operations.

Our techniques: Our algorithm for the k-coin model is also based on the classic Prony’s method
(de Prony, 1795). Suppose the true mixture is ¥ = (o, w) where a = [y, -+ , ] and w =
[wi,--- ,wg]". In Prony’s method, if we know the moment vector M exactly, every o; can be
recovered from the roots of a polynomial whose coefficients are the entries of the eigenvector c
(corresponding to eigenvalue 0) of a Hankel matrix (see e.g., the matrix Hy; in Gordon et al.
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(2020)). However, if we only know the noisy moment vector M’, we only get a perturbation of the
original Hankel matrix. Recent analyses of Prony’s method (Rabani et al., 2014; Gordon et al., 2020)
aim to upper bound the error of recovery from the perturbed Hankel matrix. If o; and o (i # j)
are very close, or any w; is very small, the second smallest eigenvalue of the Hankel matrix is also
very close to 0. From matrix perturbation theory, we know that the eigenvector ¢ corresponding to
eigenvalue 0 is extremely sensitive to small perturbation (see e.g.,Stewart (1990)). Hence, the recent
analyses of Prony’s method (Rabani et al., 2014; Gordon et al., 2020) requires that o; and o are
separated by at least ¢, and the minimum w; is lower bounded by wy,;;, to ensure certain stability of
the eigenvector (hence the coefficients of the polynomial), and the corresponding sample complexity
becomes unbounded when ¢ or wy,j, approaches to 0. Our algorithm (Algorithm 1) can be seen as
a robust version of Prony’s method. Instead of computing the smallest eigenvector of the perturbed
Hankel matrix, we solve a ridge regression to obtain a vector ¢, which plays a similar role as ¢
(Line 1 in Algorithm 1). However, instead of showing ¢ is close to ¢ (in fact, they can be very
different), we adopt a more global analysis to show that the moment vector of the estimated mixture
is close to the true moment vector M, and by a moment-transportation inequality (see Section B),
we can guarantee the quantity of our solution in terms of transportation distance.

Another technical challenge lies in bounding the error in recovering the weight vector w. In
the noiseless case, the weight is simply the solution of V,w = M where V,, is a Vandemonde
matrix (see Equation (2)). It is known that Vandermonde matrices tend to be badly ill-conditioned
(Gautschi and Inglese, 1987; Pan, 2016; Moitra, 2015) (with a large dependency on the inverse of the
minimal separation). Hence, using standard condition number-based analysis, slight perturbations
of V, and M may result in an unbounded error. ! However, we show interestingly, in our case,
that we can bound the error independent of the separation (Lemma 32) via the connection between
Vandermonde linear systems and Schur polynomial (Lemma 31). Our technology may be useful in
analyzing the perturbation of Vandermonde linear systems in other contexts as well.

Higher Dimensions. For the high-dimensional case, especially when d is large, it is costly to obtain
all moments My (9) for all t with [t||; < K. Indeed, most previous work (Rabani et al., 2014; Li
etal., 2015; Wu and Yang, 2020; Gordon et al., 2020; Doss et al., 2020) on learning mixtures solved
the problem using noisy moment information of the projections of 9 onto some lower-dimensional
subspaces (in fact, lines). In particular, if one projects ¥ to O(k) directions such as in Rabani
et al. (2014); Wu and Yang (2020); Gordon et al. (2020), existing techniques require the separation
assumption for the recovery. > Other works without separation condition such as Li et al. (2015);
Doss et al. (2020) requires to project ¥ to a net of exponentially many directions.

In our work, we assume we have noisy access to the moments of the linear projections Iz (1)
of 9 onto lines or 2d planes (one may refer to the formal definition of IIz(¥?) in Section 5.2). See
Theorem 2 for an informal statement of our result. A comparison between our result and prior work
is summarized in Table 2. One can see that we either use much fewer projections (hence better
running time) or do not need the separation assumption. We note that using 2d projections is crucial

1. Note that for Vandermonde matrix V' = (a?)o<i<k,1<j<k. its determinant is det(V) = (—1)k(*=1)/2 [, (ap —
a,). Hence, det(V) ™" depends inversely on the separation.

2. It is possible to convert an algorithm with a separation assumption to an algorithm without a separation assumption
by merging close-by spikes and removing spikes with small weights. However, the resulting algorithm is far from
optimal. For example, sample complexity (k/e)o(’“) . w;§(1> - ¢79® in Gordon et al. (2020) can be converted to
one without separation with sample complexity (k/ e)O<’“2>. We omit the details.
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Reference #Projections Moment Accuracy (§) Running Time | Separation
Rabani et al. (2014) O(k) (¢/k)O*) (wmi C)O(kQ) poly(k) Required
Gordon et al. (2020) O(k) (e/k)OW%) . w (O k) poly(k) Required
Wu and Yang (2020) O(d) (¢/k)°! wmm ¢ O(dk**) Required
Li et al. (2015) (k/e)O®) (e/k)0<’f2> (k/e)°®) | No Need
Doss et al. (2020) (k/e)O®) (/)9 (k/e)O®) No Need
Theorem 5 O(d)* (/)9 O(dk?) No Need

Table 2: Algorithms for recovering the mixture 19 in higher dimensional space. We assume that
dimension d < k and we have oracle access to noisy moments of any 1d or 2d projections.
The last column indicates whether the algorithm needs the separation assumption. *: The
second column indicates the number of lower dimensional projections that the algorithm
requires. Specifically, our algorithm uses one 1d projection and O(d) 2d projections while
all previous algorithms use a certain number of 1d projections.

for the improvement beyond prior work. We hope this idea of using 2d projections is helpful in
solving other high-dimensional recovery problems.

Theorem 2 (Higher dimension, informal) Let 9 be an arbitrary k-spike mixture supportedin Ag_1.
Suppose we can access any noisy t-moments of the 1d and 2d linear projection 11 3(19) with preci-
sion (ef(dk:)) (%), (i.e., onto lines and 2d planes). We can construct a k-spike mixture O such that
Tran(¥, 9) < O( ) using only O(dk3) arithmetic operations with high probability.

Our techniques: We first solve the two-dimensional problem. This is done by extending the previ-
ous one-dimensional algorithm and its analysis to complex numbers. The real and imaginary parts
of a complex location can represent the two dimensions, respectively. While most ideas are similar
to the one-dimensional case, the analysis requires extra care in various places. In particular, we need
to extend the moment-transportation inequality to complex numbers (Appendix B).

Our algorithm for the high-dimensional case uses the algorithms for one-dimensional and two-
dimensional cases as subroutines. We first pick a random vector r and learn the projection E[s of ¥
onto 7 using the one-dimensional algorithm. It is not difficult to show that for two spikes that are
far apart, with reasonable probability, their projections on r are also far apart. Hence, the remaining
task is to recover the coordinates (in R?) of each spike in q,'> So, we learn the 2d-linear map ¢t of ¥
onto the two-dimensional subspace spanned by = and the tth dimensional axis for each dimension
t € [d]. Combining the information from the 1d projected measure 9 and the 2d projected measure
@t, we show that we can extract the ¢th coordinates of all spikes.

Application to Learning Topic Models. Our result for the high-dimensional case can be easily
translated into an algorithm for topic modeling. Previously, Rabani et al. (2014) showed that it
is possible to produce an estimate 9 of the original mixture ¥ such that Tran(ﬂ 19) < €, using
poly(n, k,1/€) 1- and 2-snapshot samples, and (k/€)°**) . (wmin¢)~O**) K-snapshot samples,
under minimal separation assumptions. Li et al. (2015) provided an LP-based learning algorithm
which uses almost the same number of samples (with a slightly worse polynomial for 2-snapshot
samples), but without requiring any separation assumptions. The number of the (2k — 1)-snapshot
samples used by both Rabani et al. (2014); Li et al. (2015) are (k/ e) ) while that of the lower
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bound (for 1d) is only eS2k) . Recently, Gordon et al. (2020) showed that under the minimal sep-
aration assumption, the sample complexity could be reduced to (k/e)°*) . wr;g(l) (O We
obtain for the first time the worst case optimal sample complexity for the high-dimensional case,
improving previous work (Rabani et al., 2014; Li et al., 2015; Gordon et al., 2020) and matching
the lower bound even for the one-dimensional case (Rabani et al., 2014). See Section 6.1 for the
details.

Application to Learning Gaussian Mixtures. We also study the problem of learning the param-
eters of Gaussian mixtures. We assume that all Gaussian components share a variance parameter,
following the setting studied by Wu and Yang (2020). We can leverage our algorithm for the k-coin
model for the one-dimensional setting. Our algorithm achieves the same sample complexity as in
Wu and Yang (2020), but an O(k?) post-sampling running time, improving over the SDP-based
O(k*)-time algorithm developed by Wu and Yang (2020). See Theorem 53 for more details.

For the high-dimensional setting, we can use the dimension reduction technique in Li et al.
(2015) or Doss et al. (2020) to reduce the dimension d to O(k). The dimension reduction part is not
a bottleneck and we assume d = O(k) for the the following discussion. We show in Section G.2
that we can utilize our algorithm for the high-dimensional sparse moment problem and obtain an
algorithm without any separation assumption with sample complexity (k:/e)o(k). Note that the
algorithm in Wu and Yang (2020) requires a sample size of (k/e)9®*) . w;g(l) - (790 which
depends on the separation parameter ( between Gaussian distributions. Recently, Doss et al. (2020)
removed the separation assumption and achieved the optimal sample complexity (k/ e)O(k). Com-
pared with Doss et al. (2020), the sample complexity of our algorithm is the same, but our running
time is substantially better: during the sampling phase, the algorithm in Doss et al. (2020) requires
O(n®* poly(k)) time where n = (k/e)°*) is the number of samples (for each sample, they need
to update O(n'/* poly(k)) numbers, since their algorithm requires O(n'/*) 1d projections) while
our algorithm only needs O(n poly(k)) time (we only need one 1d projection and d = O(k) 2d
projections). The post-sampling running time of the algorithm in Doss et al. (2020) is exponential
(k/€)°®*) while our algorithms runs in polynomial time poly (k). For more details, see Section 6.2.

Last but not least, we argue that improving the post-sampling running time is very important,
despite the exponential sample complexity for both problems. During the sampling phase, we only
need to keep track of the first few moments (e.g., using basic operations such as counting or adding
numbers), hence the sampling phase can be easily distributed, streamed, or implemented in inex-
pensive computing devices. Our mixture recovery algorithm only requires the moment information
(without storing the samples) and runs in time polynomial in k£ (not the sample size). Moreover,
one may well have other means to measure the moments to achieve the desired moment accuracy
(e.g., via longer documents, prior knowledge, existing samples, etc.) Exploiting other settings and
applications is an interesting further direction.

3. Preliminaries

We are given a statistical mixture 9 of k discrete distributions over [d] = {1,2,--- ,d}. Each dis-
crete distribution «; can be regarded as a point in the (d—1)-simplex Ay_1 = {x = (z1,--- ,xq) €
R | Zle x; = L,y = 0Vi € [d]}. Weuse 9 = (a,w) to represent the mixture where
a = {aj, a9, o} < Ay_q are the locations of spikes and w = {wy,wa, - ,wg} € Ag_1

in which w; is the weight of ;. Since the dimension of Ay 4 is d — 1, we say the dimension of
the problem is d — 1. In addition, we use Spike(Ay_1, Ax_1) to denote the set of all such mixtures
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where Ag_; indicates the domain of a; and A _; indicates the domain of w. Since our algorithm
may produce negative or complex weights as intermediate results, we further denote 215_1 ={x =
(z1,--xq) eRY YL 2y =1} and B§ | = {& = (z1,-- ,2q) € C* | XL, 2 = 1}.

For the one-dimensional case (which is called the k-coin problem or sparse Hausdorff moment
problem), we have ¥ = (a,w) € Spike(Aq, Ag_1) where ¢ = {ay, g, -, } is a set of k
discrete points in [0, 1]. In this scenario, for each ¢ € N, we denote the ¢{th moment as

k
M (9) = f a'9(da) = Z w;al.
[0.1] i=1

For the higher dimensional case, we use t = (t1,t2,--- ,t;) € Z% such that |t|; = K(=

.. .. . t
2k — 1) to denote a multi-index. In addition, we denote monomial af = ol af? - al?, for every

discrete distribution a;; = (a1, @52, - - ,aiyd) € R%. The moment vector of 19 is then defined as

k
M(9) = {Me(9)}4, < Where My (1) = L atd(da) = Y wial. (1)
-1 i=1

We define the moment distance between two mixtures ¥ and 19’ as the L., norm of the difference
between corresponding moment vectors: Momg (9, 9') := max¢| < |Mi(9) — M (9')].

Transportation Distance: For any two probability measures P and Q defined over R¢, we define
the L;-transportation distance Tran(P, Q) is defined as

Tran(P, Q) := inf { j |z =yl dp(z,y) - pe M(P, Q)}

where M (P, Q) is the set of all joint distributions (also called coupling) on R? x R? with marginals
P and Q). Transportation distance is also called Rubinstein distance, Wasserstein distance or earth
mover distance in the literature. We also need to define transportation distance for signed measures
and complex domains. See Appendix A.

4. An Efficient Algorithm for the k-Coin Problem

In this section, we study the k-coin model, i.e., ¥ is a k-spike distribution over [0, 1]. We present
an efficient algorithm reconstructing the mixture from the first K = 2k — 1 noisy moments. Let
¥ := (o, w) € Spike(Ay, Aj_1) be the ground truth mixture where @ = [avy, - -+ , ] € A¥ and
w = [w, - ,wy]" € Ap. Let M(9) = [My(9),---, Map_1(9)]" be the ground truth moment
vector containing moments of degree at most K = 2k — 1. We denote the noisy moment vector
as M' = [My,---, M), ] where the error is bounded by ||[M' — M ()], < & Since 9 is a
distribution, we assume M/, = My(?9) = 1. In the light of lower bound in Rabani et al. (2014) or

Lemma 8, we further assume the noise satisfies & < 272,
For vector M = [My, -+, Moj,_1]" and @ = [a1,- - , ] T, we denote
0 0
M() M1 Mk—l Mk aq (0% ap
My M, M;, M1 ol ol o
App = NNIVEES : y Vo=
My—1 M Mog—2 Mog— afFt agf ! apkt
(2)
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Algorithm 1 Algorithm for the k-coin problem

Input: number of spikes £, noisy moments )/ '(+), noise level &
Output: recovered spike distribution

I: € < argmingge |Appx + by + €22 =¢=[C, 1] eR”
2 & — roots(Y— )} Gt + xb) =a=[ay, - ,a] eC”
3: @ « projecty, (@) =a=[o, 0] €Af
4: & < a + Noise(§) =& =[ay,---,0,]" € AF
5 'ﬁz<MaurgmmmRIc |Vaz — M'|3 =W = [0, -, W) €RF
6 W —@/(, @) =@ = [, , D] € Ty
7: 9 — (o, w) R = 1) € Spike(A1,¥_1)
8: W «— argmingea, , Tran(d, (&, x))

0: 9 — (&, ) = 9 € Spike(A1, Ap_1)

Note that A, is a Hankel matrix and V,, is a Vandemonde matrix.

Our algorithm is a variant of Prony’s method (de Prony, 1795). The pseudocode can be found
in Algorithm 1. The algorithm takes the number of spikes k, the noisy moment vector M’ which
|M"— M ()| < & and the moment accuracy ¢ as the input. We describe our algorithm as follows.

Letc = [co,--- ,cx_1]T € R¥ such that [T*_,(z — oy) = S} ez’ + 2 be the character-
istic vector of locations «;. We first perform a ridge regression to obtain ¢ in Line 1. We note
that Aps9)c + bar9) = 0. (see Lemma 24). Hence, ¢ serves a similar role as ¢ (note that ¢ is
not necessarily close to ¢ without the separation assumption). From Line 2 to Line 4, we aim to
obtain estimations of the positions of the spikes, i.e., a;s. We first solve the roots of polynomial
Zf 01 ¢z’ 4 x. For polyn0m1a1 root findings, note that some roots may be complex without any
separation assumption. > Hence, we need to project the solutions back to A1 and inject small noise,
ensuring that all values are distinct and still in A;. We note that any noise of size at most £ suffices.
After recovering the positions of the spikes, we aim to recover the corresponding weights w by
the linear regression defined by the Vandemonde matrix V,, in Line 5 with weight normalization in
Line 6. We note that w may still have some negative components. In Line 8, we find the closest
k-spike distribution in Spike(Aj, Ag_1), which is our final output. The details for implementing
the above steps in O(k?) time can be found in Appendix C.1. The performance guarantee of the
algorithm is given by the following theorem.

Theorem 3 Let ¥ be an arbitrary k-spike distribution over [0, 1]. Suppose we have noisy moments
M such that |My(9) — M| < (¢/k)°®) for 0 < t < 2k — 1. Then Algorithm 1 outputs a mixture
9 such that Tran(9,9) < O(e) using O(k?) arithmetic operations.

4.1. Proof Sketch

In this section, we present a proof sketch of Theorem 3. The complete proof of the theorem can be
found in Appendix C.2. Firstly, using the relationship between ¢ and &, one can show that

k k k k=1 2 k-1
Z H —a] = Zwi (2 Ejag +O¢§> = Z(/C\Z_Cz)<AM(19)E+bM(19)>Z
=1 7j=1

-1 \j=0 i=0

3. Gordon et al. (2020) proved that all roots are real and separated under the minimal separation assumption.
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Since we use the ridge regression to get ¢ (Line 1), the norms of both A,;/¢€ + by and ¢ are small.
Note that M is close to M (¥#), the norm of vector AM(ﬂ)/C\ + basr(w) 1s also small. Hence one can

get
k k
Z H a; — a;)? <200 . ¢.
-1 =1

The above inequality shows that every ground truth spike a; € o has a close spike &; € & where the
closeness depends on the weight of the spike w;. We note that this property tolerates permutation
and small spikes weights, enabling us to analyze mixtures without separation.

Next, note we can decompose M (1) = Zle w; M (c;) where M (a;) is the moment vector
generated by the single-spike distribution located at «;. By triangular inequality, the error of lin-
ear regression (Line 5) can be decomposed by ming [|[Vzz — M (9)[2 < Zle w; ming |Vgx —
M («;) |2, Therefore, to bound |Vgw — M (9)|2 ~ ming |Vgx — M (9)]|2, it is sufficient to prove
ming |Vgx — M (o;)|| for each «; is bounded. We use ||[Vzx™* — M ()2 for a specific * as its
upper bound. x* is chosen to be the vector in which the first k& rows of Vgza™* and M («;) are equal
(z* is the solution of a linear system). By binomial expansion, we can compute the jth row of Vg *
for large 7 > k by

i
- ()i it
p=1 t=1

Expressing * using the adjoint matrix, using Using Cramer’s rule, and plugging it into the right-
hand side of the above equality, the resulting term appears to be difficult to bound (see the third
equation in the analysis of Lemma 32). Fortunately, by leveraging a matrix equation derived from
the Shur polynomial, one can get the following nice equation for the inner summation,

k

¥/~
St o =] [ -a) 3 []@-a
t=1 t=1

s<( k)y kt=1

where we use (a)? = {0, -- -, b}? to denote the set that contains all vector s in which >'¢_, s; = b.
Since k7~ has no more than 2°(*) elements, one can thus easily bound the approximation error by:

mq}n Vaz — M(a)|2 < H | — a

from the right-hand side of the above equation.

Note that &; are @; close, combining all the above results gives ||V — M (9)] o < 200 . \/C,
indicating moment distance between the recovered distribution and the ground truth is small. Fi-
nally, one can reach the desired statement using the moment-transportation inequality (Lemma 8),
which asserts that if the moment distance between two measures is sufficiently small, the transporta-
tion distance between them is also small.

5. Efficient Algorithms for Higher Dimensions

In this section, we solve the problem in higher dimensions. We first present the algorithm for the
two-dimensional problem. The algorithm for higher dimensions takes both the one-dimensional and
two-dimensional algorithms as subroutines.

10
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5.1. An Efficient Algorithm for the Two-Dimensional Problem

We first generalize the one-dimensional algorithm described in Section 4 to the dimension of two.
Let ¥ := (o, w) € Spike(Az, Ag_1) be the underlying mixture where o = [a1,--- , ] for
two-dimensional points o; = (c1, @ 2) and weight vector w = [wy, - ,wk]T € Ag_1. The
true moments is defined by M; ;(9) = S wtaglag . We assume the input noisy moments
M; ; satisfies |M] ; — M; j(9)] < & for every 0 < i,j.i +j < 2k — 1. We further assume that
Mg o = Moo(9) = 1 and noise level { < 2~ SUk),

The key idea for our algorithm is that, a distribution supported in R? can be mapped to a dis-
tribution supported in the complex plane C. In particular, let complex simplex A¢c = {a + bi |
(a,b) € Ag}. Wedenote B = [B1,---,Bk]" := a1 + a1l op1 + a,@gi]T € A(’é and define
¢ = (B,w) e Spike(Af&, Aj_1) to be the complex mixture corresponding to 1. The correspond-
ing moments of ¢ can thus be defined as G ;(¢p) = Zle wt(@;r )i/, where BZ is the complex
conjugate of 3;. We note G; ; can be computed from M; ; (see Lemma 37). Therefore, the task
reduces to the recovery of the complex mixture ¢ given noisy moments G; ;- The algorithm and the
proof of the following theorem are similar to that in Section 4. Handling complex numbers requires
several minor changes, and we present the full details in Appendix D. For the analysis, we also need
to generalize the moment-transportation inequality to the complex domains (see Appendix B.2).
Theorem 4 (The Two-dimensional Problem) Let 9 € Spike(Ag, Ag_1). Suppose we have noisy
moments M; ; (0 < i,7,1+ j < 2k — 1) up to precision (¢/k)O%). We can obtain a mixture 9 such
that Tran(9,9) < O(€) using only O(k3) arithmetic operations.

5.2. An Efficient Algorithm for Dimension d > 3

Now, we present our algorithm for higher dimensions. Let ¥ := (o, w) € Spike(Ay_1, Ax_1) be

the underlying mixture where o = [, - -+ , ]’ € RF*? such that a; = [, -+ - ,a@d]T and
w = [wy, - ,wg]". We denote cv.; = [@14,-+ , ] as the vector of the ith coordinates of the
spikes and also write & = [a. 1, - - - ,a:,k]T.

Since the number of different moments is exponential in d, we consider the setting in which
one can access the noisy moments of some linear maps of 9 onto lower-dimensional subspaces,
as in previous works (Rabani et al., 2014; Li et al., 2015) (such noisy moments can be easily ob-
tained in applications such as topic modeling, see Section 6.1, or in learning Gaussian mixtures,
see Section 6.2). For some ¥ = (a,w) € Spike(R% Aj_1) and a vector » € RY, we denote
I1,.(9) := (ar,w) € Spike(R, Ax_1) as the projected distribution of ¥ along vector . For a
matrix R = [r1,---,7,] € R¥P, we also denote IIz(¥) := (aR,w) € Spike(RP, Aj_;) as
the projected distribution of 19 along multiple dimensions 71, - - - ,7,. In this section, we consider
mappings to one-dimensional and two-dimensional subspaces, which suffice for our purposes.

The idea of our algorithm is as follows: We first generate a random vector . Then with some
constant probability, the distance between spikes is roughly kept after the projection along . This
enables us to recover a projected measure (7) along 7 of the discrete mixture by running the one-
dimensional algorithm on the projected moments. Next, we try to assign every spike of the projected
measure a coordinate in R?. This is done by running the two-dimensional algorithm over the plane
spanned by 7 and unit vector e; for each dimension ¢ € [d] to get ¢, and assigning the ¢-th coor-
dinate of each spike in 97) the coordinate of the closet spike in ¢»,. We use a geometric argument to
show the recovered distribution is close to the ground truth 9 in terms of the transportation distance
(see Lemma 47). The algorithm and the analysis are deferred to Appendix E.

11
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Theorem 5 Let 9 be an arbitrary k-spike mixture supported in Ay_1. Suppose we can access noisy
t-moments of I (9), with precision (¢/(dk))°®), where 1z () is the projected measure obtained
by applying linear transformation R (with |R| s < 1) of ¥ onto any h-dimensional subspace we
choose, for all |t| < K = 2k — 1 and h = 1,2 (i.e., lines and 2d planes). We can construct
a k-spike mixture O such that Tran(9,9) < O(e) using only O(dk3) arithmetic operations with
probability at least 0.99.

6. Applications
6.1. Applications to Topic Models

This section discusses the application of our results to topic models. Due to space limitations,
the full details are deferred to Appendix F. Consider the “bag of words” model in which we take
each document as an unordered multiset of words. Let d be the number of different words in
the document. We assume there are k topics {1, o, - - - i} that are distributed over [d]. Each
document is generated by first selecting a topic ¢ € Ay from the mixture 43, and then sampling
K i.i.d. words according to o; from this topic. Here, K is referred to as the snapshot number and
we call such a sample a K -snapshot of p. Our goal is to recover ¥ € Spike(Ay_1, Ag_1) thatis a
discrete distribution over k pure topics. If d » k, we can use the dimension reduction technique in
Li et al. (2015) to reduce the dimension d to O(k), using O(e~%k3d) 1-snapshots and O(e~*k2d)
2-snapshots, respectively. Then, we can apply Theorem 5 to derive the required moment accuracy.
Translating the moment accuracy to the sample complexity is standard. In sum, we can obtain the
following result.

Theorem 6 There is an algorithm that can learn an arbitrary k-spike mixture supported in Ag_1
for any d within L, transportation distance O(€) with probability at least 0.99 using poly(d, k, %),

O(k)

poly(d, k, ), many 1-,2-,snapshots and (k e) many (2k — 1)-snapshots.

6.2. Applications to Gaussian Mixture Learning

This section shows how to leverage our results for sparse moment problems to obtain improved
algorithms for learning Gaussian mixtures. The full details can be found in Appendix G. We
consider the following setting studied in Wu and Yang (2020); Doss et al. (2020). We param-
eterise a k-Gaussian mixture in R? as 9y = (o, w,¥). Here, @ = {a1,as, - ,a4} and
w = {wy,wy, - ,wi} € Ap_1 where o; € R? and w; € [0, 1] represents the mean and weight of
ith component. We assume all k& mixture components share a common covariance matrix ¥ € R¢*¢
that is known in advance and the maximal eigenvalue of 3 is bounded by a constant. We focus on
parameter learning, that is, to learn the parameter & and w given known covariance matrix > and a
set of i.i.d. samples from ¥ = Zle w; N (o, ¥). We have the following result:

Theorem 7 There is an algorithm that can learn an arbitrary d-dimensional k-spike Gaussian
mixture (with known common covariance matrix ) within transportation distance O(€) with prob-
ability at least 0.99 using (k/€)°*) + poly(1/e, d, k) samples.

12
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7. Concluding Remarks

We provide efficient algorithms for learning the k-mixture over discrete distributions from noisy
moments. We measure the accuracy in terms of transportation distance, and our analysis is inde-
pendent of the minimal separation. The techniques used in our analysis for the one-dimensional
case may be useful in the perturbative analysis of other problems involving the Hankel matrix or the
Vandermonde matrix (such as super-resolution).

Our problem is a special case of learning mixtures of product distribution (Gordon et al., 2021a),
which is further a special case of the general problem of learning mixtures of Bayesian networks
(Gordon et al., 2021b), which has important applications in causal inferences. In fact, the algorithms
in Gordon et al. (2021a,b) used the algorithm for sparse Hausdorff moment problem as a subroutine.
It would be interesting to see if our techniques can be useful in these problems.
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Appendix A. Transportation Distance for Non-Probability Measures

Let 1-Lip be the set of 1-Lipschitz functions on R, i.e., 1-Lip := {f : R —» R | |f(z) — f(y)| <
|z — y|1, Yz, y € R?}. We need the following important theorem by Kantorovich and Rubinstein
(see e.g., Dudley (2002)), which states the dual formulation of transportation distance:

Tran(P, Q) = sup {de(P —Q): fe 1—Lip} . ?3)

The dual formulation (3) can be generalized to non-probability measures. For two signed mea-
sures P and @ defined over R? with { Pdz = {Qdz = 1, we still can use (3) to compute its
transportation distance.

We now introduce the equivalent primal formulation as follows: For some signed measure R,
we define measure R™ as its positive components that R () = max{R(z),0}. According to
the duality formulation (3), one can see Tran(P, Q) = Tran((P — Q)*, (Q — P)*) where both
(P—@Q)*" and (Q — P)™ are non-negative. From the primal formulation of transportation distance,
we conclude another definition for generalized transportation distance:

Tron(P,Q) = i { [ o = yhauto) s e (P - Q. @=PIN). @

We also need to define the transportation distance over complex measures. Denote Be = {« €
C : |a| < 1}. For some complex measure P that { dP(x) = 1. We denote the real and imaginary
components of P as P" and P’ respectively that P(x) = P"(z) + iP'(z) for P"(z), P'(z) € R. We
generalize transportation distance to complex weights by

Tran(P, Q) = Tran(P", Q") + Tran(P', Q). 5)

We also have this transportation distance in a dual form:
Tran(P, Q) = sup ”ffd(Pr —Q": fre 1-Lip} + sup Ufid(Pi —-Qh:fle 1—Lip}
—sup freal ([ (77 if)a(P = @)) e 1ip)
< QSup{de(P —Q):fe 1—Lip(c}

where 1-Lipc := {f : C - C | |f(x)— f(y)| < |x—y]| for any x,y € C} is the complex 1-Lipschitz
functions on C, and the last inequality holds since we can assign f(z) = (f"(z) —if'(x))/2.

Appendix B. Moment-Transportation Inequalities

Our analysis needs to bound the transportation distance by a function of moment distance. We first
present a moment-transportation inequality in one dimension (Lemma 8), and then generalize the
result to complex numbers and higher dimensions. The first such inequality in one dimension is
obtained in Rabani et al. (2014, (Lemma 5.4)) (with worse parameters). Lemma 8 is firstly proved
by Wu and Yang (2020) in the context of learning Gaussian mixtures. Here, we prove the theorem
in our notations for completeness, and later we extend the proof to complex domains in Section B.2.
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B.1. A One-Dimensional Moment-Transportation Inequality

We allow more general mixtures with spikes in [—1, 1] and negative weights. This slight general-
ization will be useful since some intermediate coordinates and weights may be negative. Recall that
Seo1 = {w = (w1, ,wy) € RF | X w; = 1}

Lemma 8 (Wu and Yang (2020)) For any two mixtures with k components 9,9’ € Spike([—1,1], Xx_1),
it holds that

Tran(9,9’) < O(k Momg (9, ﬁ’)ﬁ).

We begin with some notations. Let Supp = Supp(¥) uSupp(d’) and let n = |Supp| (n < 2k).
Arrange the points in Supp as @ = (aq, -+ ,ap) where ag < -+ < .

Definition 9 Ler o = (o1, -+ , o) such that =1 < g < -+ < ay, < 1. Let Py denote the set of
polynomials of degree at most n — 1 and 1-Lipschitz over the discrete points in o, i.e.,

Po = {f | deg f <n—1,f(en) = 0; [f(ei) = fley)| < e — ] Vi, j € [n]

Note that we do not require f to be 1-Lipschitz over the entire interval [—1,1]. From the dual
formulation of transportation distance (see e.g., Dudley (2002)), we have the following proposition:

Proposition 10 Tran(¥,v¥’) = sup {{ fd(9 — ¢') : f € 1-Lip} = sup {{pd(d — ') : p € Pa}.

We can view Py, as a subset in the linear space of all polynomials of degree at most n — 1. In
fact, P, is a convex polytope (a convex combination of two polynomials being 1-Lipschitz over
v is also a polynomial that is 1-Lipschitz over cv). The height of a polynomial >, c;z’ is the
maximum absolute coefficient max; |¢;|. As we will see shortly, the height of a polynomial in Py,
is related to the required moment accuracy, and we need the height to be upper bounded by a value
independent of the minimum separation (. However, a polynomial in P, may have a very large
height (depending on the inverse of the minimum separation 1/|a;+1 — «;|). This can be seen from
the Lagrangian interpolation formula: p(z) := >i_; p(;)¢;(x) where /; is the Lagrange basis
polynomial £;(z) := [];<ncpmr;(® — @m)/(@j — au). To remedy this, one can show that for
any polynomial in Pq, there is an approximate polynomial with bounded height:

Lemma 11 For any polynomial p(x) € Po and 1 > 0, there is a polynomial p,(x) of degree at
most n — 1 such that the following properties hold:

1. |py(ci) — p(ew)| < 2n, forany i € [n].
2. The height of p, is at most n2%" 2 (%)"‘2.

Before proving Lemma 11, we show Lemma 8 can be easily derived from Proposition 10 and
Lemma 11.
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Proof [Proof of Lemma 8] Fix any constant 7 > 0. Let £ = Momg (9, 9')

Tran(9,9’') = sup ffd (9 —9') = sup fpd(ﬂ — 1) (Proposition 10)
fel-Lip PEPq
< 4n+ sup fpnd(ﬁ — 1) (Lemma 11)
PEPq
n—1 n n—2
< 4n+ sup Z n22n—2 <) Mom g (9, 9) (Lemma 11)
PEPa i=1 n
§
< 4n + 2% (2k)%k o (n < 2k)
By choosing 1 = 16]4:5?1*1, we conclude that Tran(9,9’) < O(k‘fTil ). [

Next, we prove Lemma 11. We introduce the following set F,, of special polynomials. They
are in fact the extreme points of the polytope Pg.

Definition 12 Ler o = (o, -+ , ) such that —1 < ag < -+ < o < 1. Let
={p|degp <n—1,p(a1) = 0; [p(eviy1) — p(ai)| = |aip1 — | Vie [n—1]}

It is easy to see that F, = Py and |Fo| = 2"~ 1. Now, we modify each polynomial p € Fy
slightly, as follows. Consider the intervals [a1, az], -, [an—1,an]. If a; — a;—1 < n/n, we say
the interval [o;—1, ;] is a small interval. Otherwise, it is large. We first merge all consecutive
small intervals. For each resulting interval, we merge it with the large interval to its right. Note
that we never merge two large intervals together. Let S = {a;, = a1, 04y, -, 5, = an} S @
be the endpoints of the current intervals. It is easy to see the distance between any two points in
S is at least 7/n (since the current interval contains exactly one original large interval). Define a
continuous piecewise linear function L : [a1, ap,] — R as follows: (1) L(a;) = p(a1) = 0. (2)
The breaking points are the points in S; (3) Each linear piece of L has slope either 1 or —1; for two
consecutive breaking points a;,, a;; , € S, if p(a;;) > p(ai,,, ), the slope of the corresponding
piece is —1. Otherwise, it is 1.

Lemma 13 Forany «; € o, |L(a;) — p(ai)| < 2n.

Proof We prove inductively that | L(«;) —p(a;)| < 2in/n. The base case (i = 1) is trivial. Suppose
the lemma holds true for all value at most ¢ and now we show it holds for ¢ + 1. There are two cases.
If ;11 — oy < m/n, we have

|L(cvi+1) — plait1)] < [L@it1) — Lai)| + [L(ci) — plaq)| + |p(ei) — plait1)]
= 2|Oéi+1 - Ozi| + |L(Ozi) —p(ai)| < Q(i + 1)n/n.

If a1 — a; > m/n, we have a; 41 € S (by the merge procedure). Suppose o (o < ) is the point
in S right before «v;+1. We can see that (by the definition of p):

Ip(a;) — pleisr)| € lvipr — oi| £ oy — o] S |y — o + (5 — i)n/n.
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In addition, we have

|L(viv1) — L(ay) + p(ay) — p(eis1)| + |L(aj) — plag)]
20+ 1—7)n/n+2jn/n < 2(i + 1)n/n,

|L(cit1) — plait1)]

where second inequality holds since L(c11) — L(a;) = a;—1 — oj when p(ai41) > p(a;) and
L(aiy1) — L(ay) = o — i1 when p(a41) < play). u

Let T;,(p) be the polynomial with degree < n — 1 that interpolates L(c;), (i.e. T}, (p) ()
L(a) for all i € [n]. ) Ty(p) i n(p)(e) — plai)| <
2i - 1 < 2n. Now, we show the height of T;,(p) can be bounded, independent of the minimum
separation |a; 11 — «;|, due to its special structure.

N

Lemma 14 For any polynomial p(z) € Fa, define polynomial T, (p) as the above. Suppose
T, (p) = S0 cix’. We have |¢;| < n2%"~ 2(77)” 2forten—1]

Proof The key to the proof is Newton’s interpolation formula, which we briefly review here (see
e.g., Hamming (2012)). Let F[a1,---, ;] be the ith order difference of T;)(p), which can be
defined recursively:

Tn (p) (at—H) - Tn (p) (at)

F[ataat-i-l] = Qa1 o y T
11—
Flogsr, o] = Flow, - i ]
F[ah“' 7at+i] = Qpyi — Q .
i i

Then, by Newton’s interpolation formula, we can write that
n—1
Ty(p)(2) = Flan, az)(z—a1) + Flar, s, as](w—a) (z—az) +-- -+ Flai, - an] [ [ (2 ).
=1

By the definition of T, (p), we know that every 2nd order difference of 7;)(p) is either 1 or —1.
Now, we show inductively that the absolute value of the ith order difference absolute value is at
most 2¢~ 2(n)Z 2 forany i = 3,--- ,n. The base case is simple: F[a, ay11] = +1. Now, we prove
it for ¢ > 3. We distinguish two cases.

L. If agyim1 — oy < m/n, all g, 41, , ap4j—1 must belong to the same segment of L
(since all intervals in this range are small, thus merge together). Therefore, we can see that
Flag, ap41] = Floys1,0442] = -+ = Floys1, aq4+i—1], from which we can see any 3rd

order difference (hence the 4th, 5th, up to the sth) in this interval is zero.

2. Suppose ;1 — o > n/n. By the induction hypothesis, we have that

Flon o o T Flomr e o
|F[at7 T 7at+i—1]| = ‘ [at’ » Ati 2] [at+17 y O+ 1]

Q-1 — O

i—3 i—2
<92.2073 (n)l n < 212 <n>Z )
n n n
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Also since aj € [—1, 1], the absolute value of the coefficient of z* in H;Zl (x — ) is less than 2.
So, finally we have ¢; < n2?*~2(Z)n=2, [ |

Proof [Proof of Lemma 11] For every polynomial p(x) € Pq. Let g; = (p(ait+1) — p(e))/(is1 —
a;) fori = [n —1]. So —1 < ¢; < 1, implying that the point g = (g1, ,gn—1) is in the
n — 1 dimensional hypercube. Hence, by Carathedory theorem, there are Ay, --- , A, = 0, +
-+ X, = 1, such that g = > | N\iq; where q,--- ,q, are n vertices of the hypercube, i.e.,
q; € {—1,+1}""L. For each g;, we define p;(z) be the polynomial with degree at most n — 1 and

m—1
pi(on) =0, pilam) = . qijloge1 — ay).
j=1

where ¢; j is the jth coordinate of g;. We can see p; € Fq. Itis easy to verify that p(z) =
D1 Aipi(z), since both the LHS and RHS take the same values at {cv, - - , o, }. Forn > 0, we
define p,(z) as p, = >y NT(pi). We know |T,)(p;)(c;) — pi(eyj)| < 2 for all i € [n] and
j € [n] and the height of each T}, (p;) is at most n2*"~2(7)" 2. So, p,(x) satisfies the properties of
the lemma. |

B.2. Moment-Transportation Inequality over Complex Numbers

In this subsection, we extend Lemma 8 to complex numbers. We allow the mixture components
to be complex numbers, and the mixture weight w; can also be complex numbers. Recall in the
complex domain, the definition of transportation distance is extended according to (5).

We first see that n complex numbers in C can be clustered with the following guarantee.

Proposition 15 For ay, s, - -+ , ay, where o; € C and any constant ) > 0, we can partition these
n points into clusters such that:

1. |a; — aj| < nif oy and o are in the same cluster.
2. |a; — aj| > n/nif o and o are in different clusters.

Let Supp = Supp(d) U Supp(d¥’) and let n = |Supp| (n < 2k). Arrange the points in Supp
as & = (au, - -+, ap) such that each cluster lies in a continuous segment. In other words, if «; and
a; lie in the same cluster for indexes ¢ < j, then a; and «j also lie in the same cluster for all
i <i' < j < j;if a; and a; lie in the different cluster for indexes i < j, then ¢y and «jr also lie
in the different cluster for all i/ <i < j < j'.

Definition 16 Suppose o = (a1, a2, -+ , ) € BE. Let Py, be the set of polynomials of degree at
most n — 1 and Lipschitz over o, i.e.,

Pa = {P | deg P <n— 1, P(ar) = 0; |[Plc) — Play)| < | — oy Vi, j € [n]}.

From the discussion in Appendix A, we have the following proposition on the generalized trans-
portation distance.

Proposition 17 Tran(d,9’) < 2sup {§ fd(9 — ') : f € 1-Lipc} = 2sup {{pd(9 — ') : p € Pa}.
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Similar to the real case, we only need to focus on the extreme points of Pg,.

Definition 18 Letr o = (a1, a2, - , ) € BE. Let

Fo = {p | degp <n—1,p(ay) = 0; p(a;“) _Z(a") € {+1,+i} Vie [n— 1]} .
i+1 — Gy

It is easy to see that | Fo| = 4" L.

Again, we modify each polynomial p € F slightly. We define a degree-(n — 1) polynomial
T,(p) : C — C by assigning values to all a; for i € [n] as follows:

1. If o; is one of the first two points in the cluster corresponding to «;, assign T, (p) (cw) = p(a;).

2. Otherwise, denote a;, ovj41 as the first two points of the cluster, we would assign 75, (p) (cv;)
to be the linear interpolation of 7;)(p)(«a;) and T}, (p)(c; + 1). In concrete,

p(aj+1) - p(aj) (

T, p) o) = 2O

a; — aj) + play).

Since we have fixed n points in n—1-degree polynomial 7;,(p), we can see that 75, (p) is uniquely
determined. The following lemma shows T;,(p) is close to p over the points in cv.
Lemma 19 |7, (p)(o;) — p(cu)| < 21 for each a; € .

Proof We only need to prove the case that «; is not the first two points in the cluster.

plage) =play) a;) + pla;) — plas)

T (p)(ci) — peui)| < ‘

Qji1 = Qj
plaji1) — ploy)
< ‘ o 22 (o — a;)| + [p(ay) — p(ay)|
Qji1 = Qj

< 2|0y — o] < 2n,

where the third inequality holds since [p(cj4+1) —p(ey)| = |oj+1 — o] and the last inequality holds

because «; and o are in the same cluster. |
Lemma 20 Let o = (o, 00, -+ ,ay) € Be. Suppose T, (p) = Z;:ol cix'. We have |cy| <
n22n72 (@)an

p .
Proof Again, we would use Newton’s interpolation polynomials. Let F'[z1, - - - , x;] be the ith order

difference of T, (p). By definition of 7},(p), we know that every 2nd order difference of 7},(p) is in
{£1, +i}. Now, we show inductively that the absolute value of ith order difference absolute value

is at most (2n/n)*"2 forany i = 3,--- ,n. We distinguish two cases:
1. If oy — au| < m/n, then all oy, apq1,- -+, 44 lie in the same cluster (according to
the assigned order). Therefore, we can see that Foy, ay1] = Flagsr, up2] = -+ =

Flogyi—1, +i], from which any 3rd order difference (hence the 4th, Sth, up to the ith) in
this interval is zero.
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2. Otherwise, ; — | > n/n. By the induction hypothesis, we have that

Floagi1, - yop44] — Flog, -+ ogqi—
Flag, - g = [Floeer ol =Pl s avinl| oy o, 005 ) < (20 /)=
Qg — O

Also since |a;| < 1, the absolute value of the coefficient of z* in ]_[é»:l (x — « ) is less than 2. So,
finally we have ¢; < n227—2(2 7 )2, [ |

Lemma 21 For any polynomial p € Pq, there is a polynomial p,(x) such that the following
properties hold:

L. |py(as) — p(as)| < 21, for any i € [n].

2. The height of g, is at most n22”72(%)”72.

Proof For every polynomial p(z) € Pq, let g = 2= gor i — [ — 1], So |g;| < 1, that

Q41 —0y
means the point p = (g1, ,gn—1) is in the n — 1 dimensional complex hypercube (which has
471 vertices). Then, we apply exactly the same argument as in the proof of Lemma 11. |

Theorem 22 For any two mixtures with k components 9,9’ € Spike(Bc, Z%ﬁl), it holds that
Tran(9,9’) < O(k Mom (9, ﬁ')ﬁ),

Proof Fix any constant 7 > 0. Let £ = Mom (9,9")

Tran(d9,9’) <2 sup de (9 —19') =2 sup fpd(l? — 1)

fel-Lipc PEPa
2| 4n + sup fpnd(ﬂ — 1) (Lemma 21)
PEPa
2%—1 n\ "2
< 2| 4n+ sup Z n2%n 2 () Momg (¢, 19’) (Lemma 21)
pePa p=0 77
<2 <477 + 2% (2k)% 2§2> : (n < 2k)
n
By choosing 1 = 16k§ﬁ, we conclude that Tran(9,9") < O(kgﬁ). [ |
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B.3. Moment-Transportation Inequality in Higher Dimensions

We generalize our proof for one dimension to higher dimensions. Lemma 45 shows there exists a
vector 7 such that the distance between spikes are still lower bounded (up to factors depending on
k and d) after projection. This enables us to extend Lemma 8 to high dimension.

Theorem 23 Let 9,9 be two k-spike mixtures in Spike(Ag_1, Ag_1), and K = 2k — 1. Then, the
following inequality holds

Tran(d,9’) < O(k3d Mom g (9, 19") T ).

Proof Apply the argument in Lemma 45 to Supp = Supp(¥) U Supp(d’). There always exists
vector 7 € Sq_1 and constant ¢ such that |r " (a; — )| > 755 — a1 for all e, atj € Supp.
Note that |r " ;| < || ]i1 < 1, both IT,.(+9) and T1,.(9") are in Spike(A1, Ag_1). In this case,

Tran(d,9’) = inf {f |z — y|1du(x,y) : pe M9, 1‘}')} (Definition)

2
< inf {f k—cder(m —y)|du(x,y) : p e M(ﬂ,ﬁ')} (Lemma 45)
= kid Tran(IL.(9), IL.(9"))

1

< O(K*dMompg (9,9")%-1). (Lemma 8)

Appendix C. Missing Details from Section 4

C.1. Implementation Details of Algorithm 1

In this subsection, we show how to implement Algorithm 1 in O(k?) time. We first perform a ridge
regression to obtain ¢ in Line 1. The explicit solution of this ridge regression is ¢ = (A&,A M+
€2I)71 A}, byp. Since Ay is a Hankel matrix, € = (Apy — i€1) Y (App +1E1) 7T Appbyy holds.
Note that & = (A + M)~ b is a single step of the inverse power method, which can be computed in
O(kQ) time when A is a Hankel matrix(see Xu and Qiao (2008)). Hence, Line 1 can be implemented
in O(k?) arithmetic operations.

In Line 2, we solve the roots of polynomial Zfz_ol ¢z’ + ¥, We can use the algorithm in Neff
and Reif (1996) to find the solution with £-additive noise in O(k**°() - loglog(1/€)) arithmetic
operations.

Line 5 is a linear regression defined by Vandemonde matrix V. We can use the recent algo-
rithm developed in Meyer et al. (2022) to find a constant factor multiplicative approximation, which
uses O(k”"(l)) arithmetic operations. Note that a constant factor approximation suffices for our
purpose.

In Line 8, we find the k-spike distribution in Spike(A1, Aj_1) closest to 9. To achieve O(k?)
running time, we limit the spike distribution to have support &. In this case, the optimization
problem is equivalent to finding a transportation plan from (¢, ) to (¢, w™") where @~ and

w™ are the negative components and positive components of w respectively. In concrete, w;, =
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max{0, —@;} and @] = max{0,@;}. Note that the points are in one dimension. Using the clas-
sical algorithm in Aggarwal et al. (1992), we can solve this transportation problem in O(k1+°(1))
arithmetic operations.

C.2. Proof of Theorem 3

Now, we start to bound the reconstruction error of the algorithm. The following lemma is well
known (see e.g., Chihara (2011); Gordon et al. (2020)). We provide a proof for completeness.
Lemma 24 Let9 = (o, w) € Spike(Aq, A1) wherea = [, -+ o] T and w = [wy, -+ ,wi]T.
Letc = [co,- - ,cp—1]" € RF such that Hle(xfai) = Zi‘:ol cix'+x¥. Then, Z?;& M;1;(9)cj+
M; 1 (9) = 0 for any i = 0. The equation can also be written as Aproye + brrey = 0 in the
matrix form.

Proof By direct calculation,

k—1 k-1 k k k—1
Z M;j(9)c; + M (9 Z Z wpal ™ Z wyal TP = Z Wiy (Z cjor + oz,’f)
=0 j=0t=1 t=1 7=0
k k
Z 1_[ o — Oéj
The ith row of Apr(g)c + bps(g) is Z?;& M;1;(9¥)c; + M, (1), hence the matrix form. [ |

Next, the following lemma shows that the intermediate result ¢ a good estimation for the solution
of Apr9)® + bar(e) = 0 with a small norm:

Lemma 25 Let c=[co, - ,cr1]" € R¥ be the sequence of number in which [ [*_,(z — ;) =
Zf 01ch + ¥ Suppose | M — M(9)]o <& Let ¢ = [Eo, -, Ck_1]" € RF be the intermediate
el <2 k) and HAM C-l—bM )HOO < 20k -€.

Proof From Vieta’s formulas (see e.g., Barbeau (2003)), we have ¢; = >’ Se(
Thus,

1Y HjeS(_aj)‘

—1

k—1
lels = Y el < ) [Tleyl = H 1+ |og]) < 2F
i=0

Sealk] jes

where the last inequality holds since |a;| < 1 for all 7 according to the definition of ¥J.
From Lemma 24, we can see that || Ap/(g9)c + bas(9) oo = 0. Therefore, we can further get

lApre + b oo < [Anroye + baroyllo + [ Arrre — Anrgoyelloo + [bar — baro)lloo
< [Apoye + barylloo + [(Anrr — Apreoy)€lloo + [barr — baroy oo
< [Am)e + bar)llo + [Avr — Anrs) ol + [bar — bars) oo
< [Anroye + bar)lo + M= M) oo([lef1 + 1)
< 2O(k) L€,
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where the fourth inequality holds since (A —Apzg))ij = (M'—M(9))i1j and (bay —basg))i =
(M'" — M(9));+x. From the definition of ¢, we can see that

< | Anre+ b3+ €ef3
< k| Apre + by |Z, + €ellf
< 2O(k3) X 52.

| Anere + bar |3 + €23

The second inequality holds since || < || and |z|2 < v/k|z|o holds for any vector = € RE.
Now, we can directly see that

HAM’E + bM’Hoo < HAM/?: + bM’HQ < QO(k) . §,
Iy < VE|e]y < 20W).

Finally, we can bound || Ap7(9)€ + bar(9) oo as follows:

1A (9)€ + bar)lloo < [ Anr€ + basr|loo + [Anr€ — Apreoy€loo + 021 — bar)lloo
< [Apre + b oo + [Ane — Anreoylooll€lls + [0ar — bar(sy o
< || Apre + bar oo + | M= M(9)] oo (€)1 + 1)
<2000 ¢,

Using this result, we are able to show that & in Line 4 is a good estimation for the ground truth
spikes, . In particular, the following lemma shows that every ground truth spike a; € o has a
close spike &; € o where the closeness depends on the weight of the spike w;. We note that this
property tolerates permutation and small spikes weights, enabling us to analyze mixtures without
separations.

Lemma 26 Let& = [Qy,--- ,ar]" € CF be the intermediate result (Line 2) in Algorithm 1. Then,
the following inequality holds:

Z w; H la; — ;] < 20(k) . ¢

Proof Since ¢ and o are real, from the definition of ¢,

k k k k k—1 k k—1
STl = = Yo [T =) = Y| S +of| = Yo ( sl
i=1  j=1 i=1  |j=1 i=1 §=0 i=1 =0
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By expanding the RHS, we can reach that

- k—1 k—1
=) 5 (Z M, 4(0)8, + Mp+k(19)> + ) Ep My () + Moy (09)
p=0

= 6p(A (19)C+bM ) 2 p+k +M2k(79)’

where the last equality holds from the definition of matrix A () and vector by (). Moreover,
- - k—1 k-1
Z Mp 1, (9) + Map(9) = Z (‘ Z Mp+q(19)cq) + (‘ Z Mk+q(19)cq>
p=0 q=0 q=0

k—1

(Z Mp+q(9)cp + Mk+q(19)>

= — Z q(AM(ﬁ)5+ bM(ﬂ)) ;

q

where the first equality dues to Lemma 24 in which M, ;(¢¥) = — Z’;;é Mp44(9)cq. Combining
the above results, we finally get

szn\az—%’ Z( _CZ>(AM(19)C+bM( ))

i=0 ¢

< (el + lel)[Arr)€ + bars) o
< (2F 4+ 200R)) . 90() ¢ (Lemma 25)
< 20(’9) . g

We provide the following simple inequality that allows us to upper bound the impact of the
injected noise.

Lemma 27 Let b > 0 be some constant. For ay,--- ,a; € Rand a,--- ,a) € R such that
€ [0,b] and |}, — a;| < € holds for all i. In case that ¢ < n™L, then,

k k
[ Tai<]]ai+00" ke).

=1 i=1
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Proof The proof is similar to the proof of Lemma 1 in (Li and Deshpande, 2010).

k
[lei-[lo= 5 [lal]ei-w

i=1 Sclk],S#g €S ¢S

k
<3 3 [t o

t=1|5|=tieS ¢S

k k k
2\ 2
<O (M —1) = 0" - k¢).

The third inequality holds because (’z) < ]Z’—,t The last inequality holds since e* = >, f—: and the

fact that e/(®) = 1 + O(f(x)) if f(z) = O(1). u

With this lemma, we are able to show that the projection (Line 3) and the injected noise (Line 4)
do not introduce much extra error for our estimation of the positions of ground truth spikes.

Lemma 28 Let&v = [Qy,--- ,a] € R¥ be the intermediate result (Line 4) in Algorithm 1. Then,
k k
Z w; H |Oéi — 54]'|2 < 2O(k) €.
=1 j=1

Proof Leta@ = [y, -- ,a]' € R¥ be the set of projections (Line 3). Since the projected domain
A is convex, |o; — @;| < oy — @] always holds. This gives

k k
[ Jlew —a;* < ] [lew —ayl*.
j=1 J=1

Since &; is noisy @; with additive noise of size less than &, we have |o; — &;| < |a; — @j| + &
Applying Lemma 27 by regarding |o; — & as a; and |a; — & as a;, with the constrain guaranteed
according to |y — &;| < |a4| + |@;] < 2, we can conclude that

k k
[ Jlow — a2 < [ Jlow — @ + O2F - k¢).
j=1 J=1
Combining two inequalities, we get the desired inequality:

ko k ko k
Yiwi ] Jlei = < Yjwi [ [low — [+ 02F - k¢) <200 . ¢,
=1 j=1 =1 j=1

where the last inequality is given by Lemma 26. |

We now start to bound the error in Line 5 which is a linear regression defined by the Van-
dermonde matrix. We first introduce the Schur polynomial which has a strong connection to the
Vandermonde matrix.
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Definition 29 (Schur polynomial) Given a partition A = (A1, , \g) where \y = --- = X\, = 0,
the Schur polynomial sy(x1, 22, -+ ,x) is defined by the ratio
_ _ _ -1
xi\r‘rk 1 xé\l-‘rk’ I l‘21+k 1 1 1 e 1
gpreth=2 dotk=2 o Xath—2 21 .
1 2 k 1 2 k
sa(w1, 2, mp) = : : :
' ) ' e A S

A Schur polynomial is a symmetric function because the numerator and denominator are both
alternating (i.e., it changes sign if we swap two variables), and a polynomial since all alternating
polynomials are divisible by the Vandermonde determinant [ [, _;(z; — ;). * The following clas-
sical result (see, e.g., Stanley (2011)) shows an alternative way to calculate Schur polynomial. It
plays a crucial role in bounding the error of a linear system defined by the Vandermonde matrix
(Lemma 32).

Theorem 30 (e.g. Stanley (2011)) Let SSYT(\) be the set consists all semistandard Young tableau
of shape \ = (A1, -+, A\i). Then, Schur polynomial sy(x1,x2, -+ ,xy) can also be computed as
follows:

k
S/\(:E17$27"' 7:Ek’) = Z HJ:sz

TeSSYT()) i=1
where T; counts the occurrences of the number i in T
In a semistandard Young tableau, we allow the same number to appear more than once (or not

at all), and we require the entries weakly increase along each row and strictly increase down each
column As an example, for A = (2, 1, 0), the list of semistandard Young tableau are:

11\11\12\12\13\13\22\23\
2 3 2 3 2 3 3 3

The corresponding Schur polynomial is

2 2 2 2., .2 2
8(2,1,0)(T1, T2, ¥3) = T1T2 + 27T3 + T175 + T10273 + T1T3T2 + X173 + TT3 + T3,

Considering the special case where A\ = (j — k + 1,1,1,--- ,1), this theorem implies the
following result. We also present a self-contained proof of the lemma for completeness.
Lemma 31 Forall j > k and distinct numbers a1,--- ,ar € R (oray,--- ,a; € C),

. . . -1
a]{ aj e a-]?c 1 1 e 1
1 1 1 1 1 1 k k
al a2 ak al a? ak s
fl [l X ]e
: i=1  se(k)i—ki=1
allc—l a12c—1 a'é_l allc—l al2cfl aiil
where (a)® = {0,-- -, b}® denotes the set that contains all vector s in which >, s; = b.
4. It is easy to see that if a polynomial p(x1, ..., z») is alternating, it must contain (z; — ;) as a factor .
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Proof We provide a self-contained proof here for completeness

. According to the property of
Vandermonde determinant, we have

1 1 1
1 1 1
(11 02 CLk _ k 1 /2 H
. = - CLq
: : . : p<q
k—1 k-1 k-1
al a2 PPN ak

J J J
al a2 ak al al al al
al alk al k 1 i—1 i+1 k
1 2 k 1 . .
_ _1)z+ J :
: ( i : o
. . : . i=1 k—1 k-1 gk—1 k—1
k=1 k-1 k—1 ) Gy Gyt Gy
a’l a2 PEEEEY a’k
k
i+1 k—1)(k—2)/2
- N o [T (o)
i=1 t#i  p<q,pFi,q#i
k
_ k(k—1)/2 k41 J i+1
(RO R Y el (D) [ Jae [ (ap—ag)
i=1 t#1  p<q,p#i,qFi
Thus,

k
. i Qt
LHS(j) = > - [ [ ——
i=1 o ¢

Let L(z) = X5 LHS(j )27 and R(z) = 2>, RHS(j )27 be the generating functions of LHS and
RHS corresponding to j respectively. Then,

k . ag k CL? ag
ZEED) zdwry—*kaywin

=z
at — G4 —

i=1 \j>k t+#i % i M T At
k k
R(z)zl—[(ZazJ) zkn
i=1 \y>1 o1 L~ ez

For z = a, ! where p € [1, k], the product in each additive term with i # p equals 0. As a result,
we can see that

p k 1
_1.
R(ap, H a; — ay

t#p
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Since L(z)/R(z) is polynomial of z of degree k — 1, from the uniqueness of polynomial, we have

L(2)

=1 LHS = RHS
R(z)

which directly proves the statement. |

Using this result, we can show the reconstructed moment vector V4w is close to the ground
truth M (19). The next lemma shows the discrete mixture with support & can well approximate a
single spike distribution at «v in terms of the moments if any of the spikes in ¢ is close to «.

Lemma 32 Let M(«) be the vector [a°,al,- -+, a** 71T, Suppose F is either {R or C}. For
o€ Fwith|o| <land & = (&, ,04]" € F¥ with all &s distinct and | &« < 1. We have,
k
min Vg — M < 200) a — ajl.
iy Vo = )]z <229 [ ] a3
Proof Let Ad; = d; — a and let z* = [z, ,2}]" be the solution to linear equation
1 11 ot 1
A&% A&% - A&}C xd |0
A~k 1 A~k 1 ANk 1 .iUZ 0

Denote (Vzx* — M(a)); as the jth element of vector Vzx™ — M (cr). We will show that \(V~ x* —
M(a));| < 2% - 22 [T, |Ad| for any integer j = 0.1t is clear that we have Y% 2* A&/ = 0 for
any 1 < j < k according to the construction of x*. For larger j, we can expand the element by

k k i

Z *&i —al Z x} ZJ: (‘;)A&faj_p —
t=1 t=1 p=0

J

2

(Vaw* —

, k
< >0¢j_p2 i Aal

where the second equality follows from the definition of Acy;. So it is sufficient to bound Zf;l AN
for any j > k. We have that

-1

A AN - A 1 11
k . Aat Al - Adl Al Aas - A&l
* A ~J 1 2 k 1 2 k
Z AN ) . . . . .
=1 : . . : Ik :k T, Zk
A~k 1 A~k 1 A~k 1 Aalfl Aazfl L. A&kfl
~S
[ Z [Taa
t=1 k)i—kt= 1
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where the first equality dues to the relation between inverse matrix and adjoint matrix, and the other
equation holds from Lemma 31. Since |Ad;| < |a| + || < 2, (k)7~* has exactly () terms, we
can bound the summation by

k
<2F 27 M [1Aad).
t=1

k .
> aiAd]
t=1

Plugging in this result, we can reach that

(Vaz* — M(@)) = |3 (7)o 3t ad

p=1 t=1

i . k
< <‘7> 2o R T A
=k

P p t=1

k
<2827 [ [|Aql.
t=1

As a result, we conclude that

2%—1 k 2 k
; AP AP k.92 ~ O(k) o~
min [Vaw — M(@)] < [Vaz* — M(a)]z < Zk<2 2JtH|Aat|> <2 Q'a ajl.

xe i}
|

Lemma 28 shows that every discrete distribution in ground truth 9 has a close spike in recovered
positions & and thus can be well approximated according to the above lemma. Therefore, the
mixture of the discrete distributions can also be well approximated with support c. As the following
lemma shows, solving linear regression in Line 5 finds a weight vector w in which the corresponding
moment vector Vzw is close to the ground truth M (49).

Lemma 33 Letw = [W1,--- , W] € R¥ be the intermediate result (Line 5) in Algorithm 1. Then,
[Vadd — M(9)]o0 < 20%) - 2.

Proof Firstly, we have

[Vaw — M(9)]2

< |[Vaw — M'||z + [ M(9) — M'||2
< O(1) - min |V — M'|[2 + | M(9) — M|
xeRk

<O(Q1) min [Vaz — M(9)[2 + OQ) - |M(F) — M|z

where the first and third inequalities hold due to triangle inequality, and the second inequality holds
since |Vaw — M'|3 < O(1) - ming gk |Vgx — M'|3 (we only find an O(1)-approximation in this
step).
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For the first term, we can see that

k k
min [|[Vyax — M(9)|s = min w; Vyx; — w; M (o
min [Vaz — M(9)]: 3wl = Y widl(a

L1, ,:l:kERk P

2
k

< Z w; min |[Vyx — M (o) |2
e xeRF

k k
< 20(k) Z Wi H o — & (Lemma 32)
=1 j=1
k k
< 20() Z w; H | — &2 (AM-QM Inequality, w € Ag_1)
=1 j=1
<200 .\ /e, (Lemma 28).

For the second term, | M (9) — M'|ls < VE|M(9) — M'||x < Vk - €. As aresult,

[Va@ — M(9)|e < |[Va® — M9)]s < O(1) - 200 - /g +0(1) - VI - ¢ <200 3.
|
The moment-transportation inequality (Lemma 8) requires the input to be signed measure. So,

we normalize the recovered spikes in Line 6. The following lemma shows the moment vector would
not change too much after normalization.

Lemma 34 Let 9 = (&, @) be the intermediate result (Line 7) in Algorithm 1. Then, we have
Momg (9, 9) < 20%) -fé.
Proof According to the definition of V and M (1), we have (Vaw — M(d9)); = Zf;l w; — 1.
Therefore, | Y| @; — 1| < |(Va® — M(9))1] < |[Va®@ — M(9)] < 200 - ¢3.
Note that @ — @[; = @], — |@] = [(XF, @)~! — 1]. For 20() . £z < 1/2, we can

conclude that |@ — @[y = |(XF_, @;) ' — 1| <2/ 3¢ @; — 1] <200 . ¢2.
Thus, we can reach that

Mom (9,9) = |M(9) — M(9) oo = |Vai® — M(9)] o0

< [Vaw — M(9)]oo + [Va — Va®)o
< [Vaw — M(9)] o + [V loo |0 — w]s
< QO(k) 5%

where the first inequality holds due to triangle inequality and the third holds since |V < 1. W

Moreover, the weight can still be negative after normalization. To find a reconstruction in the
original space, we want to find a mixture of discrete distributions in Spike(A1, Ag_1) that is close
to ¥. However, this step can cast a huge impact on the moment. Thus, we directly estimate the
influence in terms of the transportation distance instead of the moment distance. We note the trans-
portation distance in the next lemma is defined possibly for non-probability measures (see Equation
(4) in Appendix A for details).
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Lemma 35 Let C be a compact convex set in R and let 9 = (&, ®) € Spike(C, Si_1) be a
k-spike distribution over support C. Then, we have

_ min Tran(d,9) <2 min Tran(d, 9).
DeSpike(&,Ap_1) DeSpike(C,Aj_1)

Note that the minimization on the left is over support cx.

Proof Consider any 9 = (@, w) € Spike(C, Aj_1) such that & = L&l,--- ;] and w =
[@1,- - ,wx]T. Let ¥ = argmingegpieias, ) Tran(¥,d). Since 9 € Spike(&, Xi_1), we
have Tran(®, 9) < Tran(«, ). From triangle inequality, we have

Tran(d,9') < Tran(d,9) + Tran(9, 9') < 2 Tran(d, 9).

Now, we start to show ¥’ € Spike(cx, Ax_1), i.€., the weight of spikes in the closest distribution to
29 with support & should be all non-negative.

Towards a contradiction, assume the optimal distribution 9’ contains at least one negative spike,
that is, let (9')” = (o, max{—w,0}) be the negative spikes of ¥, we have (')~ # 0. In
this case, since 9 is a probability distribution, Tran(9,49") = Tran(d + (9'), (¥)") where
(9)* = (o, max{w, 0}) is positive spikes of 9’

Let 1/ be the optimal matching distribution corresponding to Tran(d + (¢')~, (9')*). From its
definition, 4/ is non-negative. Let 1 be the matching distribution in g’ that maps 9 and (9')*. Let
19" be the marginal distribution of 1 other than 9. In this case, 4" is a valid matching distribution
for Tran (19, 9”). Moreover, ;1" gives less transportation distance than z/ does since the cost on the
eliminated terms is non-negative. Hence, Tran (4, 9”) < Tran(«J,19’), which is a contradiction.

As aresult, ¥’ € Spike(ex, Ag_1). Therefore, MiNg g cia A, y) Tran(d,9) < Tran(9,d").

By taking minimization over 9, we can conclude that

_ min Tran(9,9) <2 min Tran(d, 9).
veSpike(a,Ap_1) veSpike(C,Ar_1)

Finally, we are ready to bound the transportation distance error of the reconstructed k-spike
distribution:

Lemma 36 Let 9 = (&, ) be the final result (Line 9) in Algorithm 1. Then, we have
Tran(d,9) < O(kET-2).
Proof Combining Lemma 8 and Lemma 34, we can see

)TT) < O(KETE).

N

Tran(d,9) < O(k - (200 . ¢
Moreover, from Lemma 35, we have

Tran(1~9, lv‘}) <2 min Tran(’l~9,5) < 2Tran(1~9,19) = O(k:ng*?).
0eSpike(A1,A,_1)

Finally, by triangle inequality, Tran(d,9) < Tran(d, 9) + Tran(d, 9) < O(kE7-2). m

By choosing ¢ = (¢/k)°*), the previous lemma directly implies Theorem 3.
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Appendix D. An Algorithm for the Two-Dimensional Problem

We can generalize the 1-dimension algorithm described in Section 4 to 2-dimension. Let ¥ :=
(o, w) € Spike(Ag, Ak_l) be the underlying mixture where o = {ay, - -+ , o} foro; = (i1, vi2)
and w = [wl, - ,wg]" € Aj_;. The true moments can be computed according to M; ;(9) =
Zt 1 wtozt 1042 The input is the noisy moments M’ ;in 0 < 4,5,% + 7 < 2k — 1 such that
|M; ; — M; j(9)] < & We further assume that M , = M070(19) — land & < 2790,

The key idea is simple: a distribution supported in R? can be mapped to a distribution supported
in the complex plane C. In particular, we define the complex set Ac = {a + bi | (a,b) € Ag}.
Moreover, we denote 3 = [B1, -+, k]| := [a11 + q19i, -+, a1 + agoi]! € Aé“:, and define
¢ := (B, w) € Spike(A%, Aj_1) to be the complex mixture corresponding to 9. The correspond-
ing moments of ¢ can thus be defined as G; (@) = Zle wt(ﬂg)iﬁg.

For G = [Giﬂj]g@gk;ogjsk—l’ denote

Go,o Gox -+ Gog—1 Go,k Go,o
G1,0 Gii - Grr— Gk Go,1
Ag = : : .. : b = : , Mg = :
Gr-10 Gig—1 - Gr_1p-1 Gr-1k Gok—1

Algorithm 2 Reconstruction Algorithm in Two-Dimensional Problem

Input: number of spikes £, noisy moments )/ '(+), noise level &
Output: recovered spike distribution 9

I G [ = Zp 02 ( )( )(_1)2 P~ qu/H-q i+j—p— q]g i<k;0<j<k—1
2 C argmmme(ck |Agrx + ber |3 + €2z =cC= [co, - Ch— 1] e Ck
3 B roots(ZiC Olc,:c + zF) = 8= [61, ,Bk] e Ck
4 B — projectac(B) = B=[B1,-, 5] € AL
5: ﬁ 16+NOISG(€> :>B: [517"' 76k]T EAf(Cj
6: W < argming.ck HVBm — Mg |3 =W = [y, -, € CF
i /(S @) @ = [, @] e XF
8: ¢ (B, ) N =g Spike(Ac, BF )
9: ¥ « ([real(B), imag(B)], real(w)) = 1) € Spike(Ag, ¥j_1)
10: W «— argmingen, _, Tran(d, (&, x))

1: 9« (&, o) = O € Spike(Ag, A1)

The pseudocode can be found in Algorithm 2. The algorithm takes the number of spikes k& and
the error bound ¢ to reconstruct the original spike distribution using empirical moments M’. Now,
we describe the implementation details of our algorithm.

We first calculate the empirical complete moments G’ of ¢ in Line 1. Since the process follows
relationship between G(¢) and M () (see Lemma 37), G’ would be an estimation of ground truth
G(¢). Since it is a two-dimensional convolution, this step can be implemented in O(k?) arithmetic
operations.
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Then, we perform a ridge regression to obtain c in Line 2. We note that Agg)c + bg(g) = O.
(see Lemma 38). Hence, ¢ can be seen as an approximation of ¢. The explicit solution of this ridge
regression is ¢ = (AL, Agr + €)1 A/, ber which can be computed in O(k?) time.

From Line 3 to Line5, we aim to estimate the positions of the spikes of complex correspondence,
i.e., B; s. Similar to the 1-dimensional case, we solve the roots of polynomial Z?:_ol ¢at + x*. Note
that the roots we found may locate outside A, which is the support of the ground truth. Thus,
we use the description of As to project the solutions back to A¢ and inject small noise to ensure
that all values are distinct and ,5’ are still in Ac. Any noise of size at most £ suffices here. We
note that from the definition of complex correspondence, the realized spikes in the original space
are [real((3), imag(/3)]. For implementation, this step can be done using the numerical root-finding
algorithm allowing ¢ additive noise in O(k'*°() - loglog(1/¢)) arithmetic operations.

After that, we aim to recover the weight of the spikes. Line 6 is a linear regression defined
by Vandemonde matrix V3. Since 3 may be complex numbers, we would calculate over complex
space. Again, we would apply moment inequality to bound the recovered parameter error. Hence,
we normalize w and get w in Line 9. Note from our definition of transportation distance, the
real components and imaginary components are considered separately. Hence, we can discard the
imaginary parts of w and reconstruct the k-spike distribution in Line 7. Using linear regression, this
step can be done in O(k?) time.

The remaining thing is to deal with the negative weights of w. We find a close k-spike distri-
bution in Spike(Asg, Ax_1) in Line 7. The optimization problem is equivalent to finding a trans-
portation from (¢, ) to (¢, w ") where @~ and @™ are the negative components and positive
components of @ respectively, i.e., W; = max{0, —@;} and @;" = max{0, @;}. This transportation
can be found using the standard network flow technique, which takes O(k?3) time.

Since the noise satisfies ¢ < 272(F), the whole algorithm requires O(k?) arithmetic operations.

D.1. Error Analysis

From now, we bound the reconstruction error of the algorithm. The following lemma presents the
relationship between the moments of the original k-spike distribution and its complex correspon-
dence.

Lemma 37 Let 9 = (a,w) € Spike(Ag, Ap_1) and let ¢ = (3, w) € Spike(Ac, Ax_1) be its

complex correspondence. Then, the complete moment satisfies
L i\ () o
Gij(¢) = > )] < ) ( )(—i)l_pi]_quw,iﬂpq('l9)-
p=0g=0 \P/ \4

Proof According to the definition,

k
Gij(¢) = Y wi(B])B] = Z w1 — o i) (o1 + o 01)’
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The following lemma is a complex extension of Lemma 24.
Lemma 38 Let ¢ = (B3, w) € Spike(Ac, A1) where 3 = [B1,-++, B andw = [wy,--- ,wi] .
Letc = [co, - ,cr_1]" € C such that Hf;l(:n — ;) = Zf;ol ciz® + . Then,

k—1 —
Z Gi,j( cj + Gl k Z C + Gk’i(’ﬁ) =0,
Jj=0 Jj=0

foralli = 0. In matrix form, the equation can be written as:
Ag(,g)c + bG(’l9) = 0.

Proof According to the definition of G, it holds that

k—1 k-1 k k
Z Gij(P)cj + Gri(d) = Z wy(B]) Blej + Z wy(B8]) 8¢
j=0 j=0t=1 t=1
k (k=1
=> wy(B])! el + ﬁf>
t=1 3=0
k K
= M w8 [ (5
t=1 j=1
k—1 k=1 k k '
2 Gii@)el + Grile) = Y Y wi(B)YBie] + 3 wi(B])" B
j=0 j=0t=1 t=1
k=1 k f
= ( D wi(B]) 5ch+2wt 8N Bt> = 0.
j=0t=1
|
Similar to Lemma 25, we present some useful properties of €.
Lemma39 Let¢ = [Co, -+ ,Ck_1]' € R¥ be the intermediate result (Line 2) in the algorithm.

Then, |G' — G() ] <22 - & [lefr < 2% &)1 < 290 and | Agg)€ + bo(g) e < 290 - €.

Proof From Vieta’s formulas, we have ¢; = > (14 [ [jes(—c;). Thus,
k—1

k-1
leli =Y lel< X, [118i1= H (1+16:]) < 2*
i=0 i=1

Se2lk] jes

where the last inequality holds because |5;| = 4 /ozl |+ a? 7o < 1foralli.
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According to Lemma 37,
i J

-5 5 () (-

This shows that |G — G(¢) s < 22F - €.
From Lemma 24, we can see that || Ap;g)c + bas(9)loo = 0. Therefore,

THM = M(9) < 277 €.

[Acre + bar|oo < [Aggyc + baa)llo + 1Acre — Agig)€loo + [bar — bae)llo
< [Aggye + bae) o + I(Aar — Agg))elo + [bar — bag)llo
< [Agigye + bag) o + [Acr — Age) lollelr + [ber — bag) o
< [Ag@ye + bag)lo + |G" = G(@) o (el + 1)
<2000 . ¢,

The fourth inequality holds since (Agr — Ag(g))ij = (G' — G(@))i,; and (bgr — bg(g))i = (G' —
G(®))i k-
From the definition of ¢, we can see that
|Acre + ber |3 + €[5 < |Agre + bar |3 + €%c|3
< k|Agre+bar|3 + €|}
O(k) . 52'

N
N

The second inequality holds since |z |2 < || and |x|]2 < Vk|z | holds for any vector x € RF.
Now, we get that

|Acré + bey||oo < A + ber|l2 < 20 - ¢,
le < VE[e|s < 20%).

Finally, we can bound || A (g)€ + b (g) |0 according to

[Ac(p)€ + bag) o < A€ + bar|o + [|Acre — Ag(g)Cloo + [bar — bae)llo
< [Ag€ +bar|loo + [Acr — Age lool€lr + Ibar — ba(e) o
< |Age + bar|oo + [|G" = G() ([ + 1)
<20M . ¢,
which finishes the proof. |

We then show w obtained in Line 7 is close to the ground truth 3.

Lemma 40 Let B = [31, e 73k]T € C* be the intermediate result (Line 3) in Algorithm 2. Then,

k
Swi [ 18— Bif* <29%)-¢.

i=1  j=1
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Proof Consider

koo k R k N 2
2w ] [18i =Bl = Z [ = 2| 2 G
i=1 =1 i=1 |j=1 i=1  |j=0
k k-1 T k-1
Y ( 56+ @k> (2 0+ ﬁf>
i=1 Jj=0 j=0
k k—1k—1 k—1 k—1
= D wi ( che (818! + Z chshrsf + Z ey (B1)* + (8] >’“55>
i=1 p=0¢=0 = —
k—1k—1 k k=1 k
= ’C\L’c‘ Z 5T pqu EAL 6T plBk+Z szﬁp 5T +Zw BT Bk
p=0¢=0 i=1 p=0 =1 p=0 i=1
k—1 k—1 k—1
= /C\;? < GP Q(ﬂ)cq + Gp,k(ﬁ)> + 2 /C\pGlap(ﬂ) + Gk,k(ﬁ)
p=0 q=0 p=0
k—1 k—1
= > e (Ag)E + baw)p + . Crp(®) + Gr(9),
p=0 p=0

where the last equality holds from the definition of matrix Ag(g) and vector bg(yg). According to
Lemma 38, G, ,(9) = — Zlqtol Gq,p(ﬂ)cg, SO

k—1 k—1 k-1 k—1
D Grp(9) + Gri(®) = > &, ( > Gq,p(ﬂ)cz;> + ( > Gq,k(ﬁ)cg)
q=0

p=0 p=0 q=0
k-1 k-1
= - Cz < Gyp(9)cy + Gk,q@”)
q=0 p=0
k—1
=— " c(Ag)C + bew))q
q=0
Therefore,
k k R k—1
Ywi [T18: = Bi> = X (@ = c)(Ao)e + boo))s
i=1  j=1 i=0
< ([[ellr + el [ Aas)e + baes) o
< (2F +20()) . 90() ¢ (Lemma 39)
< 20( ) f

Similar to Lemma 28, the following lemma shows the error still can be bounded after projection
and injecting noise.
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Lemmadl Let 3 = [Bl, e ,Bk]T € C* be the intermediate result (Line 5) in Algorithm 2. Then,
k k R
Z w; H 18 — B;I* <29 - ¢.
i=1  j=1

Proof Let B = [Bl, e ,Bk]T € ]Rf be the setgf projections (Line 4). Since As is convex, Ac is
also convex. From 3; € Ac, |f; — 3| < |B; — 5;| holds. Thus,

k k
[118: =B < T ]18: = Bif*.
j=1 J=1

Recall that B}- is obtained from §; by adding of size noise no more than £. We have |3; — §]| <
|Bi — Bj| + &. Apply Lemma 27 by regarding |3; — 3;| as a; and | 3; — 3| as a’;. From |3; — ;| <
|8i] +1B;| < 2, we can conclude that
k R k B
[T18: =B < []16: = B + 02" - ko).
j=1 j=1
Combining two inequalities,
k k R k R
Mowi [ 18 = Bil> < DJwi [ [18: = Bjl + 2k - £ < 2P - ¢,
=1 j=1 i=1  j=1
|

Similar to Lemma 33, we can bound the error of approximating ground truth over recovered
spikes.

Lemma 42 Leti = [0y, , W] € R¥ be the intermediate result (Line 6) in Algorithm 2. Then,
~ 1
[V3@ — M ()]0 <200 - €2
Proof Firstly,

[Vaw — M()]2 < [Vaw — Mer |2 + [M(¢) — Mer |2
< min [Vaz — M2 + |M(¢) — Mcr |2
xeCk

< min [Vaz — M()|2 + |M(¢) — Ml
xeCk

where the first and third inequalities hold due to triangle inequality, and the second inequality holds
since HVE'&’ — Mg|3 < minggr IV — M3
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For the first term, we can see that

k k
in |[Vayx — M = Vs, — M
QI:rel(gllf H B (¢)”2 1 oy eCk ;wz B i_zlwz Bl ,
k
< ;wz‘ min [Vaz — M(5i)]2
k k
OS]
i=1 =1
k k N
Diwi ] [18:— B
i=1 =
< 20() . \/E
For the second term,
|M () — Mer|l2 < VE|M(¢p) — M| oo
< V|G = G(¢)]os
< QO(k) . f

As aresult,

Vi@ — M (@) o < |V -

(Lemma 32)

(AM-QM Inequality, w € Ag_1)

M($)]2 < 200 . \/€ + 200 ¢ < 20() . ¢3

Similar to Lemma 34, we can prove that (?) is also a good estimation of ¢.

Lemma 43 Let % = (B,
Mom (¢, ¢) < 20 2.

Proof According to the definition of V3 and M (¢ (¢), we have
Therefore [~ 1] < (Vb — M(8)h| < [V — M (6)]c

<%@—Mwm

— 1. For 20

w) be the intermediate result (Line 8) in Algorithm 2. Then,

(Lemma 41).
(Lemma 39)
|
= Zf:l w; — 1.

m\»—'

OF) . g3,

-€2 < 1/2, we can

Note that @ — w[; = Hle - leh = (X 1’wz)
conclude that |w — w|; = | ZZ L) =1] < 2‘21‘:1 w; — 1] < 200) -52.
Thus,
Momg (¢, ¢) = HM( ) = M(®)|w = [Vzw — M()]oo
< |[Vaw — M(@)[oo + V]l — w]
< k) . 52.

where the first inequality holds because of the triangle inequality.

Now everything is in place to show the final bound.
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Lemma 44 Let 9 = (&, W) be the final result (Line 11) in Algorithm 2. Then, we have
Tran(d, 9) < O(kE7-2).
Proof Apply Lemma 43 to the result of Lemma 22. We have
Tran(¢, @) < O(k - (200 - €3)71) < O(keT2).

Denote 5/ = (B, real(w)) as the result that discards all imaginary components from (Nﬁ From
the definition of transportation distance for complex weights, the imaginary components is indepen-
dent from the real components. Moreover, ¢ has no imaginary components. Thus, discarding all
imaginary components from (75 reduces the transportation distance to ¢. That is,

Tran( , ¢) < Tran(, ¢).

Moreover, from any 3;, 5; € C, we have

|[real(;),imag(8;)] — [real(B;),imag(B;)][1 < 2|[real(5;),imag(B;)] — [real(53;),imag(5;)]|2
= 2|8 — Bjl.

This shows the distance over C is smaller than 2 times of the distance over R2. As a result,
Tran(d, 9) < 2 Tran(d, 9) < O(kET-2).
Moreover, from Lemma 35, we have

Tran(1~9, E‘) <2 min Tran(aaﬁ) < 2Tran(1~9,19) = O<kfwl_2)‘
DeSpike(Ag,Ap_1)

Finally, from triangle inequality, Tran(d, 9) < Tran(iv9, 9) + Tran(d, 9) < O(kfﬁ). [

Appendix E. An Algorithm for Higher-dimensional Problem

We assume the moment information is revealed by a noisy moment oracle. A moment oracle corre-
sponding to k-spike distribution ¢ is defined to be a function M’(-) that takes a matrix (or a vector)
R with |R| < 1 and generates a noisy vector M'(R) such that |[M'(R) — M(IIr(9¥))]|e < &
and M{(R) = Mo(IIr(9¥)) = 1 where £ < 2% is the noise level and M is the moment vector
defined in (1).

Let e; € R? be the unit vector that takes value 1 in only the ¢-th coordinate and 0 in the remaining
coordinates. Denote 14 = (1,--- ,1) € R% Let Sy_; be the unit sphere in R?.

The pseudocode can be found in Algorithm 3. The algorithm’s input consists of the number of
spikes k, the moment error bound &, and the noisy moment oracle M’(-) mentioned above. Now,
we describe the implementation details of our algorithm.

We first generate a random vector 7 in Line 2 by sampling from unit sphere Sy_; = {r € R? |
|r|2 = 1}. Note that by a probabilistic argument, the distance between spikes is roughly kept
after the projection along r (see Lemma 45). Then, we aim to use the one-dimension algorithm to
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Algorithm 3 Reconstruction Algorithm in High Dimension

1: input: number of spikes &, noisy moments M’(-), noise level £
output: recovered spike distribution ¥

20 P — Sg_1

3@ OneDimension(k, M'(*+1), ¢) - & = (¥, @) € Spike(A1, A_1)
4 ¢ — ([4Y — 14], W) = ¢=(y,w)
s5: fort e [1,d] do

6: c?); <« TwoDimension(k, M’([%, %1),6) = qbt ([4! i+ c’if’t],ﬁz’ ) € Spike(Ag, Ag_1)
Ty — ([4y{7t - 1d72&{,t]aﬁ){7t) = ¢, = ([@:,n& £ W t)
8: forje[l,k]do

9: Sja < A MiNgg, > e [Uj — Ysil

10: O[Jt <« a ;Ftvt

11:  end for

12: 5(;715 “«— [&1@ s ,&kyt]—r = & eRF
13: end for

14: o «— [CNt;,l,-“ ,C~t:7d]T =>a= [&1,~~- &k]eRka
15: ¥ «— (o, w) = 19 € Spike(R%, A;_)
16: & < projecty, (&) =& =&, -, € AF
17: 9 — (&, ) — 9 € Spike(Ag_1, Ap_1)

recover II,.(9¥). However, the support of II,.(¢) is contained in [—1, 1] but not [0, 1]. In Line 3,
we apply the 1-dimension algorithm (Algorithm 1) to the noisy moments of a shifted and scaled
map 11,1 1,)/4(%) whose support is in [0, 1]. Then we scale and shift back to obtain the result ¢ in

Line 4. Intuitively, ¢ is close to IL,.(1).

Now, we try to recover the coordinates of the spikes. In particular, we would like to find, for
each spike of (?5, the coordinates of the corresponding location in A;_1. This is done by considering
each dimension separately. For each coordinate ¢ € [d], we run the two-dimension algorithm (i.e.,
Algorithm 2) to recovery the projection IIj, .,1(1), that is a linear map of ¥ onto the subspace
spanned by vector r and axis e;. However, [r,e:|a; is in [—1,1] x [0,1]. Again, in Line 6,
we apply the algorithm to the noisy moments of a shifted and scaled projection Ilp, (9¥) where

By = [™t14 2] and scale the result back in Line 7. The result is denoted as b,.

Next, we assemble the 1d projection & and 2-d projections QASt, te [d] Due to the noise, qbt and
¢ may have different supports along r. So we assign the coordinates of c,b according to the closest
spike of qbt with relatively large weights in Line 7 to Line 12. Due to the error, the support of the
reconstructed distribution 9 may not locate in Ag_;. Thus the final step in Line 16 is to project
each individual spike back to Ay_1.

We note the bottleneck of this algorithm is Line 6, where we have to solve the two-dimensional
problem d times. Hence, the total running time of the algorithm is O(dk?).
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E.1. Error Analysis

First, we show the random vector r has a critical property that two distant spikes are still distant
after the projection with high probability. This result is standard and similar statements are known
in the literature (e.g., Lemma 37 in Wu and Yang (2020)).

Lemma 45 Let Supp = (o, -+ ,ap) © Ag_q such that d > 3. For every constant 0 < n < 1
and a random vector v < Sq_1, with probability at least 1 — 1), for any o;, a; € Supp, we have

that
n

.
7 (o — )| = 24

i — a1
Proof Let 0 < € < 1 be some constant depending on %k and d which we fix later. Assume r =
[r1,---,7rq4]". For a fixed pair (o, tj), we have
Pr [|r'(a; — )| < el —eja] = Pr [|r] <e].
r~Sq_1 T~Sq_1

Suppose 7 is obtained by first sampling a vector from unit ball B; and then normalizing it to the

unit sphere Sy_1. We can see that
Pr [Jri] <e] < Pr [Jri| <€
r~Sq_1 r~By

where the RHS is equal to the probability that 7 lies in the slice [—e, €].
Let V;; be the volume of d-dimensional ball. We have

d—1
§C Vai(l—2?)2 dz
P ==
L il < e] v,

<e\/a

where the last inequality holds since Vy/Vy_; > 2/+/d.
By union bound over all pairs (o, aj), we can see that the failure probability can be bounded
by
Pr [Jay,a; € Supp : |rT(A; — Aj)| < €| A; — Aj2] < E2eVd.

r~Sq_1

Notice that |||} < v/d|c| for any o € R?, and let € = k%\/g. We conclude that

Pr [Vai,a; € Supp : 1| (A — Aj)| > —=[Ai — Aj]1] > 1 —1.
'I‘NSd_l k' d

Next, we show that we can recover and reconstruct the higher dimension mixture 14, using
its 1d projection ¢ ~ IL. (1), by assigning each spike (¥;,w;) in the one dimension distribution
a location in R?. In a high level, consider a clustering of the spikes in II,.(19). The spikes in
one cluster still form a cluster in the original ¥ by Lemma 45 since the projection approximately
keeps the distance. Thus assigning the clusters a location in R? can produce a good estimation
for 9. The following lemma formally proves that we can reconstruct the original mixture using
two-dimensional projections.
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Lemma 46 Let 9 € Spike(Rd, Agk_1) Ize the intermediate result (ALine 15) in Algorithm 3. Let €
be the smallest number such that Tran(¢,11,.(9)) < € and Tran(¢y, [, .1 (9)) < € for all t. If
Lemma 45 holds for 8, we have that

Tran(d, 9) < O(K*d>Ve).
Proof Let C4,--- ,C,, be a partition of [k] for 9 such that:
e |rTa; —rTa;| < kyeifie Cy,j e C forsomel € [m].
e rTa; —rTay| > eifie C,jeCpforl #1

For every cluster C,, we construct another set ép for 9 containing every index j € [k] such that
minec, ]ﬂj — rTai| < % From the construction of the partition, for each spike ¥, there exists at
most one Cy such that minec, |y — rloyl < % Thus, we have all CN‘l, e ,5’m disjoint.

In this case, for every pair of i ¢ C), and j € 5'p, we have |g; — rloy| > % Since the total

transportation distance between & and II,.(9) is no more than €. Hence, a portion of at most —<-

Ve/2
of the weight in C, can be matched out of C),. This gives

’Zwi— Z’l’lv}j‘<2\/g.

1€Cp jEép

Recall the transportation distance Tran(, 5) is the solution of the following program over
coupling distribution .

k k
min 1> i 6 — oy

i=1j=1
k k

s.t. w; = Z ,LLZ'J,@j = Z Wigy o = 0.
j=1 i=1

Consider a specific distribution p generated by the following two-stage procedure: Initially, set
i = 0 for every pair of (, ) In the first stage, increase y; j for every i € Cp, and j € C~’p whenever
w; = 2?21 i j, Wy = Zle fi.j. In the second stage, increase yu; ; arbitrarily for every pair of (i, j)
to satisfy every constraint. Since the restriction set is convex, C), are disjoint, and CN’I, are disjoint,
for some specific p, this two-stage process ensures

Z Z Hig = min{Z ws, Z ﬁ]}

€Ch jeC, €Cp el

As a result, the coupling distribution satisfies

SN g <] Y w3 iy < 2ve

1€Cp ]¢6’p 1€eCp jeép
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Now we start to show g is a good coupling distribution for Tran(49, 5) Since {C},} is a partition
of [k], we can decompose the transportation distance into:

E ok k
Tran(ﬂ,&) < Z 2 wijlog — ol = Z Z Z M5

i=1j=1 p i€Cp j=1

&) — el

Next, we bound the RHS by considering each cluster C,,. If it holds Zz‘ecp Z§=1 i < 2ky/e,
from |&; — a1 < 1, we can directly get

2 iwzﬂ

1€Cp j=1

&j — CLLHl < 2]{5\/2

Otherwise, we have > ;... 25:1 Wi j > 2k+/e. We can decompose the last summation into:

k
DY igley — oy = >0 > pigley — ol + D) D pigloy — ol

€Cp j=1 1€eCp jﬁé@, 1€Cyp jeCN’p

For the first term, we have >, D e fij < 24/€ as we had discussed above. Together

with |&; — aylli < 1, we can bound the first term by 24/e. For the second term, we have
Ziecp Zj ec, Mivj < 1 according to the property of coupling distribution and the following lemma

shows |&; — a1 is small. We delay the proof for readability.
Lemma 47 If .. wi > 2k\/e, then |[o; — o1 < O(k3d?\/e) foralli € Cpand j € ép.

As a result, we can see that

&; — a1 < O(K*d*Ve).

2 i#m‘

i€Cp j=1

Hence, we can conclude that Tran (9, 9) < O(k3d2\/e). [ |

Proof [Proof of Lemma 47] For some fixed cluster C), with ¢ € Cj, and j € (j’p, we will prove the
statement by showing c; and ¢&; are close on every dimension ¢.

Firstly, we claim that for the cluster C), there exist s € [k] and i; € C) in which Ws; > /€
and |Ys ¢ — oy, | + |5+ — vy ¢| < 4/€ in which a)t contains a spike at (¥s ¢, (is ¢) of weight ws ¢
and «, ¢ is the dimension ¢ of «;,. Towards a contradiction, each spike in (Abt is either of weight
less than 4/€ or is of distance at least /¢ from the projected spikes in C), along [r,e;]. Then,
each unit of the weights in C), suffers a transportation cost of at least /e after the first k x /e
weights since it is not sufficient to cover spikes in (), using nearby spikes. Note the total weight
in C), is at least 2k+/e. So in this case, the transportation distance between qAb and IT,.(¥9) is at least
Tran(gAbt, iy e,1(9)) = (2ky/€ — 1/€ x k) x 1/e > ke which contradicts to the definition of e.

Next, we take some i3 € C,, for j such that |7; — rTay,| < % This always exists according

to the definition of ép. From the clustering, it holds that |r "oy — 7T, < ky/e and |77y, —
r ' au,| < ky/e. With the triangle inequality, we have

< Yot — rTail\ + ]rTail — rTaizl + |75 — rTai2| < (1.5 + k)v/e.

’?7]‘ - @\s,t
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Since Ws; > +/€ which fits the condition in Line 9 of Algorithm 3, the minimization thus ensures
197 = Usx, ol < (L5 + K)v/e.

In addition, since the weight of spike (yyx ,, &gx ;) satisfies W , > /€ and the total trans-

7, J,t’ 3.t

portation distance satisfies Tran (¢, [Ij,. .,1(¥9)) < e. There must exist some i3 € [k] such that
Ir T o, _@\Sftvt| + |ai3,t_as;<t,t| <%= V€, that is, (ﬂsjﬁt, as;‘t:t) is close to spike (7 aiy, iy 1)

From the triangle inequality, we have

T T ~
r oy =1 o]+ |aig e — Qgr 4

<Irlo — o, + [ — r o, + |75 — Ust ol + Ir" e, — Ust ol + lavigy — @

< (3 + 2k)v/e.

*
Sj,tvt

Applying Lemma 45 for a;s, we have that [r " a; —7 T

under the good event. Thus,

oy = phllai—aug | = gl —aigy

|t — aie] = |@

< T(\’“Tai =10y | + o — Ggr 4l)

2
< knd (3 4 2k)ve < O(K3dv/e)

where the equality holds due to the assignment of &/;; < @S*t . in Line 10 of Algorithm 3 and the
J,t?
second inequality holds since n < 1. Taking summation over ¢, we conclude that

d
l&; — cilly < ) 1as — cig| < O(KPd*VVe).
t=1

Note that we can bound € using Lemma 36 and Lemma 44. As a result, we can provide a
performance guarantee of our algorithm for the high-dimensional case.

Theorem 48 Let ¥ = (&, w) be the final result (Line 17) in Algorithm 3. Then with probability at
least 1 — n for any fixed constant 0 < n < 1,

Tran(F},ﬂ) < (k;dgi)O(l).
Proof Since &,’ is generated by one dimension algorithm, according to Lemma 36, we have
Tran(@ , T rea (9)) < O(kET2).
4

Note that IT,+1 (1) can be transformed to II,.() by transforming the coordinates by o — 4o — 1.
4
We have N v )
Tran(d,I1,.(9)) < 4 Tran(¢ , IIr+1 (1)) < O(kETF-2).
4
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Similarly, according to Lemma 44, we can see Tran b e o1(9)) < O(k = . Thus, from the
Y. g t [ s z]

definition of €, we have e < O(k& Tl*?) With Lemma 46, we have
Tran(d,9) < O(k3d2/e) < (kdew)OW.

Note that A;_; is a convex set and ¢; is the projection of &; to the same set. Thus, |o; — &1 <
|oe; — &)1 holds for all A; € Ayz—q and j. Hence, the projection to Ay_; does not increase the
transportation distance. As a resullt, Tran(;?, 1v9) < Tran(;?, ). Finally, by triangle inequality, we
have

Tran(d,9) < Tran(d, 9) + Tran(d, 9) < (kd{i)o(l).

By choosing & = (¢/(dk))°®*), the previous theorem directly implies Theorem 5.

Appendix F. Applications to Topic Models

In this section, we discuss the application of our results to topic models. Here, the underlying
vocabulary consists of d words. We are given a corpus of documents. We adopt the popular “bag of
words” model and take each document as an unordered multiset of words. The assumption is that
there is a small number k of “pure” topics, where each topic is a distribution over [d]. A K-word
document (i.e., a string in [d]%) is generated by first selecting a topic i € Ay_; from the mixture
v, and then sampling K words i.i.d. according to «; from this topic. Here, K is referred to as
the snapshot number and we call such a sample a K-snapshot of p. Our goal here is to recover
¥ € Spike(A4—1, Ag_1), which is a discrete distribution over k pure topics. Again, we measure the
accuracy in terms of L;-transportation distance.

F.1. An Algorithm for d = O(k)

In this section, we first directly handle the high-dimensional case using Algorithm 3. We will
perform dimension reduction when d >» k, in Section F.2.

Lemma 49 There is an algorithm that can learn an arbitrary k-spike mixture of discrete distribu-
tions supported in Ag_1 for any d within Ly transportation distance € with probability at least 0.99
using (kd/€)°®) many (2k — 1)-snapshots.

The following lemma is a high-dimensional version for empirical error (see e.g. Rabani et al.
(2014); Li et al. (2015); Gordon et al. (2020)).

Lemma 50 For matrix R = [r1,--- ,7r,] € R¥>P with |R|o, < 1, using 20P) . €2 . log(1/n)
samples, we can obtain transformed empirical moments M'(R) satisfying

‘11:1'12;2 |M{(R) — My(TIR(9))| < ¢

with probability at least 1 — 0.
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Proof Assume the words of a document are x1,--- ,xx. If the document is from some topic i,
we have E[z; = ¢] = oy, for all 4, j,c. For each word x;, we generate a i.i.d. random vector
B; = [Bij, ,Bpj]T € {0, 1} such that E[3. ;] = Tew;» Fort = (t1,--- ,t,) with [t| < K, we
define observable hy = 1[Vc : ZJKZ 1 Bej = tel-

Note that hy is the normalized histogram for projected distribution IIz(+?). Hence, from the
relation between normalized histogram and standard moments, we can conclude that

M(Ilg(¥9)) = (éPas) h
t=

where Pas e RUCHDX(K+D) guch that Pas; j = [j = i]({) (") and ® is the tensor product. Since
|Pas| < 29%%), we have (®)?_, Pas) < 20(-P),

Let ht be the empirical average of h¢. Since ht is a Bernoulli variable, from Hoeffding’s in-
equality, we have Pr[|ht —E[ht]| < €] < 2exp(—2¢2s). By applying union bound on t, we can see
that using s > 200P) . £=2 . Jog(1/n) samples, we have |ht E[h¢]| < € - 274*P) with probability
at least 1 — 7. Moreover, if we calculate M’ from h using the relationship between M and h, this
leads to max|¢|< K |Mé(R) — Mt<HR(’l9))‘ <& |

Proof [Proof of Lemma 49] Let £ = (e / k:d) . From Theorem 48, the recovered k-spike distribu-
tion 9 satisfies Tran (9, ¢) < (kdf o) = O( ). According to Lemma 50, we can construct such
a noisy moment oracle M'(-) using (kd/ e)o(k) samples with high probability. |

F.2. Dimension Reduction When d » k©(1)

In topic modeling, the number of words is typically much larger than the number of pure topics
(i.e., d » k). In this case, we face another challenge in recovering the mixture. First, there are
(‘11) + (g) +--F (Z) = O(d*) many different moments. Obtaining all empirical moments accurately
enough would require a huge number of 2k — 1-snapshot samples. So if d » k, we reduce the
dimension from d to O(k). Now, we prove the following theorem. It improves on the result in
Rabani et al. (2014); Li et al. (2015), which uses more than (k:/e)o(k2 (2k — 1)-snapshots, and
Gordon et al. (2020) which use (k/€)°®) . (wpin¢*) =91 2k-snapshots and requires the minimum
separation assumption.

Let 9 be the target k-spike mixture in Ay 1 (d » k). Suppose there is a learning algorithm
A satisfying the assumption in the theorem. We show how to apply A to the projection of 1 to a
subspace of dimension at most & in R%. However, an arbitrary subspace of dimension at most k is
not enough, even the one spanning the % spikes of 9. This is because L; distance is not rotationally
invariant and not preserved under projection. For example, the L; distance between (1/d,...,1/d)
and (2/d,...,2/d,0,...,0)is 1in R? but only /1/d in the line spanned by the two points. Hence
an accurate estimation of the projected measure 95 = Ilp (19) may not translate to an accurate
estimation in the ambient space R?. Here, we can use the dimension reduction method developed
by Li et al. (2015), which shows that if suffices to project the mixture to a special subspace B, such
that a unit Lq-ball in B (L measured in R%) is close to being an O(d_l/ 2) Lo-ball (O hides factors
depending only on k and ¢, but not d).

Lemma 51 (Li et al., 2015) There is an algorithm that requires poly(d, k, %) many 1-,2- snapshots
to construct a subspace B (dim(B) < k) with the following useful properties:
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1. Suppose {b1,ba,- - , by} is an orthonormal basis of B where m = dim(B) < k (such a basis
can be produced by the above algorithm as well). For anyi € [m], < O(K%2e2d71/2),

2. Suppose we can learn an approximation 9 B, supported on Span(B), of the projected mea-
sure 9 p = Ugpan(p) (9) such that Tran(9 g, 193) €1 = poly(1/k,€) (here Ly is measured
in RY, not in the subspace) using N1(d), No(d) and Ng(d) I-, 2-, and K-snapshot sam-
ples. Then there is an algorithm for learning a mixture 9 such that Tran(d, 5) < € using
O(Ni(d/e) + dlogd/e®), O(Na(d/e) + O(k*d®logn/e®)) and O(Ng (d/e)) I-, 2-, and K-
snapshot samples respectively.

Proof [Proof of Theorem 6] In light of Lemma 51, we only need to show how to learn the projection
Y5 = lgpan(p)(¥) using the algorithm developed in Section F.1.

First, we show how to translate a K -snapshots from 9 to a K -snapshot in some new k-dimensional
mixture Yney (then we apply the algorithm in Section F.1 for dimension k). Let L = > | [ co-
So L < O(k%?¢2d=1/2). Let f : [-L,L] — [0,1] defined as f(x) = 5L + 5L For each
word in the original K-snapshot, say 7 € [d], we translate it to j with probability ¢; ; = f(b;.i),
for each j € [m], where b;; denotes the ith coordinate of b;, and translate it into m + 1 with
probability gim+1 = 1 — 37, ¢;;. Since we have D71, f(bj;) = ﬁzzn:l bj; + 3, we know
that g; 1,¢i2, - ,¢im+1 € [0,1] and Zk+11 ¢i; = 1. So this is a well defined k-spike mixture
hew and its K snapshots. Then we apply our learning algorithm A for dimension & to obtain some
D)o such that Tran(Opew, Fhey) < €1 = poly(1/k, €) with poly(k,1/e1) = poly(k,1/e) many
2k — 1-snapshots.

Next we can see Yney (in R¥) and 95 (in Span(B)) are related by an affine transform. For a
spike c; € Supp(19), one can see that ITp(cv;) = >.7°; a; jbj , where a; j = {ai, bj). a; produces a
new spike [3; in Yyew and the mapping is as follows: for each j € [k], we have

d

d
1 a; 4 1
Bij ;%tf( 75t Z QmL ) 2mL + 2m

(B;,; denotes the jth coordinate of 3;). So a;; = 2mL(B;; — 5) and g(z) = 2mLx — L is the
affine transformation. Now we can translate 9., into a mlxture in Span(B) by applying g(.) in
each coordinate of each 3; € Supp(1J,.,,), and obtain an estimation of ¥ g, say ¥’5.

It remains to show Tran(ﬂ 5,9B) < €. If we let Tranp denote the transportation distance
in Span(B) (where if a = 2?:1 a;bj,c = Z§=1 ¢;bj then Tranp(a,c) = Z§=1 |a; — ¢;|). Then
Trang (95, 95) < 2mL Tran(P)e,, Inew) = poly (€, +)/v/d. Hence, we have

Tran(¥g,9p5) < dmax |[b;| Trang (9%, 98) < €
(2
where the first inequality holds since Tran(a, ¢) = | Z;?:l(aj —cj)bjlli < dmax; ||bs]|oo Sk (a;—

7=1
c;) for any two point a, ¢ € Span(B).

Appendix G. Applications to Gaussian Mixture Learning

In this section, we show how to leverage our results for sparse moment problem to obtain improved
algorithms for learning Gaussian mixtures. We consider the following setting studied in Wu and

51



FAN L1

Yang (2020); Doss et al. (2020). A k-Gaussian mixture in R? can be parameterised as ¥y =
(o,w, ). Here, a = {a1, a9, -, a4} and w = {wy,ws, - ,w} € Ap_; where a; € R?
specifies the mean of ith component and w; € [0, 1] is the corresponding weight. ¥ € R%*9 is
the common covariance matrix for all ¥ mixture components and we assume that 3 is known in
advance. We further assume |; |2 < 1 and the maximal eigenvalue ||X|2 is bounded by a constant.
For k-Gaussian mixture 95 = (o, w, ), each observation is distributed as

Un ~ Zwl au

We consider the parameter learning problem, that is, to learn the parameter o and w given known
covariance matrix Y and a set of i.i.d. samples from 1. The model is also called Gaussian location
mixture model (Wu and Yang, 2020; Doss et al., 2020). 3

G.1. Efficient Algorithm for d = 1

In the 1-dimensional case, we denote the known variance by ¢ which is upper bounded by some
constant. As shown by Wu and Yang (2020), the moments of Gaussian mixture have a close con-
nection with the moments of corresponding discrete distributions ¥ = (a, w). For z ~ N(u,1),
we have E[Hy(x)] = p! for Hermite polynomial Hy(x) which is defined as

thaz—t'i 2P (6)

=M= 2))!

For 1-dimensional Gaussian mixture ¥y = (a,w,o) with variance o, the tth moment of the
discrete distribution ¥ = (o, w) satisfies

t
My(9) = By [2 hmat’x’] :
=0

The following lemma guarantees the performance of estimating the moment by sampling.

Lemma 52 (Lemma 5 of Wu and Yang (2020), restated) Let x1,--- ,x, ~ 9N be n independent

samples.
~ 18| o
My(9) = > [Z hiiot x]]

j=1 Li=0
is an unbiased estimator for My(19), and the variance of this estimator can be bounded by

Var[M;(9)] < 1 (ot)0®),

3

Thus we can compute the moment of the original distribution and use our Algorithm 1 for
recovering the parameter of 4. More concretely, we can replace the last two lines (an SDP) in
Algorithm 2 of Wu and Yang (2020) by our Algorithm 1, and obtain the following theorem. The
post-sampling time is improved from from O(k?*) in Wu and Yang (2020) to O(k?).

5. Wu and Yang (2020) also studied the problem with unknown ¥. We leave it as a future direction.

52



EFFICIENT ALGORITHMS FOR SPARSE MOMENT PROBLEMS WITHOUT SEPARATION

Theorem 53 Let Y be an arbitrary k-Gaussian mixture over R with means «aq,--- , o, and
known variance o bounded by some constant. There is an algorithm that can learn the parameter
¥ = (o, w) within transportation distance O(€), with probability at least 0.99, using (k/e)O*)
samples from the mixture ¥ . Moreover, once we obtain the estimation of the moments of ¥, our
algorithm only uses O(k?) arithmetic operations.

Proof Let c be the constant to be determined. With n = (k/e)°* samples, the variance of the
empirical moment can be bounded by

o
(k/e)t

where the first inequality holds due to Lemma 52 and o is bounded by a constant, and the second
inequality holds by selecting a large enough constant ¢ > 0. According to Chebyshev’s inequality,
for each ¢, with probability at least 1 — 0.01k~2,

Var[M/(9)] < kOW) < (e/k) k)

|M](9) — My(9)] < 0.1k - (/)2 < (e/k)HP).

By taking union bound, the probability that the above inequality holds for all 0 < ¢t < 2k — 1 is
greater than 0.99. We can conclude the result by applying Theorem 3 directly. |

Remark 54 (Connection between heat equations and Gaussian mixtures) Consider the heat equa-
tion )

“u
= Azu(z,t), where Azu= Z @

ou(z,t)
ot

7
Suppose att = 0, u(x,0) is a k-spike distribution u(x,0) = Zle Wi, (). It is well known that
fort > 0, u(x,t) = Zle w;N (e, 2t) (see e.g.,Ang et al. (2002); Moitra and Valiant (2010)).
Hence, if we know u(.,t) at time t > 0, we can compute the moments and recovering the heat
source u(.,0) at t = 0 is equivalent to recovering the means of the Gaussian mixture components
(i.e., the spikes) from the moment information, hence can be solved by the moment problem.

G.2. Efficient Algorithm for d > 1

For higher dimensional Gaussian mixture, we can reduce the problem to learning the discrete mix-
ture 9 = (o, w), and leverage Algorithm 3 to solve the problem. Assume the locations of all
Gaussians are in the unit ball. The error can be bounded easily according to Theorem 5.

Firstly, as shown in Doss et al. (2020), one can use SVD to reduce a d-dimensions problem
to a k-dimension problem using poly(1/e, d, k) samples. Thus, we only need to consider settings
with d < k. Similar to the 1d case, we can transform the problem of learning Gaussian mixture
Yy = (a, w, X)) to the problem of learning the discrete mixture ¥ = (o, w). In particular, as we
show below, we can estimate the moments of the projection of ¥ from the samples. After obtaining
the noisy moment information, we can apply Algorithm 3 to recover the parameter (o, w). We
mention that we need to modify Algorithm 3 slightly: we change to domain from Ag_; to the unit
ball (it suffices to change the projected domain in Line 16 in Algorithm 3 from the simplex to the
unit ball). We note this does not affect the proof to Theorem 5 since it only requires the projected
space to be a convex domain.
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The remaining task is to show how to estimate the projected moments for 1d and 2d projections.
To estimate the moments of 1-dimensional projection, we can use the estimator in the last section.
In particular, for the projected measure I1,.(1) where r is an arbitrary unit vector, the ¢{th moment
can be computed by

t
M(T1(9)) = gy | D, hui(r Sr) " (r ")’
=0

We can use sample average to estimate M;(IL,.(19)), and we denote the estimation as Mt(ﬂr (9)).

Now, we consider the problem of estimating theTmoments for 2-dimensional projection along
n
r} is Y-orthogonal to r1, i.e., 7] X7} = 0. Moreover, 7] = and 7}’ x are independent Gaussian dis-
tributions for variable & ~ N (0, X). Note that for independent Gaussian variables x1 ~ N (1, 1)
and zo ~ N (2, 1), we have E[Hy, (21) Hy, (29)] = E[Hy, (21)JE[Hy, (22)] = pf u%?, where H is
the Hermite polynomial defined in (6). As a result, the projected moments along 71 and % can be

computed by

r1 and 7. First, we compute the vector 7, = ry — r1. According to Gram—Schmidt process,

t1 to
M(tl,tz)(H[ﬁﬂ"g](ﬁ)) = Ezvvy [Z Z ht1,i1ht27i2(rirzrl)tl“(TIQTETé)tQlQ(TIw)“("'gw)m] :

11=012=0

Moreover, the projected moments along 71 and 72 can be computed by

to T 7
t r.ar
Mts 1Ty 9)) = 3 ( ?) ( i ) Ms s trty (i (9))

+
=\ T LT

T T 7 . .
; T T ri¥re T :oh imnli To\t2 — Nt (t2) (rpEr2 T oo (! T b2 —i
since ry @ =71y T + Apri @ which implies (ry @)z = >72 ) (*?) S (ry x)'(ry x)=".

We use ]\7(,51’152) (I{y, 7,1(19)) to denote the sample average estimation of M, 1,)(Ilf, ,1(F)). We
are ready to state the performance guarantee:
Proof [Proof of Theorem 7] We first consider the problems of dimension d < k. The only thing we
need to show is that the above estimators M (11, (1)) and M, (11, ,,(9)) have sufficient accuracy
with high probability using n = (k/ e)@(k) samples. Clearly, both estimators are unbiased. So it is
sufficient to bound the variance of the estimators.

For 1-dimensional projected moments, we can use the same argument as Theorem 53. In par-
ticular, we can show that with probability at least 0.999, for all 0 < t < 2k — 1,

|V (11, (9)) — My(TL.(9))] < (k/e)O).

For 2-dimensional projected moments, we first bound the variance of the estimator along r; and
rh. With the same argument as Lemma 52, we have

Var[ M, 1) (T, 41 (9))] < (e/k) 20,

for all 1 + to < 2k with probability at lest 0.999. Moreover, since we randomly chooses the same
71 over a sphere of radius ©(1) in Line 6 of Algorithm 3, we have r{ 71 = Q(#|r1[3]%]2) with
probability at least 1 — p. In this case, we have

r{¥ry _ [rifafE]z]re|

< < O(K*/p)
riSr:  Q[rl32]2)
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where the last inequality holds because r; and 79 are of norm O(1). Since 4/Var[z + y] <
+/Var[z] + /Var[y] for any random variables = and y,

to T 7
~ t r,Xr ~
VT Mg g O] < 3 (1) (Fr2 )/ Varli s (T gy O]
0

+
=\ T, X7

As aresult, by choosing ;4 = 0.001, we have
Var[ My, 1) Wy ) (9))] < (/)Y

holds for all 2 with probability at least 0.999. Conditioning on that this event holds, according
Chebyshev’s inequality and a union bound, with probability at least 1 — 0.001d, for all 0 < 1, %5 <
2k — 1,

|M(t1,t2)(n[r1,r2] (79))] - M(tl,tz)(H[m,m] (19))]‘ < (e/k)ﬂ(k)

Recall that the algorithm uses 1d projection for one r, 2d projection for one 7 and d different 7o
and the algorithm succeeds with high probability statement for random 7. Hence, by union bound
over all these events, the projected moment estimations have sufficient accuracy with a probability
at least 0.995.

If the dimension d > k, we can apply the dimension reduction in Doss et al. (2020), which
requires an extra sample complexity of poly(1/e, d, k). The total sample complexity is (k/e)O*) +
poly(1/e,d, k). [

Finally, we discuss the running time during the sampling phase and post-sampling phase. The
dimension reduction requires poly(1/e, d, k) samples and O(d?) time (Doss et al., 2020). For the
recovery problem in dimension k, each 1-d or 2-d moment oracle can be computed in O(nk?) time
where n = (k/€)°®*) is the number of samples. Since we only require O(k) moment oracles, the
sampling time can be bounded by O(nk*). This improves the O(n®* poly(k)) sampling time in
Doss et al. (2020) (their algorithm requires 1d projections to O(nl/ 4) many directions. For the post-
sampling running time, our Algorithm 3 runs in time O(k?) (since d < k by dimension reduction).
This improves the O(n'/? poly(k)) post-sampling time in Doss et al. (2020).

Appendix H. Other Related Work

The problem we study can be seen as a sparse version of the classic moment problem in which our
goal is to invert the mapping that takes a measure to the sequences of moments (Schmiidgen, 2017;
Lasserre, 2009). When the measure is supported on a finite interval, the problem is known as the
Hausdorff moment problem.

Learning statistical mixture models has been studied extensively for the past two decades. A
central problem in this area was the problem of learning a mixture of high-dimensional Gaussians,
even robustly (Dasgupta, 1999; Dasgupta and Schulman, 2007; Arora and Kannan, 2005; Vem-
pala and Wang, 2002; Kannan et al., 2008; Achlioptas and McSherry, 2005; Feldman et al., 2006;
Brubaker and Vempala, 2008; Kalai et al., 2010; Belkin and Sinha, 2010; Moitra and Valiant, 2010;
Liu and Moitra, 2021; Bakshi et al., 2022; Wu and Yang, 2020; Doss et al., 2020). Many other
structured mixture models have also been studied (see e.g., Kearns et al. (1994); Cryan et al. (2001);
Batu et al. (2004); Mossel and Roch (2005); Dasgupta et al. (2005); Feldman et al. (2008); Kannan
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et al. (2008); Chaudhuri and Rao (2008); Daskalakis et al. (2012); Liu and Moitra (2018)). Our
problem is closely related to topic models which have also been studied extensively recently (Arora
et al., 2012; Anandkumar et al., 2012a,b; Arora et al., 2018). Most work make certain assumptions
on the structure of the mixture, such as the pure topics being separated, Dirichlet prior, the existence
of anchor words, or certain rank conditions. Some assumptions (such as Arora et al. (2012); Anand-
kumar et al. (2012a)) allow one to use documents of constant length (independent of the number of
pure topics k and the desired accuracy ¢) for recovering all topics.

Our problem is also related to the super-resolution problem in which each measurement takes
the form v, = Se%&dﬂ(t) + &, where & is the noise of the measurement. We can observe the
first few vy for || < K where K is called cutoff frequency, and the goal is to recover the original
signal 9. There is a long history of the estimation problem. The noiseless version can be solved
by Prony’s method (de Prony, 1795), ESPRIT algorithm (Roy and Kailath, 1989) or matrix pencil
method (Hua and Sarkar, 1990), if K > k (i.e., we have K = 2k + 1 measurements). The noisy
case has also been studied extensively and a central goal is to understand the relations between the
cutoff frequency, the size of measure noises and minimum separation (Donoho, 1992; Candes and
Fernandez-Granda, 2014, 2012; Moitra, 2015; Huang and Kakade, 2015; Chen et al., 2016). Various
properties, such as the condition number of the Vandermonde matrix, also play essential roles in this
line of study (Moitra, 2015). The relation between the Vandermonde matrix and Schur polynomial
is also exploited in Chen et al. (2016).
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