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Abstract

This work considers the problem of finding a first-order stationary point of a non-convex function
with potentially unbounded smoothness constant using a stochastic gradient oracle. We focus on the
class of (Lg, L1)-smooth functions proposed by Zhang et al. (ICLR’20). Empirical evidence suggests
that these functions more closely capture practical machine learning problems as compared to the
pervasive Lg-smoothness. This class is rich enough to include highly non-smooth functions, such as
exp(Lyz) which is (0, O(Lq))-smooth. Despite the richness, an emerging line of works achieves
the O (1/vT) rate of convergence when the noise of the stochastic gradients is deterministically and
uniformly bounded. This noise restriction is not required in the Ly-smooth setting, and in many
practical settings is either not satisfied, or results in weaker convergence rates with respect to the
noise scaling of the convergence rate.

We develop a technique that allows us to prove O(poly log(T)//T) convergence rates for (Lo, L1 )-
smooth functions without assuming uniform bounds on the noise support. The key innovation behind
our results is a carefully constructed stopping time 7 which is simultaneously “large” on average, yet
also allows us to treat the adaptive step sizes before 7 as (roughly) independent of the gradients. For
general (L, L1)-smooth functions, our analysis requires the mild restriction that the multiplicative
noise parameter o; < 1. For a broad subclass of (Lg, L1 )-smooth functions, our convergence rate
continues to hold when o7 > 1. By contrast, we prove that many algorithms analyzed by prior
works on (Lo, L1)-smooth optimization diverge with constant probability even for smooth and
strongly-convex functions when o1 > 1.

1. Introduction

A fundamental problem in stochastic optimization is to characterize the convergence behavior of the
Stochastic Gradient Descent algorithm:

Wip1 = Wi — g (Wy), (SGD)

where 7 is the step-size schedule, and g(wy) is a stochastic gradient at iterate w,. Starting from
(Robbins and Monro, 1951), a long line of work has established conditions under which (SGD)
converges to a stationary point. A standard setting since (Polyak and Tsypkin, 1973) used for
this purpose has the following properties: (a) The objective function F'(-) is Lo-smooth, i.e., has
Ly-Lipschitz gradients; (b) F(-) has a finite lower bound, i.e., inf, cgs F'(W) > F* > —o0; (¢) For
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each w € RY, the stochastic gradient g(w) is unbiased and has variance scaling at most affinely with
IVE(w)|? ie.,

E[g(w)] = VF(w) and E ||g(w)—VF(w)|?*| <02+ c?|[VF(w)|*. (Affine-var)

Much of the literature on stochastic optimization, e.g., (Nemirovski and Yudin, 1983; Ghadimi
and Lan, 2013; Bubeck, 2015; Foster et al., 2019), focuses on a special case of (Affine-var) where
the variance is uniformly upper-bounded (o1 = 0):

Elg(w)]=VF(w) and sup E [Hg(w) —VF(w)|?| <ol (Bounded-var)
weRd

Rates of convergence to a first-order stationary point in these settings are now well-understood.
Under (Bounded-var) regime, Ghadimi and Lan (2013) prove an O(v/o5Lo(F(w1)—F*)/T) rate of
convergence with a fixed step-size schedule. Later, Arjevani et al. (2022) show that this rate is
optimal up to constant factors. Further, as noted by Bottou et al. (2018), a minor modification to this
step-size gives nearly the same rate in the more general (Affine-var) setting, i.e., o1 > 0. This rate is
obtained by making trivial changes to the proof technique of Ghadimi and Lan (2013).

One crucial assumption in these lines of work is Lg-smoothness, i.e., Lg-Lipschitz gradients
of the loss landscape. However, recent works (Zhang et al., 2020a,b) provide empirical evidence
that this assumption is often not satisfied in practical machine learning problems. For instance, in
large-scale language modeling including BERT (Devlin et al., 2018) and other variants (Radford
et al., 2021; Caron et al., 2021; Liu et al., 2023), the loss landscape of transformer architectures either
does not satisfy the Ly-smoothness assumption, or the value of Ly becomes so large that it produces
a significantly weaker rate of convergence (Zhang et al., 2020a,b).

Aiming to address these issues, there has been a recent surge of interest in relaxing the standard
Lg-smoothness assumption and characterizing the rate of convergence. One appealing relaxation
proposed by Zhang et al. (2020b) is that of (Lg, L1 )-smoothness':

|V?F(w)|| < Lo+ Ly |[VE(w)]|. (Generalized-smooth)

While every Lg-smooth function is also (L, 0)-smooth, this relaxation admits functions that grow
significantly faster than a quadratic function, e.g., F'(w) = w? is (4d~1)/£3-2, (d — 1)L )-smooth
for any Ly > 0, and F(w) = exp(Liw) is (0, L1)-smooth. With regards to convergence, recent
works (Zhang et al., 2020b; Crawshaw et al., 2022) establish an O(1/v/T) rate in the (Lo, L1)-smooth
setting, as long as the noise of the stochastic gradients has uniformly-bounded support, i.e.,

E[g(w)] = VF(w) and sup ||g(w) — VF(w)|? a'gs' B2 (Bounded-supp)
weRd

The algorithms achieving the rate O(1/vT) in this setting use adaptive step size schedules —
i.e., variants of (SGD) with 7; chosen as a function of {g(w)}sc[g- (Bounded-supp) is a common
assumption in these analyses (Zhang et al., 2020b,a; Crawshaw et al., 2022). It is typically introduced
to reason about the direction of —n;g(wy) relative to the true descent direction. In the analysis

1. For convenience, we state this assumption in terms of a bound on the hessian of F'. The requirement that the hessian
exists everywhere can be relaxed to a condition on the gradients (Zhang et al., 2020a). This relaxation is the one we
use for our main results, see Assumption 2.
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of standard SGD, the fixed step-size schedule does not depend upon the stochastic gradients, so
E [-mg(w;)] = —mE [VF(wy)]. This, however, is not the case for adaptive methods, since 7
depends on g(w;). Thus, it is understandable why prior works (Zhang et al., 2020b,a) assume
(Bounded-supp) to simplify this issue. Further, (Bounded-supp) is natural in settings where the
stochastic gradients satisfy g(w) = VF(w) + £, where the random vector £ has bounded support
(or bounded second moment in the related setting of (Bounded-var)).

In many real-world scenarios, the (Bounded-supp) assumption does not hold. For instance,
when running SGD in standard least-squares regression settings, the stochastic gradients have
multiplicative noise, as noted in (Dieuleveut et al., 2017; Flammarion and Bach, 2017; Jain et al.,
2018; Jofré and Thompson, 2019). Similar noise assumptions have also been considered, e.g., in
convergence of stochastic proximal gradient methods (Rosasco et al., 2020), Hilbert-valued stochastic
subgradient methods (Barty et al., 2007), and adaptive gradient methods (Faw et al., 2022). Moreover,
multiplicative noise naturally arises in machine learning problems with (additive or multiplicative)
feature noise (Loh and Wainwright, 2011; Hwang, 1986; Carroll et al., 2006). Thus, we believe that
characterizing (Lo, L1)-smooth functions under (Affine-var) is an important step in extending the
theory of non-convex stochastic optimization beyond the standard Lg-smooth setting.

1.1. Contributions

A major challenge in the analysis of adaptive stochastic gradient descent is the correlation between
the stochastic gradients and the step-size. Here, we develop a technique to simplify this challenge.
Our key innovation is a recursively-defined stopping time which satisfies two crucial properties: (i)
before the stopping time is reached, the step sizes behave roughly independently of the gradients, and
(ii) on average, the stopping time is at least a constant fraction of the time horizon. As a consequence,
instead of analyzing over the entire time horizon, we conduct the analysis over this sub-interval
over which we exploit this convenient almost-independent property. This tool allows us to prove the
first O(1/v/T) rate of convergence for (Lo, L )-smooth functions beyond the (Bounded-supp) setting.
Our main contributions are three-fold:

(a) Convergence for (L, L)-smoothness when o; < 1. We show in Section 4 that AdaGrad-
Norm converges at a rate (5(1/\/T) when the stochastic gradient oracle satisfies (Affine-var) with
oo > 0and o7 € [0, 1). This is the first convergence rate for any algorithm even under (Bounded-var)
(i.e., 01 = 0) for general (Lo, L1 )-smooth optimization. Note that the scaling of this bound with 7'
matches (up to poly-logarithmic factors) the best-known rate for Lg-smooth functions — with a minor
caveat that o7 < 1 is not needed in the Lg-smooth setting. Also, we show that the rate improves to
O (1/7) in the “small variance” regime when o, o1 — 0 even without tuning the step-size.

(b) Convergence for all o;. We establish a sufficient condition under which AdaGrad-Norm
converges at a rate o (1/¥vT) when o1 > 1, see Section 5. This condition allows us to analyze a broad
subset of (Lg, L1)-smooth functions that includes all Ly-smooth functions as well as fixed-degree
polynomials without any restrictions on ¢. This simultaneously generalizes the result and simplifies
a key proof technique of Faw et al. (2022) for Ly-smooth functions.

(c) Negative results for known algorithms. We prove a set of negative results in Section 6 for
most algorithms analyzed under (L, L1)-smoothness and (Bounded-supp). We construct an oracle
for Clipped and Normalized SGD (Zhang et al., 2020b,a) and Sign SGD with Momentum (Crawshaw
et al., 2022) that leads to failure with constant probability in a wide parameter regime. We also prove
that AdaGrad-Norm can diverge with constant probability if the step-size is not carefully tuned in the
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“large variance” regime for (L, L1)-smooth functions. By contrast, no parameter tuning is needed in
the Ly-smooth setting in this noise regime.

2. Related Works

Stochastic gradient descent. (SGD) has been well-studied for many decades (Robbins and Monro,
1951). Polyak and Tsypkin (1973) proved almost-sure convergence to a first-order stationary point
of (SGD) for non-convex and Ly-smooth functions with F'(w) > F* with stochastic gradient
oracle satisfying (a slightly weaker condition than) (Affine-var). Bertsekas and Tsitsiklis (2000)
extended the result to a setting where F'(w) does not have a uniform lower-bound. Ghadimi

and Lan (2013) proved that (SGD) with step-size 7; = 7 = min {1/L0, \/Q(F(Wl)*F*)/(LocrgT)}

achieves a convergence rate to a first-order stationary point of O <\/ Loog (F(w1)—F *)/T) , assuming

Lg-smoothness and (Bounded-var). Drori and Shamir (2020) proved that this is the optimal rate for
(SGD) without further assumptions. Recently, Arjevani et al. (2022) proved that the convergence rate
of (Ghadimi and Lan, 2013) is optimal among all first-order methods, not just SGD.

AdaGrad step-sizes. This paper builds on a long line of work studying (variants of) the
AdaGrad step size schedule introduced by Duchi et al. (2011); McMahan and Streeter (2010). In
particular, we focus on the so-called AdaGrad-Norm step-size, which was introduced in Streeter
and McMahan (2010). While these works focused on the setting of online convex optimization,
Ward et al. (2020) demonstrated that AdaGrad-Norm converges at a rate O(1/vT) in the context of
Ly-smoothness, (Bounded-var), and M-Lipschitzness, i.e., Supy,cpra | VF (w)|| < M. Around the
same time, Li and Orabona (2019) proved that AdaGrad-Norm achieves an O(1/vT) rate without
M -Lipschitzness. But their analysis needs tuning of the step-size with respect to the smoothness
constant L. Later, Kavis et al. (2022) proved that AdaGrad-Norm converges at rate O(1/vT)
without tuning the step-size (as in Li and Orabona (2019)) or assuming M -Lipschitz objective (as in
Ward et al. (2020)). However, their analysis holds only when the noise of the stochastic gradients
is uniformly sub-Gaussian. In a concurrent work, Faw et al. (2022) proved that AdaGrad-Norm
achieves O(1/vT) in a setting identical to standard SGD (i.e., Lo-smooth objective with stochastic
gradients satisfying (Affine-var)), and without tuning the step-size with respect to Lg, og, or o1. This
work thus established that AdaGrad-Norm is parameter-free and enjoys nearly the same convergence
rate as SGD in the standard non-convex setting.

(Lo, L1)-smoothness in the (Bounded-supp) regime. Recent work by Zhang et al. (2020b)
argued that the Lg-smoothness assumption is not realistic for many practical machine learning
tasks, e.g., large-scale natural language processing using transformer architectures. Instead, they
demonstrated that (Lg, L1 )-smooth functions (Generalized-smooth) better capture the loss landscape,
and proved that the gradient clipping algorithm converges at a rate O(1/v/T) in the (Bounded-supp)
regime. Zhang et al. (2020a) later proved convergences for a generalized class of gradient clipping
algorithms. They used a slightly weaker definition of (Lg, L1)-smoothness, which we use in
Assumption 2. Very recently, Crawshaw et al. (2022) considered a “coordinate-wise” generalization
of (Lo, L1)-smoothness, and proved that a “generalized SignSGD” algorithm converges at a rate
O(1/vT). By contrast, they proved that gradient descent with fixed step-sizes must scale linearly
in M Ly, where M = sup {||VF(w)]|| : F(w) < F(w)} is the largest gradient in the sublevel set
F(w) < F(wy). Interestingly, this line of work establishes that adaptive step-size schedules can
avoid this dependence on M.
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Stopping time arguments in optimization. Within the stochastic approximation literature, there
have been a significant number of works using stopping times either as an analytical tool (Bertsekas
and Tsitsiklis, 2000; Patel, 2022; Patel et al., 2022; Patel and Berahas, 2022), or as a part of the
algorithm design (Sielken Jr, 1973; Stroup and Braun, 1982; Curtis and Scheinberg, 2020; Patel,
2022). Throughout the majority of these works, the stopping times are designed to test for closeness
to a stationary point or for a sufficient decrease in objective. The main exceptions are (Patel et al.,
2022; Patel and Berahas, 2022), where stopping times are instead used to determine when a local
descent inequality can be applied. The stopping time used in our analysis (see Definition 9) serves
a significantly different role — its main purpose is to effectively decorrelate the AdaGrad-Norm
step-sizes from the gradients.

Concurrent work. In a concurrent work also appearing in COLT’23, Wang et al. (2023)
establish, using different techniques, a O(1/v7T) rate of convergence for AdaGrad-Norm under
(Lo, L1)-smoothness and (Affine-var) without the constraint of o1 < 1 or the alternative restriction
in Definition 4. Their proof relies on a very interesting observation: the bias between the stochastic
gradient and step-size can essentially be upper-bounded by an auxiliary function that allows for a
telescoping cancellation. This leads to a descent lemma (a stronger version of Lemma 8) that holds
over all times ¢ € [T']. Our main results (Theorems 3 and 5), by contrast, rely on a stopping-time
argument which effectively allows us to decorrelate the step-sizes from the gradients (see (3)). This
technique can enable one to obtain a convergence rate in other settings (such as Lemma 8) where the
descent inequality might not always hold; instead, it could hold only over a (large enough) random
subset of [T].

3. Problem Setting

We are interested in finding a first-order stationary point of a non-convex function, given access to a
stochastic gradient oracle, using (SGD). For compactness, let g; := g(w;). Our objective function
F(w) satisfies the following:

Assumption 1 (Lower-boundedness) There exists an F* > —oo such that inf ,cga F(W) > F*.

Assumption 2 ((Lg, L1)-smooth objective) The objective function F'(w) is (Lo, L1)-smooth, i.e.,
for every w,w' € R such that |w — w'| < /L,

|VE(w) = VE(W')|| < (Lo + Ly [|[VEW)||) ||[w — w']|.

We note that (Lg, L )-smoothness was originally defined in (Zhang et al., 2020b) as a bound on
the Hessian of F'(-), as in (Generalized-smooth). Following (Zhang et al., 2020a, Remark 2.3), we
choose to adopt the alternative condition in Assumption 2 for two reasons. First, Assumption 2 is
strictly weaker than Lg-smoothness, since (Lg, 0)-smoothness implies the gradients are Lo-Lipschitz.
Second, whenever the objective is twice-differentiable, Assumption 2 implies (Generalized-smooth)
(up to constant factors in the definitions of Lg and L1):

Proposition 1 A function satisfying (Lo, L1)-smoothness according to (Generalized-smooth) is
also (2Lg, (e — 1) L1)-smooth according to Assumption 2. If F'(-) is twice continuously differentiable
and (Lo, L1)-smooth according to Assumption 2, then it is also (Lg, L1)-smooth according to
(Generalized-smooth).
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Let F; be the sigma-algebra generated by the interaction between the algorithm and stochastic
gradient oracle for ¢ rounds, i.e., F; := o {w1,91,..., W, g, W1} We impose the following
conditions on the stochastic gradients:

Assumption 3 (Unbiased gradients) The stochastic gradients satisfy E [g; | Fi—1] = VF(wy).

Assumption 4 (Affine variance) There exist constants g, o1 > 0 such that the variance of each
stochastic gradient g, is bounded above as: E [Hgt — VE(w)|? | .B_l] < o2+ 02| VF(wy)|*.

Assumptions 3 and 4 imply the following bound on the stochastic gradients in terms of the true
gradient:

E|llgel® | Femr| < 08 + (140} [VE(wy) . (M

We are interested in studying algorithms which require as little hyper-parameter tuning as possible
and, simultaneously, can handle potentially unbounded smoothness constant. To achieve this, we
analyze AdaGrad-Norm (Streeter and McMahan, 2010), a step-size sequence 7, for (SGD) which, at
each time ¢, depends on the current and past stochastic gradients { gs}semz

t
= bﬂt’ where bf = b% + Z ||gs||2 — b§—1 + ||gt||2' (AG-Norm)
s=1

As is increasingly common in the analysis of (variants of) (SGD) with adaptive step-sizes (Ward et al.,
2020; Faw et al., 2022; Défossez et al., 2022), our analysis will rely on a “decorrelated” step-size 7j;.
The key property of 7} is that it is independent of g; when conditioned on the filtration F;_1.

Definition 2 (Decorrelated step-sizes) For each step-size 1y at time t > 1, the decorrelated step
size 7j; is defined to be ij; = nfb,, where b} := b2 | +||V¢||%, b2 > 0, and ||V ||? := 02+ | VF(wy)|

This “decorrelated” step-size serves as a proxy in our analysis for the true step-size 7;. The main
reason for its introduction is that, although E [;g;] # E [,V F(w;)] (since 7, depends on g;), the
proxy satisfies E [7.g; | Fi—1] = i VE (wy).

4. Convergence of AdaGrad-Norm on (L, L)-smooth functions

Our main results, Theorems 3 and 5, both establish (5(1/ VT) convergence rates for (AG-Norm) in
the (Lo, L1)-smooth regime under (Affine-var). Theorem 3 holds for any (Lg, L1)-smooth function
under a mild restriction that o; < 1. It is easy to extend this result for o1 > 1 by computing
mini-batch gradients with a batch size B ~ o2, refer Fact 19 for a proof. Despite the restriction of
Theorem 3 to 01 < 1, we emphasize that, prior to our work, no proof of convergence even for the
(Bounded-var) setting (i.e., 01 = 0) was known for a general class of (Lg, L )-smooth functions.
Besides, Theorem 5 holds for all o and a subclass of (Lg, L1)-smooth functions, i.e., excluding
functions like exp(Liw).

Theorem 3 (Informal statement of Theorem 26) Fix any constants ¢,¢' " " € (0,1) such
that ¢ + &' +¢" + ¢ < 1. Consider (AG-Norm) with any parameters n < 2¢'/sL, and b3 > 0,
running on an objective function satisfying Assumption 2, and given access to a stochastic gradient
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oracle satisfying Assumptions 3 and 4. Assuming that o1 < (1 — (e + &' + " + ")), then for any
T > 1and 0" € (0,1), with probability at least 1 — &', the iterates of (AG-Norm) satisfy

min w2 < =20 71/70 yo oVl 01), oo
iy IVFOI” 2 1 D) + G O+ = e WD)
1 b o1V b Toh(T)L5
+Wh(T)2+ (5,)02Th(T)+ 1‘/%( )
where h(T') % ( (W1T)] Er + 1€+U§% + (? —|—nL0> log(g(T))) ,
9(T) T(+o? ”bc;go +nLo)

To extend our convergence proofs beyond o1 < 1, we consider a subclass of (Lg, L )-smooth
functions which satisfy the following additional assumption:

Definition 4 A function F(-) is k-polynomially bounded for k > 2 if Yw, w’ € R, then there are
constants ¢, > 1 and c;g, Lo > 0 such that:

IVEw)| = e [ VE(W)|| < max { [[w = w'||*™", Lo |[w = w'|[}.

Notice that, whereas Assumption 2 is a local constraint on the objective, Definition 4 enforces a
global polynomial growth constraint — thus ruling out such (Lg, L1 )-smooth functions as exponentials,
while capturing a significantly broader class of functions than Lg-smoothness. We refer the interested
reader to Proposition 28 for some properties of this class of functions. Using this definition, we are
able to prove the following:

Theorem 5 (Informal statement of Corollary 32) Fix any constants ¢,¢',¢", " € (0,1) such
that ¢ + &' + &" + &” < 1. Consider (AG-Norm) with any parameters n < 2¢'/L,(4+02) and
b% > 0, running on an objective function satisfying Assumption 2 and Definition 4 for some
constants k > 2,c, > 1,¢, > 0, and given access to a stochastic gradient oracle satisfying
Assumptions 3 and 4 for any oo, 01 > 0. Then, forany T > 1 and §' € (0, 1), with probability at
least 1 — &' — O(1/T), the iterates of (AG-Norm) satisfy

oo~ oiy/oo(l+¢c2)_ s, 011+ )V (L +0l)7
tfg[l%1||VF(Wt)|| (y)th(T)ﬂLW T 025y hT)
\/l—i—ci“ (1+ of)epih(T)H
& 225T3/4
(bo + /(1 +0¥)cp ) . 01\/(1 +¢2)(bo + nLo)R(T)'5 . (1 + 2)h(T)?
(0")°T (¢")°T (¢")°T
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where E(T) = h(T') + comp(T)/c""'n, where h(T) is the function defined in Theorem 3, and
comp(T) ox norci, ([VE(w1)|| 1(T) + (e + Lon) (162 /en)* ™ (1)

cgr oc (" 4 nLo) (1 + chorfe )5 oy 1 (T) + 6 [V F (wi)[|* (1 + chon/e)ea(T)
k

22 2\ (2 .2 2 (0o k—1 22k —1
(/{ 4 1)0.% log (6 4 86‘70T +(1+0{)(T CkHVF(VZ?:(z/” +(cgn +nLo)*T ))

(1—(e+e +e"+"))2

E]AT) X

There are several notable takeaways from the above results.

Noise adaptivity. Both Theorems 3 and 5 provide “noise-adaptive” convergence rates, in a
sense that as 0, 07 — 0, the convergence rates automatically improve from O(1/v7) to O(1/T)
without any additional hyperparameter tuning. To the best of our knowledge, (AG-Norm) is the first
algorithm for (Lg, L1 )-smooth optimization with this property.

Less hyperparameter tuning. These rates hold without tuning the algorithm’s parameters with
respect to o or Lg, unlike all prior algorithms for (L, L1)-smoothness that we are aware of (Zhang
et al., 2020b,a; Crawshaw et al., 2022)>. Unlike in the Lg-smooth setting, however, (AG-Norm)
requires some hyperparameter tuning. In a concurrent work, (Wang et al., 2023, Theorem 9)
establishes that (AG-Norm) can diverge if n > 9v5/2L,. Further, as we prove in Lemma 34,  must
also depend on o1, at least in the “large variance” regime. Indeed, we show that, when > 1/r,,/57
and o1 = poly log(T'), then (AG-Norm) can diverge with constant probability. By contrast, no
tuning is necessary for this algorithm to converge for Ly-smooth functions at the O (1/¥T) rate in
this noise regime.

Generalization of prior work. We remark that Theorem 5 strictly generalizes the result
of (Faw et al., 2022) beyond the uniform Lg-smooth setting, since every Lg-smooth function
satisfies Definition 4 with k = 2, ¢, = 1, and ¢j, = Lo. Further, our stopped analysis simplifies
their “recursive improvement” technique (Faw et al., 2022, Lemma 13) which they used to prove
that E [Ztem HVF(wt)HQ} = O(T), a key step in obtaining both their and our convergence
guarantees. Their proof of this lemma crucially relied on the fact that, under Ly-smoothness,
IVE(w)||* = O(t?) deterministically, and O(tlog(#/s)) with probability at least 1 — 4. Indeed,
they highlight this in Step 2 of their proof sketch of Lemma 13 (p. 14) and in the proof of their
Lemma 33. Our analysis circumvents these complications by analyzing the convergence only until
a stopping time 7741(9). As we show in Lemma 10 and (3), this time essentially allows us to
decorrelate the step size from the gradients. As a result, we obtain essentially the same bound on the
expected sum of gradients while completely sidestepping the “recursive improvement” argument or
bounds on ||V F(w;)||* implied by Lg-smoothness.

5. Key technical ideas

As discussed earlier, the main technical tool we use to obtain our convergence rates in Theorems 3
and 5 is a recursively-defined stopping time. Before we are ready to define this time and discuss its
utility, we first give a brief overview of the main initial steps of our analysis.

2. This feature, however, manifests into a worse dependence on L, unlike (Zhang et al., 2020a; Crawshaw et al., 2022).
Interestingly, while their algorithms (in the (Bounded-supp) regime) do not need to be explicitly tuned with respect to
L1, they do require tuning with respect to 7', Lo, and og. Further, their results hold only for sufficiently large 7" (as
determined, in part, by L1).
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The standard first step in the analysis of SGD-like algorithms for Lj-smooth non-convex opti-
mization is to prove that, at least on average, each update makes sufficient progress. This argument
typically relies on the following inequality for Lg-smooth functions: for any w, w’ € RY,

F(w')— F(w) <(VF(w),w —w)+ % |w' — WH2.

This inequality is no longer true for (Lo, L1 )-smooth functions. Indeed, it is clearly not satisfied for
all w, w’ on the (0, L;)-smooth function exp(L;w). However, Zhang et al. (2020b,a) note that a
similar variant holds “locally” for ||[w — w'|| < 1/, (see Lemma 17). Using this variant, we obtain
the following inequality, which is our first tool for studying the convergence of (AG-Norm).

Lemma 6 Fixanye, e’ € (0,1). Suppose that n < ﬁi%. Then, for any t,
91

E[F(wiy1) — F(wy) | Foq] < =1 (1 — e — &' — oy biasy) IVE(wy)||? + GE [lgel® /o2 | Fiq],

where ¢o = ‘52 + 772% and bias; = \/IE [lgell® /o2 | Fy—q].

Notice that Lemma 6 only guarantees that the algorithm makes progress on average moving from
w; to w11 when o1bias; < 1, and is essentially vacuous otherwise. To handle this issue, we use the
notion of “good times” from (Faw et al., 2022):

Definition 7 (Good times) A time t € [T] is “good” if, for fixed parameters €,&' ;" " € (0,1)
satisfying e + &' + &’ + " < 1,1 —e — & — &’ — oybias; > . We denote, for any stopping time
T with respect to (Fs—1)s>1, Sgood(T) = {1 <t < 7 :tis “good”} as the set of all such “good”
times before T, and Sgood (T)¢ = [T — 1] \ Sgood () to be the remaining “bad” times before T.

Intuitively, the “good” times are those times when Lemma 6 is non-vacuous. Using Definition 7,
we sum the expression Lemma 6 until any stopping time 7 to obtain the following more useful form.

Lemma 8 (Descent lemma) Fix any ¢,&', " ¢" € (0,1) such that e + ' + " + " < 1. For

any (Lo, L1)-function, if we run AdaGrad-Norm with parameters n < #ﬁicﬂ) and b% > 0 for
1 1
T time steps, then, for any stopping time T € [2,T + 1] with respect to (Fs—1)s>1, and any

S(T) g Sgood(T)-'

e"E | Y | VF(wy)|*| < F(wi) — F* + 25 log ( + comp(7),

(24 o) [r — 1]> N 2ne" o
teS(r) (

ne'by 2+ 02)

wherecomp(r) :=E | ¥ (01— (1—e—Ni|VF(w)|> = > i |VF(wy)|],
tE€Sg00d (7)€ t/'eScomp ()

the set S°™P(T) 1= Sgo0d(T) \ S(7) consists of the “good” times used to compensate for the bad

times Sgo0d(T)¢, and ¢y = % + 172%. In particular, whenever o1 < 1 — (e + €’), then

comp(7) <0, and when o1 < 1 — (e + &' +€" + "), then additionally Sgo0q(T) = [T — 1].
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5.1. Using the descent lemma when o; < 1

Let us first analyze Lemma 8 in the simpler setting where o1 < 1 — (¢ + ¢’ +-¢” 4-£"). Recall from
Lemma 8 that this implies comp(7) < 0 and we can take S(7) = Sgo0d(7) = [T—1]. Thus, Lemma 8

loosely becomes E | >, 7 ||VF(wt)||2} < log(T'). At this point, if we choose 7; ~ 1/vT and
7 =T + 1, then we could conclude that E [% Yt IVE(we)|| } < log(T)/vT. Unfortunately, as

we discussed earlier, the first step of our analysis relies on the inequality ||[Wy 1 — We|| = [|m:g¢ ]| <
1/1, — a condition which is clearly no longer satisfied when 7, is a fixed constant independent of the
gradients. We thus need a different idea to make use of Lemma 8.

We leverage the fact that Lemma 8 holds for any stopping time 7 € [2, T+ 1] as follows. Suppose
there were some stopping time 7 € [2,7" + 1] such that:

E [Z it ||V F(w)|* E|Y |VF(wt>|F] : 2)

t<t t<t

Notice that this inequality would imply that, until 7, we may treat 7, and ||V F(w;)||? as roughly
uncorrelated. If (2) were true, we could apply Jensen’s inequality and Assumption 4 to obtain:

E|> ik ||VF(Wt)||2] - {ZKT HVF<Wt)H2} .
V E 03+ 08T + (14 0})E |, IVF(w) ]

This, combined with Lemma 8, yields a quadratic inequality in \/ E [Zt < IVF(wy) HQ} , which

can be solved to obtain E [ZKT ||VF(wt)H2} (1+ 02)log(T)? + log(T)/b2 + 02T Thus, if
we additionally knew that E [7] = Q(T'), then a straightforward apphcatlon of Markov’s inequality
would imply that, with constant probability, min,e 7y |V F'(w) 12 < O0/vT).

It turns out that constructing a time 7 (roughly) satisfying (2) is possible — however, there is a
tension in simultaneously satisfying this and E [7] = Q(T'), as the following construction reveals.

Definition 9 (Nice stopping) Fix any ¢ € (0, 1], and consider the following sequence of random
times 1,(0) defined recursively as follows: let Xo(0) = 1, and define, for every t > 1 (denoting
cr, = 2(1 +nLy)?):

7+(6) = min {¢,min{s > 0 : X4(6) = 0}}
T¢(6)—1
Si0) = > gsl* + L IVE(wo)|?  and  Xi(6) = X;-1(6)1{Sy(8) < EIS:(®))/s}.

s=1

Notice that 71(§) = 1, S1(6) = 0, X1(6) = 1, and 72(d) = 2 deterministically. Further, one can
show that S;(9), X;(9), and 7441(d) are F;_;-measurable for every ¢t > 1. Intuitively, 7741(9) is
the first time that the sum of stochastic gradient norms is significantly larger than its expectation,
where the expectation is crucially over the random summation range (refer to Remark 24 for a further
discussion). The following result shows the utility of this recursive construction:

10
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Lemma 10 (Key properties of nice stopping; Simplified version of Lemma 23) ForanyT > 1
and 0 € (0,1], let Tp41(6) be the stopping time from Definition 9. Then, we have the following:

1. 7711(0) is a stopping time with respect to (Fs_1)s>1, i.e., Vs > 1, {s < 7r41(0)} € Fs_1.
2. mp11(0) € 2, T+ 1], and E [1341(8)] > (T + 1)(1 — 9T/2).

3. Forevery s < 174+1(6), denoting a = b + 2n?L3 and b = 1 + o3 + c,

8
@

Vi

Ui

s
TOZHVE[Cocrp, , ) IVFw)II?]
a+ 5

)

Notice that an immediate consequence of Lemma 10 is that:

3)

NE | Y icrp o) IV (wo) ||
El Y #lVEw)|?| > [ — }

t<rrr1(6) \/a N TO3HVE[S vy, o) IVF (W)
0

When 1/s = O(1), then (3) essentially has the desired form (2). Recall that we also needed
E[r] = Q(T) to use (2). However, Lemma 10 gives a vacuous lower bound on E [7741(5)] when
§ > 2.

Nevertheless, choosing 6 = ©(1/T) and solving the resulting quadratic inequality as before, (3)
implies E >, ) HVF(wt)Hﬂ < T'poly log(T'). Given that E [7741(0)] 2 T in this ¢ regime,
this bound tells us something quite strong — that the sum of gradients before this stopping time scales
(roughly) linearly in expectation. This is an exponential improvement over the worst-case growth
of (Lo, L1)-smooth functions after 7" time steps, which is approximately exp(LinT). Moreover,
this bound implies (via Jensen’s inequality) that [E [ﬁTT H((g)] 2 1/y/Tpolylog(T)! Thus, at least in
expectation, the step sizes that we care about for our analysis are essentially scaling as 1/vT. It turns
out that this scaling is crucial to obtain Theorem 3 in the regime of o1 < 1.

5.2. Using the descent lemma when o; > 1

The arguments discussed above heavily relied on being able to take comp(7) < 0 and Sgo0q(7) =
[7741(6) — 1], which were trivially true for any stopping time when o7 < 1. However, when o1 > 1,
then new ideas are needed, since Lemma 6 does not guarantee any meaningful descent inequality for
t & Seood (7). In the context of Ly-smooth optimization, (Faw et al., 2022) showed how to circumvent
this issue — indeed, they showed that comp(T') < E [|Sgood(T')¢|?] and E [|Sgooa (T)¢[?] < log(T).
At the core of their proofs for these arguments was the fact that, by Lg-smoothness and properties of
(AG-Norm), ||V F(wy)| — [ VE(w)[l| < nLolt — /|

General (Lo, L1)-smooth functions clearly violate this inequality. Indeed, |VF(w;)|| can
potentially be a multiplicative factor of exp(nL; |t — ¢'|) times larger than ||V F'(wy )|| (for instance,
when the (0, L )-smooth objective is exp(Ljw). Thus, even if we could guarantee deterministically
that only the first O(log(7T")) time-steps are “bad”, the objective function (and also the norm of
the gradient) could grow by polynomial factor in 7" during this interval! In fact, this is exactly the
intuition behind our negative result for (AG-Norm) in the “large o1 regime (see Lemma 34).

11
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In spite of this, not every (Lg, L1)-smooth function is an exponential function, as polynomials of
constant degree also satisfy (Lo, L )-smoothness for constant Lo, L, (see Proposition 29). Motivated
by this, Definition 4 aims to generalize the inequality ||V F (wy)| — |[VE (wy)||| < nLo |t —t'| to
allow this difference to have larger polynomial scaling in ¢ — ¢’. Indeed, the constraint of Definition 4
allows us to bound comp(7) as follows:

Lemma 11 Suppose that F(-) satisfies Definition 4 for some constants k > 2, ¢, > 1, and
¢, > 0. Let 7 € [2,T + 1] be any (possibly random) time. Then, recalling comp(r) and S°™P ()
from Lemma 8, there is an explicit construction of S°™P (1) (the subset of “good” times used to
compensate for Sgood(T)) such that, for any e,&’,e" € (0,1) such that € + €' < 1 and neomp =
[4¢}(o1—(1—e—€"))+ /] (and taking (x)+ := max {0, x}) comp(T) can be bounded as follows:

comp(7) < (o1 — (1 =& —€)) e [[VF(w1)|| E [|Sgo0a(T)°]]
Ellln
comp
26%

)E [1Suaea(r)1]

+ Mo MAX {0277'“_17 Lon} ((01 —(1—e—-¢&))s+

Lemma 11 reveals that, as long as E [[Sgo0d(774+1(6))¢|¥] can be bounded by poly log(T’) for
any constant k£ > 1, then it is still possible to bound comp(7741(d)), even when the function is not
Lo-smooth!

Lemma 12 Let 7741(0) < T + 1 be the stopping time with respect to (Fs—1)s>1 from Definition 9.
Recall the set Sgo0d(Tr+1(0)) from Definition 21, and denote Sgood(Tr41(6))¢ = [Tr41(6) — 1]\

o2 (T—1)+e(1+02+cL)E| S o i) I VF (we)||
Syood (7741(0)). Let f(T) = e+ : nga[ o] o amy k> 1,

the iterates of (AG-Norm) satisfy (under Assumption 4):

(k + 1)t log(f(T)) )’“
(1 _ (8 +el + e+ 8”’))2 :

E [|Sgood(7—T+1((5))C’k} < (

Notice that Lemma 12 does not explicitly require that Definition 4 be satisfied. However,
we use this constraint on the objective to easily guarantee that f(7') = O(T**"/s), and thus that
E [|Sgo0d (7741(0))¢¥] < polylog(T). Lemma 31 demonstrates that the bound of E [|Sgo0a(T)¢|?]
from (Faw et al., 2022) can be generalized to any moment k. Further, using this generalized result
requires bounding only E [Zt <rr(8) |V F(w,)||*| instead of the sum over the entire time horizon,
which might give tighter bounds in some scenarios. With the bounds from Lemmas 11 and 12 in
place, it is now clear that a useful descent inequality is still obtainable from Lemma 8 when o1 > 1,
at least under the added assumption of Definition 4. There is still a (small) problem in translating

these results into a convergence result. Indeed, the analogous bound from (3) now becomes:

ME [Sicsior 00 I VPO
Bl Y alVEw)?| 2 Zecsiraio }

teg(TT+1(§)) \/a + To2+bE [Zt<TT:§1(5)HvF(Wt)H2]

“

Specifically, while the numerator depends on a sum over S(77.1(8)), the denominator depends
on the sum of these good times, as well as the compensating “good” times S“°™P(7r1(d)) and

12
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the “bad” times before 7711 (8), Sgood (77+1(0))¢. Faw et al. (2022) dealt with a similar issue by
using the fact that, by Lo-smoothness and properties of (AG-Norm), ||V F(w;)||> < Tlog(7/s)
with probability at least 1 — 8, and |V F(w;)||* < T? deterministically. Combining this with
their bound E [|Sg00a(T)¢|] < log(T), they proved that the sum of “bad” gradients satisfies

E|Sies

good

(T)e |VF (wt)HZ} < Tpolylog(T). However, it is not clear how to prove such a

bound in our setting, since ||V F'(w;)|| can scale as t*~1, which is too large to be useful. Instead, we
prove the following relative upper bound, which is sufficient for our purposes:

> IVEW)IP<Bites Y, IIVEW)I?,
teS(rrp1(8))e teS(rr41(5))

where E [B;] < poly log(T'). As a consequence, (4) becomes:

ME |35 o) I VE (W)
E Z ﬁtHVF(Wt)HQ > [ €S(tr41(9)) }

=.
t€S(rr11(9)) \/(l + TU%JFE[BIHZ)E[ZtG%TTﬂ<5))HVF(Wt)” ]

Since the numerator and denominator both depend on the same summation, we can apply essentially
the same arguments from the o; < 1 case to obtain our convergence rate for o1 > 1 in Theorem 5.

6. The challenges of multiplicative noise for (L, L, )-smooth optimization

Given our positive results for (AG-Norm) from the previous sections, we now turn our focus to
algorithms which have been analyzed in prior works on (Lg, L1 )-smooth optimization. Some of the
first-studied algorithms for (L, L1)-smooth optimization take the following forms: for parameters
n>0and~y > 0O:

ngt
v+ llgell

Ngt

_— 5
max (7, 1]} ©)

Wil < Wi — and Wil < W —

These closely-related updates are referred to as Normalized SGD and Clipped SGD respectively. One
motivation for considering these specific updates, at least in the noiseless setting where g, = V F'(wy),
comes through a comparison with the natural SGD step-size for Ly-smooth non-convex optimization.
Indeed, Ghadimi and Lan (2013) show that a constant step-size of 7, = 1/L, yields a 1/7 rate of
convergence to a first-order stationary point. Further, a simple extension of this result (see, e.g.,
(Bottou et al., 2018) for a proof) is that, under Ly-smoothness and Assumption 4 with oy = 0 and
o1 > 0, the step size 1, = 1/Lo(1+02) still achieves the /T convergence rate. Thus, by analogy,
in the (Lo, L1)-smooth setting, 7y = 1/(Lo+L1|[VF(w:)|)) (and, in the multiplicative noise regime,
e = 1/(1402)(Lo+L1||[VF(w,)|))) is a natural candidate step size.

A number of works, including (Zhang et al., 2020b,a; Crawshaw et al., 2022), have proved
that (variants of) these algorithms converge whenever the noise of the stochastic gradient satisfies
(Bounded-supp). It turns out, however, that these algorithms can diverge under the noise model
considered in this paper, (Affine-var). To see this, it is useful to consider a specific stochastic gradient
oracle which satisfies Assumptions 3 and 4:

13
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Proposition 13 (A stochastic gradient oracle satisfying Assumption 4) Fix any oy, 01 > 0, and
consider the following stochastic gradient oracle: fix any € > 0, and let, for every w € R9:

2
Ve £) i dm b
( ) PO TR0 and Eaalw) ~ N (0,03 axa)-
—£ wp. 1 =9

Enurr(W) =

We can then take the output of the oracle to be g(w) := Eu4a(W) + Emuie(W)V F(wW). Then, this
construction satisfies Assumptions 3 and 4 with the specified oy and o1.

Consider the above oracle with 09 = 0 and o1 > 1 + <. This oracle outputs stochastic gradients
with the same sign as the true gradient for only roughly a 1/52 fraction of the times it is queried.
The majority of stochastic gradients thus have the opposite sign of the true gradient! This turns out
to be quite problematic for algorithms of the form (5). Indeed, consider the behavior of (5) when
lgt]] > ~. In this regime, both algorithms discard the magnitude of the stochastic gradients g;, and
use only their sign to perform updates. Since the stochastic gradients g; of Proposition 13 have the
opposite sign of V F'(wy) for almost all time steps ¢, one can prove that algorithms of the form (5) do
not converge to a stationary point with constant probability under Assumptions 3 and 4, even when
the objective function is a 1-dimensional quadratic function (i.e., both smooth and strongly-convex).
We give a proof of (a slightly more general version of) this fact in Lemma 35. Similar arguments
also imply that (AG-Norm) can diverge on (L, L1)-smooth objectives if 7 is not tuned with respect
to both L; and and o1, at least in a “large variance” regime (see Lemma 34). For more details, refer
to Appendix D.
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Appendix A. Auxiliary Lemmas
A.1. Useful facts for AdaGrad

Fact 14 Let {a;}:°, be a sequence of non-negative integers such that a; > 0. Then, for any T,
Gt
5 twglmg(ztem)
te[T) Lvs=1%s “

Proof We proceed via induction. The base case of 7" = 1 holds trivially, with equality. Assuming the
hypothesis holds at some time 7' > 1, we have that

at Zte[T ] M ar+1
Z —— < 1+log ( o + 5

Now, using the fact that exp(z) < 1/(1-«) for any z < 1, we have that

ary1 ar{1 1 Zse[T+1] s
——=log|exp| =——— <lg|——%—— | =log| =——""—.
D se[T+1] s < <Zse[T+1] as > > l— D selr) @s

Dse[T+1)

Combining these two bounds, we conclude that

a Qs a
1

te[T+1] 2 o= s 1 ZSE[T} @s
so the claim holds also for T" 4 1. Thus, the claim holds for all 7' by induction. |

Lemma 15 (Log sum inequality) The (AG-Norm) step-sizes satisfy, for any (possibly random)
times 1 < tg <tjands > 0,

b2—|— tl_—s g 2
Z ||gtu - .mog( 0 ztb_gto lgtl

t=to

Proof We first note that, by definition of b;:

Z Hgtn B S 1 P <
t 2°
t=to S 8+ i, = b+ 2, llgell

Thus, applying Fact 14, with a; = b2 and agy1 = ||gs,1¢—1]|* for £ > 1, we obtain the claimed

inequality. |

Fact 16 (Bounded Steps) The iterates {w},. | generated by (AG-Norm) satisfy, for every t > 1,
Wi — wel| <.

Moreover, forany k > 2 and t > t/,

Hwt - th”k,]_ < nk71<t . t/)k*l.
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Proof By definition of (AG-Norm),

gt
|Wep1r — Wil = ne ||ge]| = 77\/ - gt <,
bO

t 2
+ 2 =1 195

which establishes the first inequality. To obtain the second, we apply the first, together with Jensen’s
inequality (noting that ||-||*~ is convex), to obtain:

k—1 -1
< (t-— t/)kiz Z [Wot1 — WSHk_l
s=t’

<l -t

t—1
_ _ 1
[wy —wy|Ft = (¢ —t)F ! mZWS_H—WS

s=t’

as claimed. [ |

A.2. Useful facts for (L, L;)-smooth optimization

Lemma 17 (Local smoothness bound) For any function F satisfying Assumption 2, the sequence
of iterates {w;}22 | generated by (AG-Norm) with n < /L, satisfy

Lo+ Ly ||[VE(wy)||

9
5 [Wer1 — well

F(wit1) < F(wy) + (VE (W), Wep1 — W) +

Proof By (Zhang et al., 2020a, Lemma A.3), we know that, for any function F'(-) satisfying
Assumption 2, and for any w, w’ € R? satisfying ||w — w’|| < 1/L,,

Lo+ LuIVEL e

F(w') < F(w)+ (VF(w),w —w)+ 5

Thus, by choosing 1 < 1/L,, the claim is an immediate consequence of Fact 16. |
Lemma 18 (One-step gradient bound) For any (Lg, L1)-smooth function F(-), assuming that
n < /Ly, the gradient |V F(w,)||* evaluated at the iterate of (AG-Norm) at time t satisfies:
2 272 2 2
IVE(w)|” < 20" Lg + 2(1 4+ nL1)” [[VE(wi1)||”
Proof Since n < 1/, ||wyy1 — wy|| < /L, by Fact 16. Thus, we may apply Assumption 2 to obtain

IVE(wo)l| < [VE(wi1)]| + [VE(w;) = VE(we_1)]
< [VEwe)]| + (Lo + Ly [VE(we) et g1l

from which we conclude that:

IVE(w) | < 20° L5 +2(1 + nL1)? [ VE(we)|*
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Proposition 1 A function satisfying (Lo, L1)-smoothness according to (Generalized-smooth) is
also (2Lg, (e — 1) L1)-smooth according to Assumption 2. If F'(-) is twice continuously differentiable
and (Lg, L1)-smooth according to Assumption 2, then it is also (Lg, L1)-smooth according to
(Generalized-smooth).

Proof The proof of the first statement is from (Zhang et al., 2020a, Corollary A.4). The proof of the
second statement closely follows the analogous proof for Ly-smooth functions from (Nesterov, 2003,
Lemma 1.2.2). We give a proof of this claim for completeness.

Consider any x,s € R? such that 0 < ||s|| < 1/L,, and let o € (0, 1]. Then, by Assumption 2,

Hw<x+as> “VES < (Lo + Ly [VF&)) [l

a
Therefore, we have the following:
g}g}) VF(x+ az) — VF(x)
= olgno VP(x+ az) ~ VI(x) ‘ by continuity of ||-|| and twice differentiability of F'(-)
= HVQF (x) - sH by definition of directional derivative

Hence, by the limit inequality theorem, we have that, for any 0 < [|s|| < 1/L,

|[V2F(x) - s
Is]

In particular, by taking the supremum over all such s, we conclude that

< Lo+ Ly [[VF(x)]-

[V F ()] = |[V2P60T | < Lo+ LIV F&I,

as claimed, where the first equality follows by observing that V2 F'(x)V2F(x) " and V2F(x) T V2 F(x)
have the same non-zero eigenvalues (since all entries of V2 F(x) are real, and by appealing to the
singular value decomposition), which implies that V2F'(x) and V2F(x) " have the same spectral
norm. |

A.3. A note on enforcing o1 < 1

Fact 19 (Reducing o; through mini-batching) Suppose that the stochastic gradient oracle sat-
isfies Assumptions 3 and 4 for some o9 > 0 and o1 > 1. Then, assuming this oracle returns
independent stochastic gradients each time g(w) is sampled, one can construct, for any ¢ € (0,1), a
new stochastic gradient oracle from this one through mini-batching which satisfies Assumptions 3
and 4 with 0y < o¢ and o1 = 1 — ¢, and where each call to the new gradient requires only
B = [o1/(1—¢)?] calls to the old one.
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Proof Fix any ¢ € (0,1) and w € R%. Let B = [97/(1—¢)?], and let {gj(w)}je[B] be a set of B
independent stochastic gradients corresponding to VF'(w) from an oracle satsifying Assumptions 3
and 4 with o9 > 0 and 01 > 1. Then, we take the response of the new oracle as:

Gw) = 3 gi(w).

JE[B]

Now, since E [g;(w)] = VF(w) and applying linearity of expectation, E [g(w)] = VF(w). Further,
notice that:
2

E [lgw) - VEw)IP] =B ||| 3 g(w) ~ VF(w)
j€[B]

1 2
= = > E|llg;(w) - VF(w)|’]
j€[B]
2
to3 > E[{gi(w) - VF(w),g;(w) — VF(w))]
B>j>j'>1
1
< 25 Y ot + ot [VP(w)|?
j€[B]
1—¢)20?
< 0= 2) Dt (1 - [VF(w)[?,
g7
where the first inequality follows by Assumption 3 and since g;(w) and g; (w) are independent. The
second inequality follows by Assumption 4 and our choice of B > o/(1—¢)2. Thus, Assumption 4 is

satisfied with 72 = (1-¢)%03 /52 < o3 and ol =(1—¢)2 |

Appendix B. Proofs for general (L, L,)-smooth functions
B.1. Deriving the descent inequality

The following inequality serves as the first step in analyzing the convergence of (AG-Norm).

2¢’
Li(4+07)

Lemma 6 Fixanye, e’ € (0,1). Suppose that n < . Then, for any t,

E[F(Wi1) — F(wy) | Fio1] < =it (1 — e — & — a1biasy) |VF(wy)||* + GE [lleel/e? | Fooi]

where ¢y = 52 + 772% and bias; = \/IE [HQtllQ/b? | ft—l]-

Proof An immediate consequence of Lemma 17 and (Faw et al., 2022, Lemma 5) is that, as long as
n < 1/ Ly,

E[F(wWig1) — F(wy) | Fio1] < =i (1 — £ — oybiasy) | VE(wy)||> + coE

2
@'EJ
t

o LuIVE(wo)l

T E [ lgel | Fiea] ®)
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where

~ 2

21, lgell® (19:) + ligell)

_ %o + 20 and bias; = |E = | Fio1
2 2 b2(by + by)?

We provide a proof of this inequality in Lemma 27°.

Now, let’s focus on bounding the final term above. We start by rewriting it as follows: Let us
take &5, = {||VF(wy)|| > oo}. Then, we can decompose the final term (trivially) as

Ly [[VE(wi)|

Ly |[VF(w
5 E [} gl | Fir] = Li|IVE(w)|

2
U [ lgel” | Fit] (1{E5,} + 1€ ).
Now, whenever &, is false, then this expression is easy to bound, since

Ly [V (wy)]|

Lyog
5 E |77 lgel* | ft—l} ]1{5(‘;0} <

2

E 07 llgulP | Fiea |

Notice that this term can be absorbed into the second term in (6). The case when &, is true requires

slightly more care. However, we can deal with this case by adding and subtracting 772, and using the
bound (1):

L |VF(w L
VIO g (2 1g0)2 | 7o) 1800} = 222 IV PO E [0 | 7] 1160
+—HVF DIE(

[ —77t HQtH ‘}-t—l} &}
< L [VE(w)|?
ot

+fHVF Wil E [0 = i) lgull® | Fir) 1{E0, )

< nL1(2+ o)
- 2
+ P VEIE [ — ) gl | Fir] 1En).

it [V F (we)|*

3. A careful reader may notice that the inequality in Lemma 27 is actually slightly smaller than the one from (Faw et al.,
2022, Lemma 5), since the dependence on constants is strictly better.
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Notice that the first term above can be absorbed into the first term in (6), assuming 7 is sufficiently
small. For the remaining term, we begin by noticing that

77132 - ﬁ? 1{&,,} = 1{&, } . &}
2 90 2 2 2 -

U by +llgell™ by + IVel?
(IVell® = lgel*) 1{En, }
(071 + llgel) By + 11Ve]1?)
Vel 1{Ex}
TR+ gl + VeI

2|V (w)||”
T O+ gl B+ V1?)
2[[VEF(wi)|

< —,
(071 + lgel*)y /71 + Ve

which implies that

2
gt l
b}

< L |[VF(w) ||

Li(n —7})

5 IVE W) llgell* 1{€x0} < 0Ll [V (we)||*

Therefore, collecting these results and choosing 1 < 2¢'/L, (4+02), we have that

- . Li(4 + o2 " 2
E [F(Wt-i-l) — F(Wt) | -Ft—l] S — Mt (1 — & — GlblaSt - 171(21)> ||VF(Wt)||2 + CoE ”%2” ‘ Ft_l]
t
- / : 2~ | gl
< —1 (1 —e—¢ — alblast) |IVF(wy)||” + coE 2 | Fio1l s
t
where ¢y = ¢y + 1%Ly 0. [ |

We use Lemma 6 by summing the expression until a carefully-chosen stopping time. To make
use of this bound, we begin by showing that the second additive term can (essentially) be absorbed
into the first term.

Lemma 20 Fix any ¢” € (0,1), and let 2 < 7 < T + 1 be any stopping time with respect to
(Fs—1)s>1. Then, we have that

coE

(24 0?)GE [T — 1]> 2ne" g

T7—1
it |V F 2 .
Z Ur H (Wt)H 775//b0 2+ 0-%

+ 2¢p log (
t=1

b7

& gl ,
Z | Fio1| <€'E
t=1

Proof Let us define, for a parameter A to be determined,

Tstep(A) = min {T + 1, min {t >1:q < A}}
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By construction, Tstep( M) is the first time when the step size 7, is smaller than some threshold A (or
T + 1 in the case that 7, remains larger than \ for every ¢ € [T']). Observe that 7, > ) is equivalent
to by < m/x. Thus, we divide our analysis into two phases: times before 7gtep (), and those after. For
the earlier times, since we have b, ()1 < 1/, we can bound these using Lemma 15. We use the
fact that 7, < X together with (1) to handle the remaining terms.

More specifically, for any ¢, we can decompose

2
7 ‘gbt2” = @90 (141 < ()} + L4t > meep ().
t

Now, note that, by definition of Titep(A) Nrep(n)—1 > As i€ br)—1 < 7/A. Hence, by
Lemma 15,

||gt|| lge|l” n
Z 1{t < Taep(M)} < > 13— < 2108 (Prep-1/bo) < 2log Y

t<tiep(N)
In the other case, for any fixed ¢ € [T'], we have that
07 1gell® T{t = Tseep(A)} < A [lge )

= A0 — e) gl + Adie [ ge |
IVel®

= = lgel|® + i [|ge]|*
benS b7y + IVl (0 + /071 + [[Ve]|?)

< N [V E(we) |2 + Moo + e [lgel|*

<nA

where, in the first inequality, we used the fact that 7, < A for every ¢ > Tstep()\), and in the second,
we used the fact that

—i _ 19012 = llgel

Bl wa VAR b0 20+ b2+ [ 2)
12

NI

and in the third, we used the fact that || V||2 = 02 + ||V F(w;)||. Then, noting that
NiHE |96l | Fom] < A+ 03)ii | VE(wo) | + Nieod < M1+ )i [V (we) > + Anoo,
we have that
E [17 19t L{t > ruan(N} | Fiot| < 2Ancn + A2 + o) [V F ()|
Combining these bounds, we obtain:

250)\0‘0

oE

1903 4t < ) | 71

t

Aeo(2+ o ~
Hgtn | F 1]_m o(n D v F ) + E
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. o 6”772 .
Thus, if we choose A = [PET=yra et then we obtain

N 2ne’ o
Crodr—1)

I90% 4 < (N} Fic
t

coE

”gt” A ] < i IV E(w) 2 + GE

Now, summing over ¢t € [T — 1], and using the fact that {¢t < 7} € F;_1 by assumption on 7, we
have:

’gtH ﬂ{t< }‘f 1]]

Z ] ] :EOZT:E [E
- ZT;E [EOIE [”g” | ooy

t=1 by

I{t < T}]

+ ¢E

Z 'gt” 1t < ruep(N)} +

2ne" o
2402 (r-1)|"

7—1
<E [Z "y |V F (wy)||?

t=1

Focusing on the last term in the above inequality, and recalling that (deterministically) 7 > 1 by
assumption, we may apply the above bounds together with Jensen’s inequality to obtain:

1 ~

|gt|| 2ne"og - (2+ O‘%)Co(T -1) 2ne" o
E 1{t < Tsten (A < 2¢E |1

— {t < mep (W)} + (24 02)(t—1) Rl It nebg + 2+ 02

(24 0?)E [r — 1] 2ne" o
ne’by 2+ o0}

< 2¢g log (

Combining these bounds yields the claimed inequality. |
In the following, we restate Definition 7 with an equivalent characterization that is sometimes
more convenient for our analysis.

Definition 21 (Good times (extended version of Definition 7)) A fime t € [T is “good” if, for
fixed parameters e,¢' " " € (0,1), satisfyinge + &' + " + " < 1

1—e—¢ —&" —obias; > " or equivalently, E 3

HgtH | Fi ] (1—(e+e+&"+ 8///))2
t—1] > )
o1

t

We take, for any stopping time T with respect to (Fs_1)s>1, the set Sgood(T7) = {1 <t < 7 : tis “good”}
to be the “good” times before T, and Sgood(T)¢ = [T — 1] \ Sgood(T) to be the remaining “bad”
times before T.

We will now use the notion of “good” and “bad” times from Definition 21 to understand how the
bias; term affects Lemma 6.

Lemma 22 (Bounds for “good” and ‘“‘bad” times) Consider the same setting as Lemmas 6 and 20.
Let 7 € [T + 1] be any stopping time with respect to (Fs—1)s>1. Then, for any t € Sgood(T),

2
o f] |
t

(" + )i [IVE(we)|* < E[F(We) = F(Wer1) | Foor] + GE
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For every other time t & Sgo0d(T), we have that

E[F(wis) = F(w) | Fioa] S (01 = (1= (64 )) [VF(w)|* + GE

b7

2
|@H|Ell

In particular, whenever o1 < (1 — e — '), then we have the following bound for each t & Sgo0d(T).

2
g -
|£|Lﬂ*]§m
t

E[F(Wis1) = F(we) | Fio1] < GE

Proof We note that, by construction, {t < 7}, {t € Sgo0d(7)} € Fi—1, since 7 is a stopping time
with respect to (Fs_1)s>1 and E [||9t||2/b§ | ]:t,l] is JF;_1-measurable. Since the inequalities we
wish to prove are in expectation conditioned on F;_1, the condition that a time ¢ is “good” or “bad”
is (effectively) deterministic.

The proof of the first inequality is an immediate consequence of Lemmas 6 and 20 and Defini-

tion 21. The second follows immediately from Lemma 6, noting that bias; = \/ E [llgell*/o2 | Frq] <
1. The final follows from the second, noting in this case that o7 — (1 — (¢ +¢&’)) < 0. |

We now combine the results from Lemmas 6, 20 and 22 to obtain our main descent lemma. This
gives us a bound on E [Z 1e3(r) Tt IV F(wy)||?| in terms of negligible terms and a “compensation”

term, comp(7), where the summation is taken over a random subset of the “good” times.

Lemma 8 (Descent lemma) Fix any e,¢’, ", " € (0,1) such that ¢ + &' + " + " < 1. For
any (Lo, L1)-function, if we run AdaGrad-Norm with parameters n < ﬁ and b > 0 for

1 g7
T time steps, then, for any stopping time 7 € [2,T + 1] with respect to (Fs—1)s>1, and any
S(1) C Sgo0d(T):

~ : e (CHRER -1 | 200
e Z i IVF(wy)|?| < F(wy) — F* + 2 log < o + E1od) + comp(7),
teS (1)
where comp(7) := E S (o —A—e—)N|[VEW)|P = S iy HVF(Wt/)HQI,
tE€Sg00d ()¢ t' € SeomP (1)
the set S°™P(T) := Sgo0d(T) \ S(7) consists of the “good” times used to compensate for the bad

times Sgood(T)%, and ¢o = B0 + n?Lotgoly Iy particular, whenever o1 < 1 — (e + €'), then
comp(7) < 0, and when o1 < 1 — (e + &' +€" + "), then additionally Sgo0q(T) = [T — 1].

Proof The proof follows straightforwardly by combining the inequalities from Lemma 22, together
with noting that, since 7 is a stopping time with respect to (Fs_1)s>1, {s < 7} € Fs_;. Indeed,
since [T — 1] = Sgo0d(T) U Sgood (7)€, we may apply the tower rule and linearity of expectation to
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conclude that

=Y E[E[F(wi1) — F(wy) | Foo1] 1{t € Sgooa(7)}]

+ ) EE[F(we) = F(we) | Feoa] 1t € Sgooa(7)Y]

Now, we may use the first and second inequalities in Lemma 22 to bound the sum over “good” and
“bad” times, respectively, and, collecting terms, we obtain

E[F(w:) = F(w)] < —("+ME | Y il|VE(w)

teSgood (T)

FE[ X (- (=) alVEw)?

tesg‘ood (T)c
2
el s g
+ Co Z b2
te[r—1] t

Thus, applying Lemma 20 to bound the final term above, and using the fact that E [F'(w) — F'(w.)] <
F(w1) — F* by Assumption 1, we obtain:

"E| > el VE(w)? SF(wl)—F*+2Eglog<

(24 0?)GE [T — 1]) 2ne" o
tesgood(T) (

ne"bo 2+ 02)

+E| Y. (o= (1—e—=€)) i VF(w)|?)

tesgood (T)C

Thus, for any S(7) C Seo0d (T), we can subtract "’ [Ztes SNE(r) T |V F(wy) Hﬂ from both
goo
sides of the above inequality to obtain the first claimed inequality.

The second follows immediately by noting in this case that c; — (1 — (¢ + &’)) < 0. The third
follows immediately from the second, recalling that, whenever o1 < (1 — (¢ + &’ +&” + £’)), then
Seo00d(T) = [T — 1] by Definition 21. [ |
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B.2. Constructing the “nice” stopping time
Let us recall the definition of 7741(9), the “nice” stopping time:
Definition 9 (Nice stopping) Fix any ¢ € (0, 1], and consider the following sequence of random

times 1,(0) defined recursively as follows: let Xo(0) = 1, and define, for every t > 1 (denoting
cL, = 2(1+nL1)?):

7+(6) = min {¢,min{s > 0 : X4(6) = 0}}
T¢(6)—1
S(6) = Z lgsll? + cL [ VE(ws)||?  and  X(6) = X;_1(6)1{Ss(8) < EIS:(®))/s}.

s=1

Here, we show that these random variables are well-defined, and enumerate the crucial properties
that they satisfy.

Lemma 23 (Nice stopping; Full version of Lemma 10) For any § € (0,1] and t > 1, let 7(9),
S¢(9), and X4(0) be recursively-defined random variables from Definition 9. Then, we have that, for
allt > 1,

1. 1,(8) is Fi_o-measurable, and S;(0), X;(9) are each F;_1-measurable (where we take Fy =
F_1 to be the trivial o-algebra).

2. 1(6) is a stopping time with respect to (Fs_1)s>1, i.e., forall s > 0 {s < 7(0)} € Fs_1.

3. Forallt Z 1, Tt+1(5) 2 Tt((S), St+1((5) Z St((S), and Xt+1(5) S Xt((S)

4. E[S;(0)] <E [Zm(&) 02 + (1402 + 1) [VF(wy)|?

5.8,

t

(5)-1(6) < ES1 @)
6. Tr(5)-1(8) = 7(8) — 1

7. Forevery s < 1y(9), the following inequalities hold deterministically:

> = —L
\/bo +20°LG + 0§ + Sr(5)-1(9)
U

(=)o +(1+03+e)E[Soe,, o) IVF(wo)?]
)

>

\/b% + 2772L(2) +
8 t>TE[r ()] >t (1 —dt-1))2)

Before proving this result, let us briefly discuss an alternative construction to Definition 9 which
is (perhaps) more natural and easier to define, but does not satisfy a property we rely on to prove
Lemma 25:
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Remark 24  One might attempt to define the stoppmg times 1,(9) from Deﬁnition 9 in the fol-
lowing simpler manner. First, denote S; = S lgsl? + en |[VE(ws) || Then, let 7,(5) :=
min {t, min {3 >0: §t > E[gt]/é} } On a first impression, this stopping time might seem to cap-
ture the same properties as Definition 9. Unfortunately, this is not the case. To see this, let us examine
the quantity Sz, 5)—1. This stopping time guarantees the following:

- 11@[54

1—2& )1{7(0 f1_e}<z

t—1 s cL [|VEF(wg 2
Zzsl [ngn;Lu ( >||]m(5)_1:€}

2:;@‘1 E|lgsll® + v [V F(w,)|?]

= 5 : (N

]]_{’Tt *1 :E}

Thus, we are only guaranteed deterministically that gﬁ( 5—1 < i1 Elllgel®+eLlIVEwo) %] /s (indeed,
this is the only inequality we know on any sample path where T,(5) = t). By contrast, by Item 5 of
Lemma 23, we know that, deterministically:

Tt 1(5
Elsa0)]  E[ZEO 7 gl + e IVEw)I?]
) - )

STt(5)—1(6) < ®)
Notice that (8) is true no matter the realization of 7,(9). Indeed, for any realization of T:(9), the
bound on the right-hand side still involves a random index inside the expectation. This is not the
case with (7) (there, the random index is outside of the expectation). This difference is crucial, and
this special property of S, (5)—1 is actually what makes the proof of Lemma 25 possible.

Proof (of Lemma 23) We prove the first claim via induction. The base case of ¢ = 1 holds trivially,
since X((0) = 1 deterministically by definition, which implies that 71 () = 1 and S1(4) = 0, and
thus X () = 1 (so are all measurable in the trivial o-algebra). Assuming the claim holds for times
1,...,t, then we have that 7411 () is F;—1-measurable, since it depends only on X¢(9), ..., X¢(9),

each of which is F;_j-measurable by the induction hypothesis. Thus, since S;;(0) depends

Te41(6)— t .
only on 7¢+1(3) and {jgo|* IVE(w )’} " < {lgull® IVEW)IP} . Sea(6) is F

measurable. Further, since X;() is Fy—1 C .7-} measurable and S;41(0) is F;-measurable, and by
definition, X;41(9) = X¢(6)1{Si+1(9) < ElSt+1(9)l/s}, we conclude that X, (0) is F;-measurable.
Thus, the claim holds by induction.

For the second claim, it suffices to consider 0 < s < ¢ — 2 (since we just established that 7;(9) is
Fi_o-measurable, and F;_o C Fy_o for any ¢ > t). Now, for any such s, since s < t, we have that

{s > 7(d)} = Ui_o {X4(6) = 0} € Fs—1,

since Xy () is Fs—1-measurable for every ¢ < s. Thus, since F,_1 is a o-algebra, and hence closed
under complements, {s < 74(0)} = {s > 7(0)}° € Fs_1.

For the third claim, the inequality 71(0) > 7¢(d) follows immediately from the definition,
since if 74(0) = s for some s € [t], then either X5 = 0, in which case 7411(0) = s = 7(9),
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or s = tand X; = 1, in which case 74(6) = t and 74+1(6) = t + 1 > 7(6). The inequality
St41(6) > S¢(6) follows since 7¢41(5) > 7(d) and S;(0) is a sum of non-negative terms over the
interval [1, 74(0)), each of which is contained in the sum S;11(6). The inequality X;41(d) < Xy(9)
follows immediately from the definition, since 1{S;4+1(0) < ElSi+1(9)]/s} € {0, 1}.

For the fourth claim, we have that, by definition of S;(d) and the tower rule of expectation,

E[S:(d)] = E

t—1
> (llgsll? + er [IVE(ws)[[*)1{s < Tt(5)}]

s=1
- ZE E [(lglP + ev IVF(w)IP)2s < ()} | Faa] |

Now, since {s < 7¢(6)} € F,_1, and applying (1),
E[E (gl + e IV F(w,)*)1{s < 7(8)} | Foa]]
=E [E [lgo|* + v [VE(wo)|* | For| 1{s < m(6)}]
<E (03 + (1+ 0} + 1) [VF(w,) ) 1{s < 7(8)}]

Summing the above expression over s € [t — 1], we conclude that

ESiO)<E| Y of+(1+of+e)|VEW)|,

s<7¢(6)

establishing the third claim.
For the fifth claim, notice that, by definition of 7;(9), if 74(0) = s, then X_;(0) = 1, which
implies that S;_1(0) < E[Ss-1(9)]/s by construction. Therefore,
t

Sr()-1(0) = > S 1(8)1{m(0) = s} = Zss 1O 1{1(0) = 5, 551(8) < ElSs—1(9)]/s}

s=1
E[S;—1(6
e (UREEE L
For the sixth claim, we note that
Tro(5)—1( ZTS (O I{r(0) = s} = ZTS O I{X(8) = ... = X_1(0) = 1,7(6) = s}

—Zs—l V{1 (0) = s} = Zsﬂ{ﬁ )—1=s}=n() — 1.

For the seventh claim, assuming s < 74(d), we have that, by Lemma 18,
n

S p—
—1 2 2
VB + 03+ it gl + IVE(w,)
n

> .
sl 9 2
0 0 2P LE 4+ i el + e [V E(w)|
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Further, since 7, (5—1(6) = 7(0) — 1, and by definition of S;(J), we have that

- n
>
s — 2 2
\/b(% + o2 +2n2L% + Ze«,t(é),l((s) gell” + e [[VE(wo)|
_ n
\/bg + 02 + 2213 + S, (5)1(6)

Therefore, since Sy, (51 () < ElS:-1(9)]/s almost surely by Item 5, together with our upper-bound
on E [S¢(9)] from Item 4, we conclude that

Ui
Nls

2
\/b% 4 2772[/3 i (t*1)03+(1+‘7%+CL)E[62@«,5,1(5)HVF(WZ)H ]

v

)

as claimed.
For the final claim, we note that 7;(0) < ¢ deterministically, by construction. Thus, we focus on
the lower bound. Indeed, notice that, since 7(9) € [t],

t t s—1
= sl{n(0) =s} = > 1{n(d) = s} Y _ 1{n(6) > ¢}
s=1 s=1 =0

:i > 1{m(6) = s}1{n(6) > £}

=0 s=(+1
t—1 t t—1

=> 1{n(8) >0} Y Un@) =st=> 1{rn(s) > 1}
=0 s=0+1 /=0

Next, notice that X,(0) = 1 iff 7(5) > s, which implies that X(6) = 1{7(J) > s}. Additionally,
recall that Xo(0) = 1, and X () = 1{Nj_, {Se(0) < ElS:(9)]/6}}. Hence, we have that

t—1 t—1 t—1
E[r(0)] =Y E[Xs(8)] =) Pr(X,(d) =1 =1+ Y 1—Pr[X,(8) =0
s=0 s=0 s=1

t—1
=14 1-PrUji; {Se(6) > ElSc®)/s}].
s=1
Therefore, by applying the union bound and Markov’s inequality, we conclude that
1) 5(t—1)
E [ry( >t_§;;pr 15,(6) > EISc)s] >t—2;5_t— _t<1—2 ,
S S=

which establishes the final claim. [ ]
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B.3. The key consequence of the nice stopping time construction

The following result is the most crucial place where the properties of Definition 9 are utilized. It
tells us that, as long as the sum of “bad” gradients is comparable to the sum of “good” ones, and
as long as the descent inequality (Lemma 8) holds, then the sum of gradients scales (roughly) as
O(B(T)*/5 + b(T)+/T/s). One can compare this result to that of Faw et al. (2022, Lemma 13), which
obtained a similar bound in the simpler Lgy-smooth setting. Their argument utilized a technique they
termed “recursive improvement,” which required recursively invoking gradually improving bounds in
order to reach their desired conclusion after infinitely many calls. Moreover, their argument crucially
relies on properties of Ly-smoothness in order to obtain worst-case upper bounds on the sum of
gradients, which are no longer true in our setting. Through our construction of the stopping time
Tr+1(0), we are able to obtain a similar bound as in their setting, but with an (arguably) significantly
simpler and more general proof which works even in the (Lg, L1 )-smooth setting.

Lemma 25 Recall the stopping time 7741(0) Jfrom Definition 9 and the set of “good” times before
T7+41(8), Sgood(T1+1(9)) from Definition 21. Let S(1711(9)) € Sgood(Tr+1(6)) be any (random)
subset. Suppose that the following two conditions are satisfied: (i) for some cp1,cpa > 0 (possibly
dependent on T'):

E > IVEW)IP| < i+ cpoE > IVEw)|? )
t€S(rr11(8))° teS(rr41(9))
and (ii) for some b(T') > 0,
E| Y allVEwW)|*| <b(T). (10)
teS(rr11(6))

Then, we obtain the inequality given below:

2(1 + cp2)(1 + e, + 02)b(T)?
n?o

E|l Y IVFwW)| <

teS(rr41(8))

2b(T To2 + (14 ¢, + o2)e
+7(7>\/b3+2n2L3+ o+ - es

Proof Let S (77+1(8)) € Seood(Tr+1(5)) be any (possibly random) subset. By (10),

bT)>E > alVEw)I?| -
teS(rri1(5))
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Now, by Item 7 in Lemma 23, since ¢ < 771 (0) for any ¢ € S(7p11(6)),

E| > #lVFEw)l?

S E Z ﬁ\‘VF(Wt)H2
o ~ 2 2 2
teS(rr+1(9)) \/b(z) + 277L8 + TJO+(1+UI+CL)E[Z§<TT+1(5)”VF(WZ)” ]

E [Zte§(TT+1(5)) n HVF(Wt)Hﬂ

\/bg +2nLE +

To3+(14+03+eL)E[Coc ., o) VFWO)I?]
5

nEgood

\/bg + 2,,7L3 _|_ TU%+(1+U%+CL6)(Egood+Ebad) ’

where Eyooq = E [zteg(Tw o HVF(Wt)”?] and Bpaq = E [zteg(Tw 5 HVF(wt)”?] Re-
arranging, we have the following inequality:

TO'(2) + (1 +c, + U%)Ebad + (1 +c1, + U%)Egood
1)

NEgo0d < \/ b +2n2L% + b(T).
Notice that this is a quadratic inequality in y/Fgo0q4. Assuming that

Epaq < cB1 + CBZEgood,

then we may solve this inequality to conclude that

JF < V(14 ego) (1 + e + 07)b(T)

277\/5
1 /(1 1 o(T)? To2+(1 2
+\/( + cpa) (1 +cr, + a2)b(T) +477\/b3+2772L3+ o8+ ( +cL+01)CBlb(T)
2n o 1)
< \/(1+CB2)(1\‘;SCL+U%>5(T) n b(T) il/ngranLg_i_TU(Q)Jr(l +50L+U%)CB1,
n

from which we conclude

2(1+ cp2)(1 + e, + 03)b(T)?
%0

E S IIVE@W)I?| = Egooa <
teS(rr41(5))

26(T
+§] )\/bg+2n2Lg+

To*g + (1 +cL + 0f)ep:
3 .
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B.4. Convergence for (L, L;)-smooth functions

Here, we provide our main theorem for (Lg, L )-smooth functions. We emphasize that, unlike in
the statement of Theorem 3 from the main body, this theorem does not (directly) require o7 < 1.

Instead, it requires that Zté§(7”r+1(5))c IVE(wy)|? E |:’§(TT+1(5))C‘:| , and comp(7r41) can each
be upper-bounded by sufficiently-small quantities. While these quantities can each be (trivially)
upper-bounded when o1 < 1, this is not a necessary condition. Indeed, we prove in Corollary 32
convergence for a subset of (L, L1)-smooth functions without a restriction on o using this theorem

as well.

Theorem 26 (Formal statement of Theorem 3) Fixanye, &', " " € (0,1). Consider (AG-Norm)
with any parameters 1 < 2¢'/L,(4+0%) and b% > 0, running for T' > 1 time steps on an objective
function satisfying Assumption 2, and given access to a stochastic gradient oracle satisfying Assump-
tions 3 and 4. Let, for any §' € (0,1), 7p41 := 7p4+1(9'/4T) be the stopping time from Definition 9.
Let Sgo0d(Tr+1) by the set of “good times” from Definition 21, let S(rr41) C Sgood (T741), and
denote S (T741) 1= Sgood (Tr41) \ S (T741) to be the compensating “good” times for the bad
times Sgood(TT41)". Suppose there is a (possibly random) By > 0 and constant cga > 0 such that
E [B1] < ¢y < oo and which (deterministically) satisfy:

Y. IVEW)IP<Bitesz Y [VE(w)|*.

t€§(TT+1)C teg(TT+1)

then for any T > 1 and §' € (0, 1), with probability at least 1 — &' — 2E[|S(rr+1)°l]/T, (AG-Norm)
satisfies:

in||VF 2
min IVE(wy)|

32(1 4 ¢cg2)b(T)?  16b(T)

4b(T)
b2 2 2(1 2 2 1 2 2 2L2
72(602T "‘n((;/)zT\/o"‘Uo"‘ (1+o07) " o1(1+ cp2)y/ b5 + 2n°Lg

32b(T)*?
-+ W 20%(1 + CBQ)\/(l + c1, + U%)CBl

16b \/ 802(1 + cp2)b(T) (2(1 tem) (Lt e +of)b(T) | )
(82T N e ’)

where c1, = 2(1 +T}L1 ,

(2+ 0})coE [rr1 — 1]) n 2ne” o
(

1
wT):=— | F — F* +2¢1
(7) e ( (w1) + 2 og( ne’by 2—1—01

) + Comp(TT+1))

comp(rr41) = E Yo (= —e=MNllVEWIP = D i [[VE(wa)|?

tesgood(TT+l)c tlescomp(TT+l)

and ¢y = 7700 + 7]2 Lo+croL1
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In particular, whenever o1 < (1 — (e +¢€' + " +€")), then we have that Seooq(T741) =
[Tr+1 — 1], so we can take S(Tr41) = Sgood (T141) S0 that cg1 = 0 = cpa and comp(r741) < 0,
so, with probability at least 1 — &', the following inequality holds:

, o _ 320(T)*  16b(T) [ o 46(T) 5 /5 o 5ra
trg[l’]I“l} ||VF(Wt)|| S 172(5/)2T + 7’](5/)2T bO + UO + To-l bO + 277 LO

16b(T) " 802b(T) (2(1 + cr, + 02)b(T) 5
+n(5’)2\/T\/2 o+ o' < o' " O)’

Proof

Step 1: Rewrite Lemma 8 in terms of a single, worst-case step-size Let us assume that n <
2¢'/L1 (4402). Denote:

N n
Nrpiq

©® = 2 2 2 2
ViB+ 34250195 — VEW) |+ [VE(w,)]

Let S(rr41(6)) C Seood (T7+1(6)). Then, taking b(7T") as in the theorem statement above,

E i D IVE(wI*| <b(T), (11)

teS(tp41(8))

since, by Lemma 8, and using the fact that ¢ < 771 (0) for every t € S(7741(6)),

b(T) = E Z e |V F(wi) |2

LteS(rr41(6))

|| VF(w)|”

sty VB 0%+ 0 sl + IV E(we) 2
||V E(w)|?

LteS(rr41(5)) \/bg + 05+ 31 (2lgs — VE(WS)I* + 2|[VE(ws)|*) + [ VF (ws)||*

>E i Y, IVEW)I|.
L teS(rp41(6))

Step 2: Upper bound the inverse of this worst-case step-size in expectation Next, notice that,
denoting Fyoon = B[22 oy IVEwo)IP).

s€§(TT+1

E [1iog 0] < /8 + T +1)03 +2(1 + 0)ent + 2Fgo0q

+1/2(1 + cp2)E Z ”VF<WS)H2 ) (12)
s€S(rr11(5))
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since, by the assumption that ES€§(TT+1(6))C IVE(ws)||* < By + cpo Ese§(rﬂl(6)) IV E(ws)]|?
and E [Bl] S CB1,

8<’7’T+1((5)

E [1/irr 0] =B \/b3+08+2 S llgs = VE(w) | + [V F(w,)|

SE| B+03+2Bi+2 Y lgs— VE(W)|*+2(1+cs) D>, [VF(wy)|
s<rr41(9) s€8(rr11(5))

<E \/bg+ag+zBl+z S llgs - VEw,)|?

8<TT+1(5)

+2(1 + cp2)E > VF(wy)|?

s€S(rr41())

< (B+od+2m+2E| Y gs — VE(w,)|?

s<T741(0)

+V2(1 + cp2)E > IVE(w)|?
s€S(rp41(0))

< |24 2T +1)02 +2(1 4 02)epy + 2(1 + cp2)E > IVE(w)|?
s€S(rr11(0))

VereaE| [ IVFw P,

s€8(rr41(5))

where, in the last step, we used the fact that, since {s < 7741(d)} € Fs_1 by Item 2 of Lemma 23,
we may apply Assumption 4 to obtain

E [lg: = VE(ws)I 1{s < 7r2(0)}| = E [E llgs = VE(w)|* | Fima | 1s < 7001 (8)}]
<E[of + o [VF(w,)|* 1{s < 7r41(8)}] -

Step 3: Use Holder’s inequality and the above bounds to obtain a quadratic inequality At
this point, we can combine the bounds from (11) and (12) to obtain a quadratic inequality in

E [\/zseg(TT+1(5)) ”VF(WS)H2J. Indeed, using Holder’s inequality E [X?] > EIXY]’/E[y?] with
X = \/ﬁTTH((;) Zte§(rT+1(6)) IVE(wy)|*and Y = | /iy, 1 (8)» We have that:

E [\/Zt€§(7T~H(6)) HVF(Wt>H2J 2
E [1/777”1(5)}
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which, after rearranging, and writing Z = \/ > 5) |V F(ws)||%, implies that:

SES TT+1

nE [Z]* < b(T <\/b2 (2T + 1)o2 4+ 2(1 + 03)cp1 + 202 Egood + V/2(1 + cB2)E [Z]> .
(13)

We solve this quadratic inequality in E [Z] to conclude that:

2(1 4 cp2)b(T)

E[Z] <

1
+ 277\/2(1 + ¢cB2)b(T)? + 4nb(T') \/bg + (2T + 1)o2 + 2(1 + 0%)cp1 + 203 (1 + ¢B2) Egood

2(1 b(T [b(T
< (1 + cp2)olT) + (n ) Q/bg + (2T 4+ 1)og + 2(1 + 07 )cp1 + 207 (1 + B2) Egood-

Ui

Thus, applying the bound on Eyq,q from Lemma 25, we obtain:

4(1 + cp2)b(T)*  2b(T) 4b(T)
E[Z)? < + B+od+2(1+o o2(1+c¢ b2 + 2n2L2
[Z] o » ( ?) » 1(1+cB2)y/b5 0

26(T) 403 (1 + c2)b(T) [ (1 + ep2)(1 + e + o)b(T)
+\/2Ta§+ ! o ( e !

where § € (0, 1) is a parameter of our choosing. In particular, choosing (with foresight) § = ¢'/a7
for any ¢’ € (0, 1), the above can be rewritten as:

4(1 + b(T)2  2b(T 4(T
E[Z)* < ( CBZ?)( ) + 7(7)\/13(2)-1-034-2(14-0%) 7(7)0%(1—&-6]32)\/1?(2)4-2772[/(2)

Ul

+ \/Tag +(1+er+ a%)cm),

3/2 4
W 20’%(1 -+ CBQ)\/<1 +cr + O'%)CBl
20(T)VT 2, 8of(L+ep2)b(T) (2(1+epo)(L+ e +oD)b(T) |
U \/2 o' < Vs’ i 0>

Step 4: Use the conclusion of the quadratic inequality to conclude with the claimed convergence
guarantee To obtain a convergence rate, we begin by noting, for any &’ € (0, 1), we can decompose

P VF > 8C7 —P VF LC% S N <T
¢ iy 97w |2 > b = Pr iy (9P w0 1? > b B 0)] < 7]
8C% ~
P [tnea[ig] VPP > o S (0)] > T/z]
(14)
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6/

The first term in (14) is easy to bound via Markov’s inequality, since, choosing § = ;7 < 3 AT

(since T' > 1),

8C3
Pr |min | VF(w)|? > L

te[T] 02T’ [S(rr+1(8))] < T/Q] <Pr [’g(TT—H((S))’ < T/Q}

28 [|[T)\ §(rr-+1(9))]]
T

< 2 (PO g (15000

5 2E |1S(rria(6))]]
< —+ ,
-2 T
where we bounded the above expectation using the fact that, by Item 8 of Lemma 23,
E [T\ S(rr1(0)]] = E [[lrr+1(0), T U S(rr41(9))°1] S EIT = 7741(6) + 1]+ E | (7r41(6))°]
0T (T + 1 ~ .
< (2) +E [|S(TT+1(5)) y} .

To bound the second term in (14), we note that, whenever ]§ (7r4+1(9))] > T/2, then

<

15)

. 1 2
min [|[VE(wy)[|> < min  [[VF(w)|] € =——— [VE(wy)|
te(T] t€S(rr41(6)) |S(Tr41(6))] teg(gl( )

2
<z > IVEw)P
teS(rre1(8))
72

Hence, we have by Markov’s inequality and the above bound,

8C2 207,
! <0 — < —.
Pr tIgmHVF(Wt)H ORT’ 5 ] <6 50, =9 (16)

Therefore, combmmg (15) and (16) with (14), we conclude that, with probability at least 1 — §" —
2E[‘S TT+1 ]/T

min ||V EF (wy)
te([T]

E[Z] &

1S (rr41(6))] > T/2} < Pr [z >

2

< 8C%
(0T
32(1 + ep2)b(T)2  166(T 4v(T
< ( "72(5]?)22)T< ) + 77(5,()2% \/b% + 02 +2(1+ 0?)ep1 + 1(7)0'%(1 + cpa)4/ b3 + 212 L3

32b(T)%?
+ W 207 (1 + CB2)\/(1 + e, + of)ep

lﬁb 801 1 + CBQ)b(T) <2(1 + CBQ)(l +c1, + J%)b(T) g >
2\/* 5/ nﬁ 0]

as claimed [ |
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B.5. A deferred proof for establishing Lemma 6

Here, we give a bound which is used in proving Lemma 6. We remark that this inequality is an
extension of a similar one from (Faw et al., 2022) (in the Lg-smooth setting) to the more general
(Lo, L1)-smooth setting. We additionally note that this bound has a better dependence on o} bias;
than the analogous one in theirs.

Lemma 27 Fix any ¢ € (0,1). Suppose that n < 1/L,. Then, for any time t, the iterates of
(AG-Norm) satisfy

E[F(wis1) — F(wy) | Fio1] < =i (1 — £ — oybiasy) | VE(wy)||> + coE

2
oo f]
t

L F
L LUV

. 7 lgel* | Fia

where

_ 90, n°Lo

0= T2 2

2
and bias; = , | E [HgthH | .7-}_1].
t

Proof The proof proceeds using similar arguments as in (Faw et al., 2022, Lemma 5). By Lemma 17
and the definition of (AG-Norm), we know that

Lo+ L1 ||VF
—E [7775 <VF(Wt)7gt> | ft—l] + 0 1 ||2 (Wt)HE

< =i |[VE(wo)lI> = E[(ne — i) (VF(We), ge) | Fee1

Lo+ L1 ||VF(w
g Lot LIVl [ g2 | 7o)

We begin by bounding the inner product term above as:
— (e = 11t) (VE(Wt), g¢) < [ne = el [[VE (we) | [|gel -

To bound this quantity, we begin by rewriting 7; — 7;. Denoting E% = b+ IV¢]|2, we have that

| IVel2 = Ngel| el = llgell| (192l + ligelt)

E[F(Wi1) — F(wy) | Fia]

IN

2
190l | Fis

A

1
e = el = m \/thfl + llge])? N \/bt271 + Va2 K biby (s + by) Diby (b + by)
Combining the above arguments, and applying Holder’s inequality, we have that
—E[(ne = 1it) (VF(wt),g¢) | Fi-1]
< E([ne — il [VEW) lgell | Fo—1]
lgell (llgell + 1V¢]1)

=t [[VE(we) | E = IVell = lgell| | Fo-r
b (be + by) ’ ‘

~ 2

<@ |VF(wy)| |E oo (Il +1%41) |7 %E[W = lgelll’ | 7 ]

SN Wy = t—1 ‘ t|l — |19t ‘ t—11-
b%(bt—l-bt)g
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By (1),E [HgtH2 \ Ft,l} < 024 (1+0?)||[VF(w;)||?, and by Assumption 3 and Jensen’s inequality,
Ellgell | Fia] = [[E[ge | Fea]ll = [IVE(w)]|. Therefore,
- 2 - -
E [\nvtu ~ligell| | f] = [Vl +E [llgel | Fit| = 2 VulE [lgell | Fica]
<Vell? + 05+ (L+ o) [IVE(wo) > = 2| Vi IV E(wo)|
< 208 + oF [|VE(wy) %,

where the last step comes from || V|| > ||VF(w;)|. Collecting our bounds so far yields:

—E[(n — ) (VF(Wt), gt) | Fi1]

_ lgell” (IVell + llgel])? 5 o 2
<0t [[VE(wy)| | E = | Fio1| /203 + 0% [|[VF(w,)||
b2(by + by)? \/ 0t

Focusing on the term depending on o, we have that for any € > 0,

~ 2
lgell® (1920 + ligell) |

V2007 |V (wy)| _
b2(by + by)?

Fi1

~ 2
2
] o2 | lgel® (1] + llgell)
< e [VF(wo)|? + 00 E ~ |

2 b2(by + by)? =

2
= o
< ey |[VF(we)|)? + 2L77E [Hgbz;‘ | Fia
€ i

Thus, denoting bias; = \/E [||9t||2/bf | .7-}_1] and ¢y = 190/2¢ + n*Lo/2, we have that

2
E [F(Wt+1) — F(Wt) | ]:t,ﬂ § —’f]t (1 — & — JlbiaSt) ”VF(Wt)”2 + C()E ‘gthH | ftl]
t
L1 VF(w
+ ”2(t)HE [771:2 lge)1? | Ft—l} ;
as claimed by the lemma. |

Appendix C. Proofs for Polynomially-bounded functions for general o,

In this section, we show that Theorem 26 can be used to establish a (5(1/ﬁ) convergence rate
without the restriction of o1 < 1. The key is to restrict our attention to (L, L1)-smooth functions
which satisfy the following additional property:
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C.1. The key definition and its properties

Definition 4 A function F(-) is k-polynomially bounded for k > 2 if Vw, w’ € R, then there are
constants ¢, > 1 and c;f, Lo > 0 such that:

IVEw)| = e [ VE(w)|| < max {e [[w = w'||*"", Lo |[w = ||}

The following result provides a characterization of these functions relative to Ly-smooth functions
and (Lo, L1)-smooth functions. In particular, it tells us that Definition 4 is a richer function class
than (Lo, L1)-smooth functions. However, not all (L, L1 )-smooth functions satisfy Definition 4.

Proposition 28 We have the following:
1. Every Lo-smooth function satisfies Definition 4 with k = 2, ¢, = 1, and ¢, = Ly,.

2. Every (Ly, L1)-smooth function satisfies Definition 4 locally (i.e., when ||w — w'|| < 1/L,)
withk =2, ¢, = 2 and ¢, = Ly.

3. There is a (0, Ly )-smooth function which does not satisfy Definition 4 for any fixed k, cy, c..

4. Forany k > 2, F(w) = ||w — w*||" satisfies Definition 4 with k = k, ¢, = 272, and
¢, = k2*=2. Additionally, for any Ly > 0, F(w) is (2k(k=1)/}=2 (e — 1)(k — 1)Ly )-smooth.
However, this F'(w) is not Lo-smooth when k > 2.

In particular, this implies that:

{Lo-smooth functions} < {(Lo, L1)-smooth functions satisfying Definition 4} C {(Lo, L1)-smooth functions}
Proof The first claim follows by noting that Lq-smooth functions satisfy, for every w, w’ € R¢,

IV F@) - [VF@) < [IF)] - [VF)]| < [TFw) - VF)| < Lo lw - w].

The second follows since, for any (L, L1)-smooth function, for every ||w — w'|| < Ly,

IVE(w)|| — |[VF(W)|| < ||[VF(w) = VE(W)|| < (Lo + L1 ||[VE(W)]|) |w — w/||
< Lo [[w = w'[[ +[[VEw)]-
For the third claim, consider the function F'(w) = exp(Ljw). Since F"(w) = L? exp(L1w) =

L1 F'(w). Suppose there were some k, ¢y, ¢, such that Definition 4 is satisfied. Then, it must be the
case that, for any x > 0:

. exp(Liax) — ¢, exp(L410) Lixexp(Liox)
12 Jum, ¢ (ax)k-1 =g (k= 1)zk—1ak—2
k k
Ly . exp(Liax)

- & (k —1)ah=2 ateo k=2
where the inequality follows from the definition of Definition 4, the first equality by L’Hopital’s

rule, and the second by rewriting the previous expression. Repeating this argument k£ — 1 times, this
implies that

L — L Lt
1> lim exp(Liax) — cpexp(L10)

Jim ()t = =D ab hm exp(Liax) = o0,
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a contradiction. Hence, exp(L;x) cannot satisfy Definition 4.

For the final claim, we see that F'(w) satisfies Definition 4 with ¢;, = 2¥~2 and ¢ = k2k—2
since, by Jensen’s inequality,
k—1

IVF(W)|| = k||lw — w*[|" ! = k251 |2 (w — w') + S (W' — w*)

2( 5(
< k2572 (||lw — W’H""1 el

< 22k o~ w7+ [V

Further, F'(w) is also (2k(k — 1), (e — 1)(k — 1))-smooth, since simple calculations yield that
V2F(w) = k(k —2) ||lw — w*[|* ' (w — w*)(w — w*) | +k|w—w*|" L.

In particular, this implies that w — w* is an eigenvector with largest eigenvalue, so, for any L; > 0,

— * - 1
V2P (w)|| = Kk — 1) [w — w*[[*"2 < k(k — 1) max {Ll w = w7 Lk—Q}
1
k(k—1
< <L,€> (k= DLy [VEw).

Therefore, by (Zhang et al., 2020a, Corollary A.4), for any ||w — w'|| < 1/(k—1)L4,

(k

|VF(w) - VF(w)|| < (M—I—(e— 1)(k— 1)Ly |[VF(w H) [w —w']|.

Hence, F'is (2k(k=1)/r%=2 (e — 1)(k — 1)L;)-smooth, as claimed. It is clear that this F is not
Lo-smooth for any Ly when k > 2, since for any w € R¢ such that ||w]|| > 0,

*\ * * k—2 k-1
lim |VF(aw +w*) — VF(w")|| lim |IVF(aw + w*)|| ~ lim ka = ||w|| .

atte  Lolaw+wr—w et aLgfw] et Lo|w|

The following result demonstrates the difference in worst-case gradient norm scaling that
(Lo, L1)-smooth functions provide, versus the worst-case scaling of functions satisfying Defini-
tion 4.

Proposition 29 For any function satisfying Assumption 2, and any algorithm producing iterates
(Ws)s>1 satisfying ||wWsp1 — ws|| < n < 1/L, for every s > 1, the following inequality holds for
everyt > t':

Lo

Ly

Moreover, this inequality is essentially unimprovable, in the sense that there exists a (0, O(L1))-
smooth function and 1 < /L, such that |V F(wry1)| = (1 + O(nLy))TH ||V F(w1)|| for any
T > 1, and a (O(Ly), O(Ll)) smooth function such that |VF(w1)|| = 0 and |VF(wpi1)| =
O(Lo/1.)((1 + O(nL1))T — 1). By contrast, any function satisfying Definition 4 satisfies:

IVEW)| = (L +nLy) " [VE(we)| < (1+nL) ™" =1)

IVE(w)ll = e [V F(wi)l| < max { = (¢ = #)F=2, Lon(t — )}
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Proof We begin by proving the first claim by by induction on ¢t — #'. The base case of t — ' = 1
holds by definition, since

IVE(w)|| = [IVE(wi—1) || < [[IVF(w)|| = [[VF(wi—1)l| < [[VF(Wi) = VE(wi—1)||
< (Lo+ L1 [[VE(wi—1)|) lwe — wi1]]
<n(Lo + L1 [[VF(wi-1)]]).

Now, supposing the claim holds fort — ¢’ =1, ..., s, we have that:

IVEw)| < ((1+nL)* - 1)?1) + (L +0L)* [[VE(we )|

L
< ((T+nLy)® - 1)f? + (1 +nL1)° (nLo + (L4 L) [|[VF(wW_(s41))||)

L
= (14 nLy)*™ — 1)L—(1’ + (14 0Lt | VF(Wi—(541))

)

where the first inequality follows by applying the induction hypothesis for t — ¢’ = s, the second by
applying the induction hypothesis for ¢ — ¢ = 1, and the final equality follows by rearranging the
prior line. Thus, the inequality holds also at t — ¢ = s + 1, and thus our claim holds by induction.

To see that this inequality is essentially unimprovable, let us consider first consider, for any
Ly > 0, the function:

F(x) = exp(Lyz).

Since F"'(x) = L? exp(Lix) = L1 F'(z), it follows from Proposition 1 that F(-) is (0, (e — 1) L1)-
smooth. Notice that, if 2511 — x5 =17 = 1/(e~1)L1, then, taking z; = O and ¢ > 1,

(14 (e —1)(e™V — 1)Ly F'(x1) = exp(t/(e-1)) = exp(nLit) = F'(241).

Further, for any Lg, L1 > 0, consider the function:

L
F(z) = —z“exp(L1z) — T
Ly
Clearly,
LWL L
F'(z) = Loz exp(L1z) + %mQ exp(Liz) — L—O
1
L2Loyz?

F"(z) = Loexp(Liz) + 2Ly Loz exp(L1x) +

exp(Lix)

L2.’B2
=Ly <1 - 12 ) exp(Lix) + 2L + 2L F'(x).

Noting that F”'(z) < 2Lg+2L1 F'(x) when |z| > v2/L,, and F"(z) < L1 (2+exp(v/2))+2L1 F'(x)
otherwise, it follows that F' is (2(2+exp(v/2)) Lo, 2(e— 1) L1)-smooth (by Proposition 1). Therefore,
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whenever 1 = 1/2(e-1)L1,

L L2 2T2
Fzry) = f? (eXP <77L1T + log(LinT + 1772 )> - 1)

= 2 (exp (O(nIAT)) ~ 1)

1
= i? (exp (T'log(1 + O(2(e — 1)nLy))) — 1)
Y o)

where the first equality follows by rearranging the definition, the second since L, = ©(1), the third

2c(e—1)nLy < log(1 + c2(e — 1)nL1) < 2¢(e — 1)nLy, and the fourth

since 277 (e — D)nl = tae=nr;

by rearranging.
The final inequality follows immediately from Fact 16 and Definition 4, which together imply
that

IVE(w)l = e [V F(we)l| < max { (¢ = #)F2, Lon(t — )}

C.2. Bounding comp(7) from Lemma 8

In order to use Theorem 26, recall that we must be able to bound the quantity comp(7741(4)). To
accomplish this, we show that, if one can find “good” times ¢’ near to the “bad” time ¢ (that is,
t — t' is “small”), then it is possible to bound comp(7). We remark that this result generalizes the
compensation argument of (Faw et al., 2022) to functions satisfying Definition 4.

Lemma 30 Suppose that F(-) satisfies Definition 4 for some constants k > 2,c;, > 1,¢,. > 0.

Fix any time t € [T, and let S’[Ct(])mp C [T'] be any set such that t > max(Sft(])mp) and |S[(;(])mp| <

4¢3 (o1—(1—e—¢’ :
Neomp = [ (o1 (6,,,5 6))+W (where ()4 := max{0,x}). Then, assuming {w},-, are the
iterates corresponding to (AG-Norm), we have that either \S[Ct(])mp| < Ncomps OF:

(1= (L= =NAIVEW)I? = > i |[VF(wi)|?

’ comp
tes;

max {cﬁgnk_l, Lon} (t— min(S[Ct(])mp))k_l.

"
€ NMNcomp
— 2
2cy

Proof We first show that

|=

S IV E ) = IVE (wi) | < 5o mac { llw = worl ™ Lo [we = wll . (17)
k

2c

ol V)
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To see this, first observe that, recalling the definition of 7j; from Definition 2,

@_A,
e

Ui

<

1 1

abe by
B - a2R
Ckgtgt'(ckgt +Et/)
bh_y — by + |V (wy)|? = G IVF (wi)|”
ckgtgt/(ckgt —i—gt/)
IVE(we)[* = G [V F(w)|?
Ckgtgt/(ckgt +Et’)
UIVEw)|| = e [[VE(wW)|)(IVE(wy) || + cx [[VE (we)]])
ckgtgt/(ckgt +Et/)
e { [ we — w1, Lo [we — woll} (IVE ()| + e [V E(wa)])
Ckgtgt/(ckgt +5t')

max {c;€ Wy — wy ||*71, Lo ||wy — wt/H}

ek [VEW)[[[[VE(we)]l

where we use the fact that ¢, > 1and b7 | > b? | (since t > t') for the first inequality, the definition
of Definition 4 for the second, and the definition of b; from Definition 2 for the third. Now, either
|IVF(w)| > 2max {dC wy — wy "1, Lo ||wy — wt/||}, or not. In the first case, we note that

o [V E ()| 2 IV (wa) | = maox { e [[we = worl|* ™, Lo [we = we |

1 1
> ||VF(Wt)H ) HVF(Wt)H = ) HVF(Wt)H )

from which we may conclude that

M _ Lo -
P ITFIP = i IVF s < 10y (2 = ) I9FCwe)
k

k
7 max {c;C |wy — wt/||k71 , Lo ||lwe — Wt'”}

< 3
A [VE(w)[[ [V E(wy)]|

IVE(we)|?

7 max {c§C | wy — Wt/||k*1 , Lo ||lwe — Wt/”}

A} |[VE (wi)| ﬁ [VE(wy)|

IVE(we)|?

7 max {c§C || wy — wt/||k*1 , Lo ||lwe — Wt'”}

- 2
2ck
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In the alternate case that |V F(wy)|| < 2max {c§C wy —wy||F™, Lo |wy — wt/||}, we obtain:

7 . 7
4%, IVE(W) | = e | VE(we)|* < %, IV E(we)|?
k
0
< 13 IVE(w|
Cr

< EQ max {cfC wy —wy||*™, Lo ||wy — wt/||}
k

n _
= o max { v — w1, Lo wi — wa}
k
which, since ¢ > 1, establishes (17). The lemma follows straightforwardly from (17). Indeed, note

that the claimed inequality is trivially true whenever ]S | = neomp = 0, since this implies that
01 < 1—¢e — €. Otherwise, when Neomp > 0, we have that

(01— (1~ NAITEIE— S i [VE(wp)
vesem
op—(1—e—¢)_ .
-y )i IV Ew) P — i [ F (i) P

t,GSE:(])mp ncomp

i _
<" > 1z IVFwIP =i [V F(we)ll”
vesgme Tk

< M fmax {6;6 Hwt - Wt’Hkil , Lo ||Wt - Wt/”}
3

/ comp
ves:s

2
20k

Thus, by Fact 16, we conclude that:

(01 = (1 =& =N [VF(wy)||* - Z e"ijy |V F (wy)|?

e geomp

]

mmax {1 (t - min(Sf;]’mp»’f—l, Lon(t — min(S{™)) }

m
< Neomp€ 902
k

k-1
ma , L
Sncompgmn X{Ckn 077} (t— in(SE:]Omp))k 1

2ck

as claimed. [ ]

We now show how to translate Lemma 30 directly into a bound on comp(7). This shows that,
in order to bound comp(7), it suffices to bound E [|Sgo0a(7r+1(0))¢|*] by a “sufficiently small”

quantity (say, O(log(T))).

Lemma 11 Suppose that F(-) satisfies Definition 4 for some constants k > 2, ¢, > 1, and
¢, > 0. Let 7 € [2,T + 1] be any (possibly random) time. Then, recalling comp(7) and S°™P (1)
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from Lemma 8, there is an explicit construction of S°™P (1) (the subset of “good” times used to
compensate for Sgo0d(T)¢) such that, for any e, €', € (0,1) such that € + €' < 1 and neomp =
[4c}(o1—(1—e—€")+ /"] (and taking (x)+ := max {0,z }) comp(T) can be bounded as follows

comp(7) < (o1 — (1 — & —&'))scp [ VE(W1)|| E [|Sgooa (7)“]]

«SIHTL
b {1, Lan} (o1 = (1= =)+ S

+ NMNcomp Max 903 > E [|Sgood(7-)6‘k} .
k

Proof First, let us construct S (7) in the same manner as in (Faw et al., 2022, Lemma 11). In

particular, denote 7/*! as the ith largest “bad” time in Sgooa(7)°, i.., T[ti?d = max(Sgood (7)¢), and,

for every i € [2, |Sg00d( )€]

T['ff‘d = max {t € Sgood(T) 1t < T[lfa(i]}

Then, to every “bad” time 7224

i, associate a set Sﬁmp
“good” times before 7224

4¢3
of the largest (at most) Ncomp = max {O { <
il that are not assigned to another

5 /7
T[]Z?f]”d > T[%ad. That is, denoting
good _
[0 noomp] +OO

d . bad d
T[gioﬁ ‘= max {Sgood(T) N [1, min {T[Zf‘ ,Tﬁool Teomp) })}
T = max

{t € Sgood(T) 1 1 < IIllIl{
where, when the maximum does not exist, we take 7

RS

g = o0 We can then take
Scpmp — {Tgood .
(4]

. d
515 € Dreompl, T > oo}

good __

» Tli.g] )
Then, by (Faw et al., 2022, Lemma 11), we have that, for some index
every ¢ < i,

* € [|Sgo0a(7)¢|], and for
]Sﬁ‘])mp Neomp and T[]Z?]ad — mln(Sf] ) < Ncomp | Sgood (T)¢] if Nicomp > 0 (18)
For the remaining ¢ > *, 7 ﬁad < T[Ea]d < Neomp|Seood (7)¢|. Finally, we take
SP(7) = Uig[|8y00a(m)e) S+ and  S(7) = Sgooa(r) \ S“P(7)

We use these compensation sets to bound the quantity comp(7) from Lemma 8. Indeed, we can
decompose this quantity as follows:

comp(r) =E | Y (o1—(1—e=Ni|VEw)|?= Y " |[VF(wy)|
| t€S00a(7)° #eSeomp (1)
2
=E Z(O’l — (1 — & — 5,)) [bad VF(W [b]ad) ‘ — Z E/”’F]t/ ||VF(Wt/)H2
1<e* e §eomp

(i]
+E 2(01—(1—5—5’))

bad
i)
12>5*

2
VEw)| = 3 i [VE(we)

# comp
GSM
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To obtain a bound on the first term, we can use Lemma 30. For the second, we trivially lower-bound
Ztlescomp "y ||V F (wy)|[* > 0. The resulting bound is:

" / o k—1 L
Comp(T) < g nmax {%77 ) 077} ncompE [Z(Tﬁ]ad _ min(Sc.OInp»kl]

2¢3 = [i]
2
+ (Ul - (1 — & — €,>)E Z ﬁTbad VF(WTbad) ’
.y (¢] (]
1>0*
Next, using (18) to bound T['O]ad min(SF]mp) for each i < 4*, and recalling 7j; |V F(w;)||* <

n ||V F (wy)|| for every ¢, the above bound becomes:

k—1
e’ nmax{ckn Lon} ncomp b1
comp(7) < 3 E | |Sg00a(T)°]

Now, notice that both summation ranges ¢ < 7* and ¢ > ¢* are of size at most |Sgo04(7)¢|. Thus, the
first term can be bounded as:

E [Z ’Sgood(’r)c‘k_l

1<i*

1<i*

Y (01— (1—c—€))sE Z: " HVF(WTW)

< E [|Sgo0a ()]

To bound the second term, we apply Definition 4 and Fact 16, together with the above construction,
to obtain:

S|P EG ||| < B [ T E )+ max {dnt !, Lon ) (rhpys!

i>i* i>i*

<E |3 e VE(w) |+ max {n" ™, Lon | nfiudy [ Sgooa(r) ]
i>i

< 4 [V (w1)|| B [|Syo0a(r)°l] + max { ™, Lon } nloukiE [1Sgo0a (7)°I"]

Collecting results, we have that:
comp(7) < (o1 — (1 =& — &)1 [[VE(W1)|| E[| Sgooa (7)“]]

B 3 e"n -
o kot max { !, Lon} (<al —(l—e—&))y + 23) E {|Sgo0a(r) "]
k

as claimed. |

The next result, combined with Lemma 11, completes our goal of bounding comp(7741()) by
poly log(T).
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Lemma 12 Let 7741(0) < T + 1 be the stopping time with respect to (Fs_1)s>1 from Definition 9.
Recall the set Sgo0d(Tr4+1(0)) from Definition 21, and denote Sgood(Tr41(6))¢ = [Tr41(6) — 1]\

o2 (T—1)+e(14024c1)E[X, oo i) | VE(we)|2
Seood(Tr41(0)). Let f(T) = e + — : ngé[ e } Then, for any k > 1,

the iterates of (AG-Norm) satisfy (under Assumption 4):

(k + 1)o? log(f(T)) >’f
DRV

E |Sgood(TT+1(5))c’k} < ((1 _ (5—|—5’+5”+8”’

Proof Note that we can write |Sgo0d (77+1(9))€| as:

|Sgood(Tr11(9) I = D 1{t € Sgooal(rr41(8))}-

t<TT+1 (6)
Thus, by the Multinomial theorem, we have that

k
Spoalren®)= X () T e Sl

k17"'>kTT+1(5)—120 T T t<TT+1(6)

kit tkog 6 —1=k

k
=2 > S (o ) TL 80 € Sualrraa@)

s=11<t1 <...<ts <t 1(8) =1 Kty kit >0 €8]
Kty +- ke =k
b k
- )3 > (o5 ) Tt € Suatrriato)r)
s=L 1<ty <. <ta <y 1 (0)—1 Ky sy >0 S 11T PSS e
Kty +- ke =k
b k
YD DR | FTCEESCITE D SEN (R
s=1 1<t1<...<ts<Tr41(8)—1 L€E[s] ktyyeeskis>0 ty - Kitg
Ky + ke =k

where in the second line, we rewrite the first summation as a sum over all possible support sets
{t1,...,ts} C [rr41(0) — 1] of size s € [k] of terms included in the summation. The third equality
follows immediately from the second, since each k, > 0. The final equality follows by rearranging
the terms in the prior one. Now, by another application of the Multinomial theorem, we have that

Y Kty +otke, =k

Combining this with the above, we have the following:

k
|Sgood (Tr11(9)F <Y " > T 24t € Sgooa(rr41(8))}-

s=1 1<t1<..<ts<mpy1(8)—1L€]s]
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We claim that, for any s > 1, the inner summation term above is bounded in expectation by:

E z H ]l{té € Sgood(TT+1(5))c}
1<ti1<...<ts<tpy41(6)—1LE[s]
o? *
< ! 1 T 19
- ((1 e+ fe e B Ul >)> ’ (1%
2(T—1)+e(14+0?+cL)E - VF :
where f(T) = e + oD +eliroy CL()%Q[ZK r(o) VIl } We prove (19) via induction on s.
0
We begin by observing that, for any ¢’ > 0,
TT+1(6)71 02
1
= Z H{t € SgOOd(TT+1<5))C} ‘ Fooa| < (1 — (6 4l el 4 E///))2 log (f(T)) (20)

t=t/+1

To see this, first note that, by Definition 21, and since {¢t < 7741(d)} € F;—1 by Lemma 23, for any
t' >0,

le(e+e 4"+ [ L .
(1= - ) g > 1t € Sgooa(rr11(8))} | Fora
g
1 Lt=t/+1
GO I P
< Z EE btz | Fe—1| 1{t € Sgood(Tr+1(6))} | ft’—ll
t=t/+1 L L 't ]
Do Tl -
< Z E|E ‘(';;2 | Fio1| 1{t < mp41(9)} | th’—l]
t=t'+1 L L ¢ -

T i 2
- 3 eg|le ﬂ{t<m1<6>}|ftl] |ft/_1]

2
t=t'+1 L L bi
Tr41(6)—1 2

) Z ||9t2|| | Fos
t=t/+1 t

Now, by Lemma 15, we have that

Z llgel? f " el Z@Z e
<1+
= 2 = t 2
t=t'+1 bt t=t'+1 b2+zs v 11gs t=t'+1 b2+257t,+1 gell
b2 4 TT+I1(6
< 1—|—log< 0 Zt t.gl ||gtH .
b
0
Now, by Items 4, 5 and 6 of Lemma 23, we have that, almost surely,
TT+1(§)—2
2 2 2 2 2
YoodgdP< D gl e IVE(wy)|? = > gl + e [VEw)|
t=t'+1 t<7‘T+1(5)—1 t<TTT+1(‘5)*1(6)
2
E(Sy]  (T= 103+ (1+0} +c)E [Soery ) IVF(w0)]
= STT+1(5)—1 S 5 — 5
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Therefore, collecting these results, we conclude that, for any ¢’ > 0,

TT+1(5)_1
E| > 1{t€ Sgoa(rri1(6)°} | Foos
t=t'4+1
o3 S o
< 3 E | Fos
— _ / " 1mY\2 2
(1= (e+e +e"+e") Rt b?
< og v
(1 _ (8 +el L+ 6”/))2 5(%
ot
= log (f(T)),

(1—(e+e +e"+e"))?

as claimed.

Now, the base case of s = 1 for (19) follows immediately from (20) with ¢ = 0. Let us now
suppose that the claim (19) holds for some s > 1. Then, to apply the induction hypothesis, we begin
by decomposing:

E Z H ]l{té € Sgood(TT+1(5))c}

1<t1<...<ts41<7r4+1(6)—1L€e[s+1]

Tr+1(6)—1

= Z E ]l{tz € Sgood(TT+1(5))c Vi € [5]} Z IL{terl S Sgood(TT+1(5))c}

1<t <...<ts<T top1=ts+1

Notice that the above expectation is a product of two terms: indicators depending of times %1, . . ., t,
and those depending on ¢,41 > t5. Therefore, since, by Lemma 23 and Definition 21,

{t S Sgood(TT+1((5))C} = {t < TT+1((5>} N {t is “good”} € Fi.—1,
we may apply the tower rule of expectations and the inequality from (20):

TT+1(§)—1
E |1{t; € Sgooa(Tr+1(8))° Vi € [s]} Z 1{ts4+1 € Sgood(Tr+1(0))}

ts41=ts+1

’T'T+1(5)—1

=FE |E | 1{t; € Sgood(Tr+1(9))° Vi € [s]} Z I{ts41 € Sgood(Tr+1(0))} | Fro—1

t5+1:ts+1
TT+1(5)—1

=B | 1{t; € Sgood(r711(6))°Vi € [S}E | Y 1{tss1 € Sgooa(rr41(8)} | From
ts+1:ts+1

5 1og(f(T))E [1{t; € Sgood(Tr+1(0))° Vi € [s]}].

2
01

<
>~ (1—(5+€’+6/,+6/,/))
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Therefore, summing the above expression over 1 < ¢; < ... <ty < T and applying the induction
hypothesis, we conclude that:

E Z H ﬂ{té € Sgood(TT+1(5))c}

1<t1<..<ts4+1<7741(8)—1 LE[s+1]

log(f(T))E > 1{t; € Sgood(T7+1(9))° Vi € [s]}

[ 1<t1<...<ts<Tp41(8)—1

2
01

<
= (1_ (€+€/+€//+€///))2

o2
= 1 log(f(T))E Z H 1{t¢ € Sgood(Tr+1(9))"}

1— / " 1Y\ 2
( (€ Te e te )) [ 1<t <. <ts<tp41(0)—1 LE]s]

(e : 1og<f<T>>)SH,

ete +e"+¢€"))

which establishes (19) by induction.
Finally, using (19), we conclude that

E|ISg00a(rran @)1 < S SE | 3 T 1t # Seooa(rria (6))

s€[k] 1<t1<...<ts <T (€3]
tlog(f(T)) ’
< F % :
= %%]S <(1 —(e+e+e" +e"'))2)

Now, finally noting that, for any = > 1,

k+1 E((k+ 1)1 — 1
Zskxséxkzskgwk/ Skzﬂf((+) )Sxk(k+1)k7
) )

s€[k] s€[k]

we conclude that

(k + 1)o? log(f(T)) )’“
)2

E [‘Sgood(TT—&-l(&))C’k} < ((1 _ (E el gl g

as claimed. [ |

C.3. Bounding the sum of ‘“bad” gradients by the sum of ‘“good” ones

We recall from Theorem 26 that, in order to use this bound, we need to show that the sum of “bad”
gradients can be upper-bounded (relatively) by the sum of “good” ones. It turns out, for functions
satisfying Definition 4, this is possible, as we now show.

Lemma 31 Let 7 > 1 be any (possibly random) time, and consider any (possibly random) set
S(t) C [t — 1]. Denote S(1)¢ = [r — 1]\ S(7). Then, assuming F(-) satisfies Definition 4, the
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following is satisfied deterministically:
S° IVEwoP < 2max {220, 1302} ISP + 2] [V F(wa) |28 ()"
teS(r)e

+26 Y [IVE(wol®.
teS(r)

In particular, recalling Tr41(0) as the stopping time from Definition 9 and Sgood(Tr4+1(0)) the set of
“good” times before Tr1(0) from Definition 21, we have that, for any S(1711(9)) C Sgood(T7+1(9))
such that E [|§(TT+1(5))C|} < (1 + Tcomp)E [|Sgood (7141 (8))°[], we have that:

E| Y IVEw)I?| <ei+emE| Y. [VEw)|?].
tEg(TTJrl((S))C teg(TT+1(6))

where

) L 2kottog(f(rria(9) \'
k k +
cp1 = 2max {Cf?ﬁ( ) L37I2} (Neomp + 1)1 <(1 — (15 T e+ 6///))2)

207 log(f (7741(6))) >
(I1—(e+e +e"+e")2)’

126 [V (w1) |2 (eomp + 1) (
CR2 = 202

Proof The proof of this result follows a similar argument as used in Lemma 11. The main idea here
is to, for every t € S(7)¢ in decreasing order, find the first available time ¢ € S(7) which has not
been associated with an earlier time from S(7)¢. Then, using Definition 4, we show that, as long as ¢
and #' are not too far apart, then ||V F (wy)||* and ||V F(w)||* must also be close. For some times
t € S(7)¢, there may not be such a t' € S(7). However, because of the greedy construction, these
times must be relatively small (roughly within the first |S(7)¢| time steps). Thus, as long as |S(7)¢|
is not “too big” (in expectation), then we can still bound these remaining terms. We now make these
arguments precise.
To begin, note that for every ¢, > 1, by Definition 4,

IVE(wy)|% < 22 [V F (Wi )||2 + 262 |[wy — w2670

We use this bound as follows: let us index the times in S(7)¢, denoting 7};) to be the ith largest time
in S(7)¢, i.e.,

) = max(S(7)¢) and T = max(S(7)°\ (Uj,;ll {?M})) Vi € [2,|S(7)]]].

To each 7} in decreasing order of time, associate the largest time ?[gz]o °din g (7) before 7j;; which has

not already been associated with some other 7j;;) > 7;;, as long as such a time exists. In particular,
we take

?{%]C’Od = max {t € S(7):t <min {71[1]’7—[%(101?}} ’
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if such a time exists, and 7'[g]O °d — _ 0 otherwise. Let i* be the index of the largest time Tli+] such

that T[%f] does not exist, i.e.,

7 =min {i & |S(r)°]| : $(r) 1 [1,min {7, 725 }) =0}

Notice that T[g]o °d — _ o forevery i > i*, and ?[g]o od o g (7) otherwise. Notice that, for every i < i*,
we have that
Tl — [Z] 1< 1S(7)°l- (21D

Indeed, this follows by first decomposing

Ty — 7000 = | (R0 ) 1 ()] + [ Fg) 1 S () + 1.

Notice that |(~g00 ) N S(7)| < i — 1, since there are exactly i — 1 times 7;; > 7y}, and

each has a time T[g,ciOd € S(7), which may lie on that interval. Note that there cannot be more

than ¢ — 1 times ¢ € S(7) on this interval, since this would violate our choice of ?[%f °d a5 the

largest time in S(7) smaller than 7j; which wasn’t assigned to an earlier 7. Further, notice that

‘ (N[%]OOd 77[1} )
claim.

S(7)°l < [S(7)¢| — i by definition of 7j;;. Combining these two bounds yields the
Next, notice that, for every ¢ > ¢*,
T < Tr < S(7)°], (22)

where the first inequality is by definition of 7};). To see the second inequality, we follow a similar
argument as before. Indeed, observe that

Tr) = 1, 7)) O S (7)) + [[1, 73ep) N S(7)] + 1.

By definition of 7*, |[1,7;+)) N S(7)| < i* — 1, since the only times ¢ € S(7) on this interval

can be T[g(])Od, ..., 78°°d by definition of i* (otherwise, we would have 7'[g0]° 4> _0). Further,

P i1
I[1, 7(+)) N S(7)°] < |S(7)¢| — 7* by definition of 7j;-). Combining these two bounds yields the
claim.

As aresult, we have the following:

IS(r)°
3 IVF(w)] Z HVF (ws, H Z HVF ws, H
teS(r)e
i*—1 2 2(k-1)
< Z 20[6 VF(W~[ng)od) + 26;4)2 W?[z] - WF[g;?od
=1

1S(r)“
+ Z 20%HVF(wl)HQ—|—2max{c§€2

i=1*

2(k-1) 2
[ o, )
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Hence, by Fact 16, we have the bound

> IVEwo)P
teS(r)e
i*—1
< Z 20% ||VF(Wt)H2 + Z 2 max {C?CZT]Q(kil),L(Q)Tf} (7’:[2] o ?[%Ood)2(k71)
teS(r) i=1
) |S(7)°] o)
+ 26% |VE(w)||S(7)°| + Z 2 max {0227]2(]“_1),[1(2)772} 7~—[i*]
< > 2 NVFwOI + 2max {0, Lt} (i = 1]yt
teS(r)

+ 262 [V (w1) 2 [S(7)¢] + 2 max {2 ® 0, L3y} (1S(r)e] = (* = 1)]S ()2

= 3 2 |IVF(w)|? + 2max { 2D, L3n IS ()% + 26} [V (wi) 2 [S(r)°)
teS(r)

which is the first stated bound.

To obtain the second, we apply the first, where we choose 7 := 7741(9) (the stopping time
from Definition 9) and S(7) := Sgood(7r+1(6)) (the set of “good” times before 77.1(J) from

Definition 21). Thus, for any S(rp,1(8)) C Sgood(T7+1(6)) for which E [|§(TT+1(5))C\ <
(1 + ncomp)E [|Sgood (T7+1(9))|], we conclude that:

E Yo IVEw?

teS(rrp1(8))e

<2GE | ) [VE(w)l?
teS(rr41(5))
+ 2 max { 20, L2 } (neomp + 1)U ||S(7r41(8))2 ]
+ 26 [VE(w1) (eomp + DE [Sgooa (7r-+1(8))°]

< 2K > VW)
teS(rr41(8))

) o 2kelog(f(rr(8) T
+2max {0;37720@ K Lgnz} (neomp + 1) <(1 — (el+ e 4 e + )2

207 log(f(r(9)))
+ 20% HVF(W1>H2 (ncomp + 1) ((1 — <€1+ e el E’”))2) ’

where in the second inequality, we applied Lemma 12. Thus, we obtain the claimed result. |
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C.4. Applying Theorem 26 to polynomially-bounded functions with no restriction on o

Now that we have shown in the previous results how to upper bound comp(774+1(6)), the sum
of “bad” gradients, and the moments of the size of the “bad” set, we are now ready to establish
our second main result: a convergence guarantee for functions satisfying (Lo, L1 )-smoothness and
Definition 4, which holds for arbitrary g, o1 > 0.

Corollary 32 (of Theorem 26; Formal statement of Theorem 5) Fix any ¢,¢',¢" " € (0,1)
satisfying € + & + &" + " < 1. Consider (AG-Norm) with any parameters 11 < 2¢'/L,(4402)
and bg > 0, running for T' > 1 time steps on an objective function satisfying Assumption 2 as well as
Definition 4 for some constants k > 2, c;, > 1,¢). > 0. Suppose that the stochastic gradient oracle
satisfies Assumption 4 for any 00, 1 > 0. Then, for any &' € (0,1) and T > 1, with probability at

least 1 — &' — ((H(Z i?ﬂg;}ﬁ%ﬁf T , (AG-Norm) satisfies:

F 2
trg[l;l [VE(wy)|

32(1 4+ ¢cg2)b(T)?  16b(T)

4b(T)
b2 2192(1 2 2(1 \/ b2 + 20212
n2(6")2T + 7](5/)2T\/ otop+ ( +‘71) 1 J1( + cB2) o 1+ 2n“Ly

32b(T)*?
+ W 20’%(1 + CBQ)\/(l +cL + U%)CBl

165(T \/ 802(1 + cp2)b(T) <2<1 tom)(Lt e +of)N(T) >
()T o NG A

3 (1 e
where Neomp = [4%(01 U= ))ﬂ, cL = 2(1+nl1)? cga = 2¢j,

1 _ (24 02)eoT 2ne" og
b(T):=— | F — F* 4+ 2¢51
( ) o ( (Wl) + 2¢o Og< 776”(70 (2+ )

comp(T) = (s — (1= & = &) e [V (w)|| 4(T)
+ ity maxx { et ™1, Lon } ((2ek + D)o + 1/2) 4(T)

+ Comp(T))

2
cp1 = 26 | VE(W1)|I” (ncomp + 1)1 (T) + 2 max {C?m’“’l, Lon} (eomp + 1) o1 (T),
iy — (e Datlog(F(T) "
K(T) = (1—(e+¢& +¢&" —1-8’”))2
03T + (1407 +cL) <2Tcz IVE(w1)|)? + 2max {c,n" 1, Lon}2 TQ(’“*U>
b2o' ;

f(I) =e+4eT

and ¢y = 2 + n?Lotgels (where we use the notation (x)5 = max {0,z}).
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Proof We apply Theorem 26 as follows. First, we observe that, as a consequence of Lemma 11,
together with the bound on E [|Sgo0a(77+1(6))¢|*] from Lemma 12, we have that:

comp(7741(0))

< o1~ (1— ¢ — ) rex [ VE(w)] (

201 log(f(r(9))) >
(1—(e+e +e"+ 8’”))2

k
- - (k + 1)o7 log(f (77.(5))) S comp
+ gy mve {c 7L0”}<<1—(e+s/+5n+sﬂ'>>2 (1= (==t =5 )

Next, by Lemma 31, we know that
Yo IVEW)IP<Bitens Y [VE(w)?,
teS(tr41(8))° teS(rr11(8))

where

2ko? log(f(7r(0))) )2’“‘1
1 — (5 + 6/ + E” + 6”/))2

207 log(f(7r(9))) )
(I—(e+e+e"+e")2)’

E [B1] < g1 = 2max {an2(k_1), L(Q)T]Q} (Ncomp + 1)2k-1 <(

122 [VE (W) (eomp + 1) (
CB2 = 20%.

Thus, the conditions to apply Theorem 26 are satisfied, and we obtain the convergence rate. |

Appendix D. Many common algorithms for (L, L, )-smooth optimization can diverge
in the presence of multiplicative noise

In this section, we consider the convergence behavior of several natural candidate algorithms which
have been studied in the literature on (Lo, L1)-smooth optimization. These algorithms take the form
w11 = Wy — Uy, where u; takes a number of different forms, including: in Normalized SGD:

gt

U =n——r—-, (NormSGD)
7+ gl
Clipped SGD:
gt .
U =N——————— (ClippedSGD)
max {7, [lg¢}

and Sign-SGD with Momentum (operations performed element-wise):

U = n‘mt| where mg =0, my=/pmi_1+(1—0)g: (SignSGD-M)
my

Zhang et al. (2020b,a); Crawshaw et al. (2022) prove O(1/vT) convergence of these algorithms in the
setting of (Bounded-supp). In this section, we show that these step-size choices for (Lg, L1 )-smooth
optimization fail under (Affine-var), despite working in the noiseless and (Bounded-supp) settings.
Our negative results rely on the following stochastic gradient oracle construction:
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Proposition 13 (A stochastic gradient oracle satisfying Assumption 4) Fix any oy, 01 > 0, and
consider the following stochastic gradient oracle: fix any € > 0, and let, for every w € R9:

(1 + %) wp. § = ——b— ,
Enutr(W) = Hoi/a+e® and - Euaa(w) ~ N(0,0514xa)-
—€ wp. 1 =9

We can then take the output of the oracle to be g(w) := Eu4q0(W) + Enuie(W)V F(wW). Then, this
construction satisfies Assumptions 3 and 4 with the specified oy and o1.

Proof Fix any €,01 > 0. We begin by establishing that Assumption 3 holds for our construction of
g(w). Begin by denoting § = (1+€)?/((1+¢)2+02). Under this notation, we have that
o? (I+e)2+o03(l+e) 1 (1-0) 1+e(l1—04)

1 = ——
R TESE 5T 5

Therefore, it follows that
E Emut(w)] = (—e(1 —0) + (1 —6)) = 1.

Further, E [€,94(W)] = 0 by construction. Therefore, E [g(w)] = VF(w), which establishes
Assumption 3. As for Assumption 4, denote ¢ = 1 + ¢, then we have that

2
E [gmu(w)?] = (¢~ 1)° 20% 5+ (1 + Uf) :

4+ o7 c) 2+o}
_ (2 +1-2¢)0? + 2+ of + 2co?
2+ o?
= (1+03).

Further, E [Hgadd(w)ﬂﬂ = o2 by construction. Therefore, since &yui (W) and &,q4(W) are indepen-
dent, we conclude that

E | lgw)I”| = E [gmuc(w)?] [VF(W) > + E [l aa(w)1*] + 2E [(Emue(w) VF (W), Euga(w))]
= (1+0}) IVEW)IP + 0F + 2 (E [ému(w)] VF(W), E [€uaa (W)
= (1+0}) IVF(w)|* + o,

which establishes Assumption 4 for any oy, o1 > 0. |

D.1. Overview of main negative results

We establish all of the following negative results using the stochastic gradient oracle described in
Proposition 13. Before stating our results, let us briefly discuss some intuition behind why one should
expect (NormSGD), (ClippedSGD), and (SignSGD-M) to fail under Proposition 13. Consider the
setting where 01 > 1 + €. Then, notice that the stochastic gradient g; only has the same sign as
V F(wy) with roughly 1/52 probability. Otherwise, g; has the opposite sign as V F'(w;). Now, for
an algorithm which incorporates the magnitude of the stochastic gradients together with the signs,
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the oracle in Proposition 13 may not be so problematic — indeed, even though the updates with
correct sign are somewhat “rare”, they are also of significantly larger magnitude compared to the
updates with proper sign. However, notice that (NormSGD), (ClippedSGD), and (SignSGD-M) are
(effectively) unit step-length algorithms (at least, in the setting where ||g;|| > ). Thus, in many
parameter regimes, all of these algorithms effectively disregard the magnitude of the stochastic
gradients and only use their signs. This results in a biased random walk which never finds an iterate
better than the initial one with constant probability. We formalize this intuition in the following:

Lemma 33 (Informal statement of Lemma 35) Fix any smoothness parameter Ly > 0, initial
gap A > 0, and affine variance parameter o1 > 2+/2. Suppose that either: (i) (SignSGD-M) is run
with parameter 0 < g < 1 — 2\/5/3 ~ 0.057 and n > 0 for T' > 1 time steps, or (ii) (NormSGD)
or (ClippedSGD) is run with 0 < v < v/oiALo/2 and > 0 for T > 1 time steps, where, in either
case, the algorithms are allowed an arbitrary initialization x1 € R, and each of these parameters
can depend on Lo, A and o1. Then, there exists a 1-dimensional (L, 0)-smooth function (which is
also Ly-strongly convex) with F'(x1) — inf,cr F'(xz) = A, and stochastic gradient oracle satisfying
Assumptions 3 and 4 with o9 = 0 and the specified o1, and for which, with constant probability
(independent of T'), min, ¢ IVE(z)||* = |VF ()]

We note that the statement Lemma 33 follows from Lemma 35 by choosing the parameter ¢ =
o1/2,/2. The main takeaway here is that, for a reasonably wide range of parameters, (NormSGD),
(ClippedSGD), and (SignSGD-M) can diverge in the affine variance setting, even for very simple
smooth and strongly convex problems (in fact, even on a 1-dimensional quadratic function). In
particular, this says that, whenever (NormSGD) is run with v = 0 (or (SignSGD-M) with 8 = 0),
then there is no parameter tuning with respect to 7 such that ming¢py |V F (z¢) ||? converges!

We also give a (weaker) negative result for the (AG-Norm) in the “large variance” regime. This
result establishes that, whenever 7 is not carefully tuned with respect to both L; and o1, then the
algorithm does not converge with constant probability. The intuition for this result is that, with
constant probability, the first &~ o7 stochastic gradients all have the wrong sign. Whenever o is
“large” (i.e., scaling as poly log(7T")), then after only poly log(T") steps, the algorithm can reach an
objective value which is poly(7')-times larger than the initial condition. Further, after reaching such
a large gradient value, the step sizes are always too small for the algorithm to recover from these
wrong initial steps. This is because the (AG-Norm) updates are normalized by the large previous
gradients.

Lemma 34 (Informal statement of Lemma 39) Fix any L1 > 0, time horizon T’ > 1, and affine
variance parameter

N NP RRYe A (16log(T—1))2>2
1= log(1/5) A\ Togs)

Suppose that (AG-Norm) is initialized at x1 € R and run with any parameters n > 1/(2L,/a1) and
0 < bg < \/EL% exp(2L1x1) (where these parameter choices may depend on Ly). Then, there
exists a 1-dimensional (0, (e — 1) Ly)-smooth function such that inf ,cg F'(x) = 0, and a stochastic
gradient oracle satisfying Assumptions 3 and 4 with og = 0 and the specified o1, for which, with
probability at least 3/1, minye 7y | VF (z)||* = | VE(z1)|*.
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We note that the statement Lemma 34 follows from Lemma 39 by choosing the parameters
a =1/(2ye1), € = o1 — 1, and 0 = 1/4. Let us compare the negative result in Lemma 34 with the
convergence result in the Lo-smooth regime for the same algorithm from (Faw et al., 2022). Indeed,
their main result was that a O(1/vT) convergence rate is achievable without tuning the parameters of
the algorithm with respect to o, o1, or L. Since their convergence rate depends only polynomially
on o1, this rate is maintained (up to poly-logarithmic factors) even when o1 = poly log(T"), without
adjusting the parameters 7 or by of the algorithm. By contrast, Lemma 34 tells us that, in the
(Lo, L1)-smooth regime, such a result is no longer possible. Indeed, if 7 is not sufficiently small,
then the algorithm does not converge with constant probability when % 2> poly log(7)!

D.2. Full statement and proof of negative results for (SignSGD-M), (NormSGD), and
(ClippedSGD)

Here, we give the complete negative result for (SignSGD-M), (NormSGD), and (ClippedSGD), and
formalize the intuition given there.

Lemma 35 (Formal statement of Lemma 33) Fixany Lo > 0, > 0, a% > (14 5)2, and A > 0.
Letzy € R, > 0,7 € [0,e/2ALg), B € [0, 1— \/1 — 1+6+0€%/(1+6)> D [0, —2(1+5+i%/<1+5)))’
and T > 1 be arbitrary parameters (possibly dependent on Ly, €, o1, and A). For any t € [T, con-
sider the (one-dimensional) process {x },~ given in (SignSGD-M), (NormSGD), or (ClippedSGD).
where, in the case that m; = 0 (in the case of (SignSGD-M)) or v + |g:| = 0 (in the case
of (NormSGD)), w; € {£n} may be chosen arbitrarily as a (possibly randomized) function
of {91,--.,9t}. Then, assuming that o3 > (1 + 7/=v28L)(1 + ¢)? € [(1 + €)2,2(1 + €)?],
there exists an 1-dimensional (Lo, 0)-smooth function (which is also Lg-strongly convex) with
F(x1) —inf,cr F(x) = A, and stochastic gradient oracle which outputs stochastic gradients g, of
V F(z¢) which satisfy Assumptions 3 and 4, and such that:

Py {m[i;l] IVE @) = HVF<x1>rF] > (1 gyt
te

where

o V/26(1 — &) log(1 + 2/5) - 26(1 — 6) log 4(1 —9)

0 5o (0 —d0)? (09 — 9)? ’
and § = (1+o%/1(1+5>2) < g +1}Adip = do € [1/3,1/2] and /xew, = 1 +7/(ev2A1L0) € [1,2].

Proof Let us choose, for arbitrary Ly > 0 and A > 0, the (Lo, 0)-smooth objective F'(z) = Lo/2 2,
and assume without loss of generality that z; = —4/24/L, (indeed, if this is not the case, then we
can always translate the function F'(x) to be F'(z) = Lo/2(x — x1 — 1/28/Lo)?, and our arguments
remain unchanged). Notice that F'(z1) — F* = F(z1) = A.

Consider, for any € > 0 and 02 > (1 + )2, the stochastic gradient oracle from Proposition 13,
ie.,

o? 1
(1 + 17+5> Lox  w.p. P =9
g(z) = =
1
—eLox wp. 1— — =1-—19,

7]
1+ (14€)2
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where the multiplicative noise is sampled i.i.d for each z. Since VF(x) = Loz, this construction
satisfies Assumptions 3 and 4 by Proposition 13. Further, denoting xiip := —7/eLo, our assumption
that v < ey/2ALy = —eLgx1 and 02 > (1 + ¢)? (and thus also ¢ < 1 + 97/(1+¢)) ensures:

11 <waip <0 and  |g(Zeip)| > Lo [Zelip| = - (23)
Let 7* be the first time when an iterate becomes larger than the original one, i.e.,
F=min{t > 1:2; <a}.
Notice that this implies that, forany 1 < ¢ < 7*:
w2 <1 <zaip <0 and g >~ and ||VE(zy)|* > |[VF(z1)|?. (24)
This guarantees that, before 7*, (i) the iterates are always to the left of the minimizer, (ii) that the algo-
rithm (ClippedSGD) never “clips” (i.e., uy = 19¢/|g:|), and (iii), ming<p+ | VE (z)||* = |VF (z1)|?

(i.e., the algorithm never achieves any nontrivial target minimization criterion). Additionally, it must
be the case that:

Urr—1 < 0, (25)

since T,+_1 < x1 and Ty« = Tyx_1 — Upr_1 > T1.

Now, let us distinguish the updates of (SignSGD-M), (NormSGD), and (ClippedSGD) as
(e(1),u(1)), (24(2),ui(2)), and (x4(3),us(3)), respectively. Now, instead of reasoning about
the dynamics of each of these algorithms individually, we instead reason about an algorithm with
simpler dynamics, and draw conclusions about each of these processes via a stochastic dominance
argument.

To do this, we utilize the coupling of these algorithms defined in Lemma 37 — namely, we let
z1(i) = 1 = /28/Lo (as discussed above), and g(x¢(i)) = Emut VE (24(7)) for every i, where
Emult,t 18 —€ with probability 1 — 9, and 1 + Uf/ (1+¢) otherwise. That is, each process starts from the
same initial iterate, and receives the same multiplicative noise on the stochastic gradient at time ¢.

Similarly, let us define the “simpler” comparison process as:

Acli if = — 1 1
ug() = 2 I =S g gy = - € [121]
P+ A2 1+ —2L
-n 0.W. eLo|z| ev2ALg

and take x1(4) = x1 and z441(4) = z:(4) — u¢(4). Now, denote 7*(i) as the stopping time from
(23) corresponding to the process ¢ € [4]. Then, by Lemma 37, we have that, under our coupling of
these algorithms, 7(4) < min;¢3 7*(7), which implies that, for each algorithm 7 € [3]:

Pr [gﬂ;}] IVE(@(0))|* = [VF(z)|*| = Pr[r*(@) > T] = Prir*(4) > T],

where the first inequality follows from (24). Thus, to lower bound the failure probability of algorithm
i, it suffices to lower bound Pr [7*(4) > T, and thus to reason only about the dynamics of this
“simpler” process.
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By Lemma 38, we have that, for any ¢g > 0:

T
Prr*(4) > T] > (1-9)" (1— > Pr [1(Xt—E[XtD§_((5O—5) 50'50D

vty t—1t9—1 t—1t9—1

where X; is a sum of ¢t — ¢y — 1 i.i.d Bernoulli random variables, each with mean 1 — § =

— m > 1/2 (since, by assumption, o1 > (1 + €)), and 69 = Acip/(14aip). We may
o7 e

therefore apply the Chernoff-Hoeffding inequality (Hoeffding, 1963, Theorem 1, Eq. (2.2)) to obtain:

. Adlipto
Py [(xt el CU ) el e e o

Notice that, since O'% > (146)* A = (14€)2(1 4+ 1/ev2AL5), 6o — 6 = 5T L L >0,
Em 1+ 71

(14¢)2
which implies the above bound is always nontrivial. Thus, we can use that bound to obtain, for any

£>0:

d 1 Sot
> Pr [M(Xt —E[Xi)) £ —(do—96) — t:ol]
- -
t=to+2

to+1+| %0/0 | T

t—1t9—1 t—1t9—1
exp (_25(10—(5) (00 — 5+€)2) + Z exp (—25(1_5) (00 — 5)2>

(]

t=to+2 t=to+2+ VO%J
[*0] -1 T2 | e t1+ | B
) RS U Bk P
= 2 exp <— 25(1—9) (6g—0+¥) ) + ; exp 25(1 —0) (6o — 9)
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Thus, using the geometric summation formula, we can bound the above summations as:

doto }

d 1
> Pr L_to_l(xt ~E[X/]) < — (6o — ) — —

50t0J

, 1 —exp <—2E(f_5) (00— 0+ z)2>
(6 — 0+ 0) (

1~ exp (— g5igy (60 — 5+£)2)
L+ | e 1
+exp | — (8o — 8)?
2(5(1—5) 1—exp( ( ) (50_5)2)
02 doto
eXP \ —35(1=3) =L
< ( 26(1 ;2)) 1 — exp _M (50_5+€)2
1 —exp (_ 26(176))

oo (o -07) (|4
1= exp (= 5557 (60 — 6)°) TP 20-9)

_|_

Now, let us focus on bounding the two terms in the above expression. To do this, we first observe
that, for any y,z > O and ¢ > 0,

exp(—(1+1i)x) o1 exp(—x) _ L
—1—exp(—1:) <p = zzglog <,u(1—exp(—a:))) or i=0 and z > log <1+M>.
(26)

Taking i = 0 and x = ¢*/(25(1-4)), the above implies that the first term is upper-bounded by
@ = 8/2 whenever £ > /25(1 — 6) log(1 + 2/5). For the second term, we take i = L‘S(’%J , T =

(80—9)%/(25(1-5)), and conclude that the second term is upper-bounded by p = 9/2 whenever

2exp< éo( 2»)
(%o

6 (1-exp (~5%5))

In particular, since exp(—z) < 1/(1+z) for any > 0, and thus also exp(—2)/1—exp(—z) < 1/z, since
|z] > x — 1, we have that the above inequality is satisfied whenever:

Therefore, we can choose ¢ = /25(1 — 6) log(1 + 2/5) and:

. {\/25(1 —5)log(1 + 2/s) <1 L20-08) (4(1 — ) >ﬂ |

5o (6 = d0)? (60 — 6)?

e =
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and, combining our results, we conclude that, for any algorithm i € [3]:
Pr | min [V F (@ (@)|* = IVE()I| > (1=,
te

as claimed. [ |

Lemma 36 Consider the process {xt}tzl from (SignSGD-M) as defined in Lemma 35, where
r1 <0, F(2) := Lo/2 22 for some Ly > 0, and g; are the stochastic gradients output by the oracle
from Proposition 13. Suppose that the parameter 3 of (SignSGD-M) satisfies:

€
B e |0, 7

1 + e+ ﬁ
Let 7" = min{t > 1: 21 < x}. Then, ift < 7* and gy = —eV F(xy), then uy = 1.

Proof Recall that, by construction of the stochastic gradient oracle from Proposition 13, and since
VF(x) = Loz:

ot 1
(1 + ﬂ) Loz w.p. AT 1)
g(.%') = (1+E)21
—eLox w.p. 1— ——=1-24.
1+ﬁ

We wish to show that the process from (SignSGD-M) has the property that, whenever g, = —e Lo,
and x5 < 0 for every s € [t], then u; = 7. We consider any initialization z; < 0, and denote 7* to
be the first time when an iterate becomes non-negative, i.e.,

" =min{t > 1:2; <a}.
Further, take:
70:=0 and 741 :=min{t > 7;: gy = —cLozioru; =n}.

Notice that, since u; € {£n} by definition of (SignSGD-M), and by construction of the stochastic
gradient oracle:

2

gi = (1 + 10_:€> Loxry and wuy=-n Vte (Ti77—i+1) Vi > 0. 27)

Thus, it suffices to prove by induction that, for any ¢ > 0, either 7; > 7%, or u,, = 7, as long as

g (3
B<1—\/1—2:1— 5.
o 1+e
1+€+ﬁ

For the base case of ¢ = 0, we may assume without loss of generality that u,, = ug = 7, since
mgo = 0 and the dynamics of the update rule do not depend on ug (i.e., the dynamics begin at time
t = 1 and z; is the starting point of the process). Thus, the base case is true by construction.

65



FAw ROUT CARAMANIS SHAKKOTTAI

Now, suppose the claim holds for some ¢ > 1. Either 7,41 > 7" or not. In the former case,
the claim follows trivially, so let us assume that 7;1 < 7*. Since 7; < 7;41 < 7* by construction,
ur, = 1 by the induction hypothesis. Further, let us assume that g, , = —eLow,,_,, since otherwise
the claim again follows trivially by definition of 7;4 ;. Thus, we can write:

Ti+1
My, = BT T, (1-5) Z ,Bﬂﬂitgt
t=7;+1
0_2 7'7;+171
— 870 iy, + (1 — 8)Lo (l Ty +15> S B @ (e -7~ 1))

t:Ti—l-l
— (1 = B)Loe(@r41 + 0(7iy1 — 7 — 1))
where the first equality is the definition of m, ,,. The second inequality follows from observation

(27). Further, since u,, = 7, then by definition of (SignSGD-M), either m,, > 0, or m,, = 0 and
the algorithm chooses u,, = 7. In either case, m,, > 0. Therefore, since, for 3 € [0,1):

Ti+1—1
(1=8) > B Hargr 0t —7 — 1)
t=1;+1
S 1— /872‘4-1*7'1'*1
= B(@r+1 + (i1 — 7 — 1)) = BT T a4 — BUW,
we obtain, using the fact that x| = z7,11 +1(7i41 — (7 + 1)) and m, > 0:
M, Tit1 = Tigy 0-2
LTOH -7 I - <(1 —Ble—p <1 + 7 +15>> (@ri41 +0(Tip — 7 — 1))
2
o
_ Ti+1_7—i 1 1 )
B < + 1 —I—S) Lri+1

O’% 1_ﬂ7—i+1—fri—1
_ﬁ"<1+1+s) 1-3
o}
> = (=92 =0 (1412 ) ) (oo +0)

_l87i+1—7i 1+ U% T
1+e)

O‘% 1_ﬂn+1—n——1
en(a-pe-s (14 7) (145 ).

Thus, since z,,11 < x,,, < 0, and since 7,11 < 7" (which implies, since each update of
(SignSGD-M) satisfies u; € {£n} and by definition of 7%, z,, , < 2+ = 21 — 71 < 0),
the above inequality implies that m., , > 0 as long as:

52 | - greniet » |
(1—,8)€—ﬁ<1+1+5> <1+1_B> >(1—B)€—,8<1+1+6> (1+1—B> > 0.

Since we require 0 < § < 1, the second inequality is equivalent to:

2

(1-8)% > (1 + 125) B2 —B),
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which is satisfied as long as:

Thus, since /1 —x < 1 — /2 for 0 < x < 1, it suffices to choose 3 as:

€
—0<1—4/1———90.
= 2(1 +¢) 1+e¢
In this case, m.,_, > 0, and thus u; = 7, which establishes the induction step. Thus, for every ¢ > 0,
either 7, > 7" or u,, = 7, as claimed. |

Lemma 37 Let us recall the i.i.d random process {Emuir+ } ¢~1 Jrom Proposition 13, where each
Enuir,t is —e with probability 1 — 8, and (1+71/(14¢)) otherwise. Let us distinguish the three processes
from Lemma 35 (Egs. (SignSGD-M), (ClippedSGD) and (NormSGD) ) as, respectively, {z4( ‘)}t>1
fori € [3]. Consider the coupling of these three processes, where x1(i) = x1 := —+/28/Lo for every

i € [4], and for eacht > 1 and i € [3], g(2¢(2)) = Emur,t VF (24(1)). Further let us denote, for each
t>1:

etiph if iy = — 1
" (4) _ Chpn l.f{ 1M”7t € wherg )\Ch - - ¢ [1/2, 1]’
p 1 + Y
—n oW. “ AL

and take ©1(4) = x1 and x1+1(4) = x4(4) — uy(4). Further, let, for each i € [4],
() =min{t > 1: 271 <z4(i)}.

Then, under the constraints on parameters of the three algorithms as imposed in Lemma 35, we have
that:

*(4) < minT*(7).
T<)_$ﬁT@)

Proof We claim that, for each i € [3], and any ¢ < 7%(7), ut(4) < (7). Notice that, supposing this
claim is true, then 7%(4) < 7*(¢) for each i € [3], since, by definition of 7*(7):

*(i)—1 7 (i)—1
T < :L‘T*(i)(i) =1 — Z us(i) < @1 — Z us(4) = x'r*(i)(4)'

Thus, since 7*(2) is the first time ¢ > 1 for which z,(i) > x4, it follows that 7*(4) < 7*(¢). Having
established this implication, it suffices to prove the claim for each of the u;(7)s.

For the case of i = 1 (i.e., algorithm (SignSGD-M)), this follows immediately from Lemma 36,
since this result tells us that whenever ¢ < 7%(1) and {mur,e = —e¢, then u (1) = 1 > nAaip = ue(4).
Otherwise, whenever ¢t < 7%(1) and &mut = (1 + 9%/(1+¢)), then by construction, u¢(4) = —,
while u:(1) € {£n}.

67



FAw ROUT CARAMANIS SHAKKOTTAI

For the case of i = 2 (i.e., algorithm (NormSGD)), for every ¢t < 7%(2), since |g(z(2))| >
eLo|z1| > 7 by (24) and since #/(z+y) is non-decreasing in x on the interval = € (0, co) for any
fixed y > 0,

9(2:(2))] eLo 21| n n
n > |u(2)] =n > = = Aelip? > 5-
T lg@@)] = v elolal | i 41T
Thus, when t < 7(2) and &nuir = —¢, we(2) > Aaipn = w(4), and when ¢ < 7%(2) and

gt = (1 +ot/(+e)) Loz, ut(2) > —n = .
For the case of i = 3 (i.e., algorithm (ClippedSGD)), for every ¢ < 7*, |g;| > v by (24), which

implies that |u;| = nl9tl/|g;| = 7. Thus, when ¢t < 7* and g, = —e Loz (notice g; > 0 in this case),
ut(3) =1 > Aelipn) = U, and when ¢ < 7% and g¢ = (1 + o1/(1+¢)) Loz, ut(3) = —n = Uy.
Therefore, the claim is established in all three cases, which also concludes the proof. |

Lemma 38 Consider the algorithm 4 as defined in Lemma 37. Then, under the assumptions of
Lemma 35, we have that, for any T' > 1 and any tg > 0,

T
1 dot
Prir*(4) > T] > (1-6)" (1- Y Pr|——— (X —E[X)) < —(6—08) — ———| |,
t—tp—1 t—tyg—1
t=to+2
where X; = ZZ;%O_H 1{&s} is a sum of t — to — 1 i.i.d Bernoulli random variables with mean
1 — _
1-— 6 =1- m. 1//\clip =1 -+ 'Y/E\/QAL()) and 50 = 1/1+1/>‘c1ip‘
Proof Recall the construction of algorithm 4 from Lemma 37. Denote £ = {&muies = (1 + 3/(1+4¢)) },
and recall that Pr [;] = § = ——1——. Let us write:
1+0'1/(1+s)
_ to to
Nito = —(@e(4) —21) = Y us(4) = Y —n1{E} + AapnI{ES},
s=t1 s=t1

as the “net movement” of algorithm 4 to the left of x4, after o — ¢; 4 1 time steps. and observe that

to
~ 1
E |:Nt1,t2} = Z —775 + >\clip77(1 — 5) = )\clipn (1 — (1 + S > (5> (tg —t1 + 1).
clip

s=t1

Additionally, note that, recalling the definition of 7*(4) from Eq. (23),

(7°(4) > TV = (V¢ € [2,T] : 24(4) < a1} = {Vt € [2,T] : —(we(4) — 1) > 0}
= {Vt S [Q,T] : Nl,t—l > 0} .

Therefore, we have that, for any ¢ty > 0,

Pr[r*(4) > T] = Pr [Vt €[2,T]: Nyyy > 0} > Pr {Vt €[2,7): Nigq > 0} N &
s€(to]
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Further, since the stochastic gradient of algorithm 4 uses i.i.d multiplicative noise at each round (i.e.,
the events {&s} (7| are mutually independent and Pr [£;] = 6 for every s), and since the event £¢
implies that x4 éz) = x4(1) — Aciipn for each algorithm ¢, we have that for any ¢y > 0,

Pr {Vt € [2,T): Nysy > o} N &

s€(to]

=Pr {Vt S [to + 2,T] : Nto—&-l,t—l > —)\Chpton} N ﬂ Es

s€[to]

= (1 - 5)tOPI‘ [Vt € [to + 2,T] : NtOJ’»l’tfl > _)\clipt(ﬂ]} .
Now, since

Pr [Vt S [to =+ 2,T] : Nto—&—l,t—l > _)\clipt()n}

=1-—Pr [Ht € [to + 2,T] : j\vftOJrl,t,l < *)\Cliptg’r]}

T

>1-— Z Pr [ﬁtoﬂ,tq < _)\cliptﬂn:| )
t=to+2

it remains only to upper-bound each probability inside of the above summation. To do this, let us
denote, for any t € [to + 2,77,

t—1

Xt = Z &} =

s=to+1 (1

1

+ )\clip

~ t—tg—1
Nig+14-1 + —717—.
)77 ot 1+ )\clip

Thus, X; is a sum of i.i.d Bernoulli random variables, each withmean1 — 6 = 1 — m > 1/2
o1 e

(since, by assumption, o1 > (1 + ¢)). We may therefore apply (Hoeffding, 1963, Theorem 1, Eq.
(2.2)), denoting 9y := 1 — ﬁ = Adlip/(14Aaip), tO Obtain:
clip

Pr|Nyyi14o1 < _)\clipton] =Pr[(1+ Aaip)nX: — n(t —to — 1) < —Aciipton]

1 (50t0
=Pr|—— (X¢ — < —(6p—08) — ——2 1.
Pr [t—tg—l(Xt E[X;]) < — (6 — 0) -

Collecting the above results, we arrive at the claimed lower bound. |

D.3. Full statement and proof for negative result for (AG-Norm) in the “large o, regime

Lemma 39 (Formal statement of Lemma 34) Fixany Ly, > 0,21 € R,ando; > 1. Let T > 1,
n>0,¢e€(0,1)and 0 < b3 < e2L? exp(2L121) be arbitrary parameters (possibly dependent on
Ly, x1, and 01). Then, there exists a 1-dimensional (0, (e — 1) L1)-smooth function such that F* = 0,
and a stochastic gradient oracle satisfying Assumptions 3 and 4 with oy = 0 and the specified o1,
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such that, if (AG-Norm) is run for T time steps using parameters 1 and b, then then the resulting
iterates { @i}y satisfy:
to

1
Pr [min IVE(z)|? = ||VF(901)||2} >(1- ——— |
te|T)

L+ @y
where
2

2L1

In particular, whenever 1 > /L, for some o > 0, and, for any 6 € (0, 1),

2 1 2 log(T' — 1) 2_
"lzlog(l/(l,g))““) <<1+\/§+a ) 2),

Pr [min IVF(z)|* = HVF(xl)HQ} >1-06.
te|T)

then

Proof Let F(z) = exp(L1z). Notice that, since V2F(x) = L1V F(x), it follows from Proposition 1
that F'(-) is (0, (e — 1)Lj)-smooth. Clearly F* = inf,cg exp(Li2z) = 0. Further, consider the
stochastic gradient oracle from Proposition 13, which, for the iterate x; at time ¢, first draws an i.i.d
sample:

— —f=1—-—21
€ wp.1—-6=1 Ty

_ 1
(1 + 1+s> w.p. 0 = v

and g(xt) = Emuit VF (x¢). As established in Proposition 13, this oracle satisfies Assumptions 3
and 4 with o¢ = 0 and the specified o1 > 1.
Let us define, for a parameter ¢y > 1 to be determined shortly:

Enc = AVt € [to] - g(z) = —eV F(xy)} .
Now, since the noise is sampled i.i.d at each time step, we have that, for any ¢g > O:

Pr[€ne] = Pr [Vt € [to] : émuy = —¢] = (1 — §)"

fmult,t =

Whenever &, is true, notice that:

to
VF(.I’t0+1) L1 exp (leto—i-l) L1 exp (lel + L1 Z Ti41 — :ct)

0
= L1 exp L1.CC1 + L17] g(xt)
=0 ()
0 eV F(xy)
=Lyexp | L1z + L177
( =B V()
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Now, using the fact that, whenever &, is true, then VF(z;) < VF(x41) for each ¢t € [tp], and
assuming b3 < &2 ||V F ()|, we can bound

to to

eVF(x;) S g2V F ()
SRS R IVE@)P S (e IVE@)IP + 2t [VE ()

>

/:

| V

v

l

—V2).
Thus, we conclude that:
VF(24y41) > Lyexp(Li (21 + 2nv/to + 2 — 27v/2)).
Now, for a parameter o > 0 to be determined shortly, let us define:
7o =min{t > tg : VF(2441) < VF(x4y41) exp(—Lina)},
and let, for each 7 > 0,
Tit1 =min{t > 7, : VF(2441) < VF(z,)}.

Notice that, by construction, mule,r;, = 149 f/ (1+¢) for every i > 0. Further, z, 11 < @, since 741
is the first time after 7; satisfying VF(z,,,,4+1) < VF(2741), or equivalently, z-, 11 < 7, 11.
This implies that

i—1 i—1
Tri+1 = Tro+1 + Z Trj41 = Tyl 2 Trg1 + Z Trjp1+1 = Ty
j=0 7=0
iy (1 + 1+e> VE(zr,,) = <1 + 1+€> VE(z7;,.)

= Trp+1 — Z 5 P 5 Z LTro+1 — Z ; .
3=0 VOO =1 9 \/(1 + 1+5) IV E (1)1

Now, notice that:

VE(zr,,,) = Liexp(L1%r, 41 + Li(zr,, — 2ryy041))
= VF(ijHJrl) exp(Ly ($7j+1 - $7j+1+1))
< VF(Z7y41) eXP(Ll(m‘er - x‘rj+1+1))
< VP (1011) XL (@ryey — @ryey 1 — 100)
< VF(w4y11) exp(—nLi(a — 1),
from which we obtain the bound:
i—1

Trp1 = Try1 — 1 Y exp(—nLi(a — 1)) = zpy41 — inexp(—nLi(a — 1)).
=0
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Now, by construction of the 7;, we have that, assuming &, is true, then

in [VF(e)|* = _win  min {IVF@)I?, IV}
te[T] tefto+2,T)
> {VF 2 |IVF(z, 2}.
> min win {[VE@)|. [VF )]
Thus, to ensure that min,¢7) IV E(z,)||* = |VF(x1)]]% it suffices to have that, for every i < T,

IVF(z.)||? > |IVF(x1)|/. Now, notice that
VF(zr41) = Ly exp(L1(27,11))
> Ly exp(Li(2ry41) — inexp(—nLi(a —1)))
= VF(zry41) exp(—iLinexp(—nLi (o — 1)))
= VF(2r)exp(L1(Tryt1 — Try) — tLinexp(—nLi(a — 1)))
> VF(xyy41) exp(—Lina + Li(zry+1 — ©ry) — iLinexp(—nLi(a — 1)))

> VF(x1)exp(2nLy (Vo +2 — \ﬁ) — Lin(a+1) —iLinexp(—nLi(a — 1))).
Thus, it suffices to establish conditions under which
20t + 2 > 2V2 + a+ 1+ iexp(—Lin(a — 1)).

Thus, if we choose a = log(T-1) /51, then it suffices to take:

log(T — 1)\
t = _—_— —2
0 ( 1+vV2+ oL ,

in which case mine() |V F(z¢) | = ||[VF(x1)||* under &,. Hence,

PrthVmeF=HVF@oW]2Pu&J

te(T]
to
1
= 1 —
1 + 1+6
In particular, using the fact that 1 — 2 > exp(—2/(1-=)) for < 1, it follows that:
1+¢)%t
Pr iy [VF (@ = VPG| 2 exp (- EE20)
te[T] g1
2
(1+¢)? ((1 +v/2 4 el ) —~ 2)

> exp | —

2
01

Hence, as long as, for some § € (0,1),

9 1 log (T — 1)
> —
71 log(1/(1-8)) 6) nLy 2
>

then Pr [mlnte[T ||VF(wt)H = HVF(xl)HZ} 1— [ |
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