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Abstract

Linear classifiers and leaky ReLU networks trained by gradient flow on the logistic loss have an im-
plicit bias towards solutions which satisfy the Karush—Kuhn-Tucker (KKT) conditions for margin
maximization. In this work we establish a number of settings where the satisfaction of these KKT
conditions implies benign overfitting in linear classifiers and in two-layer leaky ReLLU networks:
the estimators interpolate noisy training data and simultaneously generalize well to test data. The
settings include variants of the noisy class-conditional Gaussians considered in previous work as
well as new distributional settings where benign overfitting has not been previously observed. The
key ingredient to our proof is the observation that when the training data is nearly-orthogonal,
both linear classifiers and leaky ReLLU networks satisfying the KKT conditions for their respective
margin maximization problems behave like a weighted average of the training examples.
Keywords: Benign overfitting, Linear classifiers, Leaky ReLU networks, Implicit bias.

1. Introduction

The phenomenon of ‘benign overfitting’—referring to settings where a model achieves a perfect fit
to noisy training data and still generalizes well to unseen data—has attracted significant attention
in recent years. Following the initial experiments of Zhang et al. (2017), researchers have sought
to understand how this phenomenon can occur despite the long-standing intuition from statistical
learning theory that overfitting to noise should result in poor out-of-sample prediction performance.

In this work, we provide several new results on benign overfitting in classification tasks, for
both linear classifiers and two-layer leaky-ReLU neural networks. We consider gradient flow on
the empirical risk with exponentially-tailed loss functions, such as the logistic loss. Under certain
assumptions on the data distribution, we prove that gradient flow converges to solutions that ex-
hibit benign overfitting: the predictors interpolate noisy training data and simultaneously generalize
well to unseen test data. Our results extend existing work in two aspects: First, we prove benign
overfitting in two-layer leaky ReLU networks, while existing results do not cover such models.!

* Equal contribution
1. Frei et al. (2022) showed benign overfitting in two-layer nets with smooth leaky ReLU activations, as we discuss
later.
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Second, we characterize benign overfitting in new distributional settings (i.e., assumptions on the
data distributions).

The first distributional setting we consider is a noisy sub-Gaussian distribution (x,y) ~ Psg
where labels are generated by a single component of = and are flipped to the opposite sign with
probability 1. We show that if the variance from this component is sufficiently large relative to the
variance of the other components, and if the covariance matrix has a sufficiently high rank relative
to the number of samples, then linear classifiers and leaky ReLU networks trained by gradient flow
exhibit benign overfitting. In our second distributional setting, we consider a distribution P st
where inputs x are drawn uniformly from £ nearly-orthogonal clusters, and labels are determined
by the cluster and are flipped to the opposite sign with probability 1. We show that under some
assumptions on the scale and correlation of the clusters, gradient flow on linear classifiers and leaky
ReL.U networks produces classifiers which exhibit benign overfitting. This is a setting not covered
by prior work on benign overfitting, and it essentially generalizes some previous results on benign
overfitting in linear classification (Chatterji and Long, 2021; Wang and Thrampoulidis, 2021) and
neural networks with smooth leaky activations (Frei et al., 2022).

Our proofs follow by analyzing the implicit bias of gradient flow. Lyu and Li (2020); Ji and Tel-
garsky (2020) showed that when training homogeneous neural networks with exponentially-tailed
loss functions, gradient flow is biased towards solutions that maximize the margin in parameter
space. Namely, if the empirical risk reaches a small enough value, then gradient flow converges
in direction to a solution that satisfies the Karush—-Kuhn-Tucker (KKT) conditions for the margin-
maximization problem. We develop new proof techniques which show that in the aforementioned
distributional settings, benign overfitting occurs for any solution that satisfies these KKT conditions.
In a bit more detail, we show that every KKT point in our settings has a linear decision boundary,
even in the case of leaky ReLLU networks. This linear decision boundary can be expressed by a
weighted sum of the training examples, where the weights of all examples are approximately bal-
anced. Using this balancedness property, we are able to prove that benign overfitting occurs.

Related work

Benign overfitting. The benign overfitting phenomenon has recently attracted intense attention
and was studied in various settings, such as linear regression (Hastie et al., 2020; Belkin et al.,
2020; Bartlett et al., 2020; Muthukumar et al., 2020; Negrea et al., 2020; Chinot and Lerasle, 2020;
Koehler et al., 2021; Wu and Xu, 2020; Tsigler and Bartlett, 2020; Zhou et al., 2022; Wang et al.,
2022; Chatterji et al., 2021; Bartlett and Long, 2021; Shamir, 2022), kernel regression (Liang and
Rakhlin, 2020; Mei and Montanari, 2019; Liang et al., 2020; Mallinar et al., 2022; Rakhlin and Zhai,
2019; Belkin et al., 2018), and classification (Chatterji and Long, 2021; Wang and Thrampoulidis,
2021; Cao et al., 2021; Muthukumar et al., 2021; Montanari et al., 2020; Shamir, 2022; Frei et al.,
2022; Cao et al., 2022; McRae et al., 2022; Liang and Recht, 2021; Thrampoulidis et al., 2020;
Wang et al., 2021; Donhauser et al., 2022). Below we discuss several works on benign overfitting
in classification which are most relevant to our results.

In contrast to linear regression, in linear classification the solution to which gradient flow is
known to converge, namely, the max-margin predictor, does not have a closed-form expression.
Hence, analyzing benign overfitting in linear classification is more challenging. Chatterji and Long
(2021); Wang and Thrampoulidis (2021) prove benign overfitting in linear classification for a high-
dimensional sub-Gaussian mixture model. Our results imply as a special case benign overfitting
in sub-Gaussian mixtures similar to their results. Cao et al. (2021) also study benign overfitting in
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a sub-Gaussian mixture model, but they do not consider label flipping noise. Muthukumar et al.
(2021) study the behavior of the overparameterized max-margin classifier in a discriminative classi-
fication model with label-flipping noise, by connecting the behavior of the max-margin classifier to
the ordinary least squares solution. They show that under certain conditions, all training data points
become support vectors of the maximum margin classifier (see also Hsu et al. (2021)). Montanari
et al. (2020) studies a setting where the inputs are Gaussian, and the labels are generated accord-
ing to a logistic link function. They derive an expression for the asymptotic prediction error of the
max-margin linear classifier, assuming the ratio of the dimension and the sample size converges to
some fixed positive limit. Shamir (2022) also studies linear classification and proves benign over-
fitting under a distributional setting which is different from the aforementioned works and from our
setting.

Benign overfitting in nonlinear neural networks is even less well-understood. Frei et al. (2022)
show benign overfitting in two-layer networks with smooth leaky ReLLU activations for a high-
dimensional sub-Gaussian mixture model; at the end of Section 5 we compare our results with theirs.
Cao et al. (2022) study benign overfitting in training a two-layer convolutional neural network using
the logistic loss, but they do not consider label-flipping noise as we do.

Implicit bias. The literature on implicit bias in neural networks has rapidly expanded in recent
years (see Vardi (2022) for a survey). In what follows, we discuss results that apply either to linear
classification using gradient flow, or to nonlinear two-layer networks trained with gradient flow in
classification settings.

Soudry et al. (2018) showed that gradient descent on linearly-separable binary classification
problems with exponentially-tailed losses (e.g., the exponential loss and the logistic loss), converges
to the maximum ¢»-margin direction. This analysis was extended to other loss functions, tighter con-
vergence rates, non-separable data, and variants of gradient-based optimization algorithms (Nacson
et al., 2019a; Ji and Telgarsky, 2018; Ji et al., 2020; Gunasekar et al., 2018; Shamir, 2020; Ji and
Telgarsky, 2021; Nacson et al., 2019b; Ji et al., 2021).

Lyu and Li (2020) and Ji and Telgarsky (2020) showed that homogeneous neural networks
(and specifically two-layer leaky ReLU networks, which are the focus of this paper) trained with
exponentially-tailed classification losses converge in direction to a KKT point of the maximum-
margin problem. We note that the aforementioned KKT point may not be a global optimum of
the maximum-margin problem (Vardi et al., 2021; Lyu et al., 2021). Recently, Kunin et al. (2022)
extended this result by showing bias towards margin maximization in a broader family of networks
called quasi-homogeneous. Lyu et al. (2021); Sarussi et al. (2021); Frei et al. (2023) studied implicit
bias in two-layer leaky ReLU networks with linearly-separable data, and proved that under some
additional assumptions, gradient flow converges to a linear classifier. Specifically, Frei et al. (2023)
analyzed the implicit bias in leaky ReLLU networks trained with nearly-orthogonal data, and our
analysis of leaky ReLLU networks builds on their result (see Section 3 for details). Moreover, implicit
bias with nearly-orthogonal data was studied for ReLU networks in Vardi et al. (2022), where the
authors prove bias towards networks that are not adversarially robust. Other works which consider
the implicit bias of classification using gradient flow in nonlinear two-layer networks include Chizat
and Bach (2020); Phuong and Lampert (2020); Safran et al. (2022); Timor et al. (2022).
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2. Preliminaries

Notation. We use ||z|| to denote the Euclidean norm of a vector , while for matrices W we
use |W||r to denote its Frobenius norm and ||W||2 its spectral norm. We use 1(z) to denote the
indicator function, so 1(z) = 1if z > 0 and 0 otherwise. We use sign(z) as the function that is
1 when z > 0 and —1 otherwise. For integer n € N, we use [n] = {1,...,n}. The Gaussian
with mean a and variance o2 is denoted N(a, o), while the multivariate Gaussian with mean y and
covariance matrix ¥ is denoted N(u, ¥). We denote the minimum of two numbers a,b as a A b,
and the maximum a \ b. For a vector z € RY, we use [z]; € R to denote the i-th component of
the vector, and [z];;; € R/=*"! as the vector with components [z];, [2]i11, ..., [z];. We use the
standard big-Oh notation O(-), Q(-) to hide universal constants, with O(-), Q(-) hiding logarithmic
factors. We refer to quantities that are independent of the dimension d, number of samples n, the
failure probability § or number of neurons m in the network as constants.

The setting. We consider classification tasks where the training data {(z;, y;) }]-, are drawn i.i.d.
from a distribution P over (z,y) € R? x {41}. We study two distinct models in this work. In the
first, we consider maximum-margin linear classifiers x +— sign((w, x)), which are solutions to the
following constrained optimization problem:

min ||w||? such that forall i € [n], y;(w,z;) > 1. ()
weR?

By Soudry et al. (2018), gradient descent on exponentially-tailed losses such as the logistic loss has
an implicit bias towards such solutions. We shall show that in a number of settings, any solution to
Problem (1) will exhibit benign overfitting.

As our second model, we consider two-layer neural networks with leaky ReLLU activations,
where the first layer W € R™*¢ is trained but the second layer weights {a; };”:1 fixed at random

initialization:

fly W) =370 aj¢((wy, @), #(g) = max(yq,q), v € (0,1). 2
For simplicity we assume m is an even number and that for half of the neurons, a; = 1//m, and
the other half of the the neurons satisfy a; = —1/,/m. We consider a binary classification task with

training data S = { (=, y;)}"_; C R? x {£1}. We define the margin-maximization problem for the
neural network f(x; W) over training data S as

min ||[W|% suchthat foralli € [n], y;f(zs;W) > 1. 3)
WGRde

Recall the definition of the Karush—Kuhn-Tucker (KKT) conditions for non-smooth optimization
problems (cf. Lyu and Li (2020); Dutta et al. (2013)). Let A : RP — R be a locally Lipschitz
function. The Clarke subdifferential (Clarke et al., 2008) at # € RP? is the convex set

0°h(8) :== conv{ lim VA(6s) | lim 65 = 6, h is differentiable at 93} :

S—00 S§—00

If h is continuously differentiable at 6 then 9°h(0) = {Vh(6)}. Given locally Lipschitz functions
h,g1,...,9n : RP — R, we say that 6 € RP is a feasible point of the problem

minh(f) s.t. foralln € [N], g,(0) <0,

if 0 satisfies g, (0) < 0 for all n € [N]. We say that a feasible point 0 is a KKT point if there exists
A1, ..., An > 0 such that
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1. 0 € 8Oh(9) + ZHE[N] )\naogn(e),
2. For all n € [N] we have \,,g,(0) = 0.

We shall show that in a number of settings, any KKT point of Problem (3) will generalize well, even
when a constant fraction of the training labels are uniformly random labels. Since any feasible point
of Problem (3) interpolates the training data, this implies the network exhibits benign overfitting.

KKT points of Problem (3) appear naturally in the training of neural networks. For a loss
function £ : R — [0, 00) and for parameters W of the neural network f(z; W), define the empirical
risk under ¢ as

LW) = L5 t(yif(asW)).

Gradient flow for the objective function E(W) is the trajectory W (t) defined by an initial point
W (0), and is such that W (¢) satisfies the differential equation %W(t) € —9°L(W (t)) with initial
point W (0). Since the network f(z;-) is 1-homogeneous, recent work by Lyu and Li (2020) and Ji
and Telgarsky (2020) show that if £ is either the exponential loss ¢(q) = exp(—¢q) or logistic loss
(q) = log(1 + exp(—q)), then provided there exists a time #, for which L(W(0)) < log(2)/n,
gradient flow converges in direction to a KKT point of Problem (3), in the sense that for some KKT
point W* of Problem (3) it holds that ||WW/E3|| — ”%:”. Thus, although there exist many neural
networks which could classify the training data correctly, if gradient flow reaches a point with small
enough loss then it will only produce networks which converge in direction to networks which
satisfy the KKT conditions of Problem (3). Note that this need not imply that W (¢) converges in
direction to a global optimum of Problem (3) (Vardi et al., 2021; Lyu et al., 2021). This is in contrast
to the margin-maximization problem in linear classification given in Eq. (1), where the constraints
and objective function are linear, and hence the KKT conditions are necessary and sufficient for
global optimality.

3. Properties of KKT Points for Nearly Orthogonal Data

In this section we show that when the training data is nearly-orthogonal (in a sense to be formalized
momentarily), then the decision boundaries of both (i) KKT points of the /inear max-margin prob-
lem (1) and (ii) KKT points of the nonlinear leaky ReLU network (3) take the form of a weighted-
average estimator w = » . | s;y;x; where {s;}!"_; are strictly positive and all of the same order,
namely, w is a nearly uniform average of the training data. We will use this property in the next
sections to show benign overfitting under certain distributional assumptions. We begin with our
definitions of p-orthogonality and 7-uniform classifiers.

2’ R2

max

> pR?n max;z; (T, ;)|

2 and R? = R2

max

oy 2 . s )
Definition 1 Denote R, = min; ||z;

training data p-orthogonal if R?

min

/R2. . We call the

min®

= max; ||x;

Clearly, if the training data is exactly orthogonal then it is p-orthogonal for every p > 0. In contrast
to exact orthogonality, p-orthogonality allows for the possibility that training data sampled i.i.d.
from a broad class of distributions is p-orthogonal, as we shall see later.

Definition 2 We say that w € R? is -uniform w.rt. {(2;,y:)}, C R x {-1,1} if w =

n s i an : ‘s max; S;
D _iz1 SiYi%i, where the coefficients {s;}_y are strictly positive and T2 < 7.
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Our first lemma shows that if the training data is p-orthogonal for large p and the norms of
the training examples are all of the same order, then the linear max-margin classifier is given by a
T-uniform vector.

Proposition 3 Suppose the training data are p-orthogonal for p > 3. Denote R> = max; j 17ill*/||z;2.
Let w = argmin{|wl||® : yi{w,x;) > 1Vi} be the max-margin linear classifier. Then, W is T-

uniform w.r.t. {(x;,y;)}, for T = R? (1 + zﬁ

The proof for this proposition comes from an analysis of the KKT conditions for the max-margin
problem and is provided in Appendix A. Observe that as p — co and as R? — 1, we see that the
linear max-margin becomes proportional to » " | y;x;, i.e. the classical sample average estimator.

Next, we show that when the training data are p-orthogonal for large enough p, then any KKT
point of the leaky ReLU network margin maximization problem (3) has the same decision boundary
as a 7-uniform linear classifier, despite the fact that two-layer leaky ReLLU networks are in general
nonlinear. The proof relies on a recent work by Frei et al. (2023), and is given in Appendix B.

Proposition 4 Denote R? = max; j |17ill*/|lz,||2. Let f denote the leaky ReLU network (2) and let
W denote a KKT point of Problem (3). Suppose the training data are p-orthogonal for p > 377 3.
Then, there exists = € R? such that for any x € R sign (f(z;W)) = sign ((z,2)), and z is

. R2 2 T .
T-uniform w.rt. {(x;,y;)}i_ for T = v <1 + 5z—g ) - Moreover, for any initialization W (0),
gradient flow on the logistic or exponential loss converges in direction to such a KKT point.

Proposition 4 identifies an explicit formula for the limiting behavior of a neural network classi-
fier trained by gradient flow in a non-convex setting. It is worth emphasizing that Proposition 4 does
not make any assumptions on the width of the network or the initialization, and thus the character-
ization holds for neural networks in the feature-learning regime. Finally, note that as p — oo and
R? — 1, KKT points of Problem (3) have the same decision boundary as a 7-uniform classifier for
T — ~~2. In particular, if additionally the leaky parameter v — 1, the KKT points of leaky ReLU
network margin-maximization problems become proportional as the sample average ;- | y;x;, just
as the linear max-margin predictor does.

Putting Proposition 3 and 4 together, we see that by understanding the behavior of 7-uniform
classifiers « — sign ((3_1" | s;y;x;, x)), we can capture the behavior of both linear max-margin
estimators as well as those of leaky ReLLU networks trained by gradient flow with nearly-orthogonal
data. In the following sections, we describe two distributional settings where we show that this
estimator can exhibit benign overfitting: it achieves 0 training error on noisy datasets while simul-
taneously achieving test error near the noise rate.

4. Benign Overfitting for Sub-Gaussian Marginals

In this section we consider a distribution Psg over (, y) such that = has independent sub-Gaussian
components, with a single high-variance component which determines the label y, while the re-
maining components of x have small variance. Let P, be a distribution over R?. We assume
the covariates © ~ P, are mean-zero with covariance matrix 3 = E,.p_[zz '] satisfying ¥ =
diag(A1,...,Ag) where Ay > --- > \;. We assume that z := Y122 ~ P, where P, is a sub-
Gaussian random vector with independent components and sub-Gaussian norm at most o, (see Ver-
shynin (2018) for more details on sub-Gaussian distributions). Given = ~ P, labels are generated



BENIGN OVERFITTING IN LINEAR CLASSIFIERS AND LEAKY RELU NETWORKS

as follows. For some label noise parameter n € (0,1/2), we have y = sign([x]1) with probability
1—mnand y = — sign([x];) with probability 7, where [z]; denotes the first component of x. Finally,
we assume that for some absolute constant 5 > 0, we have P(|[z]1| < ¢) < St forallt > 0. In
the remainder, we will assume that o, 7, and § are absolute constants, and our results will hold
provided d and n are large enough relative to these and other universal constants.

The reader may be curious about the requirement that P, p_(|[2]1| < ¢) < St. This is a techni-
cal assumption that ensures that the ‘signal’ in the model is large as it prevents the possibility that
the mass of [z]; is highly concentrated near zero. Additionally, note that this assumption is satisfied
if the distribution of either z or [z]; is (isotropic) log-concave by the anti-concentration property of
isotropic log-concave distributions (Lovasz and Vempala, 2007, Theorem 5.1 and Theorem 5.14).”
This assumption also implies that E[|[z]1]|] > 1/(48), since P(|z| > 1/(28)) > 1/2 by taking
t = 1/(23). We can in principle accommodate more general conditions, such as P(|[z]1]| < t) < (tP
for some p > 0; this is a type of ‘soft margin’ condition which has been utilized in previous work
on learning noisy halfspaces (Frei et al., 2021a,b).

We assume access to n i.i.d. training examples {(x;,y;)} R Psg. For a desired probabil-
ity of failure § € (0,1/2), we make the following assumptions on the problem parameters for a
sufficiently large constant C' > 1.

(SG1) The number of samples satisfies n > C'log(6/9).

(SG2) The covariance matrix satisfies StableRank(Xs.4) > C'log(6n/d), where 3., denotes the
matrix diag(Ag, ..., Ag).

: : : tr(®) S 2
(SG3) The covariance matrix satisfies o) 2 Cnlog(6n°/J).
We remind the reader that the stable rank of a matrix M € R™*? is StableRank(M) := || M ||%./|| M||3.
We note that the quantity tr(X)/+/tr(3?) in (SG3) has appeared in previous work on benign over-
fitting: it is the square root of the “effective rank” Ry (%) from Bartlett et al. (2020). Indeed, this
quantity is large if \/StableRank(X1/2) is large, since

tr(¥) > X))  JuE)  IEV2e _ \/StabIeRank(El/Q).

VuE) T VIERuE) 1=l 122

Thus the Assumption (SG3) can be roughly understood as requiring that the matrix $1/2 has suf-
ficiently large rank. Additionally, we note that it is possible to have StableRank(3s.5) = O(1)
while tr(X)/1/tr(X2) = ©(Vd) (take ¥ = diag(v/d,V/d, 1,...,1)), and it is also possible for
StableRank(Xs.4y) = O(V/d) while tr(X)//tr(32) = O(1) (take ¥ = diag(d,d"/*,1,...,1)).
Thus the Assumptions (SG2) and (SG3) are independent.

Our first lemma states that as the constant C' in the preceding assumptions becomes larger, the
training data becomes more orthogonal.

Lemma 5 There exists an absolute constant C1; > 0 (depending only on o) such that for every
large enough constant C' > 0, for any 6 € (0,1/2), under Assumptions (SG1) through (SG3) (defined

2. For z ~ P, where P is log-concave and isotropic, Lovdsz and Vempala (2007, Theorem 5.1) implies the one-
dimensional marginal [z]; is isotropic and log-concave. Theorem 5.14 of the same reference shows that the density
function of the (one-dimensional) [z]; is bounded from above by a constant, which implies P(|[z]1]| < t) < St for an
absolute constant 3 > 0.
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for these C and §), with probability at least 1 — 25 over Pg,, the training data is C/C\-orthogonal,
and max; ; |2ill*/|lz;)2 < (14 C1/vE)L.

The proof of Lemma 5, as well as all proofs for this section, appears in Appendix C. Recall
from Propositions 3 and 4 that for p-orthogonal training data, as R? = max; j Iill?/jlz;|)2 — 1 and
p — 00, solutions the linear max-margin problem (1) become 7-uniform for 7 — 1. Similarly,
KKT points of the leaky ReLU max margin problem behave like 7-uniform linear classifiers for
T — vy 2asp — ooand R — 1. In our main theorem for this section, we show that T-uniform
linear classifiers exhibit benign overfitting. We remind the reader that we refer to quantities that
are independent of the dimension d, number of samples 7, the failure probability § or number of

neurons m in the network as constants.

Theorem 6 Let 7 > 1 be a constant, and suppose n < % — A for some absolute constants
1, A > 0. There exist constants C,C" > 0 (depending only onn, o, 3, T, and A) such that for any
5 € (0,1/7), under Assumptions (SG1) through (SG3) (defined for these C' and §), with probability

at least 1 — 75 over P, if u € R% is T-uniform w.r.t. {(z;,y;)}1,, then

sg’
forallk € [n], yp =sign ((u,zy)), while simultaneously,
. tr(zgzd) 1 )\%
1 < Pl yyop (U 7 sign((u, z))) <n+C' e (L [0V glos w2 ) )

In particular; if tr(33 ) /A3 = o(1), then the linear classifier v +— sign({u,x)) exhibits benign
overfitting.

Theorem 6 shows that any 7-uniform estimator will exhibit benign overfitting, with the level
of noise tolerated determined by the quantity 7. Moreover, by considering the 1-uniform estimator
Z?:l y;x;, we see that there exists an estimator which can tolerate noise levels close to 1/2.

Using Lemma 5 and Proposition 3, we can use Theorem 6 to characterize the linear max-margin
predictor.

Corollary 7 Suppose 0 < n < 0.49. There exist constants C,C' > 0 such that for any 6 € (0,1/9),
under Assumptions (SG1) through (SG3) (defined for these C and J), with probability at least 1 — 99
over PL, the max-margin linear classifier w = argmin{||w||? : y;(w, x;) > 1Vi} satisfies

sg’
forallk € [n], yi = sign ((w,z)), while simultaneously,
) , [tr(Z3,) 1 M
n < ]P)(x?y),\,psg (y # sign((w, 9:))) <n+C )\7% 14+4/0V 5 log tr(E%:d) .

In particular, if tr(X3. ;) /A3 = o(1) then w exhibits benign overfitting.

The proof of Corollary 7 is the result of a simple calculation (for completeness it is provided
in Appendix C): By Theorem 6, we can tolerate noise rates 7 close to % if 7 is close to one. By
Lemma 5, as C gets larger the training data becomes more orthogonal and the ratio of the norms of
the examples becomes closer to one. By Proposition 3 this implies 7 — 1 as C increases.

We can similarly use Lemma 5 and Proposition 4 to show that KKT points of the max-margin
problem for leaky ReLLU networks from Problem (3) also exhibit benign overfitting.
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Corollary 8 Suppose that 0 < n < %. There exist constants C,C" > 0 such that for any

d € (0,1/9), under Assumptions (SG1) through (SG3) (defined for these C and &), with probability

at least 1 — 99 over Peg any KKT point W of Problem (3) satisfies

forallk € [n], y, = sign (f(wk; W)), while simultaneously,

' , [tr(Z2 1 A
1< Py, (y # sign (f (x; W))> KA \/T?Zd) (1 ’ \/0 R <tr(£§:d>)> |

In particular, if tr(33. ;) /A? = o(1) then the neural network f(x; W) exhibits benign overfitting.
Moreover, for any initialization W (0), gradient flow converges in direction to a network satisfying
the above.

The proof of Corollary 8 similarly requires a small calculation which we provide in Appendix C.
It is noteworthy that the only difference in the behavior of KKT points of the leaky ReLU max-
margin problem (3) and the linear max-margin (1) is the level of noise that is tolerated: in the leaky
ReLU case, smaller leaky parameters  result in less noise tolerated, and as v — 1, we recover
the behavior of the linear max-margin predictor from Corollary 7. Additionally, the generalization
bound in Corollary 8 does not depend on the number m of neurons in the network.

From the above results, we see that in order for benign overfitting to occur in either the linear

max-margin classifier or in two-layer leaky ReLLU networks trained by gradient flow, the data needs
to simultaneously satisfy two constraints: (1) the covariance matrix is sufficiently high rank in the
sense of Assumptions (SG2) and (SG3), and (2) the variance in the first coordinate must be large
relative to the variance of the last d — 1 coordinates. There is a tension here as can be seen by
considering the covariance matrix ¥ = (£,1,...,1) for £ > 1: as £ — oo, tr(X)//tr(X2) — 1,
and hence as the signal-to-noise ratio \?/ tr(E%z 4) increases, it becomes more difficult to satisfy as-
sumption (SG3). However, it is indeed possible to satisfy both (1) and (2). Consider the distribution
Pgaus over (z,y) € R x {£1} where x ~ N(0, X) with covariance matrix ¥ = diag(d”, 1,...,1)
for some p > 0, and where y = sign([z];) with probability 1 — n and y = — sign([x]1) with prob-
ability 7 for some constant 7 > 0. In the following corollary, we show that if p € (1/2, 1), then (1)
and (2) are satisfied and so KKT points of the leaky ReLU max-margin problem (3) exhibit benign
overfitting (an analogous result for the linear max-margin classifier holds as well).
Corollary 9 Suppose 0 < n < %. Then for the distribution Pgays, for any § € (0,1/9), if
p € (Y2,1), d = Qn*=P), and n = Q(1), then Assumptions (SG1) through (SG3) are satisfied.
Moreover;, with probability at least 1 — 94 over Pg,, KKT points of Problem (3) exhibit benign
overfitting:

forallk € [n], yp = sign (f(z; W)),
while simultaneously, 1 < P )~ p,,.. (y # sign (f(l'k, W))) <n+ O (d%(1_29)> =1+ o4(1).

Furthermore, for any initialization W (0), gradient flow converges in direction to a network satisfy-
ing the above.

We note that a similar result on benign overfitting for the linear max-margin classifier for data
coming from Pg,.s has been shown by Muthukumar et al. (2021) with a rather different proof
technique.
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5. Benign Overfitting for Clustered Data

In this section we consider a distribution where data comes from multiple clusters and data from
each cluster initially share the same label but then are flipped with some constant probability 5. In
particular, we consider a distribution P,s over (z,y) € R? x {1} defined as follows. Let k > 2
and Q := [k]. We are given cluster means p(1), ... u®) with cluster labels V), ..., 5% € {£1}.
Cluster indices are sampled ¢ ~ Unif(Q), after which z|q ~ (9 + 2 where z ~ P’ is such that:
the components of z are mean-zero, independent, sub-Gaussian random variables with sub-Gaussian
norm at most one; and E[||z||?] = d.> Finally, the (clean) label of z is §j = y(%), and the observed
label is y = y with probability 1 — n and y = —y with probability 1 — 7.

For a given 6 € (0, 1/2), we make the following assumptions on the parameters, for a sufficiently
large constant C' > 1:

(CL1) Number of samples n > C'k?log(k/§).
(CL2) Dimension d > C max{nmax, |92, n?log(n/s)}.
(CL3) The cluster means satisfy: ming ||(? || > Ck+/log(2nk/$).

(CL4) The cluster means are nearly-orthogonal in the sense that: min [|4(?|? > Ck max ., |(u@, u(™)).

We shall show below that under these assumptions, the training data is linearly separable with high
probability.

Our first lemma shows that under the preceding assumptions, the training data become more
orthogonal and the ratio of the norms of the examples tends to one as C' increases.

Lemma 10 There exists an absolute constant Cy > 0 such for every large enough constant C > 0,
for any 6 € (0,1/7), under Assumptions (CLI) through (CL4) (defined for these C and ), with
probability at least 1 — 76 over Pqst, the training data is C/Cs-orthogonal, and max; j 1%l /)|z |2 <
(1+C2/vT)2

The proof of the above lemma, as well as all proofs for this section, appears in Appendix D. As
before, Lemma 10 allows for us to utilize Propositions 3 and 4 to show that both KKT points of the
linear max-margin problem (1) and of the leaky ReLU network max-margin problem (2) take the
form > | s;y;x;. The following theorem characterizes the performance of this predictor.

Theorem 11 Let 7 > 1 be a constant, and suppose n < IJ%T — A for some absolute constants

17, A > 0. There exist constants C,C" > 0 (depending only on n, T, and A) such that for any
0 € (0,1/14), under Assumptions (CLI) through (CL4) (defined for these C' and ¢), with probability

at least 1 — 146 over P, ., if u € R% is -uniform w.r.t. {(x;,y;)}7;, then

forallk € [n], yi = sign ((u,z)),

nming [|(9]*
C'k2d

while simultaneously, 1 <P, ) p.. (y # sign((u, z))) < n+exp (—

In particular; if nming ||p(9||* = w(k?d), then the linear classifier x v sign({u,x)) exhibits
benign overfitting.

3. We can easily accommodate well-conditioned clusters, e.g. xd < E||z[|2 < d for some absolute constant x > 0,
although the noise rate tolerated will then depend upon « (smaller « will require smaller ). We do not do so for
simplicity of exposition.

10
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In order for benign overfitting to occur, the above theorem requires that Assumptions (CL1)
through (CL4) are satisfied while simultaneously min, ||(9||* = w(k?d/n). This can be satisfied
in a number of settings, such as:

(¢) Orthogonal clusters with || 2(9 )~” = ( ) for each ¢ € Q, where 8 € (1/4,1/2), k =
0(1), n = Q1) and d = Q(n'/(1=28)), In this setting the test error is at most 7 +

exp (—Q(ndw*l)).

(i1) Non-orthogonal clusters where max,z, |(u(?, u(")| = O(dg) and ||p(9|| = @(d%) for each
qg,n= @(d%), and k = ©(d""). In this setting the test error is at most i+ exp (—Q(d%*?)).

Although neither of the above settings are explicitly covered by Theorem 6, the setting (i) is
similar in flavor to that theorem, in that the labels are determined by a constant number of high-
variance directions. By contrast, the setting (i¢) is quite different, as it allows for (clean) labels
to be determined by the output of a linear classifier over k& = ©(d”%) components, namely
i k@), (a)

S1gn (<Zq:1 Yy 7$>)

Just as in the case of Theorem 6, we have a number of corollaries of Theorem 11. The first is a
consequence of Proposition 3.

Corollary 12 Suppose 0 < n < 0.49. There exist constants C,C" > 0 such that for any § €
(0,1/21), under Assumptions (CL1) through (CL4) (defined for these C and §), with probability at
least 1 — 218 over PY, ., the max-margin linear classifier w = argmin{|w||? : y;(w, ;) > 1Vi}
satisfies

forallk € [n], yi = sign ((w,xk>),

n ming [|u@]|*
c'k2d )

while simultaneously, 1 <P ) p,. (y # sign((w, 1‘>)) <n+exp (—

In particular, if nmin, |9 ||* = w(k2d) then w exhibits benign overfitting.

Similarly, we can show that KKT points of the max-margin problem for leaky ReLU networks
from Problem (3) also exhibit benign overfitting.
Corollary 13  Suppose that 0 < n < %. There exist constants C,C’ > 0 such that for any
d € (0, 1/21), under Assumptions (CL1) through (CL4) (defined for these C and 0), with probability
at least 1 — 216 over P ., any KKT point W of Problem (3) satisfies

clust’

forallk € [n], yi = sign (f(l"k, W)),

i (q) |4
while simultaneously, 1 <P ) py. (y = sign (f(x, W)) <n+exp (—W) .
In particular; if nmin, ||p\@ ||* = w(k2d) then the neural network f(x; W) exhibits benign overfit-
ting. Moreover, for any initialization W (0), gradient flow converges in direction to a network which
satisfies the above.

11
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We would like to note that Theorem 11 (and the subsequent corollaries) does not explicitly cover
the case that the data consists of two opposing clusters, i.e. when § ~ Unif ({£1}) and x|y ~ gu+2
for some random vector z and labels are flipped § — —7 with some probability » < 1/2. A number
of recent works showed that the linear max-margin classifer (Chatterji and Long, 2021; Wang and
Thrampoulidis, 2021) and two-layer neural networks with smooth leaky ReLU activations (Frei
et al., 2022) exhibit benign overfitting for this distributional setting. However, our analysis can
easily be extended to show benign overfitting of the linear max-margin and KKT points of the leaky
ReLU network max-margin problem (3) for this distribution by using a small modification of the
proof we use for Theorem 11. We also wish to emphasize that the results of Frei et al. (2022)
are specific to networks with smooth leaky ReLLU activations, which are not homogeneous and for
which gradient flow does not have a known implicit bias towards satisfying the KKT conditions for
margin-maximization. In particular, their analysis is based on tracking the generalization error of
the neural network throughout the training trajectory, while ours relies upon the structure imposed
by the KKT conditions for margin-maximization in homogeneous networks. Another difference
between our work and theirs concerns the label noise model. We derive an explicit upper bound
on the noise level tolerated, while their results hold for noise levels below an unspecified constant.
Our analysis holds for labels flipped with constant probability, while theirs permits adversarial label
noise.

6. Proof intuition

In this section we provide some intuition for how benign overfitting of the max-margin linear clas-
sifier is possible. We consider a distribution P, defined by a mean vector p € R? and label noise
parameter 7 € (0,1/2), where examples (z,y) ~ Popp are sampled as follows:

Yy =1y, w.p.1—n,

_ “)
y=—9, Wp.1.

g Umf({il})a z N(OaId)a $|§N§M+Z, {

As we mentioned in the previous section, this distribution is not explicitly covered by Theorem 11
but the intuition and proof are essentially the same. Our starting point is Proposition 3, which shows
the max-margin linear classifier is 7-uniform over the training data when the training data are nearly
orthogonal. For simplicity let us consider the simplest estimator of this form, the 1-uniform vector
&= >, yiz;. Letus call the training examples (x;,y;) for which y; = g, the clean examples,
and denote the indices corresponding to such examples C C [n], with the examples with y; = —g;
the noisy examples, identified by N C [n] (so C UN = [n]). For the distribution (4) and training
data {(z;, y;)}7"_,. the estimator i thus takes the form

Zyzxz = Z N"i'yizi) + Z(_N+yizi) = (’C| - |N’)ﬂ+ Zyizi oy ‘|' ‘N’ Zyzzu

ieC ieN i=1

where z; RS N(0, I4). Now, provided n is sufficiently large and if the noise rate is smaller than say
1/4, then with high probability we have 9n/10 > |C| — |[N'| > n/10. In particular, the estimator /i
is proportional to a sum of two components: p, which is the linear classifier which achieves optimal
accuracy for the distribution, and (|C| — |[N|)~! Y7, y;2; which incorporates only the noise. This
latter component is useless for prediction on fresh test examples, but is quite useful for achieving

12
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small training error. Indeed, for training example (xg, yx) = (Jrp + 2k, Yx)>

(Yrk, Z?:l Yizi) = (YrTpl + YrZk, Yr2k + Zi;ﬁk Yizi)
= [lzx 1 + yrdne (i, S0y vizi) + (Ynzr, Doz, Yizi)-

Since zj, ~ N(0, I;) and 3", y;2; ~ N(0, nl,), standard concentration bounds show that ||z ||? =
d while [(11, 37" yizi)l < vnllulls and [(ykze, D2 vizi)l S V/nd (ignoring log factors for
simplicity). Thus, provided d > v/nd and d >> \/n| ||, the estimator & := (|C|—|N|)7E 320 vizi
satisfies

(& ykak) Z d/n. )

On the other hand, the effect of £ on an independent test example (z, y) is,

_lull + v
L

Putting (5) and (6) together, we see that & has a significantly larger effect on the training data than
on the test data performance as long as d > v/n| || + v/dn. Assuming ||| < v/d this holds when
d > n?. In particular, the possibility of a component which enables benign overfitting becomes
easier in high dimensions, at least when the signal ||u|| is not too large.

The above sketch shows that the overfitting component ¢ is useful for interpolating the (noisy)
training data when ||u|| < V/d and d > n?. However, the estimator i o< p + £ also contains the
component p which is biased towards getting noisy training data incorrect. Thus, in order to show
w + € exhibits benign overfitting, we need to show (7) the signal strength from g is not so strong as
to prevent overfitting the noisy training data, but (77) the signal strength from p is large enough to
enable good generalization from test data. For part (7), standard concentration bounds imply that

< (Vallul + Van) ©

|(yx, &) = |c|,1w'| (yy(z + ), Z?:l Yizi)

sy = lyillell® + ez, m)] S el + (. (7

In light of (5), the estimator y-+¢ will still interpolate the training data provided d/n > max( |||, [|]|?).
For part (ii), for a given clean test example (z, 7),

(G, 1) = (p+ Gz, 1) 2 lull* = Cllal. ®)

Thus, provided ||x|| > C and ||u||? > n~'/2(||u|| + V/d), we can be ensured that x + & will also
classify clean test examples correctly by putting together (8) and (6).

To summarize, we have identified settings under which we can guarantee that benign overfitting
occurs for the estimator i oc p + £ for the distribution Pop,. First, the training data must be
sufficiently high-dimensional to ensure that the overfitting component £ has a significant effect on
the training data but little effect on future test data. Second, the underlying signal of i (whose
strength is measured by ||x||) must not be so strong as to prevent overfitting to the noisy labels, yet
must also be strong enough to ensure that future test data can be accurately predicted.

7. Discussion

We have characterized a number of new settings under which linear classifiers and two-layer neural
networks can exhibit benign overfitting. We showed how the implicit bias of gradient flow imposes
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Figure 1: When training a two-layer leaky ReLU network with m = 512 neurons for data coming
from the binary mixture distribution (4), there is qualitatively different generalization be-
havior in the d > n vs. n > d regimes. In this experiment, 15% of the labels are flipped
to the opposing cluster’s label, and ||| = d%2%. In the high-dimensional regime (left),
the network achieves 100% training accuracy and the optimal 85% validation accuracy,
while in the low-dimensional regime (right) the validation accuracy is sub-optimal when
it achieves 100% training accuracy.

significant structure on linear classifiers and neural networks trained by this method, and how this
structure can be leveraged to understand the generalization of interpolating models in the presence
of noisy labels.

Our analysis holds in the regime where the input dimension is significantly larger than the
number of samples. This assumption is present in previous works on benign overfitting in neural
networks (Frei et al., 2022; Cao et al., 2022; Xu and Gu, 2023; Kou et al., 2023; Kornowski et al.,
2023). However, it is currently unknown whether benign overfitting is possible in neural network
classification tasks when the dimension is fixed. In Figure 1, we examine the behavior of two-
layer leaky ReLLU networks trained by gradient descent for data coming from the binary mixture
distribution (4) when 15% of the labels are flipped. (Further details on the experiment can be found
in Appendix E.) We see that in this setting, the generalization of interpolating neural networks differs
in the d > n vs. the n > d regime: in the high-dimensional setting, overfitting is benign as would
be expected by Corollary 13, while in the low-dimensional setting, the validation accuracy is sub-
optimal when the network interpolates the noisy training data. This suggests that new techniques
would be needed to characterize generalization of interpolating networks in the low-dimensional
setting.

There are a number of additional directions for future research. For instance, the larger class
of homogeneous neural networks trained by the logistic loss also have an implicit bias towards
satisfying the KKT conditions for margin-maximization. Can this implicit bias be leveraged to
show benign overfitting in neural networks with ReLU activations of depth L > 27 Additionally,
although two-layer leaky ReLU networks are in general nonlinear, our proof holds in settings where
their decision boundaries are linear. It would be interesting to understand benign overfitting in
neural networks when the learned decision boundary is nonlinear.
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Appendix A. Proof of Proposition 3

Since w satisfies the KKT conditions of the max-margin problem, we have w = Z?:l A\iyix; where
for all i € [n] we have \; > 0, and \; = 0 if 5@ 'x; # 1. We denote Ry;
Rmax = max; HxZH$ and R = Rmax/Rmin-

In the following lemma, we obtain an upper bound for the \;’s:

Lemma 14 Suppose the training data is p-orthogonal. Then for all i € [n] we have \; <
1
(1= 52

Proof Let j € argmax;c,) Ai. We have

ij Ty = ZAznyl‘r Lj = )\ ||$J|| +Z Azy]ylx T > Aj Rmm <maX)‘l> <m2x\<xl,x]>|> :

i1 it €] 7
By the p-orthogonality assumption, we also have ®
R2.
nrgl%x!@fuw < p}“%g“ : (10)
Suppose that
A = max > ! . (11)

Combining (9), (10) and (11), we get

Rr2nin 1
y]w sz)‘R?mn_Aj'pRQ )‘Rr2mn< RQ) >1.

By the KKT conditions, if yj@ij > 1 then we must have \; = 0, and thus we reach a contradic-
tion. |

Next, we obtain a lower bound on the \;’s:

Lemma 15 Suppose the training data is p-orthogonal. Then for all i € [n] we have \; >

R,?m (1_ R2 1)

Proof Let j € [n]. By the definition of @ we have

~T
1 <yjw xz;

n
= 3" g
=1

= N 5 1” +) Niygin] @
i#]

< NRZ +n (maX/\ > (mjx ](:rz,xﬁ\) . (12)

i€[n] 1£]

20



BENIGN OVERFITTING IN LINEAR CLASSIFIERS AND LEAKY RELU NETWORKS

By the p-orthogonality assumption, we have

2
Rmin

R (13)

nmax |[(z;, z;)| <
i#]

and by Lemma 14 we have

1
max \; < 5 - . (14)
i€l Rmin (1 - W)
Combining (12), (13) and (14), we get
1 R?

1< A\jRpa +

min __ A 'R2 +
9 1 R2 7+ Ymax
B (1= k) P

N> |1 1 !
)= pR?2 —1) R2

max

pRZ -1

Hence,

Combining Lemmas 14 and 15, we conclude that @ = Z?Zl Aiyix; where

—1
mh e R (1 - )
min; )\2 R2 ( _ L) pR -1

'min pR?
__ PR g PRI
R2. (pR?—1) ~ ™ pR?2—2
_ Rhw PR
B R12nin pR? -2

2
_ R2
=R (1+p 2_2>.

Appendix B. Proof of Proposition 4

We start with some notations. For convenience, we will use different notations for positive neurons
(i.e., where a; = 1/+/m) and negative neurons (i.e., where a; = —1/y/m). Namely,

m m/2 1 m/2 1
flx; W) = a-qzb(w;rx) = — (U]TI') - —gb(u;—m) .

We denote ¢ = max;.; |(x;,2;)|. Thus, our near-orthogonality assumption can be written as n¢ <
2.

DR Since W satisfies the KKT conditions of Problem (3), then there are \q,..., A\, (known as
KKT multipliers) such that for every j € [m/2] we have

1
vi= > AV, (yif (i W) = NG D Ayt i (15
€[n] '

i€ i€[n]

21



FREI VARDI BARTLETT SREBRO

where ¢/ , v; 18 @ subgradient of ¢ at v]T:):Z ie., if vaxi > 0 then qﬁg’vj = 1,if vaxi < 0 then
; v = and otherwise gb _is some value in [y, 1]. Also, we have \; > 0 for all 4, and \; = 0 if

ylf(%, W) # 1. Likewise, “for all j € [m/2] we have

1
= Z AiVu; (Yif(zis W) = T Z Ni(=Yi) b}, i (16)

i€[n]

where ¢£,uj is defined similarly to <Z5§,v].-

Our proof builds on the following lemma, which follows from Frei et al. (2023) (note that within
their notation, in our setting we have m; = mg = m/2):
Lemma 16 (Frei et al. (2023), Theorem 3.2 & Corollary 3.5) Denote Rmm = min; ||2;||* and
R%,. = max; ||z;||% Let f denote the leaky ReLU network (2) and let W denote a KKT point of

Problem (3). Let \1, ..., )\, > 0 denote the corresponding KKT multipliers. Suppose the training
data are p-orthogonal for p > 3y ~3. Then, we have \; € (ﬁ, 272%) foralli € [n], and for

any © € R we have sign (f(z; W)) = sign ((z, 2)), where z = \/QH’U - Lufor

and

1

i:yiz—l i:yizl

Moreover, for any initialization W (0), gradient flow on the logistic or exponential loss con-
verges in direction to such a KKT point.

Note that the above lemma implies that sign (f(x; W)) = sign ((z, z)) for

S

é

v
SRR DR E Ll (R S EE e Jp
2 f@y*l zylf—l 2 zy:—l \/7131171
1+ 1+
L S - Y e
iy =1 By, =—1
1 n
=S (17)
=1

The lemma also implies that \; € ( ) for all .. However, these bounds are not accurate

2R2,, 7 2 QREmn
enough for us. In the following lemmas we obtain bounds which give the explicit dependence on
p for p-orthogonal data. The proofs of the lemmas follow similar arguments to the proof from Frei
et al. (2023), with some required modifications.

Lemma 17 Denote R%, = 2R, = 2 and R*> = R2,,./R2, . Let f denote

the leaky ReLU network (2) and let W denote a KKT point of Problem (3). Suppose the training
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data are p-orthogonal for p > 3vy~3. Using the notation from Eq. (15) and (16), for all i € [n] we
have

Z )‘i¢;7v- + Z )\z¢;7u < ’
jem/2] " il © R, (’V B I#)
and

1

2 A
Rmin’y < B p?)

Ai <

Proof Let § = max,c[, <Zj€[m/2] )\qqﬁfwj + 2 jeim/2] Aqqﬁ’qM) and suppose that ¢ > ﬁ.

—
Let 7 = argmaxgcp, (Zje[m/z} AgBa0; T 2 jeim/2] )\qd]’uj). Since by our assumption p >
37*3 > % and R > 1, then £ > 0 and therefore A, > 0. Hence, by the KKT conditions we
must have y, f (z,; W) = 1.

We consider two cases:

Case 1: Assume that y. = —1. Using (15) and (16), we have

Vmfes W)= Y ¢ - ) o)

j€im/2] j€lm/2)

JE€[m/2] qe[n] JE€[m/2] qe[n]
= Z 10} L)\ytb’ z) x —i—L Z AgYq D, z] @
- TITYrv; e AT q99% qu;vq T

J€[m/2] Vm vm q€[n]\{r}

1
- Z ¢ ( yT)d)ru JI Tr + —= Z )‘ ~Yq ¢q,u] q T
vm' fqe[n]\{r}

1 1
> 0 —ﬁw,wﬁlwﬁ 2 a7 o

j€lm/2] q€n]\{r}
Z ¢ \/m)‘ er UG mm + T Z )‘ :‘UT
jelm/2] qE[n]\{T}
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Since the derivative of ¢ is lower bounded by 7, we know ¢(z1) — ¢(z2) > (21 — 22) for all
21, z2 € R. Using this and the definition of &, the above is at most

1
Z ¢ ﬁ Z )\quq%]’w x(;rxT \/>'7)‘7”¢r vj mln
Jj€lm/2] q€n\{r}

1
- Z \/7 Z )‘ —Yq ¢qu +\/>7)‘T¢ruj 'min

Jj€lm/2] geln]\{r}
1
< _T’}{Rmm Z Z Aqugbq v xq Ly Z m Z )‘q(_yq)(b:],uj'x;—:pT
JE[m/Q} " gehir} JE[m/2] a€[n]\{r}

< - \/*'ngmm \/* Z Z ’ qu¢q vj ﬂj‘q Ly Z Z ’ q, uyﬂl‘;—J)

jelm/2] g€[n]\{r} JG [m/2] qe[n]\{r}

Using |xTxT\ < ( for q # r, the above is at most

- T’%Rmm + \/> Z Z )‘q(bq ng + \/* Z Z /\‘I¢q7u7

Jj€lm/2] q€[n]\{r} j€lm/2] g€[n]\{r}

q€[n]\{r} \s€lm/2] Jj€m/2]

C / /
< —T“Ymem + ﬁ M - max Z )\qgﬁq,vj + Z )\q%’uj

€\ syl jelmy2)
¢

A
- \/m’VERmm_‘_ \/ﬁnf
£

= \/*('YRmm nC) .
By our p-orthogonality assumption, the above expression is at most

£ 9 R2. £ R? 1 m R2. 1
R . 'min min - min /
\/m £ tmin l 32 \/ﬁ pl 1 2 N ] 32 ( 1 ) \/ﬁ i pl i'2 s

min " pR?

where in the inequality we used the assumption on &, the assumption p > 37_3 > %, and R > 1.
Thus, we obtain f(x,; W) < —1 in contradiction to y, f (x,; W) = 1.

Case 2: Assume that y, = 1. A similar calculation to the one given in case 1 (which we do
not repeat for conciseness) implies that f(x,; W) > 1, in contradiction to y, f(z,; W) = 1. It

concludes the proof of £ < ﬁ
min\ '~ ,R2
Finally, since £ < 2(’”1; and the derivative of ¢ is lower bounded by +, then for all

‘min ’Y—W
i € [n] we have

m

. 2 D Nyt D Ay, = mAiy
Rinin (7 - W) i€lm/2] i€lm/2]
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and hence \;, < —— A |

Y-
Riin“f( ~pRZ >

Lemma 18 Denote R2, = 2R, = 2 and R*> = R2,,./R2, . Let f denote

the leaky ReLU network (2) and let W denote a KKT point of Problem (3). Suppose the training
data are p-orthogonal for p > 3~ ~3. Using the notation from Eq. (15) and (16), for all i € [n] we

have ( ) )
YpR™ -2
D Nidha, t D Nidiy, > 2 (pRE— 1)
j€lm/2] j€lm/2]
and )
A\ > ypR* — 2 1 1 1 .
Ri%mx(fprQ - 1) R?nax ’YpRQ -1
. m(ypR2—
Proof Suppose that there is i € [n] such that 3.1, o i@ o T > jeimy/2 A i@ ay < %.

Using (15) and (16), we have

vm < |Vmf(z; W) = Z qS(vJ-T Z gbu < Z ‘v mZ’—i- Z ‘u]T:cZ

J€[m/2] J€M/2] J€[m/2] J€[m/2]
= Z \/> Z )\qu(ﬁq v]xq T Z \/> Z )‘ —Yq ¢q,uj q
J€lm/2] q€[n] j€[m/2] q€[n]

= + ‘)‘quqbq v;¥q

Z ( iYi® xz—l—xz Z ,7 $Txi)
faémﬂ] ‘ g€[n]\{i}

Z ‘)\( yz)@ux ;17@’—1— Z ’ qujx;rx

JG [m/2] a€[n]\{i}

Using |z, 24| < ( for g # i and z] z; < R2,,, the above is at most

1
ﬁ Z )‘Z’Qs;,vj max+ Z )‘quq,vjc +T Z Ai¢;,uj max+ Z )‘ququ]
Jj€lm/2] q€n]\{i} J€lm/2] q€n]\{i}
1
:ﬁ Z /\(sz max+ Z )‘¢qu max | T
j€[m/2] J€[m/2]
1
T Z Z AQ¢qv C+ Z )\ngquj
q€n\{i} \j€[m/2] j€lm/2]
mx ¢ /
2 ( Z Aquzvj—'_ Z )‘ld)zu]) ﬁ Z ( Z Aq¢;,vj+ Z )‘ngq,uJ)
Jj€lm/2] Jjelm/2] q€ln]\{i} \j€[m/2] Jjelm/2]
Rr2nax (’)/pRQ—Q) ¢ / /
< R CaRE1  i e 2 Nt )
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where in the last inequality we used our assumption on ¢. Combining the above with our p-

orthogonality assumption n¢ < }'3‘2", we get

/ / ’prQ — 2 1
max D Mt D M, | >m (1 pR? — 1) n¢
jelm/2] J€lm/2]
WR? — 2) PR
>m <1
pR2 -1 Rr2n1n

P R2 - R12mn

m 1
TR\ k)

in contradiction to Lemma 17. It concludes the proof of > jefm/2] )\iqﬁ;’vj + > jcim/2] )‘iqﬁ;,uj >

m(ypR*—2)
R2,(ypR2-1)"

Finally, since 3 ;e /o) Ao, + 2 jepmya Aidhu, = M?’T}% and the derivative of ¢ is
upper bounded by 1, then for all 7 € [n] we have

m(ypR? — 2) , ,
R2_(ypRZ—1) < Z Aiti o, + Z Aiiy, < MAG
ax jelm/2] jelm/2]

R? -2 1 1
Ai 2 2 2 2 (1 o 2> :
Rmax (’YpR - 1) Rmax 7pR -1

and hence

Combining Eq. (17) with Lemmas 17 and 18, and letting s; = (S )bl +7) t for all i € [n], we get
that sign (f(x; W)) = sign ((z, z)) for z = Y " | s;y;x;, where for all i € [n] we have

(I+v) 1 (1_ 1 > (I4+7) 1

i
2 " R2 R2 -1 2 1
K R ( pr2>
Therefore, z is T-uniform with

max
(49 1 2 ) <1_ 1 )‘1

’ Rmax 2
2 R2. 42 ( lez) (1+7) pR? — 1
_ i’ e WRP-1
Ry (ypR? — 1) " ypR? -2
Riw  PR?

- RL? R -2

B2
G wR*-2) "
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Appendix C. Proofs for Sub-Gaussian Marginals

In this section we prove Lemma 5 and Theorem 6 as well as Corollary 7, Corollary 8, and Corol-
lary 9. A rough outline of our proof strategy is as follows.

1. First, we show in Lemma 19 that in order for a linear classifier z +— sign({w, x)) to achieve

a test error near the noise rate, it suffices for I[="/?w]2.all/y/X;[w]; to be small.

. Next, we show in Lemma 20 a number of properties of the training data {(xz;,y;)}! , that
hold with high probability under Assumptions (SG1) through (SG3). Lemma 5 will hold as a
deterministic consequence of this lemma, so that the training data are p-orthogonal for large p
(recall Definition 1) and the norms of all of the examples are close to each other. This allows
for us to apply Proposition 3 and Proposition 4, which show that the KKT points of both
the linear max-margin problem (1) and the leaky ReLLU max-margin (3) are 7-uniform w.r.t.

{(zi, yi) Yicy-
. By the first step, to prove Theorem 6, it suffices to show that a 7-uniform w € R? is such that:

(1) the norm ||[£'/2w]s.4|| is small, and

(1) the first component [w]; is large and positive.

Recall that a 7-uniform w takes the form ) ", s;y;2; where max; jsi/s; < 7. For (i),
Lemma 20 provides bounds on ||[£'/2x;],.4|| for training examples z;, which is the basic
building block to this part. For (i7), note that for clean examples i € C C [n] (where y; = ¥;),
[siyizi]1 = si|[x;]1], while for noisy examples i € N' C [n] (where y; = —;), [siyixi]1 =
—8;|[xi]1]. Thus, it suffices to characterize the following,

[Z Siyil'i] = 281’[1‘2]1‘ — Z 32’[-%]1‘

1 ieC ieN
n
=Y sillzh] =2 sillwi]
i=1 ieN
n
> min s; Z [[zi]1] — 2maxs; Z [zi]1]-
R Y ieN

Lemma 23 directly bounds each of the terms above. The proof of Theorem 6 is then a direct
calculation based on (4) and (i7) above.

. Corollaries 7 and 8 follow by a direct calculation based on Lemma 5 and Theorem 6. Corol-
lary 9 follows by a direct calculation that verifies Pgays satisfies the required properties.

C.1. Preliminary concentration inequalities

We first show that the test error of any linear classifier w € R satisfying [w]; > 0 is close to the
noise rate whenever II[="/*wl2:all/\/x;[w]; is small.
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Lemma 19 There exists an absolute constant c1 > 2 such that provided w € RY is such that
[w]; > 0, then the following holds. If [S'/?w]s.q = 0 then P2y ~Pyg (y # sign((w,z))) < n.

Otherwise,
| e[S ulaal | (YAl
P (4.y)~Peg (¥ # sign((w, 2))) <n+ Vol <1 + \/0 Vlog (H[El/Qw]Q:dH)) :

Proof By definition of Psg, we have,

Pz Py (U 7 sign((w, z))) = Py 4)py, (y{w, z) < 0)
= Ploy)~py (y(w, z) <0, y = —sign([z]1))
+ P )by (Y(w, ) <0, y = sign([z]1))
<N+ Play)opy (y{w, 7) <0, y = sign([z]1)). (18)

Denoting [u]2.q € R4 a5 the last d — 1 components of the vector u € R?, we have,

Plog)opy (y(w, ) <0, y = sign([z]1)) = Py op,, ([[Zl1][w]r < —sign([z]1){[w]2.a, [2]2:a))

2 B(vAlwhllzh| < —sign(lh ) wlza, [522a))

@PQMM<_%mmn@W%mmmm»'

VAL[w]
(19)

Equality (7) uses that z = X1/22. Equality (ii) uses the assumption that [w]; > 0. From here, we
see that if [Z1/?w]s.q = 0 then we have Play)ope (W{w,z) < 0, y = sign([z]1)) = P(|[z]1] <
0) = 0, which by (18) shows that P(, ;) p,, (v # sign({w,z))) < 7. Thus in the remainder of the
proof we shall assume [%'/2w]y.4 # 0.
Let us define the term
_ sign([Z)([(E"*wlza, [£)2:0)
VAi[wh '
This term is small in absolute value when v/A1[w]; > ||[£'/?w)]s.4||. In particular, since z is a sub-

Gaussian random vector with sub-Gaussian norm at most ¢, by Hoeffding’s inequality we have
that for some ¢ > 0 and any ¢ > 0,

. |<[Z]2:da [Zl/2w]2sd>’ ox B c)\l[w]%tQ
P(lp| >t) =P < el > t) < 2exp ( UgH[El/Qw]z;de) . (20)

Continuing from (19), we get for any ¢ > 0,

Poy)py (Y(w, z) <0, y = sign([z]1)) = P([[z]1] < —p)
= P([zlh| < =p; lpl =2 8) + P([2]] < =p, o] < 1)
<P(lpl = t) + P(|[z1]| < 1)

(i) e [w]3t?
<92 — t.
__e@< dmﬁ”MmP>+B
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In inequality (7) we have used (20) as well as the assumption that P(|[z]1| < ¢) < St for any ¢t > 0.
In particular, if we let

e W20l sy e e
= Al =c F0,€ og(1/¢),

then we have,

2
P y)npy (y(w, z) <0, y = sign([z]1)) < 2exp < 252) + Bt

=2(1AE) + &R V20.\/0V 1og(1/€))
< & - max(2, ﬂcfl/ZUZ)(l +1/0V log(1/£)).

The proof follows by letting ¢; = max(2, fc~/20.,). |

The following lemma characterizes a number of useful properties about the training data.
Lemma 20 There exists an absolute constant Cy > 1 such that for every large enough C' > 1 (with
C, Cy depending only on o) and for any 6 € (0,1/2), under Assumptions (SG1) through (SG3)
(defined for these C' and d), the following holds with probability at least 1 — 26 over Pg,:

1. The norms of the samples satisfy,

; Y2 1 :
M_1|§C [I%ll2 1og(6n/4) foralli € [n],

tr(X) tr(X) 7

and

dl | o [IZRllalon(6n/)

/i (32 ) tr( Eg )

2. The correlations of distinct samples satisfy,

1= 22i]s.
2

(zi, ;)| < Con/tr(X2)log(6n?/8), foralli# j.

3. The samples satisfy,

. tr(X max; ||x;
milon,-H2> (%) . [l -max |(z;, ;).

T Co/tr(X2) log(6n2/6)  ming [lz;l|? i

Proof
We prove the lemma in parts.
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Part 1: norms of samples. We first show concentration of the norms. Let x € {x1,...,z,}. Re-
call that z = $'/2z where the components of z are independent, mean-zero, and z has sub-Gaussian
norm at most o, with E[zz "] = I;. We can thus apply Hanson-Wright inequality (Vershynin, 2018,
Theorem 6.3.2), so that there is an absolute constant ¢ > 0 such that we have for any ¢ > 0,

ct?
P (]||x|| - \/tr(E)‘ > t) < 2exp <_a412\|2) ,

where we have used that ||[£1/2]|2, = 2% \; = tr(X). Choosing t = ¢~ /262, /|[Z |2 log(6n/9)

and using a union bound over z € {x1,...,z,}, we see that,
P (3i e [n] \szu ~ Vi ‘>c 1262\ /5] log(6n/9)) < 6/3. @1)
We now show a bound on ||$1/2z;]|? = 2 ¥%2;. Again fix x € {xy,...,2,}. We can employ a

nearly identical argument to above: since ||X||% = tr(%?), by Hanson-Wright inequality, for any
t>0,

42
(‘HEI/QJUH Vtr(X2) ’ > t) < 2exp< 4HCEZH ) (22)
2
Choosing t = ¢~ /262 ,/||%2]|51og(6n/5) and noting that tr(%?) > || 2|5 implies
tr(32) + ¢ 202\/|[32[|2 log(6n/8) < (1+ ¢ /202)y/tr(52) log(6n/4),
by a union bound we get

P (Eli € [n] : |22 > (1 + ¢ /202)/tr(22) 10g(6n/6)> < 5/3. 23)

Using a completely identical argument used to derive (21), we also have

P <3i € [n] : ||I[=Y2z:]0q] — \/@

Part 2: correlations of samples. We now bound the correlation between distinct samples. Let us
fix j € [n] and consider ¢ € [n] \ {j}. Then there is a sub-Gaussian random vector z; with sub-
Gaussian norm at most o, such that (z;, z;) = 2, ©/22;. In particular, (z;, ;) = 2, € - ||/ 2z;]|
where £ is a unit-norm vector. Since z; is a sub-Gaussian random vector, this means that for some
c>0andanyt > 0,

> ¢ 202, /153, og( 6n/5)> <6/3. (24

P (1w )| > ¢, < (1+ ¢ 202) /ir(2) log(60/9) )

t2
<2 —c- . 25
= eXp( ‘ azu+c—1/2az>2tr<z2>log<6n/a>) =

Letting ¢ = ¢/[02(1 + ¢~'/?62)?], we can thus bound,
PEi#j: [(wi25)] > 1)
<P (Hz £ 5w, z)| > t\uzl/%,n < (1+cV262) /(22 10g(6n/5)>

+P <E|j 12225 > (1 + ¢ V2602) /1 (22) log(6n/5))

D o2 cr 0 26
n’ exp T (22)log(6n/0) ) T 3 (26)
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where (i) uses (23). Choosing t = (¢/)~/2,/tr(X2) log(6n?/§) and using (25), we get
i (31’ 250 o, x| > () "V2/tr(22) log(6n2/6) ) @7)

Combining the above display with (21) and (24) and using a union bound, we get that with proba-
bility at least 1 — 24,

|| ~1_2 /IZll2log(6n/9) '
\/:;7_1' < g2 %gz)n, forall i € [n],
||[21/2ﬂ%]2d” 1‘ < 12 I123.4ll210g(6n/0) 1 e [n], =

V(3 24 Z tr(E2 @) ’
(i, ;)] < (¢)7H2/tr(22) log(6n2/5), for all i # j.

This completes the first two parts of the lemma.

Part 3: near-orthogonality of samples. We now show an upper bound on R = max; j ||z;|/||x;||-
Note that with probability at least 1 — 24, (28) holds, and we shall show that this implies that for an
absolute constant Cy > 0 we have,

min; || z;||? tr(2)
R?maxiz; [(zi,25)] — Coo.\/tr(22) log(6n2/5)

By Assumption (SG3) we have

_|IX]l2log(61/6) HEleog(6n/5) Vir(22)log(6n/d) 1
O ) () =c @9

Thus by (28), we see that the quantity R = max; ; ||z;||/||z;|| satisfies

—
g [l
1+c_1 2/
- l—c_laz\f
@) 14 ¢ 1o2/\/C
S - e -
1—c162//C
(id) 20152\ 2
< (1+ C\ﬁg) . (30)

Inequality (¢) follows by (29), while (i¢) uses the inequality 1/(1 —x) < 1+ 2z on [0, 1/2] and
holds for C' > 1 large enough. In particular, by taking C' larger we can guarantee R is closer to one.
Next, we have by part 1 and part 2 of this lemma,

min; || ||? - tr(X) (1 — ¢ to2V/%) - tr(%) (1 - 0_103/\@)
maxiz;j [(zi,25)] 7 (¢)=1/2/tr(32) log(6n2/6) ~ (¢)~1/2/tr(%2) log(6n2/6)
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For C' > 100c¢~ 202, by (30) we have 1 — ¢~ '02/+/C' > 0.9 and R~2 > 0.68. We therefore see that
for C' large enough,

min; ||z < tr(X)
R2max; [(zi, 25)| ~ 2(c/)=1/2/tr(22) log(6n2/68)

C.2. Proof of Lemma 5

We next prove Lemma 5: as C' grows in Assumptions (SG1) through (SG3), the training data
become p-orthogonal for large p and max; j l12:l1%/||z (2 — 1.

Lemma 21 There exists an absolute constant Cy > 0 (depending only on o) such that for every
large enough constant C > 0, for any 6 € (0,1/2), under Assumptions (SG1) through (SG3) (defined
for these C and ¢), with probability at least 1 — 25 over Pg,, the training data is C/cy-orthogonal,
and max; j l=il*/|l;12 < (1 + C1/vO)L

Proof First, note that all of the results in Lemma 20 hold with probability at least 1 — 25. We shall
show that the training data being C'/C}-orthogonal and that max; ; [:l*/|z;|2 are a deterministic
consequence of this high-probability event. By Lemma 20,

tr(% il
1“( ) maXszlH maX|<xm$J>|

Cor/tr(22) log(6n2/8)  min; [[a]]2 iz

By Assumption (SG3), this means

min [|z;|* >
(2

C maXz HxZH nmax‘<xzyx]>’

2> e el
mmelH = Co  ming [|z;]? i#]

In particular, the training data is C'/ C’o—orthogonal (see Definition 1).

W then by part 1 of Lemma 20

we have
VErE)(1 - Cove) < llaill < VEr(S)(1 + Cov/e).

By Assumption (SG3) we know ¢ < 1/C (see (29)). Therefore for C' > 1 large enough, using
1/(1—2) <1+2zforxz e [0,1/2],

|zill 1+ CovE 14 Co/VC < 200)
R = 14+ 2=
e uxjugl—owé—l—oo/f e

This completes the claimed upper bound for R. |
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C.3. Proof of Theorem 6

We now begin to prove that if w is 7-uniform, i.e. there are strictly positive s;, ¢ = 1,...,n such
that w = > | s;y;x; and max; j si/s; < 7, then the first component of w is large and positive.
By Lemma 19, this is one step towards showing the test error of this linear predictor is close to the
noise rate.

To begin, note that since y; = sign([xz;]1) for i € C and y; = — sign([z;]1) for i € N/, we have,
n
[z y] SDIUTEAES SNIEHES SRR ULt
i=1 1 1eC ieN iEN

Thus, in order to show that this quantity is large and positive, we would like to show the first term
is large and positive while the second term is not too negative. We do so in the following lemma.

Lemma 22 There exists a universal constant C > 1 (depending only on n and o) such that for
any § € (0,1/3), ifn > (1 log(2/8) then with probability at least 1 — 39 over the training data
{(2i,yi) }iey ~ P& the following holds:

D il 2 nv/ M Elli)] (1 Syed 1g<§/f5>> and
> | < nV/ M E[|[2h]] <n+c;ﬁ 10g<3/5>> _

ieN
Proof By definition, there are i.i.d. z; ~ P, such that z; = »1/2; In particular, [z;]1 = Vv 1[zi]1,
so thus it suffices to bound the sum > 7", |[z]i]| = )\_1/ 2 Yoy |[xi]1| from below and the sum
> ien | [zi]1| from above.
Let us denote v := E |[z;]1]. Note that since P(|[z]1| < t) < ft, by taking t = 1/(2/3) we see
that

o =E|[z]] > ;ﬂ. 31)
The quantity |[2;]1| — « with sub-Gaussian norm at most c;o, for some absolute constant ¢; >
0 (Vershynin, 2018, Lemma 2.6.8), and is i.i.d. over indices @ € [n]. Therefore, by Hoeffding’s
inequality, this means that for some absolute constant ¢ > 0 and any ¢ > 0,

12
IP’( 2t>§2exp<—6712>.
UZ

Choosing t = ¢~ /20,/1og(2/8)/n and using (31) we get that with probability at least 1 — 4,

llOg 2/(5 Z‘ Z,L ’ > nev ( 46_1/20'2I8 10g(§/6)>

(32)
Using the same argument (and assuming without loss of generality that |A/| > 0, since otherwise
we can just ignore this term entirely), we get with probability at least 1 — 4,

1 log(2/4)
V] % i VT

n

=S (l=h] - o)

i=1

n

> (l=ih] - o)

=1

<c Y, (33)
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From here we see it is necessary to control the number of noisy points. The number of noisy points
|\ is the sum of n independent, identically distributed random variables with mean 7. Thus, by
Hoeffding’s inequality, for any v > 0,

2
P (V] = nn| > w) < 2exp (—ij) |

In particular, selecting u = /nlog(2/0)/2, we see that with probability at least 1 — 0,

n n

M) < fosem)

Rearranging we see that

—y/nlog(2/6) < |N| < nn+ +/nlog(2/9d).

Since 7 is an absolute constant, using the lemma’s assumption that n > C7 log(2/4) we get for C

large enough relative to =2,

2 1og<2/6>> .
n 2

nn —/nlog(2/§) = nn <1 -

and therefore

S < W <o+ Valog(2/0) (34)

Substituting the two previous displays into (33) we get

_y [log(2/¢)
>zl € INa <1+c 20,07t N\)

ieN
< na (n+ 1g<2/5>> | <1+4c-1/2025 2nlg<2/6>>

n

an—11] 2
< o (n 121 5 770g</5>> |

n

The second inequality uses (31). The last inequality uses the lemma’s assumption thatn > C] log(2/4)
for a large enough C] and that 7! is an absolute constant. Taking a union bound over the three
events and taking C{ large enough completes the proof since o, and 7 are absolute constants. W

We now show that a 7-uniform classifier u has a large and positive first component while
|[21/2u)g.q|| is small with high probability. By Lemma 27, this suffices for showing generaliza-
tion error near the noise rate.

Lemma 23 Let 7 > 1 be a constant, and suppose n < % — A for some absolute constants 1, A >
0. There exists an absolute constant C > 1 (depending only onn, ., 3,7, and A) such that for any
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d € (0,1/5), under Assumptions (SG1) through (SG3) (defined for these C and &), with probability

at least 1 — 56 over P, if u =" | s;y;x; € RY is T-uniform w.r.t {(x;, yi) Hy Y Psg then

sg’

[ulp > TA?;O;\/AT

In particular, if[21/2u]2;d =% 0 then

[u]; > A . A1
=Y 2ulaall — 128\ tr(35,)

Proof First, by a union bound, for C' sufficiently large the results of both Lemma 22 and Lemma 20
hold with probability at least 1 — 50. In the remainder of the proof we will work on this high-
probability event and we shall show the lemma holds as a deterministic consequence of this.

By definition, y; = sign([z;]1) for ¢ € C and y; = —sign([z;]1) for i € N. Since u is 7-

uniform, there exist strictly positive numbers s; such that u = > | s;y;2; with max; ; a2
J

(min si> . and ||[EY?u)aq]| < gn <maxsi> tr(%2)).

Thus we can write,

[ul, = [Z Sz'yz'wi] = sillzi| = > sillzilal

1 ieC ieN
n
=Y sillzdi| =2 sillwi]
i=1 ieN
n
zmjnsiZ\[xi]l\—QmaxsiZ][a:i]l\. (35)
Bl b e

Let us denote o := E|[z]1]. Recall by (31) that the assumption of anti-concentration on [z]; implies
a > 1/(4p3). Now using Lemma 22, we have,

[u]; > no/ A (miinsi> (1 - 1B k)g(i/é))
— nay/ AL (m?x 3i> (2?7 +20C48 log(j/é)>
> nay/A <m}f18i> 1-Cip log(s/é) -7 (Zn +2C1 log(i/a)ﬂ

(Zi)na\/rl<mjnsi> 1-C1p log(s/é)—7<71_—2A+2015 log(j/é))]

The inequality (7) uses the lemma’s assumption that n < 1/(27) — A. Rearranging the above, we

see
[u], > nay/ A (miinsz) 27A — 015\/@_ 27015\/@]

1
> 57Ana\/)\1 (mjn 3i> > 0. (36)
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The final inequality uses that 7, A, 5 are absolute constants and by taking C' large enough so that
n > C'log(2/6) implies the inequality.
Next, we want to bound || [Zl/ 2u)9.4||. We will use the first part of Lemma 20 to do so. We have,

H [21/214 2:dH = |2 Siyizl/zfci]zd“

<n (max sz> max H [21/2%} _ H

Y | 1)
Sn(maxs’) tr(33,4) (1+C \/H S.al2 Og 6”/ ))

log(6n/d
—n <mzax Si> tr(%3,,) <1 + CO\/Stablegéznl{(ézsz

3
< " (max si> tr(x2)). 37)

The final inequality uses Assumption (SG2) so that StableRank(X9.4) > C'log(6n/d) and follows
by taking C' large enough. Putting (36) and the above together, if [El/ 2u]9.q # 0 we get

B TR min; s;
|| [El/Qu]ZdH -3 max; S;
Since by (31) we have o > 1/(4f), this completes the proof. -

We are now in a position to prove Theorem 6. For the reader’s convenience, we re-state it below.

Theorem 6 Let 7 > 1 be a constant, and suppose n < % — A for some absolute constants
1, A > 0. There exist constants C,C’ > 0 (depending only onn, o, 3,7, and AA) such that for any
5 € (0,1/7), under Assumptions (SG1) through (SG3) (defined for these C' and §), with probability
at least 1 — 75 over P&, if u € RY is T-uniform w.r.t. {(z;,y;)}_,, then

forallk € [n], yi = sign ((u, :L‘k>), while simultaneously,

. tr(x2 ) 1 A2
1 < Pl y)apy (v # sign((u, 2))) <+ C' )\22 Tl 0Vl tr(EI%d) '

In particular, if tr(X3 ;)/A\3 = o(1), then the linear classifier v + sign({u,z)) exhibits benign
overfitting.

Proof By a union bound, with probability at least 1 — 74, the results of both Lemma 23 and
Lemma 20 hold, and we showed previously that Lemma 5 is a deterministic consequence of Lemma 20
and the Assumptions (SG1) through (SG3). In the remainder of the proof we will work on this
event and show that the theorem holds as a consequence of these lemmas and Assumptions (SG1)
through (SG3).
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Since u is 7-uniform, there exist strictly positive constants s; such that u = > | s;y;x;. We
first show that u interpolates the training data: for any k& € [n] we have

(w, ) = skllzll® + Y (siviwi, yra)
ik
> spllag]|* — nmaxs; - max|{z;, ;)]
i 7]

 sellall? (1 - nmax; §; - max;+; [(x, ;)|
skll@kll?

> Sk”kaQ (1 B NT MaX;t£j |<£Cl,l‘]>‘>

A
(@) Cq7
2 sillzl? (1 - )

C
(1) 1
> Zsullanll” (38)

The inequality (i) uses that the training data is C'/C1-orthogonal by Lemma 5, while (i7) follows
by taking C' > 2C'y7. This last quantity is strictly positive by Lemma 20. Thus, u interpolates the
training data.

We now show the generalization error is close to the noise rate. By Lemma 19, if [21/ 2u]2:d =0
then since [u]; > 0 by Lemma 23, we have P(, ,)p,, (y # sign({u,z))) < n and the proof is
complete.

Thus consider the case that [©1/2u]y.g # 0. Let ¢ := A/(12), where ¢ < 1 is an absolute con-
stant (assuming w.l.o.g. 5 > 1) as A, ( are absolute constants by assumption. Then by Lemma 23
we have,

[ul1 A _
[ 2u]o.q) — 126\ tr(23,,)

(39)

Applying Lemma 19 there exists ¢; > 2 such that

, c1[|[[Z2u.q]] Vi[uli
P(Ivy)NPsg (y 7& Slgn(<uvx>)) <n+ W <1 + \/0 V log (WM)) . (40)

We now consider two cases.

Case 1: ¢!y /tr(¥2,)/A\? < 1/2 . Since the function £ — &(1 4 /log(1/€)) is monotone
increasing on the interval (0,1/2], for any §,&' € [0,1/2] satisfying £ < & we have £(1 +
log(1/€)) < &'(1+ /log(1/¢")). By (39) and the case assumption, we have

[l < c (23, <1 (41)
\/)\71[141 B /\% -2
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Thus continuing from (40),

P y)py (1 # sign({u, z))) < n+ | ] <1 n \/log <0 y W))

\5\1 [u]1 El/ZU]z:dH
o, el o (| \/1og < VALl )
\51 [u]1 ||[21/2u]2:d”
(i) c2tr(%2,) A2
ey U ey

(i) (32, 1 A2
= ntac 2 * 2 %\ u(xZ)

Equality (7) uses that log(x) > 0 for z > 1. Inequality (i7) uses (41). The final inequality (ii7) uses
thatc < land a < a V bforany a,b € R.

Case 2: ¢!y /tr(32 ;)/A? > 1/2. In this case it is trivially true that

tr(%2 ) 1 A2
P ‘ < L Szd e fovSd L
ey 7 sign(fu,a))) <o+ ene™ = (*V 2 \uzz,)) )

since ¢; > 2 and ¢~y /tr(32 ;)/A? > 1/2 the right-hand-side is at least 1. From this we see that
the theorem follows by taking C’ = ¢;c™ 1. [ |

C.4. Proof of Corollary 7, Corollary 8, and Corollary 9

This section contains proofs of Corollary 7, Corollary 8, and Corollary 9.

Corollary 24 Suppose 0 < n < 0.49. There exist constants C,C’" > 0 such that for any § €
(0,1/9), under Assumptions (SG1) through (SG3) (defined for these C' and §), with probability at
least 1 — 96 over P, the max-margin linear classifier w = argmin{||wl|® : y;(w,z;) > 1Vi}
satisfies

forallk € [n], yi = sign ((w,z)), while simultaneously,

‘ tr(%2 ) 1 A
n S ]P)(:B,y)'\fpsg (y 75 Slgn(<w7 I>)) S 7 * Clm (1 ! \/O Y 5 log <tr(21%d)> ‘

In particular, if tr(X2.;) /A2 = o(1) then w exhibits benign overfitting.

Proof By a union bound, both Theorem 6 and Lemma 5 hold with probability at least 1 — 99 and any
T-uniform linear classifier exhibits benign overfitting in the sense described in the theorem, with the
noise tolerance determined by 7. Thus, we need only verify that working on this high-probability
event and using the assumptions, the linear max-margin solution is 7-uniform and that 7 is small.
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By Lemma 5, the training data is C'/C;-orthogonal and we have the following upper bound for
R?,

max; ||z; 2 c\* 100
RYP= — 10 < (14— ) <—. 42
mimy e = \UTVE) S 00 “42)

The last inequality follows by taking C' to be a large enough absolute constant. Therefore Proposi-

2

m) . In particular,

tion 3 ensures that the linear max-margin w is 7-uniform with 7 = R? (1 +

2 201
<R(14+-—— " J<ZZ
= (+CR2/01—2>_198

The final inequality uses that R? < 100/99 and by taking C' > 1 large enough. Thus the max-
margin linear classifier is 7-uniform with 7 < %. Since % > % > 0492, ifn < 049 =
0.492 — 0.002 we can apply Theorem 6. |

Corollary 25 Suppose that 0 < n < %. There exist constants C,C" > 0 such that for any

d € (0,1/9), under Assumptions (SG1) through (SG3) (defined for these C and &), with probability

at least 1 — 99 over Peg any KKT point W of Problem (3) satisfies

forallk € [n], 1y = sign (f(xk, W)), while simultaneously,

' tr(22, 1 AR
1S Boyyep (3 7 siEm (F(@:W))) < n+C° (Afw) (1 ’ \/0 ol (tr(Elé-d)» |

In particular, if tr(33 ;) /A} = o(1) then the neural network f(x; W) exhibits benign overfitting.
Moreover, for any initialization W (0), gradient flow converges in direction to a network satisfying
the above.

Proof Just as in the proof of the preceding corollary, by a union bound, with probability at least 1 —
96 both Theorem 6 and Lemma 5 hold and any 7-uniform linear classifier exhibits benign overfitting
with probability, with the noise tolerance determined by 7. By Lemma 5, the training data is C/C} -
orthogonal, and thus for C' > 3C;y~3, we may apply Proposition 4 so that sign(f(z; W)) =

sign((z, z)) where z is T-uniform w.r.t. {(z;,y;)}" for 7 = R?y~2 (1 + ,YCRQ#/CFQ) Lemma 5
also implies that R? < (1 4+ C1/VC)* < 2 for C large enough. Hence, for C' large enough,

T < %7_2. Since % > 12332 > 0.492+2, if n < 0.499% = 0.49272 — 0.002y? we may apply
Theorem 6 since +y is an absolute constant. |

Corollary 26 Suppose 0 < n < %, Then for the distribution Pgays, for any 6 € (0,1/9), if

p € (Y2,1), d = Qn*=P), and n = Q(1), then Assumptions (SG1) through (SG3) are satisfied.
Moreover, with probability at least 1 — 9 over Py, s, KKT points of Problem (3) exhibit benign
overfitting:

forallk € [n], vy, =sign (f(ack; W)),
while simultaneously, 1 < P ) p,,. (y # sign (f(a:k; W))) <n+0 (d%(l_Q/’)) =1+ o0q4(1).
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Furthermore, for any initialization W (0), gradient flow converges in direction to a network satisfy-
ing the above.

Proof First, it is clear that Pg,,s is an instance of Psg, since Y12z is an isotropic Gaussian which

clearly satisfies the anti-concentration property P(|[z]1| < t) < [t for § = 1/v/27. We thus
need only verify that assumptions (SG1) through (SG3) are satisfied and that tr(Eg: 2/ A? is small.
Clearly, StableRank(X.4) = d — 1 and
tr(¥)  d’+d-1
Vir(E?) Va2 +d—1
By assumption, p € (1/2,1),s0d” +d — 1 = ©(d), while d*” + d — 1 = ©(d?"). Therefore,
tr(X)
Vtr(X2)

Thus, we see that if n = Q(1) and d = Q(n'/(1=7)), then assumptions (SG1) through (SG3) are
satisfied and hence Theorem 6 and Corollary 8 apply under the stated assumptions on the noise rate
7. On the other hand,

= 0(d"").

tr(zgsd) _ d—1
A dzr
Since p > 1/2, we see that tr(X3,)/\? = 04(1), and thus the test error of KKT points of Prob-
lem (3) are at most

tr(22, ) 1 A2 ~ o1
Oy | —=2d [ oV =1 1 —n+ 021720 = 1).
VTR (W 1ot () ) =00 <t

= 0(d'"%).

Appendix D. Proofs for clustered data

In this section we provide the proofs for Section 5. Our proof strategy mirrors that we used for the
proof of Theorem 6 in Appendix C, and can be summarized as follows:

1. We first show that in order for a linear classifier = — sign((w, z)) to achieve small test error,
it suffices to have (w, y(q)u(Q)> be large and positive for each ¢ € Q.

2. Propositions 3 and 4 show that the max-margin solutions for linear classifiers and leaky ReLU
networks correspond to 7-uniform classifiers when the training data is p-orthogonal. To use
this result, we thus need to characterize the norms and pairwise correlations of the examples.
Additionally, note that if w € R? is 7-uniform w.r.t. {(z;,3;)}" . then w = 31| s;y2;
for some s; > 0. Thus by the first step above, we see it will be helpful to characterize
(yizs,y D p D) for samples i € [n] and clusters ¢ € @Q. Lemma 28 provides some initial
bounds that help us with these goals, and Lemma 29 collects all of the important properties of
the training data that we will use. In particular, Lemma 10 will follow from Lemma 29, and
the test error bound in Theorem 11 for 7-uniform classifiers will crucially rely on this lemma
as well.
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3. We then prove Theorem 11 by utilizing the above properties.

4. The proofs of Corollaries 12 and 13 then follow by a direct calculation.

D.1. Preliminary concentration inequalities

Our first lemma provides a generalization bound for any linear classifier over Pj,s;.

Lemma 27 There exists an absolute constant ¢ > 0 such that ifw € R is such that (w,y? (@) >
0 for each q € [k], then

. R (w, plD))?
IP>('737:U)NPclust (y ;é Slgn(<w’ I'>)) S T] + % Z eXp —C— 15 .
q=1

lw]?

Proof We use an identical proof to that of Lemma 19. By definition of P, we have y = ¢ (the
‘clean’ label) with probability 1 — n while y = —gy with probability 7. Thus we can calculate,

P, y) P (U 7 Si80((w, 2))) = P19 py (y(w, ) < 0)
= Pla )P (YW, 2) <0,y = —7)
+ Pla )P (w0, ) <0,y =)
<0+ Pl )by, (Y{w,2) <0,y = 7). 43)

We can bound the second term above as follows,

k
- 1
P(x,y)NPc|u5t(y<wax> < 07 Yy = y) = E ZPZNP’Z(<w7y(q)IU'(q) + y(q)z> < O)
qg=1
k
1
= E ZPZWP'Z(<w7y(Q)Z> < _y(q) <wau(q)>)
qg=1
_ly (w, p0)?
S E q:ZleXp —C ||wH2 .

In the last inequality we have used that 3@ (w, u(?) > 0, as well as the fact that y(9)z is sub-
Gaussian (with sub-Gaussian norm at most the absolute constant o) and Hoeffding’s inequality.
Substituting the above into (43) completes the proof. |

Due to Proposition 3 and 4, we are interested in the behavior of classifiers defined in terms of
w € R? that are 7-uniform w.r.t. the training data. Such classifiers take the form Yoy S,
where s; > 0. By Lemma 27, to show x +— sign((w, x)) has small generalization error, it therefore
helpful to characterize (y;z;, u(‘I)> for different clusters q. We begin to do so with the following
lemma.

Lemma 28 Let P/, be a distribution such that the components of z ~ P, are mean-zero, indepen-
dent, sub-Gaussian random variables with sub-Gaussian norm at most one; and for some absolute
constant k > 0, kd < E[||2]|?] < d. Let 6 € (0,1). Suppose that {z;}1*_, bk P, and let vy, ... vy
be any collection of vectors in R%. There are absolute constants C,Cy > 1 such that provided

d > Clog(n/é), the following hold with probability at least 1 — 4.
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(i) Forall1,

—2
/{d(lcl Kloim/é))SHziHQSd(lnLCl de/d)>

(ii) Foralli # j,

(2, 2j)| < C1y/dlog(2n /).
(iii) Foralli=1,...,kandj=1,...,n, [(v;,zj)| < Ci|lvi||\/log(2nk/é).

Proof We prove the lemma in parts. We use an identical argument to Chatterji and Long (2021,
Lemma 16).

For the first part, fix i € [n]. The quantity ||z;||? is a sum of d independent random variables
that are squares of sub-Gaussian random variables with norm at most one, and thus by Vershynin
(2018, Lemma 2.7.6), this is the sum of d sub-exponential random variables with sub-exponential
norm at most one. Thus by Bernstein’s inequality (see (Vershynin, 2018, Theorem 2.8.1)), there is
some absolute constant ¢ > 0 such that for any ¢ > 0,

42
P(|||z]]2 — B ||z]|?| > t) < 2exp (—c (t A d>> .
Choosing t = ¢~ /dlog(2n/5), we see that

d>c2log(2n/8) = tAt?/d = c ?log(2n/s).

Thus, we have
P (3 [zl — B[]} > ¢! /dlog(2n/8) ) < 6.

By assumption, kd < E[||z]|?] < d. Using

kd (1 —ct W) = kd — ¢ t/dlog(2n/9),

d+c1y/dlog(2n/8) = d (1 + 61\/1@5(2;/5)> :
we thus have

—2
P (31 : kd (1 —c! 'W) > ||z]|? or || z]|? > d (1 + c—lw/bg@d’ﬁ‘/é)» <.

(44)
Next, note that for any ¢, j € [n], and any t > 0,
P(I(zi, )| = 8) < P (2 )] = lllz5]l < V2d) + Pl > v2d).

For 7 # j, conditional on z;, since z; has independent sub-Gaussian components with sub-Gaussian
norm at most one, the random variable (z;, z;) is mean-zero sub-Gaussian with sub-Gaussian norm
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at most ci|z;|| for an absolute constant ¢; > 0 (Vershynin, 2018, Proposition 2.6.1). Thus by
Hoeffding’s inequality (Vershynin, 2018, Theorem 2.6.3) we have for some absolute constant co >
09

t2
P (1) 2 tllsl < Vd) < 2exp (a5 ).

Letting t = 051/2\/2d log(2n?/§) and we see that
5 )
P (\(zz,zj ) > 02 2d log(2n?/9) ‘||z]\| < V2 ) ot

Using this and (44),

P( for some i # j,|(z;, zj>| > ¢y /*\/2d1og(2n2/5))

< n?P (|(zl,z] | > 02 \/2dlog (2n2/0)] ||zl < V2 ) + P(for some j € [n], ||z;]| > V2d)

< 24. 45)
In the last inequality we are using the lemma’s assumption that d > 4c=2log(2n/§) so that
{llz]1* > v2d} < {J|z]1* > d(1 + ¢ ' \/log(2n/6)/d)}.

Finally, forv € {v1,...,v;} and fixed j, since z; has independent sub-Gaussian components we

know (z;,v) is a sub-Gaussian random variable with sub-Gaussian norm at most ¢ ||v||. Therefore,
by Hoeffding’s inequality we have for some constant c3 > 0,

2
P (|(2,0)] = 1) < 2exp <—C3 . HtH2> .
v

Taking ¢ = c5 *||v||r/log(2nk/§) and a union bound over j € [n] and the k possible options for v,
we see that

P (Elj € [n],v € {vn,..., v} st |(z,0)] > c§1|]v||\/log(2nk/5)> <4

Using a union bound with (44), (45) and the above yields a total failure probability of 44 and
completes the proof. |

Next, we show how to use the above to say something about the training data. Recall that we

observe samples {(x;, y;)}7 Rk Pcust Which are noisy versions of {(z;, 7;)}7_ ;. We denote by
C C [n] the clean samples and ' C [n] the noisy examples, so that C UN = [n] = I. In particular,
fori € N, y; = —;, while for i € C, y; = 7;. We further use the notation cluster(i) = ¢; and
I'9 = {i € I : cluster(i) = ¢} and

Iéq) :={i e INC:cluster(i) = ¢}, I/(@) :={i € INN : cluster(i) = q},
so that 1@ = 139 U 1\,

Lemma 29 There is an absolute constant C| > 1 such that the following holds. For C > 1
sufficiently large under Assumptions (CLI) through (CLA4), with probability at least 1 — 79, items (i)
through (iii) of Lemma 28 hold (with v; = u(i) fori=1,... k), and we have the following.
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(i) Forall1,

d<1—01 o 5>) < !!wz-PSd(HCi oee s +02n>-

(ii) Foreachq € Qandi € I\9,

49 20) WO < O /g 20k /)

(iii) Foreachq € Q, ifi,7 € I'9 and i # j, then

[(wiv2) ~ 1P| < O/ og(2n]5).

(iv) Foreach q,r € Qwithq #r, ifi € I'D and j € I, then

(i, )| < max (D, D) + O/ dlog(2n/9).

(v) Forall g € Q,

9] 1 log(2k/9)
n k|~ no
and
01 o flosCRE) I flosR/d)
1] 1= n 0 ||1@) = n
Proof By definition,

sl = llzall® + [l + 2z, 6(®).

We first note that since d > Cn?log(n/d) by Assumption (CL2), with probability at least 1 — 46,
all of the results of Lemma 28 hold, where v, ..., v; are taken to be the cluster means, v; = ,u,(i).
We work on this high-probability event in the remainder of the proof.

By definition, since we have assumed E[||z||?] = d,

sl = 152l + 1292 4+ 2z, 0
log(2n/6 v .
> d (1 - cn/“d”) 1|2 — 204165y log(2nk/0)

log(2n/5)> |
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where we have used Assumption (CL3) (for C' > 1 large enough) in the last inequality. On the other
hand, by Lemma 28 we also have,

ol = =2+ 922+ 20z, 100
log(2n/6
=d (1 T Og(dn/)> + (|17 + 21 || 9|\ /log (20K /6)

é d <1 + 0 WW) + 2| pla) |2

—~
=

d
(i) log(2n/8) = 2
< 1 —_— 4+ — .
< d( + Cq d + Cn

The inequality (7) uses Assumption (CL3) and inequality (i) uses Assumption (CL2).
For the second part of the lemma, note that for i € I@, (u(@ z;) — ||pD|? = (2, p(?D).
Lemma 28 thus bounds the absolute value of this quantity.

For the third part of the lemma, consider those ¢ # j that belong to the same cluster. For these,
we have (%) = (%) 5o that

(i, ) = () + 23, D) + 25)
= |92 4 (25, {9 + (99 2 + (2, %)
By Lemma 28, we thus have

(i 25) = 119 1P] < [(zo U 90)] + (D, 25)] + (i, 2)]

< 2Cy max 119 || \/1og(2nk /6) + C1+/dlog(2n/6)

(i

< 201\/‘mgg;”‘:/5) + C1\/dlog(2n/9)

(id)

< 2C14/dlog(2n/9). (46)

The inequality (¢) uses Assumption (CL2). Inequality (i) follows since Assumption (CL1) implies
that for C' > 1 large enough, we have n > 10C3k so that

log(2nk/5) < log(2n?/8) < 2log(2n/9).
For the fourth part of the lemma, if i € 9 and j € I") for q # r,
iy a)| = (4% + 2, 1) 4 2)
< @, )| [ (2, )]+ (D, 20|+ [z, 2)]
< max (D, 1))+ 20 max 11911/ 1og(2nk/8) + C1+/dlog(2n/6)
qFr

< max (9, Y] + 2C1v/dlog(2n/5).
qFr

where the second-to-last inequality uses Lemma 28, and the last inequality uses an identical argu-
ment to (46).
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For the last part of the lemma, if ¢ € @) then the quantity

n

11@) = Z 1(cluster(i) = q)

i=1

is a sum of n i.i.d. random variables with mean 1/k. By Hoeffding’s inequality, for any u > 0,

P(‘|I(q)| - %‘ > u) < 2exp (_2nu2> .

In particular, selecting u = /n log(2k/0) and taking a union bound over the k clusters, we see that

with probability at least 1 — 4, for all ¢ € @,
< llog(Qk/é)'
n

Finally, let us denote by N, the number of noisy examples within cluster g,

12| 1
n k

P =Ny= > 1(i e N).

ie1(@)

Condintioned on the value of |I(?)|, since we are considering random classification noise, Ny is the
sum of |I(9)| independent, identically distributed random variables with mean

mg =P e N) =n.

By Hoeftding’s inequality, for any u > 0,

P (‘Nq - \I(q)|mq’ > u) < 2exp (—ég;) .

In particular, selecting u = \/|1(9)|1og(2k/4) and taking a union bound over the k clusters, we see
that with probability at least 1 — §, for all ¢ € @,

P | o [los(2k/8)
|I(Q)| - n

Since samples are ‘clean’ and in cluster ¢ with probability 1 —7, a completely identical argument

yields the bound for |I éq) |. Taking a union bound over the event in Lemma 28 and the three events
above leads to a total failure probability of 74. |

D.2. Proof of Lemma 10

We now show that under our assumptions on the problem parameters, the training data are p-
orthogonal for large p and the norms of each example are quite close to each other.
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Lemma 30 There exists an absolute constant Cy > 0 such for every large enough constant C > 0,
for any 6 € (0,1/7), under Assumptions (CLI) through (CL4) (defined for these C and ), with
probability at least 1 — 76 over Pqst, the training data is C/Cs-orthogonal, and max; j 1%:l*/||z |2 <
(1+C2/vT)2

Proof All of the results of Lemma 29 hold with probability at least 1 — 75. We shall show that the

lemma is a deterministic consequence of this high-probability event.
First, if i, j € I'9 and i # j, then by Lemma 29,

(2, ;)] < max [|ul? |2 4+ C;\/dlog(2n/8) < 20} max (max (92, dlog(2n/5)> :
q q

On the other hand, if i € 19 and j € I(") with ¢ # r, then

[(@ssey)| < max (D, u7)] + C1/dlog(2n/9)
< min |50 |2 + C4/Tog(2n/3)
< 20 (g |1, /(205 )
where in (i) we use Assumption (CL4). Thus for any i # j we have

(x4, ;)| < 2C] max (max 912, \/dlog(Qn/5)> . (47)
q

On the other hand, by Lemma 29 we also have

log(2n/6 log(2n/6 2
i1 -0y /18O i a2 < max [z < d [ 1 +0;\/L”/) ). @8
d 7 7 d C’n
‘We can thus bound
/log
min; ||$Z||4 > d
maxs; ”sz < /log(2n/5) + >

(1_01 /log 2n/5 ) ( log(Zdn/é) C?n)

(zz) 1
—d.
-2

(49)

In inequality (7) we have used that 1/(1 + z) > 1 — x for z > 0, and in inequality (ii) we have
taken C > 1 large enough in Assumption (CL2). Thus, we have

min; ||z ||* d d

> > -
max; ||z;]|* maxi; [(zi, z;)| — 2maxiz; [(zi, z;)| 2C] max (maxq | @2, dlog(?n/&))
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Rearranging and using Assumption (CL2), this implies

1 max; (B d

min 2] > ma (2, 25)

207 min; |22 max(max, [|p@ |2, \/dlog(2n/d)) i#i

> C max; H.T1H2 |< >‘
- -nmax |{(x;, x)].
— 2C]  min, ||z]? iy

In particular, the training data is C'/Cy-orthogonal for Cy := 2C (see Definition 1). Moreover,
by (48) we have

—1
R* < (1 +Cf log(izn/é) + 02n> : (1 - log(zn/5)>

=

i

< <1+C{/\FC+ C2n> : <1 —C{/\FC>_1
< (Hzc{/@)z.

—~

The inequality (i) uses Assumption (CL2). The final inequality uses that f/’% + % < % for C

large enough and that 1/(1 — x) < 1 + 2z for z € (0,1/2). [ |

D.3. Proof of Theorem 11

We now show that any 7-uniform linear classifier projected onto any direction of the form 39 ;(9)
is large and positive. By Lemma 27, this will be a key ingredient for a test error bound.

Lemma 31 Let u € R? be T-uniform w.rt. {(z;,y;)}, for some absolute constant T > 1.
Let A > 0 be an absolute constant and assume 1 < 7 = A. Then under Assumptions (CLI)
through (CL4), provided C' > 1 is a large enough absolute constant (depending only on m, T, and
A), then with probability at least 1 — 7§ over P" | for each q € Q,

clust’

(u,y Dpl?) VBL+ DA Vil
lul 7 4v107 kVd

Proof First note that with probability at least 1 — 74, the items in both Lemma 29 and Lemma 28
(with the vectors v; = ,u(i)) hold. We also showed that Lemma 10 holds as a deterministic conse-
quence of these lemmas. In the remainder of the proof, we will work on this high-probability event
and show that Lemma 31 follows as a deterministic consequence of Lemmas 28, 29, and 10 under
Assumptions (CL1) through (CL4).
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Since w is T-uniform, there are strictly positive numbers s; such that u = » " | s;y;x; and
max; ; si/s; = 7. Our proof consists in two parts: first, we want to show that for each ¢, the quantity

(u, y(q)/i(q)> = <Z Siyixiay(q)ﬂ(q)>

=1

k
= Z Z 5i<?/ixiuy(q):u(Q)>

r=14c1(r)
= > siwimn gy Pu D) 30 sy, y' 9 u?)

ieI(@) r#q icI(r)

is large. We will do so by considering the two terms above. Intuitively, when i € (9 then the
summands in the first term (y;z;, y(q),u(Q)> will be large and positive for clean points ¢ € [ éq) and
negative for noisy points ¢ € Ij(\‘/l-), and so as long as there are more clean points than noisy ones,
the first term will be large and positive. For the second term above, this term will not be too large
in absolute value since the clusters are nearly-orthogonal. After we show that the above holds, we
then want to provide an upper bound on ||u||%.

We will first show that the quantity (u, y(@ u(q)> is large and positive by considering the two
terms in the above decomposition separately.

(9)

First term: i € (@, In this case, we have (%) = p@. If i € IV, then y; = y(9, while if

1€ I/(\?), then y; = —y(@. We will thus show a positive lower bound for clean points and an upper
bound on the absolute value of noisy points.
We first provide a lower bound for clean samples ¢ € C. For such samples, x; = u(‘h’) + z; and
y; = %) = § and so
(siyiwi, y D) = s3(u@ + 2, pl9)
> s |1 = (i, i)

(21, (@)
= sl )P 1 - e
[ 2(2) 2

> s u)? (1 - G/ eIt/ ‘”) .

1]

Inequality (7) uses Lemma 28. Using an identical sequence of calculations, we can derive a similar

upper bound for | (s;y;x;, ({9 + z))| for noisy examples: we have for i € I @

’<31y2x17gﬂ(q)>’ - SZKM(q) + ZZ?M(Q)H
< s [P + [z, 1)

Ci+/log(2nk/é
SSiH,U«(Q)HQ <1+ 1 Og( n / ))

1]
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Putting the two preceding displays together, we get,

{Si@ixi,y(q)ﬂ(q» > 55| u@|2 (1 — %> e,

7 | (50)
jsifyi, gD p@)] < sillp @2 - (14 €y /B ) e 1P,

Second term: i € ("), r # ¢. Since ;(%) % ;{9 we have for both noisy and clean examples,

ity y )] = sl + 2,19
< (1) -+ max |, )
q#r

)
< s (Culll | fog(2ak /) + max | (@) 1)
Inequality (7) uses Lemma 28. Putting the above together, we get,

(u, y'D (D)

= Z Sz<yzxzyy ,u +Z Z Si yszz, )>

iel(@) r#q iel()
log(2nk/§) log(2nk/o
> 3 sl 2 (1- 0y [BCI ) S )2 (14 oy [2E200)
o @] - @]
i€l ey
=Y > s <C1H,uq)||\/log onk /&) +max\ >|>
r#q iel(r)
ns; ) (19)1@p2 (1 - log<2nk/5>_< ) @)11,,@2 log(2nk/3)
> (mins; | [157]||p 1-C max s; | [Ia7 ||| 1 1+
(s ) 121 ( Mo axcs; ) 11149 o
- <max ) (n—119). (clrm<q>||¢log<2nk/5> + max | (9, u<r>>|) . (52)
7 qFT
For notational simplicity let us define
log(2nk/§)
V=0 ———= K 1, (53)
ik
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where v small follows by Assumption (CL3). Since 7 := max; s;/ min; s; and |1 (q)\ = \IéQ)| +

|I/(\7) |, we can then write the above inequality as

(u, y'D (D)
ns ). (11O — 17D . 1,@)2(1 — ) — 7Dy, @2
> (wmins, ) - (119 = 1101) - [u@IP = w) — (macsi ) 1@ ] 6@ )21+ v)

= (mcss) 0= 119 - (P ma 49, )

@] (D)2 ‘I/(\% |IJ(\?)’
— (min s ||, oy (1— .
= (miln sz> ||| ]* |1 — v — (1 —v) 10 (1+v)r 1@

(N [ mas ()
T<|f<q>| 1) (”* PCIE

|
|I(Q)|

(@)
~ N mins ) 7@ @2 |1 — , . IV
= (milnsl> ||| '] [1 (I+7) 1@ <1 (1-7) ]I(Q)|> v
(Y. maxgzr [(p@, u7)|
(i) (”* WP ' o9

From here we see we need to control |1(9)| and ]I/(g) |. Using Lemma 29, we have

@] 1| _ [log(2k/9) iy _ . [log(2k/0)
n k|~ n ’ |1(@)] - n '

In particular, we have

n n k?log(2k/6) \ @ n
|I(q)’2%_ nlOg(%/&):E (1—W) > TR (55)

where inequality (i) uses Assumption (CL1) so that n > 4k?log(2k/d). We therefore have

—1< 2k,

|1(0)]
Substituting these inequalities into (54) and using that (1 — (1 — T)\Ij(\?) |/[I9D|) < 7, we get,

(15 D) 2 119 (i, ) - [1 (1) (n + log(ik/5)> ~ v

o maxg | (@, p)|
2h7 <u+ OTE . (56)

Algebraic calculations to finish the bound on (u,y(®;(?).  We now want to show that the

quantity appearing in the brackets in (56) is positive. Since by assumption n < H% — A for some
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absolute constant A > 0,

(@) ()
1_<1+T>.<n+ bg<2k/5>>_w_2k7,<y+maxq¢r|<u Y >|>

n W
(@) ()
Zl—(l—i—’]’)- — A+ M —rv — kT - V+Il’lan7g7«‘<M ) >|
btr n @]
(@) ,,(r)
(47 |A log(2k/9) _Tv o 2kT l/+maxq¢r|<u AR
no T TEr Taw gl
-2 -1 -1 (@) ,,(r)
A+ |1 A~?log(2k/5) TvAT'  2kTAT - maxgz, | (9, pl")| |
n LT e gl
(57)

For the second term in the brackets, Assumption (CL1) implies

A—2log(2k/H)

1
< —.
n -8

For the next two terms, note that 7 < 1 since 7 > 1. Since v = C1+/log(2nk/3) /|||, the
second term can be driven to zero by taking C' > 1 sufficiently large by Assumption (CL3) (namely,

ming [P || > Ck/log(2nk/9)):

TvA~L 1
< AL,
trr =0 Y T

log(2nk/d) < 1
J— 8'

Again using Assumption (CL3), for C' > 1 large enough we have,

-1
2kTAT e log(2nk/d)

<
T+ @ =

1
32
Finally, Assumption (CL4) implies that for C' > 1 large enough,

2krAT! maxg, (1@, u0)] 1

< .
147 HM(‘“HQ = 32

Putting the above into (57), we get

log(2 @, )
1-(147)-[n+ log(2k/9) oy — k7 |y DA ’<(/‘) 27# )|
" ||

2(1+7)A(1—;—1—1—1)>(1+27)A.
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Substituting this into (56), we get

(1) 2 119 (i, ) - [1 (147 (77 e ‘”) -

—okr . |y DKaAr (D), ()]
(]2

> 04 DAl (tmins )

(1+ T)n||u a) |2A (min; s;)
4k ’

DN =

¢ (58)

The inequality (¢) uses (55). This provides the requisite lower bound for (u, y(@ e ))
Upper bound on ||u||. Here we use the fact that the samples are nearly-orthogonal: we have,

n

Z SiYilq

=1

< Z stllaill® + ) sisjl (i, z)]

i#]

S Y PO
7 ? 1F]

= (macs? ) (o P+ e 1,2, )
i#j

i

n <

5 2 2
77 [ maxsi | ( max IEA|
4 i

(@)

<

(iZ log(2n/d) = 2

< <maxs d(l—i—C’1 T—i_@

(414)

< 1—30ndmaxs %59

Inequality (7) above uses Lemma 10. Inequality (i7) uses Lemma 29, and inequality (ii7) follows
by taking C' > 1 large enough by Assumptions (CL1) and (CL2). Putting (59) and (58) together,
we get,

<u, y(Q)M(Q)>2 N (1 +T)2n2|‘ﬂ(q)||4A2 min, 512 B 3(1 —|—7’)2A2 . nH'u(q)Hél
lul> = 16k2 - Pndmax;s? 16072 k2d

Taking square roots of the above completes the proof. |

Putting together Lemma 31 and Lemma 27, we can derive a generalization bound for the linear
classifier Y ;" | s;yix;.
1

Theorem 11 Let 7 > 1 be a constant, and suppose 1 < 1 — A for some absolute constants

17, A > 0. There exist constants C,C" > 0 (depending only on n, T, and A) such that for any
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d € (0,1/14), under Assumptions (CLI) through (CL4) (defined for these C and 0), with probability
at least 1 — 146 over P, ., if u € R% is -uniform w.r.t. {(x;,y;)}7;, then

forallk € [n], yi = sign ((u,z)),

nming [|(9]*
c'kd )

while simultaneously, 1 <P ) p, .. (y # sign((u, x>)) <n+exp <_

In particular, if nmin, |uD||* = w(k?d), then the linear classifier x v sign((u,x)) exhibits
benign overfitting.

Proof By a union bound, with probability at least 1 — 149, the results of Lemmas 31 and Lemma 10
hold. In the remainder of the proof we will work on this high-probability event and show that the
theorem is a deterministic consequence of it and the Assumptions (CL1) through (CL4).

Since u is T-uniform, there are strictly positive numbers s; such that © = Z?Zl Siyixi. We
shall first show this estimator interpolates the training data. An identical calculation used as in (38)
shows that

(u, yrer) = sellzr]) + Z(Siyﬂz‘, Ykk)
ik

> SkakHQ <1 _ NTINaX; |<$vaj>|>

el
(4) Cort
2 sillznl? (1 - )

C

Y

1 2
— > 0.
2Sk\|l‘k\|

The inequality (¢) uses that the training data is C'/Cy-orthogonal by Lemma 10, and we took C'
large relative to the absolute constants Co, 7
1

We now show the generalization error is close to the noise rate. Since n < 77 — A, by
Lemma 31, we know that for each ¢ we have,

(i sy yOpD)  VBA+ A l|p )
122 sl 4v/107 kVd

Now using Lemma 27, this implies that

k
o L1 3c(1 + 7)%nA% | p@)*
P, y)Pese (¥ 7 sign((, 2))) <1 tr z:: ( 16072k2d

nming || (@[
o )

where C” is an absolute constant independent of d and n. |
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D.4. Proof of Corollary 12 and Corollary 13

In this section we show how to use Theorem 11 and Lemma 10 to prove Corollary 12 and Corol-
lary 13.

Corollary 32 Suppose 0 < n < 0.49. There exist constants C,C’" > 0 such that for any § €
(0,1/21), under Assumptions (CL1) through (CL4) (defined for these C and §), with probability at
least 1 — 218 over P™ ., the max-margin linear classifier w = argmin{|w||* : y;(w, ;) > 1Vi}
satisfies

forallk € [n], yi = sign (<waf’5k>)7

i (9))4
while simulianeously, 1 < Bz.)~p,. (v # sin((w.2))) < +exp (‘W) |

In particular; if nmin, ||1\@||* = w(k2d) then w exhibits benign overfitting.

Proof The calculation is essentially identical to that used for the proof of Corollary 7. By a union
bound, the results of Theorem 11 and Lemma 10 hold with probability at least 1 — 216, and any
T-uniform linear classifier exhibits benign overfitting with noise tolerance determined by 7. We
therefore verify that the linear max-margin classifier is 7-uniform with small 7.

By Lemma 10, the training data is C'//Cs-orthogonal and R? = max; ; l1=il*/|;2 < (1 +
Co/\/C)?. Since for C' large enough we have C'/Cy > 3, by Proposition 3 this means the linear

max-margin w is 7-uniform with 7 < R? (1 + ) In particular, we have

2
cCy ' R2-2

Cy \? 2 > 100 201 201

T<|(l+—=|) 1+ 5T —=) <o 507 = Ta0a-

VC CCy R2 -2 99 200 198
The final inequality follows by taking C' > 1 a large enough absolute constant. Thus the max-
margin linear classifier is 7-uniform where 7 < 29L. Since 1 > 138 > (0.496, by taking n <

198" T+7 = 399
0.49 = 0.496 — 0.006 we may apply Theorem 11. |

Finally, we prove Corollary 13, again re-stated for convenience.
Corollary 33 Suppose that 0 < n < %. There exist constants C,C" > 0 such that for any
d € (0,1/21), under Assumptions (CLI) through (CL4) (defined for these C' and ¢), with probability
at least 1 — 216 over Py .., any KKT point W of Problem (3) satisfies

forallk € [n], yi = sign (f(mk; W)),

i (@)|4
while simultaneously, 1 < P ) pg.. (y # sign (f(g;; W)) < n+exp (_nmqu,uH) )

C'k2d

In particular; if nmin, ||p\@ ||* = w(k2d) then the neural network f(x; W) exhibits benign overfit-
ting. Moreover, for any initialization W (0), gradient flow converges in direction to a network which
satisfies the above.
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Proof As in the preceding corollary, with probability at least 1 — 214 the results of Theorem 11 and
Lemma 10 hold and any 7-uniform linear classifier exhibits benign overfitting with noise tolerance
determined by 7. By Lemma 10, the training data is C'/Cs-orthogonal for C' > 3Cyy~3 we may

apply Proposition 4 so that sign(f(xz; W)) = sign((z, z)) where z is 7-uniform w.r.t. the training

data for 7 = R?y2 (1 + W) Lemma 10 shows that R < 1 for C' large enough,
and hence 7 < 231y~ for large C. Note that m > 0.496v2. Hence, we may apply
Theorem 6 with 1 < 0.49v% = 0.496v2 — 0.006~? since + is an absolute constant. |

Appendix E. Experiment details

In this section we provide details for the experiment in Figure 1. We consider two-layer leaky ReLU
networks of the form (2) where v = 0.1 with m = 512 neurons, so that half of the second-layer
weights are fixed at +1/4/m and the other half at —1/y/m. We initialize the first-layer weights
using the TensorFlow default of Glorot uniform initialization. We assume data of the form (4),
where d = 800, ||u|| = d°?¢ and 1 = 0.15. We consider two settings: either n = 8000 or n = 100.
We train for 10° steps with learning rate v = 0.01 in each setting. The figure plots the average over
3 random seeds over the random initialization and the sampling of the data, with the shaded area
corresponding to the range of the minimum to the maximum accuracies across the three seeds.

56



	Introduction
	Preliminaries
	Properties of KKT Points for Nearly Orthogonal Data
	Benign Overfitting for Sub-Gaussian Marginals
	Benign Overfitting for Clustered Data
	Proof intuition
	Discussion
	Proof of Proposition 3
	Proof of Proposition 4
	Proofs for Sub-Gaussian Marginals
	Preliminary concentration inequalities
	Proof of Lemma 5
	Proof of Theorem 6
	Proof of Corollary 7, Corollary 8, and Corollary 9

	Proofs for clustered data
	Preliminary concentration inequalities
	Proof of Lemma 10
	Proof of Theorem 11
	Proof of Corollary 12 and Corollary 13

	Experiment details

