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Abstract

This paper proposes a linear bandit algorithm that is adaptive to environments at two different
levels of hierarchy. At the higher level, the proposed algorithm adapts to a variety of types of en-
vironments. More precisely, it achieves best-of-three-worlds regret bounds, i.e., of O(v/T logT)

for adversarial environments and of O(IXL_T +4/ %) for stochastic environments with adver-

sarial corruptions, where T, A, and C' denote, respectively, the time horizon, the minimum
sub-optimality gap, and the total amount of the corruption. Note that polynomial factors in the di-
mensionality are omitted here. At the lower level, in each of the adversarial and stochastic regimes,
the proposed algorithm adapts to certain environmental characteristics, thereby performing better.
The proposed algorithm has data-dependent regret bounds that depend on all of the cumulative
loss for the optimal action, the total quadratic variation, and the path-length of the loss vector se-
quence. In addition, for stochastic environments, the proposed algorithm has a variance-adaptive
regret bound of O(%) as well, where o denotes the maximum variance of the feedback loss.
The proposed algorithm is based on the SCRiBLe algorithm (Abernethy et al., 2012). By incorpo-
rating into this a new technique we call scaled-up sampling, we obtain high-level adaptability, and
by incorporating the technique of optimistic online learning, we obtain low-level adaptability.

1. Introduction

This paper considers linear bandit problems. In this class of problems, a player chooses, in each
round ¢, an action a; from a given action set A, which is a subset of a d-dimensional linear space.
The player then observes the incurred loss f;(a;) € [—1,1], where the (conditional) expectation
of f; is assumed to be a linear function, i.e., f; is expressed as fi(a) = (¢, a) + &;(a) with some
vector ¢; € R? and some noise ¢;. The performance of the player is evaluated in terms of regret Ry
defined as Ry(a*) = E [Zthl felar) — Z;‘FZI ft(a*)] and Rp = maxg+c 4 Rr(a®).

Algorithms for linear bandit problems have been proposed mainly for two different types of
environments: stochastic and adversarial. In stochastic environments, { f;} are assumed to follow
an unknown distribution D independently for all £. Consequently, we may assume that there exists
¢* € R? such that ¢, = ¢* and &;(a) follows an identical distribution for all £.! In adversarial
environments, the distributions of f; (and thus also ¢;) are decided arbitrarily depending on the
action sequence (as)g;ll that the player has chosen so far.

What we can do in linear bandit problems varies greatly depending on the type of environ-
ment. For stochastic environments, it is known that the optimal regret is of ©(log T") (Lattimore and

1. In standard stochastic settings, it is assumed that £+ (a) follows a zero-mean distribution for all a € A. Our proposed
algorithm, however, works well under milder assumptions, details of which are given in Section 2.1 and Remark 12.
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Szepesvari, 2017), ignoring the factor dependent on d, A and ¢*. For adversarial environments, the
minimax optimal regret is @(d\/> ) (Bubeck et al., 2012), where we ignore poly-logarithmic factors
with respect to d and T in the notation of O, Q and ©. A class of intermediate settings between these
two types of environments are called stochastic environments with adversarial corruption (Lykouris
et al., 2018), or corrupted stochastic environments. Environments in this regime are parametrized
by corruption level C', which measures the amount of the adversarial component. For this setting,
an algorithm achieving O((log T')? + C')-regret has been proposed (Lee et al., 2021).

The aim of this paper is to make possible the construction of adaptive algorithms that automat-
ically exploit certain specific characteristics of environments. In existing studies of bandit algo-
rithms, the concept of adaptability has been considered at two different levels, regarding which we
here refer to high-level adaptability and low-level adaptability. Algorithms with high-level adapt-
ability are designed to work well for different types of environments, e.g., stochastic and adversarial
types. Algorithms with low-level adaptability perform better in specific individual environments by
exploiting certain favorable characteristics that they possess, e.g., small cumulative loss or small
variance in loss sequences.

High-level-adaptive bandit algorithms that perform (nearly) optimally for both stochastic and
adversarial environments are called best-of-both-worlds (BOBW) algorithms (Bubeck and Slivkins,
2012). Among such algorithms, those that can adapt to corrupted stochastic environments are re-
ferred to as best-of-all-worlds (Erez and Koren, 2021) or best-of-three-worlds (BOTW) algorithms
(Lee et al., 2021). For linear bandit problems, Lee et al. (2021) provide a best-of-three-worlds
algorithm that achieves regret bounds of O((logT)?) for stochastic environments, of O(v/T) for
adversarial environments, and of O((log T')? + C') for corrupted stochastic environments.

Various types of low-level-adaptive algorithms have been considered for adversarial bandit prob-
lems. Representative examples are algorithms with O(\/F )-regret, where L* represents the cumu-
lative loss for the optimal action; such examples are said to have first-order regret bounds. In
addition to such algorithms, Hazan and Kale (2011) proposed an algorithm with a second-order
regret bound of O(\/C?) that depends on the total quadratic variation @) of loss vectors. Algorithms
of Bubeck et al. (2019) have regret bounds depending on path-length P of the loss sequence. An
algorithm for combinatorial semi-bandits proposed by Ito (2021a) achieves O(+/min{L*, Q, P})-
regret, which means that the algorithm simultaneously has first-order and second-order bounds as
well as a bound depending on the path-length of the loss sequence. These regret bounds, which
are referred to as data-dependent regret bounds, imply that algorithm performance can be improved
by exploiting certain environmental characteristics that are common in applications, such as small
variations in loss sequences or sparsity of loss. For the stochastic multi-armed bandit problem,
Audibert et al. (2007) proposed an algorithm with an O(ZZ(Z—ZQZ + 1) log T')-regret bound that de-
pended not only on the sub-optimality gap A; but also on the variance 012 of the loss. We refer
to such bounds as variance-adaptive bounds, and they can be considered to represent low-level
adaptability in stochastic regimes.

1.1. Contribution of this work

The main contribution of this paper is the proposal of a linear bandit algorithm that combines
high-level adaptability and low-level adaptability. It is a BOTW algorithm that achieves regret
bounds of O(log T') in stochastic environments, O(v/T') in adversarial environments, and O (log T+
v/ClogT) in corrupted stochastic environments, ignoring factors depending on d, A and ¢*. Fur-
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Table 1: List of parameters in regret bounds.

Parameter Description

TeN time horizon

deN dimensionality of action set

ACR?  action set (One may assume log(|.A|) = O(dlog T) w.l.o.g.)
9>1 parameter of a self-concordant barrier 1/ used in the algorithm

(One can choose 1 so that ¥ = O(d))
Apin >0 minimum suboptimality gap: Apin = Minge g\ (o} (¢*, @ — a*)

>0 asymptotic lower bound parameter: ¢* = ¢(A, ¢*) = O(d/Amin)

a2>0 maximum variance of loss: 0% = maxaec 4 E [(fi(a) — (€%, a))?]

L*>0 minimum cumulative loss: L* = ming«c 4 E [EtT:l fi(a*)

Q>0 total quadratic variation in loss sequence: () = mingpa E Ethl |6 — ¢ H;}

P>0 path-length of loss sequence: P = E [ZtT:_ll 1¢: — EtHHQ}

ther, the algorithm achieves first-order, second-order, and path-length bounds in adversarial envi-
ronments. Simultaneously, it has variance-adaptive regret bounds for (corrupted) stochastic envi-
ronments.

The proposed algorithm (Algorithm 1) follows the approach of SCRiBLe (Abernethy et al.,
2008a, 2012) which stands for Self-Concordant Regularization in Bandit Learning. This approach
uses a class of functions known as self-concordant barriers (Nesterov and Nemirovskii, 1994) as
regularizers. Self-concordant barriers are characterized with a parameter 9} > 1 that can be assumed
to satisfy ¢ = O(d), details of which are given in Section 2.3. The regret bounds of our algorithm
can be expressed with parameters explained in Table 1, including the parameter ¢, as follows:

Theorem 1 (informal) In adversarial environments with £¢(a) = 0, the regret for Algorithm 1 is
bounded as Ry = O (d\/é‘ min{7, Q, P} log T). Further, if fi(a) > 0foralla € Aandt € [T],
we have Rp = O (dv/IL*1ogT). In stochastic environments (i.e., if {y = (* for all t), we have
Ry =0 (( AdUQ + 1)d9 log T). In corrupted stochastic environments with the corruption level

C =L | ||t; — t*||2, we have Ry = O <(Ad:jn + 1)ddlog T + \/C : (Aﬁn +1)d29 logT>.

Table 2 provides a comparison of our regret bounds with those in existing studies. For stochas-
tic settings, the tight asymptotic regret given .4 and ¢* can be characterized with ¢* = ¢(A, £*), a
definition of which can be found in, e.g., the paper by Lattimore and Szepesvari (2017). They have
provided an algorithm that achieves an asymptotically optimal regret bound of Ry = c¢*logT +
o(logT'). However, such asymptotically optimal algorithms are not necessarily optimal in envi-
ronments with small variance o2. In the case of ¢* = Q (( Ad‘72 + 1)d19>, the proposed algorithm
provides a better regret bound. We would also like to emphasize the fact that our stochastic regret
bound includes only a single log T" factor, while the bound by the BOTW algorithm of Lee et al.
(2021) includes a (logT)? factor. On the other hand, the results by Lee et al. (2021) are better
than ours in that their regret bounds are c*-dependent and hold with high probability while ours
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Table 2: Regret bounds for stochastic and adversarial linear bandits. Bounds depending on L* are
applicable when f;(a) > 0. Bounds depending on () or P are applicable when £;(a) = 0.

Algorithm Stochastic Adversarial

Bubeck et al. (2012) 0 ( T log(|A|)>
Abernethy et al. (2008a) O (dv/9T1ogT)

Ito (2021a) 0 (d\/min{T, I*,Q, P}(log T)2)
Lattimore and Szepesvari (2017) c*logT + o (logT)

Lee et al. (2021) O (c*log(T|A|)logT) O (\/cﬁlog(T|A| log T))
Dann et al. (2023a, Theorem 3) O Adii logT O (dvIL*1ogT)

Dann et al. (2023a, Corollary 7) O Adjin logT O (dy/TlogT)

Dann et al. (2023a, Corollary 12) @) (dl%ﬂ:‘” log T) @) ( dT log(|A|)>

[This work] O (( A 1 1)d9 log T) O (d\/ﬁ min{T, L*, Q, P} log T)

are gap-dependent and hold in expectation. Note that the extra log T factor is unavoidable for a
high-probability bound as mentioned in their Appendix D.

For adversarial environments, Ito (2021a) has provided an algorithm with data-dependent regret
bounds that depend on L*, (), and P simultaneously. In this regard, our regret bounds here have
an additional factor of v/0) but are better in terms of the dependency w.r.t. log 7. Our regret bounds
can be better than those with BOTW algorithm by Lee et al. (2021) if the loss sequence satisfies
min{L*,Q, P} = O (Tlog(T|A|)/ /D log T).

For corrupted stochastic environments, the BOTW algorithm by Lee et al. (2021) achieves a
regret bound of O (dlog@w + C), while our bound is O (Rsm +V RStOC), where RSt

min

satisfies R%° < O ((g +1)d%0 log T) 2 As VRO < L(RS® 4 C) follows from the AM-

GM inequality, our algorithm also implies R = O (Rsm + C’), which is superior to the bound by
Lee et al. (2021) when 02 + Apin = O <%) . We would like to stress here that the impact of

corruption on the performance of our algorithm is only of a square-root factor in C', while algorithms
in existing studies (Lee et al., 2021; Li et al., 2019; Bogunovic et al., 2021) include at least a linear
factor in C'. Comparison of such results w.r.t. corrupted settings, however, requires particular care,
as there are differences in the details of problem settings.

Remark 2 In this paper, regret is defined in terms of loss including corruption, while existing
studies define regret in terms of loss without corruption. As the difference between these two notions
of regret is at most O(C), our algorithm enjoys O (R 4 C)-bound even in terms of the latter
definition of regret. Such a difference in models has been discussed, e.g., by Gupta et al. (2019); Ito
(2021b). We also note that the definition of C' of Lee et al. (2021) slightly differs from ours and is
smaller, as it measures the amount of corruption of the loss of each action, not the loss vector itself.

2. This comparison requires special care because of subtle differences in the models as discussed in Remark 2.
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Remark 3 Concurrently with this paper, two papers working on BOTW algorithms for linear ban-
dits were published and will be presented at COLT 2023. One is by Dann et al. (2023b), which
provides three different results on linear bandits as shown in Table 2 and also includes a general
reduction approach for BOTW algorithms for sequential decision-making problems. The other

is by Kong et al. (2023), which achieves O <M>—regret for stochastic environments

min

and O <\/ dT log(]A|T) log T ) -regret for adversarial environments. Among these, the result of

Dann et al. (2023b, Theorem 3) is very similar to ours in that they take the approach of extending
SCRiBLe.

The main innovations for achieving high-level adaptability (i.e., the BOTW property) are with
regard to the sampling method for actions. In a previous study by Abernethy et al. (2008b), they
compute a point x; in the convex hull conv(.A) of the action set .4 using a follow-the-regularized-
leader (FTRL) approach, and they then pick a; from the Dikin ellipsoid W1 (z;) C conv(.A) that
is defined from the self-concordant barrier for conv(.A). Here, the action a; must be sampled so
that its expectation matches z;. In addition, the larger the variance of a;, the better estimator l@
for ¢; that we can construct, i.e., the smaller variance of 4. In this paper, in order to improve the
variance of the loss estimator, we introduce a new technique that we refer to as scaled-up sampling
(see Figure 1). In this approach, we construct a scaled-up set W/ C conv(.A) of the Dikin ellipsoid
W1 (x) with a reference point z; € A, for which we let oy > 1 denote the scaling factor. Rather
than sampling from W7 (z;) as is done in the previous study, we pick a; from W’ with probability
oy ! and otherwise set a; = 2z (the expectation of a; then matches z; as well). Consequently,
the variance of a; becomes «a; times larger and the variance of the loss-vector estimator becomes
oy ! times smaller, which contributes to the improvement of the regret upper bound. In stochastic
environments in particular, intuitively, x; approaches an extreme point (a truly optimal solution),
allowing for a smaller Wi (z;) and a larger value of «;, which leads to a significant improvement
in regret. We note that a result of the concurrent work by Dann et al. (2023b, Theorem 3), referred
to as Variance-Reduced SCRiBLe (VR-SCRiBLe), is also based on the framework of SCRiBLe
(Abernethy et al., 2008b), in which the variance of the loss estimator is reduced by a different
sampling scheme.

In proving the high-level adaptability, we use the self-bounding technique (Zimmert and Seldin,
2021; Wei and Luo, 2018). We first show that the proposed algorithm, an FTRL method with scaled-

up sampling and an adaptive learning rate, achieves a regret bound of R = O (d \/ Y Zle oy Hog T) .

We further show that o 1= O(A(xt)/Amin) holds in any stochastic environment, where A(z;)
denotes the round-wise regret caused by choosing x;. Combining these two facts, we can obtain

Rr =0 (d\/vﬁ‘ Z;‘FZI A(z) ALl log T) =0 <d\ [9RTAL log T) , which immediately leads

to Ry = O(d*9A_! logT) in stochastic environments. As has been done in previous analyses
using the self-bounding technique, we can prove improved regret bounds for the stochastically con-
strained adversarial regime (Zimmert and Seldin, 2021) as well, which includes corrupted stochas-
tic environments.

To achieve low-level adaptability (i.e., data-dependent bounds in adversarial environments and
variance-adaptive bounds in stochastic environments), we employ the framework of optimistic on-
line learning (Rakhlin and Sridharan, 2013). This framework incorporates optimistic prediction m,

for £, into online learning algorithms, thereby providing regret bounds depending on ({(¢; — my, a;))>
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conv(A)

W' =z 4+ ap - (Wi(zy) — 21)

_¢, ___________ , ’L/____]r _______
vy =z oy (T — 2)

Figure 1: Illustration of scaled-up sampling.

rather than ((¢;, a;))2. The proposed algorithm determines 1, by means of the technique of track-
ing the best linear predictor, which leads the hybrid data-dependent bounds and variance-adaptive
bounds. Similar approaches can be found in (Bubeck et al., 2019; Ito, 2021a; Ito et al., 2022). This
approach of optimistic online learning can also be combined with the VR-SCRiBLe (Dann et al.,
2023b, Theorem 3) to achieve the same regret guarantees as ours.

1.2. Limitation of this work and future work

We should note the issue of computational complexity w.r.t. the proposed algorithm. In the proof of
O(log T')-regret bounds for (corrupted) stochastic environments, we need the assumption that the
reference point z;, illustrated in Figure 1, is chosen so that the scaling factor oy is (approximately)
maximized. We have not, however, found an efficient method for computing such a point z;. A
naive method for computing such a z; requires a computational time of at least 2(|.4]), which
is highly expensive, e.g., as in most examples of combinatorial bandits (Cesa-Bianchi and Lugosi,
2012). This issue can be resolved by the sampling scheme used in RV-SCRiBLe (Dann et al., 2023b,
Theorem 3).

There is still some room for improvement in terms of regret bounds as well. As can be seen from
Example 4 by Lattimore and Szepesvari (2017), the gap between ¢* and d/A i, can be arbitrarily
large, which implies that our stochastic regret bound is much larger than the lower bound in the
worst case. We also note that our regret bounds only hold in expectation while regret guarantees
by Lee et al. (2021) hold with high probability. If we pursue high probability bounds as well, we
cannot avoid an extra O(log T') factor, as discussed in their Appendix D.

Another issue is that our analysis relies on a uniqueness assumption, i.e., we need to assume
that the optimal action is unique in the proof of regret bounds for stochastic environments. Such
an assumption is common in regret analyses based on the self-bounding technique (Zimmert and
Seldin, 2021; Zimmert et al., 2019; Wei and Luo, 2018). In addressing this issue, the analysis
methods developed by Jin et al. (2023); Ito (2021¢) may be useful.
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2. Preliminary
2.1. Problem setup

This section introduces the setup of the linear bandit problems dealt with in this paper. Before a
game starts, the player is given the time horizon T and an action set A C R, a closed and bounded
set of d-dimensional vectors. Without loss of generality, we assume that A is not included in any
proper affine subspace of R?. We also assume that all points in .4 have Ly norm of at most 1, i.e.,
A C BY(1), where B(r) denotes an L ball of the radius r: Bd(r) = {x € R? | ||z|]2 < r}.
In each round ¢t = 1,2,..., T, the environment determines a loss function f; : A — [—1,1], and
the player then chooses an action a; € A without knowing f;. After that, the player observes the
incurred loss f;(a;). The loss function f; can be chosen depending on the actions (a,) '] selected
so far. We assume that the conditional expectation of f; given (as)z;ll is an affine function, i.e.,
there exists ¢, € R%, which is referred to as a loss vector, and & € R such that f; is expressed as

fi(a) = (b, a) +e(a), where E [e(a)|(as)Z}] = & foralla € A. (1)
This paper also assumes that £, € B%(1). By imposing further conditions on f;, we can express a
variety of regimes, as are discussed below:

Stochastic regime In a stochastic regime, it is assumed that f; follows an unknown distribution
D for all t € [T] independently. This assumption implies that ¢; and & do not change over all
rounds, i.e., there exists a true loss vector * € R® and £* such that ¢, = ¢* and & = &* hold for
all t € [T]. Note here that standard stochastic settings also assume that functions of ¢; represent
zero-mean noise, i.e., £* = 0. This assumption is, however, not necessary in the algorithm proposed
in this paper. Moreover, the proposed algorithm does not even require the assumption that ; follows
an identical distribution, details of which will be discussed in Section 4.1.

Adversarial regime In the adversarial regime, by way of contrast to the stochastic regime, (¢;)_;
is an arbitrary sequence. More precisely, #; can be chosen in an adversarial way depending on
(a S)';;ll. Though adversarial environments considered in previous studies are often free from noise,
i.e., &¢(a) = 0 is assumed, most algorithms work well as long as the noise follows bounded zero-

mean distributions. The proposed algorithm in this paper does not require this assumption as well.

Stochastic regime with adversarial corruption The stochastic regime with adversarial corrup-
tion is an intermediate regime between stochastic and adversarial regimes. It is parametrized by a
true loss vector £* € BY(1) and by a corruption level C' > 0. In this regime, the sequence of (£;)7_,
is subject to the constraint that Zthl |6 —£*||2 < C. This can be interpreted as a situation in which
an adversary adds a corruption of ¢; = ¢; — £* to the loss function defined by ¢* and the magnitude
of ¢; sums up to C at most, i.e., Zle llct|l2 < C. If we set the condition level C' to zero, this
regime coincides with the stochastic regime. On the other hand, if C' = Q(T'), then the regime is
adversarial as there are no constraints on ¢; except for ||¢;||2 < 1.

2.2. Follow the regularized leader

In the proposed algorithm, we use the framework of (optimistic) follow-the-regularized-leader
(FTRL) methods. In this framework, we choose a point x; in a closed convex set X' C R4 by
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solving the following optimization problem:

t—1
Tt € argmin{<mt+225,x> —i—zpt(x)} , 2)
s=1

reX

where /; is the (estimated) loss vector, m; € R? is an optimistic prediction, and () is a reg-
ularization term, which is a differentiable convex function over X'. Note that the original FTRL
framework here does not employ optimistic prediction, i.e., the value of m; is fixed to 0. The tech-
nique of optimistic prediction m; has been introduced to further improve the performance of FTRL,
e.g., by Rakhlin and Sridharan (2013).

In the analysis of FTRL, we use the Bregman divergence D, associated with some differentiable
convex function ¢ defined as follows:

Dw(f’?vl/) :¢(x) _w(y) - <V¢(y)7$—y>» 3)

where V1) (y) denotes the gradient of 1/ at y. We can easily see that D, (z,y) > 0 for any = and ,
which follows from the convexity of ). The following lemma provides an upper bound of the regret
for FTRL:

Lemma 4 We assume that 11 (x) > 0 and 41(x) > 1pi(x) hold for all x and t. If x is given by
(2), it holds for any x* € int(X) that

ZT: <ét)xt - 1’*> < ZT: (<ét — My, Ty — ft+1> — Dy, (Te41, $t)> + Yy (x”), “4)

where & is defined by T; € argmin, ¢ y {<Zi;11 l, ZL'> + () }

This lemma can be shown via a standard analysis for FTRL, e.g., as in Chapter 28 of Lattimore and
Szepesvdri (2019). We can also refer to, e.g., the proof of Lemma 1 by Ito et al. (2022).

2.3. Self-concordant barriers

In our proposed algorithm, we use self-concordant barriers to define regularization terms, just as
Abernethy et al. (2008b) did. Self-concordant barriers are defined as follows:

Definition 5 A convex function 1 : int(X) — R of class C? is called a self-concordant function
if (i) |D3(z)[h, h, k]| < 2(D*)(z)[h, h])*? holds for any = € int(A) and h € RY, and (ii)
¥ (x;) tends to infinity along every sequence x1, z2,... € int(X) converging to a boundary point
of int(X), where D*1)(z)[h1, ..., hi] denotes the value of the k-th differential of + at x along the
directions h1,...,hr. Let ¥ > 0 be a non-negative real number. A self-concordant function 1) :
int(X) — R is called a 9-self-concordant barrier for X if |Di(x)[h]| < 9Y/2(D*(z)[h, h])/?
holds for any = € int(X) and h € R,

Remark 6 For any convex set X' C R?, there exists a d-self-concordant barrier for X (Lee and Yue,
2021). This barrier is, however, not always efficiently computable. On the other hand, for any d-
dimensional polytope, we can compute an ¥J-self-concordant barrier with ¥ = O(d) in polynomial
time (Lee and Sidford, 2014, 2019).
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Given a self-concordant barrier ¢ : int(X) — R, for any = € int(X) and h € R?, we assume
that V2¢)(z) has full rank. Denote

Vo = /ATV20(@)h, 1l = (/AT (V2(2))~1h 5)

and define the Dikin’s ellipsoid W, (z) C R? of v centered at z of the radius r > 0 as follows:

We(w) = {y € RY| [ly — allay <7} ®)
The three lemmas below are used in the design and analysis of our proposed algorithm.

Lemma 7 (Theorem 2.1.2 by Nesterov and Nemirovskii (1994)) If ¢ is a self-concordant bar-
rier for a closed convex set X, every Dikin’s ellipsoid of 1 of radius 1 is contained in X, i.e.,
Wi (x) C X holds for any x € int(X).

Let 7, x(z) denote the Minkowsky function of X whose pole is at z:
mox(r) =inf{r>0|z+r(z—2)€X}. (7)
We have an upper bound on 1) expressed with this Minkowsky function, as follows:

Lemma 8 (Propositoin 2.3.2 by Nesterov and Nemirovskii (1994)) If ¢ is a J-self-concordant
barrier for X, it holds for any x and y in int(X') that ¥(x) < ¢(y) + ¥ log m
Y,

If we use a self-concordant barrier ¢, we can use the following lemma to bound the stability term

<<ét — My, Ty — x;+1> — Dy, (74, Jit)> in Lemma 4.

Lemma9 Let v be a self-concordant function on X and x,y € int(X). Let 3 > 0 and ¢ € R<
Suppose that ||C||}, , < 8/3. We then have ({,x — y) — BDy(y,x) < %HEH;%}

3. Algorithm

Let X be the convex hull of .4 and ¢ be a ¥-self-concordant barrier for X'. In the proposed algorithm,
we compute z; by solving the optimization problem (2) with ¢, (z) = 5410 (z), where S, is a learning
rate parameter satisfying 6d < §; < 5 < ---. The manner of computing a;, @t, my, and Gy will
be presented below.

Action a; and unbiased estimator ft for loss vector After computing x;, we choose the action
a; € A so that E[a;|x¢] = x4. Let {e1,...,eq} and {A1,...,\g} be the set of eigenvectors and
eigenvalues of V24)(z;). Define & := {z; + )\;1/2@ | i€ [d]} U{z: — )\;1/261' | ¢ € [d]}. Note
that here & C X holds since & C Wy (x) follows from the definition of & and since Wy (z) C X
follows from Lemma 7. In the algorithm by Abernethy et al. (2008b), the action a; is chosen from &;
uniformly at random. Unlike this existing method, our proposed algorithm chooses an action from
a set &, scaled up from &; with a reference point z; € A, or chooses a; = z; with some probability.
More precisely, after computing & and choosing a point z; € A, we set £/ by

8{ = {Zt + ozt(a: — Zt) | T € 5t}, (8)
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where oy > 1 is defined as the largest real number such that &/ is included in X'. How to choose z;
is discussed in the next pragraph. If we denote r; = o le (0, 1], we can express 7 as follows:

ry =inf {r >0z + r iz —z)eXx (z¢ &)} = HIGE?S‘X’/TZt?)((JJ), 9)
reot

where 7 is the Minkowsky function defined by (7). We choose z; € A so that the value of r; is as
small as possible. Let 2} denote the center of £/, i.e., define x} = z; + 7; ' (x4 — 2;). We then set
by = 1 with probability r, and by = 0 with probability 1 — r;. If by = 0, we choose a} = z;. If
by = 1, we choose a} from &/ uniformly at random. In other words, we pick i; uniformly at random
from [d] and v; = 1 with probability 1/2, and set a, = z; + r; *(z; + vt)\i_tl/ 2e¢t — 2¢). We then
output a; € A so that its expectation coincides with aj € X = conv(A). After obtaining feedback
of fi(ay), we define 0, by

ét =my + dbtvt)\iﬂ(ft(at) — (mt, at>)€2‘t. (10)

We can show that the conditional expectation of a; is equal to x; and that @t is an unbiased estimator
of 4, i.e., we have E [a;|x¢] = x4 and E[ét]:nt] = {y, proofs of which are given in Section D in the
appendix. We note that, thanks to the scaled-up sampling, the mean square of Oy —my is improved
by a factor of 1/cy, which plays a central role in our proof of BOTW regret bounds.

Reference point z; We will see that the smaller value of r; is, the smaller variance of ét — my 1S,
resulting in an improvement in regret. To take maximum advantage of this effect, we choose z; so
that r; is as small as possible. More precisely, for a constant x > 1, we assume that 2, satisfies

ry = maxm r) < K -minmaxmT x 11
b eE, ax () < 2eA zeé, sx(@) (In

for all ¢ € [T']. This assumption is used in our proof of O(log T")-regret in stochastic environments.

Learning rate parameter 5; In the regret analysis in Section 4, we will show that the regret
for the proposed algorithm is bounded as Ry = O (E [dz Zthl % + Br410 log T} ), where
g¢(m) is defined as

gi(m) = by - ((ag, m) — fi(ar))?. (12)

Intuitively, g¢(m;)/f; comes from the part of <ft — My, Ty — it+1> — Dy, (Z¢+41,x¢) in (4), which

is called stability terms, and 5741 log T' comes from the part of ¢y (x*), called penalty terms. To
balance stability and penalty terms, we set 3; by

S0 gs(my)

= 2
= 6+ 2d) | S50

13)

which leads to Ry = O <dE [\/19 logT -1, gt(mt)} + dlog T).

Optimistic prediction m; To minimize the part of Zle g1(my), we choose m; by using online
projected gradient descent for g;. We set m; = 0 and update m, as follows:

1

(112

}méH, (14)

m;_H = m¢ — nbt . ((at,mt> — ft(at))at, mi41 = min {1, ’

where ) € (0, 1/4) is the learning rate parameter for updating m.
The proposed algorithm can be summarized as Algorithm 1 in Section B in the appendix.

10
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Computational complexity The procedure in each round can be performed in polynomial time
in d, except for the computation of z;. Indeed, given a self-concordant barrier for X', we can solve
an arbitrary linear optimization problem over X’ (and thus also over .4), with the aid of, e.g., interior
point methods (Nesterov and Nemirovskii, 1994). This implies that convex optimization problems
(2) can be solved in polynomial time as well. Further, for any a; € X, we can find an expression
of convex combination of points in .4 in polynomial time if A is a finite set (Mirrokni et al., 2017),
(Schrijver, 1998, Corollary 14.1g), which means that we can randomly choose a; € A so that
E|a:|a;] = a}. As for the calculation of z; satisfying (11), it is not clear if there is a computationally
efficient way at this point. Because we can compute the value of max,cg, 7, x(z) forany z € A
in polynomial time in d, we can find z; minimizing this value in O(poly(d)|.4]) time, which can
be exponential in d. We also note that we can compute z; when the action set has some kind of
symmetry. For example, if the action set is given as A = {—1,1}% and ¢ is defined as ¢(z) =
— Zgzl In(1 — 2?), a point in A closest to x; is an optimal solution to the optimization problem

corresponding to the right-hand side of (11).
4. Analysis

4.1. Regret bounds for the proposed algorithm

Theorem 10 (Regret bounds in the adversarial regime) Let L*, Q and P be parameters defined
as in Table 1. The regret for Algorithm 1 is bounded as

Rr=0|d,|9logT (min{Q,P}—i—E

T
> (er(ar))?
t=1
Further, if fi(a) > 0 forany a € Aandt € [T, we have

Ry =0 (d«/ﬁL* 10gT—|—d1910gT). (16)

Note that the regret bounds in Theorem 10 are valid regardless of the choice of z;. In fact, we
can demonstrate these regret bounds even if we sample a; from &, as is similarly done with the
algorithm by Abernethy et al. (2008b), which corresponds to s = 1. By way of contrast, to show
O(log T')-regret bounds for stochastic environments, we need the assumption of (11). Under this
assumption, we have the following regret bounds:

> +ddlogT | . (15)

Theorem 11 (Regret bounds in the corrupted stochastic regime) Let ¢* € R¢ and denote C' =
Zthl [[6c — £*||2. Define a* € argmin,¢ 4 (€%, a) and Apin = minge 4\ o+ (€%, @ — a*). We have

Rr =0 <d\/<C’ +3, at2> Ylog T + di log T), where we define 0 = max,e 4 E[(:(a))?].

Further, if a* € argmin,c 4 (¢*, a) exists uniquely, under the assumption of (11), we have

2 2
Rp(a*) =0 ((Zd"_ + 1) ddlog T + \/(XU- + 1) Cd21910gT> , (17)

where 0% = maxye(r) o2,

11
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Remark 12 In standard settings of the stochastic regime, it is assumed that f; follows an identical

distribution for different rounds and E[g;(a)|(as)’Z}] = 0 for all a. Such assumptions are not,
however, needed in Theorem 11. In other words, even when &, = E[g;(a)|(a;),_]] is non-zero and

changes depending on ¢, we still have the O(log T')-regret bounds given in Theorem 11.
4.2. Proof sketch
Regret bounds in Theorems 10 and 11 are derived from the following lemma:

Lemma 13 The regret for Algorithm 1 is bounded as follows:

T
Rr=0(d-E||9logT» gi(m)| +ddlogT | . (18)
t=1
In proving this lemma, we use Lemmas 4, 8 and 9. From Lemma 9, the stability term <ft — My, Ty — Typ1 > —

Dy, (%441, z¢) in Lemma 4 is bounded by %H& - th;2¢ = %dQQt(mt). From Lemma 8, we can
bound the penalty term 71 (z*) in Lemma 4 as ¢p41(2*) < Bry19logT. Combining these

bounds, we obtain Ry = O (E [dQ Zthl % + Br419log T} ) From this and the definition of

B¢ given in (13), we have the regret bound in Lemma 13. A complete proof of this lemma is given
in Section D in the appendix.

From the result of tracking linear experts (Herbster and Warmuth, 2001), we obtain the follow-
ing upper bound on Zthl gr(my).

Lemma 14 [f my is given by (14), it holds for any sequence (u;)I ' € (B$(1))T+ that

T T T
1 1 1 ,
gr(my) < ——— > gi(ug) + ———— [ V2 U1 — Ut||2 + = ||ur+1 .19
S am) < 7 S o) n(1—2n)< S~ s el + gl

This lemma is a special case of Theorem 11.4 by Cesa-Bianchi and Lugosi (2006).
Proof sketch of Theorem 10 By substituting u; = ¢ € argmin, Zthl 16; — £||3 for all ¢ in
(19), we obtain E [23:1 gt(mt)} =0 (Q +E [ZtT:l(st(at))2] + 1). Similarly, by substitut-

ing u; = £ for all ¢ in (19), we obtain E [ZL gt(mt)] —0 (P +E [Zle(gt(at))ﬂ n 1)_
Combining these with Lemma 13, we obtain (15) in Theorem 10. Further, if f;(a) > 0, by substi-
tuting u; = 0, we obtain E {Zthl gt(mt)} = O (L* + Ry + 1), which leads to a regret bound of

Rr =0 (d\/ﬁ log T (L* + Rr) + dvlog T). This implies that (16) in Theorem 10 holds.

Proof sketch of Theorem 11 By setting u; = £* for all ¢ in (19), we obtain E [Zle ge(my )] -
0] (E [C’ + 23:1 rtatQ + 1} ) As we have r; < 1, from this bound and Lemma 13, we have

Rr=0 <d\/ (C+ Zle 02)9log T + di log T). We also have the following regret bound:

Rr=01{d <C+0‘2E

T
Z”]) JlogT + ddlogT | . 20)

t=1

12
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From the assumption of (11), r; is bounded as

ry < Kk -min < maxmT T < Kk -min max T 21
t= ze€A {xeé‘t Z7X( )} - z€A {IGW1(I75) Z7X( )} ’ ( )

where the second inequality follows from & C Wi (x;). The following lemma provides an upper
bound on the right-hand side of this:

Lemma 15 Suppose a* € arg min,c 4 (¢*, a) uniquely exists. It holds for any y € int(X') that

A(y) % * .
* < F— .
xemaf((y) Ta 7X(x) 2 " where A(y) = ({*,y —a*), Apin= aem\l{r;*}A(a) (22)

By combining this lemma with (20) and (21), we obtain a bound depending on Zthl A(zy) as
follows: Rp = O (d\/(C + K:jn E [Zthl A(M)]) Vlog T + di log T) . On the other hand,

regret is bounded from below as Rp(a*) > E {Zthl A(xt)] — 2C. By combining these two
bounds on R, we obtain

2
Rp(a*) =0 (d\/ﬂlogT~ <C+ XU_ (Rr + C’)) +d1910gT>

2 2
=0 d\/WRT(a*) —i—d\/(XU. + 1) CYlogT + ddlogT

As X = O(VAX + B) implies X = O(A + B), we have

2 2 2
Rp(a*) = O (CWW]O%T n d\/<gg + 1) CYlog T + dmogT>

Amin min

2 2
~0 ((dA’w‘ + 1) dﬁlogT—kd\/(zJU. + 1) CmogT> ,

which means that (17) holds. A complete proof is given in Section G of the appendix.
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Appendix A. Related Work

Best-of-Both-Worlds Bandit Algorithms Best-of-both-worlds algorithms have been developed
for various settings of multi-armed bandit (MAB) problems, including the standard MAB problem
(Bubeck and Slivkins, 2012; Seldin and Slivkins, 2014; Zimmert and Seldin, 2021; Ito et al., 2022;
Honda et al., 2023), combinatorial semi-bandits (Zimmert et al., 2019; Ito, 2021a; Tsuchiya et al.,
2023Db), partial monitoring problems (Tsuchiya et al., 2023a), episodic Markov decision processes
(Jin and Luo, 2020; Jin et al., 2021; Dann et al., 2023a), and linear bandits (Lee et al., 2021).
While most of these studies focuses only on high-level adaptability, the algorithms by Ito et al.
(2022); Tsuchiya et al. (2023b) for the MAB problem and combinatorial semi-bandit problems
have low-level adaptability as well, similarly to our proposed algorithm. In fact, their algorithms
are best-of-three-worlds algorithms with multiple data-dependent regret bounds as well as variance-
adaptive regret bounds. Their algorithms are also similar to ours in that it is based on the optimistic
follow-the-regularized-leader approach with an adaptive learning rate. As the class of linear bandits
problem includes the multi-armed bandit problem, the results in this paper can be interpreted as an
extension of their results. Regret bounds by Ito et al. (2022) are, however, better than ours in terms
of the dependency on the dimensionality of the action set (or the number of arms) and in that they
depend on arm-wise sub-optimality gaps.

Adversarial Corruption There are several studies on the stochastic environment with adversarial
corruption in the linear bandit problem (Li et al., 2019; Bogunovic et al., 2021; Lee et al., 2021)
and related problems such as the multi-armed bandits (Lykouris et al., 2018; Gupta et al., 2019;
Zimmert and Seldin, 2021; Yang et al., 2020) and the linear Markov decision processes (Lykouris
etal., 2021). These studies and this paper have different assumptions and regret. This paper and Lee
et al. (2021) assume that corruption depends only on information in the past rounds and is an affine
function of the chosen action. On the other hand, Li et al. (2019); Bogunovic et al. (2021) allow
corruption to be any (possibly non-linear) function. Furthermore, Bogunovic et al. (2021) consider
the corruption that depends on the action chosen in that round. We also note that the definitions of
the corruption level in these studies are slightly different. While this paper includes the corruption
in regret, Li et al. (2019); Bogunovic et al. (2021); Lee et al. (2021) do not. It is known that we can
convert one to the other by an additional O(C)-regret. Moreover, the regret bounds in these existing
studies have linear terms with respect to C'. Thus, our regret bound for the corrupted stochastic
regime have the same dependence of the corruption as in these studies, but not vice versa.

Misspecified Linear Contextual Bandits The corrupted stochastic regime is a special case of
the misspecified linear contextual bandits without knowledge of the misspecification (Lattimore
et al., 2020; Foster et al., 2020; Pacchiano et al., 2020; Takemura et al., 2021; Krishnamurthy et al.,
2021).> This problem assumes that the expected loss functions can be approximated by a linear
function. While the approximation error can be any function of the information in the past and the
current rounds in general, the corrupted stochastic regime assumes that the approximation error is
an affine function of the action chosen in the current round. It is an open question whether the
proposed algorithm can obtain a regret upper bound similar to the known regret bounds for this
problem when the approximation error can be non-linear.

3. Note that some studies assume oblivious adversary (Lattimore et al., 2020; Foster et al., 2020; Krishnamurthy et al.,
2021), i.e., the approximation errors do not depend on the actions chosen in the past.
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Appendix B. Pseudocode of the proposed algorithm

Algorithm 1

Require: 7' time horizon, d: dimensionality of action set, A C R%: action set, 1. self-concordant
barrier over X = conv(.A), ¥ > 1: self-concordance parameter of ¢, n € (0,1/4): learning
rate for optimistic prediction

1: Setmy = 0.

2. fort=1,2,...,T do

3:  Set 5; by (13) and compute x; defined by (2).

4. Let {e1,...,eq} and {)\1,..., \q} be the set of eigenvectors and eigenvalues of V2(x;)

and set & := {xy + A, 2e; | i € [d)} U {z — A, e; | i € [d]}.

5: Choose z; € A and set r, € (0, 1] by (9).

6:  Set by = 1 with probability r; and set by = 0 with probability (1 — 7).
7. if by = 1 then
8
9

Choose i; from [d] uniformly at random and set v; 4= 1 with probability 1/2.
: Seta; = z; + r;l(:z:t + Ut)\l-_tl/Zeit — zt).
10:  else

11: Set aj = z.
12:  end if

13:  Output a; € A so that E[a;] = a} and get feedback of f;(ay).
14:  Compute ¢; defined by (10) and update m; by (14).
15: end for

Appendix C. Proof of Lemma 9

For the convex function ¢ and =z € dom(¢), denote the Newton decrement at point x by A(z, 1),
ie, Az, 9) = V()7 4

Lemma 16 (Theorem 2.2.1 by Nesterov and Nemirovskii (1994)) Let S be an open non-empty
convex subset of a finite-dimensional real vector space. Let v be a self-concordant function on S
and x € S. Then, for each y € S such that ||x — y||2 < 1, we have

(1= |2 = yllow)* VY (y) 2 VZ(x) 2 (1 = |2 = yllaw) > V(y)

Lemma 17 ((2.21) by Nemirovski (2004)) Let v be a self-concordant function on X. If \(z,v) <
1, we have

o = 2l < oY)

A, )’

where z* € arg min, ¥ (y).

Lemma 18 Let ¢ be a self-concordant function on X and x,y € int(X). Suppose that ||z —
Ylle,w < 1/2. Then, we have

2 *
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forall ¢ € R% and 8 > 0.

Proof Using the Cauchy-Schwarz inequality and the AM-GM inequality, we have
(w =) < 15 g llz = yllaw < 2102 +§H ~yl2
y L Yy) = ) z Yy T = B ) ] x Yy RN

Thus, it is sufficient to show Dy (y,z) > £z — y||320¢

By Taylor’s theorem, we have Dy (y,x) = %Hx - yl!?w for some { = = + a(y — =) where
a € (0,1). It follows from Lemma 16 that

1
lz =yl y = (1= 1€ = zllow)?le = yllz4 = 1 = allz = yllop)le —yllz, > 2= ylIZ -

Proof of Lemma 9 Let f(y) = Dy(y,z) — (¢, — y)/f3. Since 1 is self-concordant, there exists
y* € int(X) such that y* € argmin, ¢y f(y). If we have A(z, f) < 1/3, by Lemma 17, we obtain

Az, f)
_*x — _*m < 47 <1/,
|z =y Nz = Iz = y"{lay < @ ) = /

Thus, we obtain
* * 2 *2
(l,x —y) — BDy(y,z) < ({,x —y*) — BDy(y", z) < BHEHLW

where the first inequality holds due to y* € argmin ¢y f(y) and the second inequality is derived
from Lemma 18. Hence, it suffices to show A(z, f) < 1/3. By the definition of f, we have
V f(x) = £//. Thus, we obtain

Az, f) = IV f(@)zr = IV f(2)

v = Wl /B < 1/3,

where the inequality is obtained by the assumption. |

Appendix D. Proof of Lemma 13

We first show that E [a;|z;] = x;. The expectation of a; is

Ela/|2z:] = Elat|z] = (1 — r) E[at|b, = 0] + r, Ela|b, = 1]
= (1 —Tt)Zt-i‘TtE |:Zt+7“t_l (mt—i-vt)\;lﬂeit —Zt>]
= (L=re)ze+re(ze+r (@ —20) = 20+ (w0 — 20) = @, (23)

where the forth equality follows from E[v;] = 0.
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Let us next show that ét defined by (10) is an unbiased estimator of ¢;. We have

E |0, —milae] = i [dod2(filar) = (mi,ar))es

— 1 E [dvt)\it/ ({6, — me, az) + &)eit}

=B [dun\;/Pei, (177 @+ vd, e, — 22), 6 — )|

— B [dvtAQt/ e, <r; uh e, 0y — mtﬂ 4+ E [dvt/\;tﬂeit (oot (e — 20), b — mt>}
— dE [eite;lt— (6 — mt)] =0 —my, 24)

where we used v? = 1, E[vy] =
Suppose that mingey ¥ (x)
Given a* € A, define z* by

1 1 1
= (1— T> a*+Tx0:a*+T(xo—a*).

From this, (23) and (24), we have

0, and the fact that v; and m; are independent in the fifth equality.
= 0 holds without loss of generality. Let zy € arg min,cy ¥(z).

<€t,at—a*> =E + E

E

Rp(a*) =E

T
Z <€t7 at — IL’*>
t=1

T
Z (b, x™ — a*>]
t=1

t=1

T T T
N 1
=E Z(ﬂt,at—x> +TE th,xo—a SE Zﬂt,at—x +1
Lt=1 | t=1 t=1
. 5
=E Y (m—a)| +1=B |3 (lom—a)| +1 (25)
Lt=1 J t=1

Then, as we have 2o + (1 — 1/T) "} (z* — z0) = 20 + (a* — 29) = a* € A, we have 7., (z*) <
1 —1/T. Hence, from Lemma 8, we have

1 1
*) *\ < - V< S S i
9l = 0la") = o) < Dlog (= ) < V10w ({7 ) = V10w
From this, (25) and Lemma 4, we have
T ~
Rr(a®) <E Z <<£t — My, Tt — $2+1> - BtD(mgH—l’xt)) + Br10logT'| + 1. (26)
=1

The part of <ft — My, Ty — azg+1> — B¢D(x},,¢) can bounded by using Lemma 9. From the
definition (10), we have

10— me|l32. = (6 — me) T (V(xe)) " (6 — )
= bed?(fe(ar) — (me, ar)* Ni,ei, (V(20)) e,
= btd2(ft(at) — <mt, CLt>) = d gt(mt) S 4btd2 S 4d2 (27)
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Hence, if 3; > 6d, we have H@t — th;hw < f:/3, and, consequently, we can apply Lemma 9 to
bound the stability term as follows:

X 2 . 2d%g;(m
(i = miv = 2ty ) = D (s 10) < |y — g2, = 20,
B B
where g;(m) is defined in (12). Then, from this and (26), we have
T
d2
Rr(a®) <E (2 gtﬁ(mt) + Bro1dlog T | + 1. (28)
t=1 ¢
If B, is given by (13), we then have
d%gi(my) iy VOlog Tgi(my) VIlog Tgi(my)
B 6\ITog T + 21/ 312 ga(ma) \/Zs | gs(my) +36010g T+ /14 go(my)
VO log Tg:(m ! —
(o) = \/0logT | | > gs(ms) — ngons)
\/Z _1 9s(my) +\/Z _1 9s(my) s=1 s=1

which yields

t t—1 T
Zd gt(m < /ﬁlogTZ ng(ms)— ng(ms) = ﬂlogT-th(mt).
s=1 s=1

=1 t =1
(29)

‘We also have

T
Bri19logT =2, |JlogT - th(mt) + 6ddlog T
t=1

from the definition (13) of ;. Combining this with (28) and (29), we obtain

T
Rr(a®) <4dE | [01ogT - gi(my) | +6d91og T + 1,
t=1

which completes the proof.

Appendix E. Proof of Theorem 10

Fix ) € (0,1/4) arbitrarily. By substituting u; = £ € argmin, ", ||¢; — £||3 for all ¢ in (19), we
obtain

T T T
th(mt) =0 (Z gt(ZT) + 1) =0 (Z bt (<€t — ZT, CLt> + Et(at))Q —+ ].)
t=1

t=1

T
=0 ( (I16e = x5 + (ee(ar))?) + 1) :

22



BEST-OF-THREE-WORLDS LINEAR BANDIT ALGORITHMWITH VARIANCE-ADAPTIVE REGRET BOUNDS

Similarly, by substituting u; = ¢;, we obtain

T T T-1
> gilmy) =0 <Z(5t(at))2 + (1 = L ll2) + 1) :
t=1

t=1 t=1

By combining these with Lemma 13 and applying Jensen’s inequality, we obtain (15). Further, if
fi(a) > 0, by substituting u; = 0, we obtain

T

T T T
> gi(mi) =0 (Z 9:(0) + 1) =0 <Z bi(fe(ar))® + 1) =0 (Z felar) + 1) :

t=1 t=1
+ 1)

> fila®)

t=1

By combining this with Lemma 13, we obtain

Rr(a*)=0 | d,|¥logT (E

T
Z ft(at)
t=1

=0 |d 19logT<RT(a*)+E

)

which implies that (16) holds. |

Appendix F. Proof of Lemma 15

As X is the convex hull of A" = {a*} U conv(A \ {a*}), any point y € X can be expressed as a
convex combination of ¢* and a point in conv(A \ {a*}), which means that there exists A € [0, 1]
and 2’ € conv(A \ {a*}) such that x = Az’ + (1 — \)a*. For such z, we have

o x(2) < A (30)
In fact, we have
a* + AN —a)=a* + X\ —a*) =2 € X,
which means that (30) holds. We further have
A(z) = AA(2") + (1 = NA(a*) = AA(2') > M min,

where the last inequality follows from the fact that 2’ € conv(A\ {a*}) and the definition of Aiy.
Combining this with (30), we obtain

T % <
a ,X(x) = A o (31)
We next show
max A(z) < 2A(y). 32
e 1)((y) (z) < () (32)
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As W1 (y) is an ellipsoid centered at y, it holds that

C*y) — min (0%, x) = 0,z — (0 y) .
(&, y) xervnvlﬁy)< z) xernvgﬁgy)< x) — (", y)

‘We hence have

max A(x) = max (", z)— (", y) + Ay)

zeW1(y) zeW1(y)
=(*,y)— min ({",z)+A
e, y) xenvlvlf%y)< ™) (y)
< (", y) — Hgn@ r) + Ay) = 2A(y),

>
>
S

where the inequality follows from the fact that W7 (y) C X'. Combining (31) and (32), we obtain
max g+ x(z) < max

(z
< <2 .
zeW1 (y) €W (y) Amin Amin

Appendix G. Proof of Theorem 11

From Lemma 14 with u; = ¢*, we have

T T T
E Zg( ( Z +1> (E Z — 0 ag) + e(ag))? +1>
t=1 t=1 t=1
T
( Z 16 — €[|3 + reo7) ) < C’+Z7‘tat —|—1>
t=1 t=1

From this and Lemma 13, we have

T

O‘FZO’?’I}

t=1

Rr=0|d,|9logT E +ddlogT | . (33)

Under the assumption of (11), we have

A(my)

ry < K-min< maxm, ¥(x) p < K- min max 7, x(x)r <2k
zEA{xESt % ()} zeA {x€W1(SCt) = ()}

where second inequality follows from & C W7 (x;) and the last inequality follows from Lemma 15.
From this, (33) and 02 = maxXge[7) o2, we have

ko2

T
> Aw)
t=1

Rr=0|[d,|%logT-E |C+ +ddlogT | . (34)

min
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On the other hand, R is bounded from below as follows:

T
E[(ly,ar — a*)] = ZE (0 ar —a™) + (b — 0F,a; — a™)]
1 t=1

1
N

Ry(a™)

E[(t", a1 —a”) = 2|[t; = £7]]2] = E

E

1

~+~
I

I
=

> Alw) - 2(]] : (35)

t=1

Combining this with (34), we obtain

2
Rr(a*) =0 (d\/ﬁlogT- <C+ XJ_ (Rr + C’)) —|—d1910gT>

2 2
_0 (d\/WRT(a*) +d\/<§0. + 1> Colog T + dmogT) .

As X = O(VAX + B) implies X = O(A + B), we have

2 2loc T 2
Rp(a) = O (W +d\/<20_ + 1) CologT + dmogT>

2 2
~0 ((d;"_ + 1) dz?logT—l—d\/<§a_ + 1> CmogT> .
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