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Abstract

It has recently been shown that ISTA, an unaccelerated optimization method, presents sparse
updates for the ¢;-regularized undirected personalized PageRank problem (Fountoulakis et al.,
2019), leading to cheap iteration complexity and providing the same guarantees as the approximate
personalized PageRank algorithm (APPR) (Andersen et al., 2006). In this work, we design an
accelerated optimization algorithm for this problem that also performs sparse updates, providing an
affirmative answer to the COLT 2022 open question of Fountoulakis and Yang (2022). Acceleration
provides a reduced dependence on the condition number, while the dependence on the sparsity in our
updates differs from the ISTA approach. Further, we design another algorithm by using conjugate
directions to achieve an exact solution while exploiting sparsity. Both algorithms lead to faster
convergence for certain parameter regimes. Our findings apply beyond PageRank and work for any
quadratic objective whose Hessian is a positive-definite M-matrix.

1. Introduction

Graph clustering, the process of dividing a graph into subclusters that are internally similar or
connected in some application-specific sense (Schaeffer, 2007), has been widely applied in various
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domains, including technical (Virtanen, 2003; Andersen et al., 2006), biological (Xu et al., 2002;
Bader and Hogue, 2003; Boyer et al., 2005), and sociological (Newman, 2003; Traud et al., 2012)
settings. With the advent of large-scale networks, traditional approaches that require access to the
entire graph have become infeasible (Jeub et al., 2015; Leskovec et al., 2009; Fortunato and Hric,
2016). This trend has led to the development of local graph clustering algorithms, which only visit a
small subset of vertices of the graph (Andersen et al., 2006; Andersen and Lang, 2008; Mahoney
et al., 2012; Spielman and Teng, 2013; Kloster and Gleich, 2014; Orecchia and Zhu, 2014; Veldt
et al., 2016; Wang et al., 2017; Yin et al., 2017; Fountoulakis et al., 2019).

At the heart of the study of these algorithms lies the approximate personalized PageRank
algorithm (ARPPR) (Andersen et al., 2006), which approximates the solution of the PageRank linear
system (Page et al., 1999) in an undirected graph and rounds the approximate solution to find local
partitions of this graph. The APPR algorithm was introduced only from an algorithmic perspective,
that is, its output is determined only algorithmically and not formulated as the solution to an
optimization problem. Thus, quantifying the impact of heuristic modifications on the method is
difficult, see, for example, (Gleich and Mahoney, 2014). Recently, Fountoulakis et al. (2019)
proposed a variational formulation of the local graph clustering problem as an ¢;-regularized convex
optimization problem, which they solved using the iterative shrinkage-thresholding algorithm (ISTA)
(Parikh et al., 2014). In this problem, ISTA was shown to exhibit local behaviour, which leads to
a running time that only depends on the nodes that are part of the solution and its neighbors, and
is independent of the size of the graph. Fountoulakis and Yang (2022) raised the open question
of whether accelerated versions of the I STA-based approach or other acceleration techniques, for
example, the fast iterative shrinkage-thresholding algorithm (FISTA) (Parikh et al., 2014), or linear
coupling (Allen-Zhu and Orecchia, 2019), could lead to faster local graph clustering algorithms. In
particular, ISTA enjoys low per-iteration complexity since its iterates are at least as sparse as the
solution, and the question is whether we can attain acceleration and reduce the dependence on the
condition number on the computational complexity, while keeping sparse per-iteration updates.

Sparse Algorithms and Acceleration. In this work, we answer the question in the affirmative.
We first study the problem beyond acceleration and propose a method based on conjugate directions
that optimizes exactly and is faster than ISTA and our accelerated algorithm in some parameter
regimes. Then, we show that we can implement an approximate version of the previous method
by means of acceleration while performing sparse updates, which leads to faster convergence for
ill-conditioned problems, among others. See Table 1 for a summary of the complexities of our
algorithms and of prior work, and see Appendix B for a discussion comparing these complexities.
Our algorithms sequentially determine the coordinates in the support of the solution. The main
differences between the two approaches are that the conjugate-directions-based approach solves
the problem in increasing subspaces exactly and requires to incorporate new coordinates one by
one, while the accelerated algorithm solves this approximately and can add any number of new
coordinates at a time. Beyond the PageRank problem, our algorithms apply to the quadratic problem

minyern, {g(x) « (x, 0x) — (b, x)}, where Q is a symmetric positive-definite M-matrix.

Problem Structure. The rates achieved with our two methods exploit improved geometric un-
derstanding of the ¢;-regularized PageRank problem structure that we present. In particular, the
{1-regularized problem can be posed as a problem constrained to the positive orthant RY ). Based
on this formulation, we characterize a region of points for which a negative gradient coordinate i
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indicates i is in the support S* of the optimal solution x*, we provide sufficient conditions for finding
points in this region with negative gradient coordinates, and show coordinatewise monotonicity of
minimizers restricted to some relevant increasing subspaces, among other things.

Table 1: Convergence rates of different algorithms exploiting sparsity for the £;-regularized PageR-
ank problem and other more general quadratic optimization problems with Hessian Q, con-

dition number L/, S* < supp(x*), vol(S™) « nnz(Q. s-) and %1(8*) « nnz(Q g+ s+).

Method Time complexity Space complexity
I1STA (Fountoulakis et al., 2019) 5(VOI(S*)§) o(|S*))
CDPR (Algorithm 2) O(|S*|3 + |S*|vol(S*)) O(IS*|?)
ASPR (Algorithm 4) 5(|S*|x751(8*)\/%+ |S*|vol(S8™)) o(|S*))

1.1. Other Related Works

Our solutions make use of first-order methods: accelerated projected gradient descent (Nesterov,
1998) and the method of conjugate directions (Nocedal and Wright, 1999). First-order optimization
methods are attractive in the high-dimensional regime, due to their fast per-iteration complexity in
comparison to higher order methods. In the strongly convex and smooth case, accelerated gradient
descent is an optimal first-order method (Nesterov, 1998) and it improves over gradient descent
by reducing its dependence on the condition number. Because of this reason, accelerated gradient
descent is especially useful for ill-conditioned problems. A method related to the conjugate directions
method is the conjugate gradients algorithm (Nocedal and Wright, 1999). Both of these conjugate
methods can work in affine subspaces (Gower, 2014), but to the best of our knowledge, it is not know
how to provably use these algorithms with other kinds of constraints, see (Vollebregt, 2014) and
references therein. For quadratic objectives, the conjugate gradient algorithm is also an accelerated
method, and it belongs to the family of Krylov subspace methods, of which the generalized minimal
residual method is an important example (Saad and Schultz, 1986). In fact, the conjugate gradient
algorithm was the inspiration for the first nearly-accelerated method for smooth convex optimization
by Arkadi Nemirovski (1981). Conjugate methods have been used to solve linear systems (Saad,
2003) and although these methods are known to exploit the sparsity of the matrix, to the best of our
knowledge there are no analyses of conjugate methods that exploit the sparsity of the solution.

For the ¢;-regularized PageRank problem, Hu (2020) demonstrated through numerical exper-
iments that the updates generated by FISTA do not exhibit the same level of sparsity as those
produced by ISTA for this type of problem. To the best of our knowledge, no other works have
studied the open question raised by Fountoulakis and Yang (2022).

1.2. Preliminaries

In this section, we introduce some definitions and notation to be used in the rest of this work.
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Throughout, let n € N. We use [n] = {1,2,...,n}. We use the big-O notation 5(-) to omit
logarithmic factors. Let 1,, € R" denote the all-ones vector. Denote the support of a vector x € R”
by supp(x) = {i € [n] | x; # 0} and define the projection of x € R" onto a convex subset C C R"
by Projc(x) = arg mingcc [|x — yll2. Fori € [n], we use e; € R" to denote the i-th unit vector and
A" to denote the n-dimensional simplex. For S C [n], and a function f: R" — R, let Vg f(x) be the
vector containing (V; f (x));cs sorted by index. Throughout, Q € M,,x,(R) is always a symmetric
positive-definite matrix with non-positive off-diagonal entries, that is, a symmetric M-matrix such

that @ > 0. In this work, for one such matrix Q and a vector b € R”, we study the optimization

of a quadratic of the form g(x) < (x, 0x) — (b, x) constrained to the positive orthant R . By

strong convexity, the solution is unique. In the sequel, we focus on optimization algorithms for

this problem whose iterates always have support contained in the support of the optimal solution

x* = arg minxeRr;o g(x). We define S* = supp(x*). We refer to coordinates i € [n] as good if

i € 8", and as bad otherwise. We denote by L and a upper and lower bounds on the eigenvalues of
0, that is, smoothness and strong convexity constants of g defined as above, respectively. In short,
we have 0 < o < V?g(x) < LI, for x € R".

Throughout, G = (V, E) is an undirected graph with vertex and edge sets V and E, respectively.
We assume that |V| = n, that is, G consists of n vertices. Given two vertices i, j € [n], i—j denotes
that they are neighbours. For § € V, i-S indicates that i is the neighbour of at least one node
in §. As we describe in the next section, in PageRank problems, the matrix Q corresponds to a
combination of the Laplacian of a graph and the identity matrix /. For a subset of vertices S C V,
we formally define the volume of S as vol(S) = };cs d; + |S/, that is, as the sum of the degrees of
vertices in S, plus |S]|, to account for the self loops induced by regularization, that presents a similar
effect to lazyfying the walk given by the graph. Similarly, we formally define the internal volume
of S as \?31(5) <8+ 2(i,j)eE (i jes), that is, as the sum of edges of the subgraph induced by S,
plus [S], to account for the regularization. This definition corresponds to vol(S) = nnz(Q. g-) and
\;EI(S) =nnz(Q g+ s+), Where nnz(-) refers the number of non-zeros of a matrix, Q. g- refers to the
columns of Q indexed by S* and Q - s- to the submatrix with entries Q; ; fori, j € S*. This is the
formal definition of vol(-) and x751(-) that we use when working with a general M-matrix Q. The
complexity of our results depends on vol(S*) and {fa(S *). Fountoulakis et al. (2019) showed that
for the ¢;-regularized PageRank problem it is };c g+ d; < /l) and therefore vol(S*) < ;1) +|S*|, where
p is the regularization parameter of the problem, see for example (1).

2. Personalized PageRank with ¢;-Regularization

In this section, we introduce the PageRank problem that we study in this work, and we recall the
variational formulation due to Fountoulakis et al. (2019). Let G = (V, E) be a connected undirected
graph with n vertices. We note that there are techniques to reduce an unconnected PageRank problem
to a connected one, see for example Eiron et al. (2004). The PageRank problem is motivated by
trying to find the stationary distribution x € A" of the uniform random walk AD~'x = x, where
D= diag(dy, .. .,d,) is the matrix with the degrees {d;}!" , in its diagonal and A is the adjacency
matrix of G, thatis, A; ; = 1if i~ and 0 otherwise. Similarly for a weighted random walk. We want
uniqueness of the stationary distribution, for convergence and robustness purposes, and this requires
to essentially make the chain strongly connected, that is, irreducible. To that aim, given a € (0, 1),
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in the general directed Personalized PageRank problem we change the Markov chain to have the
transition matrix (1 — @)AD~" + as1,”, where s € A is called the teleportation distribution, because
it makes the random walk to teleport with probability « to a random node dictated by the distribution
s. The original PageRank problem had s = 1,,/n and @ ~ 0.15, and in general they can be chosen
arbitrarily as long as it yields irreducibility, such as in the fully supported case (s; > 0 for all i € [n]).
In our undirected PageRank problem, we already have uniqueness of the stationary distribution, by
connectedness. However, the teleportation distribution is still used to bias the solution toward results
similar to what you are interested in and it can be an arbitrary s € A. For example, if we set s = ¢;,
we compute a cluster around node i (Fountoulakis et al., 2019). It is not necessary, but it could be
desirable to lazify the walk, for instance to %(l + AD™1), in order to ensure aperiodicity of the chain
which implies the chain converges. Note that a distribution is stationary for the Markov chain if and
only if it is a stationary distribution for the lazified walk. We use this lazy version.

So finally, using x € A, we are interested in approximately solving the system (1 + AD ™! 1_TO‘X +

as = x, which after multiplying by D™'/2 on the right and rescaling x to D'/?x results in the
problem of finding a point x with approximately zero gradient for the quadratic objective f(x) «
%(x, 0x) —a(D71/%s,x), where Q = al + %L, and where £ = - D Y/2AD"1/2 is the symmetric
normalized Laplacian matrix, which is known to satisfy 0 < £ < 21 (Butler et al., 2006). By
construction, 0 < al < Q < LI, for L = 1, so f is a-strongly convex and L-smooth. Note that
Q;; < 0fori # j,soindeed Q is a positive definite M-matrix, which is what our algorithms require.
This problem was tackled by the APPR algorithm (Andersen et al., 2006) from an algorithmic
perspective and Fountoulakis et al. (2019) showed that for p > 0, if we approximately optimize the
{1-regularized problem

min f(x) + ap| D ?xls. (1)
Xe n

we obtain the same guarantees as APPR. This variational formulation allows to address the problem
from an optimization perspective and to reason about guarantees on the sparsity of the solution.
For instance, Fountoulakis et al. (2019) showed that }};cs- d; < 1/p and then, assuming |S*| =
O(2;es+ di) they conclude that ITSTA finds an e-minimizer after O(vol(S¥) %) = O(p%) operations.
Due to the strong convexity of the objective, (1) has a unique minimizer x*, and it is in R »q, since the
linear system above, that is arg min g~ f(x), was defined so its solution is a distribution. Letting

8 % () + oD 1, %) = (5, 0%) + a(-D s+ pD 1, 3), P

the optimality conditions for arg minxeRgo g(x) are equivalent to the optimality conditions of Prob-
lem (1) and we have B

min f(x) +ap||DY?*x|l; = min g(x). 3)
xeR" XER;()

The algorithms presented in this work apply in particular to the minimization of g defined in (2).

2.1. Projected Gradient Descent (PGD)

Fountoulakis et al. (2019) tackled Problem (1) by applying ISTA to it, initialized at 0, and they
showed that each iterate x*) of the algorithm satisfies x*) > 0. Given x'/~1, the update rule of
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Algorithm 1 Projected gradient descent (PGD)

Input: Closed and convex set C C R”, initial point x( € C, f: C — R an a-strongly convex and
L-smooth function, and 7" € N.
Output: x7) e C.
1: fort=0,1,...,T - 1do
2 x"*D) « Proje (x0) - %Vf(x(’)))
3: end for

ISTA defines the next iterate as x() = arg min, cgn pa||DY2x]|; + Flx—(xUV -V, f(x7D)) )2 =
arg miny s Hlx — (x7D = vg(x"=1))||, where the equality follows directly by checking each
coordinate, since the problems are separable. We note that the right hand side is the optimization
problem that defines PGD for g in RY . We present projected gradient descent (PGD) in Algorithm 1,
which will be useful to our analysis. None of our algorithms for addressing (3) run PGD as a
subroutine. The application of PGD to the set C C R”, initial point x(?) € C, objective f: C — R,
and number of iterations 7' € N is denoted by x7) = PGD(C, x?, £, T).

Fact 1 (Convergence rate of PGD) Let C C R” be a closed convex set, X9 € C, and f: C —
R an a-strongly convex and L-smooth function with minimizer at x*. Then, for the iterates of
Algorithm 1, it holds that ||x*) — x*||§ <(1- %)t |x(© — x*||§, where k = % See Nesterov (1998,
Theorem 2.2.8) for a proof.

2.2. Geometrical Understanding of the Problem Setting

Fountoulakis et al. (2019) proved that for their method, the iterates x) never decrease coordinate-
wise, and they concluded x* € RY as a consequence of this fact and the convergence guarantees
of IsTA: 0 < xM < ... < x® < x(*+) 5 x* We generalize this result proven for the iterates of
ISTA to several geometric statements on the problem. This result holds in a more general setting,
namely a quadratic with a positive-definite M-matrix as Hessian. The proof illustrates the geometry
of the problem and we include it below. For any point x such that x; = 0if i ¢ S* and V,;g(x) < 0 if
i € §*, we have that x < x*, among other things.

Proposition 2 Let g be as in (2) and let S C [n] be a set of indices such that we have a point
x(9 e R" with supp(x(?) C S and V;g(x'?) < 0 foralli € S. Let C < span({e; | i € S}) N R”

>0’

x(*0) & arg min, . g(x) and x* « arg minxeRgO g(x). Then:

1. It holds that x'9 < x*~C) and V,g(x*>C)) = 0 forall i € S.

2. Iffori € S, we have xl.(o) > 00r V;g(x?) <0, then xl.(*’c) > 0.

3. Ifxl.(*’c) > 0foralli € S, we have x**C) < x* and therefore S C S*.

Proof First, by definition of C, for all x € C, we have x; = 0ifi ¢ S. Let {x(’)};’iO be the sequence
of iterates created by PGD(C, x?, g, -) when the algorithm is run for infinitely many iterations. We
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first prove that for all 7 > 0 and for all i € S, we have V,;g(x()) < 0. It holds for # = 0 by assumption.
If we assume it holds for some ¢ > 0, then we have

XD =y %Vig(x(t)) > x" 4)
for all i € S, that is, the points do not decrease coordinatewise. Let the function g be g restricted to
span({e; | i € §}) and note V;g(x) = V;g(x) fori € S. The function g is a quadratic with Hessian
Os. s, thatis, it is formed by Q; ; for i, j € S. Quadratics have affine gradients and so we have by (4)
that Vg(x"+1) = vg(x)) — %QS’SVg(x(’)) < 0, where the last inequality is due to the assumption
Vg(x) <0, and (I - %QS,S)i,j > 0 forall i, j € S. The latter holds because fori,j € S,i # J,
we have Q; ; < 0 and due to smoothness, itis Q; ; = e/ Qe; < L. Thus, by induction, for all # € N
and i € S, we have Vig(x(’)) < 0. This has two consequences. Firstly, x@ < xM < .. andso
x(9 < x(*€) since the iterates of PGD converge to x(*©), by Fact 1. Secondly, using the limit and
continuity of Vg(-), it is V;g(x~€)) < 0 for i € S. This fact and the optimality of x**) imply
V,g(x*~C)) = 0 for all i € S, proving the first statement.

(t+1) _
; =

For the second stament, fix i € S. Note that by the assumption and the update rule x
xl.(t) - %Vig(x(t)), it holds that xlfl) > (, and thus, since xlf*’c) > xfl), we have x*¢) > 0.

i
For the third statement, we sequentially apply the first one to obtain optimizers in increasing
subsgaces, until we reach x*, while showing they do not decrease coordinatewise. Suppose that

xl.(*’c > 0 foralli € S. If x*~C) = x*, the statement holds. Thus, we assume that x*€) # x*.
In that case, for k € N, define the optimizer y ¥ < arg miny -1 g(y) with respect to the
set k-1 = span({e; | i € R*V}) N R”" , where R~ “ R*=2 y N*-D for k > 0 and

>0°
RGD £ 5, and where NA-D < {i € [n] | yf*’k_l) =0, V;g(y"~*=1) < 0}. By Property 1, it holds
that x*~C) = y0 < < yk) and V;g(y*%) =0 foralli € R* D and k e N. Let K € N
denote the first iteration for which R(K) = R(K=1 or, equivalently N'X) = 0. The existence of such
a K is guaranteed because otherwise RX) ¢ R *D for all k € N, but necessarily it is |[RF| < n.
Thus, V;g(y*X)) = 0 forall i € R~ and V;g(y*X)) > 0 forall i ¢ RK-V_ In summary, y*X)
satisfies the optimality conditions of the problem minyerz g(x), implying that y~K) = x*. Since

S =RV ¢ R Property 3 holds. |

2.3. Algorithmic Intuition

In this section, we present the high-level idea of our algorithms for addressing (3). The core idea
behind them is to start with the set of known good indices S-! = 0 and iteratively expand it,

S ¢ 5O ¢ ¢ ST until we have ST) = S* or we find an e-minimizer of (3). For
t €{0,1,...,T}, to determine elements i € S* \ ST we let
x*! = arg min g(x), (%)
xeC(-1)

where C(-1) & span({e; | i € SV} n RY,. By an argument following Proposition 2 that
we will detail later, V;g(x**")) < 0 for at least one i € S*\ SU~V and V;g(x*") > 0 for all
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Jj ¢ S8*. This observation motivates the following procedure: At iteration ¢t € {0,1,...,T — 1},
construct x**), check if N = {i € [n] | V;g(x*?) < 0} is not empty, and, in such a case,
set S ¢ =D y N and repeat the procedure. Should it ever happen that N = 0, then we
have x*-*) = x*, that is, we found the optimal solution to (3) and the algorithm can be terminated.
When using conjugate directions as the optimization algorithm for constructing (5), and when only
incorporating good coordinates one by one, we obtain Algorithm 2 (CDPR), see Section 3. For our
second algorithm, Algorithm 4 (ASPR), we use accelerated projected gradient descent to construct
only an approximation of (5) and we show that this method still allows us to proceed. We discuss the
subtleties arising from using an approximation algorithm in Section 4.

3. Conjugate Directions for PageRank

Algorithm 2 Conjugate directions PageRank algorithm (CDPR)

Input: Quadratic function g : R” — R with Hessian Q > 0 being a symmetric M-matrix. The
{1-regularized PageRank problem corresponds to choosing g as in (2).

Output: x7) = arg minxeRgo g(x), where T € N is the first iteration for which N7) = 0.

I: 1«0

2. x) 0

32 N {i € [n] | Vig(x") < 0}
4: while N # 0 do
5 i e nND

6 u" —Vig(x") e
7

- ®_0d®)
,81(:) — Vi(r)g(x(’))(Q:,im,d(k)> forallk=0,...,t -1 o equal to —%
g d) —u® -:-)22‘:% ,8](:>d(k) ¢ store this sparse vector
— d t
9.  d®) rexT o o store (d¥, Qd ")
100 W — —(Vg(x"),d")
11: x*D — x® 4 p(0 g o equal to arg miny ) g(x) = arg min,, g g(x +pd®)

1 N+ {i € [n] | Vig(xD) < ()}
13:  t«—t+1
14: end while

With the geometric properties of the problem we established in Section 2, we are ready to intro-
duce the conjugate directions PageRank algorithm (CDPR) Algorithm 2, a conjugate-directions-based
approach for addressing (3), which outperforms the I STA-solver due to Fountoulakis et al. (2019) in
certain parameter regimes. CDPR is based on the algorithmic blueprint outlined in Section 2.3 and
constructs x*7) as in (5) using conjugate directions. As we will prove formally, it is 0 < x**) for
allt € {0,1,...,T}, allowing us to solve the constrained problem (5) by dropping the non-negativity
constraints and using the method of conjugate directions. This is an important point, since this
method is designed for affine spaces only and, to the best of our knowledge, cannot deal with other
constraints. Conjugate directions are an attractive mechanism for finding (5), as it allows to exploit
the sparsity of the solution, is exact, and does not rely on the strong convexity of the objective,
leading to a time complexity independent of a. Note that, even though we may learn about several
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new good coordinates at the end of an iteration, in order to maintain the invariants required for
our CDPR, we can add at most one new coordinate to S*) at a time. This algorithm requires more
memory than the T STA-solver of Fountoulakis et al. (2019) and ASPR, which is due to storing an
increasing Q-orthogonal basis that is required to perform exact optimization over C*) by performing
Gram-Schmidt with respect to Q.

Algorithm 2 works in the following way. Initialize with S(-V) = 0, and x*0 = 0. For

t € {0,1,...,T}, let the set of known good coordinates be §*) gDy {i®}, and define
cn < span({e; | i € SO} n RY,, and x(0) < argmin,.~«-1 g(x). At each iteration ¢ €
{0,1,...,T — 1}, we start at x**) > 0, for which it holds that V;g(x*") = 0 fori € §¢~1 and
there exists at least one i) ¢ U~V such that Vi g (x> < 0 unless we are already at the optimal
solution, that is, x**~1) = x*. We arbitrarily select one such index, and then perform Gram-Schmidt
with respect to Q in order to obtain d*) that is Q-orthogonal to all d®) for k < r. Next, one can
see that the optimizer x"*1) along the line x(*) + (" d") results in the optimizer for the subspace
span({e; | i € S®}), which is x**1) > 0. After |S*| iterations, we obtain x*. We formalize and
prove the claims of the overview below.

Theorem 3 [|] Forallt € {0,1,...,T} and k € {0,1,...,t — 1}, the following properties are
satisfied for Algorithm 2:

1. It holds that (d¥,Qd®) = 0.
2. We have that (Vg(x®),d®Y = 0 and V;g(x") = 0 forall i € S*~V.
3. Itis xl@ > 0forallie SED and 0 =x0 = x*0 < x() = x&=D < < xT) = x&T),

4. It holds thar xT) = x*.

Unlike our next algorithm, ASPR, the time complexity of Algorithm 2 does not depend on «, L,
or g, and we optimize exactly. We detail the computational complexities of our algorithm below.

Theorem 4 (Computational complexities) [|] The time complexity of Algorithm 2 is O(|S*|> +
|S*|vol(S*)) and its space complexity is O(|S*|?).

4. Accelerated Sparse PageRank

In this section, we introduce the accelerated sparse PageRank algorithm (ASPR) in Algorithm 4,
which is an approach based on accelerated projected gradient descent (APGD) for addressing (3).
Let x*~0 =0, let SV = 0, and for r € [T], let x**) = arg ming . ~¢-1 g(x). We now explain the
necessary modifications to the exact algorithm outlined in Section 2.3 such that an approximate solver
of (5) can be incorporated. First, we recall the convergence of accelerated projected gradient descent
(APGD) (Nesterov, 1998) in Algorithm 3, which is used as a subroutine in Algorithm 4. APGD
applied to the set C C R", initial point x°) € C, objective f: C — R, and number of iterations
T € N is denoted by x «— APGD(C,x?, f,T). For strongly convex objectives, APGD enjoys the
following convergence rate.
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Algorithm 3 Accelerated projected gradient descent (APGD)

Input: Closed and convex set C C R”, initial point x( € C, f: C — R an a-strongly convex and
L-smooth function, condition number x = L Ja,and T € N.
Output: y7) e C.

1: 29— yO@  xO0: Ag—0; ap1
2: forr=0,1,...,T—-1do

3 Al — A +a; o equal to At(#m) > A(1- ﬁ)‘l ifr>1
4: x(t+1) «— AIA_ty(Z) + iz(l‘)

t+1 t+1

: —1+A
5: 2D « Proje (K’il+;t:1z(t) + T (x(+D) — %Vf(x(”l))))
Ay

6: y(t+1) — Hy(t) +ﬁz(z+1)

2
T Qe — At+1(m -1)
8: end for

Proposition 5 (Convergence rate of APGD) [|] Let C C R" be a closed convex set, x9 e C, and
f: C — R an a-strongly convex and L-smooth function with minimizer x*. Then, for the iterates of

Algorithm 3, it holds that f(y®) — f(x*) < (1 - ﬁ;)"lw,for K= % We thus obtain

x(© (L=a) [V =) II3

an e-minimizer inT = 1+ [2&10g(%)] < 1+ 2vklog( ool )] iterations.

As in the Algorithm 2 in the previous section, our Algorithm 4 constructs a sequence of subsets
S of the support of x*. In contrast to CDPR, Algorithm 4 does not compute x***1) for r €
{0,1,...,T — 1} exactly, but instead employs APGD as a subroutine to construct a point x(*1
that is close enough to x*/*1)and then reduces all positive entries of X"*!) slightly, obtaining
x(*D) < x1+1) The following Lemma 6 establishes that if a coordinate of a point is decreased,
the gradient of g at all other coordinates does not decrease, implying that for all points x € RZ
satisfying x < x***1) no bad coordinate has a negative gradient.

Lemma 6 [|] Let x € R", and let y = x — ge;, for some € > 0, i € [n]. Then, forall j € [n] \ {i}, it
holds that V jg(y) > V;g(x). If instead & < 0, then V jg(y) < V;g(x).

The second part of Lemma 6 implies that we only have V;g(x**1)) < 0 for coordinates i for which
V:g(x**D) < 0, but it suggests that there could be none satisfying the former. To address this
issue, APGD is run to sufficient accuracy to guarantee that g(x("*1) — g(x**1) < £¢_ Then, we
show that either g(x"*1) — g(x*) < & or one step of PGD from x""*! would make more progress
than what we can do in the current space C ) of which x**1) is minimizer, and so the gradient
contains a negative entry. All such entries are good coordinates i € S* \ §), similarly to what we
had at x***1) in CDPR. We note that unlike for CDPR, this time we can incorporate all of these
coordinates at once to the algorithm. In Theorem 7 below, we address all these challenges associated
with computing x"*1 in Algorithm 4 in lieu of x**1) and we prove that indeed Algorithm 4 finds
an e-minimizer of g, while all the iterates are sparse, if the solution x* is sparse.

10
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Algorithm 4 Accelerated sparse PageRank algorithm (ASPR)
Input: Quadratic function g : R” — R with Hessian Q > 0 being a symmetric M -matrix, accuracy
& > 0. The ¢;-regularized PageRank problem corresponds to choosing g as in (2).
Output: x7), where T € N is the first iteration for which §() = (-1,
I t«0
2 x0 0
3 80 «— {ie[n]|Vig(xD) <0}
4: while S # U7V do
50 Oy — | £a

(1+]SO L2
A 82a 2
: S sa®
6 & 2 T 2(HsONL?

7. CW «— span({e; | i€ SV} n RZ,
g x(+)  apeD C(t),x(t),g’l_'_[2\/;1(){;((L—a)lIVS(t)g(xm)H%)-‘)

28, a2
9:  x"*D «— max{0,x"*) —6,1,} o coordinatewise max, only needed for i € §()
10: ST SO U (i€ [n] | Vig(x*D) < 0}
11: te«t+1
12: end while

Theorem 7 [|] Let SV = ¢, x*~D £ g, x*9 = 0, and define x**) ! arg ming o1 g(x)

fort € [T], where C''™V is defined in Algorithm 4. Forallt € {0,1, ...,T}, the following properties
are satisfied for Algorithm 4.

1. It holds xl.(*’t) > 0 ifand only ifi € STV We also have Vl-g(x(*”)) =0ifie §@-1)
2. Itisx < x®0 < x* and x(171 < x(0),

) dﬁf

3. Our set of known good indices expands SU=V ¢ @ = §U=D y {i e [n] | V;g(x) < 0} C
S*, or x\ is an e-minimizer of g. In particular, g(xT)) — g(x*) < &.

Note that by the previous theorem, we have the chain 0 = x>0 < x(=D < < x&T) < x*
and SV ¢ §O ¢ . ¢ §T-D = §(T) ¢ S* This implies that every iterate of Algorithm 4 only
updates coordinates in S*. Thus, the final computational complexity of this accelerated method,
specified below, depends on the sparsity of the solution and related quantities, answering the question
posed by (Fountoulakis and Yang, 2022) in the affirmative.

Theorem 8 (Computational complexities) [|] The time complexity of Algorithm 4 is
~ ®1. 1 * L * *
o (IS |[vol(S )\/;+ |S*|vol(S )),

and its space complexity is O(|S*|).

The question of Fountoulakis and Yang (2022) suggested that one has to possibly trade off lower
dependence on the condition number for greater dependence on the sparsity. Surprisingly, the term

11
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|S *|\70~1(S *) multiplying the condition-number term can be smaller than the corresponding term
vol(8*) of ISTA, so in such a case the accelerated method also improves on the dependence on the
sparsity, and it enjoys an overall lower running time if |S*| < L/a, see Appendix B.

4.1. Variants of Algorithm 4

An attractive property of Algorithm 4 is that by performing minor modifications to it, we can exploit
the geometry to stop the APGD subroutine earlier, or we can naturally incorporate new lower bounds
on the coordinates of x* into the algorithm.

4.1.1. EARLY TERMINATION OF APGD IN ASPR

We first present another lemma about the geometry of Problem (3).

Lemma 9 [|] Let S be a set of indices such that x*©) = arg min, . g(x) satisfies x;*’c) >0if

and only if j € S, where C & span({e; | j € S}) NRY,. Let x € R be such that supp(x) C S,
and V;g(x) < 0 forall j € S. Then, for any coordinate i ¢ S such that V;g(x) < 0, we havei € S*.

By Statement 1 in Theorem 7, we can apply Lemma 9 with S®) in Algorithm 4, for any
t € {0,1,...,T — 1}. This motivates the following modification to Algorithm 4: In ASPR, if we
compute the full gradient at each iteration (or every few iterations) in the APGD subroutine, then, for
an iterate x in APGD, if we have V;g(x) < 0 for all i € ) and we observe some j ¢ S) such that
V;g(x) < 0, then we can stop the APGD subroutine, incorporate all such coordinates to S (t+1) and
continue with the next iteration of Algorithm 4. This modification does not come without drawbacks,
since we need to compute full gradients in order to discover new coordinates early, instead of just
gradients restricted to S*). Interestingly, we can show that if we were to compute one full gradient
for each iteration of the APGD subroutine, then the complexity of the conjugate directions method
is no worse than the upper bound on the complexity for this variant of Algorithm 4, in the regime
in which we prefer to use these algorithms over the I STA-approach in Fountoulakis et al. (2019).
Indeed, the complexity of this variant is o (|S*|vol(S *)M), and the complexity of Algorithm 2,
which is O(|S*|? + |S*|vol(S*)), can be upper bounded by O(|S*|?>vol(S*)). If the complexity
of the variant is better, up to constants and log factors, then we can exchange another |S*| term
by \/m to conclude that this complexity is no better than the complexity of the ISTA approach
o (vol(8¥) %), up to constants and log factors. Nonetheless, one can always compute the full gradient
only sporadically to discover new good coordinates earlier, and we expect the empirical performance
of Algorithm 4 to improve by implementing this modification. In future work, we will extensively
test our algorithms with this and other variants to assess their practical performance.

4.1.2. UPDATING CONSTRAINTS

In Algorithm 4, every time we observe V;g(x) < 0 for all i € S), whether for the iterates of
the APGD subroutine or for x"*!)| we have by Statement 1 of Proposition 2 and Statement 2 of

12
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Theorem 7 that x < x***1) < x*  Using this new lower bound on the coordinates of x*, we
can update our constraints. If we initialize the constraints to C < RY,, we can update them to
C «— Cn{y € RY, |y > x} every time we find one such point x. This can help avoiding the

momentum of APGD taking us far unnecessarily. We note that these constraints are isomorphic to the
positive orthant, and only require storing up to |S*| numbers.

5. Conclusion

We successfully integrated acceleration of optimization techniques into the field of graph clustering,
thereby answering the open question raised in Fountoulakis et al. (2019). Our results provide evidence
of the efficacy of this approach, demonstrating that optimization-based algorithms can be effectively
employed to address graph-based learning tasks with great efficiency at scale. This work holds
the potential to inspire the development of new algorithms that leverage the power of advanced
optimization techniques to tackle other graph-based challenges in a scalable manner.

13
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Appendix A. Missing Proofs

Remark 10 We recall that, as we pointed out in Section 2.1, ISTA on f is equivalent to projected
gradient descent in RY ) on g. Proposition 2 allows to quite simply recover the result in (Fountoulakis
et al., 2019) about ISTA initialized at 0 having iterates with support in S*. Moreover, our argument
below applies to the optimization of the more general problem where Q is an arbitrary symmetric
positive-definite M -matrix.

Indeed, we satisfy the assumptions of Proposition 2 for initial point x'° and set of indices
S — {i | Vig(x©) < 0}, which is non-empty unless x°) is the solution x*. Let the corresponding
feasible set be C = span({e; | i € S}) N RY,. Now, while the iterates of PGD(Rs0,x©, g,-)
remain in C, that is, for t such that x(M e, they behave exactly like PGD(C, x(0) g, ") and so, we
have the following invariant by the proof of the Proposition 2: x® < x*C) and Vgg(x") < 0
and x9 < x"*V_ If this algorithm leaves C at step t, that is x) € C and x"*V ¢ C, we have
Vsupp(x<z+1>)g(x(’)) < 0, since the invariant guarantees Vsg(x")) < 0 and if i € supp(x"*V \ S, it
must be V;g(x)) < 0 by definition of the PGD update rule. In particular, we can apply Proposition 2
again with initial point X" and the larger set of indices supp(x"*1), and so on, proving that the
invariant Vsupp(x(,))g(x(’)) < 0.and x" < x"*Y holds for all t > 0. By the global convergence of

PGD(Rs0,x©, g,-), we have x) < x* for all t > 0, so it is always supp(x*)) € S*.

In the rest of this section, we present proofs not found in the main text.

Proof of Theorem 3. We prove the properties in order:

1. For t = 0, the statement is trivial. Letr € {0,1,...,T — 1} and assume that (d(j), Qd(k)> =0
forall j,k € {0,1,...,¢} such that j > k. Then,

t
<d(t+1), Qd(k)>:<u(t+l)+Zﬁl((t+1)d(k)’ Qd(k)> — <u(t+1)’ Qd(k)> +ﬁ](<l+1) <d(k), Qd(k)> =0,
k=0

where the second and third equalities follow from the induction hypothesis and the definition

of ,8,(:”), respectively.

2. By induction. For ¢ = 0, there is nothing to prove. For some # € {0,1,...,T — 1} suppose that
forall k € {0,1,...,t}, it holds that (Vg(x),d®) = 0. Then, since x!"*1) = x®) 4+ (N d®)
we have Vg (x("*D) = Vg(x)) + (V' Qd™®). Thus, by Property 1 and the induction hypothesis,
we have

(Vg(x"1),d®) = (Vg(x"),dW) +n(@d",dM) =0
for all k < r. By the definition of "), we also have (Vg(x(*1),d¥)) = 0. Thus,
(Vg(x™) d®y=0  forallr€{0,1,...,T—1}and k € {0,1,...,1}.  (6)

Thus, since for 7 € {0,1, ..., T}, span({d@,d™, ..., d*V}) = span({e; | e; € SEV}), it
holds that V;g(x*)) = 0 for all i € S“~V by (6).
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3. By induction. For ¢ = 0, it holds that xl@) > (0 foralli € S(‘l) =0and 0 = x© = x(*0,
Suppose that the statement holds for some ¢ € {0,1,. — 1}, that is, x(t) > ( for all
ieS"Vand0=x =x50 <xM =xtD < < x(t) = x(* . By Proposmon 2 applied
to g, S®, and x*) = x*" we have thatx(* AN 0 foralli € @ and V;g(x**1)) =0 for

alli € U that is, x* ) = = arg Millycgpan ({e;ies® }) & (X). By Property 2, V,g(x*D) =

for all i € S, that is, x*!) = argmin lies}) (x). By strong convexity of g

xespan({e;
restricted to span({e; | i € $1}), x(~+1) = x(+1)

4. By Property 3, 0 < xT) that is, x(7) is a feasible solution to the optimization problem (3).
By Property 2 V,g(x(T)) =0foralli € STV, Since T € N is the first iteration for which
NT) = lie[n]|Vig(xT)) <0} = 0, xT) satisfies the optimality conditions of (3) and

xT) = x*,

Proof of Theorem 4. We run Algorithm 2 for |S*| iterations. We summarize the costs of operations
performed during one iteration ¢ € {0, 1, ..., T}. The cost of computing N+ is O(vol(S*)). Note
we do not need to store the gradient, at most we would store Vg1 g(x"*1)) and this is not necessary.
Note that the vectors x"*1) and d*) and d*) are sparse, their support is in S*. Thus, computing d(*)
takes O(vol(S*)) and computing 7" and x**V) takes O(|S*|). Finally, we discuss the complexity
of computing ﬁ,(;) for k < ¢. In order to compute these values efficiently throughout the algorithm’s
execution, we stored our normalized Q-orthogonal partial basis consisting of the vectors dX), for
all k € {0,1,...,T}. Since supp(u'?)) = 1, the cost of computing one /3,({’) is only O(|S*]) and
thus computing all them for k < ¢ and computing d*) takes O(|S*|?) operations. In summary, the
time complexity of Algorithm 2 is O(|S*|? + |S*|vol(S*)). The space complexity of Algorithm 2 is
dominated by the cost of storing d¥) for k € {0,1,...,7 — 1}, which is O(|S*|?). |

Proof of Proposition 5. Accelerated gradient descent is a classical algorithm, see Diakonikolas
and Orecchia (2019, Theorem 4.10) for instance for an analysis of a strongly-convex version with
projections. We have not found the analysis of the form of our Algorithm 3 in the literature, namely
the strongly-convex non-lazy version supporting projections. Hence for completeness, we present
its analysis here. We do not claim any novelty on this algorithm or analysis, it is a combination of
known accelerated techniques.

If we denote the indicator of a closed convex set C by I (x) whose value is 0 if x € C and

+o0o otherwise, we can define w(x) = Ic (x) + Sllx - x(0 ||2 to be a regularizer that encodes the
constraints and is o--strongly convex in the feasible set. Algorithm 3 uses o = L — g and C = RY,
but any o > 0 works and the running time does not depend on it. The method uses the following
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updates, for initial points x(?) = y(0 = 20 ¢ C:

a A
x(k+D) Gk (k) Tk (k)

y
Ars1 Ags1
. o+ Aru Ak+1H 1
2" — argmin {—||z<k> 3 + =5 = (D - v D))
weC 2 2 H (7)
i ( o/u+ Ag Z(k) + Ar+1 (X(k+1) _ lvf(x(k+1))))
o/pu+ Ak o/ A H

gD Ak+l  (k+1) iy(’d

Arsl A1

where A; B Ai1+a; = Zﬁzo a;, and a; > 0 are positive parameters to be determined later, except
for ag = 0. For Vy = 0, recursively define

e . o+ Ak—l -
Vi min {vk_l + TR 00 — g+ a (7 ), u=x0) + S ju - x“‘)u%)}

so that we have the following lower bound estimation of the optimum

aorr @ 2 axf(x™) +min {Zak (V0,0 =x®) + L ju=x©) + Zfju - x“”n%}

k=1 k=1
g 0)(12
- Sl =xO)3

1

. |o+uA o,
D arfx®) +V, +min{ ——lu -2 3 - Zllx" - x©)3
= ueC 2 2

VE)

@ . o * €
= D arf ) 4V = Slx - x 3 E AL,
k=1

where (1) uses convexity, adds and subtracts (x) and takes a minimum. Then, (2) uses x(?) = z(®
and then it uses Lemma 11 sequentially ¢ times (for £k = 1,...,¢ and taking into account that
Vo = Ag = 0) and @ holds because the value of the minimum is 0, since z(*) € C. We define the
lower bound L; on f(x*) as the one satisfying the equality above.

Now let U, = £ (y") be an upper bound on the function value of our current point. If we show
Ar(Ur — L) < Ap_1(Ug-1 — Lr-1) for all k € {1,...,t}, then we can bound the duality gap as
fiyD) - f(x*) < U, - L; < %(Ul — L1). We proceed to show this inequality for £k > 1 and we
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also bound A1 (U; — L1), which allows us to conclude. We have, for all £ > 1:
T« 0) 12
Ax(Ux = Li) = A1 (Ug—1 = Lig—1) — 1{k=1}§||X x|l

DA ) = )+ a fx) + AL = Fx)
k k-1
=Y aif () = Vie+ Y aif(x D) + Vi
i=1 i=1

@
< A (VFER), x0 —yEDy vy v+ A (F (0 = F(x))
©) - O+ Ap-11 _
= (VLE), A () =y ) — a2 - x9)) - 2 -V
a
= Lpmy g 12® = x O + ALy ®) - £

Z(k)> B o+ (Ag_1 + 1{k:1}ak),u ”z(k) _

D (T, 54 5

2D+ A D) - £

@ La} 0+ (A1 + Tg=nyan)p

©
24, 5 |20 — 2D 2 <o,

(®)

In (1) we write out the definition of the left hand side, but we add and subtract Ay f(x%)). The point
y¥) is defined to reduce the upper bound on the objective with respect to what we would obtain at
x(K) where we compute the gradient, which is why we compare to Ay f(xX)) to A Uy. We also
canceled the terms +7-||x* — x(0) ||§ coming from the lower bounds, except for k = 1, since Ag = 0.
In 2), we use convexity on the first summand and cancel several terms. In (3) we write the definition
of Vi with its argmin zX), group terms, and drop —a; 5||x*) — z(¥||2, except for k = 1, for which
we have x) = z(9) 50 we will be able to group it with the other terms in (4). In (4), we use equality
(Ao +ar)x® = Apx® = A1 y*D 4 q,2=D which holds by definition of x(¥) and A;. The
point y %) was defined to improve the upper bound with respect to using f(x¥)) as upper bound and
it was chosen so that the vector y ) — x(%) is exactly X—i(z(k) —z(k=D) 50 we can use smoothness to

show (5):

Ac(f(™) = F (")) < A (<Vf<x<’<>>, y* —x9) + gny“‘) -xM3

2
= (V)2 2Dy 1 gl b
’ 2Ax '

Finally, we choose the step-sizes aj so that (6) holds. For k > 2, it is enough if we drop o

AkAg— def
K

and we have ai < , where x = L/u. Using Ap = Ag-1 + ax we just need to solve the

2

equation ai —ag % — —k=L = 0 in order to obtain the maximum ay satisfying the inequality. This
yields ax = Ag_q (2% “211(”"’(), and so Ay = Ax_1 + ay = Ak_l(% V1+4€)  For k = 1, we need

ai1L < o + ayu, since we choose Ag = 0. We can choose, as in Algorithm 3, a; =1 = A; and

o = L — u, but in general we can also choose an arbitrary o > 0 and a; = A; = ﬁ
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We conclude with:

Dawh-L1y @ o

* * 0) 12
G - &) <ULy T oI ==l
® (L-pllx —xO|32 ( 2« )‘“‘1) o (L=l x0T (1 1 )"1
2 2k +1—V1+4k a 2 2Wk)

where @ and @ are due to (8), @ holds by the choice of A;, and the last inequality is a bound to
make the expression simple. The second part of Proposition 5 is a straightforward corollary of the

—a) [x(© _x |12
first part. Forany T > 1 + |'2\/?log(M

52 )] we have

1\ L -o)lx? - x3 -
> by the first part of Proposition 5

fT) - f(x) < (1 -

2k 2
1 (L-a)x®-x1f
< exp _W(T -1) 5 > since (1 +x) < e* forall x € R
K

<e&

IV xO)1I3
a2

. . (0) _ +*|2 i
In particular, by a-strong convexity of f, we have ||x x5 < so we obtain an
(L-a)|IVf (xO)|I3

e a? )] iterations. -

&-minimizer after 1 + [2+/k log(

Lemma 11 (Mirror lemma) Forallu € C and k > 1 we have

O+ A1

Vk_1+ 5

+ 1A
a2 s (77 ), =xB) + Zju - x D) > vier TEE

lu—z]13.

®

Proof The minimum value of the left hand side of (9) over u € C is Vi by definition. The
left hand side is a quadratic with leading term Tl ZHAL and whose minimizer is

2 2
7k = if’{k’lz(k‘l) + a‘i—’;‘k(x(k) - I%Vf(x(k))) since this point satisfies the first order optimality

pak _
5

O+Aj
condition:

(o +pAr-1) (@Y =25 ) 4+ @ V(x5 + agua® - xP) = 0.
Thus, we have that for all u € C the left hand side of (9) is equal to Vi + %Ak llu — 2 ||§ which is
>Vi+ %llu —z0 ||§ by the definition of z(¥) as the projection of %) onto C. |

Proof of Lemma 6. Let i, j € [n] such that i # j. Geometrically, since the gradient of g is an affine
function, the set of points y for which V;g(y) > ¢ for some value c, forms a halfspace. Fixing x;, any
point otherwise coordinatewise smaller than x does not increase in gradient, since the off-diagonal
entries of Q are non-positive. That is, the corresponding (n — 1)-dimensional halfspace is defined by
a packing constraint (Allen-Zhu and Orecchia, 2019; Criado et al., 2021). Formally, we have

Vig(y) - V;g(x) = (Qy); — (0x); = —&(Qe;); = —€Q;; 2 0,
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. . 1-a)A; .
where the last inequality uses Q; ; = —% < 0. The second statement is analogous. |
. id;

Proof of Theorem 7. Because we have (1 = 0, x>0 = x(+0 = x(O = @, and by definition it
is x* € RY ), we have that the first two properties hold trivially for 7 = 0. Property 3 also holds for
t = 0. Indeed, if the set of known good indices does not expand, we have Vg(x(?) > 0 and so we

have x(© = 0 = x*, and thus x(9) is an e-minimizer of g for any & > 0.

We now prove the three properties inductively. Fix € {0,1,...,7 — 1} and assume Properties 1
to 3 hold for this choice of k € {0,...,t}. We will prove they hold for # + 1.

The value of the accuracy &; in Algorithm 4 was chosen to compute X"*!) close enough to
x(5*1) In particular, we have

@ 2 @ 25, B
II}—{(I+1) _ x(*,t+1)”2 < _(g(x(l‘+1)) _ g(x(*,t+1))) < 1 = (5?, (10)
o’ a
where we used a-strong convexity of g for (1), the convergence guarantee of APGD on X/*1) for (2),

and for (3) we used the definition of &,. The above allows to show that x*+1) «f max{0, "V -5,1,},
where the max is taken coordinatewise, satisfies

x(l‘+1) < X(*’t+1). (11)

(t+1)

Suppose this property does not hold and that for some i we have x; > xl.(*’Hl) > 0. Then, we

would have that xl.(Hl) = )?5”1) — 0y and

(t+1) _ X(*,z+1)” > |fi(t+1) _xl(*,t+1)| > xl(t+1) _xi(*,z+1) _ x§t+1) +6, _xi(*,t+1)

||X > 61’

which is a contradiction. Note that we have

@®
V,g(x™*)) < v, g(x*) @0 forall j € §U+D\ §O), (12)

since (2) holds by definition of SU*Y and (1) is due to Lemma 6 and the fact that we can write
x(+D) = x(er+l) 5. ) wie; for some w; € R, since we just proved x*Y < x5+ in (11),
and by construction supp(x*1) ¢ §) and supp(x*~*+) c §(),

We now show that
x50 < x(rr), (13)

This fact holds by Item 1 of Proposition 2 with starting point x**) and § « §), which makes
it (=€)« x*1 _ The assumptions of Proposition 2 hold since x**) = 0if i € [n] \ S®) C
[n] \ $“~V by construction and we have V;g(x"~")) = 0 for i € §“~1 by induction hypothesis of
Property 1 and V;g(x*") < 0 fori € §®) \ §¢~1 by the same argument we provided to show (12).
In the same context, we also use Item 2 of Proposition 2, using the fact that V;g(x**)) < 0 for

i € S\ §=1 and that by Property 1 for ¢, we have xl.(*’t) > 0 for all i € U=V, Therefore, we
conclude xf*’Hl) > 0 for all i € ), which means we proved Property 1 for 7 + 1.
Moreover, now using Item 3 of Proposition 2 in this context, we conclude

x(BHD) < g% (14)
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Thus, Property 2 holds for ¢ + 1 since we proved (11), (13) and (14).

Now we prove Property 3 for ¢ + 1. We note that the value of §; was chosen so that the retracted
point x**1 still enjoys a small enough gap:

Oy}
g(x(t+1)) _ g(x(*,t+1)) < §||X(t+l) _ X(*,t+1)||22

@
< LI - xSV 450167
(15)

L(1+|sD])s?

INE) IN)

a
7
Above, (1) uses the optimality of x**1) and L-smoothness, while (2) holds because by construction
of x("*1) we have Diies® |x§t+1) - x;.kl2 < Ziesm(l)?yH) - x|+ 5:)% < 22i€5<t>()€i(t+1) - x;‘)2 +
2|8 (t) |6t2. We have @ by (10) and @ holds by the definition of §,, which was made to satisfy this
inequality.

n
>0’

progress than what can be made in C"*1), by (15), and so PGD explores a new coordinate, that is,
we have a coordinate i with V;g(x"*1) < 0 and we can extend the set of good coordinates S*).
Indeed, suppose that g (x(*V) — g(x*) > &. Let y'*D) = Projgs_ (x(*D) — Vg (x("*D)). We use the
following property in (Fountoulakis et al., 2019, Equation below (23)) from the guarantees of ISTA
on the problem, or equivalently on PGD (C(”l), xy, g, 1), see Section 2.1. We have

We now show that if x(**1) is not an &-minimizer of g in R” , then one step of PGD makes more

* a E3
sy —g(x) < (1-T) (ex) - g(x). (16)
Consequently, we obtain

0o gxtsoh) D - ? T~ g(x")) D gx) gy,

where () holds by (15), (2) holds by our earlier assumption g(x**1)) — g(x*) > &, and (3) is obtained
by (16) after adding g(x"*") — g(y**V) to both sides, and reorganizing. Hence, g(x*/*)) >
g(y"*). Since x*"*1 is the minimizer of g in C'*), it holds that y "*1) ¢ C(*) and so V,;g(x"*V) <
0 for at least one i ¢ S, and §*) ¢ S+,

It remains to prove that SU*1) € 8*. Forr+1 =T itis S7~1 = () and the property holds by
induction hypothesis. For the case # + 1 # T, suppose the property does not hold and so there exists
j ¢ S such that j ¢ S* and ng(x(”l)) < 0. In that case, we have by (12) that ng(x(*’”l)) < 0.
On the other hand, it is V;g(x***1) = 0 and xf*’t+l) > 0 fori € S\ by Property 1 and so we can
apply Proposition 2 with S « S U {;} and initial point x***1) to conclude a contradiction, since

by Item 2 it is x](.*’c) > 0 but by Item 3 we have x](.*’c) < xj*. =0.

Finally, by Property 3 for ¢ = T, since S" =) does not expand, that is, S D = §T) it must be
g(xM) —g(x) <&

23



MARTINEZ-RUBIO WIRTH POKUTTA

Proof of Theorem 8. For each iteration, the time complexity of Algorithm 4 is the cost of the APGD
subroutine plus the full gradient computation in Line 10. By Theorem 7, APGD is called at most

L-a)||V: )12
T = |S*| times and it runs for O \/%log (L Vs s

&ra?
iteration of APGD involves the computation of the gradient restricted to the current subspace of good
coordinates, and involves the update of the iterates, costing O(vol(S*)). The computation of the full
gradient takes O(vol(S*)) operations. Thus, the total running time of Algorithm 4 is

~ L L— 1 Ve (12
o(|s*|vol<s*>\/;10g(( @) max;eo.1,. 1-1} Vs g(xD)|I3

iterations at each stage . One

étCYQ

2 _ "

+ |S*|vol(s*))

&

=0 (|s*|701(3*)\/§+ |s*|v01(3*)) ,

where (1) holds since by L-smoothness of g restricted to span({e; | i € S®}) and by 0 < x*) <
x*1) < x* for all r € [T], we have ||VS(t)g(X(l))||§ < L|x® - x"0|12 < L||0 - x*||2. To further
interpret the bound in the ¢;-regularized PageRank problem, we can further bound

|0 - x*||§ < %HVS*g(@) - Vs*g(x*)Hg > by a-str. convexity of g in span({e; | i € S*})
< % IVs:g(0) ||§ > by optimality of x*
< % | (—a/D_l/Qs + a/le/Qﬂn)S* ||§ > by the gradient definition
< (=71, + D21, savsip <1
< é(l + \/M)QlS*l > maximum d; fori € 8" is < |vol(S™)|

=0 (%lSﬂvol(S*)) .

Then, by the definition of &;, the time complexity of Algorithm 4 of the ¢;-regularized PageRank
problem is

p— 4 (1) _ * *
O(|S*|V01(S*) \Ebg(u (1+]SON(L - a)|S lVOl(S))+|S*|V01(S*)

abe

The space complexity of Algorithm 4 is dominated by the cost of storing the gradient V¢ g (x1),
which is O(]S*|), since S*) C S*. Note that we require to compute the full gradient when updating
S but we only store the new indices. |
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Proof of Lemma 9. Fix j ¢ S such that V;g(x) < 0. By the assumption x; = 0if i ¢ §
and V;g(x) < 0if i € S, and therefore we can use Proposition 2 with § and x to conclude
0 < x < x* and V,g(x»)) = 0. We can thus write x = x**©) — ¥, ¢ w;e;, for w; € Ry for
alli € S. By Lemma 6, it holds that ng(x(*’c)) < V,g(x) < 0. We now use Properties 2 and 3 in
Proposition 2 with set of indices § _d:ef S U {;j} and starting point x*>C). By Property 2 we have for
i ;>0
xl.(*’c) > xf*’c) > 0 fori € S. Thus, xg*’c) > 0 for all i € S and by Property 3, it holds § € S* and
in particular j € S*. n

x(*0) = argmin, . g(x) that x > 0, where C < span({e; | i € S}). By Property 1, we have

Appendix B. Algorithmic Comparisons

CDPR has worse space complexity, O(|S*|?), than ASPR and ISTA, both O(|S*|). However, since
CDPR finds the exact solution, CDPR outperforms the other methods in running time for small enough
€. Note that the time complexities of ISTA and ASPR depend on % only logarithmicly. We perform
the remaining comparison for log(1/¢) treated as a constant, since it is so in practice. If

L ISP o
o max{vol(S*)’ IS '}’

then CDPR performs better than ISTA, up to constants. Since vol(S*) > |S*|, this is, for example,
satisfied when % > |S*)2. If

2

L (|S*|v’a(8*) S

Pl | B TR,

then ASPR performs better than TSTA, up to constants and log factors. This is, for example, satisfied
when % > |S*|? or when (L—Y > |8*| and vol(S*) > |S*|5/2 since vol(S*) < |S*|2. We note that for
any graph,

If the convergence rates of CDPR and ASPR are dominated by O(|S*|vol(S*)), then the al-
gorithms perform similarly. However, if the time complexities of CDPR and ASPR are of orders
O(|S*|3) and O(lS*lvol(S*)\/g), respectively, then CDPR performs better than ASPR for

2
L |S*|2
—_ > — R
a vol(S*)
up to constants and log factors. We note that although Fountoulakis et al. (2019) describe their
method as using O(vol(S*)) memory, their TSTA solver actually only requires O(|S*|) space, as

it is enough to store the entries of the iterates and gradients corresponding to the good coordinates,
whereas the gradient entries for bad coordinates can be discarded immediately after computation.
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