Proceedings of Machine Learning Research vol 201:1-48, 2023 34th International Conference on Algorithmic Learning Theory

Reaching Goals is Hard: Settling the Sample Complexity of the
Stochastic Shortest Path

Liyu Chen* LIYUC@USC.EDU
University of Southern California

Andrea Tirinzoni TIRINZONI @ META.COM
Meta

Matteo Pirotta PIROTTA @ META.COM
Meta

Alessandro Lazaric LAZARIC @META.COM
Meta

Editors: Shipra Agrawal and Francesco Orabona

Abstract

We study the sample complexity of learning an e-optimal policy in the Stochastic Shortest Path (SSP)
problem. We first derive sample complexity bounds when the learner has access to a generative
model. We show that there exists a worst-case SSP instance with S states, A actions, minimum cost
Cmin,» and maximum expected cost of the optimal policy over all states B,, where any algorithm
requires at least Q(SAB?/(cmine?)) samples to return an e-optimal policy with high probability.
Surprisingly, this implies that whenever c,,;; = 0 an SSP problem may not be learnable, thus
revealing that learning in SSPs is strictly harder than in the finite-horizon and discounted settings.
We complement this result with lower bounds when prior knowledge of the hitting time of the
optimal policy is available and when we restrict optimality by competing against policies with
bounded hitting time. Finally, we design an algorithm with matching upper bounds in these cases.
This settles the sample complexity of learning e-optimal polices in SSP with generative models.

We also initiate the study of learning e-optimal policies without access to a generative model
(i.e., the so-called best-policy identification problem), and show that sample-efficient learning is
impossible in general. On the other hand, efficient learning can be made possible if we assume the
agent can directly reach the goal state from any state by paying a fixed cost. We then establish the
first upper and lower bounds under this assumption.

Finally, using similar analytic tools, we prove that horizon-free regret is impossible in SSPs
under general costs, resolving an open problem in (Tarbouriech et al., 2021c).
Keywords: Stochastic Shortest Path, Markov Decision Process, PAC Learning

1. Introduction

The Stochastic Shortest Path (SSP) formalizes the problem of finding a policy that reaches a des-
ignated goal state while minimizing the cost accumulated over time. This setting subsumes many
important application scenarios, such as indoor and car navigation, trade execution, and robotic
manipulation. The SSP is strictly more general than the popular finite-horizon and discounted
settings (see e.g., Bertsekas, 2012; Tarbouriech et al., 2020a) and it poses specific challenges due
to the fact that no horizon is explicitly prescribed in the definition of the problem. In fact, different
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policies may have varying hitting times to the goal, e.g., the optimal policy may not be the policy
with smallest hitting time whereas some policies may not even reach the goal.

While planning in SSPs is a widely studied and well-understood topic (Bertsekas and Tsitsik-
lis, 1991; Bertsekas and Yu, 2013), the problem of online learning in SSP, often referred to as
goal-oriented reinforcement learning (GRL), only recently became an active venue of research (Tar-
bouriech et al., 2020a, 2021b,c; Rosenberg and Mansour, 2020; Cohen et al., 2020, 2021; Chen
et al., 2021a,b,c, 2022; Chen and Luo, 2021, 2022; Jafarnia-Jahromi et al., 2021; Vial et al., 2021;
Min et al., 2021; Zhao et al., 2022). Most of the literature focuses on the regret minimization
objective!, for which learning algorithms with minimax-optimal performance are available even
when no prior knowledge about the optimal policy is provided (e.g., its hitting time or the range of its
value function). On the other hand, the probably approximately correct (PAC) objective, i.e., to learn
an e-optimal policy with high probability with as few samples as possible, has received little attention
so far. One reason is that, as it is shown in (Tarbouriech et al., 2021b), in SSP it is not possible to
convert regret into sample complexity bounds through an online-to-batch conversion (Jin et al., 2018)
and PAC guarantees can only be derived by developing specific algorithmic and theoretical tools.
Assuming access to a generative model, Tarbouriech et al. (2021b) derived the first PAC algorithm
for SSP with sample complexity upper bounded as (7)(733372115’4), where S is the number of states, A
is the number of actions, I is the largest support of the transition distribution, B, is the maximum
expected cost of an optimal policy over all states, T3 = B, /Cmin, Where cpiy is the minimum cost
over all state-action pairs, and € is the desired accuracy. The most intriguing aspect of this bound is
the dependency on T}, which represents a worst-case bound on the hitting time 7', of the optimal
policy (i.e., the horizon of the SSP) and it depends on the inverse of the minimum cost. While some
dependency on the horizon may be unavoidable, as conjectured in (Tarbouriech et al., 2021b), we
may expect the horizon to be independent of the cost function, as in finite-horizon and discounted
problems. Moreover, in regret minimization, there are algorithms whose regret bound only scales
with 77, with no dependency on cpin, €ven when cpin, = 0 and no prior knowledge is available. It
is thus reasonable to conjecture that the sample complexity should also scale with T} instead of T3.
This leads us to the first question addressed in this paper:

Question 1: Is the dependency on Ty = By /cwin in the sample complexity of learning with a
generative model unavoidable?

Surprisingly, we derive a lower bound providing an affirmative answer to the question. In
particular, we show that Q(Ti]iﬁ) samples are needed to learn an e-optimal policy, showing that
a dependency on 7T is indeed unavoidable and that it is not possible to adapt to the optimal policy
hitting time T.3. This result also implies that there exist SSP instances with cyin = 0 (i.e., T} = 00)
that are not learnable. This shows for the first time that not only SSP is a strict generalization of the
finite-horizon and discounted settings, but it is also strictly harder to learn. We then derive lower
bounds when prior knowledge of the form 7' > T, is provided or when an optimality criterion
restricted to policies with bounded hitting time is defined. Finally, we propose a simple algorithm
based on a finite-horizon reduction argument and we prove upper bounds for its sample complexity
matching the lower bound in each of the cases considered above; see Table 1.

1. We refer the reader to Appendix A for a detailed summary of prior works in related settings.
2. Notice that in general T < B /Cmin.
3. In our proof, we construct SSP instances where T < T}.
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Table 1: Result summary with (upper table) and without (lower table) a generative model. Here, T is aknown
upper bound on the hitting time of the optimal policy (I" = oo when such a bound is unknown),
T, = CB_* , B, T is the maximum expected cost over all starting states of the restricted optimal

policy with hitting time bounded by 7', and J is the cost to directly reach the goal from any state
(Assumption 1). Operators O(+) and €2(+) are hidden for simplicity.

When no access to a generative model is provided, the learner needs to directly execute a policy
to collect samples to improve their estimate of the optimal policy. No result is currently available for
this setting, often referred to as the best-policy identification (BPI) problem, and in this paper we
address the following question:

Question 2: Is it possible to efficiently learn a near-optimal SSP policy when no access to a
generative model is provided?

In this setting, we first derive a lower bound showing that in general sample efficient BPI is

impossible. To resolve this negative result, we introduce an extra assumption requiring that the learner

can reach the goal by paying a fixed cost J from any state. We then establish a 2(min{7?, T} BE ;qA +

%) lower bound under this assumption. We also develop a finite-horizon reduction based algorithm

. .. ~,T:B2SA 152 A2
with sample complexity O (= 655 + B*gs, = GA )

, whose dominating term is minimax-optimal when

Cmin > 0 and prior knowledge T is unavailable. This result is summarized in Table 1.

Finally, we show how similar technical tools derived for our lower bounds can be adapted to
resolve an open question in Tarbouriech et al. (2021c) by showing that in regret minimization, a
worst-case dependency on the hitting time of the optimal policy is indeed unavoidable without any
prior knowledge (see Appendix G).

2. Preliminaries

An SSP instance is denoted by a tuple M = (S, A, g, ¢, P), where S with S = |S] is the state space,
A with A = | A] is the action space, g ¢ S is the goal state, ¢ € [cpin, 1]S+XA with ¢pin € [0, 1],
c(g,a) = 0 for all a, and Sy = S U {g} is the cost function, and P = {Ps 4} (sa)es, x4 With
P, , € As, and P(g|g,a) = 1 for all a is the transition function, where A, is the simplex over
S4. All of these elements are known to the learner except the transition function.
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A stationary policy 7 assigns an action distribution 7(-|s) € A 4 to each state s € S. A policy is
deterministic if 7(+|s) concentrates on a single action (denoted by 7(s)) for all s. Denote by 77 ()
the expected number of steps it takes to reach g starting from state s and following 7. A policy is
proper if starting from any state it reaches the goal state with probability 1 (i.e., 7™ (s) < oo for all
s € 8), and it is improper otherwise (i.e., there exists s € S such that 7™ (s) = oo). We denote by 1
the set of stationary policies, and 11, the set of stationary proper policies.

Given a cost function ¢ and policy , the value function of 7, V™ € [0, 00]°* is defined as
V7(s) =Ex[> 2 ¢(si,ai)|s1 = s], where the randomness is w.r.t. a; ~ 7(-|s;) and $;41 ~ Ps, 4,.
We define the optimal proper policy 7* = argmin, .;; V™ (s) forall s € S, and we write V™ as
V*. It is known that 7* is stationary and deterministic.

We introduce a number of quantities that play a major role in characterizing the learning complex-
ity in SSP: B, = max; V*(s), the maximum expected cost of the optimal policy starting from any
state, T, = max, T™" (s), and D = maxs minger 77 (s), the diameter of the SSP instance. Then,
we have that

Sy

*

B, <D<T,< = T}.

Cmin
Note that these inequalities may be strict and the gap arbitrarily large. Furthermore, this shows that
the knowledge of B, (or an upper bound) does not only provide an information about the range of the
value function but also a worst-case bound 7% on the horizon T;. We assume B, > 1, a commonly

made assumption in previous work of SSP (Tarbouriech et al., 2021c; Chen et al., 2021a).*

Learning objective The goal of the learner is to identify a near-optimal policy of desired accuracy
with high probability, with or without a generative model. We formalize each component below.

Sample Collection With a generative model (PAC-SSP), the learner directly selects a state-action
pair (s,a) € S x A and collects a sample of the next state s’ drawn from P . Without a generative
model (i.e., Best Policy Identification (BPI)), the learner directly interacts with the environment
through episodes starting from an initial state sjpj; and sequentially taking actions until g is reached.

e-Optimality  With a generative model, we say a policy 7 is e-optimal if V™ (s) — V*(s) < € for all
s € S. Without a generative model, a policy 7 is e-optimal if V™ (Sinit) — V*(Sinit) < €.

Definition 1 ((¢, 0)-Correctness) Let T be the random stopping time by when an algorithm ter-
minates its interaction with the environment and returns a policy 7. We say that an algorithm is
(€, )-correct with sample complexity n(M) if Pa(T < n(M), 7 is e-optimal in M) > 1 — 6 for
any SSP instance M, where n(M) is a deterministic function of the characteristic parameters of the
problem (e.g., number of states and actions, inverse of the accuracy €).

Other notation We denote by T an upper bound of T, known to the learner, and let T = oo if
such knowledge is unavailable. The O(-) operator hides all logarithmic dependency including In %

for some confidence level 6 € (0,1). For simplicity, we often write a = O(b) as a < b. Define
(x)+ = max{0,x}. For n € Ny, define [n] = {1,...,n}.

3. Lower Bounds with a Generative Model

In this section, we derive lower bounds on PAC-SSP in various cases.

4. Note that in regret minimization, the lower bounds for B, > 1 and B, < 1 are different (Cohen et al., 2021).
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Figure 1: (a) hard instance (simplified for proof sketch) in Theorem 2 when cpi, > 0. (b) hard
instance in Theorem 2 when cpj, = 0. (c) hard instance in Theorem 9. Here, c represents
the cost of an action, while p represents the transition probability.

3.1. Lower Bound for c-optimality

We first establish the sample complexity lower bound of any (e, §)-correct learning algorithm when
no prior knowledge is available.

Theorem 2 Forany S >3, A > 3, cmin > 0, B > 2, Ty > max{B,log, S+ 1}, € € (0, 55), and

d € (0, 5 4) such that Ty < B/cmin, there exists an MDP with S states, A actions, minimum cost

Cmin, B« = O(B), and T, = O(1y), such that any (e, §)-correct algorithm has sample complexity
2 —

Q (TiBéSA In %)5 There also exists an MDP with cpin = 0, T, = 1, T = o0, and B, = 1 in which

every (e, 8)-correct algorithm with € € (0, 3) and & € (0, 5¢) has infinite sample complexity.

Details are deferred to Appendix C.1. We first remark that the lower bound qualitatively matches
known PAC bounds for the discounted and finite-horizon settings in terms of its dependency on the
size of the state-action space and on the inverse of the squared accuracy €. As for the dependency on
B, and cpyiy, it can be conveniently split in two terms: 1) a term Bf and 2) a factor T} = B, /Cmin.

Dependency on B2 This term is connected to the range of the optimal value function V*. Inter-
estingly, in finite-horizon and discounted settings H and 1/(1 — 7) bound the range of the value
function of any policy, whereas in SSP a more refined analysis is required to avoid dependencies on,
e.g., max, V", which can be unbounded whenever an improper policy exists.

Dependency on 7%  While T} is an upper bound on the hitting time of the optimal policy, in the
construction of the lower bound T} is strictly smaller than T%. For the case cyin > 0, this shows
that the algorithm proposed by Tarbouriech et al. (2021b) has an optimal dependency in By and T;.
On the other hand, this reveals that in certain SSP instances no algorithm can return an e-optimal
policy after collecting a finite number of samples. This is the first evidence that learning in SSPs is
strictly harder than the finite-horizon and discounted settings, where the sample complexity is always
bounded. This is also in striking contrast with results in regret minimization in SSP, where the regret
is bounded even for ¢, = 0 and no prior knowledge about B, or T, is provided. This is due to
the fact that the regret measures performance in the cost dimension and the algorithm is allowed to

5. Formally, for any n > 0, we say that an algorithm has sample complexity €2 (n) on an SSP instance M if Paq(T <
n, 7 is e-optimal in M) > 1 — 4.
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change policies within and across episodes. On the other hand, in learning with a generative model
the performance is evaluated in terms of the number of samples needed to confidently commit to a
policy with performance e-close to the optimal policy. This requires to distinguish between proper
and improper policies, which can become arbitrarily hard in certain SSPs where ¢y, = 0.

Proof Sketch In order to provide more insights about our result, here we present the main idea of
our hard instances construction. We consider two cases separately: 1) cpin > 0 and 2) cpin = 0.
When cpin > 0, our construction is a variant of that in (Mannor and Tsitsiklis, 2004, Theorem 1);
see an illustration in Figure 1 (a). Let’s consider an MDP M with a multi-arm bandit structure: it

has a single state sp and N + 1 actions A = {0,1,..., N} (in the general case this corresponds
to IV + 1 state-action pairs). Taking action 0O incurs a cost T% and transits to the goal state with
probability HTi/ 2 (stays in sg otherwise), where € = %. For each i € [N], taking action i incurs

a cost T% and transits to the goal state with probability %1 Note that in M the optimal action

(deterministic policy) is 0, with B, = ©(B), T, = (1), Tt = ©(T1), whereas all other actions
are more than e suboptimal. Also note that it takes Q(Tlg—fz) samples to estimate the expected cost

2
of action i € [N] with accuracy e. If an algorithm 2 spends O(Tf*) samples on some action #’,

then we can consider an alternative MDP M’, whose only difference compared to M is that taking
action 7’ transits to the goal state with probability 1%1? Note that in M’ the only e-optimal action
is #/. However, algorithm 2/ cannot distinguish between M and M’ since it does not have enough
samples on action 7', and thus has a high probability on outputting the wrong action in either M or
M. Applying this argument to each arm i € [N], we conclude that an (¢, §)-correct algorithm needs

2
at least Q(%QBE) = Q(T%SA) samples.

We emphasize that in our construction, T} (whose proxy is 1) can be arbitrarily smaller than

T} (whose proxy is T7) in M. However, the learner still needs Q(Ti—fz) samples to exclude the
alternative M’ in which T, = T}. A natural question to ask is what if we have prior knowledge on
T, which could potentially reduce the space of alternative MDPs. We answer this in Section 3.2.
When cpin, = 0, we consider a much simpler MDP M with two states {so, s1} and two actions
{ao, ag}; see an illustration in Figure 1 (b). At sy, taking a transits to so with cost 0 and taking
ag transits to g with cost % At s1, taking both actions transits to g with cost 1. Clearly ¢, = 0,
B, =T,=1,V*(s0) = %, and both actions in sq are e-optimal in M. Now consider any algorithm
2 with sample complexity n < oo on M, and without loss of generality, assume that 2 outputs a
deterministic policy 7. We consider two cases: 1) 7(sg) = ag and 2) 7(sg) = ag4. In the first case,
consider an alternative MDP M, whose only difference compared to M is that taking ag at sg
transits to s; with probability %, and to s otherwise. Note that the optimal action at sq is a4 in
M. Since 2 uses at most n samples, with high probability it never observes transition (g, ag, 1)
and is unable to distinguish between M and M. Thus, it still outputs 7 with 7(sg) = ag in M.
This gives V7 (s9) — V*(s0) = 1 — 3 and 7 is not e-optimal for any € € (0, 1). In the second case,
consider another alternative MDP M _, whose only difference compared to M is that taking ag at sg
transits to g with probability %, and to sg otherwise. The optimal action at sq is ag in M_. Again,
algorithm 2( cannot distinguish between M and M _ and still output 7@ with 7(sg) = ag in M_.
This gives V7 (sg) — V*(sp) = 4 and 7 is not e-optimal for any € € (0, 1). Combining these two
cases, we have that any (e, ¢)-correct algorithm with € € (0, %) cannot have finite sample complexity.
Remark Our construction reveals that the potentially infinite horizon in SSP does bring hardness
into learning when cp,i, = 0. Indeed, we can treat M as an infinite-horizon MDP due to the presence
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of the self-loop at sg. Any algorithm that uses finite number of samples cannot identify all proper
policies in M, that is, it can never be sure whether (g, ap) has non-zero probability of reaching
states other than s.

3.2. Lower Bound for c-optimality with Prior Knowledge on 7',

Now we consider the case where the learning algorithm has some prior knowledge T > T, on
the hitting time of the optimal proper policy. Intuitively, we expect the algorithm to exploit the
knowledge of parameter T to focus on the set of policies {m : |||, < T’} with bounded hitting
time.°

Theorem 3 Forany S > 3, A > 3, ¢min > 0, B > 2, Ty > max{B,log, S + 1}, T >0,
€ € (0,3—12), and § € (0,5%;) such that Ty < min{T/2, B/cmin} < oo, there exist an MDP

) ST e
with S states, A actions, minimum cost cyin, By = O(B), and T, = ©(Ty) < T, such that any

(e, 0)-correct algorithm has sample complexity € (min {Tiv T} BE;A In %)

Details are deferred to Appendix C.1. The main idea of proving Theorem 3 still follows from that of
Theorem 2. Also note that the bound in Theorem 3 subsumes that of Theorem 2 since we let T = oo
when such knowledge is unavailable.

Dependency on min{T}, T} We distinguish two regimes: 1) When T' < T} the bound reduces

to Q(TBJ#) with no dependency on cp,. In this case, an algorithm may benefit from its prior

knowledge to effectively prune any policy with hitting time larger than 7', thus reducing the sample

complexity of the problem and avoiding infinite sample complexity when cpj, = 0. 2) When T > T,
2

TiBg; SA). In this case, an algorithm does not pay the price of a loose upper

bound on T}. Again, in our construction it is possible that T, < min{Ti, T}. This concludes that it

is impossible to adapt to 7', for computing e-optimal policies in SSPs.

we recover the bound Q(

3.3. Lower Bound for (¢, 7)-optimality

Knowing that we cannot solve for an e-optimal policy when min{7%},7} = oo, that is, cyin = 0 and
T = oo, we now consider a restricted optimality criterion where we only seek e-optimality w.r.t. a
set of proper policies.

Definition 4 (Restricted (¢, 7)-Optimality) For any T € [1,T], we define the set llp = {r €
I [T < T} Also define my , = argmingcp,, V7 (s), V*T(s) = V™ s(s), and Byr =
max, V*7(s). We say that a policy 7 is (e, T)-optimal if V7 (s) — V*T(s) < e forall s € S. We
define V*T(s) = oo for all s when Ty = ().

When T > T, we have 7}, = 7 for all s. When D < T' < T, the policy 77, exists and
may vary for different starting state s due to the hitting time constraint. It can even be stochastic

6. Notice that {7 : |77 |, < T'} includes the optimal policy by definition since T > T}.
7. Tarbouriech et al. (2021b) consider a slightly different notion of restricted optimality, where they let T = 6D with
6 € [1, 00) as input to the algorithm, and D is unknown.
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from the literature of constrained MDPs (Altman, 1999). 8 When 7' < D, we have II; = &, and
V*T(s) = oo for all s. Clearly, V*T(s) > V*(s) for any s and 7.

Definition 5 ((¢, 0, T')-Correctness) Let T be the random stopping time by when an algorithm
terminates its interaction with the environment and returns a policy 7. We say that an algorithm
is (e, 9, T)-correct with sample complexity n(M) if Pp (T < n(M),7 is (¢, T)-optimal in M) >
1 — 6 for any SSP instance M, where n(M) is a deterministic function of the characteristic
parameters of the problem (e.g., number of states and actions, inverse of the accuracy €).

Note that 7 being (e, T')-optimal does not require 7 € IIp. For example, 7* is (e, T')-optimal for
any 7" > 1. Similarly, policy output by an (e, 8, T")-correct algorithm is not required to be in IT7, and
it is allowed return a better cost-oriented policy.

Now we establish a sample complexity lower bound of any (e, §, T")-correct algorithm when
min{7}, T} = oo (see Appendix C.2 for details).

Theorem 6 Forany S >6, A>8 B, >2 T > 6(logy_(5/2)+ 1), Br > 2, ¢ € (0, ?le) and
9 € (0, é) such that B, < By < B,(A—1)5271/4 and By < T/6, and for any (e, 8, T)-correct

algorithm, there exist an MDP with B, 7 = O(Br), ¢min = 0, and parameters S, A, By, such that

TB2,.5A
with a generative model, the algorithm has sample complexity §) <*€2T In é)

2
Note that when 1" > T, the lower bound reduces to TB;QSA, which coincides with that of Theorem 3.

On the other hand, the sample complexity lower bound for computing (e, T")-optimal policy when
min{7;, T} < oo is still unknown and it is an interesting open problem.

Proof Sketch We consider an MDP M with state space S = Sy U S,.. The learner can reach the
goal state either through states in St or S,, where in the first case the learner aims at learning an
(e, T')-optimal policy, and in the second case the learner aims at learning an e-optimal policy. In
St, we follow the construction in Theorem 2 so that learning an e-optimal policy on the sub-MDP

TB? .SA
restricted on St takes (—=7—) samples. In S, we consider a sub-MDP that forms a chain
similar to (Strens, 2000, Figure 1), where the optimal policy suffer B, cost but a bad policy could
suffer Q(B,A%) cost. For each state s in S,, we make the probability of transiting back to s by

2
5 TSA) hardly

taking any action large enough, so that learner with sample complexity of order @(T

~ 2 5A
receive any learning signals in S,. Therefore, any algorithm with O(TB:ig) sample complexity

should focus on learning the sub-MDP restricted on St. This proves the statement.

8. Consider an MDP with one state and two actions. Taking action one suffers cost 1 and directly transits to the goal
state. Taking action 2 suffers cost 0 and transits to the goal state with probability 1/3. Now consider 7' = 2. Then the
optimal constrained policy should take action 2 with probability 3/4.
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4. Algorithm with a Generative Model

Algorithm 1 Search Horizon

Input: hitting time bound 7' (T' = T with prior knowledge), accuracy € € (0, 1), and probability § € (0,1).
Initialize: ¢ + 1.
Let B; = 2', H; = 4min{B;/cmin, T} In(48B;/¢), ci(s) = 0.6B;I{s # g}, §; = §/(40i%), N} =
N*(By, Hi, §,6;) and N; = N(B;, H;,0.1B;,4;), where N*, N are defined in Lemma 22 and Lemma 23
respectively.
/l ESTIMATE B, 1
while True do

Reset counter N, and then draw N; samples for each (s, a) to update N.

7', V' = LCBVI(H;, N, B;, ct,i, 6;) (refer to Algorithm 3).

if | VY| < 0.1B; and maxye(p11) ||Vii||, < 0.7B; then break.

11+ 1.

if B; > 40T then output 7 = ©. /' .E., T'< D (EVERY POLICY IS (€¢,T)-OPTIMAL)
end
/I COMPUTE €-OPTIMAL POLICY
Reset counter N, and then draw N} samples for each (s, a) to update IN.
T, V= LCBVI(H;,N, B;, ¢, 6;) (refer to Algorithm 3).
Output: policy 7 extended to infinite horizon.

In this section, we present an algorithm whose sample complexity matches all the lower bounds
introduced in Section 3. We notice that the horizon (or hitting time) of the optimal policy plays an
important role in the lower bounds. Thus, a natural algorithmic idea is to explicitly determine and
control the horizon of the output policy. This leads us to the idea of finite-horizon reduction, which
is frequently applied in the previous works on SSP (e.g., Chen et al., 2021b,c; Cohen et al., 2020).

Now we formally describe the finite-horizon reduction scheme. Given an SSP M, let M . y be
a time-homogeneous finite-horizon MDP with horizon H and terminal cost ¢y € [0, 00)S+, which
has the same state space, action space, cost function, and transition function as M. When interacting
with My . . the learner starts in some initial state and stage h, it observes state sy, takes action
ap, incurs cost ¢(sy, ap,), and transits to the next state s, 11 ~ Ps, 4, . It also suffers cost c¢(sp41)
before ending the interaction. When the finite-horizon MDP My . ; is clear from the context, we
define V}7 () as the expected cost of following policy 7 starting from state s and stage h in M. ”

Although the finite-horizon reduction has become a common technique in regret minimization
for SSP, it is not straightforward to apply it in our setting. Indeed, even if we solve a near-optimal
policy in the finite-horizon MDP, it is unclear how to apply the finite-horizon policy in SSP, where
any trajectory may be much longer than H. Our key result is a lemma that resolves this. It turns
out that when the terminal cost in the finite-horizon MDP is large enough, all we need for applying
the finite-horizon policy to SSP is to repeat it periodically. Specifically, given a finite-horizon
policy m € (A4)S*!H], we abuse the notation and define 7 € (A 4)S*N+ as an infinite-horizon
non-stationary policy, such that w(a|s, h + iH) = w(als, h), Vi € N.. The following lemma relates
the performance of 7 in M to its performance in My ., (see Appendix D.1 for details).

Lemma 7 For any SSP M, horizon H, and terminal cost function cy, suppose m is a policy in
My e, and Vi (s) < cg(s) forall s € Sy Then V™ (s) < VI'(s).
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Thanks to the lemma above, for a given horizon 7', we can first learn an e-optimal policy 7 in
My, with H = O(T) and cf(s) = O(B, rI{s # g}), and then extend it to an SSP policy with
performance V7 (s) < V] (s) ~ V}*(s) ~ V*(s), where V}* is the optimal value function of stage 1
in My c,, and the last step is by the fact that H is sufficiently large compared to T'. As a result, i
would then be (e, T")-optimal policy in the original SSP problem. Algorithm 1 builds on this idea. It
takes a hitting time upper bound 7" as input, and aims at computing an (e, T")-optimal policy. The
main idea is to search the range of B, r and min{7}, 7'} via a doubling trick on estimators B; and
H; (Line 1). ° For each possible value of B; and H;, we compute an optimal value function estimate
with 0.1B; accuracy using SAN; < S? AH; samples (Line 2), and stop if B; becomes a proper upper
bound on the estimated value function (Line 3). Here we need different conditions bounding Vf and
V}f as the terminal cost ¢y should be negligible starting from stage 1 but not for any stage. Once
we determine their range, we compute an e-optimal finite-horizon policy with final values of B;

and H; using SAN} S ﬂ;QSA samples (Line 5). On the other hand, if B; becomes unreasonably

large, then the algorithm claims that T < D (Line 4), in which case V*7(s) = oo for any s (see
Definition 4), and any policy is (¢, T')-optimal by definition. In the procedure described above, we
need to repeatedly compute a near-optimal policy with various accuracy and horizon. We use a
simple variant of the UCBVI algorithm (Azar et al., 2017; Zhang et al., 2020b) to achieve this (see
Algorithm 3 in Appendix D.2). The main idea is to compute an optimistic value function estimate by
incorporating a Bernstein-style bonus (Line 1).

We state the guarantee of Algorithm 1 in the following theorem (see Appendix D.3 for details).

Theorem 8 For any givenT > 1, ¢ € (0,1), and § € (0, 1), with probability at least 1 — 6, Algo-
~ ~ B2,SA
rithm 1 either uses O (S* AT samples to confirm that T < D, or uses O (min {T;, T} *€T2>

samples to output an (€, T')-optimal policy (ignoring lower order terms).

When prior knowledge oo > T > T} is available, we simply set ' = T'. In this case, we have
that (e, T")-optimality is equivalent to e-optimality, B, 7 = B, and Algorithm 1 matches the lower

bound in Theorem 3. When min{7},T} = oo, Algorithm 1 computes an (e, T’)-optimal policy

.. A, TB? .SA . . . .
with O( *EZ)T ) samples, which matches the lower bound in Theorem 6. Thus, our algorithm is

minimax optimal in all cases considered in Section 3.

When comparing with the results in (Tarbouriech et al., 2021b), in terms of computing an e-
optimal policy, we remove a I factor and improve the dependency of T} to min{T}, T}, that is, our
algorithm is able to leverage a given bound on T} to improve sample efficiency while theirs cannot.
In terms of computing an (e, T")-optimal policy, we greatly improve over their result by removing a
B*’ETF factor and improving the dependency of 7" to min{7%, T'}, that is, our algorithm automatically
adapts to a smaller hitting time upper bound of the optimal policy.

Finally, it is interesting to notice that even though the (e, T")-optimal policy is possibly stochastic,
the policy output by Algorithm 1 is always deterministic, and it does not necessarily have hitting
time bounded by T'. In fact, Algorithm 1 puts no constraint on the hitting time of the output policy,
except that the horizon for the reduction is O (T'). Nevertheless, as shown in Theorem 8, we can still
prove that the policy is (€, T")-optimal since the requirement only evaluates the expected cost and not
the constraint on the hitting time.

9. Note that ‘

T™7,s H < T4 forany T' > D and state s since 77, = 7* when T' > Ty > T

oo

10
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5. Lower Bounds without a Generative Model

In this section, we consider the best policy identification problem in SSP, where the learner collects
samples by interacting with the environment. This is a more challenging setting compared to having
access to a generative model since the learner cannot “teleport” to any arbitrary state-action pair but
it only observes trajectories obtained by playing policies from some initial state. Yet, this setting is
more practical, and it naturally generalizes beyond tabular MDPs. Surprisingly, we find that BPI
with polynomial number of samples is impossible in general.

Theorem 9 Forany S > 4, A > 4, B, > 1, ¢pin > 0, € € (0, i) and 6 € (0, 1—16) and any
(€, 0)-correct algorithm, there exists an MDP with parameters S, A, By, and iy, such that without
Amin{ By |,S—3} )

a generative model, the sample complexity of the algorithm is §) < .

Details are deferred to Appendix E.1. The exponential dependency A(min{5B+.5}) implies that sample
efficient BPI is impossible. The intuition of our construction is that if there are NV unvisited states
where the learner has no samples, then the learner may suffer Q(AV) cost on visiting these states.
Therefore, the learner needs to spend Q( A% /¢) samples on estimating the transition distribution to
guarantee e-optimality when there are [NV hardly reachable states; see an illustration in Figure 1 (c).
To enable sample efficient BPI, we need to avoid the extreme event described above. One natural
idea is to allow the learner to get out of “unfamiliar” states by paying a fixed cost. This assumption
also appears in (Tarbouriech et al., 2020a, Section 1.2) in the context of non-communicating SSPs.

Assumption 1 There is an action a; € Awith c(s,a;) = J and P(g|s,at) = 1 forall s € S.

This assumption guarantees that there is a proper policy 7 with ||V™||o = J and |77 || = 1. We
show in Section 6 that under Assumption 1, efficient BPI is indeed possible. To better understand the
difficulty of BPI under this assumption, we also establish the following lower bound.

Theorem 10 Under Assumption 1, for any S > 8, A > 5, cyin > 0, B > max{2, (log4_; S +
Demin}, T > 2max{B,logy ;S + 1}, J > 3B, € € (0,35), and § € (0,5%) such that
min{7/2, B/cmin} < co and J < 3(A —1)N with N = min{|B|, S — 3}, and for any (e, )-
correct algorithm, there exist an MDP with parameters S, A, cmin, T, and B, = O(B), such that
the algorithm has sample complexity () (min {Tb T} BEEQSA In % + i).

€

Details are deferred to Appendix E.2. Compared to the lower bound in Theorem 3, it has an extra %
term, showing that BPI is harder even with the extra assumption. The first term in the lower bound
implies that within easily reachable states, the sample complexity of BPI is similar to having access
to a generative model. Compared to the lower bound in Theorem 9, we replace the exponential
factor A° by J, which reflects the worst case cost of encountering “unfamiliar” states. Whether the
dependency on J is minimax optimal remains an important future direction.

6. Algorithm without a Generative Model

In this section, we develop an efficient algorithm for BPI under Assumption 1. It is actually unclear
how to design such an algorithm at first glance. The main difficulty lies in deciding when to invoke
the action a;. In fact, if we simply apply the commonly used optimism based algorithm, then a; may

11
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Algorithm 2 BPI-SSP
Define: N = {27} ;50, H = 322 1n 87 ¢;(s) = JI{s # g}.

Initialize: B < 1, m < 1, N(Igua) — O and N(s,a,s") < 0forany (s,a,s’) € S x A x S;.
1 forr=1,...do

while True do

2 7, V"« LCBVI(H,N,2J, ¢y, 5%).
if B > maxy<p)241,5 Vj () then break.
3 B+ 2. maxp<H/241,s V,:(S)
end

4 T4 0, A< Npev(B, §, 57 %) (defined in Lemma 27).
form’=1,...,Ado

forh=1,...,Hdo

Observe « sy, take action a' = 7" (s}, h), and transit to 57", ;.

5 N(sp, ap) <—1,N(sh,ah,sh+1) <i1,?<ic(52”,ahm)//\.
6 if N(s}",a}") € N then
if ' | # g then take action a; to reach g, and suffer cost .J.
Return to Line 1 (skip round).
end

if 53", | = g then break.
if h = H then take action a; to reach g, and suffer cost J.

end
7 i£7 > V" (i) + 5 then return to Line 1 (failure round).
m & 1.
end
8 Return policy 7 = 7" (success round).

end

never be selected since J > B,. Intuitively, we want to involve ay for states with large uncertainty,
which conflicts with the principle of optimism in the face of uncertainty. Therefore, we need a more
carefully designed scheme to balance exploration and exploitation.

It turns out that we can obtain a naive sample complexity bound by reducing BPI in SSP to BPI
in a specific finite-horizon MDP. Consider a finite-horizon MDP My ., with H = O( ) and
cf(s) = JI{s # g}. Executing policy 7 in M, corresponds to following policy 7 in M “for H
steps and then taking action a; if the goal state is not reached. Thus, any policy 7 in My ., can
directly extend to M by defining 7(s, H 4 1) = a4, and we have V™ = V|". Moreover, by the choice
of H and cy, the optimal policy in My ¢, is also near-optimal in M. Applying any minimax-optimal
finite-horizon BPI algorithm (for example, a variant of (Tarbouriech et al., 2022, Algorithm 1)), we
can solve an e-optimal policy with O(m) (’)(‘;] S4)
value function in My ., and |[V*||, = maxyeigq) [V} |F

The sample complexity bound above is undesirable as J appears in the dominating term, which is
not the case in our established lower bound (Theorem 10). The main issue is that in Mg . ” the range
of optimal value function ||V*|| ., = O(J). Thus, simply applying finite-horizon BPI algorithm with
minimax rate is insufficient to adapt to ||V*|| . = B,. Now we present a BPI algorithm that resolves
this issue and achieves minimax optimal sample complexity in the dominating term when there is no
prior knowledge. The pseudo-code is shown in Algorithm 2.

samples, where V;* is the optimal

12
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The main structure of Algorithm 2 follows that of (Lim and Auer, 2012; Cai et al., 2022) for
autonomous exploration. The learning procedure is divided into rounds (Line 1) of three types: skip
round, failure round, and success round. In each round, the learner follows a behavior policy for at
most A episodes to collect samples and estimate its empirical performance (Line 5). If in the current
round the number of visits to some state-action pair is doubled, then the current round is classified as
a skip round (Line 6). If the empirical performance of the current behavior policy is not close enough
to its estimated performance, then the current round is classified as a failure round (Line 7). In both
cases, we start a new round and the behavior policy is updated. Otherwise, the current round is a
success round, and the algorithm returns an e-optimal policy (Line 8).

To adapt to B, instead of J, we maintain an estimator B that is an upper bound of the estimated
value function in the first [//2 + 1 steps (Line 3). Intuitively, ||V} =~ [[V*||, when h < % + 1
The estimator B is used to determine the number of episodes needed to obtain an accurate empirical
performance estimate of current behavior policy (Line 4), where A\ < lj—; (see Lemma 27). The
sample complexity of Algorithm 2 is summarized in the following theorem.

Theorem 11 Under Assumption 1 and assuming cmin > 0, for any € € (0,1) and 6 € (0,1),
Aleori . . . A/TyB2SA | B,Ji5242
gorithm 2 is (€, §)-correct with sample complexity O(=—3— + =5>-).

min

Details are deferred to Appendix F. The achieved sample complexity has no J dependency in the
dominating term, and the dominating term is minimax-optimal when there is no prior knowledge,
that is, T = co. On the other hand, the lower order term might be sub-optimal and the algorithm
only works for strictly positive costs. Resolving these two issues is an important open question.

7. Conclusion

In this work, we study the sample complexity of the SSP problem. We provide an almost complete
characterization of the minimax sample complexity with a generative model, and initiate the study of
BPI in SSP. We derived two important negative results: 1) an e-optimal policy may not be learnable
in SSP even with a generative model; 2) best policy identification in SSP requires an exponential
number of samples in general. We complemented the study of sample complexity with lower bounds
for learnable settings with and without a generative model, and matching upper bounds. Many
interesting problems remain open, such as the minimax optimal sample complexity of computing an
(e, T')-optimal policy when min{7},T} < oo, and the minimax optimal sample complexity of BPI
under Assumption 1. Furthermore, an important direction is to study BPI under weaker conditions
than Assumption 1 (e.g., communicating SSP). We believe that similar results can be obtained, with
a more complicated analysis, when a reset action to the initial state is available in every state, a
common assumption in the literature.
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Appendix A. Related Work

Sample complexity (with or without a generative model) is a well-studied topic in finite-horizon
MDPs (Dann et al., 2017; Sidford et al., 2018a,b; Dann et al., 2019) and discounted MDPs (Kearns
and Singh, 1998; Sidford et al., 2018a,b; Wang, 2017; Li et al., 2020). Apart from computing
e-optimal policy for a given cost function, researchers also study obtaining e-optimal policies for an
arbitrary sequence of cost functions after interacting with the environment, known as reward-free
exploration (Jin et al., 2020; Ménard et al., 2021; Zhang et al., 2020a).

Instead of reaching a single goal state, another line of research considers exploration problems of
discovering reachable states (Lim and Auer, 2012; Tarbouriech et al., 2020b, 2021a, 2022; Cai et al.,
2022). Sample complexity of SSP is a building block for solving these problems, and existing results
only consider strictly positive costs, that is, cpin > 0.

Another active research area is learning e-optimal policy purely from an offline dataset, known
as offline reinforcement learning (Ren et al., 2021; Rashidinejad et al., 2021; Xie et al., 2021; Yin
and Wang, 2021; Yin et al., 2021, 2022). Offline SSP has been recently studied by Yin et al. (2022)
where they provide a minimax optimal offline algorithm. While both offline RL and our setting aim
to recover an e-optimal policy, there are important differences. In offline SSP (Yin et al., 2022) , the
samples are collected by a behavior policy with bounded coverage (i.e., maximum ratio between the
state-action distribution of the optimal and behavior policy) while in sample complexity the algorithm
is responsible of deciding the sample collection strategy. Furthermore, the analysis in (Yin et al.,
2022) is limited to positive costs (i.e., cpin > 0) and their sample complexity is measured in terms
of number of trajectories and coverage bound. These terms hide both the dependence in terms of
action space and, most importantly, the horizon. Our analysis provides a much more comprehensive
understanding of sample complexity in SSP.
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Appendix B. Preliminaries

Extra Notations For any distribution P € A, and function V € RS+, define PV = Eg.p[V(9)]
and V(P, V) = VARg..p[V (5)] as the expectation and the variance of V'(S) with S sampled from

P respectively.

Table 2: The notation adopted in this paper.

Symbol Meaning

S number of states

A number of actions

S =Su{g} extended state space (g included)

mEe Ay a (stationary) policy

T7(s) expected number of steps it takes to reach g (hitting time) starting from state s and following 7

VT =Ex 277 c(si, a)|s1 = 8]
II

Il

™ = argmin, e V7(s) foralls € S
VE=vr

B, = maxg V*(s)

T, = max; T (s)

D = max; mingery T7(s)

TT = B*/Cmin

T

My = {r € T0: |77, < T}
7 = argmin cr, V7(s)
VT (5) = V™a(s)

B, = max, V*T(s)

J

expected cost of following policy 7 starting from state s (value function of )
the set of stationary policies

the set of stationary proper policies

optimal proper policy

value function of optimal policy

maximum expected cost of the optimal policy starting from any state
maximum hitting time of the optimal policy starting from any state
diameter of the SSP instance

a worst-case upper bound on the hitting time 7}, of the optimal policy

an upper bound of 7}, known to the learner

set of policies with maximum hitting time upper bounded by 7’

optimal policy starting from state s restricted in Iz

expected cost of 77,  starting from state s

maximum expected'cost of optimal policies in I starting from any state s
cost to directly reach the goal from any state under Assumption 1

20



SETTLING THE SAMPLE COMPLEXITY OF SSPS

Appendix C. Omitted Details in Section 3

In this section we provide omitted proofs and discussions in Section 3.

C.1. Proof of Theorem 2 and Theorem 3

It suffices to prove Theorem 3 and the second statement in Theorem 2, since Theorem 3 subsumes
the first statement of Theorem 2. We decompose the proof into two cases: 1) min{7%, T} < oo, and
2) min{T%, T} = oo, and we prove each case in a separate theorem.

C.1.1. LOWER BOUND FOR min {7}, T} < oo

In case there is a finite upper bound on the hitting time of optimal policy, we construct a hard instance
adapted from (Mannor and Tsitsiklis, 2004).

Proof [of Theorem 3] Without loss of generality, we assume S = % for some [ > 0. Itis clear that
I <logy S+1. We construct an MDP M of full A-ary tree structure: the root node is s, each action
at a non-leaf node transits to one of its children with cost cnyin, and we denote the set of leaf nodes by
S'. Since A > 3, we have |S’| > 5. The action space is A = [A], and we partition the state-action
pairs in S into two parts: Ag = 8’ x [1]and A = &' x {2,..., A} = {(s1,a1),...,(sn,an)},
where N = |S’|(A — 1) (note that here we index state-action pair instead of state, so s;, s;
with i # j may refer to the same state in S’). Now define Ty = min{T/2, B/cmin}. The cost
function satisfies ¢(s, 1) = T% fors € &', and c(s;,a;) = T% for i € [IN]. The transition function
satisfies P(g|s,1) = T% + %F(j’ P(s|s,1) = 1 — P(gls,1) for s € &, and P(g|s;,a;) = T%,
P(s;|si,a;) =1 — P(g|si,a;) fori € [N], where a = 7?312;3

Now we consider a class of alternative MDPs {M;}¥ . The only difference between M
and M; is that the transition of M; at (s;, a;) satisfies P(g|s;,a;) = T% + «a and P(s;]s;,ai) =
1 — P(g|si, a;), that s, (s;, a;) is a “good” state-action pair at M;. Denote by B% and T" the value
of B, and T} in M, respectively. For i € {0,..., N}, we have g < B! < cpin -l + B < 2B by
a< ﬁ and B > 2; % < Tj <1+ T; < T;and ¢y, is indeed the minimum cost by Cmin < T%.
It is not hard to see that at sg, the optimal behavior in My is to reach any leaf node and then take
action 1 until g is reached; while in M, fori € {1,..., N}, the optimal behavior is to reach s; and
then take (s;, a;) until g is reached. Thus, T? = O(Ty) and T? = O(T}) fori € [N].

Without loss of generality, we consider learning algorithms that output a deterministic policy,
which can be represented by v € S’ x A the unique state-action pair in S’ reachable by following
the output policy starting from sg. Define event & = {¥ € Ag}. Below we fix a z € [N]. Let T be
the number of times the learner samples (s, a. ), and K; be the number of times the agent observes
(sz,az, g) among the first ¢ samples of (s, a,). We introduce event

Egz{max pt—Kt\gs},

1<t<t*

where £ = \/Qp(l —p)t*In§,p =4, d = €', 0 = exp(—d'at*/(p(1—p))) < 1 for some t* > 0

to be specified later, and d’ = 128. Also define events &5 = {f <t*}and & = & N & N Es. For
eachi € {0,..., N}, we denote by P; and E; the probability and expectation w.r.t M; respectively.

Below we introduce two lemmas that characterize the behavior of the learner if it gathers
insufficient samples on (s, a;).
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Lemma 12 If Py(E3) > £, then Py(E2 N E3) > 3.

Proof Note that in My, the probability of observing (s, a., g) is p for each sample of (s, a.).
Thus, pt — K is a sum of i.i.d random variables, and the variance of pt — K for t = t* is t*p(1 — p).
By Kolmogorov’s inequality, we have

t'p(1 — 1 7

Po(gg):P()(maX ‘pt Kt‘§€)21— p( p)dzl— dZi'

1<t<t* 2p(1 —p)t*In§ 2lng — 8
Thus, Py(Ea N E3) = Py(E) + Po(E3) — Py(E2 U E3) > % |

Lemma 13 If Py(&3) > ¢ T and Py(&;) > 2d’ then P,(&E1) > d

Proof The range of e ensures that oo < £ < lTp By the assumptions of this lemma and Lemma 12,
we have Py(&) >1— 55 > L gbyd< iﬁ nd thus Py(€) > 3. Let W be the interaction history of
the learner and the generatlve model and Lj(w) = Pj(W = w) for j € {0,..., N}. Note that the

next-state distribution is identical in M and M, unless (s,, a) is sampled. Define K = Kf. We
have

L.(W) (p+a)f1 —p—a)TK B a K o \T-K
LoW) — pK(1—p)T-K _<1+p> < 1—p>

o\ K o K(3-1) o T-
-(1+5) (-5) 7 O)
p 1-p 1—p
Byl—u> e~ for y € [0, %], e >1—wu,anda < l—gp, we have
(-125) e (52 (5 (5) ) oo () e (5655)
1—— > exp - — =exp|——|exp| ———=
L—p P l—-p \1-p p p(1 —p)
2
(90w
p p(1—p)
Therefore, conditioned on £, we have
L:W), - (1 a2>K<1 a? >K<1 a )T-ifﬂ
E = - 5 - T N - T £
Lo(W) p? p(1—p) L—p

aQ pf—i—a 042 pf-i—a o %
>(1-— - — 1——— ) I,
p p(1—p) L—p
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where in the last inequality we apply \pf — K| < eby & and . Thenby 1 — u > e~ for
uel0,3landa < Z < L =2, we have

L, (W) < <a2 ~ a?
Ig >exp| -2 @I +e¢ +7pT+€ +7*
Lo(W) ﬁ( ) p(1 — m( l—pp
Ta? Tao®> o2 a’e
>exp| -2 ——+ + —5 +
p 1—p p* p(l-p)
_ pQ )

1 1 3
zexp<—2<d,lne+(1a_5)>>]lg (T<t* 2¢* Ine,anda<p)

0 1.1 2 d ez@M“WM> 9
Zexp jlné—i_g Elng ]IEZ g ]ISZ&H(S,

( p)

where in (i) we apply the definition of ¢ and o*t* = ln to have

ae 2t*042
T =\ m mf wm*
pL—D

Then we have

L, (W) 0 0
P, > P,(€) =E,[L =E I > —P > —.
(€02 (€)= E1eW)] = B | 0 ean)] > Srucey =
This completes the proof. |
Now for any § € (0, 55), let t* = %ln 575+ Lhis gives 2d = 0.

Lemma 14 An (e, §)-correct algorithm with € € (0, 312) and 6 € (0, ﬁ) must have Py(E3) < g.

Proof Denote by 7 a deterministic policy such that when following 7y starting from s, it reaches
some state in S’ and then takes action 1 until reaching the goal state g. For any j € [N], denote
by 7; a deterministic policy such that when following 7; starting from sy, it reaches s; and then
takes action a; until reaching the goal state g. It is not hard to see that ; is an optimal policy in
M for j € {0,..., N} starting from s¢. Denote by Vij the value function of 7; in M; and V* the
optimal value function of M;. By the choice of «, we have Voj(so) — Vi (s0) =B — ﬁ > €
for any j € [N]. Thus, all e-optimal deterministic policies in M have the same behavior as 7
starting from sg. On the other hand, V(so) — V(s9) = B(1+T1a/2 - 1+;1F1a) > €. Thus, all
e-optimal deterministic policies in M, have the same behavior as 7, starting from sg. Therefore, an
(€, 9)-correct algorithm should guarantee Py(€1) > 1 — ¢ and P, (&) < 0. When Py(E3) > %, this

leads to a contradiction by Lemma 13 and the choice of t*. Thus, Py(&3) < %. |

We are now ready to prove the main statement of Theorem 3. Note that in My, an (e, d)-correct

~

algorithm should guarantee Py(T, < t*) < % for any z € [N] by Lemma 14, where 7, is the number

of times the learner samples (s,,a.). Define N' = ), I{T. < t*}. Clearly, we have N' < N
and Eg[N] < %. Moreover, Py(N > %) <z 53 7 by Markov’s inequality. This implies that with
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probability at least g; > 51r, we have |{z € [N] : T, > t*}| > & and thus the total number of
samples used in M is at least NTt*. To conclude, there is no (e, §)-correct algorithm with € € (0, 3—12),

d € (0, ﬁ) and sample complexity NTt* = Q(N‘f;Tl In 5) = Q(min{ Ci’;n T} BE;A In %) on My

by B, = O(B) and the definition of 77. This completes the proof.

Remark 15 Note that T is both a parameter of the environment and the knowledge given to the
learner. In fact, T constrains the hitting time of the optimal policy in all the possible alternative
MDPs {M;} je[N)> which affects the final lower bound. Also note that the lower bound holds even if
the learner has access to an upper bound of B, (which is 2B in the proof above).

Why a faster rate is impossible with 7 > T,,?  This result may seem unintuitive because when we
have knowledge of T > T, a finite-horizon reduction with horizon @(T) ensures that the estimation
error shrinks at rate By+/7T,/n (Yin and Wang, 2021, Figure 1), where n is the number of samples
for each state-action pair. Then it seems that it might be possible to obtain a sample complexity of

2
order T*Eig 54 However, our lower bound indicates that the sample complexity should scale with

T instead of T.. An intuitive explanation is that even if the estimation error shrinks with rate 7, in
hindsight, since the learner doesn’t know the exact value of 7, it can only set n w.r.t T' so that the
output policy is e-optimal even in the worst case of 1" = T,.

C.1.2. LOWER BOUND FOR min {7},T} = oo

Now we show that when there is no finite upper bound on 7}, it really takes infinite number of
samples to learn in the worst scenario.

Theorem 16 (Second statemnt of Theorem 2) There exist an SSP instance with ¢pin = 0, Ty = 1,
and B, = 1 in which every (e, 8)-correct algorithm with e € (0,1) and 6 € (0, ) has infinite
sample complexity.

Proof Consider an SSP M, with S = {s¢,s1} and A = {ag,ay}. The cost function satis-
fies c(s0, ag) = 0, c(so,aq) = 3, and ¢(s1,a) = 1 for all a. The transition function satisfies
P(g|so,aq) =1, P(so|so0,a0) = 1, and P(g|s1,a) = 1 for all a; see Figure 1 (b). Clearly ¢pin = 0,
B, =T, =1,and V*(s9) = % in M. Without loss of generality, we consider learning algorithm
that outputs deterministic policy 7 and define events & = {7 (so) = ao} and &] = {7 (s0) = ag4}.
If a learning algorithm is (e, §)-correct with § € (0, £) and has sample complexity n € [2, c0)
on My, then consider two alternative MDPs M_ and M_. MDP M is the same as M except
that P(s1|so,ap) = % and P(sg|sg,ap) = 1 — % MDP M _ is the same as M except that
P(g|so,a0) = % and P(sg|so,ap) =1 — % Note that in M, the optimal proper policy takes a, at
s0, and V*(so) = 3; while in M_, the optimal proper policy takes ag at sg, and V*(so) = 0. Let
W be the interaction history between the learner and the generative model, and define L;(w) =
Pj(W = w) for j € {0,+, —}, where P; is the probability w.r.t M;. Also let T be the number
of times the learner samples (sg, ag) before outputting 7, and v(w) = I{Lo(w) > 0}. Define

S ={T<nhE=ENEandE = E N &y Forany j € {4, —}, we have ég%ﬁ;ﬂg(Wh(W} =
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Actioni € {2,...,A—1}

Br 4
BTorm,tNT

(full (A — 1)-ary tree structure) 0 (correct action)

0 (wrong action)

Action A

Figure 2: Hard instance in Theorem 6. Each arrow represents a possible transition of a state-action
pair, and the value on the side is the expected cost of taking this state-action pair until
the transition happens. Value ¢ represents the expected number of steps needed for the
transition to happen.

(1= DT Le(W)y(W) > (1= 1y (W)y(W) > 20000 Ths,
Po(&)

P;(&) = Ej[Ie(W)] > E;j[I¢(W)y(W)] = Eo L;(W) (

B Lo(W)

Le(W)y(W)| >

By a similar arguments, we also have Pj(£’) > Py(€’) /4 for j € {+, —}. Now note that Py(€>) > £
by the sample complexity of the learner. Since EUE" = & and ENE' = &, we have Py(E) > 1—76
or Py(&') > -&. Combining with P;(E) > Py(€)/4 and P;(E') > Py(E')/4, we have either
Pj(&) > & forj € {+,=}, or Pj(€') > & for j € {+,—}. In the first case, in M., we have
V7(s0) — V*(s0) =1 — 3+ = 3 with probability at least ¢;. In the second case, in M_, we have
V7(s9) — V*(so) = + —0 = % with probability at least . Therefore, for any € € (0, 3) and
d € (0, %), there is a contradiction in both cases if the learner is (e, §)-correct and has finite sample
complexity on M. This completes the proof. |

Remark 17 Note that although T, = 1 in My, the key of the analysis is that T, can be arbitrarily
large in the alternative MDPs. Indeed, if we have a finite upper bound T of T, then the learning
algorithm only requires finite number of samples as shown in Theorem 3.

C.2. Proof of Theorem 6

Proof Without loss of generality, assume that S = 2((‘4271);_1) for some [ > 0. Consider a family

of MDPs {M; j}icqo,.. N1} jeja—1)y With state space S = S U S, where [S7| =[S, = N + 1,
N’ = (A —2)(A —1)!, and action space A = [A]. States in Sy forms a full (A — 1)-ary tree on
action subset [A — 1] as in Theorem 3 with root sg, T' = T'/3, Ty = T//6, B = Br, and cpin = 0. It
is clear that N’ = |A| (defined in Theorem 3) in the tree formed by S7. The transition of M, ; in
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St corresponds to M; in Theorem 3. We denote S, = {5, ..., sy}, and for each state in Sz, the
remaining unspecified action transits to s with cost 0.

Consider another set of MDPs {Mé}ie{o,..., ~vy with state space St. The transition and cost
functions of M is the same as M, in Sy except that its action space is restricted to [A — 1].
Theorem 3 implies that there exists constants o, g, such that any (€, ¢)-correct algorithm with
¢ € (0,35), 0" € (0, 5) has sample complexity at least C (€', 0') = aBITSA ), 5 on {M;};
(note that in Theorem 3 we only show the sample complexity lower bound in My, but it not hard to
show a similar bound for other M, following similar arguments). Now we specify the transition and
cost functions in S, for each M; ; such that learning {M; ;}; ; is as hard as learning { M };. At s,
taking any action suffers cost 1; taking any action in [A — 1] transits to s} with probability B% and
stays at s;; otherwise; taking action A transits to sy with probability ﬁ and stays at sjj otherwise.

At s* for n € [N], taking any action suffers cost 0; taking action j,, (recall that j € [A — 1]V) transits
to sy, 1 (define s%;, | = g) with probability p = min{%, M} and stays at s}, otherwise; taking
any other action in [A — 1] transits to sj with probability p and stays at s, otherwise; taking action A
directly transits to s3; see illustration in Figure 2. Note that any M ; has parameters B, (transiting
to sg from any state and then reaching g through S,) and satisfies B, 7 € [%, 3Br| (transiting from
s§ to so and then reaching g through S7). From now on we fix the learner as an (¢, 6, T')-correct
algorithm with sample complexity C'(e,46) — 1 on { M, ;}; ;. Define & as the event that the first
C'(e,46) samples drawn by the learner from any (s}, a) withn € [N] and a € [A — 1] transits to
sy, and denote by P; ; the probability distribution w.r.t M; ;. By 1 + 2 > eT= for x > —1 and
e* > 1+ x, we have for any ¢, 7,
Pj(€1) = (1 - p)Cletd) > TG > o~ 20(d) > o=§ > 1 - g

Also define & as the event that the learner uses at most C'(¢,45) — 1 samples, and £ = & N E. We
have P; j(£2) > 1 — 6 by the sample complexity of the learner, and thus P; ;(£) > 1 — %(5 for any
i, j. We first bound the expected cost of the learner in S, conditioned on £. Denote by VT, the value
function of policy 7 in M.

Lemma 18 Given any policy distribution p, there exists j* such that EWNP[]I{V/C[”* (s§) >
2Br}] > L for any i.

Proof Below we fix an i € [N']. For any policy 7 and j € [A — 1]V, define z] = T2, 7 (nls?)
and y™ = m(A|sf), where p™ (a|s}) is the probability that when following policy 7 starting from
sy, the last action taken before leaving s} is a. It is not hard to see that in our construction, p™ is
independent of j. Also denote by V" the value function of policy 7 in M, ;. Note that

1— yﬂ' T 1— y7r

s s y s
V) = 1 S5+ (1o G = S5 ) v

J B,
I—ym) (X —2f) _ y©oo 1=y
T O S TED F i N
=1+ (1- - ™(s5).
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Reorganizing terms gives V[ (s5) > @) +(11_yﬁ)x;_r 75, Now if V" (s5) < 2Br, then we have

y 4+ (1 - y”)% > 1, which gives z7 > 2%}. Let X7 be the set of j € [A — 1]V such that
V7 (s§) < 2Br. By = |X™| < 3, 2T < 1, we have |X™| < 28T, Define 27(j) = I{j € X™}.
We have >, 27 (j) = |X7] < 25% forany 7, and thus 3, [ 27 (j)p(m)dm < %. Therefore, there

exists j* such that [ 2™ (j*)p(m)dr < B(%f%)]\,, which implies that
. 2Br 1
Byl 1V, (55) 2 280} = 1= [ 2" (P)p(mydn > 1= s = 5

The proof is completed by noting that for the picked j*, the bound above holds for any 4, since the

lower bound on Vj“(sa) we applied above is independent of 7. |

Now consider another set of MDPs {Mif}z’e{o,..., N7} With state space St. The transition and cost
functions of M is the same as M; ; restricted on St for any j, except that taking action A at
any state directly transits to g with cost 2By. We show that any (€', 0")-correct algorithm with
¢ € (0,55), " € (0, 52) has sample complexity at least C(¢’, §') on {M”}; Given any policy 7 on

) 32 ) 2¢4
M, define g, as a policy on M/ and M such that g (a|s) « 7(als) and Zf;ll gx(als) = 1. Itis
straightforward to see that V77, (s) = V7,(s) < Vi (s) and Vi, (s) = Vi (s), where V3 is the

optimal value function in M. Thus, if there exists an algorithm 2 that is (€', §")-correct with sample
complexity less than C'(¢/, ") on { M/ };, then we can obtain an (¢, ’)-correct algorithm on { M},
with sample complexity less than C'(€’, §") as follows: executing 2 on { M}, to obtain policy 7, and
then output gz. This leads to a contradiction to the definition of C'(-, -), and thus any (€', §")-correct
algorithm with € € (0, 35), 0’ € (0, 52¢) has sample complexity at least C (€, 6') on { M/ };.

Since we assume that the learner has sample complexity less than C'(e,46) on M, ;, for a fixed
Jo, there exists 7* such that P;« j,(£3) > 49, where &3 = {3s : V) (s) — Vi (s) > €} (note
that 7 is computed on M+ j,, but we can apply 7 restricted on S to M. ). This also implies that
P j(ENE3) = Pix jo(ENE3) > 52—5 for any j, since the value of P; j(w) is independent of j when

w € £. Define &4 = {Is : VT (s) — VX/}T(S) > €¢}. By Lemma 18, there exists j* such that

~ 1
Pir g (E4|E€ N E3) = Ezp,. (fenes) { Vi, . (s5) > 2Br}] > 3

since the distribution of 7 is independent of j under £ N &, VX/[T* (s) = Vi (s) for any j and
i*,j i*

s € S, and V/%vli*,j (s) > V/@l’.’*
together, we have Pjx j«(E4) > lPZ-*’j* (E4NENE;) > 9, acontradiction. Therefore, there is no
(€, 6, T)-correct algorithm with sample complexity less than C'(¢,49) on {M; ;}; ;. In other words,
for any (e, 6, T)-correct algorithm, there exists M € {M; ;}; ; such that this algorithm has sample

complexity at least C'(e,46) on M. This completes the proof. [ |

(s) for s € Sy when VT, (s§) > 2Bp. Putting everything
757

Appendix D. Omitted Details in Section 4

In this section, we present the omitted proofs of Lemma 7 and Theorem 8. To prove Theorem 8,
we first discuss the guarantee of the finite-horizon algorithm in Appendix D.2. Then, we bound the
sample complexity of Algorithm 1 in Appendix D.3.
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Algorithm 3 LCBVI (H,N, B, ¢, 0)
Input: horizon H, counter N, optimal value function upper bound B, terminal cost ¢y, failure
probability §, and cost function c,

Define: P; ,(s') = I\;I(f’(‘z”zl)) and b(s,a,V) = max {7\ / Vl(fj’(‘;’z))b, N“f’g;) }, where , = In 294Hn,
n=73,,N(s,a),and N*(s,a) = max{1,N(s,a)}.
Initialize: YA/HH = cy.
forh=H,...,1do
Qn(s,a) = (c(s, a) + ps,thH —b(s, a, Vh+1)>+
Vir(s) = ming Qu(s, a).
end
Output: (7, ‘7) with 7(s, h) = argmin,, @h(s, a).

D.1. Proof of Lemma 7

Proof Let V", be the value function V{" in M, . ;- Forany n > 0, we have

81:S]

= Vf:—nH(S)

nH
> clsiyai) + Vi (snm 1)
=1
nH

Z C(SZ’, ai) + Cf(SnH+1)

=1

Wity (s) = Ex

<E, $51 =5

Therefore, V7 (s) < limy, o0 V{7, ;(5) < V"5 (s) and this completes the proof. Note that the first
inequality may be strict. Indeed, V™ = limpy ;00 V{"y in Mpo. Consider an improper policy m
behaving in a loop with zero cost. Then, V™ = 0 but limpg .o V"fy = ¢y in My ;- [ |

D.2. Guarantee of the Finite-Horizon Algorithm LCBVI

In this section, we discuss and prove the guarantee of Algorithm 3.

Notations Within this section, H, N, B, ¢y, 0 are inputs of Algorithm 3, and T, @, ‘A/, ]557(1, N,
N, ¢, and b are defined in Algorithm 3. Value function Vil is wrt MDP My . 5 and we denote by
V¥, Qp, the optimal value function and action-value function, such that V;*(s) = argmin, V;"(s) and
Q5 (s,a) = c(s,a) + Ps Vi, for (s,a,h) € S x Ax [H]. We also define V7 | = V| = ¢y for
any policy 7, and B}; = maxpe(p41) [|Vj || - Forany (5,h) € Sx[H] and (s,a,h) € Sx Ax[H],
denote by ¢, (5 )(s, a, h) the probability of visiting (s, a) in stage h if the learner starts in state
5 in stage h and follows policy 7 afterwards. For any value function V' € RS X[H+1] " define

IVilloo = maxpe pri1) [ Villoo-
We first prove optimism of the estimated value functions.

Lemma 19 When B > Bj;, we have Qn(s,a) < Q7 (s,a) for any (s,a,h) € S x A x [H| with
probability at least 1 — 6.
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Proof We prove this by induction. The case of h = H + 1 is clearly true. For h < H, note that
c(s,a) + Ps’a\Ath —b(s,a, Vay1) < c(s,a) + Py oVicy —b(s,a, Vir ) (Lemma 39)

V(Pso, Vi) 49B0
N+t(s,a) 'N*(s,a)

=c(s,a)+ P Vi + (Pso — Py o)Vi g —max (7

V(Ps avvff+1)L B
—a o (19 - 24) ———
N*(s,a) (19 )N+(s,a)
(Lemma 44 and max{a, b} > %)

< es,a) + PsoVisg + (2V2 - 3)

<c(s,a) + Ps Vi = Qp(s,a).

The proof is then completed by the definition of @ |

Lemma 20 For any state 3 € S and h € [H], we have

Vi (3) ’ > (s anh) (‘( Poo— Pea)Viia +b(8,a,‘7h+1)>-

s,a,h

Proof First note that

(expand Pgﬁ(gﬁ)(vi—? i 173 1) recursively and V] = Viri1)

(Vi(3) = Vi (5)4 < (pgﬁ(g,ﬁ) w1 — Psaih ?Z?+1)+ (a)+ —(b)+ < (a—=b)1)

< Poaiy (Vi — Vi )+ + ’(ng(gﬁ) - 75,%(5,/3))VE+1’ ((a+b)+ < (a)+ + (b)+)

< Z Gz (s,5) (8,4, h) ‘( sa — s, Vi +1’ (expand Pgﬁ(gﬁ)(ffﬁﬂ — V}—ZI)Jr recursively)
s,a,h

Combining both directions completes the proof. |

Remark 21 Note that the inequality in Lemma 20 holds even if optimism (Lemma 19) does not hold,
which is very important for estimating B,..

Lemma 22 There exists a function N*(B', H' €', §') < %—l—%ﬁm +SH'? such that when B >
B}, and N(s,a) = N > N*(B, H,¢€,6) for all s, a for some integer N, we have HV,% - V,*HOO <e
with probability at least 1 — 0.
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Proof Below we assume that B > B7;. Fix any state 5 € S and h € [H], we write 7 (5,7) A 07 for
simplicity. We have with probability at least 1 — 44,

Q%(S,a, h) (‘(Ps,a - s a Vh+1‘ + ‘ s,a ps,a)(‘/}h—l—l - V}:(_g_l)‘ + b(57 a, ‘7h+1)>

(la +b| < |a| + |b| and Lemma 20)

b( S,a []: ) SB S&(lsa rh+1 vV ) &(p A[/ )
< E ~ S\ 5@ Th41/ r= &) h+1 s,ay Vh+1
~ sah%-(s’a’h) N N \/ N N

(Lemma 25 and max{a,b} < (a)+ + (b))

H SH ~
S | v 2 G a V(P Vi) + | S D aa(s 0 MV (Paa Vi = Vi) + =

s,a,h s,a,h

where in the last inequality we apply VAR[X + Y] < 2(VAR[X] + VAR[Y]), Cauchy-Schwarz
inequality, Lemma 24, and }__ , , ¢z(s,a,h) < H. Now note that:

H

Z Q%(S7 a, h’)V(PS,a) V}:-|—1) = ]E% ZV(PS;L,CL}U fo—l—l) Sf_L =35
s,a,h h=h

I
5
M=

(Ps}uah (VI;+1)2 - (PShya}LVI;+1)2) Sp =35

| h=h
[ H H
=Bz | Y (Vi (snin)” = Vi(sn)®) + > (Vi (sn)? = (Poyan Viin)?) | 55 =
| h=h h=h
[ =
< B? + 3BEz Z (Q’;L(SI’H ah) - Psh,ahvl:+1>+
h=h
) (a®> —b* < (a+b)(a—b)4 fora,b > 0and V*(sp) < Q7 (sn,an))
[ H
= B*+3BEz | Y c(sn,an)|s; = 5| = B>+ 3BV{ (5).
h=h

. ~ 2
Plugging this back and by V(P 4, Vi1 — Vi) < HVhH - Vi, H , we have with probability at
o0

least 1 — 9,
BH
+ 57 (Lemma 19)

_ . H BHVT (5 SH? ||~
0 < Vi ()~ Vil3) S By 2+ h()ﬂ/ i~ HV—V.*OO ~
BH(VZ(5) SH? R
Bq/ \/ - ny HV v

+ SBH
N 9y

A
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where in the last step we apply 175(5) < Band H‘7 - V*

<|v-vr
oo
V7(s) forall s € S by Lemma 19. Solving a quadratic inequality w.r.t V{T (5) — V5 (5), we have

VI (5) — V;(3) SB\/gjL\/?HV-—V% i

The inequality above implies that there exist quantity N* < SH?, such that when N > N”, we have

V7 (5) - Vi(s) S B\/> 5 -

for any (5,h). Taking maximum of the left-hand-side over (5, h), reorganizing terms and by

Lemma 19, we obtain
H SBH
VE VH <B 1
<| Vet o

Now define n* = N~ + inf,, {right-hand-side of Eq. (1) < ewhen N = n}. We have n* <
B:QH + SB%H + SH?. This implies that when B > Bj; and N(s,a) = N > n* for all s, a, we have
HV% -V HOO < e with probability at least 1 — 5J. The proof is then completed by treating n* as a
function with input B, H, €, § and replace ¢ by §/5 in the arguments above. |

since V(s) < V*(s) <

+SBH
N

+ SBH
N Y

v

Lemma 23 There exists functions N(B', H', € ,§') < % + SBe 1" such that when N(s, a) =

N > N(B,H,e,&)for all s,a for some N and HYA/H < B, we have ||V —V.’
probability at least 1 — 6. = =

< € with

Proof Below we assume that H‘Af H < B. For any state fixed 5 € Sand h € [H], we write ¢ (5,1)
00 A
as ¢z for simplicity. Note that with probability at least 1 — 24,

’v,-f(g) - f/,-l(g)] <3 ga(s,a,h) (((Ps,a - Psva)f/hH] +b(s,a, ml)) (Lemma 20)

s,a,h

SV(Pys 4, Vi V(Py o,V B
SZQ%(&C%}L) \/(}VM—F\/(’]\[M—*—N

(Lemma 25 and max{a,b} < (a)+ + (b)+)

s,a,h

SV(P,q,Vihe1) SB
S aa(s,ah) \/ — T+ (Lemma 24)
s,a,h N N
SH SBH
S N qz(s,a,h)V (Psa,Vh+1)+T

s,a,h

(Cauchy-Schwarz inequality and > , , gz (s, a, h) < H)
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Now note that with probability at least 1 — ¢,

H

> (5,0, ) V(Paa, Vi1) =Bz | Y V(P 0, Vi) 55, = 5
s,a,h h=h

~

H H
=Ez | Y (‘/}h—i-l(sh-&-l)z - Vh(Sh)2) +> (Vh(sh)2 - (Psh,ah‘/}h+1)2> Sp =S

h=h h=h
;i
< B2 + 3BE- 0 — Py oV —
< B?+3BEz | Y (Qn(sh,an) — Py .0, Vit |sR=4
h=h

(% — b2 < (a+b)(a — b)4 fora,b > 0and Vi, (sp) = Qn(sn,an))

H
< B* + 3BE; Z (c(sh, an) + (Ps, a, — Psh7ah)Vh+1>+ s =38
| h=h
(definition of @, and (a)+ — (b)+ < (a —b)4)
~ SH PN SB?H
<B>+BVi(5)+B ~ > gz (5,0, W)V(Pa, Vig) + N

s,a,h

where the last step is by (a + b)+ < (a)+ + (b)4, the definition of V}—f(§) , and

s,a,h

. ;
Z ((Psh#lh - lt)sh#lh)Vthl>Jr Sp =S
h=h d
L [SV(P,, 4 Vii1)  SB ]
< E- Z ShX]’“ MU ~ 5= 5 (Lemma 25)
h=h

SV(Pyq,Vii1) SB SH - SBH
= E ~ ZVvse Tl L T ) <« 75 ~ iy
%(2: 0 1) \/ N TN T\ g7 (s, @, M)V (Pya, V1) + —

s,a,h

(Cauchy-Schwarz inequality and | s.ah ¢z(s,a,h) < H)

Solving a quadratic inequality w.r.t Zs’aﬁ ¢z (s,a,h)V(Psq, XA/hH), we have

SB*H

> a0, W)V (Paa, Vit) S B2+ BV (3) + =

s,a,h

Plugging this back, we have

[SH |IBSHV7(5) SBH
< M h
s B N + N + N
|SH BSHW;?(E) ~Vi(3)| SBH ~
- . — (g <
B N + \/ N + N (Vh(s) < B)
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Again solving a quadratic inequality w.r.t \V;? () — YA/,;(E)] and taking maximum over (3, h) on the

left-hand-side, we have
SH SBH
v VH <B 2
| VF @

Now define n = inf,, {right-hand-side of Eq. (2) < e when N = n}. We have n < BZE# + SB%H.
This implies that when N(s,a) = N > 7 for all s, a and H?H < B, we have HV_% — XA/H <e€
o0 [o¢]

with probability at least 1 — 44. The proof is then completed by treating 12 as a function with input
B, H, ¢, 6 and replace 6 by §/4 in the arguments above. |

Lemma 24 For any (s,a) € S x AandV € [-B B]S+ for some B > 0, with probability
at least 1 — 6, we have V(P 4, V) < V(Psq, V) + for all (s,a), where Nt (s,a) =

m
max{1,N(s,a)}.
Proof Note that
V(Pya, V) < Pyo(V — Py gV)? (5frt = argin, 35, pi(wi — 2)°)
= V(Pya, V) + (Pya — Pya)(V — PyaV)?

SV(P,a,V)  SB?
N*(s,a) ~ N*(s,a)
SB?
N+(s,a)

SV(Ps,,V)+ B

(Lemma 25)
V(Psa,V)+ (AM-GM inequality)

This completes the proof. |

Lemma 25 Given any value function V € [—B, B]S+, with probability at least 1 — 9, |(Ps o —

Pso)V| < Sﬂf@‘;’l‘;) + Nf(lj,a) forany (s,a) € S x A, where N (s,a) = max{1,N(s,a)}.

Proof For any (s,a) € S x A, by Lemma 44, with probability at least 1 — S 1> we have

‘( s,a sa V’ < Z‘Psa _Ps,a(s/)HV(Sl)_Ps,aV’ (ZSI(PS,CL(S/) _ps,a(8/>) =0)

| L 1 , SV(Ps.q,V SB
S Z ( NJr (s,a) + N+(s,a)) |V(s)_PS’aV’ S N&(s,a) : + N+*(s,a)’

where the last step is by Cauchy-Schwarz inequality. Taking a union bound over (s, a) completes the
proof. |
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D.3. Proof of Theorem 8
Proof For each index ¢, define finite-horizon MDP M; = Mgy, ., .. Also define V7, and Vi
as value function V," and optimal value function V;* in M; respectively. We first assume that
T > D such that B, 7 < oo. In this case, we have T™r.s(s) < min{7}, T} for any s by 7} , = 7*
when T" > T} > T,. Note that when B; € [20B, 1,408, ], by T”}VS(S) < min{T}, T} for any
s, definition of H;, and Lemma 38, we have V{%;(s) < VlﬁiT’s (s) < V*T(s) +0.6B; - 555 <
0.1B; and V', (s) < V}ZFZ.T’S(S) < V*T(s) +0.6B; < 0.7B; forany s € S and h € [H|, where
applying stationary policy 77 ; in M, means executing 77. ; in each step h € [H]. This implies
B; > HV*I . Then according to Line 2 and by Lemma 19, with probability at least 1 — J;,
< 018, ||Vl < ||V < 0.7B,, and the while loop should
o0 7 oo

break (Line 3). Let * be the value of « when the while loop breaks, we thus have B;» < 40B, 7.
Moreover, by Lemma 23 and the definition of N;, with probability at least 1 — d;+, we have

Vf;: (s) < (Vi"(s) + 0.1Bp)I{s # g} < cy«(s) for any s € S;. Thus by Lemma 7, we have
V*(s) < V”i*(s) < Vllz** (5) < Vi"(s) + 0.1B;« < B;s for any s € S. This gives B;j» > B,.

T < Ty < i+ < min{2% T} = min{T}, T}. Otherwise, T' > T}, B,r = B,
and Hjx < mln{ Bie Ty < mln{Ti,T} by Bjx < B,.r. Therefore, Hi» < min{T},T}. By

we have HVfHOO <

< 0.1B;+, ||[V¥" o S 0.7B;+ (breaking condition of the while loop), and the
definition of NZ-, we have with probability at least 1 — d;+, HVl*Z-* < HVf* H ot
v = v | <02 and v < vl < v+ HV v <088,

Therefore, by Temma 22 and the definition of N s “we have Wlth probability at least 1 — Ogxs

HV,i* —V*.|| < 5. Moreover, by Lemma 7 and V7. (s) < (Vi (s) + §)I{s # g} < (0.2By +
’ I 00 bl bl N N

DI{s # g} < cypix(s) forall s € Sy since B;x > 2, we have V7 (s) < Vi (s) for all s. Thus,

VA(s) S Viu(s) < Viu(s) + 5 < V*T(s) + 0.6Bis g75— + 5 < VT (s) + € by the definition

of H;» and Lemma 38 for any s € S. Finally, by the definition of IV; and N, the total number of

samples spent is of order

Hi+B>SA HjBS*A
. +

2

€ €

O (SA(N+ + Ni) =0 ( + H3*52A>

B?.SA L TS?A
L 4 min {1y, T} Ti

=0 (min{Ti,T} + min {7}, T'}? 52A> .

Moreover, the bound above holds with probability at least 1 — ¢ since 20 . 6; < J. Now we
consider the case T' < D. From the arguments above we know that B; < 405, 7 < 407 for all
1 < ¢ if T > D. Thus, we can conclude that T" < D if B; > 40T for some 7 still in the while loop,

and the total number samples used is of order O(SAN;) = O(S?AT) by the definition of N;. This
completes the proof. |
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Appendix E. Omitted Details in Section 5
E.1. Proof of Theorem 9

Proof Let N = min{|B,],S — 3}. Consider a family of MDPs { M} ;c;av WithS = Sy U S/,
A = [A], and sipir = S0, where Sy = {0, 51,...,sny}and S’ = {sp, s¢, ... }. Clearly, |Sy| = N+1
and |S’'| = S — N — 1. For each M, the cost is 1 for every state-action pair in Sy; at s, taking any
action transits to g with probability 1 — p, and transits to state s; with probability p, where p = :—fv;
at s; for ¢ € [N], taking action j; transits to s;1 (define sy 1 = g), while taking any other actions
transits to si; at sp, taking any action suffers cost 1 and transits to g with probability 1/ B, (stays at
sp otherwise); at s, taking any action suffers cost cpyiy and directly transits to g; at any of the rest of
states in &', taking any action suffers cost 1 and directly transits to g. Note that all of these MDPs
have parameters S, A, By, cmin, and all these parameters are known to the learner. Also note that
states in S’ are unreachable and does not affect the learner. We include them simply to show that we
can obtain a hard instance for any values of S, A, B,, and Cmin USing dummy states.

Consider a learner that is (e, §)-correct with € € (0, 1), § € (0, 16) and sample complexity %

on {M;};. Denote by &; the event that the first % steps from sg all transit to g, £ the event that

the learner uses at most % samples, and define £ = & N &. Also denote by P; the distribution
w.r.t M;. Note that event £ is agnostic to j, that is, for any interaction history (including the
randomness of the learner) w € &, we have P;(w) = P(w) for all j. Also note that for any j, we
have P;(&1) = (1 — p)t/P > 1and Pj(&) > 1—46 > L. Thus, P(€) = P;(€) > . Now we
show that the failure probability of such a learner is large. Note that when £ is true, the learner
outputs 7 before visiting s1. Moreover, the distribution of 7 under £ is identical for all { M j } j» that
is, Pj(7|€) = P(7|&). This is because P;(w) = P(w) for any interaction history w € £, and 7 is a
function of w. Denote by £’ the bad event that 7 is not e-optimal. We show that there exists j such
that P;(&’|€) is sufficiently large.

First, for any given j and any policy 7, define 27 = Hf\/: 1 7(Jilsi) and Vj7r as the value function
of 7 in M. Since the learner transits to s; if it does not follow the ¢ correct action sequence, we
have V’T(sl) > NaT + (1 —27)(1 + V["(s1)), which gives V" (s1) > N + == — 1. Moreover, if 7

is e-optimal in /\/l], then we have V7 (s0) <1+ pN + e. Combining with V”(so) =1+pV[(s1)

gives a7 > by €¢/p > 1. Also note that Z z7 = 1. Therefore, each policy 7 can be

1+5/p = 2
2 optlmal for at most 2; MDPs in {M};.

Denote by y™(j) the indicator of whether policy  is e-optimal in M. We have >, y™(j) <
for any m. Therefore, = P@|E)y T(j)dm < %, which implies that there exist j* such that

|- P(7IE)y™(j *)dr < -5 26 . Therefore,

2

(& — 1 _ -~ T k) Jo e
Pr(ElE) =1~ | PRV (IR >1- =5 =

The overall failure probability in M is thus Pj«(E') > P(£)Pj(£'|€) > 4, a contradiction.
Therefore, for any (e, 0)-correct learner, there exists M € {M,}; such that the learner has sample
complexity more than ]l? = Q(A" /€) on M. The proof is then completed by the definition of N.
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E.2. Proof of Theorem 10

Proof If min {7},T} BEE A % > %, then we simply construct a full (A — 1)-ary tree following
that of Theorem 3, with a remaining action a;. By J > 3B, we can simply ignore action a+ and the

sample complexity lower bound is Q(min {7}, T} Bi;% In 5) = Q(min {A, T} Bi;% In§ + 1.

Cmin
—_— 2
Otherwise, we have min {Ti, T } B*e ;gA In % < %, and our construction follows that of Theorem 9

except that we have an action a; at every state. Consider a family of MDPs {M;} je[a—1vy With S =
SyUS’, A=[A—-1]U{at}, and sinj = so, where Sy = {sg,s1,..., sy} and S’ = {sp,s,...}.
For each M, ¢(s,a) = 1 forall (s,a) € Sy x [A — 1]; at s¢, taking any action in [A — 1] transits to
g with probability 1 — p, and transits to state s; with probability p, where p = %; at s; fori € [N],
taking action j; transits to s;;1 (define sy11 = g), while taking any other actions in [A — 1] transits
to s1; at s, taking any action in [A — 1] suffers cost 1 and transits to g with probability 1/B (stay
at sj, otherwise); at s., taking any action in [A — 1] suffers cost ¢yi, and directly transits to g; at
any of the rest of states in §’, taking any action in [A — 1] suffers cost 1 and directly transits to g.
Note that all of these MDPs have parameters S, A, cmin, T and satisfy B, = B. Moreover, all these
parameters are known to the learner.

Consider a learner that is (e, §)-correct with € € (0, 1), 6 € (0, %6

{M,};. Denote by & the event that the first % steps from (sg, a) for some a € [A — 1] all transit

to g, & the event that the learner uses at most % samples, and define £ = £, N &. Also denote by
P; the distribution w.r.t M. Note that event £ is agnostic to j, that is, for any interaction history
(including the randomness of the learner) w € £, we have Pj(w) = P(w) for all j. Also note that for
any j, we have P;(&1) = (1 —p)'/? > 1and Pj(&) > 1—6 > L. Thus, P(E) = P;(€) > £. Now
we show that the failure probability of such a learner is large. Note that when £ is true, the learner
outputs 7 before ever visiting 5. Moreover, the distribution of 7 under £ is identical for all { M},
that is, Pj(7|E) = P(7|&). This is because Pj(w) = P(w) for any interaction history w € &£, and 7
is a function of w. Denote by £’ the bad event that 7 is not e-optimal. We show that there exists j
such that P;(&’|€) is sufficiently large.

First, for any given j and any policy 7, define 27 = Hf\; 1 7(Jilsi), V" as the value function of
min M;, and y™ = m(at|s1). If w is e-optimal in M, then we have V[ (so) < 1+pN +e€ < J.
Combining with V"(so) > min{J, 1+ pV/"(s1)}, we have V"(s1) < N + - = N + 4<J-1
Moreover, the learner suffers cost [V if it follows the “correct” action sequence, and suffers at least
costJ > 1+ V[(s1) if it ever takes action a;. Thus, we have V[ (s1) > NaJ + Jy™ + (1 — 2] —

), and sample complexity + on

y™)(1+ V7 (s1)). which gives V7 (s1) > “d 7Y 4 L 1. Combining with V7 (s1) < N+,
J J
we have
(I+e/p)(a] +y™) =21+ (J - N)y" 3)

Now note that > ;7 < 1 —y” for any . Define X' as the set of j € [A — 1)V where 7 is
e-optimal in M. Summing over j € X7 for Eq. (3), we have (1 + ¢/p)(1 — y™ + [X™|y™) >
|X™| + (J — N)y™|X™|. Reorganizing terms and assuming |X™| > 1 gives

s () (1) ) s (e p -0 m).

Note that 1 + ; < J - Nbyp > 5-x= Thus, the right-hand-side < 0, which gives |x™ <

1+ ¢/p < J — N. Therefore, each policy can be e-optimal for at most J — N MDPs in { M };.
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Denote by 2™(;j) the indicator of whether  is e-optimal in M. We have 3, 2" (j) < J — N for
any policy 7. Therefore, > = P(@|€)z T(j)dm < J — N, which implies that there exist j* such

that [ P(7|)2" (j*)d7 < (AI 1]\)[N Therefore,

~ J—N 1

Pu(&1E)=1- | PFIE)T(GNdT>1 - ——s > —.

(€)= 1= [ PRIEF(IR > 1- =gy > 5
The overall failure probability in M is thus Pj«(E') > P(£)Pj(E'|€) > =, a contradiction.
Therefore, for any (e, d)-correct learner, there exists M € {M,}; such that the learner has sample
complexity more than % = Q(J/e) = Qmin {T}, T} Bz oA In 3 + J/€) on M. This completes the
proof. |

Appendix F. Omitted Details in Section 6
In this section, we present the proof of Theorem 11.

Notations Denote by V*, Q¥ the optimal value function and action-value function of Mg,
where H = 22L1n 87 and ¢4(s) = JI{s # g}. Clearly, we have V;*(s) = argmin, Q} (s, a),
Q5 (s,a) = c(s a) +Ps Vi forany (s,a,h) € SX Ax[H],and V}; | = cy. The whole learning
process is divided into episodes indexed by m. Define H,, = infy{s}’,; = goraj’,, = at} as
the length of episode m and Ry, pr = Zn]‘flzm,( hH;an et — V" (s1")) the regret w.r.t estimated
value functions of episodes in [m’, M'], where ¢} = c(s}',ap') and ¢ | = c(sfy ;). Wealso
write Ry ) as Ryp. Define sj = g for all h > H,, + 1. Denote by P™, Q™, V'™, bj*, Ny the
value of P, Q, V, b(s, al™, Viy), N* (s, apt) from Algorithm 3 executed in Line 2 in episode 7.

For any episode mn in round r, define 7, = 7". Define P} = Psm om and Ph = PSm m Define

cm = ,Ifmfrl 7eand Chp = Zn]\le C™. Denote by A, the Value of A in round r (computed in
Line 4) and B,, the value of B in episode m.

Lemma 26 With probability at least 1 — 0, Q}'(s,a) < Q7 (s,a) for any m > 1 and (s,a,h) €
S x Ax [H]

Proof This is simply by maxyer11) Vil oo < IV*|lo + llefll,, < 2J and Lemma 19. [

We are now ready to prove Theorem 11.
Proof [of Theorem 11] Denote by Z,. the set of episodes in round r. First note that in the last round
(success round) R, we have with probability at least 1 — 354,

V%(Sinit) — V*(sinit) < V%(sinit) — Vi (sinit) + i (definition of H and Lemma 38)
< E WV (s1") = C™) + — § (C™ = V"(s1")) + —
AR AR 4
meLr meLR

(T, = 7 form € Zg, s* = Sinit, and Lemma 26)

IA
!
!
A
’
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where the last step is by Lemma 27, the definition of A, the condition of success round, and V" = VI
for m € Zg. Thus, the output policy 7 is indeed e-optimal. Now we bound the sample complexity of
the algorithm. Note that by Lemma 38 and the definition of H, forany h < H/2+ 1 and s € S,
we have V*(s) < Vi*(s) < V*(s) + % < %B*. Then by Lemma 26, we have B, < 3B, for any
M’ > 1 with probability at least 1 — §. Note that there are at most O(S A logs(RAR)) skip rounds,
and one success round. Thus, it suffices to bound the number of failure rounds . In each failure
round, we have at least ’\RE regret by the condition in Line 7. Moreover, in each skip or success
round r, we have with probab1lity at least 1 — 356,

Do (CT=V(sT)) = Y (O = VI (sT) 2 —Age.
T)’LEI’r mGI’r‘

where the last step is by Eq. (4) and the value of \,. Thus, the total regret is lower bounded as
follows: Rys 2 (R ¢ — SA)Age. Denote by M the total number episodes. By Lemma 28, Lemma 32
and M < RAr < (SA + Ry)Ag, we have with probability at least 1 — 389,

Ry < Buv/SAM + JPHY25 524 < BM\/SA(SA + Rp)Ag + JEH 2 S2A.
Solving a quadratic inequality w.r.t R, we have

By SA N B%,SA N JPHS824
€N/ )\R 62)\3 )\RE
Therefore, M < RArp < BiQSA + J2H2€SZA2 by By; < 3B,. Moreover, by Eq. (6) with M’ = M
and Bys < 3B, we know that Cyy < B,M + JS2 A and thus the total number of samples is of
order

Ry S SA+ < SA.

B . 2 N TBQA *422
O(BM+JSA):O( : *25 +BJ$SA).

€ Crmin€

Cmin Cmin

This completes the proof. n
1.5 2 1.25

Lemma 27 There exists function Npgy(B,€,0) < 1522 + (H 7+J CH )54

m' > 1andn > Npgy(B,¢€,8), if B> By yn_1, then 1 ‘Zm LV (s — Cm)’ < e with
probability at least 1 — 350.

, such that for any

Proof By Lemma 30 and Lemma 32, for any m’, n > 1, we have with probability at least 1 — 354,

m/'4+n—1 1.5 2771.25
1 o 1 (HY + J2H')SA
E Z (Vlm(sl )_C ) SBm’Jrnl\/;"" ( n ) . (4)

1.5 2171.25
H 2+J GH )54 such that if n > N and

B> By, then & ’Zm Ly (s — Cm)‘ < e with probability at least 1 — 354. Treating

m=m'

Thus, for any given B, €, 4, there exists N < 32 + (

N as function of (B, €, §) completes the proof. [

Below we state the regret guarantee of LCBVI. The main idea is to bound the regret w.r.t B
instead of B,, which is useful in deciding the number of episodes needed.
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Lemma 28 For any m’' > 1, with probability at least 1 — 96, we have for all M' > m/ simultane-
ously

- m | m 2
Rppr i S 4| SA Z > V(PR Vm) + JS%A.
m=m' h=1

Proof Without loss of generality, we assume m’ = 1. Note that

M’ H,,+1 i M’ Hp,
RM/ = Z ( Z Ch 1 ) Z Z Ch +Vh+1 Sh+1) th(SZL)) + JSA
h=1 m=1h=

m=1

<3y ((]1821+1 — PMVTL + (P — PPV, + bﬁ) +JSA, (definition of V™)
m=1 h=1
where (1) is by the fact that V' +1(sﬁm 1) # ¢y +1 < J only if m is the last episode of a skip

round, and there are at most @(S A) skip rounds. We bound the three sums above separately. For the
first sum, by Lemma 42, we have with probability at least 1 — 4,

’

- M’ Hp,
DO (g, = BV S 4| D0 D VPR Vim) + .
1

m=1h= m=1h=1

For the second sum, we have with probability at least 1 — 76,

M’ Hm M/’ Hm M’ H,,
Z Z(Ph — PVl = Z Z Pyt = P Vi + Z Z B = P (Vi = Vis)
m=1h=1 m=1 h=1 m=1h=1
M' H,, P;ln, Vh+1) SV(P}T’V}K:—I o V};-l) SJ
: Z 2 <\/ NG i Ny " Ny
m=1h=1
(Lemma 44 and Lemma 25)
M' Hp M’ Hp,
S| SAD S VB VL) | S2A DD STV VI, = Vi) + JS2A.
m=1h=1 m=1h=1

(Cauchy-Schwarz inequality and Lemma 35)

<454 Z ZV (P V) + 4| SPAD > V(P Vi = Ve ) + JSPA.
m=1h=1 m=1 h=1
(VAR[X + Y] < VAR[X] + VAR[Y])
M' Hp,
S| SAY > V(P vm) + JS?A. (Lemma 29 and AM-GM inequality)

\ m=1h=1

Plugging these back and applying Lemma 34 to bound Em 1 EH’” by completes the proof. W
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Lemma 29 Forany m’ > 1, with probability at least 1 — 50, we have Z%/:m/ hH;'”‘l V(P Vi —
Viny) S TSASM S V(PR Vi) + TS A for all M > .

Proof Without loss of generality, we assume m’ = 1. First note that with probability at least 1 — 4,

S S (V) — V) — (B (Vi — V)

m=1 h=1

STY D (Vi) = Vil (si) = PiViksa + Pt Vilky)+

m=1h=1
(Lemma 26 and a® — b*> < (a + b)(a — b)+ for a,b > 0)

M’ Hy,
STD D (e + PV = Vit (si )+ (Vi) < Qi(siait) = e + PrViey)

m=1h=1

By the definition of V™ and (a)+ — (b)+ < (a — b)4, with probability at least 1 — 34, we continue
with

SJZZ (B — P )Viey + (P = PPY(Viy = Vi) + 60+

m=1h=1
M' H
i V(P VE) SvV(pr, v, =Vie ) 8J
< +1 h+1 h+1 m
NJZZ<\/ o W £ LA
m=1h=1
(Lemma 44 and Cauchy-Schwarz inequality)
M' Hp, M’ Hp,
ST A[SAY D VP vim )+ | S2AD D V@ v = Vi) | + 2874,
m=1 h=1 m=1 h=1

where in the last step we apply VAR[X + Y] < VAR[X] + VAR[Y], Cauchy-Schwarz inequality,
Lemma 35 and Lemma 34. Then applying Lemma 33 with HV,: 1 thHoo < J and solving a

quadratic inequality w.r.t Zm 1 h " V(P Vi, — Vi), we have with probability at least 1 — 6,

M' Hp,
DD VB Vi — Vi)

m=1h=1

M’ M/’ m
S Vi (H ) = VI (s )2+ T, | SA Z > V(PR Vm) + J2SPA.
m=1 m=1h=1

M’ .
Now note that 37— (Vi 41 (sff 1) — VI (s, 01))° S J°SAsince Vi (s L) #

Vi 41(s% 1) only when m is the last episode of a skip round, and the number of skip rounds is of
order O(SA). Plugging this back completes the proof. [ |
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Lemma 30 For any m’' > 1, with probability at least 1 — 66, we have for all M' > m/ simultane-
ously,

M’ M’

S v £ 3 S e v ¢ A

m=m/' m=m' h=1

Proof Without loss of generality, we assume m’ = 1. Denote by {(5}, ay", 5", )}, the visited
state-action-next-state triplets in episode m if the learner follows 7 till the end, that is, it does not
stop the current episode immediately if the number of visits to some state-action pair is doubled. Note
that (spr ,Eh ) # (si*,ap") only if m is the last episode of a skip round and H,, < h. Also define

=0 c(E W ap') + cp(8h, ) the corresponding total cost in episode m, and ]5,:” = Pgm gm.
By (Chen et al., 2022, Lemma 26) and the fact that 7' is a deterministic policy for any m, we have
VAR, [C™] = Epm - V(IB,T, Vi )]. Moreover, there are at most O(SA) skip rounds. Then
with probability at least 1 — 24,

M’ M’
dECm=v(st)| < D (Cm =V (sT)| + HSA S Z VAR, [C™] + HSA
m=1 m=1

(Lemma 42)

M H M' Hp,
SADD V@R VI + HYSAS | DD VR Vi) + HPSA
\m:l h=1 m=1 h=1 _
(Lemma 43, and Zthl V(B Vi) < H)

’

M/ m m
Z ZV(P}YL’ V}TH) + Z ZV(Pm, Vhw-ﬁ Vﬁl) + HSSA.
m=1h=1 m=1 h—1

A

(VAR[X + Y] < 2(VAR[X] + VAR[Y]))
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For the second term above, note that with probability at least 1 — 39,

!’

> i (Vi (sih) = Vi (si)? = (P (VT = Vilta))?)

m=1h=1

SHY Y (Vi) = Vi) — PRV + PV

m=1 h=1
(Lemma 26 and a? — b? < (a + b)(a — b) for a,b > 0)
M' Hp,
SHY Y (et + PVt = Vi'(si) (Vi (s) = e(si, ait) + PRV
m=1h=1
<H Z Z (P — PVl + by (definition of V;™)
m=1 h=1

M’ H, M’
<HYS (,/ N N R SAEjEjVP Vi) + HISYA
m=1 h=1 m=1 h=1

(Lemma 44, Cauchy-Schwarz inequality, and Lemma 34)

m

Ml
SH,\|S2AY > V(PR Vim,) + HIS?A. (Cauchy-Schwarz inequality and Lemma 35)
m=1h=1

Thus, by Lemma 33 with ||V, — V;*|| < Hand M (Vi (s )=V (sh )P S
H?*SAsince V™ (s 1) # Vi 1 (s 1) only when the number of visits to some state-action
pair is doubled, we have with probability at least 1 — 6,

M' Hp, M' Hp,
SO VPR VI - Vi) S H Z Z (P, Vi) + H?S? A
m=1h=1 m=1 h=1
Plugging this back and applying AM-GM inequality completes the proof. |

Lemma 31 (Coarse Bound) For any m' > 1, with probability at least 1 — 25, we have for all
M >, Zm m Z V(P V) S JCu + J2S2A.

Proof Without loss of generality, we assume m’ = 1. By the definition of V" and (a)4 — (b)4 <
(a — b)4, we have with probability at least 1 — 4,

M’ Hp, M' Hn,

SO W) = PPV )+ S ) e+ (P = PV +

m=1h=1 m=1h=1

< Him o [ [5V( P,gn,v,gl) SJ)
mZMZ:lCh + mz:l; ( Ny + N (Lemma 25)

M’ Hp M’ Hp,

< Z Do S2AY DY V(P Vi) + TSP A, (5)

m=1 h=1 m=1 h=1
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where the last step is by Lemma 35. Therefore,

, m M H’m
Z S Vs = (BPVID)?) ST Y Y (Vi (se) — PV +
m=1 h=1 m=1h=1

(a®> —b* < (a+b)(a—0b)y fora,b>0)

M’ Hpm M’ Hp
ST D 4+, S2AY > V(P v ) + J2SPA.
m=1h=1 m=1h=1

Thus by Lemma 33, we have with probability at least 1 — 4,

M' Hp,
Do D V(BN VL)

m=m' h=1

, an /

<Ziva+1 (sT +1) +JZZch +J SQAZZmVPm vim)+ J2S%A
m=1h=1

m=1h=1 m=1 h=1

M’ Hp,
STCwr + | SPAD D V(PR Vi) + TSP A, Vi (s ) <28 1))
m=1h=1

Solving a quadratic inequality w.r.t Zm 1 ,Il{ml V(P Vy" 1) completes the proof. [ |

Lemma 32 (Refined Bound) For any m’ > 1, with probability at least 1 — 296, for all M' > m/,
we have S SO V(PP ViR S B2 (M —m! + 1) + JAH?0S2 A,

Proof Without loss of generality, we assume m’ = 1 and write Bj;s as B for simplicity. By
Lemma 28 and Lemma 31, we have with probability at least 1 — 116,

Ml
Ry = Cyp — Z Vi (sT') SV JSACy + JS?A
m=1

Solving a quadratic inequality w.r.t C'y;s gives

M/
Car S 3 V™(s) + JS?A < BM' + JS?A. ©6)

m=1

Thus, with probability at least 1 — 166,

M/ M/
V() = VE(ST)) S Do (s = ) + Z - W(s1")
m=1 m=1
M' Hp,
S| SA Z ZV(PE”, Vit + H'5S%A (Lemma 30, Lemma 28, and Lemma 26)
m=1h=1
JSAC\ + H'°S?A <\ JBSAM + H'°S?A, (7
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where the last two steps are by Lemma 31 and Eq. (6) respectively. Now note that

SO Vs — (PRVEL)?)
m=1 h=1
M’ Hp,
< 7SO + PRV (V) — PRV

m=1 h=1
(a®? —b? < (a+b)(a — b)4 for a,b > 0)

=2B) > (Vi"(sp) = BiPVi™) e + ) D (Vi (sp) + BtV = 2B) (Vi (si?) — PV )+

m=1 h=1 m=1 h=1
M' Hm M Hp
SBCw + B[ S2AY Y V(PR Vm )+ IBSPA+ P> Y Hsh #£gh ®)
m=1 h=1 m=1h=H/2+1

where the last step is by Eq. (5) and ||[V};""|| _ < B when h < H/2 + 1. Similarly, we have

M’ M’ M’
Z Vglnerl(ngH)Q = B*M'+ Z (Vlgnm+1(3713m+1)2_32) < B°M'+J? Z H{Sz/zﬂ # g}
m=1 m=1 m=1

- - ®
It suffices to bound 2%21 I{s Jo41 # g}. Let VI™ and V}* be the value function and optimal value
function of M /4 o, where O represents constant function with value 0. By the value of H and (Chen

etal., 2021a, Lemma 1), we have V*(s) < 171*(5) + 47 forall s € S;.. Moreover, when SE/2+1 # g,

we have Zf:/ i{ /441 € = 2J. Denote by P,,(+) the probability distribution conditioned on the
events before episode m. We have

2JZP Sh a1 7 9) + Z (VI (sT) — Vi (sT)

m=1
M'e M'e
< Vi (sh) — V*(sT JBSAM PSCA+ —. Eq. (7
_Zu(sl) (1) + % += (Eq. (7))
Therefore, Z Po(sfjo41 # 9) S VSAM' + %SQA + Me ™ () > V*(s™), and so

does Zm:l ]I{s H/241 # g} with probability at least 1 — 6 by Lemma 43. Plugging this back to
Eq. (8), Eq. (9), and by Lemma 33, we have with probability at least 1 — 4,

M H, m

ZZ thvthl

M' Hp,
SBCy + B*M' + B, | S2AY Y V(PP Vi) + JH*PS? A+ JPHVSAM' + M'He.
m=1h=1

Solving a quadratlc inequality w.r.t Zm 1 hH ™ V(P Vit ), applying AM-GM inequality on
J2H~/SAM’, and applying Eq. (6) completes the proof. |
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Lemma 33 (Chen and Luo, 2022, Lemma 9) For any sequence of value functions {V;" },, j, with
Ve o, B]‘S+ for some B > 0, we have Zm L2 V(P V) S Z%;l Vﬁm+1(srﬁ7n+1)2 +
ZM/ 1 h ™ (Vi (si)? — (PVR)?) + B2 for all M’ > 1 with probability at least 1 — 6.

Proof For any M’ > 1, we decompose the sum as follows:

M' Hn, M’ Hpm
DD VIEN VL) = Y0 (B (VL) = Vi (7))

m=1h=1 m=1h=1
M’ Hp, M’ Hp,
+ 3 (Vi) = Vi (si?) + D0 Y (Vs — (PVi)?) -
m=1h=1 m=1h=1

For the first term, by Lemma 42 and Lemma 40, with prbability at least 1 — 9,

’

S5 B - Vi ()

m=1h=1
M’ Hp, M’ Hpm

SADOD Ve, (vVim )2 + BES B > > V(PR V) + B
m=1h=1 m=1 h=1

The second term is bounded by Zm Vi (s +1)%. Plugging these back and solving a quadratic
inequality w.r.t Zm 1 hH ™ V(P Vi) completes the proof. [ |

Lemma 34 (Chen and Luo, 2022, Lemma 10) With probability at least 1 — 6, for all M’ > 1,
S AT O S \/SAZm L (P V) 4 JSYO AL

Proof Note that

M' H
SN g Z 'i\rmh“ + N (max{a,b} < a+b)
m=1h=1 m=1h=1 h h
M’ H,
m V -PTI’L7 Vm
S Z ( ( thhH) + i}/f) (Lemma 24)
—1h_ h h
m=1h=1
M’ Hpy,
NN V(Pr, Vi) + JSTA.
m=1h=1
(Cauchy-Schwarz inequality and Lemma 35)
This completes the proof. n

m=1

Lemma35 Y M yoHm Nil;;ﬂ S SA.

45



SETTLING THE SAMPLE COMPLEXITY OF SSPS

Appendix G. Horizon-free Regret is Impossible in SSP under general costs

Recently Zhang et al. (2022) show that in finite-horizon MDPs it is possible to achieve a horizon-free
regret bound with no horizon dependency even in logarithmic terms. For SSPs, Tarbouriech et al.
(2021c) achieves a nearly horizon-free regret bound R < B,V SAK In % +B,S? A+ AT K for any
given A > 0 in K episodes without knowledge of T, where regret R = Y | 5:1(221 Eoc(sk ak) —
V*(sinit)), and Rx = oo if I}, = oo for some k. If a prior knowledge T = T} is available, their
result is nearly horizon-free with logarithmic dependency on 7’. A natural question to ask is whether
(completely) horizon-free regret is possible in SSPs without prior knowledge. We show that this is

actually impossible.

Definition 36 We say an algorithm is (c1, ca)-horizon-free if when it takes number of episodes
K > 1, failure probability § € (0,1), and an SSP instance M with parameters By, S, A as input, it
achieves Ry < c1(By, S, A, K, VK + c2(By, S, A, K, §) on M with probability at least 1 — 6,
where c1, co are functions of By, S, A, K, 0 that have poly-logarithmic dependency on K (no
dependency on T, and ——).

Cmin

Theorem 37 For any c1, co that are functions of By, S, A, K, 0, and have poly-logarithmic
dependency on K, there is no (c1, ca)-horizon-free algorithm.

Note that in regret minimization the regret bound can scale with T} even without knowledge of T,
while in sample complexity we cannot (Theorem 3). Therefore, PAC learning in SSP is in some
sense more difficult than regret minimization.
Proof [of Theorem 37] Consider an SSP Mg with S = {s0, 51}, A = {ao, ag} and sinic = so. The
cost function satisfies c(so, ag) = 0, ¢(so,a4) = 1, and ¢(s1,a) = § for a € A. The transition
function satisfies P(g|so,aq) = 1, P(so|so,a0) = 1, and P(g|si,a) = 1 for a € A. Clearly,
¢min = 0 and B, = 1in M. Suppose the learner is a (c1, cz)-horizon-free algorithm for some
functions ¢y, ¢y as described in Definition 36. Pick § € (0, %) and K large enough as input to
the learner, such that (VK + ¢ < & and ¢} VK + ¢} < &, where ¢! = ¢;(1,2,2, K, 6) and
ch = ci(%, 2,2, K,6). Let & be the event that the learner reaches the goal state through (s, ay) in all
K episodes. Since the learner ensures finite regret with high probability, we have P(£1) > 1 — 4§ in
M. Denote by ¢ the number of times the learner visits (s, ag). By P(tlg, < 00) = 1 in M, there
exists an integer n > 2 such that P(tlg, < n) > £ in M. Define & = {t <n} and & = & N &s.
We have P(€) = P(& N {tlg, <n}) > 2in Mgbyé € (0, 3).

Now consider another MDP M that is the same as M except that P(s1|so,ap) = % and
P(so|so,a0) = 1 — P(s1]s0,ap). Clearly, B, = V*(sinit) = % in M. Let W be the interaction
history between the learner and the environment, and L;(w) = P;(W = w), where P; is the

distribution w.r.t M;. Also define v(w) = I{Lo(w) > 0}. Note that Ll(W)]Ig(W)fy(W) =

Lo(W)
(1= 1 Te(W)y(W) = (1= 1)"Te(W)y(W) = =P Therefore,
RE) 2 PE) 2 Bille W (W) = B [0 wppon | > 2EL > 5 0

Note that the learner ensures Rx < civ/K + ¢} with probability at least 1 — § in M for i € {0,1}.
Moreover, when & is true, R = % > iV K + ¢} in My. Therefore, the learner must ensure
Pi(&) << %, a contradiction. This completes the proof. [ |
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Appendix H. Auxiliary Lemmas

Lemma 38 (Rosenberg and Mansour, 2020, Lemma 6) Let w be a policy whose expected hitting
time starting from any state is at most 7. Then the probability that w takes more than n steps to reach
the goal state is at most 2e” 7.

Lemma 39 (Zhang et al., 2020b, Lemma 14) Define Y = {v € [0, B]°+ : v(g) = 0}. Let

[:As, x T xRY xRT xRT — RT with f(p,v,n, B,¢) :pv—max{c“/ Vipy )L,CQ } with
c% < co. Then, f is non-increasing in v, that is, for all p € As, , v, v € Yandn,. >0,

v(s) <V'(s),Vs € ST = f(p,v,n,B,1) < f(p,v',n, B,1).

Lemma 40 (Chen and Luo, 2022, Lemma 16) For any random variable X € [—C, C] for some
C > 0, we have VAR[X?] < 4C%VAR[X].

Lemma 41 (Chen et al., 2021a, Lemma 34) Let { X}, be a sequence of i.i.d random variables with
mean y, variance o, and 0 < X; < B. Then with probability at least 1 — §, the following holds for

all n > 1 simultaneously:
2n 2n
<24/2 In—+4+2BIn—
o2nln 5 + 5
2 2
Y (X - )| < 2 /2672111111% + 1931n§.
t=1

where 62 = 150 X2 — (L3570 | X,)2

Lemma 42 (Chen et al., 2021b, Lemma 38) Let {X;}°, be a martingale difference sequence
adapted to the filtration {F; }5°, and | X;| < B for some B > 0. Then with probability at least 1 — 6,
for all n > 1 simultaneously,

n

Z(Xt — )

t=1

n

432 3

+2B1
S

i|<3 ZE[XflJ%—l]lH

Lemma 43 (Chen et al., 2022, Lemma 51) Let { X;}2°, with X; € [0, B] be a martingale sequence
w.r.t the filtration {F;}5° . Then with probability at least 1 — 6, for alln > 1,

n n
4n
E[X;|Fi—q1] <2 X; +4B1In —.
; [ z‘ i 1]_ ; i+ n s

Lemma 44 (Chen et al., 2021a, Lemma 34) Let { Xy }+ be a sequence of i.i.d random variables with
mean i, variance o2, and 0 < X; < B. Then with probability at least 1 — §, the following holds for

all n > 1 simultaneously:
2 2
<2/202nIn =" 4 2BIn —.
) 1)
2 2
Y (X )| < 2 /2(“7,2171111% n 1931n§‘.
t=1

where 6721 = %Z?:l Xt2 - (% Z?:l Xt)z-

n

Z(Xt — )
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