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Abstract

In the framework of online convex optimization, most iterative algorithms require the computation
of projections onto convex sets, which can be computationally expensive. To tackle this problem
Hazan and Kale (2012) proposed the study of projection-free methods that replace projections with
less expensive computations. The most common approach is based on the Frank-Wolfe method,
that uses linear optimization computation in lieu of projections. Recent work by Garber and Kretzu
(2022) gave sublinear adaptive regret guarantees with projection free algorithms based on the Frank
Wolfe approach.

In this work we give projection-free algorithms that are based on a different technique, inspired
by Mhammedi (2022), that replaces projections by set-membership computations. We propose a
simple lazy gradient-based algorithm with a Minkowski regularization that attains near-optimal
adaptive regret bounds. For general convex loss functions we improve previous adaptive regret
bounds from O(T?/*) to O(+v/T), and further to tight interval dependent bound O(v/T) where I
denotes the interval length. For strongly convex functions we obtain the first poly-logarithmic
adaptive regret bounds using a projection-free algorithm.

1. Introduction

We consider the problem of efficient learning in changing environments as formalized in the frame-
work of minimizing adaptive regret in online convex optimization Hazan and Seshadhri (2009).
We focus on settings in which efficient computation is paramount, and computing projections is
expensive.

This setting of projection-free adaptive regret minimization was recently considered in the work
of Garber and Kretzu (2022). The latter paper gives efficient projection-free algorithms that guar-
antee O (T 3/ 4) adaptive regret. Their algorithm is based on the Frank-Wolfe method, that replaces
projections by linear optimization computations.

We consider exactly the same problem, but use a different approach for projection free algo-
rithms. Inspired by the recent work of Mhammedi (2022), we consider adaptive regret minimization
using set membership computations. Set membership computation amounts to the decision problem
of whether an input point « is in the decision set /C or not. For a comprehensive comparison of the
complexity of computing a membership oracle and linear optimization see Mhammedi (2022).

For this problem, we propose a simple gradient based algorithm that achieves improved, and
tight, adaptive regret bounds for general convex and strongly-convex loss functions, detailed in the
following sub-section.
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1.1. Summary of results

Our main algorithm is a novel lazy online gradient descent (OGD) algorithm with a specialized
regularization function which we call the Minkowski regularization, a variation of the Minkowski
functional.

v(z) =inf{c > 1 : %E K}.

Assuming the decision set K contains a ball centered at origin, we prove that our algorithm is
able to achieve optimal O(+/T’) and O(log T') regret bounds for general convex and strongly-convex
loss functions respectively using only O(d log T) calls to the membership oracle per round, as a first
step to adaptive regret.

Observing that OGD-based algorithms are easier to adapt for minimizing adaptive regret as
compared to Frank-Wolfe type algorithms, we show that our algorithm improves previously known
best adaptive regret bounds in the projection-free setting when combined with previous adaptive
regret meta-algorithms. We derive an O(log2 T') adaptive regret bound for strongly-convex loss
functions, and an O(\/j ) strongly adaptive regret bound for general convex loss functions where 1
denotes the length of any sub-interval. Our results in comparison to previous work are summarized
in table 1. Besides the improved regret bounds, our algorithm itself is simple.

As our main technical contribution, it’s shown that the smoothness of X’s boundary can yield a
better approximation algorithm to V() whose error has a good uniform upper bound in contrast
to previous general methods, by exploiting its special structure. This property is used to prove that
our original algorithm already guarantees O(\/T ) adaptive regret for general convex loss functions
when /C’s boundary is smooth.

Algorithm Regret Regret Adaptive? | Projection-free?
(convex) | (strongly-convex)

Hazan and Seshadhri (2009) O(VT) O(log® T) v X

Cutkosky (2020), Lu et al. (2022) | O(y/|]) x v x
Hazan and Kale (2012) O(T1) x x v, LOO
Kretzu and Garber (2021) x O(T3) x v, LOO
Mhammedi (2022) O(kVT) O(klogT) X v, MO
Garber and Kretzu (2022) O(T%) X v v,LOO
This paper O(k+/|1]) O(klog?T) v v, MO

Table 1: Comparison of results. LOO and MO denote linear optimization oracle and membership

oracle respectively. I denotes the length of any interval in adaptive regret. x = D/r
denotes the ratio between enclosing and enclosed balls of the domain /C.
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1.2. Related work

For a survey of the large body of work on online convex optimization, projection free methods and
adaptive regret minimization see Hazan (2016).

The study of adaptive regret was initiated by Hazan and Seshadhri (2009), which proves O(\/T )
and O(log? T') adaptive regret bounds for general convex and strongly-convex loss functions respec-
tively. The bound was later improved to O(\/.T ) for any sub-interval with length I by Daniely et al.
(2015) for general convex losses. Further improvements were made in Jun et al. (2017); Cutkosky
(2020); Lu et al. (2022). Lu and Hazan (2022) also considers more efficient algorithms using only
O(loglog T') number of experts, instead of the typical O(logT") experts.

Projection-free methods date back to the Frank Wolfe algorithm for linear programming Frank
and Wolfe (1956). In the setting of online convex optimization, Hazan and Kale (2012) gave a
the first sublinear regret algorithm with O(T%) regret based on the Frank Wolfe algorithm. Later,
Garber and Hazan (2015) improved the regret bound to the optimal O(\/T ) under the assumption
that the decision set is a polytope. Further assuming the loss is smooth or strongly convex, it was
shown that O(T %) regret is attainable Hazan and Minasyan (2020); Kretzu and Garber (2021); Wan
and Zhang (2021).

This paper considers a particularly efficient projection method which can be performed in loga-
rithmic time (and so is essentially projection-free). Similar projection methods have been previously
applied in the context of online boosting algorithms Hazan and Singh (2021); Brukhim and Hazan
(2021); Brukhim et al. (2020), and projection-free OCO with membership oracles Mhammedi
(2022); Levy and Krause (2019).

Recent work by Garber and Kretzu (2022) was the first to consider projection-free adaptive re-
gret minimization. They consider using a linear optimization oracle, and achieve a O (T %) adaptive
regret bound. The work of Garber and Kretzu (2022) also considers using a separation oracle, and
gets an O(+/T') regret bound in this setting. We improve their bound to O(+/T) in the general sense
of projection-free. However, our result is based on membership oracle computations instead of lin-
ear optimization, which can be either more or less efficient depending on the underlying convex set
(but still strictly more efficient than separation oracles).

Projection free methods using a membership oracle. The approach of using a membership
oracle rather than linear optimization started in the work of Levy and Krause (2019). This line of
work was significantly extended in the important work of Mhammedi (2022), who introduced the
use of the function () as a barrier. The main idea behind the algorithm of Mhammedi (2022) is to
first use the gauge function to reduce the problem to optimization over the unit ball by the geometric
assumptions on the domain, then apply any black-box OCO algorithm over the unit ball.

Instead, our approach directly uses the gauge function as a regularization function in the clas-
sical OGD framework, yielding simpler and more natural algorithm and analysis. In addition, the
OGD framework makes it suitable for the adaptive regret minimization framework, and in a later
section we will show Algorithm 1 inherently exhibits O(+/T) adaptive regret when 0K is smooth.

2. Preliminaries

We consider the online convex optimization (OCO) problem. At each round ¢ the player .A chooses
z; € K where K C R? is some convex domain, then the adversary reveals convex loss function



PROJECTION-FREE ADAPTIVE REGRET

fi(x) and player suffers loss f;(x;). The goal is to minimize regret:

T T
Regret(A) = Z fe(xt) — lgél}lél Z fi(z)
t=1 t=1

which corresponds to the difference between the overall loss the player suffered and that of the best
fixed point in hindsight.

2.1. Adaptive regret

It’s often the case that in a changing environment we want to have regret guarantees not only globally
but also locally. Hazan and Seshadhri (2009) introduced the notion of adaptive regret to capture this
intuition to control the worst-case regret among all sub-intervals of [1, 7.

t
Adaptive-Regret(.A) = Im[?ﬂ%] <Z fr(@7) IJ?;?Z f r(@) :
S
T=8

Daniely et al. (2015) extended this notion by adding dependence on the length of sub-intervals,
and provided an algorithm that achieves an O(/|I|) regret bound for all sub-intervals /. In partic-
ular, they define strongly adaptive regret as follows:

t
SA-Regret(A, k) = . [I?atx . <Z fr(zs) nlellJcClZfT(a:)> .

The common strategy for minimizing adaptive regret is to hedge over some algorithm instances
initiated on different intervals.

2.2. Optimization oracles

Most OCO algorithms require a projection operation per round for updates, which computes the
following for some norm || - ||.
M (x) = arg min ||z — y|
yeK

However, computing the projection might be computationally expensive which motivates the study
of optimization with projection-free methods, which make use of other (easier) optimization oracles
instead.

The most commonly used optimization oracle for projection-free methods is the linear opti-
mization oracle, which outputs

arg max v'x
e

given any vector v. It’s known that linear optimization oracle is computationally equivalent (up to
polynomial time) to separation oracle, which given any z outputs yes if x € K, or a separating
hyperplane between x and K.

In this paper we consider the membership oracle, that given an input € R, outputs yes if
2z € K and no otherwise. This oracle is considered dual of the linear optimization oracle used by
the Frank-Wolfe algorithm, and we shall see it admits better adaptive regret bounds at the cost of
only logarithmically more calls to the oracle.

ek

Oracle(m):{ :I:)s v ¢ K

4
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2.3. Assumptions

We make the following assumption on the loss f;.

Assumption 1 The loss f; is convex, G-Lipschitz and non-negative. The domain IC has diameter
D. For simplicity, we assume G, D > 1.

We also assume the loss functions are defined over R?, though we only optimize over K.
Assumption 2 The loss f; is defined on R (with the same convexity and Lipschitzness).

In fact, we can extend any convex Lipschitz function f to R? while preserving the Lipschitz constant
by defining

f(a) = min f(y) + Gllz =yl
yeK

for details see Theorem 1 in Cobzas and Mustata (1978). To make use of the membership oracle,
we assume the domain /C contains a ball centered at origin.

Assumption 3 K contains rBg for some constant r > 0, where By is the unit ball in R%.

Besides general convex loss functions, we will also consider strongly-convex loss functions,
defined as follows:

Definition 1 A function f(x) is A\-strongly-convex if for any x,y € K the following holds:
A
fy) > f@) + V@) (y — ) + Sl =yl

3. Projection-free Algorithm via a Membership Oracle

Algorithm 1 Projection-free algorithm via a membership oracle

L
72"

1: Input: time horizon 7, initialization z1,y; € IC, § =
2. fort=1,...,T do
3:  Play x; and suffer loss f(x¢)

4: Observe loss fy, define fi(z) = fi(z) + 3GD(y(z) — 1)
5. Compute (y;) and Vy(y), a d-approximation of v(y;) and Vy(y;) (see Lemmas 2, 3)
6:  Update x; via the OGD rule and project via the Minkowski regularization:
i1 < v — mVe () = v — m (Vi) + 2GDVA ().
Tl = Yt+1 '
F(ye+1)
7: end for

Let £ C R? and contains rB, for some constant » > 0 as in Assumption 3. Define the
Minkowski regularization for a convex set  C R? as

y(x):inf{c > 1 :Ze/c}. (1)

5
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The projection operation” (which we call the Minkowski projection) w.r.t. () is particularly
simple to compute via O(log %) membership oracle calls up to precision d, without the use of any

projection operator. It is defined as
x

V(z)

Our main algorithm 1 is simply a lazy version of OGD run on the original loss function with the
Minkowski regularization, using the Minkowski projection after the gradient update. The algorithm
uses O(logT') calls to the membership oracle to get % approximate of v(z) and the gradient of
~(x). We will introduce some important properties of the Minkowski regularization to establish the
validity of using such approximation.

I, (z) =

3.1. Properties of the Minkowski regularization

To execute Algorithm 1, one needs to compute y(x) and V7y(x) to high accuracy using only the
membership oracle. For the analysis henceforth, we require the following properties on the approx-
imation of the regularization function and its gradient.

Lemma 2 (Approximating ~(x)) Using log2 number of calls to the membership oracle, we

can compute 11, (x) to § accuracy. By log2 number of calls to the membership oracle, we can
compute y(x) to 0 accuracy.

Lemma 3 [Proposition 11 in Mhammedi (2022)] (Approximating V-y(x)) Using O(d log %) num-
ber of calls to the membership oracle, we can get an output denoted as s, such that E[s] is an
§-approximate of the (sub)gradient of v(z), and E[||s|3] < %

The methods to achieve the approximation in the above lemmas are intuitively simple: a binary
line search is used to approximate (), based on which a random partial difference along different
coordinates is used to approximate the (sub)gradient. We include the proof of Lemma 2 in appendix,
and refer the readers to Mhammedi (2022) or Lee et al. (2018) for the more technical Lemma 3.

As a result, if we choose § = %, then by the Lipschitzness of loss functions, the overall
difference on the accumulated loss is only o(1) which is negligible compared with regret bounds.
The number of calls to the membership oracle is only O(dlog T').

Below we introduce two technical lemmas necessary for our analysis, whose proof can be found
in the appendix. We first show the convexity and Lipschitzness of () in the following lemma.

Lemma 4 The Minkowski regularization y(x) is convex and %-Lipschitz.

By the convexity of y(z) and the fact that +(z) is defined on R?, the well-known Alexandrov
theorem implies that it has a second derivative almost everywhere, and without loss of generality
we can consider only gradients of () instead of subgradients. We also prove a useful property of
f and the Minkowski projection.

Lemma 5 The Minkowski projection only reduces the function value of f if v(x) can be computed

exactly. When 11 (x) is computed to % precision, we have that fy(x¢) < fi(y:) + %

This lemma is powerful in that it allows us to replace the harder problem of learning z; over a
constrained set /C (which needs projection) to learning y; over R?, by replacing the original loss f;
with ft The only thing left to check is whether ft preserves the nice properties of f;. It follows
from definitions that for general convex or strongly-convex Lipschitz f;, such a modification of the
loss is ’for free’. Unfortunately, for exp-concave loss functions ft will lose the exp-concavity.
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4. Regret Guarantees and Analysis of Algorithm 1

In this section we prove regret bounds of Algorithm 1 in the non-adaptive setting, in order to build
adaptive regret guarantees upon it in the next section. We start with regret guarantee for general
convex loss functions.

.

VTG
O(dlogT) calls to the membership oracle per iteration and has regret bounded by

SIS o)~ min o) = 0PI,

r

Theorem 6 Under Assumptions 1, 2, 3, Algorithm 1 with ny = can be implemented with

Gr+3GD
T2

4, and assumption 1 that f; is convex and G-Lipschitz, we get that ft is convex and G-Lipschitz as
well. Note that for any x € K, f;(z) = fi(z). Thus, we get,

E[>  filwe) = fia)] =B filwr) = fia")]

A 5 Gr + 3GD
= E[Z fe(ye) — fe(z™)] + % (by Lemma 5)

Proof Denote 1, = 1. By Lemma 5 we know that ft(xt) < ft(yt)—i- . Moreover, by Lemma

Next, we bound the above by showing that,
» . ~ D2GVT
E[Z fe(yr) — fr(2™)] = O(DG\/T) = O(T)v
t

where G is the lipschitz constant of f+. To show that, we denote V; = Vft(yt), ANy = V() —
V7(y:) and observe that:

lyesr =213 = llye = =13 + 0?3 — 209, (e — )
+3GDnA (g — &* = Vi) + 9GZD*n? || A3,
and by re-arranging terms and taking expectation we get,
=T "] < Elllye — a*1I3] — Ellyer — 2*l3] G2+ 9GD™)  36G*Dn*
n T2 r2
Telescoping and the fact that y; € K yields the stated bound since by convexity:

E[th(yt)_ z")] < EZVt (ye — ™)
¢

R 2 2 2792,.2
SHyl 95”2+?7TG+9GD77+18GD77T
277 2 2T r2
We find that G is upper bounded by the sum of the gradient of f; and that of 3G D~(x). Recall

that - is 1/r-Lipschitz (by Lemma 4), plugging in the appropriate ) = \/% o gives the stated bound.
|

Similarly, we can get logarithmic regret guarantee for strongly-convex loss functions.
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Theorem 7 Under Assumptions 1, 2, 3 and further assume the loss functions are A-strongly convex,
Algorithm 1 with n, = % can be implemented with O(dlogT') calls to the membership oracle per
iteration and has regret bounded by

22 o
BY" filar) — min fix)] = (2, 8T

Proof By Lemma 5 we know that f,(z;) < fi(y) + %. In addition, f; is strongly-convex
and Lipschitz by Lemma 4. We know that

B3 fle) — ) < B A — i) + Gre 560

t

Notice that ft is still A-strongly-convex. Apply the definition of strong convexity to y;, x*, we get

* =T * A *
felye) = fi@™) < Vi (ye —27) = Sllye — @ 13
We proceed to upper bound @T (y: — ™). Using the update rule of y;, we have

- T
lyerr — 2*113 = llye — 2*[|5 + 92 |IVA I3 — 20e Y, (ye — 2¥)
+3GDn A (g — 2% — Vi) + 9GP D (| A3

and so,

Ellly; — z*||2] — E — x*||2 - 9G D? 36G2D?%n?
[[1ys 5] — Elllye+1 I15] G+ mo, i

~T
E[2%] (s — 27)] < p 2 -

hence the regret E[ °, fi(z:) — fi(«*)] can be upper bounded as follows,

. =T o A . Gr +3GD
B filwe) = fia)] <D RV, (e —a27) — Sllye—= I3 + T
t t
1 wion, 1 1 G? 9GD?
< Z _ - P T
E;QE[H% B - o= N+ G e )Zt:m

rT r
G? 9GD2)Z 1 Gr+3GD 18G?D? Z 1

Gr+3GD  18G*D?
+ S
t

SOt T T e L
G?D? 3m2G2D?
< -
S 52 (1+1logT) + 22 +o(1)
G?D?log T
=0 )
( T2)\ )
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5. Projection Free Methods with Adaptive regret Guarantees

In this section we consider projection-free adaptive regret algorithms based on Algorithm 1. We
show how to achieve adaptive regret using membership oracles for both general convex and strongly-
convex loss functions, by using Algorithm 1 as the base algorithm in adaptive regret meta algorithms
(details in appendix).

For strongly-convex loss, we combine Algorithm 1 with the FLH algorithm to get O(log2 T)
adaptive regret bound, using O(d log? T ) calls to the membership oracle. Next, we show that com-
bining Algorithm 1 with the EFLH algorithm Lu and Hazan (2022) yields an O(I %Jre) strongly
adaptive regret bound using only O(dlog T x loglog T'/¢) calls to the membership oracle per round.
We start with the case of strongly convex loss case:

Theorem 8 Under Assumptions 1, 2, 3, and further assume the loss functions are \-strongly con-
vex, with O(d log? T') calls to the membership oracle Algorithm 3 achieves expected adaptive regret

G?D?log? T
Oy )

For general convex loss, we show how to get an improved O(I %“) strongly adaptive regret
bound when I is the length of any sub-interval [s, ¢], using only O(d loglogT/¢) calls to the mem-
bership oracle per round for any € > (0. The main idea is to use Algorithm 1 as a black-box, and
apply it under the framework of Lu and Hazan (2022).

Theorem 9 Under Assumptions 1, 2, 3. By using Algorithm 1 as the black-box algorithm in the
EFLH algorithm of Lu and Hazan (2022), Algorithm 4 achieves the following expected adaptive
regret bound for all intervals [s, t] with O(dlog T x loglog T /¢) calls to the membership oracle per
round.

)

t d 2 0 — 3 %Jre
E[Z fi(wi) — gg%Zfi(x)] — O(D G\/@(t )

Notice that by choosing € = we have that

1
log T
13+ < VITwT = O(VI)

which recovers the optimal O(+/T) strongly adaptive regret bound, but using O(log T') number of
experts instead. The proofs are direct black-box reductions by replacing the expert OCO algorithms
in adaptive regret algorithms by our algorithm, thus we leave the (simple) proofs to appendix.

Remark 10 Adaptive regret bounds can be derived similarly from Mhammedi (2022), by choosing
the subroutine in the reduction of Mhammedi (2022) to have an adaptive regret over the ball.

6. A Better Gradient Approximation of the Minkowski Regularization

The approximation of Vy(z) in Lemma 3 is limited in two aspects: it doesn’t have a uniform
control of the approximation error like in Lemma 2, for which we can only achieve expected regret
guarantees. Secondly, the method used by Lemma 3 is designed for general functions and does not
exploit the special structure of y(x).
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In this section we build a better method to obtain uniform control of the approximation error for
estimating Vy(x) when OK is smooth. We later show how even non-smooth sets, such as polytopes,
can be smoothed, and the techniques hereby still apply. Denote by v(x) the normal vector to its
tangent plane for any = € OK. We start by stating that Algorithm 1 without modification possesses
an adaptive regret guarantee for smooth sets.

Theorem 11 Under Assumptions 1, 2, 3. If OK is smooth and for any x € 0K we have T( () ) is

Lipschitz, Algorithm I withn, = can be implemented with O(dlog T') calls to the membership

_D_
VTG
oracle per iteration and has adaptive regret bounded by

: D3G
m{Z“ i }— )

The core technique is to show that the smoothness of 9K implies the smoothness of ~y(z), by
which we can obtain a uniform upper bound on the approximation error formalized in the following
lemma.

Lemma 12 Assume OK is a smooth manifold, such that for any x € OK, its normal vector v(x)
to its tangent plane is unique. For any x ¢ K, Vy(x) is along the same direction of v(1Ly(z)). In
addition, the gradient Vy(x) is

vl (x))

I, () To(Il,(z))

The intuition is that the Minkowski functional defines a norm, under which 0/C becomes the unit
sphere, then the gradient of norm on the sphere should be the normal vector to the tangent plane.
We are able to build a better estimation to Vy(x) based on this expression.

Lemma 13 Assume the set K satisfies that for any x € 0K IT(I is B-Lipschitz, then using
O(dlog W> number of calls to the membership oracle, we can get an 5 -approximate of the gradient

of y(z).

Remark 14 If K is a polytope defined by {x|h(z) < 0} where h(z) = max" (z " c; +b;), we can
smooth the set to get a similar result. Details can be found in appendix.

Algorithm 2 Estimating Vy(z ) with smooth 0K

: Input: A\ = f 0= dT5 and smoothness factor 5 of K.

T2.5°
: Estimate () to § accuracy.
for:=1,...,ddo
Estimate v(z + \e;) to § accuracy.
Estimate Vv(z); by w

end for

SANE AN I

Lemma 13 also enables us to remove the expectation on the regret bound in previous theorems,
because estimations to both v(z) and Vv(z) can be implemented deterministically, and we now
have a uniform control on the estimation error of Vy(z).

10
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When the set K is defined by {z|h(z) < 0} for some smooth function h(z), if h(z) itself is
TV ggl () ) —Llpschltz on OKC.
Proof [Proof of Theorem 11 ] The proof is stralghtforward by notlclng Algorithm 1 is an active

algorithm. In fact, using the same analysis as in Theorem 6, the telescoping gives

IS

smooth it also satisfies the above assumption where

lys —2*|13 . n(t—s)G*  9GD?*p
Zfz yz fl ) < o + 5 + T

The only question here is how to control the norm of y;. We argue here that for any ¢

3D o D?

lll2 < 52+ 22) 43D + 20 = O(—)

3
Use the definition of update rule, we get

2
2 2 _ T <712 T T Tf
lyes1llz — llyellz = @HVﬁHz — 2y, vat

Notice that when y; ¢ IC, Hyt\lz V() = m which is in [, 1], combine this with the fact that
f+ is G-Lipschitz, we have that
3GD 3GD 3GD
ul Vi >yl Vi - T yell2 > ||yt||2(|| Wl W) > 1.5G||ytll2

We also need to upper bound ||Vft |2, which is ( 3GD ?)jq—QD)Q.

As a result, when

3D,

yell2 > (2 + 7)

3(

we have that )

3D 4

and further [y 1|2 < HZ/tH2-
Besides, the distance that y; can move in a single step is upper bounded by (?’GTD + B%D +

- . ~ _ _D

Q) TTG < 3D + 2r, which concludes t};e proof of the argument. Now, the choice of n = Jra
which is independent of s, ¢ gives an O(%ﬁ) regret bound over all intervals [s, ] simultaneously
because t — s < T |

Simply using the previous estimation of Vy(x) (Lemma 3) doesn’t work, because its variance
causes an unpleasant martingale representation of y;, making it hard to bound its norm.

7. Conclusion

In this paper, we consider the problem of online convex optimization with membership oracles.
We propose a simple lazy OGD algorithm that achieves O(v/T') and O(log T') regret bounds for
general convex and strongly-convex loss functions respectively, using O(dlogT") number of calls
to the membership oracle. We further utilize the active nature of our algorithm in adaptive regret
minimization, achieving better bounds than known algorithms using linear optimization oracles. It
remains open to try to match these regret bounds using linear optimization, or alternatively fewer
membership oracle queries.

11
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Algorithm 3 Adaptive regret for strongly-convex loss without projection

1: Input: OCO algorithm A, active expert set Sy, horizon 7', o = % and constant € > 0.
2: Set A; to be Algorithm 1 with 7, = %

3: Pruning rule: the horizon of A; is 2k+2 1 1if j = r2F where r is an odd number.

4: Initialize: S; = {1}, pi = 1.

5:fort=1,...,Tdo

6:  SetVj € Sy, x] to be the prediction of A;.

7. Playazy =3 cq piay.

8:  Perform multiplicative weight update. For j € S}

p‘ge_aft(x{)

pg-i-l = ZiESt pée—aft(xi)

9:  Prune Sy and add {t + 1} to get Sy41. Initialize ﬁiﬁ = %, then

]

- j Dt

Y€ S =
1€Sp1 Pt+

10: end for

Appendix A. Adaptive Regret Meta Algorithms

We include here the algorithm boxes of the FLH and EFLH algorithms. Both Algorithm 3 and Algo-
rithm 4 are meta expert algorithms, with some black-box base algorithms run on specific intervals.

Appendix B. Omitted Proofs
B.1. Proof of Lemma 4

Proof For any two points 21,72 € R%, we let y; = y(x1),72 = y(x2). Forany A € (0, 1), let
z = Ax1 + (1 — \)zo. To establish convexity, we would like to prove that

7(z) <M+ (1= A)e. 2

Since y(z) is the minimal value (greater than 1) such that z/v(z) € K, we get that proving that
Equation (2) holds is equivalent to showing that,

z A+ (1= Ao

(z) A+ (=N

First, notice that the term z/~(z) can be rewritten as follows,

2 T 1 T2 1
—_— = — | + = . “4)
(z) m <1+ (5 — 1)1?) V2 <1+ 133;)

Then, it is easy to verify that for any A € (0, 1), and any 71,72 > 1, both terms in the brackets are

non-negative and sum to 1. Moreover, since by definition we have that %, % € K, we get that ﬁ

e K. 3)
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Algorithm 4 Strongly adaptive regret for general convex loss without projection
1: Input: OCO algorithm .A, active expert set .Sy, horizon 7" and constant € > 0.
2: Let Ay be an instance of A initialized at ¢ with lifespan 41, = 4L2(1+6)k/ 2| + 4, for

o(1+¢) /2 < T. Here Ay, is set to be Algorithm 1 with horizon 4/, and ) = -—

2V1L,G*
3: Initialize: Sy = {(1,1),(1,2), ...}, w!"® = min {%, \/lolng}.
4: fort=1,...,T do

"
w9k (k) (k) - ..
6: Playz; = Z(j,k;)ESt —,— @y, where ;7 is the prediction of A k-

7:  Perform multiplicative weight update to get wy1. For (j, k) € Sy

j j . 1 [logT ;
wiy = w™ (1 + min {2, Vo } (filwr) - ﬁ(mﬁf”“’)))

8:  Update S; according to the pruning rule. Initialize

t+1,k .1 JlogT
w§+1 ):mm{2, lk}

if (t + 1, k) is added to Syy1 (when [g|t — 1).
9: end for

is a convex combination of elements in /C, and thus must be in XC as well. This concludes the proof
that () is convex.

Next, to prove Lipschitzness, notice that when x1, z2 € K the argument is trivially true. Other-
wise, assume without loss of generality that 25 ¢ K (and any x1). Decompose 2 as,

T — X1 |z — x12

(&)

To=x1+T
w2 — 212 r
Then, we define o = m where r is the radius of a ball 13, that is contained in K (recall
assumption 1). Using out decomposition of x5 above, we get that,

T2 — X1

x
-y =(na) —+(1—ya) r————. (6)
7 w2 — 212

Observe that since rm
by definition we have % € K. Thus, the term « - 9 can be re-written as a convex combination
of elements in /C, and is therefore contained in K as well. Since 7> is the minimal scalar such that

division of z9 by it is in &, we get that v9 < 1/a. That is,

€ rBg then is it also contained in /C, by assumption 1. In addition,

1
[v2 — 7| < ;H@ — x1][2, 7

which concludes the proof. |
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B.2. Proof of Lemma 5

Proof In the exact case, denote 7, := ~y(y;—1). Then, we have that

A~

Fexe) — fulwe)

fi(xe) — fi(ye) +3GD(y(z4) — 1) — 3GD(y — 1) (definition of f;)
fe(xe) — fi(yr) = 3GD(y — 1) (v(z) = 1)

Gllyt — xtll]a — 3GD(y — 1) (ft is G-Lipschitz)
Gyt — Dl|zella = 3GD(v — 1) (Yt = yext)
Gy — 1) ([lzell2 — 3D)
0

oA

IN

([|zell2 < 3D,y > 1)

We notice that a similar argument also holds for the approximate version of ~;: just replace x; = %

by 7; = % and use the fact that ||z, — T2 < % which gives ft(fct) — ft(yt) < GT;"%GD. This
supports our previous argument that the overall difference on the accumulated loss is only O(1) and

is negligible. u

B.3. Proof of Lemma 2

Proof Without loss of generality we only consider the case x ¢ K. We use the simple binary search
method: the first call to the oracle gives = ¢ K, and we save two points 2, and Z,,, initialized as 0
and x. For the ¢ + 1-th call to the oracle, we query %(xm + Toy) and set it as , OF Xy according
to whether it’s in K or not.
It follows that after the ¢-th call to the oracle, ||z — Tout|l2 < 22—?
2D

an 57 -approximation to IL,(z). In other words, one can use logz(%

which implies that z;,, is
) calls to the membership
oracle to get an e-approximation to —. To put it more general, one can use lo (2D 2) calls to the
@) 1OP g ) €2\ "2¢

membership oracle to get an e-approximation to y(x). |

T

B.4. Proofs of Theorem 8 and Theorem 9

Proof Two theorems from previous works are introduced first, in which we will use our Algorithm
1 as a black-box to obtain the desired regret bounds.

Theorem 15 (Theorem 3.1 in Hazan and Seshadhri (2009)) If all loss functions are a-exp con-

cave then the FLH algorithm attains adaptive regret of O(#}

tion is O(n31ogT).

. The number of experts per itera-

Theorem 16 (Theorem 6 in Lu and Hazan (2022)) Given an OCO algorithm A with regret bound

1+€
c¢GDVT for some constant ¢ > 1, the adaptive regret of EFLH is bounded by 40cG D+/log T |I| 3
for any interval I C [1,T]. The number of experts per round is O(loglog T /e).

We first define the exp-concavity of loss function.

Definition 17 A function f(x) is a-exp-concave if e~F(®) is convex.
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A notable fact is that under Assumption 1, any A-strongly-convex function is also %—exp—
concave Hazan (2016).

For Theorem 8, we use the fact that the loss functions are also %—exp—concave. By Theorem
3.1 in Hazan and Seshadhri (2009) and Theorem 7, if we treat our Algorithm 1 as the experts in
FLH, the total regret is bounded by O(GQD:QI)\Og2 T, l‘;\gZ T). Noticing r = O(D), we reach our
conclusion.

Theorem 9 is a direct consequence of Theorem 6 and Theorem 6 from Lu and Hazan (2022) by
treating our Algorithm 1 as the experts in EFLH. Notice that the EFLH is a multiplicative weight
algorithm over experts (instances of Algorithm 1) and doesn’t require extra projections. |

B.5. Proof of Lemma 12

Proof To see this, we compare the values of y(x) and (z + ev) given a small constant € and a unit
vector v, and see which direction increases the function value the most. We have that

[T ()2

L@ =TI @)l () + O(e)

IL,(z + ev) =11y (z) + ¢

due to the fact that 0K is smooth and at a neighborhood of =z, its tangent plane is a good linear
approximation of the boundary. As a result

Iz + evll2
ITL, () + B2 () o To(IL, (2))0(IL, (2))) + O(e?) 2

l[zll2

Y(x +ev) =

We are actually dealing with the 2-dimensional plane spanned by v and v(IL,(z)), therefore without
loss of generality we can do a coordinate change to only consider this 2-dimensional plane and use
z = (||z]]2,0),IL,(z) = (||IL,(x)]|2, 0), and parameterize v and v(IL,(x)) by 1, 6. After standard
calculation and simplification we have that

HxH% + 2¢||z||2 cos 0,

1L, (z)]13 + QGHHHVx(ﬁzng sin O (sin O3 cos 1 — cos B9 sin b))

v(z + ev)? =

Maximizing it is equivalent to maximizing

lz||2 + 2€ cos 64
||z||2 + 2€sin O2(sin O cos 61 — cos b sin b))

which is further equivalent to maximizing
sin @9 sin 01 + cos 03 cos 01

by ignoring second-order terms. It is maximized when taking 1 = 65, or in other words, Vy(x)
is along the same direction of v(IL,(z)). An easier way to think of it is by slightly modifying the
definition of () to be the original Minkowski functional

inf{'y>0:%€l€}
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then ~y(z) defines a norm and OK is exactly the solution set of v(x) = 1. Then the gradient of v(x)
is the normal vector to this norm-1 level set.
We haven’t determine the magnitude of the gradients yet. From Lemma 6 in Mhammedi (2022),
we know that for any x ¢ KC
Vy(z) = argmax s x
se

where K is the polar set of K defined as
K={seRls'z<1,Vveek}

From this we know the magnitude has to be and the gradient Vy(z) is really just

1
T, () To(iL, (@)

o(IL, (1))
IT, () To(IL, ()

B.6. Proof of Lemma 13

Proof From Lemma 2 we already know one can use logQ( ) calls to the membership oracle to
get an e-approximation to y(x). We now use it to estimate V’y( ): for any i € [d] and a small
constant \, we have the following inequality for some x’.

)\2
[+ Aes) = (@) = AVy(@)i] < S 9H () 3

From the smoothness assumption we know that || V2y(2')||2 < /3%. Then the estimation error of
Vy(z)i can be upper bounded by AB + 2 9 where J is the precision of y(z). Take § =
A= fTQ -, the estimation error to Vy( ) is bounded by sz
calls to the membership oracle by Lemma 2, that’s O(log T') calls for each coordinate 7. Since the
estimation error for each coordinate is now bounded by ﬁ, the overall error is bounded by

de and
while we only use O(dlogT)

1 1
Vix =

Appendix C. Set Smoothing for Polytopes

Let K C R? be defined as a level set of a function h,
K = {z € RYh(z) < 0}.
where h(z) = max™ (z " o; + b;) and each q; is a unit vector. Consider the smoothed set

Ko = {z € R ha(z) < 0}
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where h,(z) is defined as
Lo N aaT
ha I 1 a(x Oéi+bi)
(x) =~ og(;_1 e )

We additionally assume that we have access to the linear constraints of i (x), so that the oracle
to KC is stronger than just membership, but still weaker than projection.

We will show several properties of this smoothing method in order to determine the value of a.
First, the new function h,(x) is O(ma)-smooth. Second, we notice that I, is a subset of C, while

it also contains
logm

{z € ]Rd|h(:c) < }

a

because . I
he(z) < = log(me®™®) < h(z) + &
a a

__logm

In addition, for any « such that h(z) = 0, there exists 2’ such that h(z) < and ||z —2'||2 <

a

le%, simply by shrinking = along the same direction and using the geometric assumptions on k.

Now we choose a = T3. Because the loss function is Lipschitz, replacing K by K, can only

hurt the regret by O(TG2 i%ggm) = O(77) which is negligible, using a similar argument as in the
proof of Theorem 6.

Meanwhile, the smoothness constant being now O(T™3) isn’t an issue because we can multiply

an additional % factor to the method in Lemma 13 to get a similar guarantee, i.e. choosing § = dT%

and A\ = ﬁ using still O(d logT") membership oracle calls.

Finally, because h,(x) has a clear closed form and can be exactly computed by m computations
of the linear constraints in A(z), we can implement an exact membership oracle to IC, using m
times more calls. In all, we can achieve the same guarantee as in Lemma 13 using O(mdlogT)
number of calls to the membership oracle instead.
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