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Abstract

This paper provides some first steps in developing empirical process theory for functions taking
values in a vector space. Our main results provide bounds on the entropy of classes of smooth
functions taking values in a Hilbert space, by leveraging theory from differential calculus of vector-
valued functions and fractal dimension theory of metric spaces. We demonstrate how these entropy
bounds can be used to show the uniform law of large numbers and asymptotic equicontinuity of the
function classes, and also apply it to statistical learning theory in which the output space is a Hilbert
space. We conclude with a discussion on the extension of Rademacher complexities to vector-valued
function classes.
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1. Introduction

Empirical process theory is an important branch of probability theory that deals with the empirical
measure P, = % > i, dx, based on random independent and identically distributed (i.i.d.) copies
X1, ..., Xy, of arandom variable X on a domain X, and stochastic processes of the form { P, f — Pf :
f € F}, where F is a class of functions X — R. Due to its very nature, the theory has found a
wealth of applications in statistics (van der Vaart and Wellner, 1996; van de Geer, 2000; Kosorok,
2008; Shorack and Wellner, 2009; Dudley, 2014). In particular, it has been the major tool in analysing
properties of estimators in supervised learning, both in regression and classification (Gyorfi et al.,
2006; Steinwart and Christmann, 2008; Shalev-Shwartz and Ben-David, 2014).

In the traditional (and still dominant) supervised learning setting, the output space is (a subset of)
R, but there is a rapidly growing literature in machine learning and statistics on learning vector-valued
functions (Micchelli and Pontil, 2005; Alvarez et al., 2012), and efforts are already under way to
explore ways to make them faster and more robust (Laforgue et al., 2020; Lambert et al., 2022;
Ahmad et al., 2022). This occurs, for example, in multi-task or multi-output learning (Evgeniou et al.,
2005; Yousefi et al., 2018; Xu et al., 2019; Reeve and Kaban, 2020), functional response models
(Morris, 2015; Kadri et al., 2016; Brault, 2017; Saha and Palaniappan, 2020), kernel conditional
mean embeddings (Griinewilder et al., 2012; Park and Muandet, 2020a) or structured prediction
(Ciliberto et al., 2020; Laforgue et al., 2020), among others. Very recently, there is even an interest
in the more general setting of learning mappings between two metric spaces (Hanneke et al., 2020;
Cohen and Kontorovich, 2022).

There are valuable works analysing the properties of vector-valued regressors with specific
algorithms, notably integral operator techniques in vector-valued reproducing kernel Hilbert space
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regression (Caponnetto and De Vito, 2006; Kadri et al., 2016; Singh et al., 2019; Park and Muandet,
2020b; Cabannes et al., 2021), and in the form of (local) Rademacher complexities, empirical process
theoretic techniques have been applied to cases where the output space is finite dimensional (Yousefi
etal., 2018; Li et al., 2019; Reeve and Kaban, 2020; Wu et al., 2021). However, as general empirical
process theory is developed, to the best of our knowledge, exclusively for classes of real-valued
functions, the powerful armoury of empirical process theory has not been utilised fully to analyse
vector-valued learning problems. The aim of this paper is to provide some first steps towards
developing a theory of empirical processes with vector-valued functions.

An indispensable object in empirical process theory is metric entropy of function classes', and
one of the most frequently used function classes is that of smooth functions. In our main results
in Section 3, we investigate how we can bound the entropy of classes of smooth vector-valued
functions. When the output space is infinite-dimensional, bounding the entropy becomes far less
trivial, compared to the case of real-valued function classes. For example, seemingly benign function
classes such as the classes of constant functions onto the unit ball clearly has infinite entropy with
respect to any reasonable metric, since the unit ball in an infinite-dimensional Hilbert space is not
totally bounded (Bollobas, 1999, p.62, Corollary 6).

This requires us to look for other ways to restrict the functions than in the norm sense. Our
contributions are as follows.

* In the main results of this paper in Section 3, we propose considering subsets of the output
space with specific geometric features. We leverage notions from dimension theory of metric
spaces (Heinonen et al., 2001; Robinson, 2010; Fraser, 2020). We investigate how restricting
our function classes to subsets of the output space in three different ways, to have (i) finite
Assouad dimension, (ii) finite upper box-counting dimension and (iii) at most exponentially
growing entropy, can help us bound the entropies of the function classes (Theorems 4, 5 and 6
respectively).

* We use these entropy bounds to show uniform law of large numbers and asymptotic equiconti-
nuity of the corresponding function classes (Corollaries 7 and 8).

* In Section 4, we demonstrate applications in statistical learning theory, and discuss the
generalisation of the popular Rademacher complexity to the vector-valued setting.
1.1. Mathematical Preliminaries & Notations

Let ) be a separable Hilbert space over R, with its inner product and norm denoted by (-, -)y and
|||l respectively. We denote by ¢ the Borel o-algebra of ), i.e. the o-algebra generated by the
open subsets of ). Let (X, 2") be a measurable set, and () a probability measure on it.

1. In the usual theory of empirical processes with real-valued functions, there are two major tools. The first is to consider
the entropy with respect to the empirical measure P,,. One usually requires this entropy to be uniformly bounded
over all realisations of the samples X, ..., X,,, and the most widely-used example of function classes that satisfy this
property are the celebrated Vapnik-Chervonenkis (VC) subgraph classes. The second tool is what is known as entropy
with bracketing with respect to the underlying measure P (see, for example, van de Geer (2000, p.122, Theorem 2.4.1
and p.129, Section 2.5.2), van de Geer (2000, Sections 3.1 and 5.5) and Dudley (2014, Chapter 7)). However, both VC
subgraph classes and entropy with bracketing make explicit use of the fact that the output space R is fotally-ordered,
and makes use of objects suchas {z € X : x < g(zo)} and {x € X : g1(x0) < = < g2(x0)}, Where g, g1,92 € G
and zg € X. A direct extension is clearly not possible when our output space ) has any dimension greater than 1, and
an attempt at an extension is even more difficult when ) is infinite-dimensional. In this paper, we do not investigate
whether it is possible to obtain meaningful results by extending these ideas, and leave it for future work.
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Bochner Integration A function g : X — ) is said to be Bochner-integrable with respect to
Q if g is strongly measurable and if ||g||y is @-integrable (Dinculeanu, 2000, p.15, Definition 35),
and denote its Bochner integral by [ gd@ € ). We denote the space of Bochner Q-integrable
functions by L'(X,Q;)). Further, for 1 < p < oo, we denote by LP(X,Q;)) the space of
functions g : & — Y such that [|g|%,dQ < oo, and denote the corresponding seminorm by
9l o = [lgll5,dQ. The case p = 2 is a special case, where L*(X, Q; ) can be equipped with
a semi-inner product (g1, g2)2.0 = [(g1,92)ydQ. Finally, we denote by L>(X;)) the space of
functions g : X — Y such that the uniform norm [|g||,, = sup,cy ||g(z) Hy is bounded. Following
van de Geer (2000, p.16), we do not consider the essential supremum (which depends on the measure
Q), but the supremum over all x € X, so that the uniform norm does not depend on any measure.

Taylor’s Theorem for Vector-Valued Functions The notions of (partial) differentiation and
smoothness for )-valued functions are central in our bounds for entropy of smooth functions (see
Appendix B for more details, and Cartan (1967); Coleman (2012) for full expositions). Suppose that
U is an open subset of R?, and denote the Euclidean norm in R? by ||||. For m € N and an m-times
differentiable function ¢ : U — ), we write ¢(™) for the m™ derivative of ¢, an m-linear operator
from R? into ) (see Appendix B). We state the extension of Taylor’s theorem to functions with
values in ), with Lagrange’s form of the remainder. To this end, for a, b € R?, define the segment
joining a and b as the set [a,b] = {z € R? : & = va + (1 — v)b,v € [0,1]} (Coleman, 2012, p.51).

Theorem 1 (Cartan (1967, p.77, Théoréme 5.6.2)) Suppose that g : U — Y is (m + 1)-times
differentiable, that the segment |a,a + h| is contained in U and that, for some K > 0, we have
19"+ (2)]lop < K forall x € U. Then

|hHm+1

| =

<K‘

@) <Ky
Yy

I

gla+h)— Z
k=0

where we wrote (R)* = (h,...,h) € (ROF fork = 1,...,m.

Write Ng = {0,1,2, ...}, and for p = (p1, ..., pq) € Ng, write [p] := p1 + ... + pg. Then we denote
the p™ partial derivative 9}"...09g(a) of g at a € U as DPg(a) € Y. Foreach k = 1,...,m + 1,
g (a)((h)F) = ZZ’.“,lk:l iyl Oy -0 9(a) = 3o, %D”g(a), where we wrote h” as a
shorthand for AL ...hsd and p! for p1!...p4!. Hence, using partial derivatives, we can express Taylor’s

theorem above as
Bt
< K———.
— (m+1)!
Yy

hp
gla+h)— Z ,D”g(a)‘
[pl<m ©

Metric Spaces, Covering Numbers and Dimensions Finally, we introduce some notions from the
theory of metric spaces. In particular, covering numbers play a central role in entropy discussions,
and different notions of dimensions based on covering numbers will be used to restrict the range of
partial derivatives of functions, leading up to entropy bounds in our main results (Section 3).
Suppose (Z, p) is a metric space. For r > 0 and zg € Z, the ball of radius r centred at zy is
B(zo,7) = {z € Z : p(2,20) < r}. Forany § > 0, the d-covering number of (Z, p), denoted by
N(0, Z, p), is the minimum number of balls of radius § with centres in Z required to cover Z, i.e.
the minimal NV such that there exists a set {z1, ..., 2y} C Z such that for all z € Z, there exists a
Jj=17j(z) € {1,...,N} with p(z, z;) < d (we take N (6, Z, p) = oo if no finite covering by closed
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balls with radius ¢ exists). We say that Z is totally bounded if N (0, Z, p) < oo forall 6 > 0. We
define the d-entropy as H(6, Z, p) = log N (4, Z, p).
Let F be a subset of (Z, p). The upper box-counting dimension of E is

. H(0,E,p)
T E = hm sup ——————
bOX( ) 5—0 P log o

(Robinson, 2010, p.32, Definition 3.1). It is immediate from the definition (Robinson, 2010, p.32,
(3.3)) that if 7 > Tpox (E), then there exists 6o > 0 such that for all § < do,

N, E,p) <. (box)

A subset E of (Z, p) is said to be (M, 7)-homogeneous (or simply homogeneous) if the intersection
T
of E with any closed ball of radius R can be covered by at most M <§) closed balls of smaller

radius 7, i.e. N(r,B(z,R) N E,p) < M (%)T for all z € F and R > r (Robinson, 2010, p.83,

Definition 9.1). The Assouad dimension (Robinson, 2010, p.85, Definition 9.5), sometimes also
known as the doubling dimension, of E is

Tasd(E) := inf{7 : E is (M, 7)-homogeneous for some M > 1}.

2. Empirical Process Theory for Functions Taking Values in a Hilbert Space

Take (€2,.7,P) as the underlying probability space. Let X :  — X" be a random variable, and let
X1, X, ... beii.d. copies of X. Denote by P its distribution, i.e. for A € 27, P(A) = P(X~1(A4)),
and by P,, the empirical measure on X based on X1, ..., X, i.e.

1< 0 ifX;¢A

P, =- 0x,, where, for A € Z7,6x.(A) = .

" n; Xi x:(4) {1 ifX, A
For a function g € L'(X,Q;Y), we adopt the notation Qg = [ gd@Q. Hence,

1 n
Pg = /gdP and P,g= - Zg(Xi).
i=1

Note that the integral Pg is a Bochner integral, and that we have Pg, P,,g € ). Now, for fixed g, the
law of large numbers in Hilbert (more generally, Banach) spaces (Mourier, 1953) tells us that P, g
converges to Pg. One of the pillars of empirical process theory is to consider the convergence of
P,g to Pg not for a fixed g, but uniformly over a class of functions. Let G C L'(X, P;))). For a
measure @ on X', we denote || Q|5 = sup,eg [|Qg]l-

Definition 2 We say that the class G is a Glivenko Cantelli (GC) class, or that it satisfies the uniform
law of large numbers (with respect to the measure P) if | P, — P||g = supyeg [|Prg — Pglly 5.

Definition 2 could have been defined in terms of the weak convergence in Hilbert spaces, i.e. y, — Yo
if (y,yn)y — (y,y0)y for every y € ). In this paper, we only consider strong (norm) convergence.
Next, we define the empirical process and the asymptotic equicontinuity.
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Definition 3 We regard {vy,(g) = \/n (P, — P) g : g € G} as a stochastic process with values in
Y indexed by G, and call it the empirical process.
We say that the empirical process {yn (9):g€ g} is asymptotically equicontinuous at go € G if,

. i P . P
for every sequence {g,} C G with ||gn, — 90”2,P = 0, we have HV" (gn) — vn (go)Hy = 0.

Some of the first steps in empirical process theory are the symmetrisation and chaining techniques,
and using them to prove uniform law of large numbers and asymptotic equicontinuity for classes of
functions that satisfy certain entropy conditions. We provide the adaptation of some of these results
for vector-valued function classes but defer them to Appendix C, because, while strictly speaking
novel, the statements and proofs of these results carry over from the case of real-valued function
classes with only minor adjustments, in particular with concentration inequalities for vector-valued
random variables (Pinelis, 1992). A more challenging task, as mentioned in the Introduction, is to
bound entropies of vector-valued function classes, and the main results of this paper will focus on
this problem (Section 3).

We mention that in this work, we overlook the problem of measurability, which arise as we
take suprema over possibly uncountable sets. This is commonly done in works treating statistical
applications of empirical processes (see, e.g. van de Geer (2000, p.21, Section 2.5), Bartlett et al.
(2005, p.7, first paragraph of Section 2) and Yousefi et al. (2018, p.5, last paragraph of Section 1)).
We either assume that function classes and underlying distributions satisfy conditions that ensure
measurability, or that notions of outer probabilities and expectations are used instead, as in van der
Vaart and Wellner (1996) and Kosorok (2008).

3. Entropy of Classes of Smooth Vector-Valued Functions

In the usual empirical process theory with real-valued functions, classes of smooth functions on
compact domains are some of the most frequently used examples that satisfy good entropy conditions
(van de Geer, 2000, p.154, Example 9.3.2), (van der Vaart and Wellner, 1996, Section 2.7.1), (Dudley,
2014, Section 8.2). In this section, we give analogues of these results when the output space is the
(not necessarily finite-dimensional) Hilbert space ).

Let m € N; this will determine the smoothness of our function class. Let d > 1, and take as our
input space the unit cube in R4, X = {z € R?: 0 < z; < 1,5 = 1,...,d}; this is only to simplify
the exposition, and the subsequent results will clearly hold for any bounded convex subsets of R,

In order to bound the entropy of classes of smooth real-valued functions, one bounds the absolute
values of the range of the functions and their partial derivatives. When the output space is )/, in
particular, if ) has infinite dimensions, bounding the norm of the range is useless, because balls in
infinite-dimensional spaces are not totally bounded. Therefore, to have any hope, the very least we
need to do is to find a totally bounded subset B C )/, and restrict our range and partial derivatives
therein. As B is totally bounded, for some K > 0, ||y|ly < Kp forally € B.

Denote by G the set of m-times differentiable functions g : X — ) whose partial derivatives
DPg: X — Y of orders [p] < m exist everywhere on the interior of X', and such that DPg(z) € B
for all z € X and [p] < m, where D9 = g. We present three results bounding H (8, G, |||| o)
for 0 > 0 sufficiently small, each with different assumptions on B. Theorem 4 assumes that B is
homogeneous, i.e. we impose local entropy conditions. In Theorems 5 and 6, we impose global
entropy conditions on B, the former with finite upper box-counting dimension, and the latter with
N(0, B, ||]|y) allowed to grow exponentially as ¢ decreases. Proofs are deferred to Section 3.2.
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Theorem 4 Let B C Y be totally bounded and (M, Tosq)-homogeneous. Then for sufficiently small
0 > 0, there exists some constant K depending on K, m, d, M and T,q such that

H (5,68, | lloc) < K6 m.

Theorem 4 gives the same rate for G} as for smooth real-valued function classes (Dudley, 2014,
p-288, Theorem 8.4(a)), which is a special case of the set-up in Theorem 4, since any bounded
subset of R is a homogeneous subset (with Assouad dimension at most 1). In fact, Dudley (2014,
Theorem 8.4(a)) shows that this rate of § —7 cannot be improved, so the rate given in Theorem 4 is
also optimal. We will later see from the proof that the dependence on T,y is linear.

Theorem 5 Let B be a subset of Y with finite upper box-counting dimension Tpox. Then for
sufficiently small § > 0, there exists some constant K depending on Kp, m, d and Tyox such that

1
H (5,G5,||-|loe) < K6 log (5) |

Theorem 6 Ler B be a subset of Y with N (e, B, ||-||y) < exp{Me~"} for some M, Texp > 0.
Then for sufficiently small 6 > 0, there is some constant K depending on K, m, d, M and Teyp
such that .

H (8,65, |||o0) < Ko~ (o),

We can use results stated and proved in Appendix C to show that we have uniform law of large
numbers over G, where B satisfies the conditions in any one of Theorems 4, 5 or 6.

Corollary 7 The function class G, where B is either homogeneous, has finite upper box-counting
dimension or satisfies N (¢, B, ||-||y) < exp{Me~ ™} for some Texp, > 0, is Glivenko-Cantelli.

Further, the empirical process defined by G (c.f. Definition 3) is asymptotically equicontinuous.

Corollary 8 Suppose that B is either homogeneous, has finite upper box-counting dimension or
satisfies N (e, B, ||-||y) < exp{Me~T} for some Texp > 0. Then the empirical process {vy,(g) =
(P, — P)g : g € G} defined by G} is asymptotically equicontinuous.

3.1. Examples

With these results in hand, it is now of interest to investigate which interesting examples of output
space ) and subsets B satisfy the conditions of Theorems 4, 5 and 6.

Example 1 Suppose that Y is a finite-dimensional Hilbert space, say with dimension dy. Then
balls are totally bounded, so we can let B be of the form B = {y € Y : |ly|ly < K} for any K > 0.
Moreover, subsets of finite-dimensional spaces are homogeneous with Assouad dimension at most
dy (Robinson, 2010, p.85, Lemma 9.6(iii)), and so we can apply Theorem 4. The case Y = R
corresponds to the usual regression with real-valued output. If Y = R, it corresponds to the
multi-task learning setting (Evgeniou et al., 2005; Yousefi et al., 2018; Xu et al., 2019).

A prominent application of vector-valued output spaces will be when we have functional responses;
example data sets include speech, diffusion tensor imaging, mass spectrometry and glaucoma
(see Morris (2015); Kadri et al. (2016) and references therein). Let X’ be a domain, and ) =
L?(X', P';R) the space of real-valued functions that are square-integrable with respect to some
distribution P’ on X’. By considering interesting subsets of ), we can derive bounds on the entropy
H(5,G%,|||loc) using Theorems 4, 5 and 6. The next 4 examples are considered in this set-up.
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Example 2 Suppose that 1, ..., € Y, andlet B = {f = 0191+ ...+ 0,1, : 6 = (01, 0T €
R", || fll2,pr < R} Then van de Geer (2000, p.20, Lemma 2.5) tells us that B is homogeneous, and so
Theorem 4 applies. This corresponds to the case where the responses are finite-dimensional functions,
or adopting the nomenclature of van de Geer (2000, p.152, Example 9.3.1), “linear regressors”.

Example 3 More generally, function classes with finite Assouad dimensions have been considered
in classification problems, and their generalisation properties analysed (Li and Long, 2007; Bshouty
et al., 2009). If these functions form the responses of a regression problem, then Theorem 4 can
again be applied. Examples of such function classes include halfspaces with respect to the uniform
distribution (i.e. where P’ is the uniform distribution) (Bshouty et al., 2009, Proposition 6).

Example 4 Let X' be compact in RY (in general, d # d'), and suppose that B C Y consists of
smooth functions. More specifically, for some m’ € N and M > 0, let B be the set of all m'-times
differentiable functions f : X' — R whose partial derivatives D1f : X' — R of orders [q] < m/
exist everywhere on the interior of X', and such that |D4f(x')| < M forall ' € X' and [q] < m/.
Then applying the result for real-valued function classes (Dudley, 2014, p.288, Theorem 8.4) (/ or
Theorem 4 with ) = R and B being the ball of radius M ), we have N (9, B, ||||c0) < exp{K’é_%}
for some constant K' > 0. This in turn allows us to apply Theorem 6 to bound the entropy of G} as

H(5,G3 |[loo) < Fo~ (i)

for some constant K > 0. So when the output space is itself a class of smooth (real-valued) functions,
the smoothness of the two function classes simply add in the negative exponent of § in the entropy.

Example 5 Let B be a ball in a reproducing kernel Hilbert space (RKHS) with a C*° Mercer kernel
(see Cucker and Smale (2002) for details), then Cucker and Smale (2002, Theorem D) tells us that

) < exp{K’éf%}for any h > d. Then we can again
apply Theorem 6 to bound H (6,G%, ||||sc) by Ko~ Gati) for some constant K and any h > d.

for some constant K', we have N (6,

3.2. Proofs of the Main Results

We now prove Theorems 4, 5 and 6. The idea is to approximate smooth functions by piecewise
polynomials (Kolmogorov, 1955). We start with some development shared by the three Theorems.
Letg € G, z,x +h € X and p € NZ with [p] < m — 1. Then DPg is (m — [p])-times differen-

tiable, and [[(D%9) "D (@)]lop = |1y LD 9(@)ly < Ko Xigamy) o
Hence, .
q

DPg(z+h)= Y —D"*g(x)+ Ry(g,,h) ()
<m—1-[p) ©

by Taylor’s Theorem (Theorem 1), where | R, (g, z, h)||y < KB ”h|m [p| Zq]<m ] (m _[P])!_ So

there is a constant K1 = K;(Kp, m,d) > 1 such that, for all g 6 QB, €€ X,z +h e X and
pGNgwith[p] <m-1,
[Rp(g. e, )|y, < K [IR]™ (+%)
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Let A := (4;5( )m and (1), ..., T() @ %—net in X, ie. sup,ecxp{infici<rlz — zq)l} < %. By

—1
decomposing &’ into cubes of side {%/ﬂ and taking the z ;) as the centres thereof, we can take

L< KQ(S*% ()

for some constant Ko = Ks(d, K1). Now, for each k = 0,1, ..., m — 1, define §;, = ﬁ. We
construct a cover of B as follows. First, to ease the notation, write Nj, = N (30, B, ||-||»), and find
a set {a?,j =1,..., N} C B such that B(a* aj, 10%) cover B. Then define

1 1 1
A¥ = B(d¥, 5k) A’;:B(a§,§5k)\5(a’f,§5k),...,A’f _B(aNk,fék.)\UN" 1B(a§,§5k).

Then &7, := {Ag‘?, j=1,..., Ny} is a cover of B of cardinality N, whose sets A;? have diameter at
most &, and are disjoint. Foreachl = 1,..., L, g € G% and p € N& with [p] < m — 1, define A;,(g)
as the unique set in <7, such that DPg(x(;y) € A;p(g), and a;p(g) as the centre of the ball from
which A;;,(g) was created, so that |la;,(g) — DPg(zq))lly < %(5@]. Then if g1, g2 € G5 are such
that A; ,(g1) = A;p(ge) foralll = 1, ..., L and all p € N& with [p] < m — 1, then

1DP(g1 — g2)(z@y)lly < dpp)s ()

since the diameter of A;,(g1) = A;p(g2) is at most Jj,. For each x € X, take z(;) such that
|z — 2@ < %. Then we have, by putting p = 0 into (¥*),

[(g1 = g2)(@) ||,

(x —z@)’
= |Ro(g1, zy, = — x(y) — Rolga, 5w — 2) + Y TD (91 — g2)(z ()
[p]<m—1 A%
m |z — 2@ P! L
<2Kiflz —zg|m+ DD Oy by (**) with p = 0 and (**%)

[p]<m—1

o 1 5 Ned s 5y,
< 2K A +Z§kA ZH §2+<max 5kA) —‘<7+7e:5.
k=0 [p]=Fk k=0

It follows that the -covering number N (8, G, |||/ ) With respect to the supremum norm is bounded
by the number of distinct possibilities for {4;,(¢g) : 1 =1,...,L,g € G%,p € N&, [p] <m — 1}.
Proof of Theorem 4 Let ;) be ordered so that for 1 < zy — x| < A for somel’ < I.
Foreachl =1,...,Landp € Ng with [p] < m — 1, we write A; ,, for the number of possibilities
of A;,(g) for g € Gi%, and for each | = 1, ..., L, we write .A; for the number of possibilities of
Ajp(g) as p € N¢ varies with [p] < m — 1. For | = 1, we have DPg(z(;)) € B for each p € N3
with [p] <m — 1. So

1 i3} 0
Ay < Ny =V (300" GRD R B ) < N (0B ).

where the last upper bound follows since N (-, B, ||-||y) is a decreasing function, and we have K > 1
and 0 < 0 < 1. This upper bound has no dependence on p. The number of different p € Ng with
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[p] < m — 1isequal to (m+j_1) which is bounded above by m¢?, and so A; < N(4ed , B, HHy)md
Since B = B N B(0, Kp) is (M, Tasq)-homogeneous, N (-2, B, ||-||y) < M(%)“‘*d, and so

ded?

Tas d
4tk g\ "
5 .

A < M™ ( (1)

Now, for 1 < I < L, suppose that Ay ,(g) is given for all I’ < [ and all ¢ € N¢ with [¢] < m — 1.
Choose " < I such that ||z —z@ || < A, and write y;,(9) = > (51 <m—1-[) Mal’,zﬁrq(g).

Then for any p € N4 with [p] < m — 1, (¥) tells us that

HDPQ(HTU)) - yl,p(g)Hy

- HRp(g””“”’m(l) - fﬂ(m)Hy >
[g)<m—1—[p|

2y — 2|l

q! HDpr(g;(l,)) — ar piq(9) H

y

— A A™ i 1 e +1

< KjiA [v] + Z 5[p+q} / =K — NG +5[p] Z JWAN Z a < 5 5[1)]'
lg]<m—1—[p] k=0 ld]=k

As ap piq(g) is given for all [¢] < m — 1 — [p], yi,(g) is a fixed point in ). So A;, is bounded
by the number of sets in <, that intersect with B;,(g) :== BN B (yhp(g), ed; 1(5[p}). Define
”Q{l,p(g) = {A S M[p} : AﬂBlp( ) = @} andszf’ ( ) = {A € %[p} : AﬁBlp( ) #+ @}, SO
that o, = 4p(9) U, (9): Nyj = 1] = (@) + 7, (9)] and Ay < |7 (9)]. Now,
write B;rp(g) = BN Byip(g), %5[1,}). Then we have A C B;rp(g) forall A € o (g). Let
szl:;(g) be a 3dy,-cover of B;}rp(g) with minimal cardinality N (50}, Bl'fp(g), Illy). Since B is
(M, T45a)-homogeneous, N (365, B (9), [I1ly) < M(e? + 3)™. By taking the union <7 (g)
with ¢ ,,(g), we have a %(5[])} -cover of B with cardinality at most |7 ,(g)| + M (e + 3)™4. So if
| ,(9)] > M (e? + 3)74, then we have found a 30 ip-cover of B with cardinality strictly less than

Ny, contradicting its minimality. Hence, we must have A, , < [« (9)| < M (e? + 3)™d, But the
latter quantity is a constant that does not depend on § or p. Thus

A< T A< (ef43)™" (11

[p]l<m—1

Putting together (1), (1) and (f T 1), we arrive at

L Tusdmd _d
4K d -2 Tasdm A K26~ m
N (5,65 Il Sl:[ ( 5 B) MmOK29 (ed+3> ,
and so
d d d TasddeZ d 4edKB Tasd
H (5,03, o) < 6~ log | Mm% <e n 3> i log | M [ =5
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_4a
< K6,

where K is a constant depending on M, m, d, Ko, T,sq and Kp. With the second term, we bounded
log (%) by a constant times 5. |

Proof of Theorem 5 Suppose g € G7F'. With notation as in the proof of Theorem 4, for each
[ =1,...,L and each p € N& with [p] < m — 1, we have

5 5 5 —(Thox+1)
Ay <Ny =N (G B ) < 8 (Bl ) < ()

where the second last upper bound follows since N (-, B, ||-||y) is a decreasing function, and we have
K; > 1and 0 < § < 1, and the last upper bound follows from Equation (box) in Section 1.1. This

d (Tbox+1)md
upper bound has no dependence on [ or p. So foreachl =1, ..., L, 4; < (2%) . Putting
this together with (}), we arrive at
L 9t (Tbox'f‘l)deQg_%
e
N (5, g%, ||||oo) < H.Al < (5) )
=1
and so
m d _d 2e? _d 1
H (5, gg, HHoo) < (Thox + 1)m* K26~ m log 5 < K6 mlog 5)

where K is a constant depending on m, d, K5 and Tyox. |

Proof of Theorem 6 Suppose g € G7'. With notation as in the proof of Theorem 4, for each
I =1,...,L and each p € N& with [p] < m — 1, we have

6 6 (S —Texp
Aip < Np=N <2A[”]ed7B7 HHLV) <N <2€d’B’ ”Hy> < exp {M <2€d> } ’

where the second last upper bound follows since N (-, B, ||-||y) is a decreasing function, and we have
K; > 1and 0 < 6 < 1. This upper bound has no dependence on [ or p. So foreachl =1, ..., L,

5 —Texp d
Algexp{M<26d> m }

Putting this together with (), we arrive at

L —
5 Texp
N(évggaHHOO) Sl]:[1u4[ Sexp{M <2€> degé_i}’

and so
1

2¢d

where K is a constant depending on m, d, M, K3 and Texp. |

—Texp
008 M) <0 () ke < Rl )
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4. Applications to Statistical Learning Theory

In this Section, we discuss the application of the above main results to statistical learning theory.

4.1. Least-Squares Regression with Fixed Design

We first consider problem of least squares regression with fixed design, whereby the covariates
zy,...,Tn € X are considered fixed. Let Y7, ..., Y, be random variables taking values in )/ satisfying

}/; ZQO(xi)+5i7 i = 1,...,7’L,

where ¢; are independent (Hilbert space) Gaussian noise terms with zero mean and covariance with
trace 1 (see Section A.2 for details), and g is the unknown regression function in a given class G of
functions X — ). We assume that the following least squares estimator exists:

1 n
oo = axgamin - 3 Y = (@)}

and we are interested in the convergence of || g, — go||2,p, to 0. Theorem 27 in Appendix C.4, whose
proof is based on the “peeling device” (van de Geer, 2000) and concentration of Gaussian measures
in Hilbert spaces as discussed in Section A, tells us that ||g, — go||2,p, = Op(dy,), with d,, satisfying

Vot > 8 (J((Sn) TIY SV 5m/8t/3> ,

where J(0) := 4f05 V2H (u, B p,(0), I ll2,p, )du and By, p, (8) := {g € G : [y p, < I}
As an example, let us return to the setting of Example 4, where ) = LQ(X '"P;R),and BC Y

is a class of m’-times differentiable functions. We saw that H (9, G%, ||'[|sc) < K 5= Gt r) by
Theorem 6. Thus, for another constant K/ > 0, J(§) < K’ 572G 57)  and it can be shown that

_ Op(nfl/(2+%+%,))'

Hgn -

For smooth real-valued function classes, the rate is n =1/ @+ (Tsybakov 2008, p.40, Theorem 1.6),
so we can see that the terms = and d, that correspond to the smoothness of G’ and B simply add

1
up in the exponent. Note that asm — oo and m’ — oo, we have ||g, — =Op(n~2).

4.2. Empirical Risk Minimisation with Bounded Lipschitz Loss with Random Design

We discuss the random design setting with L-bounded c-Lipschitz loss £ : Y x Y — R. The
population and empirical risks for ¢ € G are given by R(g) = E[L(Y,g(X))] and R,(g) =
LS L(Y;, 9(X;)) respectively. We assume that the minimiser gn = arg mlngeg Rn(g) exists,
and are interested in the convergence of R(gy,) to R(g*). Writing 7 (1) :=4 fo V/2H (u)du, where
H (u) is a function such that, for all © > 0 and any probability dlstrlbutlon @ with finite support,
H(uL,L0G,|-|l2,0) < H(u), Theorem 28 and Hoeffding’s inequality (Prop. 10) give:

P (R(Qn) - R(g") > —F—— 4‘[Lj 24L,/ 1+t n) < 3¢t

11
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Returning to the setting of Example 4, the entropy contraction property (Lemma 33) gives

d/

1 —(dqd
H(3,L0 G |-lap,) < HO.LoGY. |oe) < H(:6,G5. |1 ) < Ko~ (5777)
for some constant K, and so as long as % + % < 2, we do indeed have J (1) < oo.

4.3. Discussion on Rademacher Complexity for Vector-Valued Function Classes

As well as metric entropy, another common measure of complexity of function classes is the
Rademacher complexity, the empirical version of which, for real-valued function classes F, is
R, (F) = E[sup e £l LS oif(Xi)| | X1, ..., X»], where o; are independent Rademacher vari-
ables (Bartlett and Mendelson, 2002, Definition 2). In this Section, we briefly discuss Rademacher
complexities for vector-valued function classes, and due to space constraints, defer a fuller discussion
to Appendix C.6. Define the “Rademacher complexity” of a class G of vector-valued functions as

suprZUzg

geg

R (G

\ X1, Xn]

Indeed, in Section C.1, we use the symmetrised empirical measure - Z _, 0;0x,, which suggests
the use of the above definition. However, there is a critical issue w1th this definition. Rademacher
complexities are almost always used in conjunction with a loss function, i.e. what we end up using is
the Rademacher complexity of the class £ o G (c.f. Section 4.2). With real-valued function classes F,
Ledoux and Talagrand (1991, p.112, Theorem 4.12) shows that for bounded Lipschitz losses £, we
have R, (£ o F) < KR, (F) for a constant K, so it is meaningful to work with 93,,(F). However,
the proof makes use of the fact that the output space is R, and Maurer (2016, Section 6) shows via a
counterexample that contraction no longer holds for the above definition of s)?in(g) Maurer (2016)
in fact shows a contraction result for what we call the coordinate-wise Rademacher complexity:

reoerd () supZZJ 9e(Xi) | X1y, X |
gegz 1

where a particular basis of ) is fixed, k is the index on the coordinates of ) with respect to this basis
and gy, are real-valued functions that map to each coordinate of g. Notice that in this case, we need a
separate Rademacher variable for each coordinate, as well as for each sample. This has been used for
finite-dimensional multi-task learning (Yousefi et al., 2018; Li et al., 2019). While we recognise its
usefulness, the coordinate-wise Rademacher complexity, by definition, relies on a choice of basis of
Y, and we show in Appendix C.6 that ffi%"ord is actually not independent of the choice of basis. We
regard this as a critical issue in using Sf%%"‘”d as a “complexity measure of a function class”, since it is
intuitively clear that the complexity should not depend on the choice of basis of the output space.
A common way to bound the Rademacher complexity is to use Dudley’s chaining and uniform
entropy condition, in precisely the same manner as in Section C.3. In this case, we propose a
workaround that avoids using either R,,(G) or 8<°4(G). For a bounded Lipschitz loss function £,
S)A‘in(ﬁ o G) can be bounded by an expression involving the integral (with respect to J) of the entropy
H(5,L0G,|-|l2,p,) (this is a standard result; see, for example, Shalev-Shwartz and Ben-David

(2014, p.338, Lemma 27.4); we show a vector-valued analogue for zf%n(g) in Theorem 31, using

12
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vector-valued Hoeffding-type inequality). But as discussed in Section 4.2, the entropies satisfy a
simple contraction property given in Lemma 33. So applying the same argument, we can bound
R, (L o G) by an expression involving H (8, G, ||-||sc ), which has been the main topic of this paper.
This does not contradict the counterexample of Maurer (2016, Section 6), since the latter is the space

of linear operators between infinite-dimensional Hilbert spaces, and hence has infinite entropy.

5. Discussion & Future Directions

To summarize, we took some first steps towards establishing a theory of empirical processes for vector-
valued functions. In particular, we investigated the metric entropy of smooth functions, by restricting
the partial derivatives to take values in totally bounded subsets with specific properties, leveraging
theory from fractal geometry, and demonstrated its application in empirical risk minimisation.
There is a plethora of possible future research directions. Considering other classes of functions
than those of smooth functions is a natural next step. Also, we let ) be a Hilbert space, primarily
because some simplifications occur for Hoeffding’s inequality and Gaussian measures (Appendix A),
but extensions to Banach spaces should be possible. Moreover, we used compact subsets of R? as
our input space due to the ease in considering partial derivatives, but interesting applications exist
for which the input space X is a subset of an infinite-dimensional space (Li et al., 2020; Nelsen and
Stuart, 2021; Lu et al., 2021). On the more theoretical side, measurability questions for empirical
processes and uniform central limit theorems involving Gaussian elements in vector spaces are
interesting questions. Also, obtaining complementary lower bounds, so that our upper bounds are
minimax optimal, is an interesting problem. With empirical risk minimisation, extensions to more
general noise with vector-valued Bernstein’s inequality or misspecified models are important.
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The appendix is structured as follows. In empirical process theory, concentration inequalities are
an essential tool, and in Appendix A, we state and prove concentration inequalities in Hilbert spaces,
in particular, the extensions of Hoeffding’s inequality and Gaussian measures to Hilbert spaces. In
Appendix B, we develop the theory of differential calculus between Banach spaces, which plays
a vital role in our paper in considering smooth functions. In Appendix C, we develop the theory
of empirical process theory for vector-valued functions, briefly introduced in Section 2, in more
detail. In particular, we develop the symmetrisation technique (Appendix C.1); we establish the
uniform law of large numbers for vector-valued function classes with bounded entropy (Appendix
C.2); we develop the chaining technique for vector-valued functions and use it to establish asymptotic
equicontinuity of empirical processes satisfying uniform entropy condition (Appendix C.3); we use
the chaining technique in tandem with the peeling device for least-squares regression, as briefly
discussed in Section 4.1 (Appendix C.4); and finally, we discuss in full connections with the popular
Rademacher complexity, as briefly touched upon in Section 4.3 (Appendix C.6).

Appendix A. Concentration Inequalities in Hilbert Spaces
First, we state Markov’s inequality, on which all subsequent results are based.
Proposition 9 (Markov’s inequality) For any non-negative real random variable Z and a > 0,

P(Z>a) <22

A.1. Hoeffding’s inequality

Hoeffding’s inequality is a concentration result for sums of bounded random variables. We first state
the real version, due to Hoeffding (1963).

Proposition 10 (Hoeffding’s inequality) Let 71, ..., Z,, be independent real random variables
such that for all i, E[Z;] = 0 and |Z;| < ¢; almost surely for some constants c; > 0. Then writing
Sp=>""Ziandb* =31 7

i=1Ci»
P(S,>a)<e 22
for any a > 0, or reformulated, for any t > (,
P (Sn 2 bv2t) <.

In Pinelis (1992), Hoeffding’s inequality was extended to martingales in Banach spaces with certain
smoothness properties (see also Rosasco et al. (2010, Eqn. (3)) and Steinwart and Christmann (2008,
p-217, Corollary 6.15)). As we only require the result for sums of independent random variables
taking values in a separable Hilbert space )/, we give the corresponding simplified statement First,
we state its expectation form, then the probability inequality is stated separately.

Proposition 11 Let Y1, ..., Y, be independent random variables in ), such that for all i, E[Y;] = 0
and ||Y;||ly < ¢; almost surely for some constants ¢; > 0. Then writing S, = Y ;| 'Y, for any

A > 0, we have
E [cosh ()\ Hsnuy)] <[
i=1
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Proposition 12 (Hoeffding’s inequality in Hilbert spaces) Let Y1, ..., Y, be independent random
variables in Y, such that for all i, E[Y;] = 0 and ||Y;||y < ¢; almost surely for some constants c; > 0.
Then writing Sy, = > 1, Y; and b* = >, c?

=1 "1’

2

P (Hsn”y > a) < 2¢" e
for any a > 0, or reformulated, for any t > 0,

P ([1Snlly > 26v2) < 2.

A.2. Gaussian Measures in Hilbert Spaces

Next, we consider concentration of the Gaussian measure. In the real case, the Gaussian measure
with mean p and variance ¢ is defined as the measure that is absolutely continuous with respect to

(z—p)

1 2 . .
the Lebesgue measure and has density ﬁe 2 . The Gaussian measure with mean 0 and

variance 1 is called the standard Gaussian measure. For a real variable with the standard Gaussian
distribution, the following concentration inequality can easily be derived.

Lemma 13 Ler Z have the standard Gaussian distribution. Then for any a > 0, P(Z > a) < e 29’

The definition of Gaussian measures can be extended to the separable Hilbert space ).

Definition 14 Da Prato and Zabczyk (2014, pp.46-47)] A random variable Y in Y is Gaussian if,
foranyy € Y, (Y,y)y is a real Gaussian random variable (with some mean and variance).

The next two lemmas are concerned with the mean and covariance operator of a ))-valued Gaussian
random variable. The proofs are given in Da Prato and Zabczyk (2014, Section 2.3).

Lemma 15 [fY is a Gaussian random variable in Y, then E[||Y[|3] < co. As a consequence, Y is
Bochner integrable, and we call = E[Y] € Y the mean of Y.

Denote by .Z()) the Banach space of continuous linear operators from ) into itself, with the
operator norm.

Lemma 16 For a Y-valued Gaussian variable Y with mean (i, the random operator (Y — p) ®
(Y =) 2 Y — Ydefined by (Y —p) @ (Y — ) (y) = (Y — p,9)y (Y — ) is continuous and
linear, and as a random variable taking values in £ ()), is Bochner integrable. We call & =
E[(Y —p) @ (Y —p)] € Z(V) the covariance operator of Y. The covariance operator ® is
self-adjoint and trace-class.

Some authors (e.g. Bharucha-Reid (1972, p.24)) refer to the quantity

@ =E|[|(v =) & (V = ),,] =E[IY = 3]

as the “variance” of Y .
For arandom variable Y on ), its characteristic function is defined as the functional vy : Y — C

defined by py (y) = E [ei<y’y>lf} (Da Prato and Zabczyk, 2014, pp.34-35). As for real variables, the
characteristic function uniquely determines the distribution of the random variable (Da Prato and
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Zabczyk, 2014, p.35, Proposition 2.5(i)). Clearly, the characteristic function of a Gaussian variable
Y with mean p and covariance operator ® is given by

py(y) = ebvivmaluily -y ey,

so a Gaussian distribution is uniquely determined by its mean and covariance operator.
The next result gives a concentration result for Gaussian random variables in separable Hilbert
spaces. The proof can again be found in Da Prato and Zabczyk (2014, Section 2.3).

Proposition 17 Suppose that Y is a Gaussian random variable in Y with mean 0 and covariance
operator ®. Then for any 0 < XA < ﬁ,

B {exuyui} <1
T V1 =2\Trd
and consequently,
a2
P(IY]y > a) < 2e7 5w,

Appendix B. Differential Calculus

Recall that ) is a Hilbert space. Suppose that U is an open subset of R?, and denote the Euclidean
norm in R? by ||-||. We say that f1, fo : U — ) are tangent at a point a € U (Cartan, 1967, p.28) if
the quantity

mr)= s |fi(@) - h@),,

z—all<r

which is defined for » > 0 small enough (since U is open), satisfies the condition

m(r)

lim

=0, which we also write as m(r) = o(r).
r—0 T

We say that the map g : U — Y is differentiable at a € U if g is continuous at a and there exists a
linear map ¢’(a) : RY — Y such that the maps = + g(z) — g(a) and 2 — ¢/(a)(x — a) are tangent
at a (Cartan, 1967, p.29). This condition is also written as

l9(2) = g(a) — g'(a)(x — )|, = o([lz — al]).

This immediately implies that ¢’(a) is continuous, so ¢'(a) belongs to .Z(R%,Y), the space of
continuous linear operators from R into ). We call ¢’(a) € Z(R% ) the derivative of g at
a. We say that g is differentiable on U if g is differentiable at every point in U, and the map
g:U—Z (Rd, V) is called the derivative map of g. We say that g is continuously differentiable, or
of class C, if g is differentiable at every point of U and the map ¢’ : U — Z(R%, ) is continuous
(Cartan, 1967, p.30).

Let g : U — ) be a continuous map. For each a = (aq,...,aq) € U and each | = 1,...,d,
consider the inclusion ); : R — R? defined by

)‘l(xl) = (Cll, sy A1, T Bl 15 -0y ad)'

The composition g o )\; is defined on an open subset )\Z_I(X ) C R, which contains ;. If g is
differentiable at a, then for each [ = 1, ..., d, the map g o ); is differentiable at a; (Cartan, 1967,
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p-38, Proposition 2.6.1). The derivative of g o A; at a is called the partial derivative of g, denoted by
09(a), and lives in .Z (R, ). But Z(R, ) is isometrically isomorphic to ) (Cartan, 1967, p.20,
Exemple 1), so we can view J;g(a) as an element of )). Moreover,

d
g (a)(h) = g (a)(hi,....,hq) = Zhlalg(a), for h = (hi, ..., hg) € R%.
=1

Cartan (1967, p.40, Proposition 2.6.2) tells us that g is of class C'! if and only if 0;g : U — Y is
continuous foreach [ =1, ..., d.

Next, we consider higher-order derivatives. For an integer m, a map F : (RY)™ — Y is
m-linear if, for each k = 1,...,m and any oV, ..., a*=D o*+D _ 4(m) ¢ Re the map = —
F(aW, ..., a®*V z oD . al™) is linear from R? into ) (Cartan, 1967, p.24). We say that F
is an m-linear map from R¢ into ), and denote by .%,, (R%; )) the space of all continuous m-linear
maps from R into )%. The space .Z,,(R?; ) can then be equipped with a natural operator norm
defined by

op

1Elop = sup HF@:(U, ...,g;(m>)H
e |<1,... ) <1

Yy

For any integer m, Coleman (2012, p.88, Theorem 4.4) tells us that ¥,,, : Z(R%, %, 1(R%Y)) —
Zm(RE V) defined by W, (F)(zM, 2, ... (™) = F(zW) (@) ..., 2(™) is an isometric iso-
morphism.

We say that g : U — ) is twice differentiable at a € U if the derivative map ¢’ : U — Z(R%,))
is differentiable at a. We denote by ¢”(a) = ¢ (a) € Z(R?, Z(R?,Y)) ~ % (R Y) the second
derivative of g at a. We say that g is twice differentiable on U if it is twice differentiable at all
points in U. Then we have a map g? U — 32(Rd, V). We say that g is twice continuously
differentiable on U, or of class C% on U, if ¢ is twice differentiable and if the map ¢ is continuous
(Cartan, 1967, p.64). By continuing in this way, we say that g is m-times differentiable at a € U if
gD U = %, 1(R% ) is differentiable at a, define the m" derivative g™ (a) € % (R%;Y)
of g at a as the derivative of g(m_l) at a, and say that g is m-times differentiable on U if it is m-times
differentiable at all points in U. We say that g is of class C" on U if g is m-times differentiable at
all points in U and the map g U = 2, (R9; )) is continuous; we say that g is of class C> if it
is of class C" for all m € N (Cartan, 1967, pp.69-70).

Similarly, for I; € {1,...,d}, if the partial derivative 0,9 : U — Y is defined in some neigh-
bourhood of = € U and is differentiable, then for Iy € {1, ..., d} (which may or may not be distinct
from /), we may define the second partial derivative 9;, 9, g(a) € V. If I} = Iy = [, then we write
0,019 = 812 g. Analogously to the first partial derivative, we have a formula that expresses the second
derivative as a sum of second partial derivatives:

d
g"(@)((RY, . k), (P, hE) = N B RP o, 81,9(a),
I1,lo=1

where (D) = (h{" . B n® = (n{P | B?)) € RY (Cartan, 1967, .68, (5.2.5)). Continuing
in the same way, we can define the m'" partial derivative 9, ..., g(a) € Y. Then writing h =

2. Beware that %, (R%; )), the space of continuous m-linear maps from R into ), is different to .2 ((R%)™, ), the
space of continuous linear maps from (R%)™ into .
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(R .., R € (R))™, we have

g(m) (CL) (h) = h all 8lmg(a)'
1yeelm=1

Finally, we state the extension of Taylor’s theorem to functions with values in )/, with Lagrange’s
form of the remainder. To this end, for a,b € R?, define the segment joining a and b as the set
(Coleman, 2012, p.51).

[a,b] = {z € R : 2 = va+ (1 —v)b,v € [0,1]}.

Theorem 18 (Cartan (1967, p.77, Théoréme 5.6.2)) Suppose that g : U — Y is (m + 1)-times
differentiable, that the segment [a, a + h| is contained in U and that, for some K > 0, we have

Hg m+1) ()| <K  forallzeU.
op
Then
1 !
h) — h)* <K—0
gla+ kz K] O = K or
B Yy

where we wrote (R)* = (h,...,h) € RD* fork =1,....,m

Write Ng = {0, 1,2, ...}, and for p = (p1, ..., pq) € Ng, write [p] :== p1 + ... + pg. Then we denote
the p™ partial derivative 87" ...0%%g(a) of g ata € U as DPg(a) € Y. This is possible since the order
of partial differentiation is immaterial by repeated application of Cartan (1967, p.69, Proposition
5.2.2). Hence, foreach k = 1,...,m + 1, we have

d

dO@() = S iy O Og(@) = 3 ﬂfppp (a),

Iy lp=1 [p]=k

where we wrote h? as a shorthand for A% ...hzd and p! for p1!...p4!. Hence, using partial derivatives,
we can express Taylor’s theorem above as

[

hP
gla+h)— Z —DPg(a)|| < Km

Appendix C. Empirical Process Theory with Vector-Valued Functions

In this Section, we state and prove some basic empirical process-theoretic results, adapted to our
setting of vector-valued functions. Although technically new, the ideas and proofs carry over from
the real case with ease, by applying vector-valued concentration inequalities from Section A.
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C.1. Symmetrisation

Symmetrisation is an indispensable technique in empirical process theory. Let X7, ..., X|, be another
set of independent copies of X, independent of X7, ..., X,,. Denote by P,, the empirical measure on
X[, X} ie P, =150 65

Lemma 19 We have
E|IP. - Plg| <E[||P. - Pillg] -

Proof Denote by F,, the o-algebra generated by X1, ..., X,,. Then for each g € G, we have
E[P.g|Fn] =Png and  E[P,g|F,] = Py,

and so
(Pn_P)g:E[(Pn_Pr/L)g’fn}~

Now see that

‘IE [(Pn —P)g| ]-"n}

1Py — Pllg = sup \
geg y

<supE [H (Pn — PT/L) gHy | ]:n] by Jensen’s inequality
9€G

<E supH(Pn—P,’L)gH | Fnl -
geg Y
Now take expectations on both sides and apply the law of iterated expectations arrive at the result. l

We let {o;}I ; be a Rademacher sequence, i.e. a sequence of independent random variables o; with
1
P(Uz‘:l):P(Uz‘z—l):§, foralli =1,...,n.

We define the symmetrised empirical measures P = % i 0idx, and P)7 = % Yool X! and
denote

Plg= - Z;O'ig(Xi) and Pyg= - Z;O'ig(Xz{)'
1= 1=

Lemma 20 (Symmetrisation with means) We have
E|IIP. - Plg] < 2B |I1PSlg]

Proof Note that || P, — P} || o has the same distribution as |P7 — P)F|
and g € G. 9(X;) — g(X}) and 0; (9(X;) — g(X})) have the same distribution. Hence, the triangle
inequality gives us

o since, foreachi =1,...,n

E (|7~ Pillg] =E |[177 = P llg) <E {15716 + (177 g) = 22 [1771lg]

Now apply Lemma 19. |
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Lemma 21 (Symmetrisation with probabilities) Ler a > 0. Suppose that for all g € G,

P <H(Pn Py, > g) =

Then
a
POM%—Hb>a>§MP@Rﬂg>4>.
Proof Denote again by J;, the o-algebra generated by X1, ..., X,. If [P, — P|lg > a, then we
know that for some random function g, depending on X1, ..., X, (P — P) g. Hy > a. Because
X1, ..., X} are independent of F,,,
a 1
IP’HP’—P* >4 F P, — P)g. <. *
(JE-Pra],>515) =2 (Ie-Praly>5) < 8

Then see that,

P(I1Pn— Pllg > a) <P ([|(Pa— P)g. ]y > a)

—5 [1{|(". - P)auly > a}]
P(l-ral, <3
P(H(PA—P)Q* .

— 9P (H (PL—P)g.

<2E

IN

7)1 {lm oy > e

and (P, — P) g«||y, > a | fn)]

=2E

<

VRS

a

< and [[(P, - Paaly > )

But if the two inequalities in the probability on the last line hold, then the reverse triangle inequality
gives us

)

y

S <ll=Prgy |- P)g.

ySH(Pn_PA)g*
SO

<||P PHg>a <2]P> H (P.—Pl) g

<op ([P - P, > a)

a
zzp(up pwug>2)
a a
< 9P (||pa||g “or [Pl > 4)

- a
<ae (I72lg > §)-
|

A simple application of the above symmetrisation argument and Hoeffding’s inequality in Hilbert
spaces (Proposition 12) shows that finite function classes are Glivenko-Cantelli.
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Lemma22 LetG = {g1,....gn} € LY(X, P;Y) be a finite class of functions with cardinality
N > 1. Then we have

| P — Pllg — 0.
Proof Take any K > 0. Define the function G : X — R by G(x) = max;<j<n ng (x)Hy
each H gj H ¥ is integrable, and we have a finite collection, G is also integrable. Then, for each
j = 1,..., N, define the function g; : X — Y by §; = g;1{G < K}. Thenforalli = 1,...,n,
letting o; be independent Rademacher variables again, we have

Since

E [aigj(Xi)] =0 and Haigj(Xi)Hy < K almost surely.
Hence, for each j = 1, ..., N, by Hoeftding’s inequality (Proposition 12), for any ¢ > 0, we have

i t —~ _
P (Hngij > 2K\/;> =P Zaigj(xi) >2KVnt | <27
=1
y
By the union bound, for any ¢ > 0, we have

o~ t+log N o~ t+log N
P (1%% P73 = 2K,/n> < N max P (HP illy > 2K,/n>

< 2¢t

Now see that, for each j = 1, ..., N, Chebyshev’s inequality gives

~ 112
t +log N nE[H(Pn_P)ngy} 1
e (I~ Pyl a0 Y ) < < e <6

where the last inequality follows since 8¢ 4+ 8log N > 8log 2 > 1. Now apply Lemma 21 to see that

[t +log N [t +log N
P(lgljaévH P, — P) QJHy 8K n) < AP <1I<r;ax HP g]}|y>2K n)

< 8et.

—_

This tells us that

oax (P = P gjlly,

Finally, see that

[Py — Pllg < max, (P — P) g +11§nj22§VH(Pn—P)gj1{G>K}Hy.

ly

Here, the first term converges to 0 in probability for any K > 0, as shown above, and the second
term decomposes as

%%VH (Pn — P)gj1{G > K}|,, < (P + P)G1{G > K}

= (P, - P)G1{G > K} +2PG1{G > K}
< (P, - P)G+2PG1{G > K}.

Here, the first term converges to O in probability by the weak law of large numbers, and the second
term converges to 0 as K — oo, by Cinlar (2011, p.71, Lemma 3.10). |
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C.2. Uniform law of large numbers

We start with a definition.

Definition 23 (Adapted from van de Geer (2000, p.26, Definition 3.1)) The function G : X —
R defined by G(-) = supyeg Hg() Hy is called the envelope of G.

The following is a uniform law of large numbers based on conditions on the entropy H (6, G, ||-||1,7,)
and the envelope G.

Theorem 24 Suppose that

1
G e LY(X, P;R) and EH((S,Q,H-HLPTL)£>0f0reach6>0.

Then G is a Glivenko Cantelli class, i.e. || P, — P||g £o.

Proof Take any K > 0 and 6 > 0. Denote again by F,, the o-algebra generated by X1, ..., X,
and define G = {g1{G < K} : g € G}. Let g1, ..., gn, With N = N (0, G, ||-||1,p, ), be a minimal
d-covering of G. Then N is a random variable, that is measurable with respect to JF,,. Moreover,
writing §; = g;1{G < K} foreach j = 1,..., N, g1, ..., gn form a d-covering of G, since, for
any § = g1{G < K} € Gk for g € G, there exists j € {1,..., N} with ||g — g;|l1.,p, < 0, so
19 = g5llp. < llg = gillp, <6

Note that, when Hg — ngLPn =P, Hf] — ngy < 6, we have

1P7gly < 1P7gs|ly + 1P2d — P2aslly < [1P2aslly + Pulld — illy < P25y + 0.

So for any g € Gk,
1P7glly < 1%3%\7 “ngj“y + 4. (*)

By Hoeffding’s inequality and union bound (as in the proof of Lemma 22, since N is measurable
with respect to F,,), for any ¢ > 0, we have

- t+log N _
P <1r<rba<)§VHngij > 2K — ] fn> <27t

We then apply (*) and integrate both sides (to remove the conditioning on F,,) to see that, for any

t>0,
- t+log N _
P (yPanK > 5+2K\/7n ) < 2¢7t,

Then see that, using the elementary inequality \/a + Vb > Va+b,

t
P (HPg\gK > 26 + 2K\/;>

<P (P, > 542k )L 4ok /8N L p ok, /18N S 5
n Gk n n n
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t+log N 1
<P (HPgngK > 6+ 2K\/§g> +P (24 ~H(.G.|[lp,) > 5>
l1,p,) > 5) :

Also, by Chebyshev’s inequality, for each g € G, we have, for any ¢ >

<2 '+ P <2K\/;H(5, G-

1
8

P (H(Pn - P)glly, > 45+4K\/Z> <P (H(Pn - P)gly, > 4K\/§)

nE M(Pn - P)g”ﬂ
= 16Kt
<

‘ -
R

<

DN | = =

Hence, we can apply symmetrisation with probabilities again (Lemma 21) to see that, for any ¢ >

t t
P (HPn — Plig, >80+ 8K\/;> < 4P <||Pg|ng > 26 + 2K\/;>

1
< 2_t +P <2K\/nH(6agv ||'||1:Pn) 2 5) :

1
8’

Here, since 6 > 0 was arbitrary and %H (6.6, [Ill1,p.) 50 by hypothesis, we have that G is
Glivenko Cantelli.
Finally, see that

1Py = Pllg < sup [|[(Pn = P)dlly, +sup (P — P)g1{G > K},
Je€GK geg

Here, the first term converges to O in probability for any K > 0, as shown above, and the second
term decomposes as

sup [|(Pn — P) g1{G > K}||;, < (P, + P) G1{G > K}
9€g
=(P,—P)G1{G > K} +2PG1{G > K}
<(P,—P)G+2PG1{G > K}.
Here, the first term converges to 0 in probability by the weak law of large numbers, and the second

term converges to 0 as K — oo, by Cinlar (2011, p.71, Lemma 3.10), since G is integrable by
hypothesis. |
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C.3. Chaining and asymptotic equicontinuity with empirical entropy

In this subsection we show that, with additional conditions on the entropy of G (which we assume to
be totally bounded with respect to the appropriate metric) and a technique called “chaining”, we can
derive explicit finite-sample bounds, and show the asymptotic continuity of the empirical process
indexed by G (see Definition 3). As before, we work conditionally on the samples, and denote the
o-algebra generated by X, ..., X, as F,.

Suppose that G has an envelope G € L?(X, P;R) (see Definition 23). Then the quantity
R = supycg |9l p is finite, since

—E|¢?| < .

R2 = supE |||g(X)|%| <E X)|?
e [Jo013] <2 [mpllo0

Similarly, the quantity R, = supycg ||9|l p, is almost surely finite. We call R and R, the theoretical
radius and empirical radius of G, respectively. Note that R,, is a random quantity, measurable with
respect to F,.

Let us fix S € N. To ease the notation, for s = 0,1, ..., S, write Ny = N(27°R,,, G, ||-|l2.p.)
for the 27°R,,-covering number of G with respect to the ||-||2 p,-metric, which we assume to be
finite. Let {g; }é\/:sl C G be a 27°R,,-covering set of G with respect to the ||-||2 p,-metric. Note
that {g°} = {0} is an R,-covering set of G, since, forany g € G, ||glly p. < Ry. Similarly, write
H, = log N for each s = 0, 1, ..., .S, for the corresponding entropy. Note that the quantities Ng and
H;,, as well as the covering set { g; };V:S 1> are random quantities that are measurable with respect to
Fn.

Now fix g € G. Then define

S+1._ - S+1
‘= argimin — G
g s {Hg 9 HQ,Pn}

(g5
J J=
g° = a]rgmin{HgsJrl *Q}SH }
{g}s};vzsl 2 Fn
: 1 s
g° = arg min {’ g*t — g; }
(o) 20
9 =0

Proposition 25 (Chaining) We fix S € N. Define

S
Jn =Y 2 °Rny/2H, .
s=0
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(i) Forallt > 0,

S
V2, 1
P sup P° (gs—i-l _ gs) >
geg Sz:(:) " \/ﬁ "

y

1rt | Fn | <2e7t

(ii) Suppose that 1, ..., €y are i.i.d. Gaussian random variables in ) with mean 0 and covariance
operator Q). Without loss of generality (by rescaling if necessary), assume Tr(Q) = 1. For each
g € G, we can consider the following inner product:

n

(e;9)2.p, = % Z (ei,9(X0)) -

i=1
Then for all t > 0,
Jn 1 + _¢
sup Y (2,97 —g7) =L 4AR | Fu | <et.
geg ;) 2,Pn \/ﬁ "

Proof

(i) Fixs € {0,1,...,S}and k € {1, ..., Ns;+1}. Denote

11, )
g’ —al"grrllrl{‘gl,‘i‘~'1 g; VP }
{938-}5'21 o

Then .

1
o 1
[P )| < 52 ot 000 i 00,
1=
where
Z’ s—l—l Z—i—ls( z \F) s+1 S+1S . < \/52—5[1)”’

I'n

since the {g; }éV:S | form a 27° R, -covering of (G, ||-||2,p, ). Hence, noting that R,, is measurable
with respect to F,,, Hoeffding’s inequality (Proposition 12) gives, for any ¢ > 0,

P < ‘ > 2(51)Rn\/? \ ]-"n> < 27t
y n

Therefore (by the union bound), for each s = 0,1, ...,.Sand all ¢t > 0,

Po' < s+1 gS+1,8>

PO‘ ( s+1 gS+1,S>

> 2_(5—1)Rn Hsiq +1 | fn) < 20—t

P max
ke{l,..Net1} v n
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Fix t and for s = 0,1, ..., 5, let

as:=2"6-DR, (\/HS+1 Vs t))

>2-(=Dp, (\/HS+1 +(1+s)(1+ t)) ,

using /a + Vb > v/a + b. Then using 2527 6~D /T 15 <6,

S S
dag=v2J,+ ) 27 ETVR /(14 5)(1+1)
s=0 =0

s=
<V2J, + 6R,V1 + 1.
Therefore
> , V2, 1+t
Plsup|| > By (98+ gs) > +6R,\ | —— | Fu
9€9 ||'s—=o \/H n
y
S 1 S
<P | sup P? (gerl gs) > — Z as | Fn
9€9 s=0 n s=0
y
S 1 S
<P sup‘P (gSH—gS) > —Zas | Fn
s—0 9€9Y Yy " 5=0
5 1
< P | sup (gerl - gs> > —ag | F
; (geg hY% \/ﬁ ° "
5 1
= Z]P) maX P <glf;+1 g}z+175> ‘ > —=aQg | ]:n
s=0 7 7NS+1 y n

(ii) Fix s € {0,1,...,S}and k € {1, ..., Ngy1}. Denote

s+1

gZH * = arg min {‘ gy gj

SN
{9;}]':31

2,Pn} '

Let A > 0 be arbitrary. Then Markov’s inequality gives us, for any ¢ > 0,

_ |2t
P <<€ gz-‘rl gz—i-ls 2P" > ) sRn E |]:n>

< R Ve ol P par H{engi (X —gi e (X)) ‘]__]
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_ 2 SRanE[ % ei,gp X)) —gp T (X0) > |]__]

Here, since ¢; is a YV-valued Gaussian random variable with mean O and covariance operator
Q foreach i = 1, ..., n, the distribution of the real variable 2 <5l, g (X)) — gZH’s (Xl)>

conditioned on F,, is real Gaussian with mean 0 and variance

LE [< s—i—l(X) gz—H S(XZ) 51>j) | ]:n] 22 ‘

y

2
1
gy (X)) — g (X)

)

y

which follows from the Cauchy-Schwarz inequality and the fact that E [H& H%,} =TrQ = 1.

Hence,
2t
P < s+1 S+1,S> > 2—8R “v JT_'
<6gk O 2,P, "Vn| "

A2

n
_\o-sp. 2t
S e A27% Ry n He2n
o2 SRy /2t 2n2 D

.s+1 s+1,s
(X-gi )

oi (X =gy )|

2
. 2t AL s+1 s+1,s
:6_>\2 bRn\/ZeQn g Yk 2,Py,
_\9—s 2t A2 /g 2
< TR )

Now let A = 5% 3}? to see that

2t
P <<€ gt - gs+1,s>2P >9R, /ﬁ ’]:n> <t

Therefore, by the union bound, for each s = 0,1, ..., S and all ¢ > 0,

2(t + H.
P ( max <5 gZ'H gZH S> >27°R, 2t + Hsra) | fn> <et
ke{l,...Nos1} 2,Pp n

Fix t and for s = 0,1, ..., S, let

as = 2°R, (\/2H5+1 21+ 91+ t)) > 2_5Rn\/2 (Hopr + (14 8)(1 + 1))
using v/a + Vb > v/a + b. Then using 322, 275,/2(1 + s) < 4,
Y ae=Ju+ Y 2 Re/2(1+5)(1+1) < J, + 4R, VIH L.
s=0 s=0

Then

J, 1
supz< > > "= +4R, Sl | Fan
gegs =0 27Pn
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Recall from Definition 3 the empirical process, {vn(g9) = v/n (P, — P) g : g € G}. Under addi-
tional conditions, we can use the previous lemma to show its asymptotic equicontinuity. We continue
to assume that the envelope G = sup ¢ ||g||;, satisfies G € L*(X, P;R).

Theorem 26 Suppose that G satisfies the “uniform entropy condition”, i.e. there exists a decreasing
function H : R — R satisfying

/0 1 \/mdu < 00
such that, for all uw > 0 and any probability distribution () with finite support,
H(ul|Gllyq .9 l-2Q) < H(w).
Then the empirical process vy, is asymptotically equicontinuous.

Proof Take any arbitrary gg € G. We will show that v/, is asymptotically equicontinuous at gg. Take
arbitrary €1, e > 0, and fix S € N. Define, for § > 0, the closed d-ball around the origin:

B(6):={g€ G+ lglop <5}

Then clearly, the theoretical radius of B(9) is supyep(s) |9llo, p = J. Denote the empirical radius of
B(0) by R s = supgep(s) l9]lo, p, - and analogously to the proof of Proposition 25, define

S
Jn,(S = Z 2_5Rn75\/2H (2_(S+1)Rn,57 8(6)7 H'HZPn)-
s=0

Also define

J(p) ::8/Op\/2H(u)du, p >0,

which is bounded for any finite p > 0, by the uniform entropy condition.
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Define A € F as the event on which R, 5 < 26 and ||G||, p, < 2||G||5 p. Then on this event,
we have

S
Tus = 322 Rug\[2H (2D Ry BO). | |2.r,)
5=0

< 4/OR"’6 \2H (u, B). |

26
< 4/ \/QH (u,G, ||I'll2,p,)du  since R, 5 < 26 on Aand B(0) C G
0

2.p,)du

26
<4 / pY: ([ du by the uniform entropy condition
o\ \IGlp,

26
< 4/ oH [~ |du  since |Gl p < 2]||G|ly p on Aand H is decreasing.
0 \ 2||Glly,p o ’

)
&1l
=8 ||GH27P/0 “la.r vV 2H (u)du by substitution

o
=Gllop T | 7 | -
H ||2,P <||G||2,P>

On A, we also have

sup ||PJ (9—9”1) ’ < sup Hg—gs+1
gEB(9) Y geB) LPn
< sup Hg—gsJrl
g€B(d) 2:Pn
< 2_(S+1)Rn 1)
< 279, (*)
So on A, noting that
s
1P sy = sw |[P7 (9- %) + 3 P7 (9 — o)
966(6) s=0 Y
S
< sup [Py (g—gs“) ‘ + sup ||>"P7 (95“ —98) 7
g€B(d) Y 9€B(9) ||s=0 ¥
we have, for all t > 0,
5
\/§||G||2,Pj<||G||2P) 111 ;
a ’ _
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=P | sup

s
+ sup pP° <gs+1 _ gs>
9€B(5) 25

‘y g€B(d) || s—0

27, T+t
z\fn"HGRn,M/ZH Scsy}“n>

S
2J, 1
<P| sup |D P7 (gS“ —gs) > V2us +6R, 5 it | Fn
9€B(0) || = Vn

Py (g - gS“)

y

where the term P <supgE B(6)

Py (- %) ‘
Yy

equality follows Proposition 25(i). Then we can de-symmetrise using Lemma 21:

4\/§”GH2,P*—7<||G|(|52P> 111
P | 1Py = Pllg) > 486 —— + 27525

vn

> 275§ ] fn> vanishes by (*) and the last in-

)
\/§|G||2,P~7<|G||2p> 1+t
< AP | 1P |l aesy > — 126 +2795
n 11B(9) n

Jn
< 87!+ 4P (Rug > 20 Gl p, > 201Gl )

=8¢ ' 4 4P ( sup lgll3p, >4 sup ||9||§,p> :
9€B(8)U{G} 9EB(6)U{G}

Now let ¢ = log (%) and S large enough such that 2~ (5 -2 < L —, and ¢ small enough such that

3

) 8
W2\Gllyp T | i | +480 1+10g< ) d<e
! 1Gll2,p

€
Then

P <\/ﬁ”Pn - P||B(5) > €1> < e+ 4P ( sup ||9||§,Pn >4 sup ’9|§,P> .
g€B(8)U{G} geB(8)U{G}

Hence, for any g € G such that ||g — 90”2,P <9,

P (an(g) — vn(90) ||, > 61) =P (x/ﬁ |(Pn = P) (9~ 90)| > 61)
<P (\/ﬁHPn — Pllgs) > 61)
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< e +4P ( sup g3 p, >4  sup ||9||§,P> :
g€B(6)U{G} g€B(5)U{G}

Here, by the uniform law of large numbers on B(d) N {G} (Theorem 24), the second term converges
to 0 as n — oo. Hence, as €1 and e were arbitrary, we have asymptotic equicontinuity. |

C.4. Peeling and Least-Squares Regression with Fixed Design and Gaussian Noise

Theorem 27 Suppose that €1, ..., €, are i.i.d. with Gaussian distribution with mean 0 and covari-
ance operator Q (c.f. Definition 14 and Lemmas 15 and 16), and that Tr QQ = 1. Further, suppose
that

J(9)

52

0
J(0) :== 4/ \/QH(U,BZPH((S), |-l2,p, )du < 00,  for each § > 0, and
0

is decreasing in 6,

where By p,(6) :={g € G : |glly p, < }. Then forallt > 3 and all 5, satisfying

N (J(&n) +46,V1+t + 5m/§t> ,

we have

, 2\ -
P (Ilgn — ollo,p, > 0n) < <1+ 6_1) et

Proof First, recall the notation

n

€00, = - D (e (X)),
=1

from Proposition 25(ii), and note that we have the following basic inequality
~ 2 A
19n — 90ll2,p, < 2(e,9n — 90)a.p, (*)

which follows from the fact that g,, minimises ||Y; — g(X;) H; over g € G, giving

Py

lei = (90 = dn)ll5.p, = Vi = Ga(X)|5 5, < Y5 = 90(X)5 . = lleill3 p, -

We use a technique called the “peeling device”, first introduced by van de Geer (2000). See that

oo
P (30~ 90llo.p, > 0n) =P | U {27700 <190 = g0llo.p, <2700
j=1

< ZP (2j_15n < ”gn — 90

P ({2j—16n <l = gollo, } (V{40 — 90 € Bn<2j5n>})

lo.p, < 27 5n) by the union bound

<
Il
-

o

1

<.
Il
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IA
(]
=
//
—N—
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N
<
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Q
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w
=
——
/—’h\
Q
()
m
(%))
™
(=%
N~—
—
N——
o
<
~~
*
N

1

J

(8
IP’( sup  2(e,9)9 p, > 27 1(5”)2>

g€Bn (Qj 571)

L,

1

J

o

P sup  (g,9) > E <2j(5 )2
geBa(2isy) o T8\ )

Now, applying the hypothesis on d,,, we see that, for each 7,

1<j 2 (2)21(6, 1+t \/8
- 25n) > 4(29)?2
8 Vn
8
y /,
ZJ(25 4(276,) /1+t+] 3t
, - \/ftQJ 25,
> T a(2i5,)y T VO
vn n vn

where we used the fact that 5( ) is decreasing in 6 and /T + ¢ + j < 274/1 + ¢, and .J, is defined
as in Proposition 25 with G = B,,(276,) and R,, = 2/6,,. On the other hand, we can write, for any

S eN,
S
_ _ . S+1 s+1 _ s
<€ag>2,Pn - <€?g g >27Pn + ; <57g g >27P'n, )

1

J

\/
i

using the chaining notation in Section C.3. Hence,

P (19— gollp, > o)

8 i\2

$t(27)%9

op (eg-gott) s VIO
9€B,(216,,) 2,Pn Vn

IA
[Nk
~

o0 S i
} { In ; 1+t+

+) P sup g <€,gs+1 — gs> > L 4(296 )\/7
=1 9EBR(296,) s—p 2P, /n " n

e 2] \/ 3 22]671 o .
<Y P | sgrponllellyp, > ~—=— | +D_ e ") by Proposition 25(ii)

S+1

j=1 2 vn j=1

. /8 1
= ZIP <He”2’Pn > 2/ 3t> + 716_t letting .S such that /n < 291

i=1 °

oo

; 8 1 3

S;P(HEHZP” > 2/ + 375) + e_le_t since t > 3

J:
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1< 8 1
2: Z 2 j
= ; n ||€i||y>223 3t e—1° t

j=1 i=1
e.)
352j 315 12 1 _ . .
< Z e 327 IR [es n i:1||51||y} + 7€ ¢ by Markov’s inequality
e
i=1

oo
3 1
< E —§2%—t I | E [eg ,LH&zHy] ﬁe_t by independence
o _

oo

1

< E e 827 tE[ s||€1||§z} + 1e_t by Jensen’s inequality
e_

oo
j 1
< Z e~ 82—t 4 et by Proposition 17

C.5. Empirical Risk Minimisation with Lipschitz Loss and Random Design

In this Section, we discuss the setting where we have an L-bounded, c-Lipschitz loss function
LY x)Y — R. Suppose we have a given class G of functions X — ). Then given samples
(X1,Y1), ..., (X, Ys), the empirical risk minimiser, which we assume exists, is given by

~ M S . 1 -
gn = argminRo(9),  Rulg) = — > L(Vi 9(X))
geg n-e=

We are interested in the convergence of g, to the population risk minimiser,

g =arg rginR(g), R(g) = E[L(Y, 9(X))],
g€

in terms of the population risk R. First, see that

R(Gn) — R(g") = R(gn) — R(Gn) + R(Gn) — R(g") + R(g") — R(g")
< sup R(g) — R(9)| + R(g") — R(g"),
gc

where, going from the first line to the second, the first two terms on the right-hand side were bounded
by the supremum over the whole function class G (since, although g,, varies as the samples and the
size n of the dataset vary, it always lives in G), the middle two terms were bounded above by 0 since
the empirical risk minimiser g,, minimises R, and the last two terms remain unchanged.
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Theorem 28 Suppose the following uniform entropy condition is satisfied: there exists some function
H : R — R satisfying

1
J(1):= 4/ V2H (u)du < oo,
0
such that, for all uw > 0 and any probability distribution ) with finite support,

H(uL,LoG, | 2,q) < H(u).

oo WELIQ) o T LY,
P(zlelg R(g9) — R(g)| > NG +24L p +\/ﬁ> < 2.

Proof First, denote by £ o G the class of functions X x ) — R given by (z,y) — L(y, g(x))
for g € G. Also, by an abuse of notation, for each g € G, denote by L o g the function (z,y) —
L(y, g(z)). Then we have

Then

PLog=TR(g),  PuLog=TR(g).

Since the loss £ is bounded above by L, the empirical radius and the theoretical radius of £ o G are
both bounded above by L. In the chaining notation of Section C.3, define

S
T = 322 Ly 2H L L0 G o).
s=0

Then from the very definition of the chains, we have

sup |P7 (EOQ—,CogS“) < sup”ﬁog—ﬁogSHH
9€g 9€6 1,Pn
Ssup”ﬁog—ﬁogSJr1
geg 2,P,
< 2=+, ()

First, see that

S
Jo= Y I\ 2HE L £0G, )

s=0
L
< 4/ \/2H(u,£ © G, [|ll2,p,)du
0

L |
<4 / 2H <z> du by the uniform entropy condition
0

1
=4L / V2H (u)du by substitution
0
=LJ(1). (**)
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Then, by the symmetrisation lemma (Lemma 21) followed by chaining (Proposition 25), we have

5 44207 (1) 1+t (5-1)
P(?elg R(9) R(g)’ ey + 2Ly —— 27 L)

4 J [1+1

In 1
< 4P (HPg \[f i+t +27 (S+1)L) by symmetrisation (Lemma 21)
n
S
< 4P | sup |P, (L’,og EogSH) + sup ZP (Eog £og)
9€G 9€9 |50
V2, 1+t
6Ly —— + 275U
NZD * n *
S
2Jy, 1
<4P | sup |y Pg (LogS“ —£ogs) L V2o J1EL
9€9 |5 Vn n

+ 4P (sup ’Pg (ﬁ og—Lo gS“) > Z(SH)L) by the union bound
geg

< 2t

)

where the second term disappears by (*) and the first term is bounded by Proposition 25(i). Now
letting S be large enough such that \/n < 25+,

; 4207 (1) 1+t L »
P(leelg R(g) —R(g)| > T+24L n+\/ﬁ) < 2"

C.6. Rademacher Complexities

In this Section, we discuss the extension of the concept of Rademacher complexities to classes of
vector-valued functions in more depth (c.f. Section 4.3). We first give the definition of Rademacher
complexities of classes of real-valued functions.

Definition 29 (Bartlett and Mendelson (2002, Definition 2)) Suppose G is a class of real-valued
functions X — R. Then the empirical (or conditional) Rademacher complexity of G is defined as

Ry, (G) =E |sup|— oig(X)| | X1,y X |,

where the expectation is taken with respect to the Rademacher variables {c;}}'_,. The Rademacher
complexity of G is defined as

R, (G) = E [si%n(G)] .
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Since this seminal definition, it was realised that the absolute value around 1 3" | 5;(X;) was
unnecessary (see, for example, Meir and Zhang (2003, paragraph between Corollary 4 and Lemma
5) or Maurer (2016, last paragraph of Section 1)). However, in order to facilitate the following direct
extension to classes of vector-valued functions, we retain the absolute value sign.

Definition 30 Suppose G is a class of X — Y functions. Then the empirical (or conditional)
Rademacher complexity of G is defined as

1 n
F(0) =E |sup |3 0ig(X0)| | X1 Xo | =E[IPgllg | X1, Xa]
9€ i=1
Yy

using the notation from Section 2. The Rademacher complexity of G is defined as
R, (G) = E [zﬁ%n(c)] .

Note that our definition is different to the “vector-valued Rademacher complexity” already in use
in the literature, mostly for ) being a finite-dimensional Euclidean space (Yousefi et al., 2018,
Definition 1; Li et al., 2019, Definition 3), but also for ) = [s, the space of square-summable
sequences (Maurer, 2016). These papers define the “Rademacher complexity” of vector-valued
function classes not as in Definition 30, where we have one Rademacher variable o; per sample
X, but introduce a Rademacher variable for every coordinate of ). The resulting quantity looks
something like

1 n
E Sup*zzo—fgk(Xz) ’le'-'vXn )
96 ™ i Tk

where g, is the k™ coordinate of g with respect to a basis, and {Uf}zk are Rademacher random vari-
ables. For convenience, in what follows, we call this the “coordinate-wise Rademacher complexity”,
and denote it by :R<°(G).

While we recognise the usefulness of this definition, especially thanks to the contraction result
shown in Maurer (2016), Cortes et al. (2016), Zatarain-Vera (2019) and Foster and Rakhlin (2019),
for several reasons, we insist on using Definition 30. Firstly, as it is clear from the definition, and
as admitted by Maurer (2016, paragraph just above Conjecture 2), Definition 30 is a more natural
definition in view of the real-valued Rademacher complexity. Moreover, our work in Section C.1
uses the empirical symmetrised measure % i, 0idx, to good effect and in a way that directly
generalises from the real-valued case, which suggests that Definition 30 is natural. Finally, and
perhaps most critically, the coordinate-wise Rademacher complexity is not independent of the choice
of the basis of ). For a simple counterexample, let ¥ = ) = R2 and G = {g1, 92}, where g¢; is the
orthogonal projection onto the line y = z, and g2 is the orthogonal projection onto the line y = —=.

This means that, letting X; = (é) and Xy = (g) , we have

) . q1(X2) = ( > s g2(Xn) = (_5> o 92(Xo) = (Eé> -
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Then the coordinate-wise Rademacher complexity of G with respect to the standard basis { X, Xo}
is

2 2

S)A%%oord(g) =K supz Z Ufgk(Xi)

9€9 i1 k=1

=E 21615 {o’% (9(X1))1 + 0'% (g(Xl))2 + O'% (Q(X2))1 + 0’% (Q(X2))2}]

M1 2

—E ”21 +5 o {of (o(x0), + 03 (%),
= zgg{(g%)b + (9(X2), | + sup {~(9x0), + (9(x2)), |
+sup {(a(x1), - (9(X2)), } + sup {~ (9(x1), - (9(x2)), }
=14+0+0+1
=2.
1 _1
But if we use the orthonormal basis { <\{§> , ( f ) }, then we have
V2 V2
@0 = . @52 =0 (%) = (@(X)2=0

(g2(X1))1 =0, (92(X1))2=—\27 (62(X2))1 = 0, (ga(X2))2 =

sl

So the complexity with respect to the standard basis { X7, X} is

2 2
E !supzzamx»

9€9 i1 k=1

=K

+sup {(9x0), + (9(X0), + (9(X2)), — (9(X2)), }
+sup {(9(X0); + (90X0), = (9(X2)), + (9(X2)), }
+sup {(9(x0); = (9(X0)), + (9(X2)), + (9(X2)), }
+sup {= (00x0), + (90x0), + (9(X2), + (9(X2)), |
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+sup{ (9(X0), + (900, = (9(X2), — (9(X2),

+sup { (9(X1)), = (9(X1)), + (9(X2)), — (9(X2)), }
9geg

+sup { = (9(X1), + (9(X1)), + (9(X2), — (9(X2),
9geg

+sup { (9(X1)), = (9(X1)), — (9(X2)), + (9(X2)), }
9eg

+sup { = (9(X1), + (9(X1), — (9(X2), + (9(X2), |
9eg

+sup { = (9(X1)), ~ (9(X1), + (9(X2)), + (9(X2)), }
geg

+sup { (9(X1)), = (9(X1)), — (9(X2)), — (9(X2)), }
g€eg

+sup { = (9(X1), + (9(X1), — (9(X2), = (9(X2)),
geg

+ sup {— (9(X1)), — (9(X1)), + (9(X2)), — (Q(Xz))g}
geg

+sup { = (9(X1), = (9(X1)), — (9(X2), + (9(X2), |
geg

+ 8925 {— (9(X1)), — (9(X1)), — (9(X2)), — (Q(Xz))g}

= V24 V2H0+V2H0+H0+V2H0+V24H0+V2+H0—V2+0+0+0

=5v2.

Hence, we see that the coordinate-wise Rademacher complexity is not independent of the chosen
orthonormal basis. We deem this to be a critical issue with the coordinate-wise Rademacher
complexity, because it is intuitively clear that the “complexity” of a function class should not depend
on the choice of the basis of the output space. This is especially pertinent in our context, considering
that our interest is primarily in the case when the output space ) is infinite-dimensional in which
there may be no “standard basis”.

One of the main ways of bounding the Rademacher complexity of real-valued function classes is
to use the entropy. We show that the Rademacher complexity of vector-valued function classes G can
be bounded using the entropy, a vector-valued analogue of Shalev-Shwartz and Ben-David (2014,
p-338, Lemma 27.4). We use the chaining notation in Section C.3, and also use Proposition 11, the
expectation form of vector-valued Hoeffding’s inequality.

Theorem 31 Let S € N be any (large) integer. The empirical Rademacher complexity is bounded

as
. 2
< —(5+1) -
Rn(G) <2 Ry, + 7

2,pP, 1S the empirical radius and J,, = Zf:o 27°Rp/2Hs 14

In;

where we recall that R,, = sup,e¢llg
is the uniform entropy bound.
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Proof See that

R, (G) =E |sup ||— oig(X Fn
(9) sup nz y!

=E |sup | P7glly | fn]
geg

s
= E |sup|| Py (9 - gS“) +Y P7 (gs“ - gs) | Fo
9€9 s=0
L y
- s
<E sup‘ P? (g - gSH) ‘ | Fr| + E [sup ZPX (QSH - 98) | Fn
g€g y =Y s=0
- Yy
1 n
< sup — Hg(X) ¢PTHX —|— E sup’ ( gs> ‘ | F,
geg ; ' %) Z 9€9 y '

g _
caply-o ], oS8
geg 2,Pn ; kE{lv---st+1} F g y !

S Ns+1 of s+1 _s+1,s
1 As|| P —g
< 2—(S+1)Rn + Z —log | E Z e ( * ) Y| Fn (a)
s=0 "® | k=1
S Ns
—(S+1) 1 < o [ s+1 s+1,s
<27 R, + 3" —log | Y E|2cosh A, Py (g5t = gt™)
s=0 "% =
S 1 Ns41 5
<2 StDUR, 4+ Z /\—log 2 Z e (27" Rn) (c)
=0 ¢

S
=2 R, +)° %1 <2N5+1e (277 Rn)? )
=0

S S
1 A
— 9~ (S+DR. — (H, log 2) + 2% 27°R,)?
R*Z;As( +1+og)+n8§< Ry)
S 1 S
<2 GHp 4 NT —ofg. + 22 SR d
< ;) N 2Hs1 Sz:;( ) (d)

S
:2_(S+1)Rn+ 2 Z 27 °Rp\/2Hs1 1 (e)
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where, in (a), we used Jensen’s inequality and the fact that the sum of positive numbers is greater
than their maximum; in (b), we used the basic fact e* < 2 cosh z; in (c), we used Proposition 11; in
(d), we used the fact that H;; > log 2; and in (e), we let

V2nHgq

As =
275,

When the Rademacher complexity is used in empirical risk minimisation for real-valued function
classes F, what we end up using is not the Rademacher complexity R,,(F) of the function class
itself, but that of the composition of the loss with the function class. The same is true for vector-
valued empirical risk minimisation problems. More precisely, suppose we have a loss function
L:Y xY — R, and we denote by g, the solution of the following empirical risk minimisation
problem:

X BN L
n = argmin — E L(Yi,9(X;)) = argmin R, (g).

Denote by ¢g* the minimiser of the population risk:

g" :=argminE [L(Y, g(X))] = argmin R(g).
9€g SY

We want to know how fast R(g,,) converges to the minimal risk R(g*) as the sample size n increases.
Here, actually, the standard result concerning Rademacher complexities applies directly — we will
quote the following result.

Theorem 32 (Shalev-Shwartz and Ben-David (2014, p.328, Theorem 26.5)) Assume that for all
(x,y) € X xYand g € G, we have |L(y, g(x))| < cfor some constant ¢ > 0. Then with probability
at least 1 — 6, we have

2log (%)
R(gn) - R(g*) < an(ﬁ o g) + 5S¢ T

where we used the notation L o G for the class of functions X x Y — R defined as

LoG:={(x,y) = L(y,g(x)): g € G}.

Now, the question is how to obtain a meaningful bound on the Rademacher complexity R,,(L0G)
as n — 0o. When G is a class of real-valued functions, the Contraction Lemma (Shalev-Shwartz
and Ben-David, 2014, p.331, Lemma 26.9) tells us that if, for each Y; € R, the map y — L(Y;,y)
is c-Lipschitz, then R, (L o G) is bounded by ¢R,,(G), so it is meaningful to work with RR,,(G).
However, an analogue of this result when G is a class of )-valued functions is shown to be impossible
via a counterexample, in Maurer (2016, Section 6).

As mentioned above, one of the main ways of bounding the Rademacher complexity is to use
entropy. As our end goal is to bound the Rademacher complexity of £ o G, there are two ways of
going about this task with entropy. For real-valued function classes F, what is commonly done
is to bound the Rademacher complexity of £ o F with the Rademacher complexity of F using
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contraction, then to bound the Rademacher complexity of F by an expression involving the entropy,
using chaining. As discussed before, contraction becomes difficult with vector-valued function
classes. But we propose a different way that avoids contraction of Rademacher complexities. We can
first bound the Rademacher complexity of £ o G with an expression involving the entropy of Lo G,
and use the following contraction result of entropies.

Lemma 33 Suppose that for each’Y € Y, the Y — R map y — L(Y,y) is c-Lipschitz for some
constant ¢ > 0, i.e. for y1,y2 € Y, |[L(Y, 1) — L(Y,y2)| < c|ly1 — y2||y. Then for any § > 0, we
have

H(C(S, Lo g7 H'”ZPn) < H((Sa g7 H

van)'

Proof To ease the notation, write N = N (9, G, ||-||2,p, ), and let g1, ..., gn be a minimal §-covering
of G. Then for any L o g € L o G, there exists some g;, j € {1,..., N} with ||g — gjll2,p, =
(3" 119(X5) — g (Xi)||§,)1/2 < 6. Then by the Lipschitz condition on L,

o=

1 n
leog—Logl,p, = | D 1LY 0(X0) ~ LY g5(X0)[*
i=1

N[

1 n
< - ;Cz |9(X3) — !Jj(Xi)Hi;
= CHg_ng2,Pn
< ¢b.
Hence L o g1, ..., L o gn is a cd-covering of L o G, i.e.

N(C(S, Lo g7 H'HQ,Pn) < N((Sa g7 H

27Pn ) *
Now finish the proof by taking logarithms of both sides. |

So for empirical risk minimisation problems with appropriate loss functions, it does make sense
to consider the entropy of vector-valued function classes G, while it remains as future work to
investigate the use of the Rademacher complexity of G.
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