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Abstract

In most applications, uncertainty quantification in quan-
tile regression take the form of set estimates for the
regression coefficients. However, often a more infor-
mative type of uncertainty quantification is desired
where other inference-related tasks can be performed,
such as the assignment of (imprecise) probabilities
to assertions of interest about (any feature of) the re-
gression coefficients. Validity of these probabilities,
in the sense that their values are well-calibrated in a
frequentist sense, is fundamental to the trustworthiness
of the drawn conclusions. This paper presents a non-
parametric Inferential Model (IM) construction that
offers provably valid probabilistic uncertainty quan-
tification in quantile regression, even in finite sample
settings. It is also shown that this IM can be used to
derive finite sample confidence regions for (any feature
of) the regression coefficients. As a result, regardless
of the type of uncertainty quantification desired, the
proposed IM offers an appealing solution to quantile
regression problems.

Keywords: quantile regression, inferential models, pos-
sibility measure, nonparametric, finite sample, validity,
model-free, confidence region

1. Introduction

Regression analysis is a crucial statistical method in data
science that uses the values of explanatory variables X €
R”, where p > 1, to explain or predict the mean values
of a quantitative response variable Y. While the primary
focus of regression is usually on estimating the conditional
mean of ¥ given X, there may be instances where it is more

appropriate to estimate a conditional quantile of ¥ given X.

For example, if Y has outliers, modeling the median as a
measure of central tendency, rather than the mean, may be a
more effective approach. More generally, in situations where
the conditions of linear regression are not met, quantile
regression can be a useful alternative, as it does not require

any assumptions about the distribution of the target variable.

Fix a probability 7 € (0, 1) and let Q. (7) denote the 7™
conditional quantile of Y, given X = x. Then the quantile
regression model says

Ox(7) =x'6, (D
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where § = 6, € RP is the vector of regression coef-
ficients of interest. Quantification of uncertainty about
the value of 6 is desired. Moreover, because quantiles
are quantities whose existence does not depend on as-
sumed parametric models for the distribution of ¥ given
X = x, nonparametric/distribution-free solutions are often
preferred in order to avoid model misspecification bias.

The quantification of uncertainty about 6 is often car-
ried out by producing a suitable family of set estimates
that are at least approximate confidence regions, i.e., set
estimates that have coverage probability guarantees at least
in an asymptotic sense. There are multiple techniques for
generating these regions, including bootstrapping, covari-
ance matrix estimation of quantile estimates, and rank-test
inversion methods. A comprehensive overview of these and
other methods can be found in Koenker (2005), Chapter 3.
In Chernozhukov et al. (2009), a similar approach to the
rank-test method is proposed, but with improved coverage
guarantees in finite samples.

In some application, there may be interest in a more
complete type of uncertainty quantification, one that allows
for assignments of (imprecise) probabilities to all relevant
assertions of interest about 6. The Bayesian approach is,
of course, probabilistic, but its application to quantile re-
gression faces the challenge of having to circumvent the
specification of a parametric likelihood. Several authors
have attempted different working likelihoods for Bayesian
or “Bayesian-like” quantile regression, e.g., asymmetric
Laplace distributions (Yu and Moyeed, 2001; Yang et al.,
2016), empirical likelihood (Yang and He, 2012), Dirichlet
process mixture models (Kottas and Krnjaji¢, 2009), an infi-
nite mixture of normals (Reich et al., 2009), exponentiated
empirical risk (Martin and Syring, 2022), among others.
But before committing to one these approaches for proba-
bilistic inference on quantile regression, where the posterior
distributions obtained from the working likelihoods above
can be used to derive posterior probabilities for assertions
about 0, it is crucial to determine the validity of these
posterior probabilities. This means that it is important to
verify whether they are accurately calibrated in a frequentist
sense.

The same way validity of set estimates is always desirable,
so that erroneous conclusions are controllably rare, so is,
or should be, validity of probability assignments. When a
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posterior distribution is used to evaluate the probability of
a certain statement about 6, the size of this probability will
be used to draw inference about whether the statement is
true or false. To reduce the likelihood of making incorrect
conclusions, it is desirable to control the rate at which the
posterior distribution assigns small probabilities to true
statements and large probabilities to false statements. This
topic is further discussed in Section 2.

Unfortunately, the aforementioned Bayesian or “Bayesian-
like” solutions to quantile regression do not examine the
validity of probability assignments. Instead, they only verify
if the posterior regions, derived from the posterior distri-
bution, are approximate confidence regions. For example,
Empirical Likelihood quantile regression has been shown to
have asymptotically calibrated posterior regions for the com-
ponents of 6 (Yang and He, 2012), while Yang et al. (2016)
acknowledge the lack of calibration of posterior regions
based on other working likelihoods and recommend ad-
justments to achieve approximate confidence regions when
using Laplace distributions. Similarly, when the exponenti-
ated empirical risk function is adopted, Martin and Syring
(2022) recommend adjustments for the same purpose.

However, the calibration of posterior regions for 6 does
not guarantee the validity of posterior probabilities for
statements about 6. The false confidence theorem in Balch
et al. (2019) states that probabilistic inferences based on
additive probabilities are at risk of being invalid, indicating
the need for new considerations if the goal is to make valid
probabilistic inferences in quantile regression.

Inferential Models (IMs) is a relatively new probabilistic
approach to statistical inference; see Martin and Liu (2013,
2015) for the first considerations, and Martin (2019) for
a modern perspective. Contrary to the Bayesian approach,
the IM’s probability assignments are non-additive. This
and the specific way that they are constructed make IMs
dodge the false confidence bullet, being, to my knowledge,
the only probabilistic approach with validity guarantees,
even in finite sample settings. However, the original IMs
construction requires specifying a parametric likelihood
for the data, which can limit its application to quantile
regression.

This issue was addressed in Cella and Martin (2022a)
when a general IMs construction for model-free problems
was proposed, which only requires a suitable loss function
that defines the unknown quantity of interest. Koenker and
Bassett (1978) show that the quantile regression coefficient
6 is a risk-minimizer with respect to the loss function

to(x,y)=ly—x"6] - (2r - 1)xT"6.

A nonparametric IM for quantile regression can be then
obtained from it, as Cella and Martin do in Section 4.3 of
their paper. The main limitation of this approach is that it
only achieves validity in an asymptotic sense, due to its

110

dependence on bootstrap samples. As mentioned above,
finite sample validity is a unique feature of parametric
IMs, so, here, I attempt to maintain this property in a new
nonparametric IM construction for quantile regression. This
is just a single application of a general framework that aims
to deliver valid probabilistic inference for a broad range of
model-free problems. The full details of the framework will
be presented in Cella and Martin (2023).

More specifically, my goal in the present paper is to
develop a nonparametric IM for finite sample valid proba-
bilistic inference on quantile regression. The specific con-
struction, presented in Section 3, is surprisingly simple,
relying primarily on calculations involving the binomial
distribution. Before that, a background on IMs is given in
Section 2. I conclude in Section 4 with a brief summary
and discussion of some open problems.

2. Background on IMs

To set the scene, let data Z" = (Z,, ..., Z,) take values in
a general enough space Z". That is, besides the case we are
mainly interested here, where Z; = (X;,Y;) is a predictor
and response variable pair, Z" can take other forms, e.g., the
real line, a matrix space, etc. Following the modus operandi
in most applications, consider that a statistical model P7,,
indexed by a parameter w € Q, is assumed for Z". Note
that the unknown parameter w completely specifies the
distribution of Z", so w is the inferential target. To put
it another way, any quantity of interest 6 € @ related to
the distribution of Z", such as quantiles or moments, are
invariably a function of w, i.e., 6 = 8(w). Inferences on 6
are, therefore, obtained indirectly from inferences on w.

As stated in Section 1, my focus here is on probabilistic
inference, where (imprecise) probability assignments to all
sorts of assertions about w can be obtained. Moreover, 1
will consider the cases where no prior information about
w is assumed or available. The question then arises: can a
probabilistic approach provide validity guarantees in this
prior-free setting?

Several attempts to answer this question, that Bradley
Efron calls the “most important unresolved problem in
statistics” (Efron, 2013), have been made. Perhaps more
popular are the ones whose output probability assignments
are additive, e.g., Fisher’s fiducial approach (Fisher, 1935),
generalized fiducial (Hannig et al., 2016), confidence distri-
butions (Xie and Singh, 2013; Schweder and Hjort, 2016),
and Bayes with default priors (Berger, 2006). However,
these approaches may be problematic in light of the False
confidence theorem presented in Balch et al. (2019). This
theorem is a significant result that highlights the potential
invalidity of probabilistic inference based on additive prob-
abilities, suggesting that the key to a definitive solution to
Efron’s most important problem may be non-additivity.
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Despite the existence of various frameworks that output
non-additive probabilities, e.g., Dempster—Shafer theory
(Dempster, 2014, 1967, 1968, 2008; Shafer, 1976) and
other belief function frameworks (Denceux and Li, 2018;
Denceux, 2014), Inferential Models (Martin and Liu, 2015)
is, to the best of my knowledge, the only framework that
provides assurance of validity. In what follows, the notion
of validity is made precise, and a brief overview of the IM’s
specific construction to achieve it is exposed.

Let A C Q be an assertion of interest about w. For the
observed data Z" = 7", denote the IM’s non-additive output
for the claim “w € A” by IT,(A). Consider a scenario
where a small 77 - (A) is encountered. This indicates that
the assertion A is implausible, which may lead a data
scientist to conclude that A is false. However, if 17 zn (A),
as a function of data Z" ~ P7, tends to be small even when
A is actually true, the data analyst risks making “systematic
misleading conclusions” (Reid and Cox, 2015). The goal of
the validity criteria is to mitigate this risk by ensuring that
erroneous conclusions are controllably rare. More formally,
a valid IM with output /7 .» satisfies

for all @ € [0, 1],
forall A C Q,
for all n.

sup P {ITzn(A) < a} < a,

wEeA

@)

The IM’s upper probability I7.» takes the mathematical

form of a possibility measure (Dubois and Prade, 1988).

Interestingly, Martin (2021) argued that IMs of this form

are the most efficient, so there is no need to consider non-
additive measures with more general structures.

The possibilistic nature of the IM’s output has two im-
portant implications. First, it implies the existence of a
possibility contour 7,», which fully determines the possi-
bility measure for any assertion of interest through

T ;2 (A) = sup mon(w).

weA

Set estimates for w can be readily derived from the IM’s
plausibility contour. Its validity, i.e.,

Pl {nzn(w) <a} <@, forallae[0,1],
guarantees the frequentist error rates control of these set
estimates. In other words, set estimates obtained from the
IM’s plausibility contour are confidence regions. More
details about this will be presented in Section 3. Second,
possibility measures have a dual I7_,(A) = 1 — 111 (A°),
known as necessity measures. As a result, IMs can also

be characterized in terms of them. More importantly, the
“for all A C Q” clause in (2) makes possible an equivalent
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validity result for the IM’s necessity measures:

for all @ € [0, 1],
forall A C Q,
for all n.

sup P! {ll,.(A) > 1-a} <a,

wWEA

In words, false assertions tend to be assigned relatively low
necessity with respect to the posited statistical model. This
prevents systematically misleading conclusions.

The duality between possibility and necessity measures,
as well as their equivalent validity does not diminish the
importance of either measure. In fact, considering both
measures can help prevent the misuse of statistics in practical
applications, especially those related to p-values. For further
details, see Cella and Martin (2022b).

When the ultimate quantity of interest is § = 6(w),
possibility measures for assertions about 6 can be obtained
via marginalization through the mapping w — 6:

ITn(w: 6(w) € A), ACO. (3)
Once again, since (2) includes the “for all A € Q” clause,
the IM’s validity property carries over immediately to
marginal inferences on 6. Of course, this marginal valid-
ity is contingent on correctly specifying the distribution
P, . However, this assumption may not be reasonable de-
pending on the nature of 6. For instance, if 6 doesn’t
determine the data’s distribution, it might be better to use
nonparametric/distribution-free solutions to avoid biases
caused by model misspecification.; see Section 3.

But how are IMs constructed? The first approach, pre-
sented in Martin and Liu (2013, 2015), introduces an auxil-
iary variable U" with a known distribution and expresses
the statistical model in terms of it:

U}’l ~ Pl’l

known*

7" =a(w,U"),

While the value of U" cannot be observed, knowing its
distribution allows for educated predictions about its value.
Martin and Liu suggest using appropriate random sets (e.g.,
Nguyen, 2006; Molchanov, 2005) to predict the value of
U", and the properties of these sets are crucial to ensuring
the validity of the possibility measures in (2). More recently,
it has been recognized that IMs can also be constructed
directly from possibility measures that quantify uncertainty
about U" (Liu and Martin, 2021). A more recent alternative
construction skips the specification of auxiliary variables
and is motivated by the probability-to-possibility transform
presented in Hose and Hanss (2020, 2021); see Martin
(2022a,b). Here, I will focus on this direct approach.

Let h : (Z" x Q) — R be a measurable function and
define the possibility contour

g (w) =PL{h(Z", w) < h(Z",w)}, weQ. @
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According to Martin (2022b), this simple construction yields
the plausibility contour of a valid IM. However, the choice
of h plays a crucial role, as it determines a partial ordering
of candidate values for w given z”*. Martin (2022b) refers
to this ordering as the plausibility order.

To determine the best h for a given situation, where
“best” is related to the efficiency of the resulting plausibility
contour, Martin (2022b) appeal to what Hose calls the
Principle of Plausibility, which suggests choosing the A that
represents the plausibility order inherent in the assumed
statistical model P,. Therefore, it is straightforward to take
h to be the probability mass or density function of P,.

3. Nonparametric IMs for Quantile
Regression

My focus on the present paper is on quantile regression,
so data Z" = (Zy, ..., Z,) consist of n covariate/response
pairs, i.e., Z; = (X;,Y;). The goal is to make inferences
on the quantiles of the conditional distribution of ¥ given
X. More formally, let Q. (7) in (1), 7 € (0, 1), denote the
7 conditional quantile of ¥, given X = x. The vector
of regression coeflicients § = 6, € RP? is, therefore, the
inferential target.

The IM construction presented in Section 2 is powerful,
but it has limitations that make it unsatisfactory for quantile
regression applications. The primary limitation is that this
approach requires the specification of a parametric statistical
model for the data, namely, a distribution P7, that is indexed
by a parameter w € Q for Z". However, since the quantile
regression parameters 8 do not uniquely determine the
distribution of the data, w is not equivalent to 6. As a result,
inferences on € must be obtained indirectly through (3).
This indirect approach to inferring 6 can be problematic if
P?, is misspecified, as the IM validity property in (2) relies
on the assumed model being accurate.

To avoid potential biases resulting from model mis-
specification, it is preferable to proceed without explicitly
specifying a model. My assumption is that Z" consists of
independent and identically distributed (iid) components,
with Z"™ ~ P". Note that i) P is free to be any distribution,
no constraints due to dependence on a parameter w; and
ii) the regression coeflicients of the quantile regression
0 = 6(P) are a functional of the underlying distribution.

Is it possible to develop a nonparametric IM that can
generate valid probabilistic inferences for 8 even in finite
sample settings? First, it is essential to understand how
different the desired validity in a model-free context is
from (2). Let I7,: (A) be the potential nonparametric IM
possibilistic quantification of uncertainty about an assertion
A of interest. While it may seem reasonable to infer A© when
IT .» (A) is small, this approach may not be trustworthy if
ITzn(A) tends to be small for Z" ~ P" when 6 € A. As
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discussed in Section 2, the purpose of validity is to make
these erroneous conclusions controllably rare. Hence, the
desired validity property can be defined as follows:

for all a € [0, 1],
forall A C O,
for all n.

sup P" {ﬁzn (A) <a}<a,
P:0(P)cA

(&)
It is worth noting that a nonparametric IM construction for
quantile regression has been proposed in Cella and Martin
(2022a). However, this approach relies on bootstrap samples,
and as a result, it can only achieve the validity property in
(5) as n approaches infinity. The objective here is to develop
a method that can achieve validity for any sample size.

As discussed in Section 2, the IM construction for para-
metric problems relies on a crucial step, namely the speci-
fication of a real-valued function # that establishes a plau-
sibility order for potential values of the model parameters
based on the observed data. By applying the probability
calculation in (4), a valid IM plausibility contour can be
obtained. In essence, the proposed nonparametric IM con-
struction for quantile regression will follow the same logic.
Notably, this approach is just one specific instance of a
general framework for finite sample valid probabilistic in-
ference in distribution-free problems that will be outlined
in Cella and Martin (2023).

Let h : (Z" X ®) — R be a measurable function that
provides a plausibility order for candidate values of the
regression coefficients 6 given the observed data z". As
we’ll see below, it will be the case that £(Z", ) is discrete.
Moreover, consider that its distribution, as a function of Z",
is known and independent of unknown quantities. Then

(6)

is the plausibility contour of a finite sample valid and
nonparametric IM for 6.

nn(0) = P*{h(Z",0) < h(Z",0)}, 0 €0,

Theorem 1 The nonparametric IM for 6 defined above,
with contour given by (6), is valid in the sense of (5).

Proof Fix P and let 6 = 8(P). Also, let G denote the
(known) distribution of 2(Z", 8). Note that 7r,» (8) in (6) can
be written as m,» () = G(h(Z", 0)). Therefore, it follows
immediately that 7z (6), as a function of Z" ~ P", is
stochastically no smaller than Unif(0, 1), i.e.,

P{nzn(0) < a} =P {G(h(Z",0)) <a} <a. (7

Now, for any assertion A that contains 6, the monotonicity
of plausibility measures imply that 17,2 (A) > 7.n(6).
Therefore,

P {IIzn(A) < e} < a.

Taking a supremum over all P such that 6(P) € A on the
left-hand side above completes the proof. |
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Besides being the key to the IM possibilistic quantifica-
tion of uncertainty about general assertions of interest about
6, the plausibility contour in (6) can also be used to generate
set estimates for 8 that have coverage probability guarantees
in finite sample settings. As the following corollary shows,
if C(z") denote the « level sets of the possibility contour,
ie.,

Coa(z)={0€0@ :7m(0)>a), ac[0,1], ()

then the IM validity imply that C,(z") is a finite sample
100(1 — @)% confidence region for 6.

Corollary 2 The a level sets of the possibility contour in
(8) are finite sample 100(1 — @)% confidence regions in the
sense that

supP”{Ca(Z") ? 9(P)} <a, ac]0,1].
P

Proof Fix P and let & = 6(P). Observe that C,(Z") # 0 if
and only if 7z () < a. Then the claim follows immediately
from (7). |

In certain applications, there may be particular features
of the regression coefficients 8 that are of primary interest.
Denote them by ¢ = ¢(0). For example, in a single covariate
case, such features might include:

* ¢ = 61, which represents the slope of the quantile
regression line;

* ¢ = 6y + 6, which represents the quantile of ¥ given

X =x;
2%  which represents the value of X that yields

o¢: o

a quantile equal to q.

A marginal IM for any feature ¢ can be obtained from
that for 6. That is, define the possibility contour

nli(@)= sup ma(9), ¢€(O).

9:¢()=¢

Note that, as a direct consequence of (7), ngn(go), as a
function of Z" ~ P", is also stochastically no smaller
than Unif(0, 1). Therefore, finite sample valid possibility
measures can be assigned to assertions about ¢ as it was
done before for 6:

ﬁfn (A) = sup nfn(gv), A C ¢(0).
PEA

Moreover, the set
{¢ € p(0): 1l (p) > a} ©)

constitutes a finite sample 100(1 — @)% confidence region
for ¢.
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The above results suggest that the proposed nonpara-
metric IM is a powerful alternative to quantile regression,
regardless of the type of uncertainty quantification that is
desired. More specifically, the proposed IM can be utilized
for both probabilistic inference on (features of) the regres-
sion coefficients 6 and for the provision of set estimates for
(features of) 6. Both types of uncertainty quantification are
accurately calibrated in a frequentist sense, irrespective of
the sample size.

But the question of how to obtain a suitable /4, a fun-
damental element in the IM construction, remains to be
addressed. In Cella and Martin (2023), a general strategy
suitable for various model-free problems will be provided.
For quantile regression, this strategy involves identifying
a function y = y(Z", ) of the data Z" and the regression
coefficients 6 that is a pivot, i.e., that has a distribution that
is independent of 8 or any other unknowns. Once a suitable
pivot has been identified, the plausibility order & can be
selected based on its probability mass.

Perhaps the most intuitive pivot in quantile regression is

n
Y= L. (i = x]0), (10)
i=1
where Ig(A) is the indicator that even A belongs to B.
In words, (10) is the sum of the indicators of the sign of
Y; — x] 6. Given the independence of the Y’s given X = x
and the assumption that x 7§ is the true 7-th quantile, (10)
follows a Bin(n, 1 — 1) distribution. One can then use the
probability mass of this binomial as the plausibility order
h,ie.,

h= (n)(l -7)¥"77, (11
Y

and derive an IM plausibility contour from (6). Even though
Theorem 1 guarantees the validity of this solution, I’ll argue
next that it can be very inefficient, so new considerations
are needed. To build intuition, it will be helpful to consider,
separately, the case where the levels of the covariates are
fixed, in the sense that there are replications of Y given
X = x, and the case where at least one of the covariates is
continuous, so there is no replication of Y for any X = x.

3.1. Fixed Covariates

Let’s assume that the levels of the covariates are fixed, in
the sense that there are replications of Y in the levels of X.
For example, there may be interest in studying the effect
of k specific doses x1, x2, . .., x; of a certain medication X
in some response variable Y. For a given x;,i = 1,...,k,
n; instances of Y are observed, i.e., Y1, ..., Yi,,. In this
setting, (10) can be rewritten as

ni

k
Z I(O,oo) (Yij - X;r@)
=1 =

4
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Figure 1: Simple illustration for the median regression
when the levels of X are fixed.

Note that this is the sum of k independent binomial distribu-
tions with size n; and success probability 1 — 7. Therefore, it
still follows a Bin(n, 1 — 7) distribution, where Zf.‘zl n; = n.

Figure 1 illustrates this scenario with k = 4 and n; =
ny = n3 = ng = 4. For simplicity but without loss of
generality, suppose that interest is in the median regression,
i.e., 7 = 0.5. The lines in the graph aid in understanding
why using % as in (11) is not optimal. This choice results
in a plausibility order where any line that splits the data in
half — with half of the points above and half below the
line — is equally maximally plausible. As a result, such a &
cannot distinguish between the three lines in Figure 1, even
though it is clear that they are not equally desirable. This
inefficiency motivates the consideration of an alternative
approach.

Towards this, I suggest considering each one of the k
independent binomials separately, and using the product of
their probability masses as the plausibility order /. In other
words, my suggestion consists of taking 4 to be the like-
lihood function of the independent binomially distributed
pivots that arise at each level of X:

(”" (12)
Yi

1]

k
) (1 _ T))’iTni,—%’,
i=1

where

ni
7i=zl(0,oc)(yj_xi9), i=17""k'
j=1

It is worth noting that, unlike (11), (12) yields different
plausibilities for the lines in Figure 1. Specifically, the black
line, which is the most desirable option, maximizes (12),
while the blue and red lines minimize it.
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As an illustration, let X = (0.5,1,1.5) and n| = np =
ny = 10. Let ¥; = u(X;) + €(X;), where u(x) = 6 + x,
and e(x) ~ N(0, (0.1 + O.Ix)z). Figure 2(a) displays one
simulated data set. Suppose the interest is in the median
regression line, so 7 = 0.5 and 6 = (6, 1). Figure 2(b)
shows the empirical distribution function of 7,» (), with &
as in (12), in a simulation study where the above scenario
is repeated 1000 times and 7, (6) is calculated as in (6),
in each replication. Note that (7) and, therefore, validity
is verified. The same simulation is repeated for 7 = 0.25
and 7 = 0.75, showing that the proposed IM’s validity is
not specific to the median regression. Figure 2(c) shows,
in red, the 95% confidence region for 6 obtained from (8)
with £ as in (12), for the data in Figure 2(a). The 95%
confidence region in black is obtained from using /4 as in
(11), confirming the lack of efficiency that arises from such
choice.

3.2. Continuous Covariates

Let us now consider the scenario where at least one of
the covariates is continuous, so that there is no replication
of Y for any given X = x. The problem with choosing &
as in (11), discussed in Section 3.1 above, still persists in
this case. Once again, for simplicity, but without loss of
generality, suppose that interest is in the median regression.
Here, any line that divides the data in half — with half of
the points above and half below the line — such as the three
lines in Figure 3, would be equally good. The alternative
plausibility order in (12), shown to be effective when the
levels of X are fixed, does not solve the problem here; it
actually exacerbates it. Specifically, for any candidate 6,
(12) is equal to 0.5", as n; = 1 for all i. As a result, not only
are the three lines in Figure 3 equally good, but any line,
including those that do not divide the data in half.

It appears that an alternative solution is necessary when
the levels of X are not fixed. Luckily, this alternative solution
need not be entirely distinct from the one in Section 3.1. This
is because, while we do not have independent replications
of Y for each X = x, we do have independent replications
of Y in neighborhoods of X. If k neighborhoods of X are
formed, the idea is to consider each one of the independent
binomials that arise in each of the k neighborhoods sepa-
rately, and to use the product of their probability masses
as the plausibility order 4. For example, in the case of one
continuous covariate, we can consider a set of increasing
real numbers /1, I3, . . ., [x—1 and consider the n; replications
of Y giventhatl;_; < X < [;,i=1,...,k, where [y and [}
are —oo and +oo, respectively. Then

{li—l <xj < li, (13)

n;
Vi = Z L0,00)(Y; — x;0),
=
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Figure 2: Panel (a): Data. Panel (b): Empirical CDF of
the plausibility contour evaluated at the true
quantile regression line based on 1000 Monte
Carlo sample. Panel (c): 95% confidence regions

for 6, obtained from (8).

are independent and follow a Bin(n;, 1 — 1) distribution. The
plausibility order in (12) can then be used. Consider k =2
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Figure 3: Simple illustration for the median regression
when X is continuous.

and /; to be the median of the observed X’s in Figure 3. In
this case, y| and y; are iid Bin(5, 0.5). Note how, based on
(12), the black, red and blue candidate median regression
lines in Figure 3 have, as desired, a descending plausibility
order.

When dealing with multiple explanatory variables, i.e.,
X € RP with p > 2, there are various possible ways to
construct neighborhoods around X. Perhaps an effective one
is to use unsupervised clustering algorithms like K-means
(Celebi and Aydin, 2016). These techniques can efficiently
group data points into clusters, making them a natural
choice for creating neighborhoods in higher dimensional
spaces. Additional details and examples of these approaches
in high-dimensional settings will be presented elsewhere.

As an illustration, let X; ~ Unif(0,5),i=1,...,n, with
n =30, and let Y; = u(X;) + e(X;), where u(x) = 6 +0.1x,
and €(x) ~ N(0, (0.1 +0.1x)?). Figure 4(a) displays one
simulated data set. Interest here is in § = 6, for 7 = 0.3
which, in this case, is roughly equal to (5.95, 0.05). In (13),
I will consider k = 2 and /; equal to the median of X and
then use % as in (12) for the IM construction. To check
validity of the resulting plausibility contour, I simulate
1000 data sets according the above scheme and calculated
7,n(0) as in (6) in each replication. Figure 4(b) shows the
empirical distribution of these values. It is clear that it
is stochastically no smaller than the uniform distribution,
confirming Theorem 1. The same simulation is repeated for
7 =0.6 and 7 = 0.9. Validity is verified in all scenarios. For
further illustration, I also extracted 95% interval estimates
for the components of € through (9) from these 1000 data
sets. This type of uncertainty quantification is popular in
quantile regression applications. The goal was to compare
the estimated coverage probabilities and mean length of
the IM intervals with those obtained from the quantreg and
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0 M Rank Bayes
6p 099 (1.11) 0.88(0.43) 0.96 (0.44)
6; 0.98(0.48) 0.83(0.19) 0.88(0.18)

Table 1: Estimated coverage probabilities and mean length
of 95% interval estimates for the quantile regres-
sion coefficients based on the proposed IM, the
method based on the inversion of rank tests and the
Bayesian-like method that uses the asymmetric
Laplace distribution as the working likelihood.

bayesQR packages in R (Koenker et al., 2022; Benoit and
Van den Poel, 2017), which are based on, respectively, the
inversion of rank tests (Gutenbrunner et al., 1993; Huskova,
1994; Koenker, 2005) and the use of asymmetric Laplace
distribution as the working likelihood for a “Bayesian-like”
solution (Yu and Moyeed, 2001; Yang et al., 2016). The
results are summarized in Table 1. As expected, the IM
intervals are finite sample confidence intervals. However,
the intervals obtained from the other two approaches are
not always wide enough to achieve the correct coverage
probability for n = 30. Finally, Figure 4(c) shows, in red,
the 95% confidence regions for 6, obtained from (8), for
the single data set displayed in Figure 4(a). The 95% confi-
dence region in black is obtained from using 4 as in (11),
confirming, once again, the lack of efficiency that arises
from such choice.

4. Conclusion

This paper introduces a new nonparametric IM construc-
tion for probabilistic inference on quantile regression. It is
demonstrated that this approach is valid, in the sense of The-
orem 1. Specifically, the IM’s possibility assignments to all
assertions about (features of) the quantile regression coeffi-
cients are calibrated in a statistical sense. Importantly, this
calibration is not just asymptotic, but holds for any sample
size. Additionally, this achieved validity does not exclude,
but rather complements, the often-desired calibration of set
estimates. This means that the proposed nonparametric IM
can also be used to obtain finite sample confidence regions
for (features of) the quantile regression coefficients.

It’s worth mentioning that the framework presented in
this paper, which focuses on quantile regression, is actually
more versatile than just this one context. The approach of
identifying a function of data and inferential target that acts
as a pivot and using its likelihood to establish the plausibility
order in the IM construction can be applied to a wide range
of relevant model-free problems, thereby producing finite
sample valid probabilistic inferences for these problems.
The full details of this general framework will be presented
in Cella and Martin (2023).
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Figure 4: Panel (a): Data. Panel (b): Empirical CDF of
the plausibility contour evaluated at the true
quantile regression line based on 1000 Monte
Carlo samples. Panel (c): 95% confidence regions
for 6, obtained from (8).

This section concludes with a brief discussion of some
open questions. Firstly, while I consider my choice of pivot
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to be very intuitive, it’s worth noting that there may be other
possible choices that could potentially be more effective.
An interesting follow-up project could investigate these
other options, comparing them in terms of efficiency, and
even exploring the possibility of an optimal solution. On
the topic of efficiency, a second open question is how to
best select the neighborhoods of X that replicate Y in (13).
Specifically, does the number of neighborhoods and/or
the number of replications per neighborhood impact the
efficiency of the IM? Thirdly, a more careful investigation
is needed into the method of neighborhood formation when
dealing with multiple explanatory variables. Lastly, while
evaluating the plausibility contour in (6) is simple and only
involves calculations related to the binomial distribution,
obtaining marginal inferences for components of a potential
high-dimensional 6 in an efficient manner remains an open
question.
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