DE Vos pE CoomaN DE Bock

Appendix A. Proofs

Proof of Proposition 3

Sufficiency is trivial, as & C o, - For necessity, assume
that & is exchangeable, so Z+.7 C 9. Consider any Ae
and any Be ., » then we have to show that A+BeD.
Since B - pr., (B) = B, we find that

B:mVZ(B a'B

and therefore A + B = # > ep(A + B — 7' B). Since
A€ PDand B-n'B e .7, we infer from @+ 7 C D
that A+ B—n'B e 9, and therefore from D3 and D4 that,
indeed, also A+Be9.

For the second statement, we infer from Equation (6) that
Jpr,, S span(.7). For the converse inequality, observe that
foranyA e ando € P,

preg (A — o = Z ’A——.Zﬂ"(oﬁ@)zf),

neP neP

(6)

$0 J C Jpr, » and therefore also span(f) € Jp, . ]
Proof of Proposition 4
We give a circular proof.

(1)=(ii). Assume that there’s some exchangeable coherent
set of measurements & such that A = Ag,, and consider
any B € .#. Then we infer from Proposition 3 and D2 that
B+al € @ for all real @ > 0, so Equation (1) tells us
that A (I§) > 0. Since also —B € .7, we can use the same
argument to infer that also A, (-~ B) > 0. Usmg LP4, we
then find that 0 > —Ag, (- B) Ag(B) > AQZ(B) > 0.

>i)=(1ii1). C0n51der any A e Ipr, » then we infer from
A=A-pr,(A) = m! Y xep(A = A) and from LP1, LP2
and LP4, that

" meP

so we infer from (ii) that, indeed, A(A) = A(A) =
(111):>(1V) Consider any A € & and infer from A=
Plex (A) + (A - Plex (A)) and LP5 that

But, A - pr (A) € pr,,» because pro (A — pr (A)) =
Prey (A) ~prey (A) = 0, 50 by (iii), A(A—prey (A)) = A(A-
PTex (A)=0
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(iv)=(@). Let 27 = {A € #: A(A) > 0} and also
let D = P + Jpr;. The coherence of A readily implies
that @ satisfies D2, D3 and D4. For D1, assume towards
contradiction that there are A € &5 and B € pr,, such that
A+B=0,s0 Plex (A) = preX(A +B) = 0. Then LP4 and (iv)
imply that 0 = A (preX(A)) = A(A), contradicting that A €
27 . Hence, 9 is coherent. The exchangeability of 2 follows
from the fact that D + Fpr = D3 + Ipr + Ipr, = D} +
Jpr,, = D. We're done if we can prove that A = Ag. Fix any
Aex , then A-al e implies that there are Be 27 and
Ce For,, such that A—af = B+C. Observe that (iv) and LP2
imply that A(C) = A(prex(C)) = A(O) 0, and similarly,
that A(C) = —A(=C) = ~A(prey(=C)) = -A(0) =
U%mﬂL%ﬂwmhemmwmmAM)—a+A@+é)
a+A(B) > a,so0 AQZ(A) < A(A). . Conversely, as 9; €9,
we also find that A, (A) > AQZA (A). Now, by Equation (1),

—9E(A) =sup{e eR: A —afl e P}
=sup{a € R: A(A - af) > 0}
=sup{a € R: A(A) > a} = A(4),

where the penultimate equality is due to LP6. Then
Agz (A) = Agz (A)=A(A) 2 A@(A)~ u

Proof of Corollary 5

First, assume that A is exchangeable. If we consider any
p € R, and any 7 € P, then we must show that 7 T p p.
Consider, to this end, anyA € % andlet B .= A—n'A, then
Proposition 4(ii) implies that A (B) = A(B) = 0. We then
infer from Equation (3) applied to B and —B that A(B) <
Tr(pB) < A(B), and therefore Tr(p(A — 7' A)) = 0. By
the linearity of the trace and Equation (5), we find that

= Tr((@ p)A).

Since A € # is arbitrary, Theorem 2 implies that p = 7' p.
Conversely, assume that all density operators pin R,
are permutation invariant. Consider any Ae Jor,,» then

pr., (A) = 0 and therefore, by the linearity of the trace,

1St
nE[P’
Z Tr(pA) = Tr( A)

" meP

Tr(pA) = Tr(p(n' A))

0 = Tr( proy (A)) =

=—ZTr( 'D)A) =

el

where the third equality follows from Equation (5), and
the last equality from the permutation invariance of p. But
then A(A) = mln{Tr(pA) p € R} =0, and similarly,
A(A) = 0, since also —A € pr,, - Proposition 4(iii) now
guarantees that A is indeed exchangeable. |

Proof of Proposition 6
We give the proof for antisymmetric densities; the proof for
symmetric densities is similar, but somewhat simpler.
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For the first statement, sufficiency is proved in the main
text, so we prove necessity. Assume that § is antisym-
metric. Since p is Hermitian, it has a decomposition
p = Xi_ Aklax){ax|, where the |ay) are its mutually
orthonormal eigenstates and the Ay its real eigenvalues
[26, Box 2.2]. It then follows from Proposition 1 that
Ay,...,4, constitute a probability mass function over
the eigenstates. We may assume without loss of gener-
ality that all A > 0. Fix any |ax) and any 7 € [P,
then on the one hand it follows from the assumption
that plag) = sgn(m)xplar) = Axsgn(n)ll|ax), and
on the other hand we find that glax) = Axlax). So
lax) = sgn(x)I1;|ax), and therefore |ay) is indeed an-
tisymmetric.

The second statement follows from Ref. [26, Theorem
2.6] and the fact that, by Proposition 7, 2, is a subspace
of &. The basic idea behind this argument is that Ref. [26,
Theorem 2.6] guarantees that the state |/, ) must be a linear
combination of the eigenstates |ay), . . ., |a, ) corresponding
to positive eigenvalues. The argument above confirms that
those eigenstates |ai),...,|a,) are antisymmetric, and
since 2, is a subspace of 2, the same holds for any linear
combination of them, so indeed |y;) € Z,. ]

Proof of Proposition 7
We begin by proving the first statement. Observe that,
for any 7 € P, II,P, = Aﬂ% Y oepsgn(o)l, =
%dep sgn(o) 1 yor = sgn(n)P,. Therefore PP, =
% 2rep Sgn(ﬂ')ﬁﬂﬁa = % 2irep Sgn(ﬂ')Qﬁa = ﬁay and
PPy = L3 cp Py = 5 5 cpsgn(m) P, = 0. The
proofs for PP, = P and P, P, = 0 are very similar. It now
follows at once that P, P, = (I P,—P)(I-P,- P =
I-P,— P, = P,, and that P,P; = ([ - P, — P\)P, =
Py - PS 0. The proofs for the remaining identities
ﬁgPo =p P21 =P P0 =0 are again very similar.

We now turn to the proof of the remaining statements.
The identities in the first statement already allow us to
conclude that P, P, and P, are projection operators that
project onto mutually orthogonal spaces whose direct sum
is the state space. We now prove that P, projects onto
%, For any [0) € L, Palyr) = 17 3 e sen(m) [Tl0) =
nll, 3 xep sgn(m)2w) = |), so Z, C P, . For the con-
verse inclusion, we have that P |¢//> e X, for any W) e X,
since, as proved above, I1,P, = sgn(x)P, and thus
sgn(m) I Py|r) = Pyl for all € P. Hence, P,X C .
We conclude that 13al indeed projects onto Z,. The proof
that P projects onto ., is very similar, and the rest of the
proof is then immediate.

Proof of Proposition 8

For all 7 € P, H,, is unitary, so pIl, = ( Aﬂﬁﬁ;)ﬁn =
1T pHTH = I1.p. Therefore, Pyp = %Znepﬁﬂﬁ =
m, 3 wep ITx = pPs. Similarly, P,p = pP, and therefore
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Pop=I—-P,—P)p=p(I-P,—Ps) =pP,. Now use
Proposition 7 to find that, indeed,

For the second statement, we’ll only give a proof for
antisymmetric densities. The proof for symmetric densities
is similar, if somewhat simpler. For necessity, assume that
p is antisymmetric, so p = sgn(x)I1,p for all # € P. Then

'Z/”P

neP

A1
P.p = p_} Z sgn(m)1.p =

" meP

and similarly, ﬁf’a = p, and therefore, indeed, f’aﬁpa =
pP, = p. For sufficiency, assume that P,p P, = p, and fix
any o € P. Observe that

1
sgn(o) 1, P, = — Z sgn (o) sgn(m) I, 1T,
" meP
=— Z sgn(m) 1, = P,,
neP

and therefore also

’:1>

sgn(o)sp = sgn(o) 1,

so we’re done.

Proof of Proposition 9
The first statement is an immediate consequence of the
second, which itself follows readily from

= sgn*(m) Py, )
and similarly, P, /1, = sgn*(7)P. For the last statement,
consider any A € ., , then A —pr, (A) = A. Now we use
the definition of pr, to find that

A _pr*(A)
= |2Z [ —sgn*(m o o) IT} AIl,, ]
m: n,o0eP
1 . sgn*(moo) . PPN
- 5>, |A- T A, + Al |,
‘n,0€P

where we reshuffled some terms to get the second equality.
Consider that
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28% (S7(4))
sgn* (o o 1)

_ i
= 5 (17

and therefore

so a generic term in the sum above can be rewritten as

i sgn*(ﬂ °00) (11

A~

=2[A—S;(A)]—[ - zon( ]+2[8%(4)-8%.57(4)].

Each of the terms in brackets is an element of .#*, so
A = A - pr, (A) is a linear combination of elements of .7 *.
Hence, .7, C span(.57).

For the converse inclusion, consider any Ae.s * so
there are B € % and € P such that A = B — S%(B). Then

B-53(B))

where the last equality holds because

pr, (4) = pr, = pr, (B) — pr, (3 () = 0.

A L SEN* () [ s a  an \a
b (55(8) = B2 (18 + 511, )
*
_ Sgnz(”) (P ILBP, + P,BIT,P,)
* 2
_sgn 2(”) (PoBP, + P,BP,) = P,BP,,

due to the Equation (7) and its right-sided counterpart,
proved above. Hence, A € %, , which implies that ¥ *C
Fpr, and therefore indeed also span(7*) C .7, . u

The argumentation for proving of Propositions 10 and 11
is analogous to that in the proofs of Propositions 3 and 4,
respectively, so we won’t include them here.

Proof of Corollary 12

Using a similar argument as in the proof of Corollary 5,
we find that by Proposition 11, the strong *-symmetry
requirement is equivalent to the requirement that Tr(pA) =
Oforall p € %, and all Ae fpr*, or equivalently, that

Tr(ﬁ(A —pr*(A))) =0forall A e %.

By the linearity and cyclic property of the trace, we can
rewrite this condition, as

A

Tr(pA) = Tr(pPxAPy) = Tr(PypPLA) forall A € #,
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and therefore, by Theorem 2, the strong *-symmetry re-
quirement is equivalent to

p=PepPy =pr,(p)forall p € By. ®)

To prove necessity for the first statement, observe that this
condition, together with Proposition 9(ii), implies that § =
sgn* (7)I1p for all = € P, which is the stated condition.

For sufficiency, if the stated condition holds, then

PO | A A A
Pup=— Z sgn* (M) IIp = sgn* (1)?p = p,
m!
neP
and therefore, p = p* = (P, ,5) = p' P = pP,, whence,
indeed, p = 13* 13 |
Proof of Proposition 13
Assume that A € 9. Since
r, (pra(A) = A) = pr, (pr,.(4)) - pr,(A) =

we see that pr, (A) — A € Jpr, » S0 the strong *-symmetry
of & implies that pr*(A) =A +A(pr*(/i) -A) e .
ConveArsely, assume that pr, (A) € 2. Since, similarly as
before, A — pr, (A) € Fp, , the strong *-symmetry of &
yields A = pr*(A) +(A- pr*(A)) €D. |

Proof of Theorem 14

For sufficiency, assume that there’s some coherent &, for
Z, such that & = {A € #: Hy,(A) € D,}. First, we
prove that 9 is then coherent. For D1, assume that A=0,
then also Hy*(A) = 0 and therefore Hy*(A) ¢ D,, so
A ¢ 9. For D2, assume that A > 0, then also Hy*(A) > (15
and therefore Hy *(A) € D,,50 A € 2. D3 and D4 follow
from the linearity of Hy, . Next, we show that & is strongly
x-symmetric, using Proposition 10. Consider any A € &
and B € Jpr*, then we have to show that A + B € 9. Since
for all |t,0) € 2., W) = Pi|y) and therefore also <l//|B|(,[/>
<¢|P*BP*Ilﬂ> = (y|0ly) = 0, we find that Hy, (B) = 0.
Therefore Hy, (A + B) = Hy*(A) € 9,, whence, indeed,
A+BeD. Fmally, consider any C € % (,) and observe

that for all [y) € Z,, Wlextu(Oly) = WICPLly) =
WIClw), so Hy*(ext*(C)) = C, and therefore indeed,

ext, (€) € D & Hy*(ext*(é)) €2, e Ce,.

For necessity, assume that 9 is a strongly x-symmetric
coherent set of desirable measurements for &, then we first
prove that 9, is a coherent set of desirable measurements
for él_”*. For D1, since ext*(f)) =0and 0 ¢ 9, we find
that 0 ¢ 9. For D2, consider any Ce H(X,).p and let

A Hermitian operator Aona Hilbert space " is positive definite if
and only if (y¥|A|y) > Oforall |[y) € .



INDISTINGUISHABILITY THROUGH EXCHANGEABILITY IN QUANTUM MECHANICS?

A = ext,(C) + I — P,. As the codomain of &(C) = CA'fA’*
is 2, we find that CP, = P,CP,. Then for all [¢/) € T,

WIAW) = WI(PuCPy+ 1= PoY)
= <W|P*ép*|¢’> +1- <W|p*|l//>
Now, there are two possibilities, for any |y) € Z.
If 13*|gb> # 0, then the positivity of C implies that
(W|PLCPyly) > 0 and 1 — ((//|P*|1//) 0, because the
ei genvalues of the projector P, are 0 and 1. If P, |y/) =
then (w|P*CP*|zﬁ) =0and 1 - (zp|P*|w) =1>0. Thls
tells us that A > 0 and therefore A € 9. But, as P* isa
projection operator,
pr(A) = ﬁ*(ext*(é) +1-P,)P,
=ﬁ*ext*(é)p*+p*p*—p*ﬁ*p*
= ﬁ*éﬁ*p* = p*ép* = éﬁ* = eXt*(é),
where the penultimate equality follows from the fact that the
codomain of C is 2, . But then Proposition 13 guarantees
thatpr, (A) = ext, (C) alsobelongs to &, soindeed C € D,.
D3 and D4, follow from the linearity of ext,. To conclude,
we prove that & = {A € #: Hy, (A) € 2,}. Consider
any A € Z and observe that ext, (Hy, (A)) = pr, (A), so
Ae D opr(A) e D o ext(Hy,(A) € D
© Hy, (A) € 2,,

where the first equivalence follows from Proposition 13. l
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