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Abstract

We study the problem of estimating mixtures of Gaussians under the constraint of differential pri-
vacy (DP). Our main result is that poly(k,d, 1/, 1/¢,log(1/6)) samples are sufficient to estimate
a mixture of k& Gaussians in R? up to total variation distance o while satisfying (e, §)-DP. This is
the first finite sample complexity upper bound for the problem that does not make any structural
assumptions on the GMMs.

To solve the problem, we devise a new framework which may be useful for other tasks. On a
high level, we show that if a class of distributions (such as Gaussians) is (/) list decodable and (2)
admits a “locally small” cover (Bun et al., 2021) with respect to total variation distance, then the
class of its mixtures is privately learnable. The proof circumvents a known barrier indicating that,
unlike Gaussians, GMMs do not admit a locally small cover (Aden-Ali et al., 2021b).

Keywords: Differential Privacy, Distribution Learning, Gaussian Mixture Models

1. Introduction

Density estimation—also known as distribution learning—is the fundamental task of estimating a
distribution given samples generated from it. In the most commonly studied setting, the data points
are assumed to be generated independently from an unknown distribution f and the goal is to find
a distribution f that is close to f with respect to the total variation (TV) distance. Assuming that
f belongs to (or is close to a member of) a class of distributions F, an important question is to
characterize the number of samples that is required to guarantee that with high probability f is
close to f in TV distance.

There is a large body of work on characterizing the optimal sample complexity (or the related
minimax error rate) of learning various classes of distributions (see Diakonikolas (2016); Devroye
and Lugosi (2001); Ashtiani and Mehrabian (2018) for an overview). Nevertheless, determining the
sample complexity (or even learnability) of a general class of distributions remains an important
open problem (e.g., Open Problem 15.1 in Diakonikolas (2016)).

We study the problem of density estimation under the constraint of differential privacy (Dwork
et al., 2006b). Intuitively, differential privacy (DP) requires that changing a single individual’s data
does not identifiably alter the outcome of the estimation. There are various formulations of DP. The
original pure DP (e-DP) formulation can be somewhat restrictive, as learning some simple classes
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of distributions (such as univariate Gaussians with unbounded mean) is impossible in this model.
An alternative formulation is approximate DP (Dwork et al., 2006a), which is also known as (e, J)-
DP. Interestingly, we are not aware of any class of distributions that is learnable in the non-private
(agnostic)! setting but not learnable in the (e, §)-DP setting. This is in sharp contrast with other
areas of learning such as classification®. In fact, we conjecture that every class of distributions that
is learnable in the non-private (agnostic) setting is also learnable in the (e, §)-DP setting.

Nevertheless, we are still far from resolving the above conjecture. Yet, we know that some
important classes of distributions are learnable in (g, )-DP setting. For example, finite hypothesis
classes are learnable even in the pure DP setting (Bun et al., 2021; Aden-Ali et al., 2021a). Earlier
work of Karwa and Vadhan (2018) shows that unbounded univariate Gaussians are also learnable
in this setting. More generally, high-dimensional Gaussians with unbounded parameters are private
learnable too (Aden-Ali et al., 2021a), even with a polynomial time algorithm (Kamath et al., 2022b;
Kothari et al., 2022; Ashtiani and Liaw, 2022; Alabi et al., 2023; Hopkins et al., 2023). A next
natural step is studying a richer class of distributions such as Gaussian Mixture Models (GMMs).

In the non-private setting, GMMs with k components in d dimensions are known to be learnable
to within total variation distance o with a polynomial number of samples (in terms of d, k, 1/a).
Nearly tight sample complexity bound of O(d2k/a?) was proved relatively recently using distribu-
tion sample compression schemes (Ashtiani et al., 2018a, 2020). But are GMMs learnable in the
(e,9)-DP setting with a polynomial number of samples?

Indeed, Aden-Ali et al. (2021b) have shown that univariate GMMs are learnable in the (¢, §)-
DP setting. Namely, they use stability-based histograms (Bun et al., 2016) in the spirit of Karwa
and Vadhan (2018) to come up with a set of candidate parameters for the mixture components, and
then choose between these candidates using private hypothesis selection (Bun et al., 2021; Aden-Ali
et al., 2021a). While they generalize this idea to learning axis-aligned GMMs, their approach does
not work for GMMs with general covariance matrices?.

Another idea to resolve the learnability of GMMs is to extend the result of Aden-Ali et al.
(2021a) for high-dimensional Gaussians. In particular, they show that Gaussians admit a “locally
small cover” with respect to the total variation (TV) distance and therefore the class of Gaussians
can be learned privately using the approach of Bun et al. (2021). However, as Aden-Ali et al.
(2021b) demonstrated, GMMs do not admit such a locally small cover with respect to TV distance.

An alternative approach for private learning of GMMs would be using a sample-and-aggregate
framework such as those proposed by Ashtiani and Liaw (2022) and Tsfadia et al. (2022). In particu-
lar, Ashtiani and Liaw (2022) and Tsfadia et al. (2022) show how one can privately learn Gaussians
by aggregating the outcomes of multiple non-private Gaussian estimators and then outputting a
noisy version of those parameters. In fact, this is the basis of the work by Arbas et al. (2023) who
showed how to reduce the problem of private parameter estimation for GMMs into its non-private
counterpart. However, while this reduction is (computationally and statistically) efficient, the non-
private version of the problem itself requires an (unavoidable) exponential number of samples with
respect to the number of components (Moitra and Valiant, 2010).

1. In the agnostic setting, we do not assume the true distribution belongs to the underlying class that we are learning.
The goal is then finding a distribution in the class that is (approximately) the closest to the true distribution.

2. For example, initial segments over the real line are learnable in the non-private setting but not in the (&, §)-DP model;
see Bun et al. (2015); Alon et al. (2019); Kaplan et al. (2020); Bun et al. (2020); Cohen et al. (2023).

3. In fact, it is not clear if it is possible to extend the histogram-based approach to handle arbitrary covariance matrices
even for learning a single (high-dimensional) Gaussian.
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Can we avoid the (above mentioned) exponential dependence on k if we opt for (private) density
estimation rather than (private) parameter estimation? We know this is possible in the non-private
setting (Ashtiani et al., 2018a, 2020, 2018b) or when we have access to some “public data” (Ben-
David et al., 2023). One idea is to use a sample-and-aggregate approach based on a non-private
density estimator for GMMs. This turns out to be problematic as GMMs are not uniquely param-
eterized: two GMMSs may be close to each other in terms of total variation distance but with a
completely different set of parameters. Thus, it is challenging to use a non-private GMM learner as
a blackbox since its output can be “unstable”.

In this paper, we bypass the above barriers and show that GMMs are privately learnable with
a polynomial number of samples (in terms of d, k, 1/a, 1/¢,log(1/4)). We do this via a fairly
general reduction that shows if a class (such as Gaussians) admits a “locally small cover” and is
“list decodable”, then the class of its mixtures is privately learnable. We find it useful to first define
some notations in Section 2 before stating our main results in Section 3. Given the subtleties in the
proofs, we given an overview of our technical contributions in Section 4 before delving into the core
technical sections.

2. Preliminaries

For a set F, define F* = F x --- x F (k times), and F* = [J3o; F*. We use [k] to denote
the set {1,2,...,k}. We use S? to denote the positive-definite cone in R%*¢, Moreover, for two
absolutely continuous densities f(x), f2(2) on RY, the total variation (TV) distance is defined as
drv(f1, f2) = % Jga |f1(x) — f2(z)| dz. For a matrix A, let || A||p = \/Tr(AT A) be the Frobenius
norm and || A||2 be the induced ¢ (spectral) norm. In this paper, if  is a metric on F, f € F, and
Y C F then we define x(z,Y) = infycy (f,y).

Definition 2.1 (k-ball) Consider a metric space (F, k). For a fixed [ € F, define By(r, f, F) =
{f' € F: r(f', f) <r}tobe the k-ball of radius r around f.

Definition 2.2 (a-cover) A set C, C F is said to be an a-cover for a metric space (F, k), if for
every f € F, there exists an f' € Cy, such that k(f, f') < a.

Definition 2.3 (Locally small cover (Bun et al., 2021)) Let C,, be an a-cover for a metric space
(F, k). Fory > a, Cy, is said to be (t,~y)-locally small if

sup ’BK("% f7 COC)’ S L.
feF

Moreover, if such an a-cover exists, we say F admits a (t,~)-locally small a-cover.

Definition 2.4 (k-mixtures) Let F be an arbitrary class of distributions. We denote the class of
k-mixtures of F by k-mix(F) = Ag x F* where Ay = {w € R¥ : w; > 0,5 w; = 1} is the
(k — 1)-dimensional probability simplex.

In this paper, we abuse notation and simply write f € k-mix(F) to denote a k-mixture from the class
F where the representation of the weights is implicit. Further, if f € k-mix(F) and g € k'-mix(F)
then we write dpy (f, g) to denote the TV distance from the underlying distribution. In other words,
if f =3 iepwifiand g = 3 e wigi then drv (f,9) = drv(Qiepp wifi Xie ) wigi). The
purpose of defining mixture distributions in this way is that it turns out to be convenient to define a
distance between different representations of a distribution (see Definition 6.2).
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Definition 2.5 (Unbounded Gaussians) Let G = {N(1,Y) : p € RE Y € S} be the class of
d-dimensional Gaussians.

2.1. Distribution learning and list decodable learning

Here, we define list decodable learning under Huber’s contamination model (Huber, 1992), where
the samples are drawn from a corrupted version of the original distribution f that we are interested
in. The contamination is additive. In other words, with probability 1 —  we receive samples from
f, and with probability v we receive samples from an arbitrary distribution A. Upon receiving cor-
rupted samples from f, the goal of a list decoding algorithm is to output a short list of distributions
one of which is close to the original distribution f. In the next definition, we use a general metric to
measure the closeness; this allows for choosing the metric based on the application.

Definition 2.6 (List decodable learning under Huber’s contamination) Let F be a class of dis-
tributions and r : F x F — Rxq be a metric defined on it. For o, 3,7y € (0,1), an algorithm Ar
is said to be an (L, m, «, B,~y)-list-decoding algorithm for F w.r.t. k if the following holds:

For any f € F and arbitrary distribution h, given an i.i.d. sample S of size m from
g = (1 —7)f +~vh, Ar outputs a list of distributions F C F of size no more than L
such that with probability at least 1 — [ (over the randomness of S and Ar) we have

minfeﬁ/ﬁ(f,f) <.

A distribution learner is a, possibly randomized, algorithm that receives i.i.d. samples from a
distribution f, and outputs a distribution f which is close to f.

Definition 2.7 (PAC learning) An algorithm Ar is said to («, 3)-PAC-learn a class of distribu-
tions F w.rt. metric k with m(«, B) samples, if for any f € F, and any o, € (0,1), after
receiving m > m(w, B) i.i.d. samples from f, outputs a distribution f € F such that x(f, f) < a
with probability at least 1 — f3. If such an algorithm exists, we say F is («, 3)-PAC-learnable w.r.t. k.

The sample complexity of learning F is the minimum m(«, ) among all such (o, B)-PAC-learners.

Remark 2.8 Equivalently, an algorithm Ar is said to («, B)-PAC-learn a class of distributions
F w.r.t. metric k with m(c«, B) samples, if for any o, 5 € (0,1), Ar is a (1,m(«, ), «, 3,0)-list-
decoding algorithm for F w.rt. K.

The following result on learning a finite class of distributions is based on the Minimum Distance
Estimator (Yatracos, 1985); see the excellent book by Devroye and Lugosi (2001) for details.

Theorem 2.9 (Learning finite classes, Theorem 6.3 of Devroye and Lugosi (2001)) Let o, 5 €

(0,1). Given a finite class of distributions F, there is an algorithm that upon receiving O(WCM)

i.i.d. samples from a distribution g, it returns an f € F such that dtvy ( f ,9) < 3mingerdry(f,g9)+
« with probability at least 1 — 5.

2.2. Differential Privacy

Two datasets D, D’ € X™ are called neighbouring datasets if they differ by one element. Informally,
a differentially private algorithm is required to have close output distributions on neighbouring
datasets.
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Definition 2.10 ((¢, ¢)-Indistinguishable) Two distribution Y,Y' with support ) are said to be
(e, 6)-indistinguishable if for all measurable subsets E € Y, Px.y [X € E] < e®Px.y/ [X € E|+
dand Px .y [X S E] < efPxoy [X S E] + 9.

Definition 2.11 ((¢, §)-Differential Privacy (Dwork et al., 2006a,b)) A randomized algorithm M :
X™ — Y is said to be (e, 0)-differentially private if for every two neighbouring datasets D, D’ €
X", the output distributions M (D), M(D') are (e, §)-indistinguishable.

3. Main Results

In this section, we describe our main results. We introduce a general framework for privately learn-
ing mixture distributions and, as an application, we propose the first finite upper bound on the
sample complexity of privately learning general GMMs. More specifically, we show that if we have
(1) a locally small cover (w.r.t. dry), and (2) a list decoding algorithm (w.r.t. dtv) for a class of
distributions, then the class of its mixtures is privately learnable.

Theorem 3.1 (Reduction) For a, 8 € (0,1), if a class of distributions F admits a (t,2a/15)-
locally small {z-cover (w.r.t. drvy), and it is (L, m, o /15, 3',0)-list-decodable (w.r.t. drv), where

log(1/8") = ©(log(mklog(tL/ad)/ef)), then k-mix(F) is (¢,0)-DP («, 3)-PAC-learnable (w.r.t. dry)
with sample complexity

5 <<log(1/(5) + klog(tL) L mk+ klog(1/5)> ‘ (kIOg(L) L mk+ klog(w))) |

€ Qe a? s

Note that in Theorem 3.1, we can use a naive («, 3)-PAC-learner that outputs a single distri-
bution as the list decoding algorithm (see Remark 2.8). Therefore, if we have (/) a locally small
cover (w.r.t. dry), and (2) a (non-private) PAC learner (w.r.t. dtv) for a class of distributions, then
the class of its mixtures is privately learnable. The next corollary states this result formally.

Corollary 3.2 For o, € (0,1), if a class of distributions F admits a (t,2c/15)-locally small
{g-cover (w.rt. dry), and it is (a/15, B)-PAC-learnable (w.r.t. drv) using m(a/15,3") samples,

where log(1/8") = O(log(mklog(t/ad)/ep)), then k-mix(F) is (¢,0)-DP («, 3)-PAC-learnable
(w.r.t. dtv) with sample complexity

5 <<log(l/5) , ma/15,8)k + klog(1/5)> . <m(a/15a B')k + klog(1/5)>> '

€ ae s

As an application of Theorem 3.1, we show that the class of GMMs is privately learnable. We
need two ingredients to do so. We show that the class of unbounded Gaussians (/) has a locally
small cover, and (2) is list decodable (using compression).

As a result, we prove the first sample complexity upper bound for privately learning general
GMMs. Notably, the above upper bound is polynomial in all the parameters of interest.

Theorem 3.3 (Private Learning of GMMs) Ler o, € (0,1). The class k-mix(G) is (e,9)-DP
(a, B)-PAC-learnable w.r.t. dty with sample complexity

~ <kd2 log(1/6) + k2d* n kdlog(1/6)log(1/B) + k?d*log(1/B) N k2d? 10g2(1/5)>

0]
a2e ade ate
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Remark 3.4 Note that if we use Corollary 3.2 and a PAC learner as a naive list decoding algorithm
for Gaussians, the resulting sample complexity is worse. To see this, note that G is («, 3)-PAC-
learnable using m(«a, ) = O(W) samples. Using Corollary 3.2 and the existence of a
locally small cover for Guassians, we obtain a sample complexity upper bound of

O <kd2 log(1/0)log(1/B) k2d! 10g2(1/ﬁ)> ‘

ade o8¢

This is a weaker result compared to Theorem 3.3 in terms of o, which is based on a more sophisti-
cated (compression-based) list decoding algorithm for Gaussians.

It is worth mentioning that our approach does not yield a finite time algorithm for privately
learning GMMs, due to the non-constructive cover that we use for Gaussians. Moreover, designing
a computationally efficient algorithm (i.e. with a running time that is polynomial in k£ and d) for
learning GMMs even in the non-private setting remains an open problem (Diakonikolas et al., 2017).

4. Technical Challenges and Contributions

Dense mixtures. As a simple first step, we reduce the problem of learning mixture distributions to
the problem of learning “dense mixtures” (i.e., those mixtures whose component weights are not
too small). Working with dense mixtures is more convenient since a large enough sample from a
dense mixture will include samples from every component.

Locally small cover for GMMs w.r.t. drv? One idea to privately learn (dense) GMMSs is to create
a locally small cover w.r.t. dtvy (see Definition 2.3) for this class and then apply “advanced” private
hypothesis selection (Bun et al., 2021). However, as Aden-Ali et al. (2021b) showed, such a locally
small cover (w.r.t. dpv) does not exist, even for a mixtures of two (dense) Gaussians.

A locally small cover for the component-wise distance. An alternative measure for the distance
between two mixtures is their component-wise distance, which we denote by K, (see Defini-
tion 6.2). Intuitively, given two mixtures, k,,;, measures the distance between their farthest compo-
nents. Therefore, if two GMMs are close in K, then they are close in dtvy distance too. Interest-
ingly, we prove that GMMs do admit a locally small cover w.r.t. K,,4,. To prove this, we first show
that if a class of distributions admits a locally small cover w.r.t. dry then the class of its mixtures
admits a locally small cover w.r.t. k... Next, we argue that the class of Gaussians admits a locally
small cover w.r.t. dty. Building a locally small cover for the class of Gaussians is challenging due
to the complex geometry of this class. We show the existence of such cover using the techniques
of Aden-Ali et al. (2021a) and the recently proved lower bound for the dry distance between two
(high dimensional) Gaussians (Arbas et al., 2023).

Hardness of learning GMMs w.r.t. x,,;.. Given that we have a locally small cover for GMMs
W.I.t. Kmiz, ONe may hope to apply some ideas similar to private hypothesis selection for privately
learning GMMSs w.r.t. K. Unfortunately, learning GMMSs w.r.t. K., €ven in the non-private
setting, requires exponentially many samples in terms of the number of components (Moitra and
Valiant, 2010).

List decoding (dense mixtures) w.r.t. x,,;;. Interestingly, we show that unlike PAC learning, list
decoding GMMSs w.r.t. K., can be done with a polynomial number of samples. To show this,
first, we prove that if a class of distributions is list decodable (w.r.t. dtv), then class of its dense
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mixtures is list decodable (w.r.t. K,,,). Then for the class of Guassians, we use a compression-
based (Ashtiani et al., 2018a) list decoding method.

Privacy challenges of using the list decoder. Unfortunately, the list decoding method we described
is not private. Otherwise, we could have used Private Hypothesis Selection (Bun et al., 2021) to
privately choose from the list of candidate GMMs. To alleviate this problem, we define and solve
the “private common member selection” problem below.

Private common member selection. Given 7' lists of objects (e.g., distributions), we say an object
is a common member if it is close (w.r.t. some metric ) to a member in each of the lists (we give
a rigorous definition Section 5). The goal of a private common member selector (PCMS) is then
to privately find a common member assuming at least one exists. We then show (/) how to use a
PCMS to learn GMMs privately and (2) how to solve the PCMS itself. This will conclude the proof
of Theorem 3.1.

Private learning of GMMs using PCMS. Given a PCMS, we first run the (non-private) list de-
coding algorithm on 7' disjoint datasets to generate 7' lists of dense mixture distributions. At this
point, we are guaranteed that with high probability, there exists a common member for these lists
W.I.t. Kmiz. Therefore, we can simply run the PCMS method to find such a common member. How-
ever, note that not all the common members are necessarily “good”: there might be some other
common members that are far from the true distribution w.r.t. dty. To resolve this issue, in each list
we filter out (non-privately) the distributions that are far from the true distribution. After filtering
the lists, we are still guaranteed to have a “good” common member and therefore we can run PCMS
to choose it privately.

Designing a PCMS for locally small spaces. Finally, we give a recipe for designing a private
common member selector for 7' lists w.r.t. a generic metric x. To do so, assume we have access
to a locally small cover for the space w.r.t. x (indeed, we had showed this is the case for the space
of GMMs w.r.t. K;miz). We need to privately choose a member from this cover that represents a
common member. We then design a score function such that: (/) a common member gets a high
score and (2) the sensitivity of the score function is low (i.e., changing one of the input /ists does not
change the score of any member drastically). Using this score function, we apply the GAP-MAX
algorithm of Bun et al. (2021, 2018) to privately select a member with a high score from the infinite
(but locally small) cover.

5. Common Member Selection

In this section, we introduce the problem of Common Member Selection, which is used in our main
reduction for privately learning mixture distributions. At a high-level, given a set of lists, a common
member is an element that is close to some element in most of the lists. The problem of common
member selection is to find such an item.

Definition 5.1 (Common Member) Let (F, k) be a metric space and o, ¢ € (0,1]. We say f € F
is an (v, ¢)-common-member for Y = {Y1,Ya,...,Yr} € (F*)T, if there exists a subset Y’ C Y
of size at least (T, such that maxycy k(f,Y) < a.

Definition 5.2 (Common Member Selector (CMS)) Let (F, k) be a metric space, and o, (, B €
(0,1]. An algorithm A is said to be a (Ty, Q, e, (, B)-common-member selector w.r.t. k if the fol-
lowing holds for all T > Tj:
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GivenanyY = {Y1,Ya, ..., Yr} € (F)T that satisfies |Y;| < Q foralli € [T), if there
exists at least one («, 1)-common-member for Y, then A outputs a (2a, ¢)-common-
member with probability at least 1 — (3.

Remark 5.3 Note that the CMS problem on its own is a trivial task and can be done using a sim-
ple brute force algorithm. However, we are interested in the non-trivial privatized version of this
problem. The formal definition of the private CMS is give below.

Definition 5.4 (Private Common Member Selector (PCMS)) Let (F, k) be a metric space. Fur-
ther, let o, 3,(, 0 € (0,1] and e > 0 be parameters. An algorithm Ais an (,9)-DP (T, Q, o, C, 5)-
common-member selector w.rt. k if (1) it is a (Ty, Q, o, ¢, 5)-CMS and (2) for any T > Tpy and any
two collections of lists C1 = {Y1,Ya,...,Yr} € (F*)T and Cy = {Y{,Ys,..., Y7} € (F*)T that
differ in only one list, the output distributions of A(C1) and A(C3) are (e, §)-indistinguishable.

In Algorithm 1, we describe an algorithm for privately finding a common member provided that
one exists. We note that one requirement is that we have access to a locally small cover C for F. At
a high-level, given a family of sets {Y7, ..., Y}, where each Y is a set of elements, we can assign
a score to each point ¢ € C to be the number of Y;’s that contain an element close to ¢. We observe
that the sensitivity of this score function is 1, meaning that by changing one set, the score of each
point will change by at most 1. We remark that this is because the score of a point c is defined to be
the number of lists that contains an element close to it, not the total number of elements. Note that
any point ¢ with a sufficiently high score is a common member. Further, since C is locally small,
this allows us to apply the GAP-MAX algorithm (Theorem A.1) to make this selection differentially
private #. In Theorem 5.5, we prove the correctness of this algorithm.

Algorithm 1 Private Common Member Selector (PCMS)
Input: D = {Y1,Ys,...,Yr} € (F*)T, metric  over F, (t,2a)-locally-small a-cover C,, for F
W.IL K.
Output: (2a,0.9)-common-member of D (assuming D has an («, 1)-common-member)
1: Forall h € Cy, setscore(h, D) = |{i € [T] : k(y,h) < 2a for some y € Y;}|.
2: return GAP-MAX(C,, D, score, 0.1, 8)

Theorem 5.5 Let (F, k) be a metric space, o, 3,0 € (0,1], @ € N, e > 0, and C,, be a (t,2a)-
locally-small a-cover for F (w.rt. k). Algorithm 1 is an (g,9)-DP (T,Q, «,0.9, 3)-common-
log(1/6)+log(tQ/8) )

£

member selector w.r.t. k for some T = O (

6. Mixtures and Their Properties

In this section, we study some general properties of mixture distributions. First, we introduce a
component-wise distance between two mixture distributions which will be useful for construct-
ing locally small covers. Generally, if we have a locally small cover for a class of distributions
w.r.t. dtv, then there exists a locally small cover w.r.t. component-wise distance for mixtures of that
class. Later, we define dense mixtures and will show that if a class of distributions is list decodable
w.r.t. drvy, then the dense mixtures of that class are list decodable w.r.t. component-wise distance.

4. This task can also be done using the Choosing Mechanism of Bun et al. (2015).
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6.1. Component-wise distance between mixtures

Here, we define the class of general mixtures which are the mixtures with arbitrary number of
components, as opposed to Definition 2.4, where the number of components is fixed.

Definition 6.1 (General mixtures) Let F be an arbitrary class of distributions. We denote the
class of mixtures of F by mix(F) = Jp— k-mix(F).

Below, we define the component-wise distance between two mixture distributions with arbitrary
number of components. The definition is inspired by Moitra and Valiant (2010). We set the distance
between two mixtures with different number of components to be co. Otherwise, the distance
between two mixtures is the distance between their farthest components.

Definition 6.2 (Component-wise distance between two mixtures) For a class F and every g1 =
Dic) Wili € ki-mix(F), g2 = 3 ey, wilfi € ko-mix(F), we define the distance Kyiq : mix(F)x
mix(F) — Rxq as

ming max;c,) max{ki.|w; — w;(i)|, drv(fi, f;r(z))} k1= ks

1
00 k1 # ko M

Kmiz(91,92) = {

where T is chosen from all permutations over [k].

The next lemma states that if two mixture distributions are close w.r.t. K., then they are also
close w.r.t. drv.

Lemma 6.3 Leta € [0,1] and f =} ;cpqwifi, f' = D e wifi € k-mix(F). If ki (f, ') <
a, then dry (f, f') < 3a/2.

The next lemma states that if a class of distributions has a locally small cover w.r.t. dtv, then the
mixtures of that class admit a locally small cover w.r.t. k... The choice of the metric is important
here as the next theorem is false if we consider the dty for mixtures. In other words, there is a class
of distributions (e.g. Gaussians) that admits a locally small cover w.r.t. dry but there is no locally
small cover for the mixtures of that class w.r.t. dpy (Proposition 1.3 of Aden-Ali et al. (2021b)).

Theorem 6.4 Forany 0 < « < v < 1, if a class of distributions F has a (t,~)-locally-small
a-cover w.r.t. dry, then the class k-mix(F) has a (k!(tk/a)*, ~)-locally-small a-cover w.r.t. Kpmig.

6.2. Dense mixtures

Dense mixtures are mixture distributions where each component has a non-negligible weight. Intu-
itively, a dense mixture is technically easier to deal with since given a large enough sample from the
dense mixture, one has samples from all of the components, with high probability. This allows us
to show that if a class of distribution is list decodable w.r.t. dtv, then the class of its dense mixtures
is list decodable w.r.t. x,,;;. Later, we reduce the problem of learning mixture distributions to the
problem of learning dense mixtures.

Definition 6.5 (Dense mixtures) Let F be a class of distributions, k € N, and n € [0,1/k].
The class of k-mixtures of F without negligible components is given by (k,n)-dense-mix(F) =

{Zle waZ 15 < kvwi > nazle w; = ]-7fl € ‘7:}
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The next lemma states that every mixture distribution can be approximated using a dense mixture.

Lemma 6.6 For every k € N, g € k-mix(F) and o € [0,1), there exists v € [0,c), ¢’ €
(k, a/k)-dense-mix(F), and a distribution h such that g = vh + (1 — 7)¢’.

Theorem 6.4 shows that if a class of distributions admits a locally small cover (w.r.t. dry) then
the class of its mixtures admits a locally small cover (W.r.t. Ky,;,). In the next lemma, we see that
this is also the case for dense mixtures, i.e. if a class of distributions admits a locally small cover
(w.r.t. dtv) then the class of its dense mixtures admits a locally small cover (W.r.t. Kpyiz)-

Lemma 6.7 Forany 0 < o < v < 1, and & € (0,1), if a class of distributions F has a
(t,7)-locally-small a-cover w.r.t. dry, then the class (k, O%)—alense-mix(]:) has a (k!(tk/a)F,~)-
locally-small a--cover w.r.t. Kz

The following theorem is one of the main ingredients used for reducing the problem of pri-
vately learning mixtures to common member selection. It states that if a class of distributions is list
decodable (w.r.t. dtv), then the class of its dense mixtures is list decodable (W.r.t. Kz )-

Theorem 6.8 For any o, 3,7y € (0,1), if a class of distributions F is (L,m,a, 3,1 — a/k)-
list-decodable w.r.t. dry, then the class (k, ¢ )-dense-mix(F) is (L', m/, o, 2k3, )-list-decodable

W.EL iz, where L' = (EE)k+L. (10elqg7(i/kﬁ))m’ and m! — 2m+811(ig’y(1/kﬁ).

7. Proof of the Main Reduction

In this section, we prove Theorem 3.1 which states that if a class of distributions admits a locally
small cover and is list decodable, then its mixture class can be learned privately.

The high level idea of the proof is based on a connection to the private common member selec-
tion problem. To see this, assume class F is list decodable and admits a locally small cover. Then
we show that given some samples from any f* € k-mix(F), one can generate T lists of dense mix-
tures (i.e., member of (k, %)—dense-mix(]—" )) such that they have a common member (W.r.t. K;iz).
However, there could be multiple common members w.r.t. Ky,;, that are far from f* w.r.t. dry.
Therefore, we filter out all distributions that have a bad drvy distance with the original distribution
f* (This can be done using Minimum Distance Estimator). Afterwards, we are guaranteed that all
common members are also good w.r.t. dty. Also, note that changing a data point can change at most
one of the lists. Therefore, by using the private common member selector, we can choose a common
member from these filtered lists while maintaining privacy. The formal proof is given below.
Proof Let o/, 5 € (0,1). If F is (L, m,d/, 3, 0)-list-decodable w.r.t. dpy then using Lemma B.2,
we get that F is (L1, m1, o, 28, 1—a/k)-list-decodable w.r.t. dty, where L1 = L-(%M)m,

/
and m; = 2mk+8k llog(l/,B )

(0%
Let f* € k-mix(F) be the true distribution. Using Lemma 6.6, we can write f* = yh+(1—~)f,
where f € (k:,%)—dense—mix(]—'), and v € [0,a/). Let Ly = (%)]€+1 . (M)ml, and

1—aof

my = 2mat8log(1/2kp") By Theorem 6.8, we know that (k, O%)—dense—mix(]—") is (Lo, mg, o, 4k3', a')-

1—aof
list-decodable w.r.t. K;yz.

Lett; = k!(tk/a/)¥,and T = O <10g(1/5)+10g(t1L2/5/)>. For i € [T, draw T disjoint datasets

€
log(L2)+log(1/8')
V)

each of size mg = O < ) + my. For each dataset, run the list decoding algorithm

using mgo samples from that dataset, and let £; denote the outputted list.

10
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As mentioned above, we know that (k, O%)—dense—mix(]—' )is (Lo, ma, o, 4k, o')-list-decodable
W.L.L. Kpiz. Thus, for each ¢ € [T'], with probability at least 1 — 4k3’, we have k. (f, £;) < .
To convert this bound back to total variation distance, we use Lemma 6.3 to get that dpy (f, £;) <
3a//2.

Note that the size of each £; is at most Lo. By making use of the Minimum Distance Estimator

(Theorem 2.9), we can use the other O(lOg(Lz)Z—}Sg(l/B,)) samples from each datasets to find ﬁ eL;

such that with probability at least 1 — 3’ we have dry (fi, f) < 3-drv(f, £i) + o/ < 11/ /2.

We then proceed with a filtering step. For each ¢ € [T, we define £, = {f € L;
drv(f', fi) < 11¢//2} to be the elements in £; that are close to f;.

Using a union bound and a triangle inequality, we get that with probability at least 1 — (4k+1)5’
we have max /¢ v dry(f, f/) < 11

Applying a union bound over all 7" datasets, we conclude that with probability at least 1 — (4k +
1)B'T, fisa(a’, 1)-common-member for D = {L1, -+, L} W.LL Kmiz, and max g o7 drv (f, ) <
11c/ for all i € [T].

The fact that F admits a (¢, 2a/)-locally small o/-cover, along with Lemma 6.7, implies that
there exists an (¢1, 2a/)-locally small o/-cover C for (k, O%)—dense—mix(]: ).

Note that |£}] < |£;| < Ly. Now, we run the private common member selector (Algorithm 1)
on (D, Kz, C) to obtain f . Using Theorem 5.5 and a union bound, we get that with probability at
least 1 — ((4k + 1)T +1)43’, fis a (2¢/,0.9)-common-member W..t. £piy. Therefore, Lemma 6.3
implies that f is a (30, 0.9)-common-member w.r.t. dry.

Using the fact that for every i € [T, max e drv(f’, f) < 11/, we get that dTV(f, f) <

14¢/. Finally, triangle inequality implies that dpy (f, f*) < dryv(f, f) + drv(f, f*) < 15a/ with
probability at least 1 — ((4k + 1)T + 1)’ > 1 — 6kT'3’. The total sample complexity is:

Ty 0 (OB SR 2] (lonlhs) os(lf7) , )

c 0/2

_5 <<1og(1/5) + klog(tL) | mk + klog(l/ﬁ’)) ‘ (klog(L) L mk klog(1/5')>) |

€ o'e a'? '3

Finally, we substitute o/ = «/15 and ' = < 1. Applying Claim F.3 with

12ek 10g(6f]§t1 Lo /eB9)
c1 = 6k/e,co = t1Ly/9, we get that dTV(f, f*) < « with probability at least 1 — 3. Moreover the
order of the sample complexity remains unchanged. The given approach is private since changing
one data point alters only one of the T" datasets, and therefore affects at most one L. The privacy
guarantee then follows from Theorem 5.5. |

8. Privately Learning GMMs

Prior to this work, there was no finite sample complexity upper bound for privately learning mixtures
of unbounded Gaussians. As an application of our general framework, we study the problem of
privately learning GMMs. This section provides the necessary ingredients for using our proposed
framework. First, we show that the class of Gaussians is list decodable using sample compression
schemes (Ashtiani et al., 2018a). Second, we show that this class admits a locally small cover.
Putting together, we prove the first sample complexity upper bound for privately learning GMMs.
See Theorem 3.3, and the formal proof in E.

11
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8.1. List-decoding Gaussians using compression

As we stated in Remark 3.4, it is possible to use a PAC learner as a naive list decoding algorithm
that outputs a single Gaussian. However, doing so, results in a poor sample complexity for privately
learning GMMs. In this section, we provide a carefully designed list decoding algorithm for the
class of Gaussians which results in a much better sample complexity for privately learning GMMs
due to its mild dependence on the accuracy parameter (1/«).

We reduce the problem of list decoding a class of Gaussians to the problem of compressing this
class. Next, we use the result of Ashtiani et al. (2018a) that the class of Gaussians is compressible.
Finally, we conclude that this class is list decodable.

Lemma 8.1 For any o, 3 € (0,1), the class G is (L,m,«, B,0)-list-decodable w.r.t. dty for
L = (dlog(1/8))0@e(l/a)  andm = O (dlog(1/B)).

An important feature of the above lemma (that is inherited from the compression result) is the
mild dependence of m and L on 1/a: m does not depend on 1/« and L has a mild polynomial
dependence on it.

8.2. A locally small cover for Gaussians

In this section, we construct a locally small cover for the class of Gaussians using the techniques of
Aden-Ali et al. (2021a). Explicitly constructing a locally small cover for Gaussians is a challenging
task due to the complex geometry of this class. Previously, Aden-Ali et al. (2021a) constructed
locally small covers for location Gaussians (Gaussians with I; covariance matrix) and scale Gaus-
sians (zero mean Gaussians). One might think by taking the product of these two covers we can
simply construct a locally small cover for unbounded Gaussians (see Definition 2.5). However, the
product of these two covers is not a valid cover for unbounded Gaussians as the dty between two
Gaussians can be very large even if their means are close to each other in euclidean distance.

To resolve this issue, we take a small cover for a small dty-ball of location gaussians around
N (0, I;) and scale it using a small cover for the drv-ball of scale gaussians around N (0, I). Show-
ing that this is a valid and small cover for a small dty-ball of unbounded Gaussians around N (0, 1)
is a delicate matter. To argue that this is a valid cover, we use the upper bound of Devroye et al.
(2018) for the drv distance between high-dimensional Gaussians. Showing that this is a small cover
requires the recently proved lower bound on the drv distance of high-dimensional Gaussians (Arbas
et al., 2023).

Once we created a small cover for a dpy-ball of unbounded Gaussians around N (0, I;), we can
transform it to a small cover for a dry-ball of unbounded Gaussians around an arbitrary N (u, X2).
Finally, we use Lemma D.7 to show that there exists a global locally small cover for the whole space
of Guassians. An immediate implication of Lemma D.6 and Lemma D.7 is the existence of a locally
small cover for unbounded Gaussians.

Lemma 8.2 Forany0 < a < vy < =L there exists a ((27/a)o(d2), v)-locally small a-cover for

600’
the class G w.r.t. drvy.

9. More on Related Work

In this section, we go through some related works on private learning of Gaussians and their mix-
tures.

12



MIXTURES OF GAUSSIANS ARE PRIVATELY LEARNABLE

9.1. Privately learning Gaussians

Karwa and Vadhan (2018) proposed a sample and time efficient algorithm for estimating the mean
and variance of bounded univariate Gaussians under pure DP. They also provide a method for the
unbounded setting under approximate DP. Later, other methods for learning high-dimensional Gaus-
sians with respect to total variation distance were introduced by Kamath et al. (2019a); Biswas et al.
(2020). They assume the parameters of the Gaussians have bounded ranges. As a result, the sam-
ple complexity of their method depends on the condition number of the covariance matrix, and the
range of the mean.

Afterwards, Aden-Ali et al. (2021a) proposed the first finite sample complexity upper bound for
privately learning unbounded high-dimensional Gaussians, which was nearly tight and matching the
lower bound of Kamath et al. (2022a). Their method was based on a privatized version of Mini-
mum Distance Estimator (Yatracos, 1985) and inspired by the private hypothesis selection of Bun
et al. (2021). One downside of Aden-Ali et al. (2021a) is that their method is not computationally
efficient.

There has been several recent results on computationally efficient learning of unbounded Gaus-
sians (Kamath et al., 2022b; Kothari et al., 2022; Ashtiani and Liaw, 2022), with the method of Ash-
tiani and Liaw (2022) achieving a near-optimal sample complexity using a sample-and-aggregate-
based technique. Another sample-and-aggregate framework that can be used for this task is Friend-
lyCore (Tsfadia et al., 2022). The methods of Ashtiani and Liaw (2022); Kothari et al. (2022)
also work in the robust setting achieving sub-optimal sample complexities. Recently, Alabi et al.
(2023) improved this result in terms of dependence on the dimension. Finally, Hopkins et al. (2023)
achieved a robust and efficient learner with near-optimal sample complexity for unbounded Gaus-
sians.

In the pure DP setting, Hopkins et al. (2022) proposed a method for efficiently learning Gaus-
sians with bounded parameters. There are some other related works on private mean estimation
w.r.t. Mahalanobis distance in Brown et al. (2021); Duchi et al. (2023); Brown et al. (2023).

Several other related studies have explored the relationship between robust and private estima-
tion, as seen in Dwork and Lei (2009); Georgiev and Hopkins (2022); Liu et al. (2022b); Hopkins
et al. (2023); Asi et al. (2023). Also, there have been investigations into designing estimators that
achieve both privacy and robustness at the same time (Liu et al., 2021).

9.2. Parameter estimation for GMMs

In this setting, upon receiving i.i.d. samples from a GMM, the goal is to estimate the parameters of
the mixture. In the non-private setting there is an extensive line of research for parameter learning
of GMMs (Dasgupta, 1999; Sanjeev and Kannan, 2001; Vempala and Wang, 2004; Achlioptas and
McSherry, 2005; Brubaker and Vempala, 2008; Kalai et al., 2010; Belkin and Sinha, 2009; Hardt
and Price, 2014; Hsu and Kakade, 2013; Anderson et al., 2014; Regev and Vijayaraghavan, 2017;
Kothari et al., 2018; Hopkins and Li, 2018; Liu and Li, 2022; Feldman et al., 2006; Moitra and
Valiant, 2010; Belkin and Sinha, 2010; Bakshi et al., 2022; Liu and Moitra, 2021, 2022).

Under the boundedness assumption there has been a line of work in privately learning param-
eters of GMMs (Nissim et al., 2007; Vempala and Wang, 2004; Chen et al., 2023; Kamath et al.,
2019b; Achlioptas and McSherry, 2005; Cohen et al., 2021). The work of Bie et al. (2022) ap-
proaches the same problem by taking the advantage of public data. Recently, Arbas et al. (2023)

13
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proposed an efficient method for reducing the private parameter estimation of unbounded GMMs to
its non-private counterpart.

Note that in parameter estimation of GMMs (even in the non-private setting), the exponential de-
pendence of the sample complexity on the number of components is inevitable (Moitra and Valiant,
2010).

9.3. Density estimation for GMMs

In density estimation, which is the main focus of this work, the goal is to find a distribution which is
close to the underlying distribution w.r.t. drv. Unlike parameter estimation, the sample complexity
of density estimation can be polynomial in both the dimension and the number of components.
In the non-private setting, there has been several results about the sample complexity of learning
GMMs (Devroye and Lugosi, 2001; Ashtiani et al., 2018b), culminating in the work of (Ashtiani
et al., 2018a, 2020) which gives the near-optimal bound of O (kd?/a?).

There are some researches on designing computationally efficient learners for one-dimensional
GMMs (Chan et al., 2014; Acharya et al., 2017; Liu et al., 2022a; Wu and Xie, 2018; Li and Schmidt,
2017). However, for general GMMs it is hard to come up with a computationally efficient learner
due to the known statistical query lower bounds (Diakonikolas et al., 2017).

In the private setting, and under the assumption of bounded components, one can use the Private
Hypothesis Selection of Bun et al. (2021) or private Minimum Distance Estimator of Aden-Ali et al.
(2021a) to learn classes that admit a finite cover under the constraint of pure DP. Bun et al. (2021)
also proposes a way to construct such finite cover for mixtures of finite classes.

Later, Aden-Ali et al. (2021b) introduced the first polynomial sample complexity upper bound
for learning unbounded axis-aligned GMMs under the constraint of approximate DP. They extended
the idea of stable histograms used in Karwa and Vadhan (2018) to learn univariate GMMs. However,
this idea can’t be generalized to general GMMs, as it is not clear how to learn even a single high-
dimensional Gaussian using stability-based histogram.

Another related work is the lower bound on the sample complexity of privately learning GMMs
with known covariance matrices (Acharya et al., 2021).

In an independent and concurrent work, Ben-David et al. (2023) proposed a pure DP method
for learning general GMMSs, assuming they have access to additional public samples. In fact, they
use sample compression (with public samples) to find a list of candidate GMMs. Since this list is
created using public data, they can simply choose a good member of it using private hypothesis
selection. We also create such lists in the process. However, most of the technical part of this paper
is dedicated to guarantee privacy (with only access to private data). In fact, it is challenging to
privatize compression-based approaches since by definition, they heavily rely on a few data points
in the data set. Ben-David et al. (2023) also study an equivalence between public-private learning,
list decodable learning and sample compression schemes.

We also use sample compression in our list decoding algorithm for Gaussians.

Our work is the first polynomial sample complexity upper bound for privately learning mixtures
of general GMMs without any restrictive assumptions. Designing a private and computationally ef-
ficient density estimator for GMMs remains an open problem even in the one-dimensional setting.

14



MIXTURES OF GAUSSIANS ARE PRIVATELY LEARNABLE

References

Jayadev Acharya, Ilias Diakonikolas, Jerry Li, and Ludwig Schmidt. Sample-optimal density esti-
mation in nearly-linear time. In Proceedings of the Twenty-Eighth Annual ACM-SIAM Symposium
on Discrete Algorithms, pages 1278-1289. SIAM, 2017.

Jayadev Acharya, Ziteng Sun, and Huanyu Zhang. Differentially private assouad, fano, and le cam.
In Algorithmic Learning Theory, pages 48—78. PMLR, 2021.

Dimitris Achlioptas and Frank McSherry. On spectral learning of mixtures of distributions. In
International Conference on Computational Learning Theory, pages 458-469. Springer, 2005.

Ishag Aden-Ali, Hassan Ashtiani, and Gautam Kamath. On the sample complexity of privately
learning unbounded high-dimensional gaussians. In Algorithmic Learning Theory, pages 185—
216. PMLR, 2021a.

Ishaq Aden-Ali, Hassan Ashtiani, and Christopher Liaw. Privately learning mixtures of axis-aligned
gaussians. Advances in Neural Information Processing Systems, 34:3925-3938, 2021b.

Daniel Alabi, Pravesh K Kothari, Pranay Tankala, Prayaag Venkat, and Fred Zhang. Privately
estimating a gaussian: Efficient, robust, and optimal. In Proceedings of the 55th Annual ACM
Symposium on Theory of Computing, pages 483-496, 2023.

Noga Alon, Roi Livni, Maryanthe Malliaris, and Shay Moran. Private pac learning implies finite
littlestone dimension. In Proceedings of the 51st Annual ACM SIGACT Symposium on Theory of
Computing, pages 852-860, 2019.

Joseph Anderson, Mikhail Belkin, Navin Goyal, Luis Rademacher, and James Voss. The more, the
merrier: the blessing of dimensionality for learning large gaussian mixtures. In Conference on
Learning Theory, pages 1135-1164. PMLR, 2014.

Jamil Arbas, Hassan Ashtiani, and Christopher Liaw. Polynomial time and private learning of
unbounded gaussian mixture models. In International Conference on Machine Learning. PMLR,
2023.

Hassan Ashtiani and Christopher Liaw. Private and polynomial time algorithms for learning gaus-
sians and beyond. In Conference on Learning Theory, pages 1075-1076. PMLR, 2022.

Hassan Ashtiani and Abbas Mehrabian. Some techniques in density estimation. arXiv preprint
arXiv:1801.04003, 2018.

Hassan Ashtiani, Shai Ben-David, Nicholas Harvey, Christopher Liaw, Abbas Mehrabian, and Yaniv
Plan. Nearly tight sample complexity bounds for learning mixtures of gaussians via sample
compression schemes. Advances in Neural Information Processing Systems, 31, 2018a.

Hassan Ashtiani, Shai Ben-David, and Abbas Mehrabian. Sample-efficient learning of mixtures. In
Proceedings of the AAAI Conference on Artificial Intelligence, volume 32, 2018b.

Hassan Ashtiani, Shai Ben-David, Nicholas JA Harvey, Christopher Liaw, Abbas Mehrabian, and
Yaniv Plan. Near-optimal sample complexity bounds for robust learning of gaussian mixtures via
compression schemes. Journal of the ACM (JACM), 67(6):1-42, 2020.

15



AFZALI ASHTIANI LIAW

Hilal Asi, Jonathan Ullman, and Lydia Zakynthinou. From robustness to privacy and back. arXiv
preprint arXiv:2302.01855, 2023.

Ainesh Bakshi, Ilias Diakonikolas, He Jia, Daniel M Kane, Pravesh K Kothari, and Santosh S
Vempala. Robustly learning mixtures of k arbitrary gaussians. In Proceedings of the 54th Annual
ACM SIGACT Symposium on Theory of Computing, pages 1234-1247, 2022.

Mikhail Belkin and Kaushik Sinha. Learning gaussian mixtures with arbitrary separation. arXiv
preprint arXiv:0907.1054, 2009.

Mikhail Belkin and Kaushik Sinha. Polynomial learning of distribution families. In 2010 IEEE 51 st
Annual Symposium on Foundations of Computer Science, pages 103—112. IEEE, 2010.

Shai Ben-David, Alex Bie, Clément L Canonne, Gautam Kamath, and Vikrant Singhal. Private
distribution learning with public data: The view from sample compression. arXiv preprint
arXiv:2308.06239, 2023.

Alex Bie, Gautam Kamath, and Vikrant Singhal. Private estimation with public data. Advances in
Neural Information Processing Systems, 35:18653-18666, 2022.

Sourav Biswas, Yihe Dong, Gautam Kamath, and Jonathan Ullman. Coinpress: Practical private
mean and covariance estimation. Advances in Neural Information Processing Systems, 33:14475—
14485, 2020.

Gavin Brown, Marco Gaboardi, Adam Smith, Jonathan Ullman, and Lydia Zakynthinou.
Covariance-aware private mean estimation without private covariance estimation. Advances in
Neural Information Processing Systems, 34:7950-7964, 2021.

Gavin Brown, Samuel Hopkins, and Adam Smith. Fast, sample-efficient, affine-invariant private
mean and covariance estimation for subgaussian distributions. In The Thirty Sixth Annual Con-
ference on Learning Theory, pages 5578-5579. PMLR, 2023.

S Charles Brubaker and Santosh S Vempala. Isotropic pca and affine-invariant clustering. Building
Bridges: Between Mathematics and Computer Science, pages 241-281, 2008.

Mark Bun, Kobbi Nissim, Uri Stemmer, and Salil Vadhan. Differentially private release and learning
of threshold functions. In 2015 IEEE 56th Annual Symposium on Foundations of Computer
Science, pages 634-649. IEEE, 2015.

Mark Bun, Kobbi Nissim, and Uri Stemmer. Simultaneous private learning of multiple concepts.
In Proceedings of the 2016 ACM Conference on Innovations in Theoretical Computer Science,

pages 369-380, 2016.

Mark Bun, Cynthia Dwork, Guy N Rothblum, and Thomas Steinke. Composable and versatile
privacy via truncated cdp. In Proceedings of the 50th Annual ACM SIGACT Symposium on
Theory of Computing, pages 74-86, 2018.

Mark Bun, Roi Livni, and Shay Moran. An equivalence between private classification and online
prediction. In 2020 IEEE 61st Annual Symposium on Foundations of Computer Science (FOCS),
pages 389—-402. IEEE, 2020.

16



MIXTURES OF GAUSSIANS ARE PRIVATELY LEARNABLE

Mark Bun, Gautam Kamath, Thomas Steinke, and Zhiwei Steven Wu. Private hypothesis selection.
IEEE Transactions on Information Theory, 67(3), 2021.

Siu-On Chan, Ilias Diakonikolas, Rocco A Servedio, and Xiaorui Sun. Efficient density estimation
via piecewise polynomial approximation. In Proceedings of the forty-sixth annual ACM sympo-
sium on Theory of computing, pages 604-613, 2014.

Hongjie Chen, Vincent Cohen-Addad, Tommaso d’Orsi, Alessandro Epasto, Jacob Imola, David
Steurer, and Stefan Tiegel. Private estimation algorithms for stochastic block models and mixture
models. arXiv preprint arXiv:2301.04822, 2023.

Edith Cohen, Haim Kaplan, Yishay Mansour, Uri Stemmer, and Eliad Tsfadia. Differentially-
private clustering of easy instances. In International Conference on Machine Learning, pages
2049-2059. PMLR, 2021.

Edith Cohen, Xin Lyu, Jelani Nelson, Tamas Sarl6s, and Uri Stemmer. Optimal differentially private
learning of thresholds and quasi-concave optimization. In Proceedings of the 55th Annual ACM
Symposium on Theory of Computing, pages 472-482, 2023.

Sanjoy Dasgupta. Learning mixtures of gaussians. In 40th Annual Symposium on Foundations of
Computer Science (Cat. No. 99CB37039), pages 634—644. IEEE, 1999.

Luc Devroye and Gabor Lugosi. Combinatorial methods in density estimation. Springer Science &
Business Media, 2001.

Luc Devroye, Abbas Mehrabian, and Tommy Reddad. The total variation distance between high-
dimensional gaussians with the same mean. arXiv preprint arXiv:1810.08693, 2018.

Ilias Diakonikolas. Learning structured distributions. Handbook of Big Data, 267:10-1201, 2016.

Ilias Diakonikolas, Daniel M Kane, and Alistair Stewart. Statistical query lower bounds for robust
estimation of high-dimensional gaussians and gaussian mixtures. In 2017 IEEE 58th Annual
Symposium on Foundations of Computer Science (FOCS), pages 73-84. IEEE, 2017.

John Duchi, Saminul Haque, and Rohith Kuditipudi. A fast algorithm for adaptive private mean
estimation. In The Thirty Sixth Annual Conference on Learning Theory. PMLR, 2023.

Cynthia Dwork and Jing Lei. Differential privacy and robust statistics. In Proceedings of the forty-
first annual ACM symposium on Theory of computing, pages 371-380, 2009.

Cynthia Dwork, Krishnaram Kenthapadi, Frank McSherry, Illya Mironov, and Moni Naor. Our data,
ourselves: Privacy via distributed noise generation. In Advances in Cryptology-EUROCRYPT
2006: 24th Annual International Conference on the Theory and Applications of Cryptographic
Techniques, St. Petersburg, Russia, May 28-June 1, 2006. Proceedings 25, pages 486-503.
Springer, 2006a.

Cynthia Dwork, Frank McSherry, Kobbi Nissim, and Adam Smith. Calibrating noise to sensitivity
in private data analysis. In Theory of Cryptography: Third Theory of Cryptography Conference,
TCC 2006, New York, NY, USA, March 4-7, 2006. Proceedings 3, pages 265-284. Springer,
2006b.

17



AFZALI ASHTIANI LIAW

Jon Feldman, Rocco A Servedio, and Ryan O’Donnell. Pac learning axis-aligned mixtures of gaus-
sians with no separation assumption. In Proceedings of the 19th annual conference on Learning
Theory, pages 20-34, 2006.

Kristian Georgiev and Samuel Hopkins. Privacy induces robustness: Information-computation gaps
and sparse mean estimation. Advances in Neural Information Processing Systems, 35:6829—6842,
2022.

Moritz Hardt and Eric Price. Sharp bounds for learning a mixture of two gaussians. 2014.

Samuel B Hopkins and Jerry Li. Mixture models, robustness, and sum of squares proofs. In Pro-
ceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing, pages 1021—
1034, 2018.

Samuel B Hopkins, Gautam Kamath, and Mahbod Majid. Efficient mean estimation with pure
differential privacy via a sum-of-squares exponential mechanism. In Proceedings of the 54th
Annual ACM SIGACT Symposium on Theory of Computing, pages 1406-1417, 2022.

Samuel B Hopkins, Gautam Kamath, Mahbod Majid, and Shyam Narayanan. Robustness implies
privacy in statistical estimation. In Proceedings of the 55th Annual ACM Symposium on Theory
of Computing, pages 497-506, 2023.

Daniel Hsu and Sham M Kakade. Learning mixtures of spherical gaussians: moment methods and
spectral decompositions. In Proceedings of the 4th conference on Innovations in Theoretical
Computer Science, pages 11-20, 2013.

Peter J Huber. Robust estimation of a location parameter. In Breakthroughs in statistics: Methodol-
ogy and distribution, pages 492-518. Springer, 1992.

Adam Tauman Kalai, Ankur Moitra, and Gregory Valiant. Efficiently learning mixtures of two
gaussians. In Proceedings of the forty-second ACM symposium on Theory of computing, pages
553-562, 2010.

Gautam Kamath, Jerry Li, Vikrant Singhal, and Jonathan Ullman. Privately learning high-
dimensional distributions. In Conference on Learning Theory, pages 1853—-1902. PMLR, 2019a.

Gautam Kamath, Or Sheffet, Vikrant Singhal, and Jonathan Ullman. Differentially private algo-
rithms for learning mixtures of separated gaussians. Advances in Neural Information Processing
Systems, 32, 2019b.

Gautam Kamath, Argyris Mouzakis, and Vikrant Singhal. New lower bounds for private estimation
and a generalized fingerprinting lemma. Advances in Neural Information Processing Systems,
35:24405-24418, 2022a.

Gautam Kamath, Argyris Mouzakis, Vikrant Singhal, Thomas Steinke, and Jonathan Ullman. A pri-
vate and computationally-efficient estimator for unbounded gaussians. In Conference on Learning
Theory, pages 544-572. PMLR, 2022b.

Haim Kaplan, Katrina Ligett, Yishay Mansour, Moni Naor, and Uri Stemmer. Privately learning
thresholds: Closing the exponential gap. In Conference on Learning Theory, pages 2263-2285.
PMLR, 2020.

18



MIXTURES OF GAUSSIANS ARE PRIVATELY LEARNABLE

Vishesh Karwa and Salil Vadhan. Finite sample differentially private confidence intervals. In 9¢h In-
novations in Theoretical Computer Science Conference (ITCS 2018). Schloss Dagstuhl-Leibniz-
Zentrum fuer Informatik, 2018.

Pravesh Kothari, Pasin Manurangsi, and Ameya Velingker. Private robust estimation by stabilizing
convex relaxations. In Conference on Learning Theory, pages 723-777. PMLR, 2022.

Pravesh K Kothari, Jacob Steinhardt, and David Steurer. Robust moment estimation and improved
clustering via sum of squares. In Proceedings of the 50th Annual ACM SIGACT Symposium on
Theory of Computing, pages 1035-1046, 2018.

Jerry Li and Ludwig Schmidt. Robust and proper learning for mixtures of gaussians via systems of
polynomial inequalities. In Conference on Learning Theory, pages 1302-1382. PMLR, 2017.

Allen Liu and Jerry Li. Clustering mixtures with almost optimal separation in polynomial time.
In Proceedings of the 54th Annual ACM SIGACT Symposium on Theory of Computing, pages
1248-1261, 2022.

Allen Liu and Ankur Moitra. Settling the robust learnability of mixtures of gaussians. In Pro-
ceedings of the 53rd Annual ACM SIGACT Symposium on Theory of Computing, pages 518-531,
2021.

Allen Liu and Ankur Moitra. Learning gmms with nearly optimal robustness guarantees. In Con-
ference on Learning Theory, pages 2815-2895. PMLR, 2022.

Allen Liu, Jerry Li, and Ankur Moitra. Robust model selection and nearly-proper learning for
gmms. Advances in Neural Information Processing Systems, 35:22830-22843, 2022a.

Xiyang Liu, Weihao Kong, Sham Kakade, and Sewoong Oh. Robust and differentially private mean
estimation. Advances in neural information processing systems, 34:3887-3901, 2021.

Xiyang Liu, Weihao Kong, and Sewoong Oh. Differential privacy and robust statistics in high
dimensions. In Conference on Learning Theory, pages 1167-1246. PMLR, 2022b.

Frank McSherry and Kunal Talwar. Mechanism design via differential privacy. In 48th Annual
IEEE Symposium on Foundations of Computer Science (FOCS’07), pages 94—103. IEEE, 2007.

M. Mitzenmacher and E. Upfal. Probability and Computing: Randomized Algorithms and Prob-
abilistic Analysis. Cambridge University Press, 2005. ISBN 9780521835404. URL https:
//books.google.ca/books?id=0bAY16d7hvkC.

Ankur Moitra and Gregory Valiant. Settling the polynomial learnability of mixtures of gaussians. In
2010 IEEE 51st Annual Symposium on Foundations of Computer Science, pages 93—102. IEEE,
2010.

Kobbi Nissim, Sofya Raskhodnikova, and Adam Smith. Smooth sensitivity and sampling in private
data analysis. In Proceedings of the thirty-ninth annual ACM symposium on Theory of computing,
pages 75-84, 2007.

19


https://books.google.ca/books?id=0bAYl6d7hvkC
https://books.google.ca/books?id=0bAYl6d7hvkC

AFZALI ASHTIANI LIAW

Oded Regev and Aravindan Vijayaraghavan. On learning mixtures of well-separated gaussians. In
2017 IEEE 58th Annual Symposium on Foundations of Computer Science (FOCS), pages 85-96.
IEEE, 2017.

Arora Sanjeev and Ravi Kannan. Learning mixtures of arbitrary gaussians. In Proceedings of the
thirty-third annual ACM symposium on Theory of computing, pages 247-257, 2001.

Eliad Tsfadia, Edith Cohen, Haim Kaplan, Yishay Mansour, and Uri Stemmer. Friendlycore: Prac-
tical differentially private aggregation. In International Conference on Machine Learning, pages
21828-21863. PMLR, 2022.

Santosh Vempala and Grant Wang. A spectral algorithm for learning mixture models. Journal of
Computer and System Sciences, 68(4):841-860, 2004.

Xuan Wu and Changzhi Xie. Improved algorithms for properly learning mixture of gaussians. In
National Conference of Theoretical Computer Science, pages 8—26. Springer, 2018.

Yannis G Yatracos. Rates of convergence of minimum distance estimators and kolmogorov’s en-
tropy. The Annals of Statistics, 13(2):768-774, 1985.

Appendix A. Missing proofs of section 5

A known tool for privately choosing a “good” item from a set of candidates is Exponential Mecha-
nism (McSherry and Talwar, 2007), where the “goodness” of candidates is measured using a score
function. However, Exponential Mechanism fails in the regimes where the candidate set is not finite.
This leads us to use the GAP-MAX algorithm of (Bun et al., 2021, 2018) that has the advantage of
compatibility with infinite candidate sets. GAP-MAX guarantees returning a “good” candidate as
long as the number of “near good” candidates is small.

Theorem A.1 (GAP-MAX, Theorem IV.6. of Bun et al. (2021)) Ler (F, k) be a metric space
and X be an arbitrary set. Let score: F x XT — R>q be a function such that for any f € F
and any two neighbouring sets D ~ D' € X1, we have | score(f, D) — score(f, D')| < 1. Then
there is an algorithm, called the GAP-MAX algorithm, that is (g, 0)-DP with the following property.
For every D € XT and o' € (0,1), if

Hf € F :score(f, D) > sup score(f’, D) — 50/T} <t

fleF

then

P [score(GAP-MAX(F, D, score, &, ), D) > sup score(f’, D) — o'T

f'eF

>1-p

provided T = (min{log|-7:\7105(1/5)}+108(t/5)).

o’e

20



MIXTURES OF GAUSSIANS ARE PRIVATELY LEARNABLE

Proof of Theorem 5.5 We first prove the utility of the algorithm.

Utility. We show that the output of the Algorithm 1 is an (2« 0.9)-common-member provided
that there exists an («, 1)-common-member (recall Definition 5.2). Let the score function be defined
as in Algorithm 1. Since C,, is (¢, 2cv)-locally-small, we have

|{h € Cy : score(h, D) > 1}| < tQT

since for any i € [T'] and any y € Y, y contributes to at most ¢ candidates’ scores. As a result, there
are at most tQQT" candidates with non-zero scores. Assuming that there exists an (c, 1)-common-
member for {Y1,Y5, ..., Y7}, we have sup, ¢, score(h, D) = T'. Thus,

Hh € C,, : score(h, D) > sup score(h, D) — T/ZH
heCly

= [{h € Cy :score(h,D) > T —T/2}|
= [{h € C, : score(h,D) > T/2}|
{h € Cq : score(h, D) > 1}| < tQT.

IN

Using this bound, we can apply GAP-MAX algorithm in Theorem A.1 with o/ = 0.1, and T' =
O (10g(1/5)+;°g(tQ/ﬁ) ) In particular, if h= GAP-MAX(Cy, D, score, 0.1, 3) then

P [score(ﬂ, D) > O.QT} =P H{z € [T] : 3y € Y; such that x(y, h) < 204}‘ > 0.9T} >1-p.

Privacy. Note that for any h € C,, and any two neighbouring sets D ~ D’, we have | score(h, D) —
score(h, D")| < 1 since each list y € D contributes to any h’s score by at most 1. Thus, Theo-
rem A.l implies that GAP-MAX is (e, §)-DP. [

Appendix B. Missing proofs of section 6
Proof of Lemma 6.6 For any g = > ,cjjwifi € k-mix(F), let N = {i € [k] : wi < o/k}
be the set of negligible weights, and Y= Yienwi < o Then g can be written as g = (1 —

7) Z’LG[k]\N 1_ fz + Y Z’LGN f’L Note that ZlE[k]\N fZ ( )—dense—mix(./—"). [ |
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Proof of Lemma 6.3 Using the definition of k,,;,, we get that for every i € [k], |w; — w}| < a/k

and drv (fi, f/) < c. Therefore,

arv(f £ = I = £l = 511 widi = 3wl
1€[k]

i€[k]

1
<3 > lwifi = wiff]la

1€[k]
1
<3 > lwifi = wi filly + [wi fi — wi filL
1€[k]
1
<3 > wifs — wifilly + lwifi — wiff|]s
1€[k]
1 a 1 ,
§§ZE+§ZQawi:3a/2,
1€[k] 1€[k]
as required. |

The following simple proposition gives a locally small cover for weight vectors used to construct
a mixture.

Proposition B.1 Let o € (0,1]. There is an a-cover for A = {(w1,ws,...,wy) € ngo
D icpy) Wi = 1} wrt. Loo of size at most (1/a)k.

Proof Partition the cube [0, 1]* into small cubes of side-length 1/a. If for a cube ¢, we have
c¢N Ay # 0, put one arbitrary point from ¢ N Ay into the cover. The size of the constructed cover is
no more than (1/a)* which is the total number of small cubes. [

Proof of Theorem 6.4 Let C, be the (t,)-locally small a-cover for F, and Ay, be an &-cover
for the probability simplex Ay, from Proposition B.1. Construct the set J = {3, Wi fiw e
Ay, fz € Cq}. Note that 7 is an a-cover for k-mix (F) wW.r.t. £, since for any g = Zie[k} w; fi €
k-mix(F), by construction, there exists an ¢’ € J such that £.,iz(g,¢") < «. Moreover, we have
|Bio (7,9, T)| < |Bagy (9, fis Ca)|F | Ag|- k! = 5 - (k/a)* - k!, where the first term is because of
composing the cover for a single component k times. The term |Ak] comes from the size of cover
for mixing weights of & components, and the k! term is the result of permutation over k& unordered
components in the mixture. |

Proof of Theorem 6.7 Using Theorem 6.4 we know that if F has a (¢, y)-locally-small c-cover
w.r.t. dry, then for every i € [k], there exists an (i!(ti/a)?, v)-locally-small a-cover C; for i-mix (F)
W.LL. Kmig. Since (k, %)—dense—mix(]—") C Uiepy i-mix(F), we get that J = [,y Ci is an
a-cover for (k, %)—dense—mix(}' ). Moreover, J is (k!(tk/a)*,~)-locally-small since the fiix
distance is oo for two mixtures with different number of components. |

In order to prove Theorem 6.8, we need the following lemma, which states that if a class of
distributions is list decodable with contamination level v = 0, it is also list decodable with v > 0,
at the cost of additional number of samples and an increased list size.
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Lemma B.2 Forany o, 8,7 € (0,1), if a class of distributions F is (L, m, «, 3, 0)-list-decodable

WL K, then it is (L(loellof(vl/ﬂ))m, 2m+811f§(1/’3),m 25,7) -list-decodable w.r.t. k.

Proof Let f € F and h be an arbitrary distribution. Consider g = (1 — ) f +vh, where v € (0, 1).
Upon drawing N samples from g, let Xy be the random variable indicating the number of sam-
ples coming from f. Note that X has binomial distribution. Setting N > w, results
inE[Xn]/2 > m, E[Xy] > 8log(1//). Using the Chernoff bound (Theorem 4.5(2) of (Mitzen-
macher and Upfal, 2005)), we have P [Xn < m] < P[Xn < E[Xy] /2] < exp(—E [Xn]/8) < 8.
Meaning that after drawing N > w samples from g, with probability at least 1 — 3, we
will have m samples coming from f, which is enough for list decoding F. Let Sy, -, Sk be
all subsets of these N samples with size m, where K = (% ) Now, run the list decoding algo-

rithm on these subsets and let £; be the outputted list. Let £ = U;c(g1L;. Using the fact that

among N samples there are m samples from f, we get that there exists f € L such that with
probability at least 1 — 3, we have x(f, f) < a. Note that using Stirling’s approximation we have

cl=L- Ny <L (%W)m <L- (%&;/B))m. Finally, using a union bound we will

get that F is (L(mdffg/m)m, 2m+811f§(1/5) , o, 203, 7) -list-decodable w.r.t. k. [ |

Proof of Theorem 6.8 Consider the algorithm A to be an (L, m,a, 8,1 — «/k)-list-decodable
learner for 7. Fix any distribution g = 3,1y wifi € (k, §)-dense-mix(F), where s < k. Note

that for any i € [s], g can be written as g = w; fi + (1 —w;) >, 4; f”jqffj = w; fi + (1 —w;)h. Know-
ing that w; > ¥, allows us to apply the algorithm A on the m samples generated from g and get a

list of distributions £ such that with probability at least 1 — 5 we have ming ., drv(f', fi) < o

Let A, be an ©-cover for A, from Proposition B.1. Now construct a set J = Usem{2iefs) @i fi:
w € Ag, fi € Ls}. Note that with probability at least 1 — kS we have ming e 7 kmiz(g,9") <

max{a,a} = a. Moreover, we have |[J| = > 1Ls|*|As] = S LP(2)° < (BLyk+L,

Thus, the class of (k, ¢ )-dense-mix(F) is ((%)’”1, m, a, k3, 0)-list-decodable W..t. Kpiz. Using

Lemma B.2, we get that (k, ¢)-dense-mix(F) is ((%)k+1 (R kig_(,ly/kg))m, 2m+81kiw

list-decodable w.r.t. K,yz. |

Appendix C. List decoding Gaussians using compression

The method of sample compression schemes introduced by Ashtiani et al. (2018a) is used for distri-
bution learning. At a high level, given m samples from a distribution and ¢ additional bits, if there
exists an algorithm (i.e., decoder) that can approximately recover the original distribution given a
small subset of (i.e., 7 many) samples and ¢ bits, then one can create a list of all possible combina-
tions of choosing 7 samples and ¢ bits. Then one can pick a “good” distribution from the generated
list of candidates using Minimum Distance Estimator (Yatracos, 1985). Below, we provide the
formal definition of sample compression schemes for learning distributions.

Definition C.1 (Compression schemes for distributions (Ashtiani et al., 2018a)) For a set of func-

tions T,m,t : (0,1) — Zxq, the class of distributions F is said to be (T, t, m)-compressible if there
exists a decoder D such that for any f € F and any o € (0, 1), after receiving an i.i.d sample S
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of size m(«)log(1/5) from f, with probability at least 1 — [3, there exists a sequence L of at most
T(a) members of S and a sequence B of at most t(«) bits, such that dyy(D(L, B), f) < a.

The following result states that the class of Gaussians is compressible (see Lemma 4.1 of Ash-
tiani et al. (2018a)).

Lemma C.2 Let o € (0,1). The class G is (O(d), O(d?log(1/a)), O(d))-compressible.

Remark C.3 Our reduction from list decoding the class of Gaussians to the problem of compress-
ing this class is fairly general and works for any class of distributions. Informally, if a class of
distributions is compressible, then it is list decodable. However, for the sake of simplicity we state
this result only for the class of Gaussians in Lemma 8.1.

Proof of Lemma 8.1 We will prove that if a class of distributions F is (7, ¢, s)-compressible,
then it is (O((slog(1/8))"*7), slog(1/B), a, 8, 0)-list-decodable w.r.t. dry. Let f € F, and S
be a set of slog(1/4) i.i.d. samples drawn from f. Now using the decoder D, construct the list
L={D(L,B): LCS,|L| <7,Be€{0,1}'}. Using the Definition C.1, with probability at least
1 — f3 there exists f € £ such that dpy(f, f) < a. Note that |£| = O((slog(1/8))*+7)). Putting
together with Lemma C.2 concludes the result. |

Appendix D. Locally small cover for Gaussians

Definition D.1 (Location Gaussians) Let G = {N (i, I;) : p € R} be the class of d-dimensional
location Gaussians.

Definition D.2 (Scale Gaussians) Let G° = {N(0,%) : ¥ € S%} be the class of d-dimensional
scale Gaussians.

The next two lemmas propose small covers for location and scale Gaussians near N (0, I). Re-
call that By, (r, f, F) stands for the dry-ball of radius r around f (See Definition 2.1).

Lemma D.3 (Lemma 30 of Aden-Ali et al. (2021a)) For any 0 < a < v < ¢, where cis a

universal constant, there exists an a-cover C* for the set of distributions Ba,, (v, N(0,1),G") of

size (1)O(d) w.rt. dry.
a

Lemma D.4 (Corollary 33 of Aden-Ali et al. (2021a)) Forany 0 < o < v < ¢, and ¥ € S¢,
where c is a universal constant, there exists an a-cover C*° for the set of distributions By, (v, N(0,%),G%)

of size (%)O(Cﬁ) w.rt. drv.

The next theorem provides upper and lower bounds for dtv between two Gaussians, which will
be used for constructing a small cover for unbounded Guassians near N (0, I).

Theorem D.5 (Theorem 1.8 of Arbas et al. (2023)) Let N(u1,%1), N(u2,32) € G, and A =
max{||37 285572 = Lol e, 1972 (1 — )| |2} Then

Arv(N (. 0). N Ba)) € S0
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Also, if drv(N (1, %1), N(p2, 2)) < g5, we have:

5= A < dy(N(p1, %1), N(u2, ¥2)).

200
The next lemma proposes a small cover for the unbounded Guassians near N (u, ) for any

given p and Y. To do so, we combine the small covers from Lemma D.3 and Lemma D.4 in a way

that it approximates any Gaussian near N (0, I).

LemmaD.6 Let 0 < a < v < ﬁ, p € R and ¥ € S There exists an a-cover for

Bary (7, N(11, %), G) of size at most (g)o(‘ﬂ).

Proof First, we construct a cover for By, (7, N(0,1),G). Second, we extend it to a cover for
By (v, N(1, ), G) using a linear transformation.

Let v € (o, 555) and consider the ball B := By, (v, N(0,1),G). Let 71 = 200 and C* be

an %6%04 -cover for By, (71, N(0,1),G") from Lemma D.3. Also, let 72 = 200y and C*° be an

W\[Oa—cover for By, (72, N(0,1),G°) from Lemma D.4.
We claim that C¥ = {N(£Y24,%) : N(p,I) € CE N(0,
1

B. Let N(i1,%) € B so that drv(N (0,1),N(1,%)) <~ <

¥) € C%} is an a-cover for
Applying the lower bound of

600
Theorem D.5 with 31 = 1,39 = )y , 1 = 0, ug = f1 gives that
15 = I||p < 200 d1v(N(0, I), N(i, 2)) 200y and )
[142l2 < 200 drv (N (0, 1), N(4, %)) < 200 3)

Moreover, applying Theorem D.5 with 3; = 5,8y =1 , 41 = [, po = 0 gives that
157122 < 200 drv (N (0, 1), N(j1, 3)) < 2007.

Next, applying the upper bound of Theorem D.5 with py = po = 0,21 = 1,¥; = ) gives

dry(N(0,1),N(0,%)) < fHE —Illr < %%]7 < 200y = 7. This implies that N(0,%) €

By (72, N(0,1),G%). Recall that C° is an 5{%0{ —cover for By, (72, N(0,1),G%). Thus, there
exists N(0,%) € C such that dry (N (0,%), N(0,%)) < V2 Using the lower bound of Theorem

200
D.5 with ¥ = 2 Yo = )Y , w1 = 0, e = 0 results in
IS71288712 )|, < ||27V2887Y2 — 1)|p < 200dry(N(0,3), N(0,%)) < vV2a.  (4)

Therefore ||2-1/25871/2||, = [|(2-1/281/2)(5-1/281/2)T ||, < 1 + v/2a. Finally, we get
IS712812]), < V14 V2a < V2.

Now let & = 3. 1/2,u From 3 we know that ||5]|2 < 200~. Therefore we have ||S~1/2/|s =
[[S1/281/2¢) |, < |IS~Y28Y2) o8], < 2009+/2. Using the upper bound of Theorem D.S
with ¥y = I, %9 = I, gy = X7Y24, and py = 0 gives dpy(N(X~Y24,1),N(0,1)) <
1 \|z 124, < QOU}W = 1. Thus N(X~Y24, 1) € Byy, (71, N(0, 1),gL). Recall that C'*
is an gé]oa-cover for Byyy (71, N(0,1),G*). Therefore, there exists N(fi,I) € C* such that
dryv (N (g, I),N(X"1Y24,1)) < 5&]04 Using the lower bound of Theorem D.5 with X1 = I,¥y =
Iy =320, iy = fi, we can write || X120 — iz = ||S~Y2(2Y24 — f1)||2 < V2a. Putting
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together with 4, we can use the upper bound in Theorem D.5 with £1 = &, ¥y = 3, 1 = 2Y/24,
and p12 = fi to get that dpy (N (X127, %), N(f1,2)) < a. Note that N(El/2 22) € OB. Hence,
C?® is an a-cover for B. Moreover, we have |C8| = |CF||CS] < (1)0(d)(22)0 (a)o(dQ)

Now, we propose a cover for By, (7, N (1, X),G). Note that using Lemma F.1, forany ¥, ¥, ¥ €
S?, we have:

dry (N (0, 2125,5Y2), N(0, 2125,5Y2)) = dpy (N(0,51), N (0, 5)).

Note that equality holds since the mapping is bijection. Next, create the set 5> = { N (u, 21/2%/21/2)
N(p, %) € CB}. Note that OB is an a-cover for By, (v, N(0,%),G) since the dtvy distance
between every two distributions in C'® remains same (i.e. does not increase) after this transforma-
tion. Finally, the set CBuw> = {N(u+ p/,%") : N(i',%') € CP=} is the desired a-cover for
By (7, N(1,3),G) since it is the shifted version of CP=. Also, we have |CPu=| = |CB=| =
|CF| < (2)0®), |

The next lemma provides a useful tool for creating (global) locally small covers. Informally,
given a class of distributions, if there exists a small cover for a small ball around each distribution
in the class, then there exists a (global) locally small cover for the whole class.

Lemma D.7 (Lemma 29 of Aden-Ali et al. (2021a)) Consider a class of distributions F and let
0 < a<~y <L Ifforevery f € F the Bay, (7, f, F) has an a-cover of size no more than t, then
there exists a (t,~)-locally small 2a-cover for F w.rt. dry.

The proof of the above lemma is non-constructive and uses Zorn’s lemma.

Appendix E. Proof of Theorem 3.3

Proof According to Lemma 8.1, the class G is (L, m, «, /3, 0)-list-decodable w.r.t. dry for L =
(dlog(1/B))0@*1os(1/@)) and m = O (dlog(1/43)). Moreover, Lemma 8.2 implies that G admits
a (t,2a)-locally small a-cover, where t = 40(@) | Using Theorem 3.1, we get that k-mix(G) is
(€,6)-DP («v, B)-PAC-learnable using

o <(log(1/5) +klog(tL)  mk + /-clog(l/ﬁ)> . (klog(L) L Mk klog(l/ﬂ)))

ae a? a3
~ <<log 1/6) + kd? kdlog(l/ﬁ)) </<:d2 kdlog(l/ﬁ)))
-0 (A4, Kdlos(1/5)
ag « a
B kd? log( 1/5 + k2d* kdlog(l/é) log(1/8) + k2d3log(1/8)  k?d*log*(1/p)
N ( ade * ate )
samples. |

Appendix F. Useful facts

Lemma F.1 Let f be an arbitrary function, and X,Y be two random variables with the same
support. Then drv(f(X), f(Y)) < drv(X,Y).
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ClaimF.2 Leta > 1. Then 1 + 182 4 182 9

Proof

Let f(z) = 1 4 1962 4 182 Theq f/(p) = —log2 4 1oloae _ 171080BY) Nt that f(x) is
decreasing so f is concave. In addition, z = e/2 is the only root of f" so f is maximized at /2.
Thus, f(z) < f(e/2) =1+ 2 < 2. n

We have that 8' < 2- < L and

— 2ec1 — ecy

Claim F.3 Let ¢y, c0,1/8 > 1 and define 3/ =
c18 log(ea/B') < B.

Proof We have

8
2ecy log(ecicz/B)

c1 Sec, log(iclcg/ﬁ) - [log(eciea/B) + log(2) + loglog(ecica /)]

ﬁ . log 2 N log log(ecica/f3)
2¢ log(ecica/PB) log(ecica/fB)
< Ble,

c18'log(cz/B') =

where in the last inequality, we used Claim F.2 with z = log(ecic2/3) > 1. [
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