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Abstract

Current state-of-the-art analyses on the convergence of gradient descent for training neural net-
works focus on characterizing properties of the loss landscape, such as the Polyak-Lojaciewicz
(PL) condition and the restricted strong convexity. While gradient descent converges linearly un-
der such conditions, it remains an open question whether Nesterov’s momentum enjoys accelerated
convergence under similar settings and assumptions. In this work, we consider a new class of objec-
tive functions, where only a subset of the parameters satisfies strong convexity, and show Nesterov’s
momentum achieves acceleration in theory for this objective class. We provide two realizations of
the problem class, one of which is deep ReLU networks, which constitutes this work as the first
that proves an accelerated convergence rate for non-trivial neural network architectures.
Keywords: Momentum, provable acceleration, deep ReLU neural networks

1. Introduction

Training neural networks with gradient-based methods has shown surprising empirical success (Le-
cun et al., 1998; LeCun et al., 2015; Zhang et al., 2017; Goodfellow et al., 2016); yet, it has been a
mystery why such a simple algorithm can consistently find a good minimum for these highly non-
convex objectives (Zhang et al., 2018; Li et al., 2020; Yun et al., 2019; Auer et al., 1995; Safran
and Shamir, 2018). As a consequence of this mysterious phenomenon, an equally, if not more,
intriguing question is why momentum methods, which are designed originally for accelerating the
minimization of convex objectives, can achieve faster convergence speed when applied to compli-
cated non-convex objectives, as that of neural network training.

The advances of the Neural Tangent Kernel (NTK) (Jacot et al., 2020) promoted the theoretical
understanding of neural network training. The use of NTK shows that when the width of the neural
network approaches infinity, the training process can be treated as a kernel machine. Inspired by the
NTK analysis, a large body of work has focused on showing the convergence of gradient descent
for various neural network architectures under finite over-parameterization requirements (Du et al.,
2019b,a; Allen-Zhu et al., 2019b; Zou and Gu, 2019; Zhang et al., 2019; Awasthi et al., 2021; Ling
et al., 2023; Allen-Zhu et al., 2019a; Song and Yang, 2020; Su and Yang, 2019). Yet, this line of
analysis is hard to extend to deeper and more complicated architectures and requires a significantly
larger over-parameterization than what is used in practice.

To resolve this limitation, later work started to build connections between the understanding of
neural network training and the widely studied optimization theory. In particular, a recent line of
work characterizes the loss landscape of neural networks using the local Polyak-F.ojaciewicz (PL)
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condition (Song et al., 2021; Liu et al., 2020; Nguyen, 2021; Ling et al., 2023). Based on the well-
established theory of how gradient descent converges under the PL condition (Karimi et al., 2020),
this line of work decouples the neural network structure from the dynamics of the loss function
along the optimization trajectory. This way, these works could perform a more fine-grained analysis
of the relationship between regulatory conditions, such as the PL condition, and the neural network
structure. Such analysis not only resulted in further relaxed over-parameterization requirements
(Song et al., 2021; Nguyen, 2021; Liu et al., 2020) but was also shown to be easily extended to deep
architectures (Ling et al., 2023), suggesting that it is more suitable in practice.

In contrast to the fast-growing research devoted to (stochastic) gradient descent, there is limited
theoretical work on the convergence of momentum methods in deep learning. The acceleration of
both the Heavy Ball method and Nesterov’s momentum is shown only for shallow ReLU networks
(Wang et al., 2021; Liu et al., 2022a) and deep linear networks (Wang et al., 2021; Liu et al., 2022b).
It remains an open question to prove the acceleration for neural network training in a scenario closer
to what is used in practice in terms of both the over-parameterization requirement and the depth and
architecture of the neural network. As a result, we are interested in finding a regulatory condition
for neural networks that enables the accelerated convergence for momentum methods.

Showing acceleration under only the PL condition has been a long-standing difficulty. For
the Heavy Ball method, Danilova et al. (2018) established a linear convergence rate under the PL
condition, but no acceleration is shown without assuming strong convexity. Wang et al. (2022)
proved an accelerated convergence rate; yet, the authors assume the A*~AVERAGE OUT condition,
which cannot be easily justified for complicated objectives like neural networks. To our knowledge,
the convergence proof for Nesterov’s momentum under the PL condition in non-convex settings is
currently missing. In the continuous limit, acceleration is proved in a limited scenario (Apidopoulos
et al., 2022), which does not easily extend to the discrete case (Shi et al., 2022). Finally, Yue
et al. (2022) shows that gradient descent already achieves an optimal convergence rate for functions
satisfying smoothness and the PL condition. This suggests that we need to leverage properties
beyond the PL condition to prove the acceleration of momentum methods in a broader class of
neural networks.

Based on prior work (Liu et al., 2020) that shows over-parameterized systems are essentially
non-convex in any neighborhood of the global minimum, we aim at developing a relaxation to
the (strong) convexity in the non-convex setting that enables the momentum methods to achieve
acceleration. In particular, we consider the minimization of a new class of objectives:

min f(x,u), (D

x€R1 ucR92

where f satisfies the strong convexity with respect to x, among other assumptions (c.f., Assumption
1-6). Intuitively, our construction assumes that the parameter space can be partitioned into two sets,
and only one of the two sets enjoys rich properties, such as strong convexity. In this paper, we focus
on Nesterov’s momentum since it has been shown in a recent work that the Heavy Ball method
cannot achieve acceleration even for smooth and strongly convex functions (Goujaud et al., 2023).
Indeed, in previous empirical works, Nesterov’s momentum is not only shown to achieve acceler-
ation in neural network training (Sutskever et al., 2013), but also demonstrate better performance
under large-scale testing than the Heavy Ball method (Dahl et al., 2023).

Our contribution. Our paper starts with an investigation of the properties of the problem class
in (1) that satisfies Assumption 1-6. In particular, we show that this set of assumptions is stronger
than the PL condition but weaker than strong convexity, and, as a consequence, gradient descent
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converges linearly with rate 1 — © (1/x) under these assumptions. Next, we prove that Nesterov’s
momentum enjoys an accelerated linear convergence with a convergence rate 1 — © (1/\/x). Under
Assumption 1-6, our result holds even when f is non-convex and non-smooth:

Theorem 1 (Informal statement of Theorem 7) Let f (x,u) : RY x R — R be Ly-smooth and
p-strongly convex with respect to x for all u € R%, and let k = L Ju. If f(x,u) also satisfies
Assumption 3-6 with sufficiently small G, Gy and sufficiently large Rx, Ry, then the sequence
{(xk, ug) } oo, generated by Nesterov’s momentum satisfies:

f(xp,ug) <2 (1 -0 (ﬁ))k (f(x0,u0) — f*).

Next, we provide two realizations of our problem class. In Section 4.1, we first consider fitting an
additive model under the MSE loss. We prove the acceleration of Nesterov’s momentum as long as
the non-convex component of the additive model is small enough to guarantee the Lipschitz-type
assumptions. Next, we turn to deep ReLLU network training in Section 4.2. We show that when the
width of the neural network trained with n samples is €2 (n4) , under proper initialization, Nesterov’s
momentum converges to zero training loss with rate 1 — © (1//x). To the best of our knowledge,
this is the first result that establishes accelerated convergence of deep ReLU networks:

Theorem 2 (Informal statement of Theorem 15) Given a dataset with n samples and d features,
we let F be a deep ReLU neural network with width Q (n*d3) and let L}, € R be the MSE loss value
at iteration k generated by training F with Nesterov’s momentum. Then, for all k > 0, we have

that: Ly <2 (1 —0e (ﬁ))kco

1.1. Related Works

Convergence in neural network training. The NTK-based analysis builds upon the idea that when
the width approaches infinity, training neural networks behaves like training a kernel machine. Var-
ious techniques are developed to control the error when the width becomes finite. In particular,
(Du et al., 2019b) tracks the change of activation patterns in ReL.U-based neural networks and often
requires a large over-parameterization. Later works improve the over-parameterization requirement
by leveraging matrix concentration inequalities (Song and Yang, 2020), performing fine-grained
analysis on the change of Jacobians (Oymak and Soltanolkotabi, 2019), analyzing the functional
approximation property (Su and Yang, 2019), and building their analysis upon the separability as-
sumption of the data in the reproducing Hilbert space of the neural network (Ji and Telgarsky, 2020).
Going beyond two-layer neural networks, Allen-Zhu et al. (2019a); Du et al. (2019a) analyze the
convergence of gradient descent on deep neural networks under a large over-parameterization. In
the meantime, the analysis was also extended to other training algorithms and settings, such as
stochastic gradient descent (Oymak and Soltanolkotabi, 2019; Ji and Telgarsky, 2020; Xu and Zhu,
2021; Zou et al., 2018), drop-out (Liao and Kyrillidis, 2022; Mianjy and Arora, 2020), federated
training (Huang et al., 2021), and adversarial training (Li et al., 2022).

A noticeable line of work focuses on establishing that the PL condition is satisfied by neural
networks, where the coefficient of the PL condition is based on the eigenvalue of the NTK matrix.
Nguyen (2021) shows the PL condition is satisfied by deep ReLU neural networks by considering
the dominance of the gradient with respect to the weight in the last layer. Liu et al. (2020) proves
the PL condition by upper bounding the Hessian for deep neural networks with smooth activation
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functions. Song et al. (2021) further reduces the over-parameterization while maintaining the PL
condition via the expansion of the activation function with the Hermite polynomials. Lastly, Baner-
jee et al. (2023) establishes the restricted strong convexity of neural networks within a sequence
of ball-shaped regions centered around the weights per iteration; yet, the coefficient of the strong
convexity is not explicitly characterized in theory.

It should be noted that the above work relies on the over-parameterization of the neural net-

work, which, in many cases, leads the training dynamic to be trapped in the so-called kernel regime
(Woodworth et al., 2020; Yehudai and Shamir, 2022; Yang and Hu, 2021). While crucial to guar-
antee a favorable loss landscape (Safran and Shamir, 2018), it is also shown that even mild over-
parameterization leads to an exponentially slower convergence rate (Xu and Du, 2023) and cannot
explain the behavior of learning a single neuron (Yehudai and Shamir, 2022). However, the above
work focuses solely on the training with gradient descent. While our analysis is based on the over-
parameterization assumption, it is, to the best of our knowledge, the first to show the convergence of
Nesterov’s momentum on deep neural networks and opens up the possibility of studying Nesterov’s
momentum on neural networks in a more realistic scenario.
Convergence of Nesterov’s Momentum. The original proof of Nesterov’s momentum (Nesterov,
2018) builds upon the idea of estimating sequences for both convex smooth objectives and strongly
convex smooth objectives. Later work in (Bansal and Gupta, 2019) provides an alternate proof
within the same setting by constructing a Lyapunov function. In the non-convex setting, a large
body of works focuses on variants of Nesterov’s momentum that lead to a guaranteed convergence
by employing techniques such as negative curvature exploitation (Carmon et al., 2017), cubic reg-
ularization (Carmon and Duchi, 2020), and restarting schemes (Li and Lin, 2022). For neural net-
works, (Liu et al., 2022a,b) are the only works that study the convergence of Nesterov’s momentum.
However, considering the over-parameterization requirement, the objective is similar to a quadratic
function. Deviating from Nesterov’s momentum, Wang et al. (2021) studies the convergence of the
Heavy-ball method under similar over-parameterization requirements. A recent work (Wu et al.,
2023) proves the convergence of the Heavy-ball method under the mean-field limit; such a limit
is not the focus of our study in this paper. Lastly, Jelassi and Li (2022) shows that momentum-
based methods improve the generalization ability of neural networks. However, there is no explicit
convergence guarantee for the training loss.

2. Problem Setup and Assumptions

Notations Standard lower-case letters (e.g. a) denote scalars, bold lower-case letters (e.g. a) denote
vectors, and bold upper-case letters (e.g. A) denote matrices. For a vector a, we use a; to denote its
i-th entry and ||al|, its /o-norm. For a matrix A, we use a;; to denote its (7, j)-th entry and ||A|| 5
its Frobenius norm. we use (a;,as) to denote the concatenation of aj, as. For a matrix A with
columns ay, ..., a,, weuse V(A) = (aj,...,a,) to denote the vectorized form of A.
Optimization literature often focuses on the constraint-free minimization of a function f :RY —
R. In this scenario, Nesterov’s momentum with step size 7 and momentum parameter 3 for mini-
mizing f (w) bears the form, as in Bansal and Gupta (2019) and (2.2.22) of Nesterov (2018)!

W1 =W — IV (W); Wiyt = Wit + 8 (Wep1 — wi) 2

In this paper, we reformulate this problem using the following definition.

1. Despite a different choice of step size and momentum parameter.



ACCELERATION OF NEURAL NETWORK TRAINING

Definition 1 A function f : R" x R% — R is called a partitioned equivalence of f R = R, if
i) di + dy = d, and i1) there exists a permutation function 7 : R* — R over the parameters of f
such that f(w) = f(x,u) if and only if 7(w) = (x,u). We say that (x, ) is a partition of w.

Despite the difference in the representation of their parameters, f and f share the same properties,
and any algorithm for f would produce the same result for f. Therefore, we turn our focus from
the minimization problem of f to the minimization problem in (1). We should clarify that when
we study the property of f as an attempt to study the property of f , we only need to assume the
existence of such a partitioned equivalence, instead of requiring an efficient algorithm to identify
this equivalence explicitly. We further assume that f is a composition of a loss function g : R¢ —
R and a possibly non-smooth and non-convex model function h : R% x R% — R? for some
dimension d € Z; i.e., f(x,u) = g(h(x,u)). With this construction of functional composition,
we can assume only a partial smoothness on f together with the smoothness of g, instead of the full
smoothness property of f. We obey the following notation with respect to gradients of f:

Vi (xm) = 2ER Vo f(xou) = R Vi w) = (Vif (), Vaf(xou). @)
We will consider Nesterov’s momentum with constant step size 77 and momentum parameter [3:

(X1, Wt 1) = (Vi Vi) — OV (Vs VE)
(Yr+15 V1) = (Xig1, Wg1) + B (X1, W1) — (Xp, ug))

“4)

with yo = xg and vo = ug. The algorithm formulation in (4) is mathematically equivalent to (2) for
optimizing f(x). Therefore, the execution of (4) is completely agnostic to the parameter partition.

To state our assumptions, let Bg%) and Bj; (2 ) denote the balls centered as xg and ug:
d d
BRX = {x € R" : ||x — x¢l|y < Rx}; B%u ={u e R : ||lu—upll, < Ry}
Next, we state the assumptions on the general class of objectives we consider.

Assumption 1 f is u-strongly convex with i > 0 with respect to the first part of its parameters:

Fyou) = fxw) + (Vifeeuhy —x) + 5y =[5, vxy e R ue By,

Assumption 2 f is Ly-smooth with respect to the first part of its parameters:

Fly0) < foow) + (Vifom).y =) + 2 ly ~x3, vey € B ue B,
Based on Assumption 1 and 2, we define the condition number of f.
Definition 2 (Condition Number) The condition number k of f is given by k = L1 /.
Assumption 3 g satisfies min__p i g(S) = minycga; yepa f(X, 1), and is Lo-smooth:

L N
g(s1) < g(s2) +(Vg(s1),s2 —s1) + 72 ||se — 51H§7 Vs1,s2 € R
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Assumptions 1 and 2 are relaxed versions of the smoothness and strong convexity. Instead of as-
suming that the objective is smooth and strongly convex over all parameters, we only assume such
property to hold with respect to a subset of the parameters while the rest lie near initialization.
Assumption 3 is standard in prior literature (Liu et al., 2020; Song et al., 2021) of neural network
training, and holds for loss functions such as the MSE loss and the logistic loss.

Assumption 4 £ satisfies G1-Lipschitzness with respect to the second part of its parameters:
h(x,u) — h <G fu- vx € BY); BY)
[A(x,u) = h(x, V)|, <Gillu=v|,, Vx€Bg;uveDB.

Assumption 5 The gradient of f with respect to the first part of its parameter, V1 f (x, u), satisfies
Glo-Lipschitzness with respect to the second part of its parameters:

IVif(xw) = Vif (e, v)lly < Gallu—vl,, vx€BY); uveBy.

Assumption 6 Minimum values of f restricted to the optimization over X equal the global mini-
mum value:
min f(x,u)=f":= min f(x,u); Vue Bg).
xeR% xE€RY1 ueR%2 "

Since we do not assume f to be convex or smooth with respect to u, we cannot guarantee that the
updates in (4) on u will make positive progress towards finding the global minimum. Nevertheless,
the updates on u are unavoidable since the execution of (4) is agnostic to the parameter partition.
Therefore, we treat the change in the second part of the parameters as errors induced by the updates.
Assumptions 4 and 5 are made to control the effect on the change of the model output h(x, u) and
the gradient with respect to x caused by the change of u. Moreover, without Assumption 6, it is
possible that the change of u will lead the optimization trajectory to some local minimum of u, such
that the global minimum value cannot be achieved even when x is fully optimized. We show that
Assumptions 1-6 are satisfied by a smooth and strongly convex function:

Theorem 3 Let f be [i-strongly convex and L-smooth. Then f satisfies Assumptions 1-6 with:
Ry=Ry=o00, p=ji; [y =Ly=L; G = G2 = 0.

Theorem 3 shows that the combination of Assumptions 1-6 is no stronger than the assumption that
the objective is smooth and strongly convex. Therefore, the minimization of the class of functions
satisfying Assumptions 1-6 does not have a better lower complexity bound than the class of smooth
and strong convex functions. That is, the best convergence rate we can achieve is 1 — © (1/\/%).

3. Accelerated Convergence under Partial Strong Convexity
3.1. Warmup: Convergence of Gradient Descent

The previous section shows that f satisfying Assumption 1-6 is weaker than the combination of
smoothness and strong convexity. Before diving into the convergence of gradient descent, we first
show that Assumptions 1,6 imply the PL condition:

Lemma 4 Suppose that Assumption 1, 6 hold. Then, for all x € R% and u € Bg&, we have:

IV w3 = [Vif (e wls = 20 (f(x,u) = 7).
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Recall that, due to the minimum assumption made on the relationship between f(x,u) and u, we
treat the change of u during the iterates as an error. Thus, we need the following lemma, which
bounds how much f is affected by the change of u.

Lemma 5 Let Assumptions 3, 4 hold. For any Q > 0 and x € B(l)z, u,v e ng, we have:

F6u) = fx,v) £ Q7' La (F(x,v) = f%) + G (Lo + Q) fJu— vl

With the help of Lemmas 4 and 5, we can show the linear convergence of gradient descent:

Theorem 6 Suppose that Assumptions 1-4 and 6 hold with G} < 8’% and
2

Ry > 16nr+/Ly (f(x0,ug) — f*)% ;. Ry > 16nxG1v/Ly (f(x0,ug) — f*)% :

Then there exists constant ¢ > 0 such that gradient descent with n = L% converges according to:

k
f(XkJ7uk) - f* < (1 - ﬁ) (f(X07u0) _f*)'
Le., Theorem 6 shows that gradient descent applied to f converges linearly with a rate of 1 — ©(1/x)
within our settings. The proofs for Lemma 4 and 5, and Theorem 6 are deferred to Appendix B.
3.2. Acceleration of Nesterov’s Momentum

We will now study the convergence property of Nesterov’s momentum in (4) under only Assump-
tions 1-6. Our result shows an accelerated convergence rate compared with gradient descent.

Theorem 7 Let Assumptions (1)-(6) hold. Consider Nesterov’s momentum given by (4) with ini-
tialization {xo,u9} = {yo,vo}. There exists absolute constants c,C1,Cy > 0, such that, if
w, L1, Lo, G1,Go and Ry, Ry satisfy:

Gl< o ou’ (ﬂ)?’ G263 < o (ﬂ)z
) — 2 )

— LQ(L2+1)2 1+8 (L2+1)\/E 1+
36 3 1
RXZ?\/E(M%—EI)>2(.}C(XO,UO)_J£ )2; %)
36 2 8\ 3 1
Ry > =i (PG (F (0, w0) = £

and, if we choose 1) = ¢/L., 8 = (W& —VO/(4/r + 1y0), then Xp, yk € BY) and ug, vy, € B for
all k € N, and Nesterov’s recursion converges according to:

f(Xk,uk)—f*S2<1—ﬁ)k(f(xo,uo)—f*)- (6)

Theorem 7 shows that, under Assumptions 1-6 with a sufficiently small G; and G2 as in (5), Nes-
terov’s iteration enjoys an accelerated convergence, as in (6). Moreover, the iterates of Nesterov’s
momentum { (Xx, yx)}72, and {(u, vi)}72, stay in a ball around initialization with radius in (5).

To better interpret our result, we first focus on (5). By our choice of 5, we have that 1 — § =
©(l/yx) and 1 + 8 = O (1). Therefore, the requirement of G, G in (5) can be simplified to
G < O (W?/13213) and G2G% < O (#?/13212). This simplified condition implies that we need
a smaller G; and Gy if p is small and L; and L, are large. For the requirement on Ry and R,
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in (5), we can simplify with » = O (1/z,) and 8 = O (1). In this way, Rx and R, reduce to
Q (L Ly Jur) - (f (x0,10) — f*)% and Q (GiLY Lo fu*) - (f (%0, 1p) — f*)%, respectively. Both
quantities grow with a larger L; and Lo and a smaller . Noticeably R, also scales with Gj.
Focusing on the convergence property in (6), we can conclude that Nesterov’s momentum achieves
an accelerated convergence rate of 1 — © (1/,/x) compared with the 1 — O (1/x) rate in Theorem 6.
In more detail, we discuss the proof of Theorem 7 in the sections below.

3.3. Technical Difficulty

Similar to the previous work on showing the convergence of Nesterov’s momentum (Bansal and
Gupta, 2019; d’ Aspremont et al., 2021), the core of our proof is the construction of a Lyapunov
function that upper bounds the optimality gap f(xy,ur) — f* at each step k, and enjoys a linear
convergence. However, the construction of this Lyapunov function faces the following difficulty.

Difficulty 1. Most previous analyses of Nesterov’s momentum use the global minimum as a refer-
ence point to construct the Lyapunov function; see Bansal and Gupta (2019); d’Aspremont et al.
(2021). In the original proof of Nesterov, the construction of the estimating sequence also assumes
the existence of a unique global minimum (Nesterov, 2018). However, in our scenario, the objective
function is non-convex. It allows the existence of multiple global minima, which prevents us from
directly applying the Lyapunov function or estimating sequence, as in previous works.

While the non-convexity of f introduces the possibility of multiple global minima, Assumption 1
implies that, with a fixed u, there exists a unique x*(u) that minimizes f(x,u). Moreover, As-
sumption 6 implies that, for all u € ng, the local minimum (x*(u), u) is also a global minimum.
Thus, we resolve the difficulty by using the x*(uy,) as the reference point for the Lyapunov function
at the kth iteration and ensure the stability of the Lyapunov function by bounding the change of

x*(ug). The following lemma gives a characterization of this property.
Lemma 8 Lerx*(u) = argmin, e, f(x, ). Suppose Assumptions 1 and 5 hold. Then, we have:

I (ar) = x* ()]l < G2 [luy —wolly, Vur,up € By

Lemma 8 indicates that, if we view x*(u) as a function of u, then this function is G2 I ipschitz.
For a fixed u, given the nice properties on x, the iterates of Nesterov’s momentum will guide
X to the minimum, based on the current u. Lemma 8 guarantees that the progress toward the
minimum induced by u; does not deviate much from the progress toward the minimum induced by
ue. However, to apply Lemma 8, we must control the change of u; between iterations. Indeed,
this bound is also necessary to apply the smoothness-like condition in Lemma 5. Unlike gradient
descent, {uy },-, generated by Nesterov’s momentum introduces the following difficulty.

Difficulty 2. Unrolling the Nesterov’s momentum iterates shows that Uy — Uy is a linear com-
bination of previous gradients. Under the assumption of smoothness, the norm of the gradient is
bounded by a factor times the optimality gap at the current point, namely:*

IV2f (x, )l < 2G1 L (f (x,0) — f*).

2. For the proof of this property, please see Lemma 20
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In the case of gradient descent, the applied gradients are evaluated at steps (Xj,uy), and thus
|\Vaf (xk,uk)||y can be controlled since (f (x,u) — f*) can be shown to enjoy a linear conver-
gence by an induction-based argument (Du et al., 2019b; Nguyen, 2021). However, in the case
of Nesterov’s momentum, we cannot directly utilize this relationship since the applied gradient is
evaluated at the intermediate step (y, Vi), and while we know that the optimality gap at (Xy, uy)
converges linearly, we have very little knowledge about the optimality gap at (Y, V).

To tackle this difficulty, our analysis starts with a careful bound on ||xj1 — X||3 by utilizing the
convexity with respect to x to characterize the inner product (V1 f (yx, Vi), Xx — X—1). After that,
we bound ||V f(y, vi)||5 using a combination of ||x441 — Xz |5 and ||xz — x_1]|5. Lastly, we
relate || Vo f (yx, vi)||3 to | V1f(yk, vi)||5 using the following gradient dominance property.

Lemma 9 Suppose that Assumptions 1, 3, 4, and 6 hold. Then, we have:

IVafGew)3 < G2 Vi fx, )2, Vx e BY); ue B

Lemma 9 establishes the upper bound of || V2 f(x,u)||3 using || V1 f(x, u)|/5. Direct application of
this result will contribute to the bound on ||uy41 — ugl|,. Intuitively, this lemma also implies that
the effect of gradient update on u is less significant than that on x.

3.4. Proof Overview

Our analysis is based on the Lyapunov function proof given by Bansal and Gupta (2019) for proving
the accelerated convergence rate of Nesterov’s momentum in (2) in minimizing a strongly convex
and smooth objective f(w). In particular, Bansal and Gupta (2019)? uses the following Lyapunov
function,

o =f(wp)— f*+ 5 sz— w*, )

where w* is the global minimum, and z; can be cons1dered as a mixing of the sequences {wy},~,
and {v’vk}?:1 in (2). In particular, the second term in (7) computes the distance between the mixed
variable Z; and the reference point w* and is added to dA)k to guarantee a linear convergence on
QASk. Following our discussion in the previous section, we construct our Lyapunov function using
x* (u) = argmin, pe, f(x,u) as a reference point. For the simplicity of notations, we define
X}, = x* (uy). Similar to Bansal and Gupta (2019), we let z;, be the linear combination of y;, and
X1, and choose a proper scaling factor Q; for the distance between z;, and the previous reference
point x3_ . For some properly choose v and A, we define

1—BA A
BA (Yk—xk)+Yka Ql—m

Compared with the proof of Nesterov’s momentum on smooth and strongly convex functions, the
proof in our setting has to accommodate the errors caused by the change of u. Our complicated
scaling in the form of z; and Q; is to make sure the errors caused by u can be properly canceled
out by the positive progress made by updating x. Setting y_; = yg and v_; = vg, we consider the
following Lyapunov function:

Z =

O = f(xpoug) — [+ Q1 ||zw — x5 |5 + Wlf()’k; L vie1) 5

3. after rephrasing in the notations used in our scenario
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The last term in the expression of ¢;, also eliminates the errors from updating u. Our proof recur-
sively establishes the following three properties:

(1—%)_1¢k+1_¢k§ 4\6/%<1—4\C/E)k¢0; ®)
Ixx — Xp—1]l5 < Qo (1 — ﬁ)k%; Jug — w1 ]l5 < G1Q3 (1 - ﬁ)kqﬁo- &)

Intuitively, (8) implies an accelerated linear convergence of f(xg,up) — f*upto ¥’ < k + 1,
which further implies the bound on ||xj — Xg/_1]|5 and |[ug — ug/_1||, asin (9 upto k' < k + 1.
In turn, (9) will guarantee that x; € Bg,,u € Bg,, and control the error caused by updating u.
These two conditions combined will imply that (8) holds. This idea is further detailed below.

By our choice of ¢y, we must have that f(x,ux) — f* < ¢g. Unrolling (8) implies that:

k
o) = <on < (1-75) o, (10)

Combined with the bound that ¢ < 2 (f(x0,ug) — f*)*, (8) further implies the convergence in (6).
The following lemma shows that, if (6) holds for all £ < k, we can guarantee (9) with k = k + 1.

Lemma 10 Let the Assumptions of Theorem 7 hold. If (10) holds for all k < k, then (9) holds for

k= ]% + 1 with Qy = %2;1) and Q3 = 677[/2;5;?1’;1)6()13—’_/8)3.

The proof of Lemma 10 utilizes how we resolve Difficulty 2 in the previous section. Lemma 10
implies that up to iteration k+ 1, x;, and uy, stay in ng and Bgz with the lower bound of Ry« and
Ry assumed in Theorem 7. This allows us to apply Assumptions 1-6 in showing (8) for iteration
k + 1. Moreover, the bound on ||u;, — u_1 ||, connects the following lemma to (8).

Lemma 11 Let the Assumptions of Theorem (7) hold. Then, we have:

—1 8Q GQGQ
(1-3%)  drer — ok < 8™V (G3Lo + “2GE) Juy — w3

The proof of Lemma 11 has a similar idea to Bansal and Gupta (2019) when showing that the
Lyapunov function converges. The additional difficulty of Lemma 11 lies in carefully controlling
the errors caused by the change of uy. Plugging the form of Q3 into the upper bound in (9) and then
plugging the resulting upper bound into Lemma 11 yields

(1 - ﬁ)ﬂ 1 — O < GCX/EULZE?_JFBQ(I + ) (G%Lz + Sgluﬂ) (1 _ ﬁ)k o

The equation above directly implies (8) after we plug in the upper bound on G; and G5 assumed in
Theorem 7. This establishes the inductive step and thus finishes the proof.

4. Realization of Assumption 1-6

4. For the detail please see Lemma 21

10
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We consider two realizations of problems that sat- 10! 10 —
. . . . 10 g 1074
isfy Assumptions 1-6. By enforcing the requirement 3 103 pE \
. ~101{ —— Nesterov ¥ 16
in Theorem 7 on the two models, we show that al- 1573 o] S
though nonconvex and possibly non-smooth, the two O ¢ B 0@ % 1w
models enjoy accelerated convergence when trained A.) = 0.01

. i (@) Umax( 2) =0.0
with Nesterov’s momentum. i

— 1A%l
[|Auglz

Loss
=
3

>
n
=

L

s

4.1. Additive model To7t | — Nesterov S0

10-17 GD 10718
GiVeIl matrices A—l 6 Rme7A2 e Rmxd and a 0 20 ;}t(;mﬁs‘:] 80 100 0 20 }’lt(;mﬁ:‘:) 80 100
non-linear function o : R™ — R™, we consider (b) Omax(Az) = 0.3

h(x,u) = Aix + o(Agu) as the summation of a o o
linear model and a non-linear model. If we train

, — 1A%l
10 || Aull2

10-°

Loss

h(x,u) over the loss g(s) = 3 [|s — b||3 for some }E;“ :I — ?D'\ ;"ig }
label b € R™, the objective can be written as 0 20 4 6 8 100 0 20 40 6 8 100
Iteration Iteration
f(x,u) = g(A1x + 0 (Asu)) (€) Omax(A2) =5

1 9 (11
9 l1A1x + 0 (Azu) = blf;. Figure 1: Experiment of learning additive
model with gradient descent and

Due to the non-linearity of o, f(x,u) is generally Nesterov’s momentum

non-convex. If we further choose ¢ to be some non-
smooth function such as ReLU, i.e., 0(x); = max{0,z;}, the objective can also be non-smooth.
Yet, assuming that o is Lipschitz, we can show that f(x, u) satisfies Assumptions 1-6.

Lemma 12 Let o be B-Lipschitz and omin (A1) > 0. Then f(x,u) satisfies Assumptions 1-6 with

Ry =Ry = 05 U = Omin (A1)2; L1 = omax (A1)2; Ly=1

(12)
Gl = Bomax (AQ) ) G2 = Bomax (Al) Omax (A2) .

Notice that while ¢ and L; depend entirely on the property of A1, both G; and G2 can be made
smaller by choosing Ay with a small enough oyax(A2). Intuitively, this means that G and Go
can be controlled, as long as the component that introduces the non-convexity and non-smoothness
o (Agu) is small enough. Therefore, we can apply Theorem 7 to the minimization of (11).

Theorem 13 Consider the problem in (11) and assume using Nesterov’s momentum to minimize
f(x,u), where o is a B-Lipschitz function. Let k = 0max (A1)? [0, (A1)?, and suppose:

Omin (A1) > Comax (Az) BKO™, (13)

for large enough constant C > 0. Then there exists constant ¢ > 0 such that if we choose n =
¢fomax (A1)? and B = (4K —/¢)/(4+/r + 7./c), Nesterov’s momentum in (4) converges according to:

£, up) < 2 <1 - 4\0/%)’“ F(xo0, o).

Notice that the requirement in (13) favors a larger op,in (A1) and smaller 0,21 (A2), B and k. Using
this example, we empirically verify the theoretical result of Theorem 7, as shown in Figure 1. The

11
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three rows correspond to the cases of opax (A2) € {0.01,0.3,5}, respectively. The plot lines
denote the average loss/distance among ten trials, while the shaded region denotes the standard
deviation. Observing the plots in the left column, in all three cases, Nesterov’s momentum achieves
a faster convergence compared with gradient descent, while the case with the largest oy (A2)
introduces the largest variance between results of the ten trials. Recall that oy, (A2) controls the
magnitude of G and G5. Thus, this phenomenon shows that when G; and G5 become larger,
the theoretical guarantee in Theorem 7 begins to break down, and the result depends more on the
initialization. Figures in the right column plots the evolution of ||x) — x;_1||5 and |juy — up_1 3.
All three figures show that the two quantity decrease linearly. This phenomenon supports the linear
decay of the two quantities, as shown in Lemma 10. Moreover, as omax (A2) increases, the relative
magnitude of [[uy — uy_1|[3 to ||xx — x_1]|3 also increase (the line of “[|Auyg||2” get closer to
“||Axg]||2”). This supports that |[ug — ug_; ||§ scales with G, as shown in Lemma 10.

4.2. Deep ReLLU Neural Networks

Consider the A-layer ReLU neural network with layer widths {d,}%_,. Denoting the number of
training samples with n, we consider the input and label of the training data given by X € R™*
and Y € R"*4A. Let the weight matrix in the ¢-th layer be W,. We use @ = {W,}} | to denote
the collection of all weights and 0(A);; = max{0,a;;} to denote the ReLU function. Then, the
output of each layer is given by:

X, it ¢ = 0;
Fo(0)=q0(Fr1(0)Wy), ifle[A—1]; (14)
Frooi (0)Wy,  iff=A.

We consider the training of F (6) over the MSE loss, as in £(6) = 3 [|[Fa (6) — YH% We can
interpret the scenario using our partition model in (1). Let g(s) = % [|s — vV (Y) 3. If we partition

the parameter € into x =V (Wy)andu = (V(W1),...,V(Wyu_1)), then we can write:
1 1
h(x,u) =v(Fr(0));  f(x,u) =5 [V(F2(0)) ~v(Y)ll; = 5 IIFA (8) ~Y[p. (19

For some given x and u, we let W (x) be the matrix such that x = V (W (x)); similarly, we let

Wy(u) with £ € [L — 1] be the matrices such that u = (V(Wy(u)),...,V(Wx_1(u))). Denote

AN = SUpP__ 1) Omax (WA(X)) and Ay = sup__ (2 omax (Wy(u)) for £ € [A — 1]. Moreover,
x€Bp. ueBy.

denote \;_,; = H%: ; A¢. Then we can show that f(x, u) defined in (15) satisfies Assumptions 1-6.

Lemma 14 Ler 0(0) be the initialization of the ReLU network in (14) and oy = omin (Fa—1 (6(0))).
Assume that each W is initialized such that ||[W(0)||, < % and oy > 0. Then, f(x,u) satisfies
Assumptions 1-6 with:

o

2
AN 1 . . Ol(%
Ry=—; Ry=-| min A/ |min<1, : =20
> g () { 2V/A HXHFAHH} hT

-1
L= X s L= Gi= O+ Ra) VAIX I Aac ( in o)

-1
Ga = (2 -+ ) X Aoact + Y1) VA Moo (i )
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As shown in Lemma 3.3 by Nguyen (2021), we can guarantee that oy > 0 with sufficient over-
parameterization. To show the acceleration of Nesterov’s momentum when training (14), we need
to ¢) guarantee that the condition of Ry and Ry in (5) satisfies the upper bound in Lemma 14, and i7)
the quantities p, L1, L2, G1 and G2 defined in Lemma 14 satisfy the requirement in (5). Enforcing
the two conditions with sufficient over-parameterization gives us the following theorem.

Theorem 15 Consider training the ReLU neural network in (14) using the MSE loss, or equiv-
alently, minimizing f(x,u) defined in (15) with Nesterov’s momentum with n = ¢/L, and =

%, where k = % and o, L1 defined in Lemma 14. If the width of the network satisfies:

dg=0(m) Ye[A-2]; daq=9(n*"max{n,d’}), (16)

for some m > max{do, dp }, and we initialize the weights according to:
_3
(We(0)];; ~ N (0,d,1)), VEe[A-1]; [Wx(0)],; ~N <o, dA31> .
Then, with high probability over the initialization, there exists an absolute constant c > 0 such that:

k
L(Ok) <2(1-1%) LOO). a7

As in prior work (Nguyen, 2021), we treat the depth of the neural network A to be a constant
when computing the over-parameterization requirement. Next, we compare our result with Theorem
2.2 and Corollary 3.2 of Nguyen (2021). To deal with the additional complexity of Nesterov’s
momentum as introduced in Section 3.3, our over-parameterization is slightly larger than the over-
parameterization of dy_; = © (n3m3) in Corollary 3.2 of Nguyen (2021). Moreover, in Theorem
2.2 of Nguyen (2021), since their choice of 7 is also O (1/L,), the convergence rate they achieve for
gradient descent is 1 — © (1/x). Compared with this rate, Theorem 15 achieves a faster convergence
of 1 — ©(1/y/x). This shows that Nesterov’s momentum enjoys acceleration when training deep
ReLU neural networks.

5. Conclusion and Broader Impact

We consider the minimization of a new class of objective functions, namely the partition model,
where the function is smooth and strongly convex with respect to only a subset of its parameters.
This class of objectives is more general than the class of smooth and strongly convex functions. We
prove the convergence of gradient descent and Nesterov’s momentum on this class of objectives un-
der certain assumptions and show that Nesterov’s momentum achieves an accelerated convergence
rate of 1 — © (1/y/x) compared to the 1 — © (1/x) convergence rate of gradient descent. Moreover,
we considered the training of the additive model and deep ReLU networks as two realizations of the
partition model. We showed the acceleration of Nesterov’s momentum on these two realizations.

Future works can focus on three aspects. First, one can consider the case where Assumption 6
does not hold, and study whether Nesterov’s momentum can still converge to up to some error with
acceleration under a milder condition of this assumption. Second, one can extend the analysis to
different neural network architectures by investigating whether Assumptions 1-6 hold on CNNs and
ResNets. Lastly, since the weight selection process is extensively studied by literature on neural
network pruning, one can study whether neural network pruning keeps weights with good optimiza-
tion properties and potentially connects our result with the theory of pruning methods such as the
Lottery Ticket Hypothesis.

13



L1A0o KYRILLIDIS

Acknowledgments

This work is supported by NSF CMMI no. 2037545 and NSF CAREER award no. 2145629, Welch
Foundation Grant #A22-0307, a Microsoft Research Award, and an Amazon Research Award.

References

Zeyuan Allen-Zhu, Yuanzhi Li, and Zhao Song. On the convergence rate of training recurrent neural
networks, 2019a.

Zeyuan Allen-Zhu, Yuanzhi Li, and Zhao Song. A convergence theory for deep learning via
over-parameterization. In Kamalika Chaudhuri and Ruslan Salakhutdinov, editors, Proceed-
ings of the 36th International Conference on Machine Learning, volume 97 of Proceedings
of Machine Learning Research, pages 242-252. PMLR, 09-15 Jun 2019b. URL https:
//proceedings.mlr.press/v97/allen-zhul9a.html.

Vassilis Apidopoulos, Nicolo Ginatta, and Silvia Villa. Convergence rates for the heavy-ball con-
tinuous dynamics for non-convex optimization, under polyak—t.ojasiewicz condition. Journal of
Global Optimization, 84, 05 2022. doi: 10.1007/s10898-022-01164-w.

Peter Auer, Mark Herbster, and Manfred K. K Warmuth. Exponentially many lo-
cal minima for single neurons. In D. Touretzky, M.C. Mozer, and M. Hasselmo,
editors, Advances in Neural Information Processing Systems, volume 8. MIT Press,
1995. URL https://proceedings.neurips.cc/paper_files/paper/1995/
file/3806734b256¢c27e4lec2cbobffa26d9e7-Paper.pdf.

Pranjal Awasthi, Abhimanyu Das, and Sreenivas Gollapudi. A convergence analy-
sis of gradient descent on graph neural networks. In M. Ranzato, A. Beygelzimer,
Y. Dauphin, P.S. Liang, and J. Wortman Vaughan, editors, Advances in Neural In-
formation Processing Systems, volume 34, pages 20385-20397. Curran Associates, Inc.,
2021. URL https://proceedings.neurips.cc/paper_files/paper/2021/
file/aaf2979785deb27864047e0eadleflb7-Paper.pdf.

Arindam Banerjee, Pedro Cisneros-Velarde, Libin Zhu, and Misha Belkin. Restricted strong con-
vexity of deep learning models with smooth activations. In The Eleventh International Confer-
ence on Learning Representations, 2023. URL https://openreview.net/forum?id=
PINRbk7h01.

Nikhil Bansal and Anupam Gupta. Potential-function proofs for gradient methods. The-
ory of Computing, 15(4):1-32, 2019. doi: 10.4086/toc.2019.v015a004. URL https://
theoryofcomputing.org/articles/v015a004.

Yair Carmon and John C. Duchi. First-order methods for nonconvex quadratic minimization. STAM
Review, 62(2):395-436, jan 2020. doi: 10.1137/20m1321759. URL https://doi.org/10.
1137%2F20m1321759.

Yair Carmon, John C. Duchi, Oliver Hinder, and Aaron Sidford. Accelerated methods for non-
convex optimization, 2017.

14


https://proceedings.mlr.press/v97/allen-zhu19a.html
https://proceedings.mlr.press/v97/allen-zhu19a.html
https://proceedings.neurips.cc/paper_files/paper/1995/file/3806734b256c27e41ec2c6bffa26d9e7-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/1995/file/3806734b256c27e41ec2c6bffa26d9e7-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2021/file/aaf2979785deb27864047e0ea40ef1b7-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2021/file/aaf2979785deb27864047e0ea40ef1b7-Paper.pdf
https://openreview.net/forum?id=PINRbk7h01
https://openreview.net/forum?id=PINRbk7h01
https://theoryofcomputing.org/articles/v015a004
https://theoryofcomputing.org/articles/v015a004
https://doi.org/10.1137%2F20m1321759
https://doi.org/10.1137%2F20m1321759

ACCELERATION OF NEURAL NETWORK TRAINING

George E. Dahl, Frank Schneider, Zachary Nado, Naman Agarwal, Chandramouli Shama Sastry,
Philipp Hennig, Sourabh Medapati, Runa Eschenhagen, Priya Kasimbeg, Daniel Suo, Juhan
Bae, Justin Gilmer, Abel L. Peirson, Bilal Khan, Rohan Anil, Mike Rabbat, Shankar Krish-
nan, Daniel Snider, Ehsan Amid, Kongtao Chen, Chris J. Maddison, Rakshith Vasudev, Michal
Badura, Ankush Garg, and Peter Mattson. Benchmarking neural network training algorithms,
2023.

Marina Danilova, Anastasiya Kulakova, and Boris Polyak. Non-monotone behavior of the heavy
ball method, 2018.

Simon Du, Jason Lee, Haochuan Li, Liwei Wang, and Xiyu Zhai. Gradient descent finds global
minima of deep neural networks. In Kamalika Chaudhuri and Ruslan Salakhutdinov, editors,
Proceedings of the 36th International Conference on Machine Learning, volume 97 of Pro-
ceedings of Machine Learning Research, pages 1675-1685. PMLR, 09-15 Jun 2019a. URL
https://proceedings.mlr.press/v97/dul9c.html.

Simon S. Du, Xiyu Zhai, Barnabas Poczos, and Aarti Singh. Gradient descent provably optimizes
over-parameterized neural networks. In International Conference on Learning Representations,
2019b. URL https://openreview.net/forum?id=S1eK3109YQ.

Alexandre d’ Aspremont, Damien Scieur, and Adrien Taylor. Acceleration methods. Foundations
and Trends® in Optimization, 5(1-2):1-245, 2021. ISSN 2167-3888. doi: 10.1561/2400000036.
URL http://dx.doi.org/10.1561/2400000036.

Ian Goodfellow, Yoshua Bengio, and Aaron Courville. Deep Learning. MIT Press, 2016. http:
//www.deeplearningbook.org.

Baptiste Goujaud, Adrien Taylor, and Aymeric Dieuleveut. Provable non-accelerations of the heavy-
ball method, 2023.

Baihe Huang, Xiaoxiao Li, Zhao Song, and Xin Yang. Fl-ntk: A neural tangent kernel-based
framework for federated learning analysis. In International Conference on Machine Learning,
2021.

Arthur Jacot, Franck Gabriel, and Clément Hongler. Neural tangent kernel: Convergence and gen-
eralization in neural networks, 2020.

Samy Jelassi and Yuanzhi Li. Towards understanding how momentum improves generalization in
deep learning, 2022.

Ziwei Ji and Matus Telgarsky. Polylogarithmic width suffices for gradient descent to achieve ar-
bitrarily small test error with shallow relu networks. In International Conference on Learning
Representations, 2020. URL https://openreview.net/forum?id=HygegyrYwH.

Hamed Karimi, Julie Nutini, and Mark Schmidt. Linear convergence of gradient and proximal-
gradient methods under the polyak-tojasiewicz condition, 2020.

Yann Lecun, Leon Bottou, Y. Bengio, and Patrick Haffner. Gradient-based learning applied to
document recognition. Proceedings of the IEEE, 86:2278 — 2324, 12 1998. doi: 10.1109/5.
726791.

15


https://proceedings.mlr.press/v97/du19c.html
https://openreview.net/forum?id=S1eK3i09YQ
http://dx.doi.org/10.1561/2400000036
http://www.deeplearningbook.org
http://www.deeplearningbook.org
https://openreview.net/forum?id=HygegyrYwH

L1A0o KYRILLIDIS

Yann LeCun, Y. Bengio, and Geoffrey Hinton. Deep learning. Nature, 521:436-44, 05 2015. doi:
10.1038/nature14539.

Huan Li and Zhouchen Lin. Restarted nonconvex accelerated gradient descent: No more polylog-
arithmic factor in the 0(6_7/ 4) complexity. In Kamalika Chaudhuri, Stefanie Jegelka, Le Song,
Csaba Szepesvari, Gang Niu, and Sivan Sabato, editors, Proceedings of the 39th International
Conference on Machine Learning, volume 162 of Proceedings of Machine Learning Research,
pages 12901-12916. PMLR, 17-23 Jul 2022. URL https://proceedings.mlr.press/
v162/1i220.html.

Xiaoxiao Li, Zhao Song, and Jiaming Yang. Federated adversarial learning: A framework with
convergence analysis, 2022.

Yuanzhi Li, Tengyu Ma, and Hongyang R. Zhang. Learning over-parametrized two-layer relu neural
networks beyond ntk, 2020.

Fangshuo Liao and Anastasios Kyrillidis. On the convergence of shallow neural network training
with randomly masked neurons. Transactions on Machine Learning Research, 2022. ISSN 2835-
8856. URL https://openreview.net/forum?id=e7mYYMSyZH.

Zenan Ling, Xingyu Xie, Qiuhao Wang, Zongpeng Zhang, and Zhouchen Lin. Global convergence
of over-parameterized deep equilibrium models, 2023.

Chaoyue Liu, Libin Zhu, and Mikhail Belkin. Loss landscapes and optimization in over-
parameterized non-linear systems and neural networks. 2020.

Xin Liu, Zhisong Pan, and Wei Tao. Provable convergence of nesterov’s accelerated gradi-
ent method for over-parameterized neural networks. Knowledge-Based Systems, 251:109277,
2022a. ISSN 0950-7051. doi: https://doi.org/10.1016/j.knosys.2022.109277. URL https:
//www.sciencedirect.com/science/article/pii/S0950705122006402.

Xin Liu, Wei Tao, and Zhisong Pan. A convergence analysis of nesterov’s accelerated gra-
dient method in training deep linear neural networks. Information Sciences, 612:898-925,
2022b. ISSN 0020-0255. doi: https://doi.org/10.1016/j.ins.2022.08.090. URL https:
//www.sciencedirect.com/science/article/pii/S0020025522010003.

Poorya Mianjy and Raman Arora. On convergence and generalization of dropout training. In
H. Larochelle, M. Ranzato, R. Hadsell, M.F. Balcan, and H. Lin, editors, Advances in Neu-
ral Information Processing Systems, volume 33, pages 21151-21161. Curran Associates, Inc.,
2020. URL https://proceedings.neurips.cc/paper_files/paper/2020/
file/f1de5100906f31712aaa5166689bfdf4-Paper.pdf.

Yurii Nesterov. Lectures on Convex Optimization. Springer Publishing Company, Incorporated, 2nd
edition, 2018. ISBN 3319915770.

Quynh Nguyen. On the proof of global convergence of gradient descent for deep relu networks
with linear widths. CoRR, abs/2101.09612, 2021. URL https://arxiv.org/abs/2101.
09612.

16


https://proceedings.mlr.press/v162/li22o.html
https://proceedings.mlr.press/v162/li22o.html
https://openreview.net/forum?id=e7mYYMSyZH
https://www.sciencedirect.com/science/article/pii/S0950705122006402
https://www.sciencedirect.com/science/article/pii/S0950705122006402
https://www.sciencedirect.com/science/article/pii/S0020025522010003
https://www.sciencedirect.com/science/article/pii/S0020025522010003
https://proceedings.neurips.cc/paper_files/paper/2020/file/f1de5100906f31712aaa5166689bfdf4-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2020/file/f1de5100906f31712aaa5166689bfdf4-Paper.pdf
https://arxiv.org/abs/2101.09612
https://arxiv.org/abs/2101.09612

ACCELERATION OF NEURAL NETWORK TRAINING

Quynh Nguyen and Marco Mondelli. Global convergence of deep networks with one wide layer
followed by pyramidal topology, 2020.

Samet Oymak and Mahdi Soltanolkotabi. Towards moderate overparameterization: global conver-
gence guarantees for training shallow neural networks, 2019.

Itay Safran and Ohad Shamir. Spurious local minima are common in two-layer relu neural networks,
2018.

Bin Shi, Simon Du, Michael Jordan, and Weijie Su. Understanding the acceleration phenomenon
via high-resolution differential equations. Mathematical Programming, 195:79-148, 01 2022.
doi: 10.1007/s10107-021-01681-8.

Chaehwan Song, Ali Ramezani-Kebrya, Thomas Pethick, Armin Eftekhari, and Volkan Cevher.
Subquadratic overparameterization for shallow neural networks. In A. Beygelzimer, Y. Dauphin,
P. Liang, and J. Wortman Vaughan, editors, Advances in Neural Information Processing Systems,
2021. URL https://openreview.net/forum?id=NhbFhfM960.

Zhao Song and Xin Yang. Quadratic suffices for over-parametrization via matrix chernoff bound,
2020.

Lili Su and Pengkun Yang. On learning over-parameterized neural networks: A functional approx-
imation perspective, 2019.

Ilya Sutskever, James Martens, George Dahl, and Geoffrey Hinton. On the importance of initial-
ization and momentum in deep learning. In Sanjoy Dasgupta and David McAllester, editors,
Proceedings of the 30th International Conference on Machine Learning, volume 28 of Proceed-
ings of Machine Learning Research, pages 1139-1147, Atlanta, Georgia, USA, 17-19 Jun 2013.
PMLR. URL https://proceedings.mlr.press/v28/sutskeverl3.html.

Roman Vershynin. High-Dimensional Probability: An Introduction with Applications in Data Sci-
ence. Cambridge Series in Statistical and Probabilistic Mathematics. Cambridge University Press,
2018. doi: 10.1017/9781108231596.

Jun-Kun Wang, Chi-Heng Lin, and Jacob D Abernethy. A modular analysis of provable accel-
eration via polyak’s momentum: Training a wide relu network and a deep linear network. In
Marina Meila and Tong Zhang, editors, Proceedings of the 38th International Conference on Ma-
chine Learning, volume 139 of Proceedings of Machine Learning Research, pages 10816—-10827.
PMLR, 18-24 Jul 2021. URL https://proceedings.mlr.press/v139/wang2lin.
html.

Jun-Kun Wang, Chi-Heng Lin, Andre Wibisono, and Bin Hu. Provable acceleration of heavy ball be-
yond quadratics for a class of polyak-lojasiewicz functions when the non-convexity is averaged-
out. In Kamalika Chaudhuri, Stefanie Jegelka, Le Song, Csaba Szepesvari, Gang Niu, and Sivan
Sabato, editors, Proceedings of the 39th International Conference on Machine Learning, volume
162 of Proceedings of Machine Learning Research, pages 22839-22864. PMLR, 17-23 Jul 2022.
URL https://proceedings.mlr.press/v162/wang22p.html.

Blake Woodworth, Suriya Gunasekar, Jason D. Lee, Edward Moroshko, Pedro Savarese, Itay Golan,
Daniel Soudry, and Nathan Srebro. Kernel and rich regimes in overparametrized models, 2020.

17


https://openreview.net/forum?id=NhbFhfM960
https://proceedings.mlr.press/v28/sutskever13.html
https://proceedings.mlr.press/v139/wang21n.html
https://proceedings.mlr.press/v139/wang21n.html
https://proceedings.mlr.press/v162/wang22p.html

L1A0o KYRILLIDIS

Diyuan Wu, Vyacheslav Kungurtsev, and Marco Mondelli. Mean-field analysis for heavy ball meth-
ods: Dropout-stability, connectivity, and global convergence, 2023.

Jiaming Xu and Hanjing Zhu. One-pass stochastic gradient descent in overparametrized two-layer
neural networks, 2021.

Weihang Xu and Simon S. Du. Over-parameterization exponentially slows down gradient descent
for learning a single neuron, 2023.

Greg Yang and Edward J. Hu. Tensor programs iv: Feature learning in infinite-width neural
networks. In Marina Meila and Tong Zhang, editors, Proceedings of the 38th International
Conference on Machine Learning, volume 139 of Proceedings of Machine Learning Research,
pages 11727-11737. PMLR, 18-24 Jul 2021. URL https://proceedings.mlr.press/
v139/yang2lc.html.

Gilad Yehudai and Ohad Shamir. On the power and limitations of random features for understanding
neural networks, 2022.

Pengyun Yue, Cong Fang, and Zhouchen Lin. On the lower bound of minimizing polyak-tojasiewicz
functions, 2022.

Chulhee Yun, Suvrit Sra, and Ali Jadbabaie. Small nonlinearities in activation functions create
bad local minima in neural networks. In International Conference on Learning Representations,
2019. URL https://openreview.net/forum?id=rke_YiRct7.

Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Understanding
deep learning requires rethinking generalization, 2017.

Xiao Zhang, Yaodong Yu, Lingxiao Wang, and Quanquan Gu. Learning one-hidden-layer relu
networks via gradient descent, 2018.

Xiao Zhang, Yaodong Yu, Lingxiao Wang, and Quanquan Gu. Learning one-hidden-layer relu
networks via gradient descent. In Kamalika Chaudhuri and Masashi Sugiyama, editors, Pro-
ceedings of the Twenty-Second International Conference on Artificial Intelligence and Statistics,
volume 89 of Proceedings of Machine Learning Research, pages 1524-1534. PMLR, 16-18 Apr
2019. URL https://proceedings.mlr.press/v89/zhangl9g.html.

Difan Zou and Quanquan Gu. An improved analysis of training over-parameterized deep neu-
ral networks. In H. Wallach, H. Larochelle, A. Beygelzimer, F. d'Alché-Buc, E. Fox, and
R. Garnett, editors, Advances in Neural Information Processing Systems, volume 32. Curran
Associates, Inc., 2019. URL https://proceedings.neurips.cc/paper_files/
paper/2019/file/6a61d423d02al1c56250dc23ae7ff12f3-Paper.pdf.

Difan Zou, Yuan Cao, Dongruo Zhou, and Quanquan Gu. Stochastic gradient descent optimizes
over-parameterized deep relu networks, 2018.

18


https://proceedings.mlr.press/v139/yang21c.html
https://proceedings.mlr.press/v139/yang21c.html
https://openreview.net/forum?id=rke_YiRct7
https://proceedings.mlr.press/v89/zhang19g.html
https://proceedings.neurips.cc/paper_files/paper/2019/file/6a61d423d02a1c56250dc23ae7ff12f3-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2019/file/6a61d423d02a1c56250dc23ae7ff12f3-Paper.pdf

ACCELERATION OF NEURAL NETWORK TRAINING

Contents

1 Introduction
1.1 Related Works . . . . . . . . . . . e

2 Problem Setup and Assumptions

3 Accelerated Convergence under Partial Strong Convexity
3.1 Warmup: Convergence of Gradient Descent . . . . .. ... ... .........
3.2 Acceleration of Nesterov’s Momentum . . . . . . . . . . . . .. ... ... .. ..
3.3 Technical Difficulty . . . . . .. ... ... ..

3.4 Proof Overview . . . . . . . . e e

Realization of Assumption 1-6

4.1 Additivemodel . . . ... ... L
4.2 DeepReLU Neural Networks . . . . . .. ... ... ... ......

Conclusion and Broader Impact

Proofs for Section 2

A.1 Proofof Theorem3 . . . . . . . . . . .. ... ... ... ......

Proofs for Section 3.1

B.1 Proofof Lemmad . . ... ... ... ... ... ... . ... ...
B.2 Proofof Lemmal5. . ... ... ... ... ... . ... ... ...
B.3 Proofof Theorem6 . . . . ... ... ... ... .. .........
B3.1 BaseCase:k=0........ ... ... .. .. ......
B.3.2 Inductive Step 1: Condition 1 = Condition2 . . . . ... ..
B.3.3 Inductive Step 1: Condition 2 = Condition1 . . . . ... ..

Proofs for Section 3.3

C.1 Proofof Lemma8 . .. ... ... .. . .. ... ... .. .. ...,
C.2 Proofof Lemma9 . . .. ... . . . ... ... ...

Proofs for Section 3.2

D.1 Proofof Theorem7 . . . . .. ... ... ... ... .........
D.1.1 BaseCase: k=0 .. ... ... ...
D.1.2 Inductive Step 1: Condition 3 = Condition4 . . . ... . ..
D.1.3 Inductive Step 2: Condition 4 = Condition3 . . . . . .. ..

D.2 Proofof Lemma10/16 . . . .. ... .. ... ... .........

D.3 Proofof Lemma 11/17 . . . . . ... ... ... ... ... . ...,

Proofs for Section 4.1

E.1 Proofof Lemmal2 . . . . .. . . . . .. ... . ... ... ...
E.2 Proofof Theorem 13 . . . . . . . . . . . . .. . ... .. ......

NoRNe RN B e -

10
11
12

13

20
20

21
21
21
22
22
22
23

24
24
25

25
25
26
26
26
28
34



L1A0o KYRILLIDIS

F Proofs for Section 4.2 43
F.1 Proofof Lemmald . . . . . . . . . . . . . . 43
F2 Proofof Theorem 15 . . . . . . . . . . . . . e 48

G Auxiliary Lemma 52

Appendix A. Proofs for Section 2
A.1. Proof of Theorem 3

Let f : R? — R be a L-smooth and f-strongly convex function. Let {0} be the zero-dimensional
vector space. We define h(x,u) : R? x {0} — R as h(x,u) = x for all x € R%. Moreover, we

define g : R — Roas g(s) = f(s) forall s € R, and f(x,u) = g(h(x,u)). Then f(x,u) is a
partitioned equivalence of f(x) since

fxu) = g(x) = f(x) VxeR?

Choosing Rx = Ry, = 0o, we have that ng =R? and ng = {0}. Therefore, we have

Flyow) = Fy) 2 760+ (VFGx)y —x) + & ly — I3
f

(e w) + (VarGew)y —x) + 2 fly 3

Flyou) = Fly) < F6) + (V) y —x) + & fly — I3

Few) + (V1 fx )y — %)+ 5 ly — I

where the first and second inequality follows from the strong convexity and smoothness of f . This
shows that f(x, u) satisfies Assumption 1, 2 with y = jz and L; = L. Since g(s) = f(s), it must
be Lo-smooth with Ly = L as well. Moreover, we must have g* = f* = f*. This shows that
Assumption 3 holds. Also, since for all u € {0} we must have u = 0, it holds naturally that

h(X, u) = h(X’ V); vlf(x7 11) = vlf(xa V)

Therefore, Assumption 4, 5 hold with G; = G = 0. Lastly, since f is strongly convex, there must

exist a unique x* = arg min, g« f(x). Therefore, we must have that

min f(x,w) < f(x",w) = f(x) = £ Vue {0}
z€eR

This shows that Assumption 6 is satisfied.
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Appendix B. Proofs for Section 3.1
B.1. Proof of Lemma 4

Fix any u € Bgﬁ and let x* = argmin, 4, f(x,u). By Assumption 1, we have

FO ) > fe )+ (Vaf(x,w),x" —u) + 5 x* = x3

> min | f(x,u)+ (Vif(x,u),y —u) + e ly — x5
yER%: 2

fxu(y)

Notice that V2 fxu (y) = p. Therefore, fxu (y) is strongly convex with respect to y. Thus,
y* = argming cga; fxu () must satisfy

Vixu(y") = Vif(xu) +p(y*—x) =0

which implies that y* = x — ivlf(x, u), and mingcga; fxu (y) = f(x,u) — 2M V1 f(x, )5
This implies that

x5 u) 2 f(x,u) - ;M IV ()l = IVifxu)ll = 20 (f(x,w) — f(x",u)

By Assumption 6, we have that f(x*,u) = f*. Also, by definition of V f(x, u), we have ||V f(x, u)||3 =
IV1f(x,u)|3 + || V2f(x,u)|3. Therefore

IVF(x, w3 > [Vif(x, w5 > 20 (f(x,u) — f*)

B.2. Proof of Lemma 5
Since Assumption 3 holds, we can invoke Lemma 19 to get that
IVg(s)l3 < 2L2 (9(s) — f*)

Moreover, Assumption 3 also implies that

Ly
fx,u) = g(h(x,0)) < f(x,v) + (Vg(h(x,v)), h(x,u) = h(x, v)) + == |[h(x, 1) — hi(x, V)3
Assumption 4 implies that
[h(x, 1) = h(x, V)]l < Giflu— v,
Therefore, applying the triangle inequality to the inner-product term, we have

G?L,
2

fxa) < f(x,v) + G| Vg(h(x,v))lly - [[a = v, + la =i

G2
< F6,v) + Q7 [ Vg(h(x,v))|l3 + <5 (L2 + Q)flu— vll2
LG
2

< Fv) + Q7 (Fv) — £+ Ly + Q) u— v

This implies that
G2
Foew) = £Gev) £ Q7 (£l v) = £ + S (La+ Q) u— I}
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B.3. Proof of Theorem 6
We prove the following two conditions by induction.

Condition 1 Let k € N, then for all t < k, we have ||x; — x¢||, < Ry and ||u; — ugl|; < Ry.

Condition 2 Let k € N, then for all t < k, we have
* c t *
foeu) = £ < (1= 2) (Fx0,10) = f)

B.3.1. BASECASE: k=0

When k£ = 0, Condition 1 reads ||x; — x|l < Rx and ||us — ugl|, < Ry fort = 0. This is
automatically true since ||xg — X/, = ||[up — ugl|; = 0. Condition 2 is also true since

Floxo,mo) — £ < (1= )" (Flxo,m0) — )

B.3.2. INDUCTIVE STEP 1: CONDITION 1 = CONDITION 2

Suppose that Condition 1 and Condition 2 holds for all ¢ < k. We show that Condition 2 holds
forall ¢ < k + 1. Since ||x; — xg||, < Rx and |[us — ug|, < Ry, we have that x; € ng and
u; € Bg‘z for all ¢ < k. Therefore, Assumption 2 holds for all x € R% and u = uy, which implies
that

L
F (k1 k) < F ok ) + (Vo (ks ), X = ) + 5 (%1 = Xk

L
= f(xk,ur) = 0 |[Vif(xr,up)5 + 72772 1V 0 f (e, )13 (18)
L
= o) =0 (1= 2 ) 137 )

Since Assumption 1, 6 holds, we can apply Lemma 4 to (18) and choose n = L% to get that

1
o) = < (1= 1) (o) = ) (19)
Moreover, since ug+1 = ui — nVaf(xg, u), we have

lagsr = wgll3 = 0 [[Vaf (i, w)ll5 < n2G3La (f (xk,ur) — f*)
where the last inequality follows from Lemma 20. Since Assumption 3, 4 holds, we can use Lemma
5 with @ = 2(k — 1) Lo to get that

St W) — F(pg1, wp) < Q7 Lo (f (Kpy1, wi) — f7)
G2
+ 5 (L2 + Q) [[ug — w3
Q7' Lo (f (Xpq1,up) — )
+1°G1La (L2 + Q) (f (i, wi) — f¥)

< 2(%1_1) (f (Xpg1,ug) — f)

+nPG1LE (26 — 1) (f (%%, wi) — f)

IN

(20)
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Combining (18) with (19), we have

J&Xpg1, Whg1) = 5 = f(Xpgr,wr) = 54 f(Xpg1, Weg1) — f(Xps1, ug)
< (1 + 2(“1—1)> (f (Xk+1, 1) — f7)
+PGLLE (26 — 1) (f (%, ui) — f7)

< (;Z:; (1 - ;) PGS (2 1)) (e ) — )

1 2GiLik
1— — 1+2 . _rx
As long as G4 <3 L2, we can guarantee that
1 GiL? 1w’k 1
11— —+ 122k ) <1- o <1-—
2K + L% ( ) * 4L2 - 4K
Therefore, we have
* 1 *
o) = £ < (1= 4 ) (FOseow) = £)

which implies Condition 2 for all t < k + 1.

B.3.3. INDUCTIVE STEP 1: CONDITION 2 = CONDITION 1

Assume that Condition 2 holds for all t < k. We prove that Condition 1 holds for k£ + 1. Notice that
the change of x and u from initialization can be bounded as

K k
%641 = Xolly D lxer1 = Xelly =0 > [ Vif(xe,w)ll,

t=0 t=0

k k @D
s —wolly < Iwr —willy =Y [ Vaf (ki w) |l

=0 =0

Since Assumption 2, 3, 4 holds, we can invoke Lemma 18, 20 to have that

IV1f(xe,u0)ll5 < 2L1 (f(xeywe) — £7)3 [ Vaf (ke w3 < 2G3 Lo (f (xe,we) — %)

Therefore, (21) boils down to

1
[%Xk+1 — Xolly < mv/2L4 Z (xt,e) — f7)2

(22)
1
a1 —aolly < nGiv 2L2Z (xt, ) — f7)2
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Moreover, Condition 2 implies that

(P~ 9% < (1 42) a0~ 79 < (1 &) (o) - 1)}

Plugging this bound into (22) gives
1 k 1 t
s =l < 1v/2E (o) = £33 (1= 1)
t
< 16nk+/ L1 (f(x0,10) — %)
k t
* l 1
ks = ol < GV (7o) ~ 19 Y- (1- )

t
< 16nK5G1v/La (f(x0,u0) — f*)

(23)

Therefore, as long as

Ry > 16n6\/Ly (f(x0,u0) — f*)'*; Ry > 16nkG1+/La (f(x0,u0) — )"

we can guarantee that |xj41 — Xol|y < Ry and |jug4; — ug||, < Ry. Combining the two inductive
steps and the base case completes the proof.

Appendix C. Proofs for Section 3.3

C.1. Proof of Lemma 8

By Assumption 1, we have that for all x,y € R% and v € Bg&, it holds that

I
Py w) > fem) + (Vaf(xw),y = x) + 5 lly = x|
I
fO6u) > fly,u) +(Vif(y,w)x—y) + 5 x — 5
Summing the two inequality gives

(Vif(y.u) = Vif(xu),y —x) = pufly - xIl3
Applying Cauchy-Schwarz inequality to the left-hand side gives

IVif(y,u) = Vif(xu) = plly — x|, 24)
Letu,v € Bg& be given. Then (24) implies that
1
[x*(u) —x*(v)[|; < . IVif(x"(u),u) = Vif(x"(v),u)l, (25)
By the definition of x*(u) and x*(v), we have
Vif(x*(u),u) =0 =V, f(x*(v),v)

Therefore, (25) reduces to
* * 1 * * G2
[[x*(u) = x*(v)[l, < " [V1f(x"(v), v) = Vif(x"(v),u)], < ” [u—=vl,

where the last inequality follows from Assumption 5.

24



ACCELERATION OF NEURAL NETWORK TRAINING

C.2. Proof of Lemma 9

Since Assumption 1, 3, 4, 6 holds, we can invoke Lemma 4, 20 to get that
IVifx)l3 = 20 (F(x,u) = )5 (IV2f(x,u)lf5 < 2GTLs (f(x,u) — f*)
forall x € B( )andu € B( ) . Combining the two inequality gives

G3Loy

IV f (x, w3 < IV1f(x,w)]l3

Appendix D. Proofs for Section 3.2
D.1. Proof of Theorem 7

1
Define v = 2f such that 14~ = ( \f) .LetA = (1+7)3—1. Denotex_1 =y_1 = X
and u_; = v_; = ug. In this proof, we will focus on the following Lyapunov function

2
Ok = f(xpoug) — [+ Q1 ||z — x5 |5 + g IV f (Yrets Vies1) |5 (26)
where x7, z;, and Q; are defined as

1— B8\ A2
B (Y —Xx) +yr; Q1=

Xy = argmin f(x,vg); 2z

xeRd1 TR BA 2n(1 +7)°
We will prove the following two conditions by induction
Condition 3 Forall k < l%, we have

k
1— ——
ws (o)
Condition 4 For all k < k, we have that Xk, Vi € Bl(*lx)h and uy, vy, € 65%23/2, and
6n(Ly 4 1) ¢ \"
2 L2
— X < 72 71—
I -l < T2 (12 150 ) o N
Huk_uk 1” G2677L2(L2+1)(1+/6) < _ ¢ )k
2= up(l—B)> 4k

Moreover, we have 1 V3£ (v violly < 811k — xe-1lly + xe11 — Xi
Notice that f(xy,ur) — f* < ¢r. By Lemma 21, we have ¢g < 2 (f(x0,u9) — f*). Thus,
Condition 3 implies that

k
f<Xk,uk>—f*s2(1—M) (f (x0,u0) — 1)

Therefore, Condition 3 and 4 together implies Theorem 7. We now show that the two conditions
hold by induction.
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D.1.1. BASE CASE: k = 0

When k = 0, the only possible k£ < kis k = 0. In this case, Condition 3 reads ¢y < ¢, which is
automatically true. Condition 4 also holds automatically since when k£ = 0, we have

1%k = xk-1lly = lxo = x1lly = 05 flug — wp—afl; = lug —uyfl; =0

D.1.2. INDUCTIVE STEP 1: CONDITION 3 = CONDITION 4

Assupne that Condition 3 holds for all k¥ < k. We want to show that Condition 4 holds for all
k < k 4 1 Notice that f(xg,u;) — f* < ¢. This implies that

k
Flxpug) — f* < (1 = M) o

3
.. . . .. Cyp? 1-8 .
Combining with Assumption 1-6, and the condition that G; < Ta(Lat1)? (—1 T 6) , We can invoke

Lemma 16 to conclude directly that Condition 4 holds for all £ < k+1.
D.1.3. INDUCTIVE STEP 2: CONDITION 4 = CONDITION 3

Assume that Condition 3 and 4 holds for all £ < k. We show that Condition 3 holds for all & < k1.
To start, we first show that x;  , € ng andu;_, € Bg&. By the triangle inequality, we have

Hxl%ﬂ - X0H2 < Hyk - XOHz + focﬂ - yl%‘ ’ul%—i-l - X0H2 < Hvk - XUHz + ‘ufc—i-l - VIQH2

Since Condition 4 implies that y; € ng) p and v; € B}(fu) o it suffice to show that ka 1 Yi H2 <

)
2

Rx /2 and HufCJrl - kaZ < Ru/2. By Lemma 16, we have
[ = 9], = 192, vll, < 8 e = x|, + 60—
1
n(le+1) 2
6——~
(275

s ("0250) (o) - 1)

<

\)

(28)

N|=

IN

IN

B
2
This shows that x; | € 81(’%1,2' Similarly, we have
Loy
i = wi, = V2 vl < G m (8 i = x|, + [eea =i,
1
2

e T = (677@2“)(,50)
% 1-p (29)

nG?Ly(Ly + 1)
i < p(l—pB)

N

IN

); (f(x0,10) — f7)

IN

fu
2
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€ ng . Now, we can invoke Lemma 17 to get that

Thus, u;
G?L 40,G3 2
(o <ot (G2 2804 2 -] o0
With Condition 4, we can write (30) as
GiL:  4Q:1GiG3 > 6n8L2(Le +1)(1 + B)°
1+ i — On < + 1+
U+ 0 = < 2y iz ) p(l =By a1

(1-55)

3
Since G‘ll < Lﬂ%ﬁlﬁ (%) , we have
GiL,  Cip? (1—5)3< Cipuly (1—5)3_ Cip (1—5>3
2y 2(Le+ 129 \1+8) ~ ey/r(La+1)2\1+8)  nvr(La+1)2\1+7

(32)
2

where the inequality follows from % < % K = Ci]:}E Since G%G% < ]:2(5227% (%) , we
have
10,G3G3 (117 = 100Coyu (1 - 5)2
2 VT ) Lol + D)V \ 1+ 8
2
< 100Cyy 1 <1 - B) (33)
nvkLa(La +1) \1+ 3
100Csu <1 - 5>3
~ nvkLa(La+1) \ 148
where the last inequality follows from
yx e Yo 125
VE T VE+Ve T 1+p
Combining (32) and (33) gives
GiLy | 40,G3G3 (14 ~) < (G 100G <1 - /3)3
2y Y ~ nveLa(La +1) \1+4 8
Thus (31) becomes
(147 — i < 0 (Cy +1000) (1 — - kqb (34)
V) Ph41 k=K 1 2 4k 0
Plugging in the value of v = ﬁ and choose a small enough C; and C5 gives
1L_1¢A o < — (1 Ck¢ (35)
2k BTk =y e 4/k) Y
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Therefore

-

(=57 (-a) e m (-2 @
c E+1
<(-7m) @

This proves Condition 3 for k + 1. Since we have established the induction for both conditions, we
have completed the proof.

D.2. Proof of Lemma 10/16
We first restate an extended version of Lemma 10 here.

3 .
Lemma 16 Suppose that Assumption 1-6 holds with G} < % (%) and forall k < k

f(xp,ug) — £ < < > b0 (36)

4k
Then we have xp,,y} € ng and ug, vy € ng forall k < k4 1 with

Ry >B\f<?m(1Li;1)>2(f(Xo,u0)—f*);

18 677G%L2(L2 +1)(1+ B)3
fou 2 ‘F( 11— By

Moreover, for all k < k + 1, we have N I\Vif(ye, vi)lls < BlIxk — xk—1lly + [ Xk+1 — Xi||5 and

6n(Ly + 1 c \*
HXk—Xkﬂ@STM)(l— > o

[SII=

> (f(x0,10) — f*)

1-5 Ak (37)
,6nLa(Ly +1)(1+ )3 c \*
o e < AP (1002 ) o

Proof We prove Lemma 16 by induction. Notice that for k£ = 0, all the statements are automatically

true. Assume that 37 holds up to iteration k, we first show that xz, y € Bg: and ug, vi € Bgl)l.

Step 1: xz,yi € Bg}g. By the triangle inequality, we have

k-1
[ — %ol < Z %41 — Xl
t=0
6 L + 1) <« 5
< UICE: ¢OZ ( > (38)
t=
617(L2 + 1) 1
>~ ¢0 . 1
1-p 1 c \2
- (1-7%)
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N[

Notice that (1 — 4\0/%) <1- ﬁ. Moreover, by lemma 21, we have ¢g < 2 (f(xg,up) — f*)
Thus (38) becomes
n(La +1 3n(La+1 1
I = xally < SV [P gy < 2B (”(ﬂ)) (Fxom0) — )2 G9)

This shows that ||x;, — x|, < Rx. Moreover, since y, — X = (X} — X;_1), we have

lye — xolly < lyr — Xklly + Ixk — Xolly = B l1xx — Xp—1 + X% — Xoll5

k
4\%) ¢o. Combining with

By the inductive hypothesis, we have ||x; — x_1]|3 < %2;1) (
the bound in (39), we have

i =l < 5+ Svi) 2827 o, < f(W) (o0, 10) - )

This shows that ||y, — Xol|, < Rx.

Step 2: ug, vy € Bgl)l. Now, we focus on u; and vi. Similar to (38), we have

k—
[ug — wolf, < Z lagrr — welly

t=0
6nLa(Ls + 1) 1+B < 1( )
SGl\/ 1B = B) bo 2
67}L2(L2 + 1)(1 + /8)3 1
§G1\/ ¢o - T (40)
B(1—pB)? e )2
' - (1- %)
8 6nLy(La + 1)(1 + 8)3
: cﬁGl\/ WBa-pp "
16 6nG3La (Lo +1)(1 + B)3 ol
< o (TR ) Ut - )

This shows that ||u;, — ug||, < Ry. Moreover, for v, we have

Vi —uolly < Bllug —up_1]|y + [Jup — ugll,

k
By the inductive hypothesis, we have ||u; — ug_1 H2 < G? 6”“}%? 12?()13+B i ( 1 f) ¢o. There-

fore

N

8 6nL2(La 4+ 1)(1+ B)3
Vi — ugll, < <ﬁ+c\/E> Gl\/ U 225(1_2()3 ) bo

61G2Lay(Ly + 1)(1 + B)?
pB(1l —pB)3

NI

IN

S ( ) ()~
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This shows that ||v; — ug|l, < Ry. Thus, we have shown that X, yi, € Bg)z and uy, vy, € Bgz.

Step 3: Bounding ||xj1; — xj|/,. Now, we show that (37) holds with k£ + 1. We start by recalling
the iterates of Nesterov’s momentum (4). This iteration implies that

Xipt1 =Yk — NVif (Y, Vi) = X + B(xk — Xp—1) — 0V f(YE, Vi)
U1 = v —Vaf(Ye, vi) = up + B(uy — ug—1) — Vo f(yk, Vi)

Therefore, we can conclude that
Xp1 — Xk = B(Xg — Xk—1) = DV1f(YE: Vi); W1 — Wk = B(ug — ug—1) — V2 f (¥, Vi)
For the convenience of our analysis, we will define
Dy = Xk — Xp—1lla;  Dup = [|ug — ug_1lly

To start, we notice that Dy ;41 can be expanded as

D 1 = IXi41 — x|
= [|1B(xk — Xk-1) — DV (i Vi) 13 1)
= B*D2 ) — 20B(V1f(yk, Vi), Xk — Xp—1) + 02 IV 1. (Ve Vi) |3

Both the inner product term and the gradient norm in (41) need to be bounded carefully. For the

inner product term, since vy € Bg&, we invoke Assumption 1

Sk, vie) > f(yr, Vi) F(Vif (Ve Vi), Xk — Yi) + % I1xi — vl

(42)
> f(Yr> Vi) = BV (Yk, Vi), Xk — Xp1)
where the last inequality follows from x;, — yr = —5(xx — Xx—1) and ||x — kag > 0. Therefore
(42) implies that
—BVLf(Yr, Vi), Xk — Xp—1) < f(Xks Vi) — f(Yks V) (43)

(2)
R

For the gradient norm, since v, € By, Assumption 2 must hold. Therefore, we can invoke Lemma

18 to get that
IV (Vi Vi) ll2 < 2L0 (f (v, vi) — ) (44)

Plugging (43) and (44) into (41), we can get that
D i1 < B2D2 e+ 20 (f(%i, vie) = f(yrs Vi) + 20° La(f (i, vie) = f*) (45)

Since we choose n = L%, as long as ¢ < 1, we will have 2772L1 < 21. Moreover, since f(yx, Vi) —
f* >0, (45) can be further bounded as

D2 11 < BPD% 5 + 20 (f (xk, Vi) — f(ye: Vi) + 20(f (¥ Vi) — f*)

46
= B°D3 o + 20 (f(xk, Vi) — f7) o
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With x;, € Bgi and ug, v € Bg‘z, we must have that Assumption 3, 4 holds. Therefore, we can
invoke Lemma 5 with Q = 1 to get that

GQ
f(xk Vi) < f(xgs ug) + La(f (xk, ug) — f7) 71 (L + 1) [lug — vil3
Subtracting f* from both sides, and use the fact that uy — vy = —f(uy — ug_1), we have
* * G%BQ 2
FOewsvi) = f7 < (Lo 1) { e we) = 7+ = fug — w3 (47)

Plugging (47) into (46), and recalling that || u; — ug_1 ||§ = Dﬁ ;o gives

G2B2
Dips1 < B D+ 20(La +1) (f(xk,uw - = Dﬁ,k> (48)
Recall that f(xj, ux) — f* satisfies (36). Moreover, by the inductive assumption, we have

5 6n(Ly+1) e\, 56nLa(La +1)(1 + B)3 ¢ \*
phe 0 (1o ) o Db IR (1o 0 )

Therefore, (47) becomes

652n(Ly + 1
D2, ., < ﬁ’z(_zﬁ)wn(mﬂw

60’ G La(Ls + 1)*(1 + B)° <1 c )’“ 5
p(l—p)?° ’

G

2 _3\° .
With G4 <~ (M> andn = ;- < -, we can derive that

1
L2(L2+1)2 1+5 w’

6n°BG1La(La 4+ 1)%(1 + B)?
u(l = 6)3

with a small enough C. Therefore, (; in (49) can be simplified to

< 6C1*Bu < 601mB < 2n

6/8277(L2 + 1)

Q< 15 +4n(L2 +1) + 29
677(L2+1) 2 2 1—6
<SR (e 500+ )
6n(Ly +1
5”(1:8)(1—/3+BQ)
By the choice of 6:%,%‘, have
o g SVEVE=VO) _

AVE+TVe)? ~ Ak
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Thus, (7 in (49) satisfies (1 < Gn(Lat1) (1 — =< ) and (49) becomes

-8 I/k
6n(Lo + 1 ¢\
Dyr1 < 1_5) <1 - ﬁ> %0 (50)

This proves the inductive step for Df{ kel
Step 4: Bounding ||uy; — u||,. Next, we focus on Dy, ;.. We first need a bound on | Va f(yx, Vi)||o-
To start, (41) implies that

7 IV (v Vi) I3 = D3 g1 — B2k + 208 (Vi f (Yk, Vi), Xk — X1
< Dj ki1 — BDi s + 208Dk IV L (yis Vi) Il

which implies that
P IV1f (e, Vi)l — 208Dxr IV1F (i, Vi)llg + B7Da . — D2 gy <0
Therefore, for all G = 1 ||V1 f(yk, V)|l G must satisfy
G® — 28Dy G + 8°D% ), — Dy 1 <0 (51)
When (51) takes equality, the two solutions of G are

G = BDx . — Dxk+1;  Guo = BDx i + Dx k41

Therefore, ||V1f(yk, Vi)||, must be bounded by

NIV1f (¥, Vi)l < Gub = BDx ke + Dxkt1 (52)

Moreover, since Assumption 1,3,4, and 6 holds, and that y; € Bgl and vi € ng, we can apply

Lemma 9 to (49) get that

L
Vo f(yr, Vi)l < Gy 72 (BDx k. + Dx k1) (53)
Recall that ug1 — ug = B(u — ug—1) — nVaf(yk, vi). Unrolling this recursion gives
k
wep —wp =1 Vo f(ye vi)
t=0
Now, we can bound D, j, 11 as
k k
Dugr <0 || B Vaf(ve,ve)|| <nd_ B [Vaf (e ve)ll,
t=0 2 t=0
JL
<G f > B (BDxyt + Dxit1) (54)
t=0

k k
| L _ _
_ Gl IQ <§ Bk t+1Dx,t + E ﬂk th,t+1>
t=0 t=0
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Recall the inductive hypothesis

D2 < ( ) 1 c \* ¢
xk=""1_3 k) °
Since we have shows that this bound also hold for k£ + 1 in (50), we can write (54) as

t+1

_ 6nLs(Ly+1) 1 (= okvn ¢\ <= o c \?
Dusn =[BT (ot (1) e (1 57) )

t=0
(55
By the standard geometric series result, we have
k~2ﬁ»1
k t k+1 _ _ _c
Zﬁk—t-f—l 1— ¢ 2 _ 5 B (1 4\/E)
— 4k | e 3
5-(1- )
%
t k+1 c
zk:ﬁk_t — . 1- ¢ %./B+ _<1_4\/E)
4/K N 4/K 3
(- )
4/k
1
By our choice of 3, we must have that 3 < 1 — ﬁ < (1 — ﬁ) ? . Therefore (55) becomes
k+1
1 k+1 _ 1— < 2
61L2(Lo + 1) ( e VY - (w5
Dy <G —F——F"%0" +(1-
w1 SO = do- | B NG I
8- (1-7%)
1
c 2
-G 61L2(La + 1) < _ ¢ kgl(;a : (1_4\/E> +8
Woea-p NG/
(1-17)" -5
Which implies that
1 2
k+1 1 c )4+ R
SPNPLL SCES Y R (1-1%) 56
RO NG/
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1
‘We notice that, since <1 i K)Q <1-— 3 f,we have
1 1
2 2
(1 ) +8 1 +25(1—4§E)
1 1
3 3
(1-az) -8 1-gmese2 (-5

K

(e
(1- 5% +8)(1+5)
(1- % -6)(1-5)

1- g5+ 8- 82
<
1—

N— [ N——

Lo gn

Since f — % < 4f,we have
¢ 2
1—4\7+5<1+5, 1—m— >1-p+p">p(1-0)
This gives
(-57) +8 _ a+pp
<
P S haap

Thus, (56) becomes the following form, which proves the inductive step for Du ht 1

k+1
anG%LQ(L2+1>(1+B>3< _ e ) b0 (57)

Dkt S = 50— 5 NG

D.3. Proof of Lemma 11/17

We first restate an extended version of Lemma 10 here.
3

Lemma 17 Suppose that Assumption 1-6 holds with G} < % (%) and G3G3 <

LQ(LC;# (hg) - Af Xpy1, Xk, Vi € B( ) and Ugi1,Ug, Vi € B for all k < k, then for

all k < k we have

(1+7)¢k+1§¢k+< o + e

(1 + )> B2 [y — w1 I3

where v = 3 f and O = 1’\7+)5wzth/\_( +9)3 1.
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Proof We will derive the bound for (1 + 7)¢r+1 — ¢g. This quantity can be written as

(L +7)brr1 — ok = (1 +7) (f (Xeg1, wpy1) — f7) — (f (xp,ap) — f7)

/

Aq
2
+ 01 | (1+7) 1zrp1 — XEl12 — |2 — X545 (58)
Az
n n
+ gD IV ko vills = g IV (a1, Vi) 5
[ |

In the following parts of the proof, we will bound A; and As respectively. Throughout the proof,
we will define Ay, = yi — X}, Az, = 2 — X}, and Axy, = xj, — X
Bound on A;. We first study f(xg+1, ugr+1) — f*. It can be decomposed as

JXpg1,upr1) = = f(Xpg1, Vi) = 5+ F(Xer1, Uep1) — f(Xkt1, Vi) (59)

Since x41 € ng, and ugy1, Vg € Bg‘z, we can invoke Lemma 5 with Q = L2/ to get that

G2 Lo
2y

J &g, 1) = f(Xng1, vie) <y (f Kpg1, Vi) — ) + (1+7) lupr1 — Vil

Notice that |[wg 11 — vi[5 = 12 [Vaf (va, Vi) 3 < n*GE - £2 |V f (v, Vi) |13 Thus

G?L,
2y

n’GiLs
2yp

(1+7) w1 = vill3 < L+ VL e Va3 < 2(1 + ) IV (v vi)ll3

3
. 4 Cip? 1-5 pliy _ _py .
for the choice of G| < Ta(Lar )2 (Hﬁ) < 212 = 13- In this way, (59) becomes

FXpg1,uprr) — 7 < (L +9)(f(Rkg1, Vi) — f5) + Z(l + NIV vi)lls  (60)

Again, since xXj11 € Bg’z, and ugq, Vg € Bg&, we can use Assumption 2 and the iterate X1 =
Yk — nV1f(yk, Vi) to get the

L
F&ha1, Vi) = 5 < F (i Vi) — £+ (Vi (Vi Vi Xkt — Vi) + — || Xkt — vil3
2

’L
= Fyevi) = £ =0V e v l3 + 50 IV e vl ©D

c
= fyivi) = £ =0 (1= 5) IV1F e ve)l3
Combining (61) with (60) gives

3 ¢

Pl uen) = £ < () (Fave) = 1) = 1+0) (5 = 5 ) IVasmlp - 6
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Next, we study f(xg,ug) — f*. It can be decomposed as

fxp,ug) = = fOxp, vie) — f* = (f (%%, Vi) — f(Xk, ur)) (63)

Since x, € B(li, and uy, vi € ng, we can invoke Lemma 5 with Q = L2/ to get that

G321,y
2y

Xk, Vi) = f(xp,ug) < y(f(xp,u) — f*) + (1+7) lue — viell3

Therefore, (63) becomes

_ GiLy

2
2 (14 7) [[ug — vill3

f(xpsug) — 7> f(xp, vie) — f5 =y (f (xp, up) — f7)

which implies that

e

2
3 e =il (64

Now, recall the definition of Ay in (58). Combined with (61) and (64), we can write A as

A1 = (1+7)(f Krr1s wp) = 7)) = (F (xp,wp) = f7)

< (420w = 1) = 11+ 92 (3= £) 19100l
1 GiL
—m(f(xmvk)—f*)“‘ 2172 [wy, — vl (65)
= 1_i1_,y(f(Yk;Vk) — f(xk, Vi) + m(f(}’k,vk) —f)
2
S+ (5= £) 190 vl + S22 = vl

2)

Since v, € B! .- we can apply Assumption 1 to get that

J Xk, vie) > [y, Vi) + (Vi f(Yrs Vi) Xk — Vi)
= (x5 vi) > f(yr, Vi) + (Vif Yk, Vi), Xk — V&) + g 1% — ¥yl

Thus, we have

() = £ v)) + 15 (i) = )
A
< 1+1v (Vif(Yr, Vi), Yr — Xx) + T (V1f (Yo V) Yk — X5)5 o
2 «
- m x5 — yell

IU)‘ * 2
o S I~

214+~
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Recall that z;, = %(yk — Xj) + yk. This implies that y, — x; = B (zx — Yk ). Therefore

1-8x
x BA x
Yi = Xk + Ayr — X5) = 1 _ﬁ)\(zk—}’k)‘f‘)\(}% —X)
A
A

T (B(zr —x5) + (1= BA = B)(yr — X))

Recall that Az, = z;, — x} and Ay, = y;, — xJ. Thus (66) becomes

1 A
iﬁ;ﬁ;(f(Yk,Vk)-f(Xk,Vk))%—if;j;(f(Yk,Vk)—-f*)
A 4y o mA 2
S R sy (Vif(ye, Vi), BAzy, + (1 — BA — B)Ayy) 07 1Ayl
Combining with (65), the bound on A; becomes
A< N (Vi f(ya Vi), BAz + (1 — BA — B)Ay) — =2 [ Ayi2
T 1+ =8N 2(1+7) 67
3 C G%LQ

— 1+ (3= £) 1917 vl + S22 e = vl

2y
Bound on As. Now we turn to the bound on As. Recall that A is defined as

By = (14+7) llzes1 — 3413 — ||z — x4
To start, we notice that, since v, vi_1 € ng, we can invoke Lemma 8§ to get that
©)

x5 — x5 l, < Vi — Vi—1ll

Therefore, we can lower-bound ||z, — x}_, H; as

s = a3 = 1Azl + 2 (A - xi 1)

v 2 2 —
> 11— Azg|l5 — —(1+ X — Xp_
> < 2(1+7)> 1AZllz = Z(1+7) [k = x5 1l (68)
2+ s 2G3 9
> A ——=(1 — Vg
= 2_’_2,7 H Zk”Q 7/112( +7) Hvk Vi 1”2
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Next, we provide an upper bound for ||z — xZH% Recall that yx+1 = Xp41 + 8(Xp+1 — Xi) and
Xk+1 = Yk — NV1f(Yk, V). We can re-write zx; as
1— 8
Zii1 = v (Yht1 — Xkt1) + Yer1
B
1 1— B\
= — - X
5/\}’1:+1 BA k+1
148 1 1— B\
= ——Xpt] — —Xp — ——X
) LT Xk ) k+1
1+ A 1
N Xkl T Xk
1+ A 1 1+ A

= YE T Xk Tnvlf(YkaVk)

1 —Bﬂ)\zk + (1 ] _BB)\) Yk — g(l + MV f(Yr Vi)

Therefore, we can write ||zx1 — XZHS as

2

o =il = |z am o+ (1= 7255 ) Avi - 20+ M) |
- 52 T 1Al + W 1Ay
27(7(1 +ﬁ§)) (V1f(yr, Vi), BAzZg + (1 — BA — B)Ayy)
25((:3__?)\\)_2 2 (Azy, Ayy) + /\2 (1 + NIV s villls (69
= i anit + (T ag;
A

(Vif(Yis Vi), BAZ + (1 — BA — B)Ayy)

C (1 +7)2(1- BN
B

26(1 — BA = B) n(1+7) 2
Az, A — ||V ,
TEONE (Azg, Ayy) + 20, IV1f(ye: vi)llz
where the last inequality follows from Q; = (1)‘ ) and A\ = (1 + )3 — 1. Therefore, combining

(69) and (68) gives

B2 1+7) 24~ 5 (1—BXA—B)?
A2 < ((1 —BAZ 2+27> Azl (1 +7)- C(1-BN2 vl

A
T oAt a— gy Ve k), Bz (1= BA = B)Ayi)
2(1+7)B(1 — fA — ) (1 +7)°
(1= BA)? 20,

G2
+7(1 +9) [V — vi—1
e )l [

(70)

(Azy, Ayy) + IV f (s vi) 5
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Putting things together. Now, going back to (58). With the help of (67) and (70), we have

(149 b1 — b = Ay + Q1A + (1 +7) IV f (v Vi)l — u IV1f(Yre1,Vi-1)|l3
8 8

A
- (1 +,.)/)(1 _ 6)\) <v1f(YkaVk)76AZk + (1 — 6)\ — B)Ayk>

PA 2 2 (3 ¢ 2
— 22 Ayl - n(1 °_Z

G3L 21+ 2+
O -l + 01 (0 - L faml
(1- 57— 5

A (71)
T (= AN (Vif(Yk, Vi), BAzZy + (1 — BA — B)Ayy)

L 2L +9)B(0 — BA — B)

(1= pX)?
20,G2
1+ 2V f (ye vi) 2 + 7;2 2(1479) v — via |

+9i1(1+7)-

(Azy, Ayyg)

_l’_

_l’_

03I N3

A+ N9 rvill3 = 5 191 (vemr v 3

1 ¢
— 1+ (5 £) IV vl - L 197 vi)

+ 51’]6 + 527]g

where &1 1, and & , are defined as

2 — J—
£, =0 <B (1+7) 2+9 ) 1Azl + 20:(147)8(1 - BA - B)

(1-BX—p)? 2 2
_ G3L,y 20,G3

lug — Vi3 +

2
Eok 2 e (T +9) Ve = ve—1ll3

Our first step is to show that &, < 0. To start, notice that

BPl+y) 2479 V1472
(L=BA)? 2+2y s0eps L+y4+M\/1 47/

By definition of 3 and using A = (1 + )3 — 1 > 3+, we have

ﬁ_4f—\/6<4f—2c_ 1 V1+7/2
AR+ TVe T 4/k+8c 1457 T 144+ A /1+ )
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2
for a small enough constant c. Thus, we can guarantee that Br(lty) 24y < 0. Therefore

A=BN2 — 242y
20:(1+7)8(1 = BA - B) 2+ _ B*1+9) 2
(1 —_ ﬁ>\)2 <AZk7Ayk> < Ql <2+2’Y - (1 — 6)\)2) HAZICHZ

Qi (1+7)28%(1 - fr — B)?
(22 - %) a -y

2
1AVl

This implies that
2 52 2 2
Eip < (i%%f 7%12(51,3{;1> (51)\_ Bf\)) +O1(1+7)- (1(1 f/\g,\)f) a 2(1@ ’y)) [N
To show that &; ,, < 0, it suffice to show that
Q1(1+7)°8%(1 — BA — B)?
(25 - F5) 0 -
Moving Q1 (1 + +) to the right-hand side gives
(1+7)8%(1 = BA - B)? n (1-BA-B)* _ pA
( 24y _ (147) ) (1— 8N4 (1=BN2 7 2Qi(1 +7)?

2427 ~ (1-BN)2

(1L-BrA-B)? _ _pr
=B 20+

+Q1(1+7)-

By the definition of Q;, we have

3
- (1+7)2 _ W(I;rv) > Tlﬂ(l%"Y) > % Moreover,

(I+7)FPL=PA=B)*  (1=PA=D)"
(m B2(1+7) ) (1—pnt  (1=pN?

242y ~ (1-BN)?
_ (LB BA—B) + (1— BA— B2(L— B — (1 +)B(1 — A — B’
- 24y _ B2(14)
(75 — Gl5r) (- Bt
(1-Br— B
(33 - ) (- B2
2
(1- )
2

Therefore, to make &1 ;, < 0, we just need
2
(1 - ) c
(*‘3 y
1+'y BA

WE—ve _ 2V/e=(1-2Ve)y - 2Vc—y s mnli
Recall that 8 = Wrtve = aver(Tinvon > ety This implies that

5 B 2¢/c—~
—mz 1—757Z 2./c + 8
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Therefore

(1) (atiss)
IR < 2/c+87

<

T (1-3) Ve +8y)? - (2v/e—7)?
81y 81y

< <

~ 36y/c—2c ~ 35\/c

Thus, to make &; ;, < 0, we just need

81y < © N LY
350 = Ty | = 81k
3
Since our choice of v is v = 3 \/%76 < % for a smalle enough ¢, we can guarantee that £; 5, < 0.

Thus, (71) becomes

1
(L) b1 — b < —n(1+7)? (8 - ;) \|V1f(Yk7Vk)||§—g IV1f(Yh-1, V1) |3 +Eop (73)

With ¢ < %, it becomes
20:G3

g, —vll3 + (147 Ive = viall3
2y 20 2 (74)

~ LIV e Vi) 3

By the iterates of Nesterov’s momentum, we have

G2L
(14+7)prs1 — b < 22

up — v = —B(up — up-1); Vi = Vi—1 = —nVaf(Yr-1, Vk-1) + B(ur — up-1)
Therefore, ||uy — V/<;||§ = 52 |lug — uk—l”% and

Vi = viall3 < 20% [ Vaf (-1, viee )15 + 26° [ — w3

27’]2G2L2
< LN f (-1, vie-1) |5 + 267 Jug — ug—1 5

where in the last inequality we invoke Lemma 9. In this way, (74) becomes

G?L, 40,G?
(1+9)bpr1 — ¢ < B5° ( 21V2 + wlﬂ 2(1 M)) Jug — w1 |3+

4n01G2G2 L,
+ n ( 13 2
Y

) (75)
(1+9) = 3 ) IV i)

2 272
Plugging in the requirement G3G3 < 112(5227% <%) gives that %(1 +9) < %.

Therefore, (75) becomes

409:G3

G2Ls
by | 2<1+7>)ruk—uklué

2y T

(L4 7)1 — dn < B2 (

which completes the proof.
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Appendix E. Proofs for Section 4.1
E.1. Proof of Lemma 12

To start, recall that our objective function is defined as
1 2
f(x,u) = 3 |Aix + o (Aou) — bl|; (76)

We first compute its gradient and its Hessian

Vif(x,u) = Al (A;x+ 0 (Azu) —b)

(77)
Viif(x,u) = Al Ay

Thus, a' V11 f(x, u)a = HAlaH%- This implies that Apax (V11 (%, 1)) < 0pmax (Al)z. Moreover,

since A; € R™*™ we can also know that Apin (V11 f(x,1)) > omin (A1)2. Thus, Assumption

1, 2 holds with . = opyin (Al)2 and L] = 0pmax (A1)2. Since g is defined as g(s) = % ls—b %

it must be 1-smooth. Moreover, its minimum values is 0. Going back to f, we notice that since

Omin(A1) > 0, choosing x*(u) = (AlTAl)_1 A] (b — 0 (Agu)) gives f(x,u) = 0. This shows
that Assumption 3,6 hold with Ly = 1. For Assumption 4, we can compute that

[h(x,u) = h(x, V)|l = [0 (Agu) — o (Agv)][,
< Bl|Au— Ayv||,
< Bomax (A2) ||u - VHQ

where in the first inequality we use the B-Lipschitzness of . This shows that Assumption 4 holds
with G1 = Bopmax (A2). Lastly, for Assumption 5, we can compute that
IV1£6c,w) = Vi (e v)ll, = [ AT (0 (Agw) = o (Agv) |
< Omax (Al) ||U (AZU) -0 (A2v)||2
< BOmax (A1) 0max (A2) [[u— vl

Therefore, Assumption 5 holds with G2 = Bomax (A1) 0max (A2).

E.2. Proof of Theorem 13

We want to invoke Theorem 7 to prove Theorem 13. Thus, it suffices to check the requirements in
(5) for the coefficients in Lemma 12:

Rx :Ru = 00; U = Omin (A1)2; Ll = Omax (A1)2; L2 =1

(78)
G1 = Bomax (A2) ; G2 = Bomax (Al) Omax (AQ) .

Since 8 = %, we have

-8 8e
148 6yk+6yc Vi
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for some small enough constant ¢’. Treating Lo = 1 as a constant, it suffices to guarantee that

C 1 M2 62,“3
Gl < —5 GiG3 < —=5 (79)
K2 K2
for some small enough constants Cy and Co. Plugging in the coefficients in (78)yields
Cromin (A1) Coomin (A1)°
B40max (A2)4 < ng(l)Q B4Umax (A2)4 Omax (lAl)2 < QO-LQ(Q (80)
K2 K2
The second condition can also be written as
Co0min (A1)*
B4O'max (A2)4 S 20-m1n§( 1)
K2

Therefore, we can guarantee the requirements in (5) as long as
Omin (Al) Z éamax (AZ) BRO.75

for some large enough constant C.. In this way, we can invoke Theorem 7 and notice that f* = 0 to
get that

£, up) < 2 (1 - Zl\‘;g)k £(x0, 1)

Appendix F. Proofs for Section 4.2
F.1. Proof of Lemma 14

Orthogonal Transformation of the Parameters and Equivalence of Nesterov’s Momentum.
To obtain a parameter partition that achieves partial strong convexity, we cannot directly partition
the parameters in the standard basis. Instead, we first apply an orthogonal transformation to all
the parameters and then partition the transformed parameters. In particular, let O € R%*¢ be an
orthogonal matrix, and for any objective f : RY — R, we consider a new function f(w) = f (Ow)
for x € R<. Intuitively, fis the equivalence of f on the orthogonally transformed parameter defined
by O. Ideally, using Nesterov’s momentum to minimize f executes

Wil = W — va(wk) ;o Wil = Wit + 0 (Wey1 — Wy)

Notice that, by the chain rule, V.f (w;,) = O'Vf(Ow). If we multiply both sides of the two
equations in the updates of Nesterov’s momentum by O, then we get

Owyi1 = Owy, —V f (OV_Vk) ;i OWgyr =Owgy + 0 (OWk-H - OWk)

which is precisely the update rule of Nesterov’s momentum for minimizing f (Ow). Therefore, we
can conclude that orthogonal transformation preserves the property of the algorithm of interest.

Computation of the Coefficients. We let w = (V(Wy),...,V(W,)) € RYi1 dede-1 | Let 6,
be the initialized parameter, and consider the SVD of F_; (00) as Fa—1(6o) = UEOV with
U € R™" and V € RI-1Xda—1 [et V; € R™¥4-1 be the top-n rows of V and V> be the rest
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A A A
rows. We define V; € RIanx2i—dede-1 'V, R(Z dedp—1—dan)x 35y dede—1 in the following
sense (® denotes the Kronecker product):

Vi= [OdAnXZ?:_f dedg_1 Lo, ® Vl]

V2 — [OdA(dAl—n)Xz?zll dedp_1 IdA X V2 ]
IZ?:_ll dedg—1q OZ?:_ll dpdp_1 Xdpx_1dA

Vi . . . . .
Together, [Vl] is an orthogonal matrix. Under this orthogonal transformation, we partition the
2

aggregation of all parameters w into x = V;w and u = Vyw. Moreover, we let WAJ = Vlw A
and W), o = VoW, and observe that

X =V (WAJ) ‘u = (v (WA,Q) V(WL),...,V (WA_I))
Notice that F5 (€) can be written as
Fr(6) =Fa 1 (6) (VI W1+ VIWy,)
Therefore, since x = V (W A71>, we have

Vif(x,u) =Ig, @ ViFA_1 (Oxu) Fa_1 (Oxu) V]

namely, V11 f (x,u) is a block-diagonal matrix. Therefore, its eigenvalues are given by

~ N ~ 2
)\max (vllf(xa u)) = )\max (VIFA—I (ex,u)T Faq (ex,u) VI) =01 (FA—I (ex,u) VI)

R R 2
Auin (V11./(,0) = Awin (ViFA-1 ()T a1 (Bx,) V) = 0 (Fa1 (6x,0) V)
Based on our assumption, for all x € Bgl andu € ng, we must have that

IWA(x) = Waxo)lly < [lx = xoll; < Bx; [[We(u) = We(uo)lly < [ju—uoll, < Ru; (81

Moreover

A—1
D IWe(w) = Wi(up)l, < VA |[u—uglly < VAR, (82)
/=1

Therefore, by (81), we have

AA
IWAG)ll2 < [Walxo)lly + [Walx) = Walxo)lly < 5 + Bx < Aa

Ae
IWe(w)lly < [[We(ao)ll; + [[We(u) = We(uo)lly < o + Bu < Ad
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by the initialization property. This shows that requiring R,, < % mingep 1) Av and Ry < %A suffice
for making the definition of )\,’s valid. By Lemma 2.1 in (Nguyen, 2021), we have

A1
[FA-1(0x,u) — FAa—1(0(0))[| p < [IX||p AMa—1 Z A [We(x, 1) — W(xo,u0) |,
=1
1
< VA|X||p Moa-1Ru ( min )\z>
Le[A—1]
< &0
— 4

where the second-to-last inequality follows from (82), and the last inequality follows from the upper
bound on R,,. Therefore, we have

On (FA—l (Ox,u) VlT) <on (FA—I (6(0)) V1T) - H(FA—l(ax,u) —Fa-1(6(0))) VlTHQ
< 0y (Fa-1(0(0))) — [[Fa-1(0xu) — Fa-1(6(0))| &

<ao=F
3
= -«
40

where the second inequality follows from the fact that HVI H2 < 1. This implies that for all x € Ry

and u € R,,, we have

g

3 2
N (V11 £ (,0)) = <4ao> > @

= p (83)
This shows the partial strong convexity. To prove the partial smoothness, we have
o1 (Fact (0x) VI ) < [Fact (Bn)lly < X p Aioas (84)
where the first inequality follows from the fact that HV1 H2 < 1. Therefore,
Amax (vllf (X> u)) < HX”%)‘%—M—l =: I
Now, we proceed to compute G1by bounding ||h(x,u) — h(x,Vv)||,. We notice that

A, 1) = h(x,v) = Fa 1 (Bxu) (VI W1 (%) + VI Wi, (w)
~ Fac1 (0x) (VI Wi () + VI Was (v))
= (F-1 (Bx) = Fao1 (6x) (VI Wi (%) + VW, (w)

+Fact (0x0) VI (Wia(w) = Wao(v))
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Now, for the first term, we have

| (a1 (Bxa) = Fact (6x0)) VI W | <2 [Fact (6x) = Fact (0x)ll
A

<X e Aras1 DA [We(u) = We(v)],
(=1

—1
<VAX||p Asa ( min Ag> u— v,
le[A—1]
For the second term, we have
[Fam1 (00) V3 (Waa(w) - Waa(v)||
< |[Pact (60) V3| [Waaw — Waa(v)]
< [Fa-1 (Oxv) = Fa—1(0(0)) ]| [[u— v

~1
< VR doacaf (o Ac) =,

where the second inequality follows from
[Pt (0x0) V3 || < |[Facs 000) V3 |||+ IFa-s (0x0) = Fat (00
= [Fa-1 (8x) = Fa-1 (6(0))]],

by noticing that HF A1 (8(0) VS H2 = 0 by the definition of V. Combining the two, we have

-1
IGx,) = bl < O+ R VEIX g Arsaca (min ) = vl

This implies that

-1
Gy = ()\A + Ru) VA ”XHF AMSA—1 < min )\g>
Le[A-1]

Next, we proceed to compute G; by bounding ||V f (x,u) — V1 f (x,V)||,. Computing the gradi-
ent, we have

Vi, £(0) = ViFA 1 (8)T (Fa1 (6) (VIWa1 + VIW,,) - Y)
Therefore
Vif(x,u) = Vif(x,v)
-V, (FA_l (Oxa) T Fa_1 (Bxn) — Fa_1 (xv) Fai (exw)) W (x, u)
41
— V1 (Fa_1 (Oxu) —Fa_1 (6x4))Y
+ VI Fa1 (0xy)  Fa_1(6xy) V2 (VAVAQ(u) - VAVAQ(u)>

-~

d2
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We bound the magnitude of §; and &2 separately. For §;, we have

18117 = ||Fa-1 (Ox) " Fact (Bx) = Fact (0x0) " Fact (60)|
< (IPas (Ox)ll p + [Fact Oxw) ) [IFa-1 (Ox) = Facs (Ox) [ Wa . w)

-1
< 20Xl Moo VEIX I Aac (anin 3) - u= vl

-1
—2VRIXIEMA a (i ) - v,

For the second term, we have

Vi (Fact (Bw) = Fact (0x0)) Y| < IFa-1 (B) = Fao1 () Y

—1
<VAIX]| 2 Y]] 2 Msa in A -
< VR 1Yl Aoacs (i Ae)  ru= vl
Lastly, for d2, we have

1821l < [Fa-1 (Bx)ly [Fact (Bxv) = Fact (OO, | Waz(w) = Waa(w)|

-1
< VR A (min Ae) Rullu v,

Putting things together gives

—1
G2 = (2 + ) X Aoact + Y1) VAR Moo (i )

Now that we have shown that Assumption 1,2,4,5 holds, we proceed to prove Assumption 3 and
Assumption 6. Simple decomposition gives

Fu (9) =Fpr_1 (0) (V]—VAVAJ + V;WAQ)
Therefore, to set 5 (§) =Y, we can simply let W ; to be
. . NN o
Wit = (ViFa 1 (0) Fat (V) ViFa1(8)" (Y - ViW,,)

since ViFy_1 (8) Fo_; (0) V] € R™ " has full rank. This shows that min, f (x,u) = 0 for
any u. Since f (x,u) > 0 by the property of the MSE, we can conclude that Assumption 6 holds.
Moreover, Assumption 3 also holds with Ly = 1 since MSE is by itself 1-smooth.
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F.2. Proof of Theorem 15

We want to invoke Theorem 7 to prove Theorem 15. Thus it suffices to check the requirements in
(5) (which we restate below):

ot < _ G <1_5>3. G262 < Copr® <1—5>2.
L= Lo+ 12 \1+58) 7 S AIPENACET I

L2+61)> (f(x0,u0) — f¥)2;

nG3Lay(Ly + 1)(1 4 B)?
pB(1 - B)3

for the coefficients in Lemma 14 (which we restate below as well):

2
AA 1 . . (e7)) a%
Ry=—; Ry=—=| min A\ |min<1, ; = —
2 ) <€€[A—1] “) { 2\/K||XHFAHA1} F=5

1
L= Xy L= Gi= O+ B VAIX A ( uin o)

l\.’)\»ﬁ

=y
%
| \/

Bas

Ry

306\/E< >é(f(X0,u0) )z,

-1
G = (20 + o) X1 Moot + Y1) VA XD Moo ( ain, o)

Recall that 1 — = O (1)) = O (Vi/vL:) and 1 + 8 = O(1). Since Ly = 1, we treat it as a

constant. Moreover, we also treat A as a constant. We have shown in Lemma 14 that f* = 0. Thus

f(x0,10) — f* = L£(6(0)). With ) = -, the requirement in (5) can be simplified to

~ 7 ~ 9 ~ 3
Cus Cops CL | LG L1 |
Gh< M2 @2c < 20 Ry > TELLB(0)2; Re> ZEELL0(0)z (85)
L2 L; ,u4 !
Rl R2 RS R4

In the following parts of the proof, we will use = and < to denote the inequality hiding constants.
We will analyze each requirement separately.
Calculation for R ;. Notice that

4 —4
G S (L + Ra) X Moas (ZEI?AH_l” Az> = (N + Ry) <£€min )\4) Lt
It suffices to show that ,
z
)\4 7 R4 < . )\4 . L
max{ u} ~ EGIFAIEI} Y L%
1
Notice that, by definition,

1 M 1\* ul 1\*
Ry< - min \-+ = RL< (= in A}-o; < (= i
U0 T u = <2> celamy LA = <2> (dhiny A

S \EH

=l
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where the last inequality follows from g < L;. Therefore the condition on R, is satisfied automat-
ically. It suffice to consider the condition on A%, which boils down to

o

M < min MY
~ 7
-7 IXIE AL,

Le[A
Rearranging gives

RV
047 > ”XHF)‘l%A

86
~ /\i minge[A,u /\2} ( )

Calculation for Ry. With the condition that R; is satisfied, it suffice to show that

Jun
[

E

4
Gy S

Lol SI%]

L

For (G5, we have

Gy <max {71, Ts, Tz}
with

-4
8 .
77 = X AL (i, )

—4
— RAIX8. 8 .
T2 = Ry [IX|[p Aoay ZEI%/l\lill] Ao

4
4 4 .
7= ¥ 1K1 Ao (i, )

Notice that since

CL 4 H4
R <= in ML
v < 2 ) felle\lzll} trd

we must have

CL 4 'u4 —4 CL 4
< | — 1 )\4.7.[14 3 by < [ Z_ 4 <
7-2_(2)@6%\1111]ZL1 1(56%1\m1] Z) _<2)MNL

since i < Lq. Thus, we only need to consider 77 and 73. Combining the two conditions, R4 boils
down to

-

1

I
=
—ole|

7
0411 > HX”F )\I%Afl

X3 Al Y[ 87
2 e 5 (IR M + 1Y) (87

Calculation for R3. We first notice that since u < L1, R3 can be restricted to

~ 1
C5L2
> 2371

Ry

Plugging in Rx = )\TA and p, Ly gives

[NIE

X _
e )
0
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Rearranging the terms gives
X[z A
. ”iz S o)} )
Calculation for R, Notice that ag = /21 < /2L < 2V/A | X|| z A1—sA—1. Therefore
2
o
< min Mg 0
u ~ P)
=1 X AT
To satisfy R4, we need
3
1 L} -1
Ry 2 Ru || X||p Aisa-1£(6(0))2 — | min X,
MZ EE[A 1}
3
1 L -
R 2 X Moa (0(0))3 1 ( min M)
/’LZ KE[A 1}
To analyze the first, we simply remove R,, from both sides to get that
L IXIE AT £00)° )
mlnge[A 1 )\21
For the second, we plug in the upper bound on R, to have
(90)

11> ”XHF)‘laA 0
RS AT A Mingep— 1])\ L( (0))

Initialization Scheme. Recall our initialization scheme
dg=0(m) YlelA-1]; d,1=0 (n4‘5 max n, dj)

(WoO)],; ~ N (0,d7Y) Vee[A—1]; [Wa(0 )]._NN<0 0 1>

We will show that this initialization scheme satisfies (86)-(90), which we restate below

o’z HX”F)\HA ;

~

2 > HXHF)‘l—)Aﬁ(O(O))%

~ )\2
ol > X5 A3 51 £ (6(0))°
0~ mlnge[A 1] /\2}

wo XN, e
% < AT mlnge[A 1])\ E( (0))
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To start, we first compute \,’s. Recall that we required initializing |W,(0)|, = % This implies

that Ay < 2{|W,(0)||, for all £ € [A]. By Theorem 4.4.5 in (Vershynin, 2018), we have

vm -
0 (1) ifl=2...A—-2
W)l =150 (1+ vdM) = A1
Jm
_1
9, dAjl+{;§7) if¢=A
dAfl
Since ), satisfies the same scaling, plugging in the width, and notice that dy 1 > m > max{d,dy}
gives
N if 0 —
o(¥z) it =1
0 (1) ifl=2...,A-2
Ae = n/ ;
¢ @) (ﬁ max{/n, d0}> ifl=A-1
1 -
kO <n9/g max{nl/“,\/%}) if ¢ =A
Therefore

9/4

n
in \y=0(1); A 1=0
Ay A= O Ao (@

Moreover, by Assumption 3.1 in (Nguyen, 2021), we have | X||z = O (v/ndo) and ||[Y||p =
1
O (y/n). By Lemma 3.3 in (Nguyen, 2021), we have that oiy = €2 <d12\1> = Q (n**max{y/n,do)}.

max{+/n, d0}>

Lastly, by Lemma C.1 in (Nguyen and Mondelli, 2020) and (Nguyen, 2021), we have E(G(O))% =
(@] (\/’I’Ldg). With these preparations, let’s check each requirement. For (86), we have

e )

Therefore, we have that (86) is satisfied. For (87), we have
=9 <max {n121/4,n99/4d8})

7
”XHF)‘Z—H\—l

X4 \4 YIL) =0 165/5 143/5 g11/2
ming ot (XX + 1Y) = O (ma '™, oy )

Therefore, we have that (87) is satisfied. For (88), we have

ad =Q (max {n%,n%d3}> ; Hxlii\l_mﬁ(e(O)); =0 (max {n%,n%do})

Therefore, we have that (88) is satisfied. For (89), we have

X7 AT 41 £ (6(0)*
Minyep—1] )\2}

ol =Q (maX {n77/4, n63/4d(7)}) ; =0 (max {n73/4d3, n63/4d8})
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Notice that n"*/1d2 > n®/1d] only when do < /n. In this case, we must have that n > n"*/d2.
Therefore, we have that (89) is satisfied. For (90), we have

b = @ (max {4, a8} ) AA@iﬂﬁ? 000 = 0 (s {657}

.. 13 121
Similarly, when n°'/*dy > nlodo / ®, we must have dy < \/n. This implies that n 3 > n°'/*d.
Therefore, we have that (90) is also satisfied. Now, all requirements in Theorem 7 can be satisfied
by the initialization scheme with our over-parameterization. Thus, we can invoke Theorem 7 to get
that

F ) — 5 <2 <1 - M) (f (xo,w0) — 1)

Noting that f* = 0 and f(xg, ux) = L£(0(k)), we have

LOK)) <2 (1 -

o) £ie))

which completes the proof.

Appendix G. Auxiliary Lemma

Lemma 18 Suppose that Assumption 2 holds. Then for all x € R and u € Bgl)l we have

IVLf(x, w3 < 2Ly (F(x,u) = )

Proof Assumption 2 implies that, for all x € R% and u € Bg‘z

Pt <x - Vi), u) < fx) = 1 VGl + 51 190w
1
= f(eu) = 5 IVaf(x, u)l3

which implies that, for all x € R% and u € Bgl)l

IV1f(x, w3 < 2Ly (f(x,u) = )

Lemma 19 Suppose that Assumption 3 holds. Then for all s € R we have
IVg(s)ll5 < 2La (g(s) — f*)

Proof By Assumption 3, for all s € R we have
. x 1 1 2 1 9
fr=g"<g(s—-Vo(s)) =9(s) - — V()2 + 57 7, IV9G)ll> = 9(s) = 57 1Va(s)ll;
Lo Lo 2L,
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Therefore, for all s € ]RCZ, it holds that

IVg(s)ll3 < 2L (9(s) — f*)

Lemma 20 Suppose that Assumption 3, 4 holds. Then for all x € ng andu € Bgz we have
IV2f(x,w)]l3 < 2G1 L2 (f(x,u) — f*)

Proof Since Assumption 3 holds, we can invoke Lemma 19 to get that for all x € Bgl andu € 31('%23’
we have

IVg(h(x,w)l3 < 2Lz (f(x, ) — f*)
By Assumption 4, we must have that ||V2h(x, u)||, < Gi. Therefore, using the chain rule, we have
[V2f (e )l < [1V2h(x, )|, [ Vg (h(x, w)ll3 < 2GTLa (f(x,u) - £7)
|

Lemma 21 Let ¢g be defined in (26). Suppose that Assumption holds. Then we have that ¢y <
2(f(x0,10) = f*).

Proof To start, for all ¢ < 1, we must have that

c c
- ¢ <% <
7 2VEk—c T K T
Thus, for A\, we have A = (1 4 )3 — 1 < 7~. This implies that
_ A2 < 252 _ 25cLy
2n(1+79)° = 1 K

When k = 0, we have zg = yo = Xo. Moreover, X* | = argmin,pq, f(X,ug). At ug, Assump-
tion 1 must hold, which implies that

Q1 = 2bcp

f(x0,u0) > f(x1,u0) + g %0 — Xil”é

This implies that ||xo — x*_lﬂg < % (f(x0,u9) — f*). Thus

2
Q1 ||z — x4 || < 50¢ (f(x0,u0) — f*)
Moreover, by Assumption 2, we have

0Ly

n n 2
3 IVif(y-1,v-1ll, = 3 [V1f(x0,u0)5 < 1

(f(x0,u0) — f*) = ~ (f(x0,10) — f*)

=10

Thus, putting things together, we have
$o < (14 50.25¢) (f (x0,10) — f*) < 2(f(x0,10) — f*)
aslongas ¢ < %
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