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Abstract

Popular iterative algorithms such as boosting methods and coordinate descent on linear models
converge to the maximum /¢;-margin classifier, a.k.a. sparse hard-margin SVM, in high dimen-
sional regimes where the data is linearly separable. Previous works consistently show that many
estimators relying on the /;-norm achieve improved statistical rates for hard sparse ground truths.
We show that surprisingly, this adaptivity does not apply to the maximum ¢;-margin classifier for

a standard discriminative setting. In particular, for the noiseless setting, we prove tight upper and

%12/3
lower bounds for the prediction error that match existing rates of order ”“:117% for general ground

truths. To complete the picture, we show that when interpolating noisy observations, the error van-

ishes at a rate of order ﬁ. We are therefore first to show benign overfitting for the maximum
og(d/n

¢1-margin classifier.
Keywords: High-Dimensional Statistics, Statistical Machine Learning, Interpolating Models

1. Introduction

The ability to generalize in high-dimensional learning tasks is crucially based on structural assump-
tions on the underlying ground truth. Probably the most commonly studied assumption is that the
observations only depend on few input features, also called sparsity of the ground truth. Popular
iterative algorithms widely used in practice to train models in such settings include coordinate de-
scent (see Wright (2015) for a survey) and boosting methods (e.g., Adaboost Freund and Schapire
(1997)). Numerous influential works (Bartlett et al., 1998; Rudin et al., 2004; Zhang and Yu, 2005;
Shalev-Shwartz and Singer, 2010; Schapire and Freund, 2013; Telgarsky, 2013; Gunasekar et al.,
2018) make an important step towards mathematically understanding these algorithms by showing
that these solutions have the implicit bias of converging to the maximum ¢;-margin classifier (sparse
hard-margin SVM).

However, so far, there exists relatively little analysis on the generalization capabilities of the
maximum ¢1-margin classifier. In this paper, we introduce a novel proof technique for studying this
classifier that allows us to obtain tight non-asymptotic matching high probability upper and lower
bounds for the prediction error. As a result, we can answer two open problems for the maximum
£1-margin classifier.

© 2024 S. Stojanovic*, K. Donhauser* & F. Yang.



STOJANOVIC* DONHAUSER™ YANG

Problem 1: Benign overfitting Motivated by empirical observations for largely over-parameterized
models (Zhang et al., 2021; Belkin et al., 2019), a recent line of work has shown “benign overfit-
ting” (Bartlett et al., 2020) for linear interpolating classifiers. Specifically, these papers have shown
that their prediction error can yield vanishing rates, although the model interpolates a constant frac-
tion of randomly corrupted observations (Muthukumar et al., 2021; Donhauser et al., 2022; Shamir,
2022). However, so far, no such results exist for the maximum ¢;-margin classifier. Existing upper
bounds in (Chinot et al., 2021) are tight for arbitrary (adversarial) corruptions but require the frac-
tion of corrupted labels to go to zero to reach vanishing rates. It is unclear whether these rates can
be improved for non-adversarial corruptions. In this paper, we provide a conclusive answer to the
following question:

(Q1): Does the prediction error for the maximum {1-margin classifier yield vanishing rates when a
constant fraction of the labels are randomly corrupted?

In Section 3.1, we show that this is indeed true: The maximum ¢;-margin classifier achieves a
logarithmic rate of order L in Theorem 2 and vanishes in high-dimensional regimes when

+/log(d/n)

d > n'T¢. We therefore complement the literature on benign overfitting for maximum £,,-margin
classifiers with p > 1, which can even achieve much faster polynomial rates (Donhauser et al.,
2022).

Problem 2: Adaptivity to sparsity Intuitively, linear estimators relying on the ¢1-norm should
adapt to (hard) sparse ground truths by achieving faster rates than for ground truths where only
the /1-norm is bounded. For instance, this gap has been proven for £1-norm penalized maximum
average margin classifiers (Zhang et al., 2014), as well as basis pursuit (which achieves exact re-
covery only under sparsity assumptions (Donoho, 2006; Candes and Tao, 2006)) and the LASSO
(Tibshirani, 1996; Van de Geer, 2008) in linear regression settings.

However, so far there are no results in the literature that show adaptivity to sparsity of the (inter-
polating) maximum ¢ -margin classifier in high-dimensional discriminative learning tasks. While in
the noisy setting studied in Problem 1 (Theorem 2) the rates are dominated by “the cost of fitting the
noise”, it is still unclear whether adaptivity to sparsity is achievable at least in the noiseless setting.
In fact, recent work (Chinot et al., 2021) posed the following open problem:

(Q2): Is the maximum {1-margin classifier adaptive to sparsity for noiseless data?

«12/3
In Section 3.2 we show that surprisingly, the answer is negative: The tight rate Hu;ﬂll},) for

(hard-) sparse normalized ground truths w* in Theorem 3 is of the same order as the upper bounds
in (Chinot et al., 2021) that hold for general ground truths.

2. Setting

In this section, we introduce the data distribution that we analyze, the prediction error and the
maximum ¢;-margin classifier. We study a standard discriminative distribution which is commonly
studied in the 1-bit compressed sensing literature (see e.g., Boufounos and Baraniuk (2008); Plan
and Vershynin (2012) and references therein).

We assume that we observe n pairs of i.i.d. input features z; N (0, 1) and associated labels
yi = sgn((x;, w*))& where w* is the (normalized) ground truth (i.e., ||w*||, = 1). Unlike previous
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works (Chinot et al., 2021), our proofs crucially rely on the Gaussianity of the input features (see
Appendix A for a comparison with existing proof techniques). We say that the label y; is clean if
& = 1 and corrupted if §; = —1. We study the two cases where either all labels are clean (noiseless),
ie. Vi: & =1, or where the corruptions & € {—1,1} are randomly drawn from a distribution P,
(noisy) only depending on the features in the direction of the ground truth:
iid. "

Eilwi "N Po (s (25, w")). M
As proposed in (Donhauser et al., 2022), we make the following technical assumption on the noise
distribution P,:

Assumption 1 (Noise model) The function z — P,(§ = 1; 2) is a piece-wise continuous function
such that the minimum vy := argmin Ez v, 1) Eep, (;2) (1 — §1/\Z|)i exists and vy > 0.

This assumption is rather weak and satisfied by most noise models in the literature, such as

* Logistic regression with P, (§; = 1;2) = h(zo) and h(z) = 1-6!7:\! and o > 0.

* Random label flips with P, (¢ = 1; (z;,w*)) =1 — o and o € (0,1).
« Random noise before quantization where y; = sgn((w*, z;) + &) with &]|a; ~ N'(0, 02) and
0?2 > 0.

Given the data set {(z;, y;) }I_,, the goal is to obtain an estimate « that directionally aligns with
the normalized ground truth w* and thus has a small prediction error:

. . . 1 w .
R(10) = By, (500l 1)) # s} = Zareeos ((0) ) . @)
2

By the Taylor series approximation, one can directly see that a small prediction error corresponds

to a small directional estimation error, which is commonly studied in the 1-bit compressed sensing
literature (Boufounos and Baraniuk, 2008) since

1

R(w) ~ —

™

N

w *

—w 3)

||7~UH2

We study the maximum {1-margin interpolators, or equivalently, the sparse hard-margin SVM
solution defined by

2

W = argmin ||w]; s.t Vi: y{z;,w) > 1.
w

Remark 1 While our two main results in Section 3, Theorem 2 and 3, are stated for the maximum
£1-margin classifier, the bounds in the theorems hold uniformly for all interpolating classifiers with
large (close to the optimal) {1-margin (see Proposition 15 and 17)

3. Main Results

In this section we state our main result for the noisy (Theorem 2 in Section 3.1) and noiseless setting
(Theorem 3 in Section 3.2). For both results, we assume that the data is distributed as described in
Section 2. Furthermore, we present a discussion comparing our main results with existing results
based on hyperplane tessellation in Appendix A.
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3.1. Main result for noisy observations

Our first main result considers the high noise regime where a constant fraction of the labels are
(randomly) corrupted with high probability. We show in the following theorem that the prediction
error for this setting vanishes at a logarithmic rate.

Theorem 2 (Noisy classification) Assume that the corruptions &; follow the law in Equation (1)
with P, independent of n,d and satisfy Assumption 1. Furthermore, assume that w* is s-sparse
with s < n/log*(d/n). There exist universal constants k1, k2, k3, c1, .. .,cq > 0 such that for any
n > K1 and kon < d < exp(ﬁgnl/ %), the prediction error is upper- and lower-bounded by

< L
log®(d/n)

Ro

log(d/n)

‘R(w) -

n

with probability at least 1 — ¢y exp (—62 W) — c3exp (—04 m) over the draws

of the data set and with k. a constant only depending on P, (see Equation (31) in Appendix D for
the definition).

The complete proof of the theorem is deferred to Appendix D while we present a proof sketch in
Section 4. Furthermore, we refer to Section 3.3 for a discussion of the assumptions. We now discuss
the implications of the theorem.

Benign overfitting We are the first to show that the prediction error of the max-¢;-margin classi-
fier vanishes albeit interpolating a constant fraction of (randomly) corrupted labels, and thus exhibits
benign overfitting Bartlett et al. (2020). Therefore, our work complements recent work studying
maximum /,-margin classifiers with p > 1 that can achieve polynomial rates (Donhauser et al.,
2022).

Comparison with optimal rates Albeit vanishing, the rates in Theorem 2 are only of logarithmic
order and, therefore, far from the mini-max optimal lower bounds of order M (Wainwright,
2009; Abramovich and Grinshtein, 2018) that are attained by regularized (non-interpolating) clas-
sifiers maximizing the average margin under ¢;-norm constraints (see, e.g., (Zhang et al., 2014)).
Theorem 2 can therefore also be understood as a negative result showing that the maximum ¢;-
margin classifier suffers from overfitting the noise, in the sense that, albeit consistent, the rates are
far from min-max optimal.

3.2. Main result for noiseless observations

Our second main result stated in the following theorem provides tight upper and lower bounds in
the noiseless setting:

Theorem 3 (Noiseless classification) Assume that Vi, £ = 1 and w* is a s-sparse vector with
s < n2/3 log_14/3 d. There exist universal constants k1, Ko, K3, C1,Ca,c3 > 0 such that for any
n > K1 and kKomy, < d < eXp(Iig’rLlﬂQ), the prediction error is upper- and lower-bounded by
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with probability at least 1 — c;d™' — cg exp (703 1og41%1/3 ) over the draws of the data set where

d/mn)

we define ko = and m,, = (n ||w*|||)?*log"3(d/(n ||w*||,)?/?) (the exact expression is

8
\/571.5/2
given in Equation (14) in Appendix C).

The full proof of the theorem is deferred to Appendix C. Similar to Theorem 2, we provide a proof
sketch in Section 4. and refer to Section 3.3 for a discussion of the assumptions. We now discuss
the implications of the theorem.

Adaptivity to sparsity Existing upper bounds (Chinot et al., 2021) for the maximum ¢;-margin

classifier hold for any normalized ground truth w* (with |[w*||]2 = 1) and are of order R(w) =

(@] (”L up to logarithmic factors. Our matching upper and lower bounds in Theorem 3 show

n
that these rates can only be improved by logarithmic factors under the assumption that the ground

truth is sparse. Maybe unexpectedly, we therefore conclude that the maximum ¢;-norm classifier
cannot adapt to sparsity of the ground truth!

Suboptimality of maximum /¢;-margin This lack of adaptivity stands in stark contrast to other

£1-norm constrained classifiers from the one-bit CS literature that can e.g. achieve rates of order
[[w*lo log(d)
N

under sparsity assumptions (e.g., Zhang et al. (2014); Awasthi et al. (2016)). We remark

that even faster min-max optimal bounds of order M can be obtained by other classifiers

(Gopi et al., 2013; Jacques et al., 2013). Intuitively, the reason for the suboptimality of the rates for
the maximum ¢;-margin classifier can be explained by the fact that the ground truth w* has a small
margin of order @(%) with high probability, while the maximum ¢;-margin classifier has a larger

margin at least of order ! €( . That is, the max-¢;-margin classifier overfits to samples

e )
o (nflw*[[)1/3
close to the decision boundary.

3.3. Discussion of the assumptions in Theorem 2 and 3

In this section, we discuss the generalizability of the assumptions in our main theorems on the
sparsity of the ground truth and the data distribution.

Sparsity of the ground truth w* While the upper bound in Theorem 3 can be generalized at the
cost of a logarithmic factor (i.e. as in Chinot et al. (2021)), the lower bound requires a very tight
analysis (proof of Proposition 15 in Appendix C.2) and strongly relies on the sparsity of the ground
truth. We would like to note at this place that only few high-probability lower bounds are known
in the literature (beyond classifiers/regression estimators relying on the £s-norm) and leave lower
bounds for non-sparse ground truths as an exciting and important future work.

Moreover, we mention that the constraint on the degree of the sparsity of the ground truth in
Theorem 2 cannot be relaxed without affecting the upper bound. However, it is an open question
whether one can relax the constraint with a soft-sparsity constraint on the ground truth of the form
lw*lly </ oty
assuming that the degree of sparsity is sufficiently small. Morally, this is because the effect of
fitting the noise dominates the prediction error, similar to the rates for the prediction error of the
minimum-¢;-norm interpolator (Basis pursuit) in (Wang et al., 2022).

. We note that the bound in Theorem 2 does not depend on the ground truth,

1. where we make use of Proposition 14 and Lemma 4.1 in Chinot et al. (2021)
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Gaussian distribution of the data The limitation that the data needs to be normally distributed
arises from the use of the Gaussian comparison inequalities (Gordon, 1988; Thrampoulidis et al.,
2015) (see Section 4). This tool turns out to be essential for obtaining tight rates for linear interpo-
lating classifiers and estimators, see e.g., (Donhauser et al., 2022; Wang et al., 2022; Koehler et al.,
2021; Zhou et al., 2022, 2021)). In fact, we are not aware of any work beyond papers studying the
min-f5-norm/max-£s-margin interpolators (Bartlett et al., 2020; Muthukumar et al., 2021), which
is a special case for which closed form solutions exist, that present tight bounds for linear inter-
polating classifiers or estimators for non-Gaussian data. We therefore view generalizations of this
assumption as a major open problem in this literature.

Isotropic features In this paper, we only consider isotropic input features. Technically, our
methodology can also be extended to non-isotropic features (see (Koehler et al., 2021; Zhou et al.,
2021, 2022) for related works in this direction). However, such an extension comes at the price of
substantially more involved proofs and theorem statements — and, therefore, at a cost of readability.
We believe that, despite the less general setting, our results already reveal interesting novel insights.

4. Proof overview

In this section, we give an overview of the proofs of the main results, Theorem 2 and Theorem 3, and
summarize the main tools used in the proof. Both proofs rely on a standard localization/ uniform
convergence argument (see e.g., Koehler et al. (2021); Zhou et al. (2021); Wang et al. (2022);
Donhauser et al. (2022)), where:

1. (Localization) we derive a high-probability upper bound on the ¢;-norm of the maximum
{1-margin interpolator w over the draws of X and &, by finding M > 0 such that

min _ |lwl]; =: Py < M.
Vi yi(zi,w) >1

2. (Uniform convergence) we derive high-probability uniform bounds over X and ¢ for all in-
terpolators w with ||w||; < M. Namely, we find a high-probability lower and upper bound,
respectively, for the minimum (maximum) alignment

_:= min fw, w’) st Vi gz, w) > 1,
ol <m - fJwll,
llwlly=6

(w, w”)

= max
Jwll, <M [Jw]],
l[w]l,>5

o, st Vi yi(z,w) > 1

with some & > 0 arbitrarily small, which in turn gives us high probability bounds for the

prediction error using that
1 .
R(w) = — arccos <<1Au,w*>> .
m @]

Remark 4 The constraint |jw||, > § in the definition of ., ®_ is only added to ensure the op-
timization problems are well defined. In particular, we can choose § > 0 arbitrarily small and,
therefore, neglect this constraint in the remainder of the analysis.



TIGHT BOUNDS FOR MAXIMUM {1-MARGIN CLASSIFIERS

The remainder of this section is structured as follows. The first step in our proof in Section 4.1
is similar to previous works on min-norm/max-margin interpolators (see e.g., (Deng et al., 2021;
Donhauser et al., 2022; Koehler et al., 2021; Zhou et al., 2021; Wang et al., 2022)) and involves an
application of Gaussian comparison inequalities (Proposition 6) . This step reduces the optimization
problems @, ®_ and P to simpler auxiliary optimization problems ¢y, ¢_ and ¢. The novel
contribution of this paper is then to present a very tight analysis of the corresponding auxiliary
optimization problems, which is necessary to obtain the sharp rates in Theorem 2 and 3. To do so,
we first describe in Section 4.2 how these auxiliary optimization problems can be further simplified
using the localized Gaussian width (Proposition 7). While the actual proof is quite technical and
involved, in Section 4.3 we present a high-level summary to provide some intuition and highlight
differences to the analysis of the min-/;-norm interpolator in the regression setting. Moreover,
we explain in Appendix A why existing (standard) approaches based on hyperplane tessellation,
commonly used to study linear classifiers, are insufficient to recover the rates presented in this

paper.

Notation We define the function (-)4 : R — R4, (z)4 = z1{x > 0} where 1{ } is the indicator
function. We denote by s the sparsity (p-norm) of w* and assume w.l.0.g. that the nonzero entries
of w* are exactly the first s-entries. Moreover, we use the following notation for components of the
vector w: w)| € R? and w; € R? for components parallel and perpendicular to w*, respectively.
Furthermore, we use w(f) € R? for the first s-entries of w |, and w(fc) € R for the last d — s
entries of w . We denote by Bj, B unit balls with respect to the ¢; and ¢s-norms, respectively.
We use k1, k2, ... and ¢y, co, ... for generic universal positive constants independent of d, n, whose
values may change from display to display throughout the derivations. The standard notations
O(+),0(+), Q(-),w(:) and O(-), as well as <, > and =, are utilized to hide universal constants,
without any hidden dependence on d or n.

4.1. Preliminary Step 1: application of the (C)GMT

The proofs of both main results rely on the following application of the Gaussian Minmax Theorem
(GMT) (Gordon, 1988) and its convex variant (CGMT) (Thrampoulidis et al., 2015).

Recap: (C)GMT For completeness, we first summarize the following variant of the (C)GMT.

Lemma 5 (Corollary of (Gordon, 1988; Thrampoulidis et al., 2015)) Let X1 € R"™¥9=5 pe a matrix
with i.i.d. N(0,1) entries and let g ~ N(0,1,) and h ~ N(0,1;_5) be independent random
vectors. Let S,y C R® x R5 and S, C R™ be compact sets, and let 1 : Sy, X Sy, — R be a
continuous function. Then for the following two optimization problems:

(b - i 7X ) )
(o L MAX (v, Xqw1) + (w1, w2),v)

- i M + 7h+ ) )
6=, min il (v.g) + ol (wn B) + (w1, 2).0)

and any t € R holds that:
P(® <t) <2P(¢p <)

If, in addition, v is a convex-concave function, we also have for any t € R:

P(3 > t) < 2P(¢ > t)
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In both inequalities, the probabilities on the LHS and RHS are over the draws of X1, and of g, h,
respectively.

We see that ¢ controls the upper and lower tail of ®. Importantly, the inequality is sharp, including
multiplicative constants — a high probability upper (lower) bound for ¢ is also a high probability
upper (lower) bound for ®. Moreover, ¢ no longer depends on a random matrix X; but only on two
random vectors g and h, which substantially simplifies the search for bounds for ¢ compared to .

Application of the (C)GMT We can now use Lemma 5 to simplify the problem of bounding the
maximum norm P and the minimum (maximum) alignment ®_, &, . For this, we first define
the corresponding auxiliary optimization problems ¢. Let z(1), 2(2) € R™, h; € R® hy € R4
be i.i.d. isotropic zero mean unit variance Gaussian random vectors and define the function f,, :
R xRy — Ry,

n

1
fa(v,n) = - Z(l — §iv|zi(1)] — zz@n)i. 4)

i=1

Similar to the analysis in (Deng et al., 2022) for the related minimum-¢2-margin classifier, the
key insight is now that we can use Lagrange multipliers to apply Lemma 5 to “replace” the data-
dependent interpolation constraint Vi : y;(z;,w) > 1in &, P_, ®_ with the simpler constraint,

S S¢
('), hy) + (!5 ho))?
n

Analyzing this new constraint will make up the heart of the proofs of Theorem 2 and 3. While it will
turn out that the constraint in Equation (5) “captures” the interpolation constraint Vi : y;(z;, w) > 1
very well, there is only very limited geometrical intuition for why this is the case.

Formally, we show Proposition 6 (see Appendix E.1 for the proof) for the auxiliary optimization
problems:?

¢n =min |w|y st Eq. (5)holds and (w(® hy) + (W hy) > 0
w
_ {w), w") - o (wyw) -
¢+ = max ——— st wel and ¢_ = min ——— st wel.
loll,>8  [|w]|2 lwll,>s  [lw[2

with set ' C RY,
I = {w e R? st Eq. (5) holds and ||w||; < M}.
Proposition 6 For anyt € R we have:

P(®n > t|¢) < 2P(pn > t]€)
P(dy > t€) < 2P(¢y > t[€)
P(®_ < t|§) < 2P(p— < t[E),

where the probabilities in LHS and RHS are over the draws of X and of =V, 22 hy, ho, respec-
tively.

2. We define ®n, P, ¢n,p— = oo and @, ¢4 = —o0 if the corresponding optimization problems have no feasible
solution.
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4.2. Preliminary Step 2: simplification of the auxiliary optimization problems

In a second step, we reduce the auxiliary optimization problems ¢y, ¢_ and ¢ to low-dimensional
optimization problems. While a similar approach has also been used in other papers studying
maximum-margin classifiers based on the (C)GMT (see e.g., (Donhauser et al., 2022; Deng et al.,
2022; Zhou et al., 2022)), using the reduction in the mentioned papers would only yield loose
bounds (not yielding sharp rates). Instead, we propose a much tighter reduction relying on the
localized Gaussian width.

Part 1: Bounding ¢_ and ¢ In order to reduce the two optimization problems to low-dimensional

optimization problems, we relax the constraint in Equation (5) by bounding the stochastic term
(w(f), hi)+ (w(f ), ho) only using the ¢; and ¢3-norms of w(f) and w(f ). The first term (w(L ), hi)
can be simply upper-bounded using Cauchy Schwartz: (wﬂ_s), hy) < ||h|l2|lw f |2 where we re-

call that h; € R®. However, doing the same for the second term <w(l 9 , ha) would result in loose

bounds since ho € R%% and d > s. In fact, using Hoelders inequality to bound <w(L ‘) yhe) <

||w h H ||h2]| o Would still result in loose bounds. Instead, we make use of a more refined (tight)
upper bound:
(5°) (89 w3
(w7 ho) < flw' 7 |l04h, WBgﬂBl (6)
[l ™ 7l

where we use the localized Gaussian width £} : [ﬁ, 1] - Ry,

Ezz(ﬂBg N By) := max (w, hg) s.t. [|w|, < fand |Jw|; <1

As aresult, we can now relax the constraint in Equation (5) occurring in [ to:

2
Loy g (187 s
n(nwi Nh«%( s, B2 By | 4 w2
[P
°) S)
> o ({01 + 10 13)

In particular, we note that the resulting relaxed optimization problems for ¢_ and ¢ only

depend on the ¢; and />-norms of wS_S) and w(fc) and are therefore low-dimensional.

Part 2: Bounding ¢y A similar argument can also be used to convert ¢ into a low-dimensional
optimization problem. However, instead of relaxing the constraint in Equation (5), we now need

to tighten it. We can do this by setting w(f) = 0 (which is negligible assuming that s < n)

(59)

and choosing w}~ * as a function of 3 to be the optimizer of the optimization problem defining
4, (8B2 N By) for which Equation (6) holds with equality.

Reduction to low-dimensional problems Instead of directly using the localized Gaussian width
¢, (BB2 N By), we will use the following (equivalent) curve v : o € [1, umax] = Y(@) € R%=3,

(w, [hal) = [lha]lo
~v(a) = arg min ||wH§ st Cw>0 , 7

w
lwll, = a
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with amax = (d — s) ll‘(;;”r. By Lagrange duality, it is then straightforward to show that for any
1
B e [%, 1], there exists @ € [1, amax] such that @ is an optimal solution for the optimization

problem that defines ¢} (8Bs N By).
In summary, we obtain the upper and lower bounds in Proposition 7, where we use the following
. * S¢ S
notation; define v := <wH,w )y Nse 1= Hwﬁ_ )||2, NS := ||w(L )||2, n:=|wy|2= Nﬁ?gc +n§ and
(89
1

ik
b= a

Proposition 7 Let symax € Ny and let w* be any s-sparse vector with s < Spyax. Then, the
optimization problems ¢, ¢+ and ¢_ can be bounded by:

. « 1
ow <[, omin bl s Bkl 2 b))

1%

by < bmax
v,0,, r ;
(v,b,ams)e \/;/2—}-172”’7(0‘)”2_{'77&29

. v
¢— > min

(vbrame)eT W + 02 ()12 + 13

where the last two inequalities hold with probability at least 1 — 2 exp(—c1Smax ), With universal
constant c1, and constraint set I' defined by:

= {(1/, b,a,ns) s.t ns > 0,b>0,a € [1, amax]
and (2\/ Smax"s + thQHOO)Q
n

> falv[B2I(@) 3+ n3)
and max {|v|||w*|1 — Vsns,0} + ba < M} (8)

The proof follows from the above discussion and by applying Gaussian concentration to control
the tail of the term ||h1[|2.

4.3. Proof sketch for bounding the auxiliary optimization problems

We now describe how we obtain the desired bounds in Theorem 2 and 3. Recall that by Proposi-
tion 6, it suffices to find high probability bounds for ¢y, ¢, ¢+ using the low-dimensional relax-
ations in Proposition 7. We now present the main idea for the proof which is rigorously described
in Appendices C and D. We only discuss lower bounding ¢_.

Step 1: reducing the problem to bounding the set I' We first reduce the problem of bounding
¢— to one bounding I" in Equation (8) (where we use Proposition 7):

—1/2
max 52 [|7()]3 + max n3]
(b,a)el nserl’
6> |1+ — . ©)
min v
vel

Hence, it suffices to bound the maximum (minimum) of the variables b? ||y(a)||5, 7% and 2. Per-
haps surprisingly, this seemingly loose lower bound will turn out to be tight.

10
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Step 2: controlling f,, One of the main contributions to the analysis in this paper arises from
controlling the function f,, (Equation (4)). To do so, we first show that I' (from Equation (4.1)) is
contained in a sufficiently small set. We can then carefully apply concentration arguments to show
uniform convergence of f, — Ef,. The key insight is then that, using a series expansion, the
expectation [E f,, can be approximated by the terms in the following equation:

1 2 n?
noiseless case: Ef,(v,n) = L— + =1 (10)
v

RV
. 1 1
noisy case: Ef,(v,n) = (5 + §C7777772 + iCWAV2 (1)

where Av = v—vy and vy, (yy, (0 are constants arising from the series expansion (only depending

on ;). Moreover, by definition n? := b?||v(c)||3 + n% = HwL N2+ ns = ||wL 1.

While the dependency in 7 is quadratic in both cases, the dependency in v strongly differs
between the noiseless case (10) and the noisy case (11). To give an intuitive explanation, note that
the expectation

Ef, =E(1 - &v|z'| — 2%n)3.

In the noisy case, by assumption, we have that both £ = 1 and £ = —1 occur with constant
(non-vanishing) probability. Therefore, we can lower bound the expectation by a quadratic E (1 —
&v|zt — 2?n)2 2 (14 v* + n?). In contrast, in the noiseless case, we have £ = 1 a.s. In this
case, we lower-bound (1 — v|z!| — 22n)2 > (14 n?) on the event |z!| < 1/v, which happens with
probability inversely dependent on v. For more details, we refer the reader to the proofs of Lemma
21 and Proposition 18.

Step 3: bounding the set I' In the noisy case (Theorem 2), the quadratic approximation from
Equation (11) allows us to utilize parts of the analysis in (Wang et al., 2022) for the minimum-
¢1-norm interpolator in regression. For example, we can bound the term maxp ocr b%||v(a)||3 in
Equation (9) as follows: we can relax the set I" in Equation (8) by replacing the third condition by
ba < M and using the quadratic form from Equation (11) for the second condition. We then obtain

b2lh
I'c{(v,b,a,ns) s.t bae < M and | 2”

T2 > o G + PRI (@) + 562,
which resembles the term in Equation (4) in (Wang et al., 2022). In the noiseless case (Theorem
3), however, such a simplification is not applicable due to the inverse dependency of E f,, on v from
Equation (10). In fact, we would only obtain a trivial (loose) bound when again using the relaxation
ba < M for the third equation in Equation (8). Instead, we need to simultaneously control (b, «)
and v by iteratively bounding either of them (Appendix C.2), which is the second major technical
contribution of the paper.

5. Related Work

Related work on error bounds for maximum-margin classifiers Existing non-asymptotic upper
bounds for the maximum ¢;-margin classifier in high-dimensional settings hold for arbitrary (ad-
versarial) corruptions (Chinot et al., 2021) and are discussed in detail in Appendix A . Furthermore,
complementary work (Liang and Sur, 2022) studies asymptotic proportional regimes (n,d — oo
and % — ¢) where the prediction error does not vanish.

11
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Beyond the /1-norm, several works present non-asymptotic bounds for the related maximum
¢p-margin classifiers for p > 1. The paper (Donhauser et al., 2022) studies the case where p €
(1,2) for 1-sparse ground truths and shows that the prediction error can even vanish at polynomial
rates close to the min-max lower bounds when trained on a noisy dataset. Furthermore, the papers
(Muthukumar et al., 2021; Wang et al., 2021; Shamir, 2022) present bounds for the case where p = 2
based on specific proof techniques relying on the geometry of the Euclidean ¢5 norm. However,
they only obtain vanishing rates, i.e. achieve benign overfitting, when assuming that the covariance
matrix is spiked (i.e., for non-isotropic features).

Related work on proof techniques The proofs in this paper rely on Gaussian comparison results
(Gordon, 1988; Thrampoulidis et al., 2015) described in detail in Section 4 and popularized for non-
asymptotic bounds for linear interpolators in (Koehler et al., 2021). This technique has also recently
been used in the paper (Donhauser et al., 2022) to bound the prediction error of the maximum /-
margin classifier when p € (1,2). However, the analysis presented in the mentioned paper would
yield loose bounds when p = 1 and is limited to noisy regimes and 1-sparse ground truths.

Other common proof techniques for bounding the prediction error of interpolating linear clas-
sifiers include hyperplane tessellation bounds (Plan and Vershynin, 2014; Chinot et al., 2021), dis-
cussed in detail in Appendix A, and proliferation of support vector results (Muthukumar et al., 2021;
Hsu et al., 2021; Wang et al., 2021; Ardeshir et al., 2021). The idea of the latter approach is es-
sentially to reduce the maximum-margin classifier to an (approximately) equivalent minimum-norm
interpolating classifier. The resulting “simpler” classifier can then be analyzed using tools from re-
gression (Muthukumar et al., 2021; Bartlett et al., 2020). However, so far, such an approach only
exists for the maximum ¢£s-margin classifiers, and it is an open conjecture to prove that proliferation
of support vector results also apply to the maximum ¢;-margin classifier (Ardeshir et al., 2021).

6. Future work

Early stopped coordinate descent The bounds presented in this paper imply that the maximum
£1-margin classifier are not only only sub-optimal in noisy settings (Theorem 2), but also for noise-
less data (Theorem 3). As discussed in Section 3.2, this is because the classifier overfits on samples

close to the decision boundary. In contrast, £1-norm penalized classifiers which maximize the av-
«12/3
erage margin (Zhang et al., 2014) achieve much faster rates than ”“;l'/‘g . An interesting question

for future work is whether these faster rates can be obtained for early stopped coordinate descent
on exponential losses, where we recall that the solutions of these algorithms converge (after infinite
steps) to the maximum ¢;-margin classifier (Telgarsky, 2013).

Future work on “better” implicit biases When samples in the training data have a small margin
to the ground truth (see discussion in Section 3.2), our results in this paper suggest that the implicit
bias of boosting methods with exponential loss functions and coordinate descent is suboptimal.
Indeed, the maximum ¢;-margin classifier which is obtained at convergence (Telgarsky, 2013) only
achieves suboptimal rates even in the noiseless setting (see Theorem 3 and subsequent discussion).
An interesting direction for future work is therefore to investigate whether the implicit bias of the
mentioned iterative training algorithms with other loss functions such as polynomial losses would
yield faster rates.

12
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Appendix A. Comparison with bounds relying on hyperplane tessellation

We now discuss the limitations of proofs relying on hyperplane tessellation (see e.g. Plan and Ver-
shynin (2014)) — a standard tool to bound the prediction error of linear classifier in high-dimensional
settings, e.g. in (Chinot et al., 2021).

First, define the Hamming distance of two vectors wy, ws to be the fraction of training samples
where the corresponding classifiers differ:

dpt (wr, wp) = %Z 1 {sign( (25, w1) £ sign((zs, wa))}-

i

Note that dg(w,w*) corresponds exactly to the fraction of corrupted labels i.e., dp(w,w*) =
% >; 1{& = —1}. The high-level idea of hyperplane tessellation is to bound the directional esti-
mation error (3) (which in turn gives a bound on the prediction error (2)) via the Hamming distance
by uniformly bounding the difference between the Euclidean and scaled Hamming distance

sup |Adg(wi,we) — ||wi — wal|2], (12)
w1, wo €T

over some large enough set 7' C S?~! that contains the normalized classifier m with high prob-
ability. Here, A is some universal constant.

Observe that this approach only leads to tight bounds if the difference in Equation (12) is small.
This, however, is not the case for the settings studied in our main results. Indeed, for noisy data
(Theorem 2), by definition of the interpolating classifier we have that

Ay <7:”,w*> —0(1)
2

[l

while || m — w*||2 vanishes at a logarithmic rate. Furthermore, in the noiseless case (Theorem 3),

the Hamming distance d g (HM%’ w*) is zero — meaning that we cannot obtain any lower bounds

for the directional estimation error using a hyperplane tessellation argument.
This “weakness” of proofs relying on uniform hyperplane tessellation bounds is also not sur-
prising since such approaches do not take the distributional assumptions of the noise into account —
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in particular, we cannot distinguish between adversarial and non-adversarial noise. In contrast, the
logarithmic rates in Theorem 2 crucially rely on Assumption 1 for the distribution of the corruptions.

In defense of hyperplane tessellation bounds, we finally mention that unlike the proofs presented
in this paper (see Section 4), results relying on hyperplane tessellation bounds give guarantees for
arbitrary corruptions and can also be generalized to non-Gaussian features (Chinot et al., 2021).
Yet, in order to capture the rates in Theorem 2 and 3, new proof techniques are needed.

Appendix B. Preliminary technical tools

The purpose of this section is to cite existing technical tools and simple corollaries of these results.
In subsection B.1 we give some properties of the parametric path v(«) introduced in Wang et al.
(2022), which we used for reparameterization of optimization problems in preliminary step 2 in
Section 4.2. Afterwards, in subsection B.2 we recall some concentration results, which we make
use of when proving the localization and uniform convergence propositions (see section C and D)
of Theorems 3 and 2.

B.1. A few helpful properties of v(«)

First, recall from Section 4.1 that hy € R4 contains samples of i.i.d. standard Gaussian random
variables, and for the sake of brevity of notation, we define h := |ha|. Moreover, recall the definition
of the function y(a) : R — R?~* from Equation (7):

(w, h) = |[hloo
y(e) = argmin |lw|[3 st {w >0
w
1Tw = ul, = a

for some scalar variables b > 0, « € [1,(d — s) W"fﬂ Without loss of generality, we can assume
1

that h; > h; for all ¢ > j (see also Wang et al. (2022)). Furthermore, the results of the main
theorems do not change by considering () : R — R¢ since by our assumptions on the sparsity s,
we have d — s = d. Therefore, in all discussion that follows, we will assume that y(c) : R — R,

In order to study the optimization problem in Proposition 7, we make use of the following three
properties of the path v(«):

Concentration of ||y(«)||; and ||y(c)||,. As proven in Section 3.4 in Wang et al. (2022) the path
~(«) is a piecewise linear with breakpoints at v, for integers m = 2, ..., d, with

(Ihgmlly = mlen) Ul

[ T

m

where hp,,) € R¢ denotes vector which is equal to 4 € R? on first m components and zero else-
where. Furthermore, the following concentration result holds as shown in Proposition 4 in Wang
et al. (2022).
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Proposition 8 Let t,, be given by 2CI>E(tm) = m/d. There exist universal positive constants
c1, Co, c3,cq4 > 0 such that for any m,d with m > ¢y and com < d < exp(63m1/5) we have that:

Iyl <1 B 2>’ o

121l t )|

2
[v(am)lly 2

2
[/ —

Cq

— 4 Y
mty,

with probability at least 1 — 6 exp ( over the draws of h.

)

Convexity and monotonicity of v(«).  According to Lemma 4 in Wang et al. (2022) the map-
ping o — ||7(a)\|§ is convex over [1, amax, decreasing over [1,aqy/2] and increasing over

e Rl o
(411725 max] Where g/ = W satisfies g < @g41/2 < agy1. Furthermore the map
2 2
a— lh(a)”% = HW(O;)HQ is monotonically decreasing.
llv(e)lly @

Inequality constraint at optimal point. According to Claim 3 in Wang et al. (2022) the inequality
constraint in the definition of («) is tight for the optimal solution, i.e., (y(c), h) = ||k .
Furthermore we define ¢,,, as solution to equation

28%(t,,) = m/d (13)

for some integer m € [2,d] where ®C(.) = P(Z > .) with Z ~ N(0,1) is the complementary
cumulative distribution function. We use the following two characterizations of ,,:

Approximation of ¢,,. From Remark 2 in Wang et al. (2022) there exists universal constant s
such that, for all m < d/k it holds that

loglog(d/m) 1
t2 = 2log(d — loglog(d —1 ———— 4+ 0 — .
Upper and lower bounds of ¢,,. Following the same argument as in Claim 7 and Claim 9 in
Wang et al. (2022), we can prove the following lemma:

Lemma9 Let m. be fixed and assume ksm, < d. Let any fixed constant k > 0 and assume
that parameter X satisfies 0 < X\ < (log(k3))*/2, and let m, be the largest integer m such that

2 2 A
te >tr, + o Then,

m = meew (~go-) (140(-) ) a [ = (4 550) | <0 ():
Moreover, let T, be the smallest integer m, such that t% < t?n* — tﬁ)‘ . Then,

_ . 2 _ -2 )< :
. m*exp<2wn*> (Ho(%*)) wd | (2, tm>‘ <o)

Furthermore, analogously as in proof of Claim 8 in Wang et al. (2022) we get:

2 1 A ( 1 ) < A2 )
= = =1-—-—+40 +0| 5= |-
2 2 442
tm* 1+ g% + 0 <t2 lm*> tmt” t%”* M tmt "

A similar result holds for 7.
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B.2. Concentration results
POINTWISE CONVERGENCE

Lemmas in this section are used in the proofs of Propositions 14 and 16 (localization step). We
recall two standard lemmas for pointwise convergence of functions of random variables to their
expectation:

Lemma 10 (Concentration of Lipschitz functions, Ledoux (1992); Wainwright (2019)) Let X =
(X1,...,X,) be avector of i.i.d. N(0,1) random variables and let f : R™ — R be Lipschitz con-
tinuous with Lipschitz constant L. Then

€2
P(1F(X) ~ EFCO] 2 ) < 2000 (57 )
forany e > 0.

Lemma 11 (Bernstein’s inequality for sub-exponentials, Vershynin (2018)) Let X1,..., X, be
mean zero i.i.d. random variables with sub-exponential norm r = || X||;,,. Then for any e > 0

1< 2
]P’(n;Xi Ze) < 2exp (—cnmin{z,;}>

for some universal constant ¢ > 0.

UNIFORM CONVERGENCE

Results from this section are used in the proofs of Propositions 15 and 17 (uniform convergence),
and more specifically, for proving Propositions 19 and 23.

Let X1,..., X, be real i.i.d. random variables with continuous distribution function F' and let
F}, be the empirical distribution function defined by F,,(z) = L 3°" | 1{X; < z}. Then we have:

n

Lemma 12 (Dvoretzky-Kiefer-Wolfowitz inequality, DvoretzKky et al. (1956); Massart (1990)) For
any € > 0 holds:

NG

Before we recall a result about uniform convergence of functions from a parametrized set, let us
introduce an additional notation. Let G be a countable class of functions g : R — R. For a function
g € G we write Pg = Eg(X), and P,g = 23" | g(x;). Moreover, define ||P, — Plg =
supgeg (P — P)gl.

Let €1, ..., €, be independent Rademacher random variables. Define PSg = % S eig(xi)
and || Pyllg = sup,eg |Pygl- We also recall the definition of the Orlicz norm ||-[|g, . Let a > 0
and define the Orlicz function ¢, : Ry — Ry by ¢, (x) = exp(z®) — 1. The Orlicz norm of the
random variable X is given by:

P <sgp |[Fr(z) — F(x)] > ) < 2exp(—2€°)

[ X[y, = inf{\ > 0: Eyo(|X[/A) < 1}

For the setting defined in this section we have:
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Theorem 13 (Corollary of Theorem 4 in Adamczak (2008)) Forany 0 <t < 1, > 0, o €
(0, 1] there exists a constant C = C(a, t, ) such that

ne e \*
P(|P,—Plo> 1+ tE|P, — P < o L2 -
(182 = Pllg = (14 OE [Py = Pllg +¢) exp< 2<1+5>gg>+3exp< (c@)

with

og =sup Var[g(X)] and ¢g=

9€g Isisn geg

max sup %)g(wz) - EX[Q(X)]“
Vq

Appendix C. Proof of Theorem 3

In this section, we present the proof of Theorem 3. By Proposition 6, in order to give bounds
for prediction error, it suffices to bound ¢, @+ and ¢_ (defined in Section 4.1). Furthermore, we
make use of the simplifications in Proposition 7, which allow us to study low-dimensional stochastic
optimization problems. In a first step (localization), we derive an upper bound for ¢ :

Proposition 14 Let the assumptions of Theorem 3 hold, and let k) = 3(727r)*1/ 6 and m., be the
solution of equation

2 ‘
my, = \E<72w)1/6(ntmn w12, (14)

where t,,,, is defined as in Equation (13) in Appendix B.1. There exists universal positive constants
c1, Ca, c3 such that

noo. \1/3 21
¢N§HM<THW Ih) l—oo—+ | =M
312, 'tk

nl/3

holds with probability at least 1 — co exp <_03W

) over the draws of hi, hg, 21, 2(2).

The proof of the proposition is deferred to Appendix C.1. The second step (uniform convergence)
gives the following bounds on the elements of the set I' from Proposition 7:

Proposition 15 Let the assumptions of Theorem 3 hold. Let I'y be a set of all (v,b, o, ns) that

satisfy:
l/2 B (2887T)—1/3n2/3 n2/3 nd n?s -
lw*(13* 10g?3(d/man) |~ Jw* ||} 1og(d/my) ™~ 1og"/%(d/m,)
1 1
2 2 - <
and |b ”’Y(a)||2 310g(d/mn) ~ log7/6(d/mn)

where m,, is the solution of Equation (14). Then there exist positive universal constants c1,ca, C3
such that T' C Tg with probability at least 1 — c1d™" — ¢ exp ( ) over the draws of

hl, hg, Z(l), 2’(2).

nl/3
—C37T 1,77
log*(d/mny)
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The proof is deferred to Appendix C.2. From the Propositions 7 and 15 and using that n% > 0, we
get the following bounds on ¢ and ¢_:

(bgl)igro b? ||y(e)ll3 +ngleigo % i 4w c
o+ < |1+ max v2 s1- m <_1 1/6(g )
s . o ¥ (df )
o, Pl e 170 :
o-= |1+ min 2 =1- mp, <1 lo I/G(d/ ) ’
= g mn)

and the statement of Theorem 3 follows straightforwardly when applying Proposition 6 and
using that

R(@) = Lareeos (o) ) = NZ’ (i) vo (- <||§r;w*>>3/2'

15)

C.1. Proof of Localization Proposition 14

Recall the upper bound of ¢ from Proposition 7, and note that to upper bound ¢ it is sufficient
to find a feasible point (7, b, &) which satisfies the constraint, i.e. we have:

T SO _ -
¢n < vllwly +ba if 552 1712 = (@, Bll7(@)]12) (16)

holds with high probability for some 7 > 0. We further recall that in the noiseless setting we have
2
Jw,m) =Efy (v,m) =E (1= 0|20 = )
+

with f,, from Equation (4). Next, note that the random variable (1—v|Z™)|—1Z2))2 for fixed (v, )
is a sub-exponential random variable. Furthermore, since (1 — v|Z(1)| —nZ@)2 <1 4 p?(Z2(3))?
we see that the subexponential norm of this random variable is bounded by a constant for n < c.
We can therefore apply Lemma 11 to show that for fixed v, n < c and m,, given in Equation (14)
we have

1 n
P (’fn(’ja n —Efn(v,n)| < Vt4mn) > 1—2exp (—Cl%) :
Since f is an infinitely differentiable function, we can use the Taylor expansion of the function

f = Ef,, around n = 0 from Equation (56) which holds for v large. Combining the last two results
we obtain that with probability 1 — 2exp (—e1 72— ) holds:

2 1 2 b? 5
bl < g2t 4 2P 4 6, o )
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where O; := O (% M) and O, := 0O (Vt4 )

1 )
We claim that for our choice of point (7, b, &) we get Oy + O, = L =0 ( i ) Once we have

established inequality (17), the claim that the point (7, b7 &) satisfies constraint from (16) is implied
by proving the following inequality:

2 ||y (@
b2 ”h”oo— 3\\?1 \/>b ||7£ )HQ O<t41 ) (18)

Defining b; = b and rearranging the terms in Equation (18) we obtain the following lower bound

for b,
oo, 33 (10(2)

T

From Section B.1 we have that v(«) is a piecewise linear function with breakpoints at v, for
m = 2,...,d, and thus, we can optimize over integers m instead of «. Using concentration results
from Proposition 8 we get the following result:

~ 1 4 1 L (1+0(mﬁ
b >y (1—%+O<t%>> : 3\732&1 (Ht;()t)fn)) (19)

with probability at least 1 — 6 exp <_log52(%)' Similarly, as in Remark 1 in Wang et al. (2022),

we choose m, which approximately minimizes the expression above, i.e. to maximize:

2 2 d 2
%(1—\/77}2> ~ 2log ()—2\/7 "
T U mtz, m T™Um

This gives m = m, (D) = =2. We claim that for our choice of o we can set m,, as the solution

™

of equation m,, = \/% (7270) Y5 (nty,, |w*||,)%/® which is exactly m,, given in Equation (14). For
such m = m,, we have from Equation (19):

~2 V2 n 2 1
by > —%——1(1-
> s (1w rolan)

Now we choose 7 which minimizes the upper bound on ¢y in Equation (16) as follows:

So we let:

~ V2 n 2 1
. ) N 5 _ ) N V2 -2 .o
v ar§>ngmy|]w l; + ba(v) arggunl/ |lw*|l; + NG vt?nn t2 + t4
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After minimization, we get that ¥ is given by:

~ -1/6 x1—2/3 n 1/3 2 1
v =(72m) llw*{ 2 l—tTJrO i >0

Note that indeed m,,(#7) = m,, for this choice of . Returning to b~a we obtain the following:

- ~ 1/6 ), x1/3 (1 e 1
be = ba(7) = 2(727) Y6 |w*|; (t2> (1 Y <t4))

Summing up the two terms, we obtain a bound from the proposition. Also, note that for m = m,,

we get:
i@l = 0@ 2 1 1
@l = e =2 (140 (-

So, we have O; = O (]/1—3, Z—;) =0 (#) as we assumed at the beginning of the proof. Thus,

the point (7, b, Q) indeed satisfies the inequality (16) with high probability, and we define the upper
bound M := v + ba > ¢n.

C.2. Proof of Uniform Convergence Proposition 15

For the sake of completeness, let us recall the definition of set I' from Proposition 7:

F: {(V>b7aa773) s.t 775 ZO,bZ0,0ZE [Lamax]

1
and =~ (2/Smats + bllhlloc)? = (v, /21 (0) + 1)
and max { v/l — vans, 0} + b (@), < M}

with M given in Proposition 14 and syax = ©(n??log™'%/3 d). We further recall the notation
nse = blly(a)|, and n = y/n2. + n% in Section 4.2.

The proof consists of three steps where we iteratively bound the set I': for every step, we use
different approximations of f,,, and based on them, we develop tighter bounds for v/, s, ns. Finally,
the statement of the proposition follows from the last, tightest bound. We start with the following
bound:

. . < > _nl/8
BOUND 1: v ||w*|; S M,v 2 5 ond
In order to derive the bounds in this section, we first need to simplify the constraints from the
definition of the set I'. First, note that we can relax the second constraint to the following two
constraints: baw < M and v ||w*||; < M + /sns. Then, the first constraint is simplified by deriving
an upper bound on the term from the LHS as follows. By using simple quadratic inequality, we have
that for any (v, b, a, ns) € T it holds that:
8 2

1 2
~(2v/Smaxts + B Hlloo)? < Z0 [[BlI%, + ~simaxtr3 (20)

23



STOJANOVIC* DONHAUSER™ YANG

Now, recall that tfnn 2> log(d/my) > log ks and o > 1, both from Section B.1. We can further
bound the first term from Equation (20) with probability > 1 — é as follows:

2 2 M? 2
Zp2 || < —b2h < 2 0nlE = ZMm2 k)P
- [h]5 < S IR)12, max - A5 - 2[5
L) )13
<3 (F ) s s i tosa

where we used the concentration of the maximum of i.i.d. Gaussian random variables in the second
line. We can now define the following (larger) set:

_ 2 Smax 1 9 2 2
Fl — {(Vv byavn«g) s.t 778 n + TL1/3 logd Z fn(V7 \/b ||’7(Oé)||2 +778)

and ba < M and v|w*|; < M+\/§7]5}.

From our discussion above it follows that I' C T'; with high probability. The goal of this first step is
to show that the bounds v |[w*||; < M and v 2 . /31/3 y hold uniformly over all v € I'1, implying
de Og

that they also hold uniformly for all v € I" with high probability.

Step 1.1: Upper bound v ||w*||; < M. In all of Step 1.1 we assume that (v,b, o, ns) € I'y
that is, we bound these variables only if they are contained in I'y. Since by the last constraint of I'y
it holds that v ||w*||; < M + /sns, showing that \/sns < c¢M for some universal constant ¢ > 0
is sufficient to deduce that v [|[w*||; < (¢ +1)M.

Assume by contradiction that \/sns > ¢M for any constant ¢ > 0. Then, we can relax the first
constraint of I'; as follows:

||2/3

Smax || 1 - 0 1
2 I togd 2 fulws (2 0@+ 13) = — S (1= 112 = 2\ 2 @)l + )2
i=1

v

1N (0) 2
— | + 1
n E (1—vlz"| \/b [[7(c ”2 773) {Z c1}

| V

fZ O 4 g2 1{=? < —er}

1< M 2
>3 <—+Q/§”3\z§°)\ + cms) 1{z? < —c1}
=1

v

n 4 [Jw*l; N
f??s c1 |lw* |y

n 2
1 L(0) > { (1) } (2)
— E i ltans | 141z < - Lz < -a
n Hw Hl‘ | N =] 214+ c¢1)y/s { }

v

SRS

2
2 NS

3 (1) e [Jw*|; @
L0l | < o7 = s < -
i=1 {‘Zl ‘_2(1+c*1)\/§ {z" < —a}
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where in the fourth line we used that v < er; ‘*/”5775 , and in fifth that M < cfl\/gng. Next, we use
1
that

”1>|

\/E ~ vV Smax

*
erwly |

1
B2 < 214+ c1)y/s™ ™

and }P’(Z(Q) < —¢1) > ¢o and thus, from Lemma 12 with € = ¢, /ﬁ, we obtain the following

inequality holds with probability > 1 — exp (—03 sr:ax ) :

w3
n T

2 Smax

logd > am%M 21)

Smax

First note that syax = o((n |Jw*||;)¥ 3) and thus n}smax < Sp l‘/usﬁ Thus in order for inequal-
\/Smax log d

/3wy

ity (21) to hold, we need that lw 1'}}3 logd > 024772 \”/i or equivalently 17‘2.3 <

Y i“;g* logd. But then \/sns < sm/axn_l/ 6,/log d, which is in contradiction with our assumption
1/3
that \/sns > ¢M, since sm/axn 1/6\/10g <logd> < M for Spax = G)(n2/3 log_M/3 d).

Hence we conclude that \/sns < ¢M, and furthermore v ||[w*||; < éM for some universal

constants ¢, ¢ > 0, which is exactly what we wanted to show in this step.
1/3
Step 1.2: Lower bound v 1/"37/

sntax logd”
In order to show this lower bound, we first lower bound the function f;, for any v, n as follows:

1 n 1 n
Fulvim) = 2 320 == 0= 2 3=l - PR g < 0)
' i=1

1 !
2> -}
i=1

with probability > 1 — exp(—cin) for some positive universal constant ¢;. Combining this in-
equality with the first constraint of I'; we have that any (v, b, a,ns) € I'; must satisfy with high
probability that:

lzn:(l - V|Z-(1)|)2 < falv \/52 ()] + n2) < n Smax | ||lw ||2/31 d
n pat ) + ~ JNn\" Yy a)HQ + 778) ~ 773 n + n1/3 og
< {31}11/5)( Srln/g’x 1 d} < Slln/aSX log d

where in the second line we used that syaxn2 < c2M? < (1y/Smax)>/> shown in the previous step,
and that [|w* ]2 < (smax) /3.
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1
Now, define F, (o) == 2 577 | Il{|zi( )| < tland F(o) :=P(|ZW| < &) = erf(ﬁ) by
the definition of the error function. We can further simplify inequality (22) as follows:

1/3 n n
Pmax logd 2 lZ:(l—y|z(1)|)2 > lz (1—v|z (1)‘ )21{1 — 2V|Z-(1)|}
nl/3 ~n i + = — i

=1
1
- n 2/ ~ U

where we used that the number of activated indicators of the set {1{1 — 2V]z ]}} ', is equal to
nF, () and that (1 — y|z |) > 1 when1— 21/|zi(1)| > 0. Then, according to the Dvoretzky-
Kiefer-Wolfowitz inequality from Lemma 12 we have with probability at least 1—2 exp(—cn 1/3 sm/ax log? d)

that
1/3
1 1 1 1 Smax
F,l—)-F|— )| = F, | — | —erf < lo
(2) (2)‘ P (2) “ <2m>'~ s 8

Thus we can use the Taylor series approximation of erf(-) around zero to show that v 2 —75 T
Smax Og

3

sup
14

1/3

as we wanted to show.

BOUND 2: nge,ns = O(1), v |Jw*||; > kM

. . . . 1/3
For this bound we use results from the previous steps. Restricting to the set where v > U’giid,
Smax 108
and v ﬁ < n!/3, we can use the lower bound from Proposition 18:
1 n?
fn(v,n) > Hl; + H27 (23)

which holds with probability > 1 — 2 exp(—can!/?).
Now we further simplify the LHS of the first constraint in the definition of set I';. Combining
the upper bound from Equation (20) with the lower bound (23), we have

2
Pl + 73
2 v

2 4 9 8 9 1
gb ”h”oo + gsmaxns > fn(Va 77) > /ﬂ; + (24)

As before, we have s‘“f = @(#/Sd) from the definition of s;,,x, and, as noted above, we

nl/3log
have that 1 > % Thus, for n > ¢ we have that 85max < ;—2, and hence:
v n n v

2 1 b2 a)l? K 8Smax 1 b2 a)l? 2

LI NN A Sl 1G] PR <2 _ ma> St oy @lle s

n v v v n v v v
where we set k3 = “Z. Since the above inequalities hold with high probability, we define a set I'

as the set of all (v, b, o, ns) that satisfy:

2 1 b2 2 2 1/3 M
=b? ||h”202m—+/£2M+53n—5 and ba < M and #Syg .
" v v v sn{axlogd [|w* I,
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and by the above discussion we have that with high probability, I' C I's. Hence, by bounding the
variables v,  from I's, we will also obtain valid upper bounds in I' as well.

Step 2.1: Upper bound ns- = O(1). Recall that we use the parameterization of 7sc such that
nse = b||v(a)||y. Thus, we bound 7s- as follows:

. b2 2
0% (ng}%er [v(a)ll5

2
< max [bznv(a)u% st ()2 < v k]2 and ba <M and vjw*|, < cM
v,b,a Komn

2c
Hw [t

”7;& is a monotonically decreasing function in

2
 max [M”’Vﬂjﬁ” st (@)l < 2o Il 25)

As we mentioned in Section B.1, the function

a, while ||y(a)]|3 is a convex function. Thus, similarly to the proofs in Wang et al. (2022), it is
sufficient to find o, < v, , such that

[v(am)ly ~ 2¢ M

R, e [lw*lly

to obtain an upper bound on Hv(a @iz (where we implicitly make use of the fact that the set I" contains

the point (7, b,a = am,,,0) from Proposition 15). Using the concentration results from Section B.1
we can rewrite the above inequality as follows:

2 1 2 K n \'? 1
1 e Mo (1 1 =
e, ( +O<t2 )) ot () (0

After recalling that t2, = 2log(d/m) + O(loglog(d/m)) from Section B.1, it is straightforward to

n”g’ Il
12,
finish this step by substituting this choice of m into the upper bound from Equation (25) to get:

v(am n||w*|| 2/3 1 2 1
n‘%ch?iH a2 H2:n?\4 (’lgn ‘1> 1+0 2 ))m 1+0 2 )~ = B}, =0(1)

Step 2.2: Upper bound 7ns = O(1). Similarly as in the previous step we use the relaxations of the
constraints from the set I'y to bound 7s as follows:

show that we can choose m = A with sufficiently small universal constant A > 0. We

2 2
k< max 7
s (Vyb)avns)er2 S

2 2
< 3 st < —uvb?|h]% and 5 < —v|hl3
< g [ s g < 2 iR and @)l < v lnlE

and ba < M and v|w*|; < cM]

< max |:Wl/b |R]S, st |[v(e)]5 < @—nl/ |h]|5, and b < o and v < C||w*||1

"y

2 cM
= man [jw*|

1 2c

2 2

M2l max | 2y st ()l < 25 )
1
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Now note that i is monotonically decreasing function, while the last constraint is identical to
constraint from Equation (25). Thus using exactly the same arguments as in the previous step we
upper bound 7% as follows:

2¢c M3 ||h|? 2 1 1
< e MM _ 26 ”t2<1+0< >)=rB$s=0(1)

ran |lw*l|; a2, rgn M2 t2, 2,

where we again used concentration results from Proposition 8, and approximation t2, = 2log(d/m)+
O(loglog(d/m)) from Section B.1.

Step 2.3: Lower bound v |[w*||; > M. This bound follows the same reasoning as the previous
two steps. Namely, we find a lower bound on v as follows:

v > min v
(v,b,a,ms)€T2

2
> min v s.t v > M " and I7(@)]3 < —v||h]|%, and ba < M and v|w*|, < cM]
KoM

vha | = 22 ”h”io
[ 9 M
>min [ st y(@)]2 < ——v |2 and b< — and v |w*|, < M
vha | 2 b2 [12]8 Kon e «
k1N . 9 9 2¢ ]
= — —min |a” S.t «
o2 ]2, (@I < oo

Similarly as in the previous two steps, since o is monotonically increasing function, the minimum

is lower bounded by a? > a?n and after substitution of m as defined above, we have:

2 1/3 42
K1n Oy —2/3 tr, 1 M
vz 5 = [[w™[|y ( > "(1+0< )=k
2M2 || 1%, 2“ t L [Jw*ly

mn m

where once again we applied Proposition 8, and used that t2, = 2log(d/m) + O(loglog(d/m))
from Section B.1. After noting that we have shown v ||[w*||; > kM with high probability, we
conclude this part of the proof.

BOUND 3: TIGHT BOUNDS
From Step 2.2 in the previous bound we have ns = O(1) and thus \/sns < \/Smax’ls = O(n1/3 log_7/3 d).

1/3
Combining this bound with the lower bound M = (lo’g‘ d) , we obtain that:

C1 n 1/3 2 1 ca —~

|, < M <M(1 < (— * ) -2+ 2 =M
bl < 0 vans < (14 25 ) < (o) (1= 5+ )

(26)

for some fixed universal constant c1, co > 0. Moreover, in Step 2.3 of the previous bound we have
shown that v ||w*||; > M, and thus v ||w*||; > KM for some 0 < k£ < k. Combining both results,

we have v ||w*||, € [K, 1] M.
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Now we show how we can relax and simphfy the ﬁrst constralnt of the set I'. Recall Equa-
+ Ssmaxn% > K11, Moreover, since v [|w*||; < M,

tion (24) and note that it implies 2b? ||h||
and ns < B,,4 from Step 2.2, we have

1 1 1
~nll3 o 3 10gl4B g ™ nl/3

le ”h”2 > ﬂl B 43maxB2 > k1 H’UJ Hl *432 Smax >
n T 2y n ST 2

1 [lwly 1 :
> 331+ 2 7i/5- Thus, using

for n large enough, since spax = © (n2/3 log 14/3 d) and [ Mlll
and upper bound 75 < B, 5 we have:

1 1 2 /Smaxns \ 2 1
s vEmns + 0l = S (1 2 ) < S, 14 0,

this lower bound on b || k||

where we defined O, = clog77/ 3 d for some universal constant ¢ > 0. This finishes our relaxation
of the LHS of the first constraint from the definition of T".
- 1
ISVErTY

For the RHS of this constraint, we can apply Corollary 20 with € <

Jalvin) 2 —3\/7w \f_e

holds with probability at least 1 — ¢; exp ( &) tgl /2 )
Now we use the derived relaxations of the ﬁrst constraint of I' to define a new set I's

_ Lo V2 1 \/>62!!7(a)\|3+77§
o= {boans) st L0 I (1 09 = 220 )

and ba + v ||w*|; < M and v]w*|, € [&, 1]]\7 and b||y(a)|2 +ns < 1}.

to obtain that the

inequality

Again, we have that with high probability I' C I'5 and in the following four steps we bound variables
a, v, mse, s such that (v, b, a, nse) € I's. Furthermore, in the following steps we will use multiple

times the fact that:

1S 1 > 1
td "~ log?(d/my) ™ log*d

which follows from characterization of ¢2, from Section B.1.
In order to derive tight bounds on v, nsc, ns in Steps 3.3, 3.4. and 3.5, respectively, we first need

to show an upper and lower bound on « in Steps 3.1 and 3.2, respectively.
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STEP 3.1: UPPER BOUND & < @y, (A > 1).

We upper bound « uniformly over I's as follows:

a2 < max oz2

o (Vybﬂﬂ?‘s’)erB
2 o Lio0 V2 1 . ~ i} -
<max |a” st =b"||h||, (1 +Op) > —=— —€ and ba+v||w*||; <M and v|w*|, € [k, 1]M
v,b,a n 3\F

—e and v|w*||, € [§,1]M

R

S

v,x n « 3

1 (M= v, ) V2
gmm&s¢<‘”‘”l>um;u+owz

< max |o? st — (1 - Mev) M—1/( M — v ||w*||)*(1 + Op) and v |w*|, € [E, 1}M]

ve | IR11% V2 V2 n
[ 2 12yw1 M3 1
< max [a® st —— < vrl —(1 +O<4 >) 27)
a | IRlIZ, — 27v2 1 lw*ly t

where in the second line we used the second constraint to upper bound b, and in the last line we

used that (1 + Op)(1 — %ey)_l < 1+ O(;—) and that the function v(M — v |w*||,)? under

the constraint v ||w*|; € &, 1]]\7 is maximized for v ||w*||; = M /3. Furthermore, note that
1/3 € [R, 1] since " C I'3 and point v = € I' by arguments from the proof of the localization
proposition 14.

Similarly as in the previous bounds, we use that o is a monotonically increasing convex func-
tion, and thus in order to lower bound ||y () ||§, it is sufficient to find a point a such that azm > ay,
for which the constraint of Equation (27) does not hold. Now, using concentration result from
Proposition 8 and definition of M, we have that & = as does not satisfy the constraint if:

1 4 1 1 2 1
z(-ao(@) e (g ol)

We can choose @ = Am,, for some constant A > 1 since using characterization of ¢,, from Sec-
tion B.1 we have:

_M
3[lw* [y

Thus we finally obtain that o < as, as we wanted to show.

STEP 3.2: LOWER BOUND & > ym, (A € (0,1))

The bound in this step is derived similarly to the bound in Step 3.1. However, in this step we cannot

2 2
neglect the term \/% M from the first constraint of I's, as we did in the previous step. For the

sake of shorter equations, we will write only relaxations of constraints that « needs to satisfy and
skip writing that we minimize over o like we did previously.
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We start by rewriting and relaxing the first constraint from I's as follows:

2 (%How—ﬂ”“?”%)_3§i+ n

VL fl(l o]

3T T 3T

\%

) ) (28)

where we used that e = O( - ). Now, using the second constraint of I's, we can further relax the
LHS of the previous mequahty as follows:

b2<wio<1+0b)_\ﬁ|w<a>||§>§< —v ) (nhu 140, \va HQ)

(29)

Combining inequalities (28) and (29), and plugging in v [[w*||; = kM for k € [K, 1] yields:

V2 |w| 1 M*(1—r)? ([R5 2 ||y ()l [
e r 00 ()= ( n “*(%’ﬁfgl)

After multiplying the previous inequality by ”w*NH ﬁ

2 o _ Bl M V2 a2 1
e < 1 TR v e ] el D

Note that only the right hand side depends on v (and thus on k). Hence maximizing over « the right
hand side we obtain:

2 ([ 1/3 ol 1/3
N T WY RS € 12 N A R
VTR e TR th, 3

where we used that o > a7 derived in the previous step. Moreover, note that k € [g, 1]M , by the
proof of our localization proposition. Substituting this « into (30) we get the following inequality:

1/3 —
a0 (VRN (LY e PN e 1M
R \ 4V i ™[RI S A

Now we further relax the constraint by raising the previous inequality to the third power and keeping
only the first two terms to get:

2/3 —
Vg2 s s (R o)
1BII2, 4/ ™Al Ih22 \ava ) = nflwrlly tnn

and rearranging terms, we obtain:

m
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3
n||w* /
% as shown

We can further relax this constraint by using the that & > ay,, with m = A
in the Bound 2. Then, we have substitute this value of « only in the second term as follows:

O£2 9\/>_’_3 ||7( )HQ H H2/3 2/3 “m a%?’ (9\/>>
|h]%, 47 ™ [|hl% |22 \ 4V

Now, note that the term on the left hand side is a sum of two convex functions in « and thus is
convex. Similarly, as before, we look for a,, < v, so that the previous inequality is not satisfied.
Using concentration results from Proposition 8, we get:

2/3
2 (92 2/32n/ 1 1 8 1 1
3\[<4\F> el Co\a)) e e A
(1)) 2
4f t2 t2, th 4T 2, 2, th

and we can choose m = Am, with A € (0,1). This gives us a lower bound on o which is tight
enough to obtain bounds on v with a right multiplicative constant.

STEP 3.3: TIGHT BOUNDS IN v
Now consider a set I'y := I's N {(v,b,,ns) s.t « > a,,} with m given in the previous step.
Furthermore, from the arguments in the previous step it holds that I' C I's with high probability.

Now, similarly to Step 3.1 we can relax the first constraint of I's to 5 ||h||iQ > 3\\7% 11—

(0] (%) ). Combining this lower bound on b with the second constraint of I's we have:

M = vlw*|l, > ba >

Jﬁuhf \af(l‘O<t4;>)

Rearranging the terms we obtain that for any (v, b, a, s) € I'y must hold that:
1
S Via—(1-0 () )
I hH ti,

/ 1

where we used that @ > «,, Thus, the constraint C.2 must hold uniformly for all v € I'5. Setting

\[

0> 32 |lw|, — Mv*/? +

viw, = Kk2M with K2 € [K, 1] we obtain the following constraint on «:

; V3 nllwrl, am ( ! )
K — K+ — 1—-0 | —— <0
sve oo L %\a )
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Using definition of M from Equation (26) and concentration inequality from Proposition 8§ we

obtain
2t 2 1 1 1
3 Mn
— 1-— O 1+ —4+0|(— <0
B ( 2 <t4>>< et (t?—nn»—

and after substituting m = Am, with A < 1 we get the following:

2 2 logh—1 <1>

3

K — K+ - +0(—]<0
3vV3  3vV3 2, ty

mn

Thus, we obtain k2 € [:1,) -2 /3 '3 L+ /3} for some positive universal constant A, which we can

77L71

write as v [[w*|, = 2 (1 —|—O(t_2/3))
STEP 3.4: TIGHT BOUNDS ON 7)ge¢

Define I'}°° := T's N {(1/, b,a,ms) s.t ‘1/ lw*|l; — N‘ S ;\2% } Since inequality (30) holds for

mn,

I3, it also holds for I'}°°. Multiplying this inequality by %ﬁl”“gl (1—£.)2(1+ Op) 71, we get:

2 |ly(@)l3 nflw*|l, 2 1 V2 o? nfwt 1 ( 1 )

— —(1—-%k) (140 + — 1+0 1-0|(—

T lals, M Lot o 3V [hll5, M3 ot . )
<r(l-r)?2< %

and using our established bound on v ||w*||; we get (1 — k)% > (1 — 1 — 2/>3 )2 = %(1 - ;’% +

O(#%)) and hence we obtain:

mn,

2 sn|lw* 3 1 9IV2 a? * 1
Zh@nleh (3 (1)), V2 o nfw -0 (7)) <1
Tl M " o W hlls, M3 b,
Note that the function is convex in «. Using concentration, we get for o = q,:
1/3 . -

2@t WL () (1Y) (1238 (0

77”Lt'231 t;%l 2//3 iff;{ii

t2, 4 1 2 1
e - +0 1+ —+0 <1
V(o) (0 o(d) s

Now we claim that the m, < my,, . > m, given in Lemma 9, respectively, with x = 1/3 and
parameter p do not satisfy this inequality for the well-chosen universal constant p since

2(2)"? (nty, [w*],)?3 3% 1)) L& ERas

2
o 2.\ 22— 6X 1) . 24264 1
_1——t7/3 <1_t2*>+t2 7 +0 O —1+ 7 +0 W >1
mn m mn mn mn mn

m*
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for u > v 3\ Similarly, for m, we get:

2(2)" (ntm, o) [, 32 1 2, 2 |
T caola)) e Ceae (@)

2 2 Y 2 3
7 Lo, e — 6 1 2u° — 6A 1
:1+7/3<1_t3n*)+ T +O<t10/3 — 14 73 +0 e >1

mp, 8/3 10/
In order to bound M—v|w|, D _
nise we use that b < o a2 an andv > M(z 273 ), respectively, to
obtain: mn
Be<  max B (@)l < max( — v o)1 I (@l
(v.b,ans)€rsS v,a o
~ 2 )
~ a
e fioly ) Ilemll
36l Am?2

and after application of concentration Proposition 8 and definition of M we obtain:

2 1 L 1 2 1 I 1
2 _
= ( 1/3) (”0 (ﬂg)) 38, (” T (tw))

and
1
2 > min b2 V2 nlly(a )||2 1— O()
mez | omin B2 ming 0 e i)
V2 o nllwt|| 2 1 2 1 I 1
ST (”O(tzm))zs%“p o)\
3+t%

21 I 1
>
=342, (1 2751/3 -0 <t2/3>>
which are the upper and lower bound claimed in the Proposition 15.

STEP 3.5: TIGHT UPPER BOUND ON 7)s

>

Define I'}° ;:Fgﬂ{(u,b,a,ng) s.t ‘y”w*nl_%’g 2% and o < o, and azam*}.

trin,

2
In this step we keep the term 7775 from the first constraint of I's, and repeat the same steps leading to
Equation (30) to obtain constraint:

V2 nfwt| o ( 1 ) \/5 o o’nlw]
p— ]_—O _ + —n — 1 1+Ob -1
VT M3h(1 — k)2 HhHio( i, AE NS (1—f<&)2( )

n||w*
# 2 o)<
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As in the Step 3.3 we have that (1 — x)? < 2% and Kk < % + tz% Plugging these two bounds into

the inequality above, we further relax the constraint to:

2 nllw* 2 )2 n |jw* 3\ 1
PR U N Y O ATV O S (R P
[hllS, M3 T bl M toi to
_9\/§ a’ n||w*||1(1_0<1>)
AVr|n)Z, M3 to,

At the end we use derived bounds on « to upper bound s as follows:

M R, 2 |y(am )3 n llwrly 33 1
2 < mx ) 112 101 _
ns < [ . |h|| Vi (1 2/3 +0 4/3 )

a2, nflwll;
_9V2 o, nlwrlh o O( : M
W ||hlE, M3 tin

Finally, after application of concentration Proposition 8 and definitions of «,,_ , am, and M we
obtain 77% < 157% which finishes the proof of this proposition.

mn,

Appendix D. Proof of Theorem 2

In this section we present the proof of Theorem 2. We begin by recalling some deﬁnitions falv,n) =
0 1
Ly (=& =22 and f(v,n) = Efy (v, n) —E (1 - &2 - Z<2> n)" and vy =

arg min f(v,0). Further, define ¢; = f(v,0), Gy = 2= lw,.0)f 031> G = 5|y 00 F (070
which are all non-zero positive constants. We define the constant Ko in Theorem 2 by:
2Gy
Ko = . 31)
7 Cnn’/]%”2

In a first localization step, we bound ® 5. By proposition 6, it suffices to the upper bound ¢, which
by Proposition 7 can be reduced to a low-dimensional stochastic optimization problem. We show:

Proposition 16 Let the assumptions of Theorem 2 hold. Let ty,, (as in Equation (13) in Ap-
pendix B.1) be such that 20%(t,, ) = my,/d with m,, = nCyy/2. There exist universal positive
constants c1, co, c3 > 0 such that

with probability at least 1 — co exp (— ) over the draws of hi, ha, 2V, 22 and €.

_n
31087 (d/n)

The proof of the proposition is deferred to Appendix D.1. As described in Section 4.3, in a second
uniform convergence step, we bound the constraint set I' from Equation (8):
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Proposition 17 Let the assumptions of Theorem 2 hold and let T be as in Equation (8) with M
from Proposition 16. Define a set I'y as a set of all (v, b, o, ns) that satisfy:

1 1
v—vP<——  and i< — —
VTS @) ™S S g ()
2Cr !
and |0 [|y(e)5 —
[y ()l Com1og(dfmn) | ~ Togd3(djmy)

with m,, = n(nn/Q. There exist universal constants ci,cs,c3,cq4 > 0 such that I' C 'y with
e n _ _ _n

probability at least 1 — c1 exp (—02 Toa®(d/m) /n)> C3 exp ( 4o Tog 2 (d /n)) over the draws of

hi, he, 21, 2 and €.

The proof of the proposition is deferred to Appendix D.2. As a consequence, when applying Propo-
sition 7 we can upper and lower bound ¢, and ¢_:

min b2 a)ll? + min n3 12
O I(@)llz + min s G 1 . .
+s a2 =T G log(dfma) \ log(dfmn)1/t
vely
max b2 a)||? + max n? 12
6 > |14 BED et nsety " S Y ! R —
T min 2 - mej% log(d/my,) log(d/m.,)1/*

VEFO

Where we slightly abuse the notation by writing (b, «) € T'g and similar for v € I’y and ns € T.
Finally, the proof follows when applying Proposition 6 and using the exact same series expansion
for risk as in Equation (15).

D.1. Proof of Localization Proposition 16

Recall the upper bound for ¢ from Proposition 7. Since w* is s-sparse vector, we have that
|lw*||; < /s, and we can further upper bound ¢ as follows:

. 1
on < min |5+ by (@)l st 8 Bl > fu @b ()]l (32)

Given that (7,b, &) is a feasible point for a given upper bound, we have ¢n < |7|\/s +
b|v(&)||,. Thus, in the following discussion, our goal is to find a single feasible point of the
constraint set from Equation (32).

In order to show that a point satisfies the constraint above, it is necessary to evaluate the function
fa(v,b||v(v)]5) at this point. We do this by using the concentration of Lipschitz continuous func-
tion from Lemma 10. Namely, recall that we defined f = E[f,] and thus according to Lemma 10
for any v, n holds that:

n62
P Ufo () = £ 020)| 2 ) < 200 (-5 €8
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with some universal constant ¢ > 0. Therefore, with high probability we can approximate the
evaluation of the function f,, at a point by the evaluation of the function f at the same point.

From definition of (o) we know that ||y(«)||; = a and hence we can upper bound ¢ by an
optimization problem over v > 0 and b, := ba as follows:

2
¢N < I'Igln V\[‘f‘ba S.t li ||h|| > fn (V ”7 (O[)H2> (34)

V,ba,a

Using Equation (33) with € = ( ft;f{ and for a feasible point (v, by (e )”2) we have that:

HhHoo >f< |7 (@ )’2) +<7f (35)

2 3
no o Lo,

with probability at least 1 — 2 exp

_ n
5., (PRI (@)E/2) > '

Recall that we defined v := argmin f(v,0). Now, let us choose 7 = v; and show that there
exists a pair (b, ) such that (v, b, ) is feasible for constraint (35). We propose to search for a point

with parameter (b, ) such that b ||y(a)||, = ba ”7( [0l 4 close to zero. We show in Lemma 24 that
f is infinitely differentiable function and thus, usmg Taylor series approximation of the function
f(vs,-) :n— f(vg,n) around the point (¢, 0) we can rewrite the constraint (35) as:

2
bHWm>C%_QMQWiNb+OGMW;Wﬂ & 6)

na? 3

with ¢, = %T’;’n)‘ 0 = 0 and where we recall that by definition (y = f(vy,0), ¢ =
O f(vym) ’ !
on? n=0
As we mentioned in Section B.1, y(«) is a piecewise linear function with break points at o,
form = 2,...,d. Therefore, instead of optimizing over «, we optimize over m. Rearranging the
terms from Equation (36) we get:

and my, = 3(pn.

1
B2 > na%n Cf (1 %) (37)
TR 1 = pe, It [l (cum)113
L= 5nGn iz 9 (ba” amnhnio)

Note that we have only one constraint but two free variables (b, &) and so we can set & = vy, with
My = %C,mn. To gain an intuition for why this choice is approximately optimal, one can follow a
similar argument as in Remark 1 in Wang et al. (2022) and show that m,, approximately maximizes

expression:
s I ()3 ()3
e - — O | bgntmI12
@2, C""nhn o ]2,

Thus, m,, approximately minimizes expression on the right hand side of Equation (37) and maxi-
mally relaxes this constraint on b%. We now claim that

1
P2 nag,, S (1 + ti’nn)
o 2 2
A%, 1= g, o e~ (o)
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2mnp

satisfies inequality (37) with probability at least 1 — 6 exp (—W

have with high probability that:

1 |y (om)ll3 RS 1 2 1 2 1

). Using Proposition 8 we

mn

for d, n sufficiently large. Applying Proposition 8 once again we can upper bound ba:

Cf 1 4 c 1 e 2 c

B2 1+ ) (1- A P S

=z \'Tae AT () &R &
t

mn mn

‘H

~ 3
Now applying Proposition 8 we see that O (b n%) =0 ( t\fni nW) 0]

and b2 indeed satisfy Equation (37). From the upper bound of the sparsity, we have v¢\/s < S ;

3 )
mn

Since (7, b, @) is a feasible point, from Equation (34) and derived bounds on vf+/s and ba follows
that

:\w

is an upper bound on ¢y with probability at least 1 — 2 exp (_Cl @ 2+b2ﬁ7(a Tz )) _
Vf o mn /112 mn

6 exp (—cm) The proposition is proved after noting that V]% + 02 |1y ()13 / ol =
O(1).

D.2. Proof of Uniform Convergence Proposition 17

The proof of the proposition follows from several steps where in each step we approximate f,, using
the bounds on (v, nsc, ns) from the previous steps to obtain a tighter bound on (v, nse, ns) using
the tools developed in Wang et al. (2022). The probability statement in Proposition 17 follows when
taking the union bound over all equations which we condition on throughout the proof.

Furthermore, we note that the set I' from Proposition 7 is not empty as clearly the choice
(7, b, &, 0) from Section D.1 leads with high probability to a feasible point due to the choice of
M. Moreover, we can even relax set I' from Proposition 7 and bound the variables that are elements
of the following set:

1
{0biasns) st LevBmmns +011.0? 2 fu (@13 + 1) and b <} ST,
(38)

where we implicitly assume bounds s > 0,b > 0, & € [1, aupax] in all of the following discussion.
The inclusion of I in the above set holds, since any point satisfying max { V] Hwﬁs) i —/sns, 0}—1—

ba < M satisfies bae < M as well. In what follows, we bound the variables of interest from Propo-
sition 17 if they are elements of the above given set, which, by inclusion, implies high probability
bounds of the same variables in the set I'.
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BOUND 1: 12, n2.,n% = O(1)

In order to apply Lemma 22 in the next step, which gives tight bounds for f,,, we first need to show
that, with high probability, 12, 2, 77% = O(1). This is the goal of this first step. More specifically,
the goal of this first step is to show that there exist universal constants By, 1, Bys 1, Byg,1 > 0
such that for any element (v, b, o, s) of I'g we have 12 < Bil, nse = blly(a)lly < Byse1 and
ns < Byg,1 with high probability over the draws of Ay, ha, 21 2 and ¢.

For this first step, we use the fact that in the presence of label noise, f, is lower bounded by a
quadratic function as stated in Lemma 21 i.e. we have that

Pl \JRIN (@) +13) = e + g8 (@)} + 73) = e

holds with probability > 1 — exp(—cn). As a result, we can relax the first constraint in Definition
(38) of I to

1
—(2v/smaxiis + b [lloo)® = er® + enb? [y(@)ll; + eqn (39)

This implies that ¢;n% < (2y/Smaxtis + 0 ||hllo)? < Bsmaxn? + 207 |h]|%.. Thus for some
universal constants ¢, co > 0 we have

2 8 -1 2 c c
2< 2R (11— sp ] < b2 AIE (1 22 ) < P22 n)?
s S 1715 e <o IAll5 | 1+ 5 )<n 1115

where we used that s, = © ( ) Now define universal constant ¢ > 0 as the smallest constant

n_
8
(2398

satisfying
1 2 2 2 2 402 C 2 2
—(2VSmaxtis + b [|hlloo)” < =07 [[Al[5 [ 14+ —Smax | < —b7[|R[| (40)
n n n n
Combining Equations (39) and (40) we can relax the first constraint of I to
c
562 1[I, > e + eqb? Iv(@)ll5 + cqmi.

This approximation leads to an optimization problem similar to the one discussed in Lemma 1
in Wang et al. (2022). After further relaxations we obtain exactly the same form of the inequality,
and hence we can use the arguments from Wang et al. (2022). Define the following set:

Py={wb.a,ms) st S8 (A% = e+ eb? [y (a) 3 + end and ba < M |

It is evident from the previous discussion that I' C I'; with high probability. Thus, deriving high-
probability bounds on I'; gives valid bounds for I" as well. In the following three steps, we bound
variables nsc, v, s from the set I'y, respectively.

39



STOJANOVIC* DONHAUSER™ YANG

Step 1.1: Upper bound on 7sc. In this step, as well as in almost every step that follows, we use
the fact that, by relaxing constraints from the definition of the set I'; and bounding the variables on
this larger set, we obtain valid bounds for the variables in I'; and, more specifically, in I'. Moreover,
recall that by our reparametrization from Section 4.2 we have n%. = ||w(fc) 13 = 8 ||v(a)l5-
Hence, we relax the first constraint in definition of I'; to show that:

C
M max B (@)l < max [ (@) st S8 RIZ > et 4(a)]} and ba < M]
(v,b,a,ms)€T b,a n
2 |[7( )||2 c 2 2
= = >
e [M L T SO @

Now note that as discussed in Section B.1 [|v(«) ||§ is convex. Therefore, the set of feasible «
that satisfy the last constraint is a nonempty interval. Indeed, to see that the interval is not empty,
recall that we defined M in such a way that (b, v, ) € I' with high probability for ba,, <
M. AsT c Ty € {a st £ Ih]% > ¢ |lv(@)||3}, with high probability o, satisfies the

constraint in Equation (41). Furthermore, since ”7( )”2 is monotonically decreasing, to upper bound
Equation (41) it is sufficient to find o < vy, such that the constraint from Equation (41) does not
hold, i.e. we should have:

@l e

: 42)
InlS, e

It is sufficient to only consider the discretized version of o, i.e., a,,, for which we have access to
the tight concentration inequalities from Proposition 8. We now claim that o, with m = )\mm
satisfies the inequality (42) for some positive universal constant A, > 0. Using the characterization
t2, = 2log(d/m)+O(loglog(d/m)) and concentration inequalities from Section B.1 we show that
m satisfies Equation (42) since

ar (10 (3)) o (o () - i

where last inequality holds for d/n sufficiently large and A, small enough.

Therefore, from Equation (41) and the concentration inequality from Proposition 8, we get:

2
2 e < M27H*y a2 H2 < ;;ifi ( + 0 <t21 >> =: Bﬁsc,l,

with B; ;.1 = ©(1), as desired.
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Step 1.2: Upper bound on v. Similarly as in the previous step, we first relax the first constraint
from definition of I'; and use obtained constraints to upper bound ©? as follows:

1/2 < max I/2

(v,b,a,ns)€T1

< max [1/2 st S ||hl% > v and <02 A% > )b [(@)]2 and ba < M
llbOl?’)S n n

= o hlmax [1 st 2 Al > e [1(@)]3 and ba < M|
n

C 1 c
= AP min | st S IRl > 6 @] @)

Omax

Since 1 is a monotonically decreasing function, we can use exactly the same reasoning as in the
Step 1. 1 to obtain a high probability upper bound 1 < —. Hence, using Equation (43) and the

concentration results from Proposition 8 we upper bound v as follows:

2 2||h|| CCf 1 2
—M 1+0 | — =: B
v ncl, a2 ~ ¢, t2 + t2 »l)

Mn

and in particular, after using the characterization t2, = 2log(d/m) + O(loglog(d/m)) from Sec-
tion B.1, we have again that B, ; = O(1).

Step 1.3: Upper bound on ns. Replacing v by 7s and applying exactly the same procedure as in
the Step 1.2, we obtain that with high probability:

¢ olhlls _ <« 1
%§7M2 QQOOS ftm 1+O t _Bg&
m

ncT] C77 mn Mn

for B, ;1 = ©(1), which completes the first part of the proof.

. 2,2 2 _ 1
BOUND 2: AI/ ’7750’775 = O (W)
Recall that vy := argmin f(v,0) and define Av = v — v;. Conditioning on the event where the
bounds from the first step hold for v, nsc, ns, the goal of this second step is to show that for any
element (v, b, o, s) of I' we have Av? = O (m), nEe = b? ||’>’(04)H§ =0 (W) and

=0 (m) with high probability over the draws of fy, ha, 2(1), 2(2) and €.

From the previous step, we know that, with high probability, V2 < BE, nse < Bjge,1 and
ns < Bys,1. Hence we can use Lemma 22 to obtain a tight lower bound for f,,, which is based
on uniform convergence of f, to its expectation in Proposition 23, and relax the constraint from
definition of the set I as follows:

1
~(2V/5maxtis + b [l o0)? > fulv, \/b2|!7(a)ll% +1%) > f(v, W (@) +n2) — O (44)
> (4 & A0+ 50 [y (@)|)5 + & — O,

41



STOJANOVIC* DONHAUSER™ YANG

1

where we choose O, = O <t3—> and hence the bound holds uniformly with probability at least

mn,

1—exp (—02%) — exp (—03%+gn .

Now we show how we can relax and simplify the LHS from Equation (44). Since cym,, < d,
we have, according to Equation (44) that 1 (2y/smaxnis +b ||kl o)* = 3(s. As before, we also have
L2\ /Smaxtis +b[h] )2 < Bmaxp2 4 2p2 | h||%,. Combining last two expressions with the bound
ns < By 1 from Step 1.3 we have:

for n, d large enough since Spax = © (

1 2 2 ]. 45max 2 1

) . Thus we have:

n_
8
o

1 1 2y/SmaxNs 2
Vs + bl = 0 1 (14 2 )

2
1 2 2 [ 8 [ Smax
S Eb ||h||oo (1 + 2B77$:1 Cf I:La >

and 1(2\/Smaxns + b[|h]l)? < 107 ||h||C2>O (1 + cy/®max) for a large enough constant ¢ > 0.
Furthermore, define Oy, = ¢,/*u2x = © #% .
Motivated by Equation (44) and discussion after it, we define the following set:

1 ~ ~ ~
ry— {(y, bovns) st B B2 1+ O0) > G + 80 + &t [ (@)]3 + Ty — O

and baSM}

Again, from the discussion in this section, we have that with high probability I' C I's. Similarly as
in the previous bound, we will bound variables of interest i.e. 7sc, v/, 775 in the set I'y and use the
inclusion of the set I' in I'y to claim that these bounds are valid even in I'.

Step 2.1: Upper bound on nsc. Similarly to the Equation (41) in Step 1.1, we relax constraints
of I'y to obtain:

2
Nge <

max b2 a)ll?
o [y ()]l

’ . )
b ()l st b 1Pll% (1 + O3) = ¢ + &b? [y(@)]3 — Oc and bor < M}

1
n

: ) B y
Pl st b = (G- 00) (4 I 1+ 0) =7 h(@)  and bsa]

[ M2 1 M? _ M?
o @I st 2o A+ 00 2 G480 h@B-0] . 69

Multiplying the constraint on both sides with o and using the fact that ||y(c/)||3 is convex shows

I (

2
that the set of feasible « is again a (non-empty) interval. Thus, by the monotonicity of % the

[e7
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problem reduces again to finding o, < vy, (Where we use again that o, satisfies the constraints
with high probability) such that «,, violates the constraint in Equation (45), i.e.,

~ 2
G = 0. o, & [(em)ll;
L+0y M2 RS, 1+ 00 |,

(46)

We now show that we can choose m = A,,,m,, with a universal constant \,,, € (0, 1). Indeed,
applying Proposition 8 and using the characterization t2, = 2log(d/m) —log log(d/m) —log(r) +

log log(d/m 1 : .
%ﬁl/m)) +0 (W) from Section B.1 we get:

(-0 nog, +210g)\m—2+0<1>
1+ Ob M2 |[h]|2, tun tn

& v(om HQ 1 4e < 1 )
1+ O HhHio thn, ComAm thn

where O(.) has hidden dependencies on \,,. Hence, it is straight forward to see that for any d > cn
with universal constant ¢ > 0 (and thus t,,,, lower bounded), we can find a universal constant A,
such that Equation (46) holds.

Hence, we can upper bound 17?56 in Equation (45) as follows:

v (om)|[3 ngr 2 1 2(y 1 _ Bjio
mee S ML TR S U0 3 ) ) = o ost@m) <1+0(10g<d/n>>>—- 2,

with B2, = ©(1).

nNsc, 2 =

Step 2.2: Upper bound on Av. Instead of directly bounding v, here we upper bound Av? with
v = vy + Av and thus obtain both an upper and a lower bound for v. Similarly as before, we have:

(V7b7a7n5)€F2 l/,b,O[

1
A< max  Av® < max |:AV2 st =02 K2 (14 Op) > ¢ + 8,007 — O,
n
1 ~
and —b? |15 (1+ Op) > s + &b [[7(e)]3 — Oc and ba < M]

1 1 2 2
= o - 1 - c
max {'c; (nb 1R]1%, (1 + Op) Cf+0>

1 ~
L IR (4 03) 2 G+ 2 [a (@) - O and b < 1]

1 /1M?
—max [ 2 (220, 0+ 0 - ¢+ 0,

1 M? _ M?
s I (400 2 G+ i @B -0, @)
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As in Step 1.2 we use that é is a monotonically decreasing function and the fact that «,;, from
the previous step, with m = A\, m,, and oy, < @y, , does not satisfy the constraint in Equation (47).
Thus we can upper bound Av? as follows:

1 M 2, 2 1
Ausmnu+o>¢fA,g@~Q+2>9+oQ3>
ncy Oém Cy Cy (& tmn Cv tm'n

th
S (o)) -

for some B, , = O(1).

Step 2.3: Upper bound on ns. Following the same steps as in Step 2.2 with v replaced by ns we
can show that there exists universal constant B, » = ©(1) such that:

1 ¢
g < — IW|U+O) !

Oc _ ¢4(2— 2log(An)) 1 Bys.
oS Teo m)) (4 ) ) = s
ney a2, b ey * ¢y~ ¢y2log(d/n) +0 log(d/n) t2,.

BOUND 3: PROOF OF THE PROPOSITION

We already know that v is concentrated around v;. However, to obtain a tight expression for the
risk and also a valid lower bound, we need to obtain tighter bounds for 77?50 and 77?9 conditioning on
the bounds of the previous step, leading to Proposition 17.

Note that f is an infinitely differentiable function as we prove in Lemma 24. Thus, in this part of
the proof we can use the Taylor series approximation of the function f where we use the result from
the last step to bound the higher-order terms involving Av, nse and ns. Similarly as in equation
(44), we obtain from Proposition 23 and the second order Taylor series approximation of f around
the point (v, 0) that with high probability,

1 1 1 1
ﬁbQ ”hHio (1+0y) > Cr + §CVVAV2 + icnnb2 HV(OOH% + 54717777‘28 - O — Of

with O = O(Av* + g + 1) = O (=) and 0,0, = 0 ().

Step 3.1: Upper and lower bound on ns.. We proceed in the same manner as in the previous
two steps. We relax the constraint in definition of I" and define the following set:

c 1 1
rpe = {b.ams) st LI (14 O) = G-+ 36 (@B — O: — Oy and ba < b1}

Clearly, we have again with high probability that I' C I"75°. The only difference between I'}°° and
I'y lies in the constant ¢,, which is replaced by the tighter constant (;,,/2. However, this makes a
big difference, as this allows us to choose m < m,, < m much tighter. Similar to Equation (46) we
again require that m = m, m satisfies

(f—0c—05 a2 n G, I(om)Il3
1+0y  |hlI2, M? 21+ 0s) |I|I2,

(48)
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However, this expression allows us to choose m and 7 as in Lemma 9, with k := 1/2, m, := m,,
and parameter A > 0. We only show it for m as the same argument holds for m. Applying
Proposition 8, the LHS from Equation (48) can be bounded by

(G—0.—0p aa n t 4 2 1
m Doy L2 40
1+0p  ||h|2, M2t t2, +t2 * 3,
A2 1 1
ﬂ‘w%”(&)”(m)

2
Gom HV(O@)HQ 2 A A2 1 1
d - 2 -
BT oS R TA L MR 0 e +0 2, 1,

mn

with O(.) having hidden dependencies on universal constant A. In particular, as a result, we see that
we can choose A such that Equation (48) holds for any d > cn with universal constant ¢ > 0. Hence
we can upper bound 77%6 as follows:

1 Acr 1 A 1
70[2 < t2 m +0 t2 S B + SN +0

Furthermore, we also obtain a lower bound for 77?5c- Similar as in Lemma 5/6 Wang et al. (2022), we

(@)

can lower bound (using again the monotonicity of MT

l2 and the fact that any feasible a < am)

Cr—0,—0
nge = min |6 [1y(am) 3 st b® > i ! P
= (1+ Op) — 5Cm v(am) I3
¢—0.-0 4¢r 1 A 1
= thlz ! ! 2”7(0%)\\32%1527 (1—2 /7+O< >>
(1+0O) — 2C7777 |v(am)ll5 nm " Z

Step 3.2: Upper bound on 7s. In order to upper bound s we further constrain I'}°° and define
a set:

1 1 1
s = {(Va b,a,ms) s.t ;bQ IR (14 Op) > ¢ + 5@17752 Iv()l3 “‘55«77% — 0= 0Of
and ba < M}

Note that I'7° C I'5° and thus we can use bounds m, 7 from the previous part. Upper bounding s

by other variables from the first constraint of I'7° and using that > and — ”7( )”2 are monotonically
decreasing and increasing in «, respectively, we obtain the followmg high probablhty bound:

2 17115 |7 (om)ll3
n% <Qm< (a (1+Op) — 2% agn>—qf+oc+0f)

m

2Cf 2 ¢ 9 4 co 2my, c3 1
1w — 4+ —— [ 1+ 4+ =] - 1+2))-1l+0(—
G [ o, ( ton " t%n> ( m (T t2, - 3, m o\ t2 + 3,

45

)



STOJANOVIC* DONHAUSER™ YANG

where the second line follows again from concentration results from Proposition 8. Multiplying all
the terms gives 77% < ﬁ%’ as we wanted to show.

Note that we could prove in the exact same way that Av? = O <t"1/2>’ but this does not

mn,

change tightness of our result in Theorem 2 and hence we skip this step and conclude the proof of
Proposition 17.

Appendix E. Technical Lemmas
E.1. Application of CGMT: Proof of Proposition 6

The proof essentially follows exactly the same steps as in Koehler et al. (2021) and (Donhauser
et al., 2022) except for a few simple modifications, which we describe next.

In order to apply Lemma 5 we first rewrite @ using the Lagrange multipliers v € R" as
follows:

dy = mi 1-D,X
N = minmax [[w]l; + (v, yXw)

= min max Hw” + ’LUJ_HI + <U, 1-— DyX||w||> — <’U, DyXlwl)
(wy,wy) v20

where D, = diag(y1,¥2, - - -,Yn)- Since D, and X | are independent, we note that D, X | € R"*¢

has i.i.d. entries distributed according to the standard normal distribution, and hence D, X | 4x 1
with < denoting equivalence of random variables in distribution. When comparing the expression
obtained with the definition of ® from Lemma 5, it is obvious that we should take X := X |, wq :=
w , wy := w) and the function 1 (w,v) := |lw+wy |1 + (v, 1 — DyXw) ), which is a continuous
convex-concave function on the whole domain since every norm is a convex function. Motivated by
expression for ¢ from Lemma 5, we further define

éN = min max Hw” + ’LUJ_Hl + <1}, 1-— DyX||wH> — HQUJ_HQ <U,g> — HUHQ <’LUJ_, h>
(wyj,wr) v=20

- i o ol () 1210 -l )

= min : HwH +wy|1 st (wy,h) > H(l — Dy X w —g ”wiH2)+H2

W) WL
where in the second equality we set A := ||v||,. Define wf) = Ilsw,, w(f ) = Iscw, where Ilg
and Ilse are projections on supp(w*) and the other d — s entries, respectively. So we can rewrite
¢nN as:
oo : (8) (89
ov= min _Jlwy+ o+ o
(w0 )

S Se¢ S Sc
st (@ ) + @S ho) > 11 = DyXywy — g3/ 1013+ 10 12) 4 2

with hy ~ N(0, 1) and he ~ N(0, I;_), independent of each other. Under the constraint that

<w(f), hi) + <w(fc), ha) > 0 we can square the last inequality and scale with % to obtain the
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following RHS:

1 S Sc
11— Dy Xy o3 + 1$512) 4 13

= % Z(l — &sgn({(@))i, ) (@), wy) — gillw [2)2,

which is exactly the function f,,({w, w*), [|w ||,), as defined in Equation (4). Therefore, compar-
ing with the expression for ¢ from Proposition 6 we note that gg N = ON.

In order to complete the proof of the proposition, we need to discuss the compactness of the
feasible sets in the optimization problem so that we can apply Lemma 5 to ® and ¢. For this
purpose, we define the following truncated optimization problems ® (t) and ¢y (¢) for some r, ¢ >
0:

O\ (t) :== min max ||wl|; + (v,1 — Dy Xw
0= i ol + 1= Dy
v>

i (S) (8°)
o () = min max [Jwy +w(” |1 + [[w] |
lfwy+w' 14w ||y <t 0SASRT I

1 S Sc
A (G )+ @) - V).
By definition it follows that ¢y () > ¢73(¢) for any 71 > 72, and thus we have that
P(ow > 1) > lim P(6x(®) > t). (49)

Furthermore, by making use of the simple (linear) dependency on A in the optimization objective in
the definition of @y, a standard limit argument as in the proof of Lemma 7 in Koehler et al. (2021)
shows that:

Tim B(®} (1) > t]g) = P2y > t[6).

Finally, the proof follows when noting that we can apply Lemma 5 directly to ®(¢) and ¢ (t) for
any r,t > 0, which gives us P(®%, > t|¢) < 2P(¢} > t|£). Combining the last inequality with
Equations (49) and E.1 completes the proof for ® .

The proof for ® and ®_ uses the same steps as discussed above. We only detail the proof for
®_ here, as the proof for @ follows from the exact same reasoning.

Now, let M By = {w € R?: |Jw||; < M} be an ¢;-ball of radius M and note that we optimize

over (w”,w(f),w(sc)) € Sy where S, = {w s.t ||w|, > §}NM By is a compact set. Furthermore,

S
(wy,we>)

define the function v by (w, v) := “

on S, since ||wl|, > ¢. Similarly as above, we can overcome the issue of the compactness of the set
S, by using a truncation argument as proposed in Lemma 4 in Koehler et al. (2021). In particular,
we define

+ (v,1 — Dy X|w) ), which is a continuous function

*
O i min max (Y7
weSw uf<r  [lwlly

v>0

¢ = min max 0 _A<1<<w<f>,hl>+<w<fC>,h2>>—m).

WE Sy 0<A<nr ||w||2 n

+ (v,1 - Dy Xw),
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for which we have
P(®_ <t|g) < hjn P(®" < t|¢) and hjn P(o" < t|€) = P(op- < t[€).

We note that the first statement follows from the definition of ®_ and the monotonicity of ®” in r,
while the second statement follows from a limit argument as in Lemma 4 in Koehler et al. (2021).
Finally, we conclude the proof by applying the first part of Lemma 5 to ®” and ¢” and defining
2 = (X, w*) with X the row-wise projection of X in the subspace spanned by w*

E.2. Lower bounds for f, in noiseless setting

S S S¢
Recall that v = (wy, w™), ns = [w! |2, nse = [|w(*7 |l and n = [Jwy |2 = \/n% + nZ.. In the
noiseless setting we defined the following two functions:

n

1
Fulvim) = =370 = wlz| = 2 n)2
=1

Fw,n) =Efa (1) = Ez0) g@nony (1 — v1Z0] = 2@p)3.

In this section we show multiple lower bounds of f,. First, we show a bound with non-tight con-
stants and then show a tight result based on uniform convergence of f, to f. At the end we give a
corollary of the uniform convergence proposition which is used in the proof of the Proposition 15.

LOWER BOUNDING fn WITH NON-TIGHT CONSTANTS

We show the following proposition:

Proposition 18 Assume that v satisfies ¢ < v < Umax for some universal constant ¢; > 0.
There exist universal constants K1, ko, co such that for any v,n that satisfy the given assumption,
the inequality

1 2
fn(’/777) > K1— +’127L
v 1%

holds with probability > 1 — 2 exp (—CQ ﬁ) over the draws of z1), 2(2),

Proof
Similarly to the above, we have the following:

n n

1 1
falvim) = =32 = vz =23 = =31 =l 4 em) e < -}
1 i=1

i

1 & )
“n Z;ﬂ — vl e 1{1 - vz| 2 5,2 < —a)
z (1 +nz)1 §n 1{1 — vV > 1 @ .
~ n (] - 27 7 -~

i=1
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Moreover, from independence of Z1) and Z(?), the fact that P (z @ < —c1) = ®C(cy) > ¢ and
concentration of Bernoulli random variables we obtain that f,(v,7) 2 (14 7n?)2 3" 1{1 —

y]zgl)] > 1} with probability > 1 — exp(—czn). Now in order to lower bound the last term we note

that:
P(’Z(l)’§1>—erf< 1 )21
2v 2v/2v v

. . 1
where we used Taylor approximation erf (%)

> L forany v > ¢ with ¢; > 0 sufficiently

~ v

large. From Lemma 12 with € < /n/vyax We obtain that uniformly over v, n f,(v,n) 2 % + %
with probability at least 1 — 2 exp(—con/(Vmax)?).

|

UNIFORM CONVERGENCE OF f, TO f

Similarly as in Section E we define a random variable X = (Z (1), Z(2)) and a set of functions
Go = {(2(1)72(2)) = (1 - V|Z(1)| - Z(Q)n)i |Vmax 2 V 2 Vnin,N < nmax} with v =
O (Vmax)» Vimin = Q(n'/%) and .y < co for some universal constant ¢; > 0. Using notation of
Section B.2 we have that Pg, , = Egl,m(Z(l), Z?)) = f(v,n) and Pogvy = fu(v,n), we show the
following result:

logn
Vvn

Proposition 19 There exist positive universal constants c1, ca,cs > 0 such that for any € 2
holds

logn
Vn

Proof The proof is based on Theorem 13. We choose o« = 1 and show that the condition from
Theorem 13 requiring finite Orlicz norms is satisfied for this choice of . We divide the proof into
three steps, where in a first step we bound the variable )¢, , then we bound R,,(Gp), and finally we
bound aéo and apply Theorem 13.

P (HPn —Plg, <a + e) >1—coexp (—637162) .

Step 1: Bounding 1), By the definition of Orlicz norms, g, is given by:

1 1
Yig, = inf{A > 0: Elexp(§ max sup ~[gu (%", %) — Elg]| - 1) <1} (50)

1<i<n g, €00

Note that (1 — v|z()]); < 1 and thus we have g,,,(2(V),2?) = (1 — v|zW] — 2@p)2 <14
(22)2n2 for any (1), 2() p, v, implying that

max sup |9V,77(Zi(1)’ Zz@))

1 2
| = maxsup|(1 — 1/|z§ )| - zl( )n)i| < 12
toovn toovn

max

with vector ziox = maxj<i<n \z§2)|. Furthermore, it also holds E[g,,] < 1+ n’E(Z®?)? <

1+ n2,, < c3 for some universal constant c3 > 0.
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Using these results and applying the triangle inequality, the term inside of expectation in Equa-
tion (50) can be bounded as:

1
E[exp (}\ max sup f‘ (1-— 1/|z | — z(2)77)3L —E[(1 - V|Z(1)| — Z(Q)n)i]‘ﬂ

7 v,m

< E[exp (% max sup(l — I/\zfl)\ — zi(Q)n)i)]
n

exp (&s;l%om( —v|Z0] = 23]} <E [exp (2 ) [ exp (34D

for some positive universal constants ¢y, c3. Now we split the expectation from the above inequality
into two terms:

Cl1 o 2cq logn
B 1 [z < 2080 exp (S | < oo (555
Zmax < og(n)| exp 3 Pmax ) | < €xp -

and

E [1 {zmax > \/210gn} exp < - ;ax)} = 2nE [1 [zmax = |z1,|z1| > \/210gn} exp (%z%)}

[T ) [feet,. ),
n eXp —z ———=—"dz; | dz1
1=v2logn J—z1 1 i—9 \/271' '

1 1 exp (261TL)
< n/ exp (—z% ( — >> dz1 < nA (52)
V2logn 2 nA VIOgn( - %)
where we assumed that A > 2% Now choosing A = c,\lo% with a positive constant ¢, sufficiently

large, we find that the condition in Equality (50) is satisfied for this A, which implies that g, <

logn
C)\qgl.

Step 2: Bounding R,,(Go) In order to apply Theorem 13 we need to upper bound E || P, — P, .
Since E || P, — Pllg, < 2Rn(G0), we can instead upper bound the Rademacher complexity Ry, (Go),
which we do next. Recall the definition of the Rademacher complexity:

] (53)

Define random variable 7 := |z(D[1{|z(1| < 1%7% V310811 and note that for all v,y and 1 < i <
n holds

(1- 1/|z§1)| — 2 Il{zmax < /3logn}=(1-vz — z( Il{zmax < /3logn}.

We now apply the triangle inequality to Equation (53) to obtain:

n

sup lzeigu,n(zz‘(l)v 1(2))

gu,nego n i=1

1 n
Esup)—Zq(l—V\zZ(l)\—z ‘ <Esup‘— ez(l—yzl—z ]l{zmax_ \/3logn}‘
v,n niZl =1

+ Esup ‘— €(l— V‘Zl(l)‘ — z Il{zmax \/SIOgn}‘ (54)

=1
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Then, using that () is 1-Lipschitz, we can bound expectation of the first term from Equation (54)
as follows:

1 n
Esup |— Zel(l —VvZ — z Il{zmax < /3logn}
v [T
1 n
< Esup —zei(l—yéi Z. n)?1{z2) < /3logn}
v |
1 n
= Esup |~ Y6 | (1—vE)? =21 = vZ)zPn + ()| 1{=2 < V/Blogn}
YT =1

We use again the triangle inequality and consider each of the three terms above:

* Note that [vZ;| < “ ma NmaxVv3logn < +/logn and using concentration of sub-exponential
random variables from Lemma 11 we obtain:

n

1
- Zei(l —v7)%1{z3) < \/3logn}
n

=1

Esup <E sup
v

n
Z €?221{2%3) < \/3logn}
i

n

%Z (—202)1{z3)_ < \/3logn}

=1

logn

Zeiﬂ{zggx < /3logn}| < N

i=1

+E |-

+ Esup
14

» Similarly as in the previous case, we use triangle inequality to split expectation into two terms

and then use that \ziz) | < zr(fgxnmax < Vlogn and |vZ;z; @) n| < 3pmex N2 logn < logn,
and apply concentration from Lemma 11 to get:

1
Z2ez (1 = v2)-Pnn{aE < V3logn}| $
n

Esup |—
v

* Last, use that n2(z§2))2 < 2. (2$2)? < logn, and again concentration of sub-exponential

random variables from Lemma 11 to obtain:

n

%Zq( @) )V2n ]l{z:maX < y/3logn}

i=1

E sup

Y
n Vn
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Thus, we bounded the first term from Equation (54). Now, we bound the second term. Since
lei(1— ]2V — zZ@)n)i] < (1+ 252)n)2 we obtain:

7

n

1
Esup| - > ei(l = vl = 2P 1=, > V/3logn)
P =1
1 n
gEsup—Z(l—i—z(Q )21{z3) > \/3logn}
K ni 1

IEZ (14 ( 2 H1{z2) > \/3logn} <E [ D21{z3) > \/3logn}}
5n/oo 9 9 Viogn

ziexp(—z7/2)dz1 <
1=+v3logn ! \/H

where in the last step we used the same approach as for obtaining Equation (52). After adding all
. 1

terms, we obtain R,,(Go) < ‘\’%l.

Step 3: Proof of the statement To apply Theorem 13, we also need to bound the variance 050.

But, it is straightforward that there exists some positive universal constant ¢, > 0 such that the

variance is bounded as follows:

Uéo < sup E [gun] < Cog, (1 +77;11ax)
9v,n€Y90

Substituting all derived bounds into the probability statement from Theorem 13 we obtain for € 2>
logn .,
Nk

ne

P(||P, — Pllg, > 2(1+t)Rg, + €) < exp (—02n62) + 3exp <—63 > < cq exp(—cane?)

logn
with c; ' = 2(1 + 6)Cag, (1 + nhax) and 3 ! = C¢,, which concludes the proof. [ |

Corollary 20 There exist positive universal constants c1, ca such that for any v, n satisfying con-
> logn

straint in Gy and € 2 ey inequality

fn(vim) = *3\/E1/ \/7_6
2)

holds with probability at least 1 — c1 exp(—cane?) over the draws ofz(l), 22,

Proof Recall that f(v,n) = E[f,(v,n)]. From Proposition 19 we have f,(v,n) > f(v,n) — € uni-
formly over all admissible (v, 7) with probability > 1 — ¢; exp(—cone?). According to Lemma 24,
f is an infinitely differentiable function and thus we can express it by Taylor series. First, we
determine the coefficients of the series of f(v,-) : n— f(v,n).
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The constant coefficient is given by:

1/v
f(,0) =EQ1 —v|ZzW )23 = \/ﬁ/ (1—wvz)?exp <> dz

() bl ) o)

where we used the Taylor expansion around 0 for functions erf and exp. The first derivative coeffi-
cient is given by

0
gy M=o = ~2BZO A = Z0] =02l = 0

since Z(1) and Z(? are independent random variables and E[Z?)] = 0. Now consider the second
derivative coefficient:

0’ 1 2 2)32 1 1
5o 0o = 28 [1{1 = v120] = y2@)(20)] |y = 20 (1200 < )

1 21 1
= 2erfc <\/§V> = 2\/;1/ + 0 <y3>

where in the last step we used the Taylor series approximation of the error function around zero.
Now, in order to analyze higher order derivatives, we show using Leibniz integral rule that:

3 1/n (1-0nZ@) /v
igf(y’n): / (Z®)2exp (—2(2@)2) exp (= L(20)2) 420z
877 VA 2 2

TN J 7000 Jz0—0

2

2 [ 1 1(1-nz®

=—— (Z@)3 exp (—(Z(Q))Q) exp | —= (77 dz® (55)
Z@)=_oco 2 2 v

Now, note that for higher order derivatives, the term that comes from differentiating the upper bound

1/ is equal 0 for = 0 since it is of the form poly(1/n) exp(—1/(2n?)) which is zero for any poly-

14

(2)
nomial. Thus, the main term which we need to consider comes from the term exp < 1 (%>

Note that after taking the differential with respect to this term, we obtain an additional multiplica-
tive factor 1/12. However, we also obtain the multiplicative term (1 — vZ(?)), which can be further
differentiated with respect to 7. Taking all this into account one can show that for k = 2, 3, ...

a2k
7877%1”(1/,77)‘”:0 =
2
1 1/n 1 1(1-nz®
232k (1 _ 7(2) _ (7212 _tfizne )
O\ /z<2>_oo(Z P =nZ )eXp< o\ )>eXp 2( v “ =0

with all other terms either vanishing at = 0 or having in front of the integral multiplicative constant
Vip with p > 2k — 1. Thus, for n = 0, using that the Gaussian moments are bounded, we obtain
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{;977—2; (v,n)|p=0 = O (ﬁ) Similarly to Equation (55), one can show that every odd differential

at n = 0 is equal to the scaled odd moments of the standard Gaussian random variable, implying
2k+1
that %f(l/, n)|n=0 = 0.

Taking all derived coefficients into consideration, we can express f using the following Taylor

series:
V2 1 \/5172 1 774
S =302+ ﬂﬁo(yw) (56)

At the end, since n = O(1) and v = Q(n'/®) we have O (V%, Z—;) = o(€), which finishes the proof.
|

E.3. Lower bounds for f,, in noisy setting

Recall that we have defined v = (w), w*),ns = Hw(f)Hg,ngc = Hw(fC)Hg and n = ||lwy|l2 =
\/n% + n%., and also the following two functions:

1 n
Falvi) = = 3 (1= €l - )%
=1
Fwm) =EBfu (v,1) = Bzt 5@ nvo,) By 200y (1 = Evv| 20| = 203 (57)

In this section we show three lower bounds for f,, of increasing tightness. First, we show a lower
bound by a quadratic form in v and 7, after that we bound f,, by a sum of a quadratic form and a
constant, and the last bound is based on the uniform convergence of f,, to f which we prove at the
end of this subsection.

LOWER BOUNDING fn BY A QUADRATIC FORM

We show the following lemma.

Lemma 21 There exist universal positive constants c,, ¢, only depending on P, and c such that
for any v, n we have that:

fn(l/ﬂ?) > CVV2 + Cn772

with probability at least 1 — exp (—cn) over the draws ofz(l), 22 £

Proof We can assume that v > 0 since the other cases follow exactly from the same argument.
First, we show an auxiliary statement which we use later in the proof. Namely, we claim that
there exists some positive constant ¢; such that for all z € [21, 22, Py ({ = —1;2) > ¢; for some
21,22 € R and 21 # z5. Let us prove this statement by contradiction and assume that there exists
no z € [z1, 29| that satisfies the previous equation. Then, for almost any z ~ N(0, 1), we have
P, (&; z) = 41 and hence the minimum of the function f(v,n) = Ef, (v, n) is obtained for v = co.
However, this is in contradiction with Assumption 1 in Section 3.1. Hence there exists some z for
which P (§ = —1;2) > ¢;. By the assumption on P, in Section 3.1 we assume piecewise continuity

54



TIGHT BOUNDS FOR MAXIMUM {1-MARGIN CLASSIFIERS

of z — P,({ = —1; z) and hence there exists some interval [z — 0, z + §] =: [21, 22| in which the
given probability is bounded away from zero.

We can assume without loss of generality that this interval does not contain zero, since in that
case we can always define a new interval of the form [e, z2] or [z1, —€] for € > 0 small enough,
which does not contain zero. Let us define Z = min{|z|, |22|}.

We can now bound f,, (v, n) as follows:

1 n
falvm) = =31 = &l - 2n)2
i=1

1 n
z - > o= 1,200 € [, 20, 27 < —ea} (1 - g|2V| - 2P )2
=1

n

> (1 + zZv + 0277)2 % Z 1[6Z = -1, ZZ‘(O) € [Zl, ZQ], Zi(l) < —CQ]
=1

From Section 4.2 we have that Z® is independent of £gy and Z(1). Hence:
P(gR\/ = —1, Z(l) S [Zl,ZQ],Z(z) < —CQ)
=P(¢ry = —1|2W € [z21, )P(ZV) € [21, 22))P(Z?) < —c2) > 1 ((I)C(Zl) - q)E(ZQ)) ®C(cy) > ¢

for some positive universal constant c. Now using concentration of i.i.d. Bernoulli random variables
we obtain:

Fa(,m) > (14 20+ can)? = 2 0% + 12

N o

with probability at least 1 — exp (—cn). [

LOWER BOUNDING fn BY A QUADRATIC FORM WITH CONSTANT
Recall that Av = v — v;. We show the following lemma.

Lemma 22 Let B, B, > 0 be universal positive constants. Then, there exist positive constants
c1

Cy,Cy > 0and ci,ca,c3 > 0 only depending on P, such that for any € > NG and any v? <
B2, n < B, we have that:

favim) > ¢+ 8 (Av)? +En* — €

with probability at least 1 — exp (—027162) — exp (—63 ne ) over the draws ofz(l), z(2),§.

logn

Proof First note that from the uniform convergence result in Proposition 23 we have that f (v, n) >
fn(v,m) — €, with f from Equation (57), with high probability. Thus, it is sufficient to study f.
Clearly, by the convexity of f we have that f > (; with (f = f(v,0) where we use the simple
fact that (v, 0) is the global minimizer of f, which follows from the assumption on P, in Section
3.1. Furthermore, it is not difficult to check that for for any v, n, V2 f(v,n) = 0 and therefore, f is
strictly convex on every compact set. Hence, the proof follows. |
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UNIFORM CONVERGENCE OF f,, TO f

Recall that Z(D, Z(3) ~ N (0,1) are independent Gaussian random variables and &ry a random
variable with £gy|Z() ~ P, (.; Z(1)). Using notation introduced in Section B.2 with random vari-
able X = (ZW), Z?) ¢ry), and G, = {gu.y | [v| < B, < By}, we note that

Pgl/,n = Egl/m(Z(l)a Z(2)7§RV) = f(an) and Pngu,n = fn(Va "7)'

We show the following result:

Proposition 23 There exist positive universal constants cy, ca, cs > 0 such that

: <HP" = Flo, < % - 6) > 1~ exp (—cane’) — exp <—63102€n>

Proof The proof of the proposition is based on the application of Theorem 13 and follows exactly

the same steps as proof of Proposition 19. In order to apply Theorem 13 we need to upper bound

three terms - ¢g,_, aéo and R, (G, ). Similarly as in proof of Proposition 19 we split proof into three

steps:

Step 1: Bounding 1), Recall the definition of 1g_ from Theorem 13:

. 1 1
Y6, = inf{A > 0: Elexp(5 maxsup g (=", 57, &) — Elgu)| - 1) < 1}

i
Since |v|, ) are bounded by constants, we have that
Elgyy) = E[(1 — &avv| 20| = ZPn)3] < c(1+ B2+ B}) < s (58)
for some positive universal constants ¢y that may depend on B,,, B),. Furthermore, we have:
(= &l=V| = 2% < e+ (B + B} zha) < 1z (59)

where zpax = maxlgiggn{\zi(l)\, |z§2)|}. Similarly to inequality (51), we apply the triangle in-

equality and bound the two terms using Equations (58) and (59) to obtain:

1 1
E [exp (5 maxsup = |(1 = &vl=| - 2P )2 —E[(1 - vl 2] - Z<2>n>i1\)}

A vy N
<5 o (St (3)

Thus we obtain that ¢g, < inf{\ > 0: E[exp(Z22,,)exp(3) — 1] < 1}, which is similar to
expression (51) in the proof of Proposition 19. Hence following the same argument we conclude

that 1pg, < cAIO% for some universal constant ¢y > 0.
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Step 2: Bounding R,,(G,) The upper bound on the Rademacher complexity is derived as follows.
First use the fact that () is 1-Lipschitz to obtain:

1 n
Ru(0o) =E | sup |= > cigun(zt” 2. &)
gu,neg(r n i=1
1 n
<2E sup — Z € (1 — §iu|zi(1)| — z§2)17)2 , (60)
v|<Bun<By | 2

then expand quadratic form and apply triangle inequality for every term to obtain that (60) is upper
bounded by:

e §
2K *Zei + 2E sup *Z€i2§iV|Z()|z(2)n)
"= W|<B,m<By | M 5
Ly ) Ly 2)y2,2
+2E | sup |— Y €(—2%"n)|| +2E | sup *Eei(zz )2n
[1<By |V n<By |3
- L )
+2E | sup | > (=26 )| | +2E | sup |23 e (2V)?
wi<B, |1 = e, |1 2=

Finally, since sums above do not depend on v and 1 any more, we can use standard concentration

results for sub-exponential random variables to obtain that R,,(G,) < ﬁ

Step 3: Proof of the statement Similarly to Equation (58), we can bound the variance straight-
forwardly as follows:

7%, < sup E[g2,] < cn,, (1+ B4+ BY)
9v,m ng‘

for some positive universal constant ¢, > 0.
Combining all derived bounds and using that E || P, — P||; < 2R, (G,) we obtain from The-
orem 13:

P ([[Po = Pllg, > 2(1 +t)Rg, +¢) < exp (—cane’) + 3exp <‘C3 107;€n>

with c; ' = 2(1 + 8)Cog, (1+ Bp + B;lz) and c; ' = C'cy, which concludes the proof.

E.4. Additional lemmas

Lemma 24 The function (v,n) — Ez0) 7@ pn01)(1 — v|ZW)| — Z(2)77)i is an infinitely dif-
ferentiable function. Furthermore, under Assumption 1 from Section 2, the function (v,n) —
EZ(l)72(2)NN(OJ)E&VNHD(,‘Z(U)(1 — Eryr|ZW| — Z(2)77)2+ is also an infinitely differentiable func-
tion.
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Proof Note that the conditional expectation of the first function is given by:

E @ z0-.m[(1 = vz = nZ®)3]

S(=vzM) 1 )
= / exp <_(z(2))2> (1 —v]zM] = 2?24

oo Vor 2
=10 = w0 exp (= 5= D) (= w4 (=0,

which is an infinitely differentiable function in v and 5. Since the function given in the lemma is an
expectation of an infinitely differentiable function, it is also infinitely differentiable, which finishes
the first part of the proof.

Now, note that using Assumption 1 we can rewrite the second function as:

E 0 |P(Ery = 11Z2W)E 40 70[(1 — v|Z20] = n2®)3]

+P(ry = —1|ZM)E ) 0 [(1+ 9|20 —nz@)3]|.

But, similarly to above, we can show that E ;) ;) [(1 + v|ZW| — nZ?)2] is infinitely differen-
tiable, implying that the whole function is also infinitely differentiable. |
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