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Abstract

A main object of our study is multiset functions — that is, permutation-invariant functions over inputs
of varying sizes. Deep Sets, proposed by Zaheer et al. (2017), provides a universal representation
for continuous multiset functions on scalars via a sum-decomposable model. Restricting the domain
of the functions to finite multisets of D-dimensional vectors, Deep Sets also provides a universal
approximation that requires a latent space dimension of O(N?) — where N is an upper bound
on the size of input multisets. In this paper, we strengthen this result by proving that universal
representation is guaranteed for continuous and discontinuous multiset functions through a latent
space dimension of O(N) (which we will further improve upon). We then introduce identifiable
multisets for which we can uniquely label their elements using an identifier function, namely, finite-
precision vectors are identifiable. Based on our analysis of identifiable multisets, we prove that a
sum-decomposable model, for general continuous multiset functions requires only a latent dimension
of 2D N, as opposed to O(NP). We further show that both encoder and decoder functions of the
model are continuous — our main contribution to the existing work which lacks such a guarantee.
Additionally, this provides a significant improvement over the aforementioned O(N”) bound,
derived for the universal representation of both continuous and discontinuous multiset functions. We
then extend our results and provide special sum-decomposition structures to universally represent
permutation-invariant tensor functions on identifiable tensors. These families of sum-decomposition
models enable us to design deep network architectures and deploy them on a variety of learning
tasks on sequences, images, and graphs.

Keywords: Deep learning, permutation-invariance, multiset functions, identifiable tensor functions,
universal representation

1. Introduction

There is a wide gamut of machine learning problems that aim to identify an optimal function for
unordered collections of entities, such as sets and multisets. Tasks such as set or audience expansion in
image tagging, computational advertisement, and astrophysics (Ntampaka et al., 2016; Ravanbakhsh
et al., 2016a), parsing objects in a scene (Eslami et al., 2016; Kosiorek et al., 2018), population
statistics (Pdczos et al., 2013), inference on point clouds (Qi et al., 2017a,b), min-cut and routing on
a graph, reinforcement learning (Sunehag et al., 2017), and modeling interactions between objects in
a set (Lee et al., 2019) exemplify these problems. Popular machine learning models are designed for
ordered algebraic objects, such as vectors, matrices, and tensors. To adapt these standard models to
operate on multisets, we must enforce various permutation invariance properties (Oliva et al., 2013;
Szabd et al., 2016; Muandet et al., 2013, 2012; Shawe-Taylor, 1993).

To characterize a general class of multiset (or permutation-invariant) functions, several authors
have proposed sum-decomposition models (Ravanbakhsh et al., 2016b; Zaheer et al., 2017). Notably,
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Deep Sets provides a universal representation for continuous multiset functions on scalars. This
model is a form of Janossy pooling, which is easy to implement and parallelize (Murphy et al.,
2018). At its core, it maps elements of the input multiset X individually via ¢ and then aggregates
them to uniquely encode the input multiset. Thatis, ®(X) = Y _ ¢(z) € RM provides a unique
encoding for X, indicating that ® is an injective map. Injectivity is the most important property of
the encoder ® as it operates as an intermediate feature extraction step by uniquely mapping multisets
to vectors. Then, to represent a multiset function f(X), we map the resulting feature ®(X) to
f(X), ie., f(X) = po®(X), where p belongs to a rich class of unconstrained functions. The
existence of a continuous sum-decomposable model — a continuous encoder ® and decoder p — is
guaranteed only if the dimension of the model’s intermediate features (M) is sufficiently large. If
we reduce this dimension, Wagstaff et al. (2022) proves that no continuous decoder p exists such
that p o & can approximate some multiset functions better than a naive constant baseline. Regarding
multiset functions on vectors, the best available result is given by Zaheer et al. (2017), which only
provides a universal approximation for continuous multiset functions by analyzing their finite-order
Taylor approximation. As our first contribution, we provide a universal representation, through the
sum-decomposable model, for continuous and discontinuous multiset functions on vectors, which
generalizes the existing universal approximation results. It is important to note that all universal
representation results are stronger than their universal approximation counterparts, as the former
results imply the latter ones.

Beyond permutation-invariant functions on scalars and vectors, SignNet and BasisNet (Lim
et al., 2022), along with other works, are neural network architectures (Dwivedi and Bresson, 2020;
Dwivedi et al., 2020, 2021; Beaini et al., 2021; Kreuzer et al., 2021; Mialon et al., 2021; Kim et al.,
2022), that provide sign and orthonormal basis invariances as displayed by eigenspaces (Eastment
and Krzanowski, 1982; Rustamov et al., 2007; Bro et al., 2008; Ovsjanikov et al., 2008). Laplacian
eigenvectors capture connectivity, clusters, subgraph frequencies, and help derive graph positional
encodings to generalize Transformers to graphs, improving the performance of Graph Neural
Networks (GNNs) (Dwivedi et al., 2020, 2021) and other useful graph properties (Von Luxburg,
2007; Cvetkovic et al., 1997). Under certain conditions, these network structures can universally
approximate any continuous function with the desired invariances. Both networks utilize Invariant
Graph Networks (IGNs) (Maron et al., 2018) to build permutation invariance or equivariance
properties for functions on matrices. IGN treats graphs (with nodes and edges) as fensors. Its
architecture involves permutation-invariant and equivariant linear layers for tensor input and output
data. As the tensor order reaches O(N4), it achieves universality for graphs of size N (Azizian and
Lelarge, 2020; Maron et al., 2019b; Keriven and Peyré, 2019).

The type of injective multiset functions, as introduced earlier, is useful in studying the separation
power of Message-Passing Neural Networks and its relation to the Weisfeiler-Leman (WL) graph
isomorphism test (Xu et al., 2018). They are also used to show the equivalence of high-order GNNs to
high-order WL tests (Morris et al., 2019; Maron et al., 2019a), and results related to geometric GNNs
and WL tests (Hordan et al., 2023; Joshi et al., 2023; Pozdnyakov and Ceriotti, 2022). Amir et al.
(2023) provide a theoretical analysis of the required latent dimension for nonpolynomial encoders —
namely, sigmoid, hyperbolic tangent, sinusoid — to achieve an injective multiset function.

Contributions. In this paper, we primarily focus on the study of multivariate multiset functions,
that is, functions on multisets containing at most N vectors of dimension D. When D = 1, this
simplifies to multiset functions on scalars. Our main contributions are as follows:
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1. We propose extended versions of the sum-decomposition models of multiset functions on
vectors (Zaheer et al., 2017). Multiset functions encompass permutation-invariant functions
as they are invariant to the specific ordering of the input elements. We use the term “multiset
function” to emphasize that the number of input elements can vary, unlike permutation-
invariant functions. Our initial contribution, in Section 3, presents the universal representation
for continuous and discontinuous multiset functions over D-dimensional vectors through
a sum-decomposable model; refer to Theorem 8. The latent dimension of this model is
(N ;D ) — 1, where N is the upper bound on the size of input multisets. For universal
representation of continuous multiset functions, we show that both encoder and decoder
functions of the sum-decomposable model are also continuous; see Theorem 3. In the case of
a scalar domain (D = 1), this latent dimension aligns with the one in (Wagstaff et al., 2019,
2022): (N f’ 1) — 1 = N. Our Theorems 3 and 8 contribute as novel additions to the existing
universal approximation results for continuous multiset functions (Zaheer et al., 2017; Maron
et al., 2019a; Segol and Lipman, 2019) where the same latent dimension is only achieved
for universal approximation for D > 1. Universal approximation results rely on finite-order
Taylor approximation of continuous multiset functions. This technique does not work for (1)
universal representation and (2) discontinuous multiset functions. What’s more, as we will
see next, we will further significantly reduce this latent dimension bound for representing
continuous multiset functions via a novel technique through the use of identifiable multisets.

2. In Section 4, we introduce the concept of identifiable multisets. These are multisets whose
distinct elements can be uniquely labeled via a continuous functional; for instance, multisets
containing finite-precision vectors are identifiable through a linear functional. We show that
on identifiable D-dimensional vector multisets, the latent dimension of the sum-decomposable
representations can be reduced to 2D N from the original (N gD ) — 1. More importantly,
by analyzing identifiable multisets, we establish that universal representation of continuous
multiset functions, where both encoder and decoder functions are continuous, is possible with
a latent dimension of 2D N; refer to Theorem 6. The techniques used to derive these results
focus on the concept of an identifier function, which distinguishes our approach from prior
works using polynomial and nonpolynomial-based encoders (Zaheer et al., 2017; Dym and
Gortler, 2022). While our result in Theorem 3 is suboptimal compared to this new result
(Theorem 6), we still include Section 3 as it yields a better result compared to the existing
work based on polynomial-based encoders (common in approximation approaches), making it
of independent interest. In summary, the main contribution of our results to existing literature
are (1) the lowest latent dimension bound, and (2) the continuity guarantee for the decoder
function.

3. Finally, we offer universal representation for continuous and discontinuous permutation-
invariant tensor functions of arbitrary order. We derive a nested sum-decomposable representa-
tion specifically for what we term identifiable tensors, akin to identifiable multisets. Depending
on the chosen identifier function, we provide distinct bounds on the latent dimensions for this
representation. This mirrors an existing decomposition result on permutation-equivariant func-
tions on matrices (tensors of order two) (Fereydounian et al., 2022). However, our proposition
introduces a modified encoder function that (1) yields a reduced latent dimension of 2D N
compared to (g ) N, (2) extends the sum-decomposition representation to tensors of arbitrary
order, and (3) guarantees injectivity.
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Input Latent Representation ~ Approximation Continuity
Zaheer et al. (2017) D=1 N+1 v v v
Zaheer et al. (2017) D>1 — X v v
Wagstaff et al. (2019) D=1 N v v v
Segol and Lipman (2019) D >1  (ViP) -1 X v v
Wang et al. (2023) D>1 poly(N, D) v v v
Dym and Gortler (2022) D > 1 2DN +1 v X X
Amir et al. (2023) D>1 2N(D+1)+1 vF X X
Ours D>1 2ND v v v

Table 1: Summary of recent results in sum-decomposable representation of permutation-invariant
functions. We list the input dimension of each element in the (multi)set (Input), the
latent dimension (Latent), continuity of the decoder function p (Continuity). We denote
the universal approximation and representation in a compact domain by v' and universal
representation on a subset subdomain by v'*.

More on related work. The most notable work on universal representation of nonlinear multiset
functions concerns scalar-valued domains (Wagstaff et al., 2019, 2022). Much of the existing literature
focuses on universal approximations for permutation-invariant and -equivariant functions. The sum-
decomposition of multiset functions on multidimensional entities has been primarily approached
through the universal approximation power of polynomial functions (Zaheer et al., 2017; Segol and
Lipman, 2019). Wagstaff et al. (2022) thoroughly investigate the theoretical distinction between
universal representation and approximation of multiset functions on scalars. However, this remains
an open question for multiset functions on multivariate elements. Invariant and equivariant linear
functions have been thoroughly studied in the literature (Maron et al., 2018; Ravanbakhsh, 2020).
In comparison, our nonlinear model generalizes the permutation-invariant linear layers utilized in
IGNs (Maron et al., 2018). For universal approximation on N points, the IGNs require (N % )-sized
intermediate tensors (Cai and Wang, 2022). An important class of permutation-compatible (invariant
or equivariant) nonlinear functions is GNN — the primary iterative-based models for learning
information over graphs. A substantial body of work aims to understand the expressive power of
GNNs Maron et al. (2019b,a); Keriven and Peyré (2019); Garg et al. (2020); Azizian and Lelarge
(2020); Bevilacqua et al. (2021). To provide insight into the capability of GNNs in representing
graph functions, Fereydounian et al. (2022) introduces an algebraic formulation — akin to the
sum-decomposition model for multiset functions — to represent permutation-equivariant nonlinear
functions on matrices in terms of the composition of simple encoder and decoder functions. One can
connect the notion of permutation-compatible functions (on 2-tensors) to our proposed algebraic form
of permutation-invariant functions on k-tensors. However, by focusing on identifiable tensors, we
lower the latent dimension required for representing 2-tensors to O(DN) — compared to O(D?N)
in (Fereydounian et al., 2022) — and guarantee the injectivity of the encoding function. In Table 1,
we compare some of the most recent results in the literature.

Organization. In Section 2, we review the existing sum-decomposition results for multiset func-
tions on scalars. Then, in Section 3, we present our universal representation results for multivariate
multiset functions. In Section 4, we introduce identifiable multisets and show how they can be used
to derive a lowered latent dimension bound for the continuous sum-decomposition of continuous mul-
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tiset functions. Finally, focusing on permutation invariance, we propose a nested sum-decomposition
model to represent invariant functions over k-tensors in Section 5. Identifiability for tensors is the
main concept necessary to establish the aforementioned decomposition models. We relegate all
proofs, supplementary results, and discussions to the Appendix.

Notations. We denote the nonnegative reals by R, = {x € R: 2 > 0}. Forany N € N, we let
[N] = {1,..., N}. The function f maps elements from its domain to elements in its codomain,
meaning f : dom(f) — codom(f) where codom(f) = {f(x) : * € dom(f)}. Examples of

domains include R, R”, N, and Q. We denote the collection of subsets of a domain D as 2°. Let

D be a domain and f : D — codom(f). We then let f(D;) f {f(z) : © € D1} C codom(f)

where D; C D. A multiset is a pair (X, m) where X is a set of objects and m is a map from X
to cardinals (representing the multiplicity of each element in X). We simplify this notation by
identifying multisets by “multiset X or using double curly brackets, namely, X = {{1,1,2}} has
three elements but X = {1,1,2} = {1, 2} has two elements. For any domain D and multiset X,
X C D means that the underlying set for X (repetitive elements removed) is a subset of D, and
| X| is the size of the multiset (repetitive elements included). For N € N and domain D, we let
Xp,n = {multiset X CD: |X| = N}, Xpg = {multiset X C D : |X| € S} where | - | returns the
cardinality of its input set (or multiset) and S C N, namely, Xp, ;) = {multiset X CD: 1< |X| <
N}. We denote multisets (and sets) with X and tensors (and matrices) with 7.

2. Review of the Sum-decomposable Model for Multiset Functions on Scalars

Standard machine learning algorithms operate on data arranged in canonical ways — namely, vectors,
matrices, and tensors. However, in statistical estimation, set expansion, outlier detection (Zaheer
et al., 2017), and problems involving point clouds or groups of atoms forming a molecule (Wagstaff
et al., 2022), we often aim to learn maps defined on an unordered collection of entities, that is, a set or
a multiset. Throughout this paper, we treat functions defined on sets and multisets differently. Here,
we use a (multi)set function over ID to refer to a function whose domain consists of sub(multi)sets of
a domain ID. In other words, a multiset function assigns a value for every possible submultiset of the
domain . A multiset function f must satisfy two key criteria: (1) be invariant to the ordering of its
input elements (permutation invariance), and (2) be well-defined on multisets of different sizes.

Generally, when aiming to model a multiset function, it is not immediately evident how to ensure
that the function satisfies condition (1), i.e., permutation invariance concerning the ordering of
elements in input multisets. One powerful approach to address this challenge is to initially establish
a complete representation of multiset functions through a specific composition of unconstrained
functions — referred to here as encoder and decoder functions. This decomposition not only
characterizes multiset functions but also holds crucial significance in the learning context. For
instance, these unconstrained functions can be modeled (and learned) using neural networks, as seen
in the popular Deep Sets architecture (Zaheer et al., 2017). A particular form of this composition is
known as a sum-decomposable representation. The following provides such a result for set functions
defined on a countable domain.

Theorem 1 (Zaheer et al. 2017) Let f : 2° — codom(f) where D is a countable domain. Then,

VX CD: f(X)=po®(X), B(X)= o(x), (1)
zeX
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where ¢ : D — codom(¢) C R, p : codom(®P) — codom(f), and codom(®) = [0,1] C R.

Theorem 1 provides an algebraic construct for universal representation for set functions on
countable sets. We use the term universal representation to distinguish it from the weaker universal
approximation results in the literature. This universal representation is obtained via the so-called
sum-decomposable representation formally defined as follows:

Definition 1 A (multi)set function f over D is sum-decomposable, or it has a sum-decomposable
representation, if it can be written as f(X) = p o ®(X) for any (multi)set X C D, where
D(X) = > cx 0(x). We refer to ¢, ® and p as the element-encoder, (multi)set-encoder, and
decoder functions, respectively. We also may call ¢ and ® sometimes simply as encoder functions.
Furthermore, suppose ¢ : D — codom(¢p) C RM, then we refer to RM (which is the ambient space
of codom(¢)) as the decomposition model’s latent space, and say that f is sum-decomposable via
RM . The latent dimension of this sum-decomposition is M. A continuous multiset function f is
continuously sum-decomposable if has a sum-decomposable representation where both the encoder
and decoder functions, that is, ¢ (and thus ®) and p are continuous in the entire ambient space of
their respective domains.

Theorem 1 states that a set function over a countable set is essentially sum-decomposable via R,
and the latent dimension is one. Interestingly, (Wagstaff et al., 2022) shows that set functions on an
uncountable domain ID do not admit this sum-decomposable representation. Nevertheless, there is an
extension of Theorem 1 to finite-sized multisets (Wagstaff et al., 2022).

Theorem 2 (Wagstaff et al. 2019) Ler N € N, and [ : Xp n) — R be a continuous multiset
function where D = [0, 1]. Then, it is continuously sum-decomposable (see Definition 1) via RN —
that is, the latent space is a subset of R — and vice versa.

Recall that Xp ) represents the collection of all multisets over D with a cardinality of at most V.
Given that D in the above theorem is [0, 1] C R, the result asserts that a continuous multiset function
over scalars is continuously sum-decomposable via RV, where N is the maximum cardinality of
input multisets. The continuity of the decoder p comes at the cost of an increased latent space
dimension — compare universal representation in Theorems 1 and 2. This latent dimension is tight
in the worst case, that is, there does not exist a sum-decomposition via a latent space with dimension
less than N (Wagstaff et al., 2022). However, in practical scenarios, a specific multiset function
may allow for a sum-decomposition with a significantly lower latent dimension. While one might
anticipate a reduction in the latent dimension for universal approximation, it is interesting that, at
least for multiset functions over scalars, contrary to intuitive expectations, universal approximation is
not achievable (for all multiset functions) by reducing the latent dimension from N(Wagstaff et al.,
2022).

3. Warmup: Sum-decomposable Model for Multiset Functions on Vectors

Theorem 2 pertains to multiset functions operating on scalar-valued elements (that is, the input is a
multiset with elements from R). In practice, we often encounter applications involving vector-valued
multisets. For instance, a multiset of < N points in R” can be represented as a multiset of cardinality
< N over RP. Similarly, in graph learning settings, we may have a set of N nodes in a graph with
D-dimensional node features. In what follows, we focus on multiset functions over vectors in RZ,
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that is, functions of the form f : Xp y] — R where D C RP. For simplicity, we initially consider
functions over multisets of precisely cardinality IV, thatis, f : Xp x5 — R. Our primary result in this
section is the following theorem:

Theorem 3 A continuous multivariate multiset function f : Xp y — codom(f)(C R"), over a
. . . . . N+DY_

multisets of N elements in a compact set D C RP, is continuously sum-decomposable via r("57)-1,
. . . . . N+Dy_

That is, encoder ¢ is continuous over D, and decoder p is continuous over ]R( b )1

The above theorem asserts that a continuous multiset function over multisets of [NV vectors from
D c RP is continuously sum-decomposable via a latent dimension of (N BD ) — 1. In the special case
of D = 1, this aligns with the previous result for multiset functions over scalars in Theorem 2. In
Section 4, we present a stronger result with a significantly lower latent dimension. Nevertheless, we
include this result for two reasons: (1) it is obtained using a similar proof technique to Theorem 2 by
employing polynomial-based encoders, and (2) this novel finding arrives at the same latent dimension
reported in (Zaheer et al., 2017) for the universal approximation of continuous multiset functions.
Detailed proofs are provided in Appendices A and B. A high-level description is outlined here.

In the remainder of this section, we designate D C R” as a compact subset of R”. Following
the proof technique outlined in (Zaheer et al., 2017), to show the existence of a sum-decomposition
of f = po ®, our aim is to construct a multiset encoder ® that is injective over Xp n. Once we
establish an injective encoder ®, we can then define p = f o ®~! for all admissible inputs, that is,
within codom(®). The encoder ® is inherently continuous by construction. The primary challenge
lies in proving that p = f o ®~! is not only well-defined but also continuous across the latent space
codom(®).

To construct an injective multiset function ®(X) = >°__ v ¢(x), we use permutation-invariant
polynomials as in (Maron et al., 2019a; Segol and Lipman, 2019). We express these polynomials as
follows:

VX € XRD,N : p(X) = pOIY(el(X)a"' aeK(X))a ()

where e (X) = > % ]_[5):1 :rfld is a power-sum multi-symmetric polynomial, k1 ... kp is the
D-digit representation of k € [K] in base N + 1, K = (N]J{)D ) — 1, and poly is a polynomial

function (Rydh, 2007).

Remark 1 [t is known that one can universally approximate continuous multivariate multiset func-
tions over a compact set with a multiset polynomial in equation (2). Given K = (N $D ) -1
power-sum multi-symmetric polynomial bases (ek(X )) ke[K] We can design an encoder ¢ to provide
a univirfglly approximate sum-decomposable model for multivariate continuous multiset functions

via R( D >_1; refer to Theorem 9 in (Zaheer et al., 2017).

In Appendix A, we first state Theorem 8, which ensures a universal representation (not universal
approximation, as mentioned in the preceding remark) of any multivariate (D > 1) multiset functions

— whether continuous or discontinuous — through the sum-decomposable model using R(NJBD)_I.
The resulting decoder p constructed this way may not be continuous; however, this contributes
significantly to the existing literature. From a technical standpoint, Theorem 8§ is valuable as it does
not rely on approximating the multiset function f using finite-order polynomials. Instead, it aims to
show the injectivity of ® through an analysis of the parameterized roots of a class of multivariate
polynomials. Building upon Theorem 8, in Appendix B, we establish that if f is a continuous multiset
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function, then its decoder p = f o ®~! maintains continuity in the ambient space of codom(®), i.e.,
r("5")
: (VEP) =1 s
and (2) codom(®) is a compact subset of R\ . This concludes the proof of Theorem 3.
We can further generalize the results in Theorems 3 and 8 to multisets of varying sizes.

~L. The key approach involves proving that (1) &~ is a continuous function on codom(®P)

Theorem 4 Theorems 3 and 8 are valid for multivariate multiset functions of at most N elements
from a compact subset D C RP, that is, XD,[ NJ-

As a direct consequence of the proof technique in Theorem 4 — particularly noting that the
construction of the injective multiset encoder ¢ is independent of the multiset function f being
represented — in Proposition 1, we show that when dealing with functions on the product of distinct
multisets of D-dimensional vectors, we can use the same encoder within its sum-decomposable
model.

Proposition 1 A (continuous) multiset function f : Xp n,] X Xp,[np) — codom(f), where D is

D , . (N+D)_1 (N+D)_1 .
compact subset of R”, is (continuously) sum-decomposable via R\ D x R\ » , that is,

VX € Xp vy, X' € Xpvyp 0 F(X, X)) = p( Z o(z), Z o)),
reX r'eX’
where continuous ¢ : RP — R(NzD)fl,N = max{N1, Na} and (continuous) p : R("B)-1 «
N+D

R("57)-1 codom(p), and codom(f) C codom(p).

Remark 2 Proposition 1 simply follows from the injectivity of the multiset encoding function ®. This
is completely different than the universal approximation approach where we rely on approximating
the function using finite order permutation-invariant polynomials and finding the complete set of
“basis” for them. Using the polynomial approximation approach, it is rather challenging to arrive
at the sum-decomposition in Proposition 1. This issue is compounded when we consider deriving
a decomposition for functions defined on multisets of multisets. This is yet another reason why we
focus on universal representations as opposed to universal approximations.

Relation to the results of Fereydounian et al. (2022). We note that Fereydounian et al. (2022)
propose an encoder ¢ that is injective over particular (multi)sets X7, 1, (not all multisets) of D-
dimensional vectors. The function ® provides unique encodings for these (multi)sets in codom(®) C

R(N _ where codom(®) = {®(X) : X € X3, 5} and N is the size of the input (multi)sets.
This leads to a sum-decomposition for functions over (multi)sets in X%, . More importantly, for a
continuous multiset function, a continuous sum-decomposition f = p o ® is not guaranteed over all
multisets; in particular, the continuity of p = f o ®~! is only guaranteed over codom(®) — an open
su‘t;;c,et of R(Q)N . Therefore, it does not guarantee the existence of a continuous extension for p to

R(Z)N ; see Appendix L for a detailed discussion.

4. Sum-decomposable Models on Identifiable Multisets

Inspired by the theoretical difference in latent space dimensions for sum-decomposition represen-
tations between set and multiset functions (refer to the result in (Fereydounian et al., 2022)), our
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objective is to reduce the dimension of the latent space. In this section, we present an approach to
achieve this by first restricting the domain to what we term “identifiable multisets,” introduced below.
Subsequently, we will show the extension of these results to scenarios where this restriction is lifted.

Definition 2 Let [ : D — R be a continuous function and D be a domain. We denote X]ZD’ Ny=1{X¢€
Xpn Ve, 2" € X, l(z) =1(2) — x = '}, as the set of multisets of size N that are identifiable
via l, that is, l-identifiable.

According to Definition 2, the continuous identifier function / uniquely labels distinct elements of
multisets in XfD) - In Theorem 5 and Proposition 2 we provide improved bounds on latent dimensions
given in Theorems 4 and 8§ — by restricting the domain of multiset functions to /-identifiable multisets.

Theorem 5 Let f : Xgp y — codom(f) be a multiset function and { : R” — codom(l) C R be
continuous. Then, there is a continuous function ¢ : RP — codom(¢) € CP*N such that

VX € Xho y 1 F(X) =p( Y d(x)) = po®(X),
zeX

where p: ®(XL,, ) = codom(f) and ®(Xk, ) © {@(X): X € Xb,, ).
Proposition 2 Theorem 5 is valid for multivariate multiset functions of at most N elements from a
compact subset of RP.

Remark 3 Theorem 5 asserts the feasibility of sum-decomposition for arbitrary (continuous or
discontinuous) multiset functions via a latent dimension of O(N D) on inputs that are identifi-
able through a continuous identifier I : RP? — codom(l) C R. In comparison, the universal
representation results in Theorems 3 and 4 require a latent space dimension of O(NP), which
becomes impractical even for a small number of features. Additionally, the bound in Theorem 5
improves from the O(N D?) bound proposed in (Fereydounian et al., 2022). Furthermore, we pro-
pose a concrete characterization of the input domain in Definition 2, adaptable for any continuous
Sfunction | designed for specific applications. However, as the set of identifiable multisets Xfm’ N

(where D is a compact subset of RP) does not form a compact set, there is no guarantee that
p : codom (XL ) — codom(f) has a continuous extension to CP*N . In other words, using the
multiset encodi’ng function @ (introduced in the proofs), some multiset functions f, there may not
exits a continuous p : CP*N — codom(p) enabling the sum-decomposition. However, we address
this issue in Section 4.1. It is worth noting that our specific multiset encoder ® maps multisets

to complex-valued matrices in CP*N \which, without causing technical issues, can be viewed as
RZD X N'

Remark 4 The multiset encoding function ® in Proposition 2 resembles the notion of separating
invariants introduced in (Dym and Gortler, 2022). In this context, the quantity ®(X) remains
invariant under permutations, treated as group actions. However, a subtle distinction exists; multiset
Jfunctions are permutation-invariant, but the converse is not necessarily true, as multiset functions
may accommodate varying-sized inputs. In the work by Dym and Gortler (2022), they claim that
for randomized invariants of dimension 2DN + 1 (compared to ours, which is 2DN), almost
all matrices in RP*N can be identified up to the permutation of their columns using separating
invariants. They achieve this by applying linear projections on multidimensional elements to obtain
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scalars and then using a continuous separating (injective) map on them. They prove that the measure
of matrices that can not be identified via the permutation-invariant encoding is zero. Consequently,
the sum-decomposition does not apply to all matrices (similar to multisets in our paper), and there is
no guarantee for the existence of a continuous decoder p (over the ambient space) to represent a
continuous permutation-invariant function. On another note, Amir et al. (2023) propose utilizing
a nonpolynomial element-encoder, denoted as ¢ in our notation, to construct an injective multiset
function ®. They arrive at a latent dimension of 2N (D + 1) + 1. However, their construction of
¢ requires random parameter selection, and the injectivity only holds in the almost surely sense.
Therefore, it may not work for certain parameters. Zweig and Bruna (2022) study a theoretical
bottleneck for the latent dimension of sum-decomposable models. Very recently, we were made
aware of a concurrent work (Wang et al., 2023): They provide polynomial bounds for the latent
dimension of sum-decomposable models with feature maps from specific function classes, in particular,
multidimensional features ¢(wa) — where ¢ is the exponential function — require latent dimension
in the range [N (D + 1), N° D?]; and if ¢ is a power mapping, the range of latent dimension becomes
[ND, N*D?|. This is a great contribution to the previous work as it ensures the continuity of the
decoder function p while offering reduced latent dimensions. In comparison, we provide a latent
dimension that is linear in both N and D and guarantee the continuity of the decoder function.

4.1. Towards a Continuous Decoder

In Theorem 5, we prove how our concept of /-identifiable multisets enables a reduced latent dimension
for the sum-decomposition representation of multiset functions. Current leading approaches that allow
such reduced-dimensional representations rely on probabilistic arguments, specifically excluding
multisets of measure zero from all valid multisets; refer to Remark 4. However, these approaches
do not yet yield a continuous sum-decomposition, particularly a continuous decoder function p. In
what follows, we focus on utilizing ¢-identifiable multisets, aiming to facilitate the representation
on a dense subset of multisets, as indicated by Proposition 3 and Lemma 1 below. Our goal is to
ultimately achieve a continuous sum-decomposition, akin to Theorem 6. You can find the proofs of
all these results in Appendices G to L.

Proposition 3 Let Xop y be the set of all multisets of N vectors from QP where Q denotes the set
of rational numbers. Then, Xqp y is an l-identifiable subset of Xgp .

Lemma 1 Let D C RP be a compact set with continuous nonempty interior, Q(D) = D N QP be
the set of all vectors with rational elements in D. Then, Xqp),n is a dense subset of Xp n. Similarly,
O (Xg(m),n) is a dense subset of ®(Xp, ) where ® is the multiset encoder in Theorem 5.

Remark 5 7o illustrate the utility of Theorem 5, consider its application in circuit design tasks.
These tasks encompass various electronic design aspects, such as routed wire length prediction (Xie
et al., 2021), circuit partitioning (Lu et al., 2020), logic synthesis (Zhu et al., 2020), and placement
optimization (Li et al., 2020). Circuits can be represented as geometric graphs, where nodes are
positioned on integer-valued vector coordinates, each node possessing multidimensional features that
characterize circuit elements. As supported by Proposition 3, we are able to uniquely identify each
node using a continuous identifier. Given their significance as a subset of {-identifiable multisets,
Corollary 1 specializes Theorem 5 to rational-valued multisets.

10
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Corollary 1 Let f : Xgp y — codom(f) be a multiset function. Then, there is a continuous
function ¢ : RP — codom(¢) € CP*N such that

VX € Xgo oyt F(X) = (3 6(2)) = po B(X),
zeX

and p : ®(Xgp ) — codom(f).

Corollary 1 states that the sum-decomposable model is valid — via a latent dimension of 2D N
— on a dense subset of multisets in Xgp y; see Lemma 1. However, this representation has some
drawbacks: (1) the measure of valid multisets Xgp y is zero and (2) there is no guarantee on the
existence of a continuous extension of p to CP*¥ It is important to note that we choose to focus
on Xgp y despite the fact that it has a measure zero. We argue that one should not focus on the
measure of valid multisets XQ p ' but rather take advantage of the fact that valid multisets form a
dense subset of all multisets, that is, XRQ ~- In Theorem 6, we leverage this fact and resolve both
aforementioned issues by focusing on the sum-decomposable representation of continuous multiset
function.

Theorem 6 Consider a compact set D C RP with nonempty interior. Let f : Xp,ny — codom(f)
be a continuous multiset function and ® : Xp y — codom(®) be the function in Theorem 5. Then,
there exists a continuous function p : CP*N — codom(p) C f(Xp v) such that

VX e Xpn: f(X) =po®(X).

The major contribution of Theorem 6 is the continuity of p over the whole latent space. The detailed
proof of this key theorem is in Appendix I. At the high level, we begin with the result in Corollary 1.
There, we claim that there exits decoding function p : ®(Xgp) n) — codom(p) such that the
stated decomposition remains valid on rational-valued vectors in D ¢ CP*_ This result does not
guarantee the continuity of p in C”*¥ . However, we leverage the facts that (1) f is a continuous
multiset function and (2) ®(X(p) x) is a dense (noncompact) subset of ®(Xp, y) and prove that
p has a continuous extension to ®(Xp, y) —- a compact subset of CP?* — and therefore has a
continuous extension to C”*¥. The continuity guarantee of the decoder function p is the major
contribution of Theorem 6 over existing results in (Dym and Gortler, 2022) and (Fereydounian et al.,
2022).

Remark 6 With regard to machine learning applications, we note that one could implement a
network structure of the form p o Y ¢(x) where p and ¢ are two parameterized neural nets.
However, without the result of Theorem 6, it is not guaranteed that this composite network (of any
depth) can even approximate an arbitrary target function f — even if f is a continuous permutation-
invariant function. For instance, a target function f might only allow a discontinuous decoder p —
which neural nets are not guaranteed to be able to approximate. However, Theorem 6 proves the
continuity of both encoder and decoder functions when they meet the latent dimension requirements.

5. Permutation-Invariant Tensor Functions

Data with underlying a hypergraph structure — that is, nodes connected with weighted (hyper)edges
— are ubiquitous in many applications (Chen et al., 2019; Ma et al., 2018; Wang et al., 2019; Yang

11
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et al., 2019). Inspired by such data, we study functions defined on tensors and adopt graph-theoretic
notions to describe relevant concepts. The tensor setting is also used for the higher order graph neural
network called IGN (Invariant graph network) (Maron et al., 2018).

Definition 3 Let N, K € N. We denote T n i as the set of K-th order D-dimensional tensors on
N entities, that is, TN x = RN® XD,
We can use tensors to represent (1) node features, (2) graph adjacency matrix (second order tensor),
and (3) hypergraph hyperedges with multidimensional features. In Definition 4, we introduce a tensor
notation for permuting node entities.

Definition 4 Ler N € N, II(N) be the set of permutations over [N], and w € II(N). Then, we let

T, 7' € Ty : T =7(T) <~ T,

ni.ng

= Tr(ny)..w(nge) Jorall ny, ... ,ng € [N].
Tensors T, T" € Ty k are congruent, denoted by T =T, if there is w € II(N) such that T' = 7(T).

Similar to multiset functions, tensor functions must also exhibit permutation invariance. Using the
notation in Definition 4, a permutation-invariant tensor function f : TN, K — codom(f) satisfies
f(T) = f(n(T)) forall T € TN, K and the permutation operator 7 : [IN] — [N]. This represents a
specific form of G-invariant functions (Maron et al., 2019b), where G is the permutation group. It
extends the notion of permutation-compatible functions, originally established for 2-tensors denoting
input graphs with node features and an adjacency second-order tensor (matrix) (Fereydounian et al.,
2022).

Hereafter, we introduce a sum-decomposable model to universally represent permutation-
invariant tensor functions of arbitrary order. Our algebraic approach hinges on assigning a unique
label to each node. This becomes applicable when dealing with tensors accompanied by distinct node
features or hypergraph structures that allow for this unique labeling. In Definition 5, we formalize
the set of all tensors that permit this necessary unique labeling

Definition S Let[: Ty x — RN*M pe an identifier — with M -dimensional labels — such that
VI'eT €Ty : U(n(T)) =nl(T)

We denote the set of tensors that are identifiable via l, that is, l-identifiable, as T%\/, x C Ty Kk such
that VT € Té\ﬂ - the multiset {{e,} 1(T) € RM : n € [N]}} consists of distinct elements where e, is
the n-th standard bais of RN and n € [N].

In the first step of our approach, given a tensor and an identifier, we first construct a set that remains
invariant with respect to the permutation of the node entities.

Definition 6 Let K, N € N. For any l-identifiable tensor T € Té\u{’ let oszl__nK (T) =Th,.ngx €
RP forallny,...,nx € [N]. Then, we define recursively that:

Vk € K downtol,ny,...,np_ 1 € [N]: oF7L — (T) = {(e:lkl(T) ok (T)) : ny € [N]}.

ny...Ng_—1 ’) NN

We define the set S(T) = { (e, I(T),al (T)) : ny € [N]}.

Y ni

Proposition4 Let K,N € Nand T,T" € Té\f, i Then, we have S(T) = S(T") if and only if
T" = 7n(T) for a permutation © € II(N), thatis, T = T".

12
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Proposition 4 establishes a bijection between identifiable tensors TN, K — up to a permutation
factor — and sets in S(T'N, K). In Theorem 7, we provide an algebraic characterization of
(nonlinear) permutation-invariant tensor functions with distinct node features, showing that the
sum-decomposable model is applicable only on identifiable tensors.

Theorem 7 Let K, N € N. Let f : Ty g — codom(f) be a permutation-invariant tensor function.

Then we have
n1€[N

where | : Ty, — codom(l) is an identifier function, BX . (T) = Ty,.nx € R for all
ni,...,ng € [N], and
Vk € [K],n,...,mem1 € [N] 2 B0, (D)= ) ¢ule k(D))

nEE[N]
where ¢y, is continuous over its compact domain and its codomain resides in RPx (k € [K]), and
1. Dy, = 2(M + Dj41)N if codom(l) ¢ QNV*M
2. D = (NTE¥1) — 1 ifcodom(l) ¢ RV*M
forallk € [K — 1) and Dy = D. The function p is defined on D C RP' where

D={Y ¢ile (1)) T € Tiy i},

me[N

and it is not guaranteed to have a continuous extension to RP1.

6. Conclusion

In this work, we present several contributions concerning the universal representation theory of
multiset functions and permutation-invariant tensor functions. We show the existence of a universal
sum-decomposition model for multivariate multiset functions and provide the most optimal dimension
bound for encoded multiset features available to date. Our extensive analyses are built upon the
novel notion of ¢-identifiable multisets, enabling us to uniquely label distinct elements within
multisets. Furthermore, our proposed decomposable model for permutation-invariant tensor functions
extends existing models designed for linear permutation invariant tensor functions, which are
commonly employed as layers in IGNs. It is worth noting that our universal representation via
sum-decomposables is stronger than the concept of universal approximation, as the former imply the
latter. All these findings lead to universal approximation results for multiset (or tensor) functions
using sum-decomposables—a proposition that indicates natural architectures for neural networks,
akin to Deep Sets.
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Appendix A. Theorem 8 and Its Proof

Theorem 8 Any multivariate multiset function f : Xgp n — codom(f) — over a multisets of N

. . . N+DYy_ .
elements in RP — is sum-decomposable via ]R( 5) 1, that is,

VX € Xgoy : f(X) = pod(X), where (X)€Y ¢(x),
zeX

where ¢ : RP — codom(¢) C RS- s a continuous function and p : codom(®P) —

codom( f).

Note that compared to Theorem 3, the function f in Theorem 8§ is not necessarily continuous,
and the decoder function p is not necessarily continuous as well.

A.l. Proof

Let N, D € N. We want to prove that for any multivariate multiset function f : Xgp n — codom(f),
. .. . N+Dy_
there exists a sum-decomposition via R("57)-L,

Trivial case of N = 1. We define functions ¢ and p as follows:

Vo € RV : ¢(x) =z, and p(z) = f({{z}}),

where dom(¢) = RP. Since ®({{z}}) = ¢(z), codom(p) = codom(®) = codom(p) = RP =

R(IED)_l, codom(p) = codom(f), and f({{z}}) = po ®({{x}}), we arrive at the theorem’s
statement for V = 1.

Remark 7 In our notation, depending on the context, x,, can mean either (1) the n-th coordinate
(element) of vector x (say in RP) or (2) a vector indexed by n, for example, x1,...,xn € RP. In
the latter case, we do emphasize the domain of the vector a priori, that is, x,, € RP,

General case of N > 2. We break down our approach into two steps:

1. We show that there exists a function ¢ : R”? — codom(¢) C R("5”)=1 such that O(X) =
> sex ¢(2) is an injective multiset function, that is, ® ' is well-defined on codom(®).

2. Let p = f o ®~'. This immediately proves f = po ®(X) = p( >, x #(2)).

This is an extension to the existing univariate result (that is, D = 1); refer Theorem 2 in (Zaheer
et al., 2017). In the one-dimensional case, Zaheer et al. (2017) prove that ® is an invertible function
by showing that, given ®(X), one can construct a univariate polynomial p(¢; (X)) whose roots are
X, thatis, @1 o ®(X) = roots o p(t; ®(X)) = X where roots returns the multiset of roots of a
polynomial equation. Moreover, the appropriate choice for the basis function ¢) — which makes this
analysis tractable — gives a bound for the latent dimension, that is, dimension of the ambient vector
space containing codom(®).

In our approach, we arrive at the appropriate choice for ¢ constructing a multivariate polynomial
whose parameterized roots are related to X. In what follows, we (1) introduce the basis function ¢,
(2) construct an appropriate multivariate polynomial p(t; z, ®(X)) — parameterized by both ¢t € R
and z € RP — and (3) extract X from its parameterized roots. In step (3), we introduce novel
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®(X)| Proposition 5 |p(t;z,®(X))] roots Proposition 6

Figure 1: Proof sketch for the injectivity of .

techniques for analyzing parameterized multisets — akin to computing directional derivatives for
multivariate functions. We summarize these steps in Figure 1.
The following definition introduces several frequently used functions in this proof.

Definition 7 For any multiset of real scalars X = {{x,, € R : n € [N]}} where N > 2, we let

gap(X) = min |z, — x|, diam(X) = max |z, — zy],
n,n’€[N] n,n'€[N]
TnFa), n#n’

unique(X) = {z, : n € [N]}, sort(X) = (xﬂ(n))new} e RV,

where 7 : [N] — [N] is a permutation operator such that Ty > Tr(2) > *** > Tr(n)-

Remark 8 If x,, x, € X where x,, = x, for distinct n,n’ € [N|, then the permutation operator
7 in Definition 7 is not unique; but any such permutation 7 results in the same sorted vector
(Zr(n) Jne|N)- Hence, sort(X) is well-defined for any multiset of real-valued scalars X.

Remark 9 Let X be a multiset of real scalars. Then, gap(X) is well-defined only if the cardinality
of unique(X) is strictly greater than one, that is, (X)| > 1

We consider a class of multivariate polynomials paramterized with ¢ € R and z € R”. In Proposi-
tion 5, we introduce a function ¢ that enables us to construct each polynomial — in the aforemen-
tioned class — using only ®(X) = >y ¢(z). In other words, knowing ¢, z and ®(X'), we can
represent the polynomial [, y(t — =" z). This allows us to write the polynomial [, v (t — 2" 2)
as a function depending on variables ¢, z and ®(X), which we call p(¢; z, ®(X)).

Proposition 5 Let N, D € Nand ¢ : RP — codom(¢) C R(57) 1 pe the following continuous
function:

D
vo e RY: g(x) = ([ oht)yeen ¢ RO,
d=1
where k = (kq)qe(p) is a D-tuple and K§ = {(kq)aeip) : k1 + ... + kp € [N],k1,...,kp > 0}.
Then, for all X € Xgp y, ®(X) = ZxEX o(z) suffices to construct the following multivariate
polynomial:
VteR, zeRP: H(t—sz):p(t;z,CD(X)). 3)
zeX

To show that @ is an invertible function, we want to argue that the multiset X can be uniquely
recovered form the multivariate polynomial in equation (3), that is, p(t; 2, ®(X )) Let us proceed
with the following definitions.
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Definition 8 Forany z € RL, multiser X of at least two D-dimensional vectors, and multivariate
polynomial p(t; 2, ®(X )) in the equation (3), we formalize the following functions:

« roots o p(t; 2, ®(X)) = {{t : p(t;z,8(X)) = 0}} = {{z "2z e X}} & 27X

* separators o p(t; z, ®(X)) = argmax, o [unique o roots o p(t; z, ®(X)|,
where | - | returns the cardinality of its input set.

Definition 9 Let X be a multiset of at least two D-dimensional vectors. If exists, the directional
derivative of sort (zTX) —where 2" X = {{z"x:x € X}} —at z € R in the direction of unit
norm v € RP is given as follows:

Vysort (zTX) = lim %(sort((z + 51})TX) — sort (ZTX>). @

0—0

In Proposition 6, we show how to retrieve X from roots o p(t; 2, ®(X )) , that is, the parameterized
multiset z " X

Proposition 6 For any z € RY, multiset X = {{x,, € R : n € [N]}} where N > 2, and the
multivariate polynomial p(t; z, ®(X )) in the equation (3), we have
separators op(t; z, <I>(X)) =+ (.

Moreover, for any z* € separators o p(t; 2, ®(X )), the directional derivative of sort o roots o
p(t; z, @(X)) is well-defined and we have:

Vd € [D] : V¢ sort o root op(t; 2, P(X)|ympr = (edTa:ﬂZ* (n))ne[N]»

where ey € RP is the d-th standard basis vector for RP (d € [D]), and 7.« : [N] — [N]is a
permutation operator that sorts the elements 2T X — see Definition 7.

In summary, given ®(X) € R(N$D>_1, we can construct a multivariate polynomial p(; z, (X))
with parameterized roots z ' X ; see Proposition 5. Then, we can pick a fixed vector z* € separatorso
p(t; 2, ®(X )) # (); see Definition 8 and Proposition 6. We then prove the following result:

Vd € [D] : Ve sort o root o p(t; 2, ®(X)|s=z = (ede,rZ* (n))ne[N]>

where V., computes the directional derivative (see Definition 9) in the direction of e; — the d-th
standard basis of R” — for d € [D], and z,, € R” is an element of X indexed by n. We retrieve X
as follows:

{{(ed Zx..n)acp) € R” :n € [N]}} = {{(eg @n)aeip) € R” : n € [N]}}
=X.

This result does not depend on the specific choices for the permutation operator 7.~ and z* €
separators o p(t; 2, ®(X )) Therefore, ® is an invertible multiset function, that is,

(Velsort oroot o p(t; z, @(X)\Z:Z*)n
dlod(X)={{ : cRP:ne [N}, (5

(Vepsort oroot o p(t; 2, ®(X)|.=2+) .
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where z* € separators o p(t; 2, ®(X )) and subscript n denotes the n-the element of the N-
dimensional vectors. The function ® ! is only well-defined on codom(®); see equation (5).
Now we let p : codom(®) — codom( f) where

N+D

Yy € codom(®) C R("57)-1 . p(y) = fod (y).

This proves the sum-decomposition representation claim of the theorem, that is, f = po ®. In
Appendices A.2 and A.3 we provide proofs of Propositions 5 and 6. In Appendix A.4, we provide
two illustrative examples on computing ® .

A.2. Proof of Proposition 5

We expand the expression in equation (3) as follows:

veRzeRY: [T —2Ta) =14 ) (—1)an(z X000 ©)
rzeX ne[N]

where each coefficient a,,(z; X) is determined using the Newton-Girard formulae (Séroul, 2012),
that is,

Bi(2 X) 1 0 0

FEo(z; X Fi(z; X 1 0
an<z;X)=%det A5 X) Bz X) . )

En(5:X) Ep1(:X) Byl X) - Ey(zX)

foralln € [N]and z € RP, and E,,(2; X) = 3, (2" z)". Therefore, each coefficient a,,(z; X)

is a polynomial function of {E,,(z; X)}»_, — moments of the parameterized multiset {{z "z : x €

X}} 4t T X. Lemma 2 lets us relate each moment to the elementary symmetric polynomials.
Lemma2 Foranyky,--- ,kp € NU{0} andn € N, let

( n )ind_{kl!”n'!kD! ifki+---+kp=n
kla B

...,kp 0 otherwise.

Let v,z € RP and n € [N]. Then, we have (z"z)" = (1(z,n), ¢(x)) such that

ind D

v = ((, ") T, o)

okp) AL

D
(TT o) B0
d=1

where k = (kd)de[D] and/C][\), = (kd)de[D] cki+...+kpe€ [N],kl, ... kp > 0}.

Proof Let x,z € R” and n € [N]. Then, we have

n D D
B PR 1 e

de[D) ki4..+kp=n d=1  d=1
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where ¢(z) and ¥(z, n) are given in equation (8). Since the dimension of ¢(x) — the size of XY —
is equivalent to the number of solutions to the following problem:

D
kl,...,kDeNU{O}:1§de§N. 9)
d=1

We can transform the problem in equation (9) to the following form:

D
ki, kp ko € NU{O} ko # N0 Y kg + ko = N. (10)
d=1

In the occupancy problem, we ask: how many ways can one distribute N indistinguishable objects

into D + 1 distinguishable bins? The number of nonnegative solutions are (N BD ); refer to (Feller,
1967), section 5. However, if k, = N, then k1 = k9 = --- = kp = 0 which is not allowed. If we

exclude this case, we arrive at (N BD ) — 1 integer solutions for problems in equations (9) and (10) H

Let us now prove the proposition’s statement. Given ®(X) = > ¢(z), we compute

Vz € RD,” € [N] : En(Z;X) = Z<Z,$>n = Z<¢(Zvn)v¢($)> = <¢(z,n),<1>(X)>,

zeX zeX

that are, all parameterized moments required to construct [ [ (t — x ' 2) — refer to Lemma 2, and
equation (7). Therefore, we can uniquely identify the polynomial in equation (3) with only ®(X).

A.3. Proof of Proposition 6

Proposition 7 For any z € RP, multiset X = {{x,, € RP : n € [N]}} where N > 2, and the
multivariate polynomial p(t; 2, ®(X )) in the equation (3), we have

separators o p(t; z, ®(X)) # 0.

Moreover, for any z* € separators o p(t; z, <I>(X)), the directional derivative of sort o roots o
p(t; z, <I)(X)) is well-defined and we have:

Vd € [D] : Ve sort o root o p(t; 2, ®(X)] o=z = (edT:UﬂZ* (n) )ne[N]»

where eq € R is the d-th standard basis vector for RP (d € [D]), and 7~ : [N] — [N] is a
permutation operator that sorts the elements 2T X — see Definition 7.

For any z € R” and multiset X = {{z,, € R : n € [N]}} where N > 2, we have
sort o root o p(t; z, X) = (Zwaz(n))nG[N] e RN
where 7, : [N] — [IV] is a permutation operator such that Zwaz(l) > zTa:WZ(Q) > > sz,rz(N);

see Definition 7. Given such an ordered list, we want to retrieve the multiset X . If the order of
the elements of X after sorting remains unchanged for a perturbed parameter z + de; — where
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eq € RP is the d-th standard basis for R” and small enough § € R, that is, Tr,y e, (n) = T (n) for
alln € [N] and d € [D] — then we have the following equality:

1(Sort((z + deq) T X) — sort(zTX)) = 1((z + deq) (n) — z ( ))

0 J Tatoeq T2 ) el N

(@ 1

=3 (zTa:,rZ(n) + 56;.56772 (n) — z7

IEﬂZ(n))nE[N]
1
= g(5€;xwz(n))ne[N] = (eq T (n))ne[N]»

where (a) is due to our assumption z_, ;. (n) = Zr(n) foralln € [N] and d € [D]. If this property
holds true, we can compute the following limit:

1
laim 5 (SOI‘t o root o p(t; z + degq, X) — sort o root o p(¢; z, X)> (11)
%

= lim ! (Sort((z +deg) ' X) — sort(zTX)),
5— 0

to retrieve the d-component of the elements in X up to a fixed but unknown permutation 7, that

does not depend on e; — that is, (e;lrxﬁz(n))new] — for all d € [D]. The limit in equation (11)

is well-defined and returns (egxﬂz (n))ne[ ) if there exists a vector z € RP such that it admits a

solution for the following feasibility problem:

find 6 > 0 such that = = Ty (n), foralln € [N],d € [D],§ <"

T2+4beq (n)
As we shall see, any vector z* € separators o p(t; z, ®(X )) admits a solution to the aforementioned
problem. To prove this result, we first need to derive the following property for the separators.

Lemma3 Forany z € RP, multiset X of at least two D-dimensional vectors, and the multivariate
polynomial p(t; z, P(X )) in the equation (3), we have separators o p(t; 2, ®(X )) is a nonempty
subset of RP and for all z* € separators o p(t; z, <I>(X)), we have

|unique o roots o p(t; z*, @(X)) = max,gp [unique o roots o p(t; z, CI)(X))
= |unique(X)].

Proof If [unique(X)| = 1, then separators o p(t; 2z, ®(X)) = R” and the statement is trivial.
Therefore, in what follows, we assume |[unique(X)| > 1.
Let X be a multiset of (at least two distinct) [DD-dimensional vectors and rootso p(t; 2z, ®(X) = 2T X,
forall z € RP. If z,2’ € X where x # 2/, then we have 2"z = 272/ for z € (z — 2/)t C RP.
Therefore, we have

Vz € RY : Junique(z " X)| < [unique(X)).

We can prove the claim if we show |unique(z " X)| achieves its upper bound |unique(X)| over a
subset of R” — namely, separators o p(t; z, ®(X)).
Let P, ,» = (z — 2’)* for distinct z, 2’ € unique(X) — that is, x # 2’. By construction, P, . is a
(D — 1)-dimensional subspace since x # z’. Since unique(X) contains only distinct elements, we
have

Vz € Py < (z,2 —2') =0,
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for all distinct x, 2’ € unique(X ). We now construct the following set:

PX = U Px,m’a
z,z’ €unique(X)

r#x!

which is a finite union of (D — 1)-dimensional subspaces. Therefore, Py can not be equal to R”,
that is, R” \ Px is a nonempty set. For any z* € R” \ Px, we have

Vo, o' € X,x £ 2" (%2 —2') = o — 2Ty #£0

Vo, o' € X,z =12 : (25,2 —2') = e — 2T =o.

Hence, we have [unique(z* ' X)| = [unique(X)| for all 2* € separators o p(t; z, ®(X)) where
separators o p(t; z, (X)) = RP \ Py — a nonempty subset of R”. [

As aresult of Lemma 3, we have
Vz* € separators o p(t; z, ®(X)) : lunique(z* " X)| = |unique(X)],

that is, repeated (or distinct) elements in 21X correspond to identical (or distinct) elements in X .
We now want to show that the following directional derivative is well-defined:

V psort (zTX) [——— %iII(l) % (sort((z* + 5v)TX) — sort (Z*TX))
—

for all z* € separators o p(t; z, ®(X)) and unit norm vector v € R”.

We break down the rest of the proof in two cases.

Case 1: |unique(X)| > 1.

Limiting behavior of (z* + 6v) " X as § — 0.

Let z, 2’ be two distinct elements in unique(X), that is, ||z — 2/||2 > 0. If z* € separators o
p(t; 2, ®(X)), then we have |z* 'z — 2*T2’| = ¢ > 0; see Lemma 3. Let 23(0) = z* + v
where v € RP is a unit norm vector and ¢ = gap(z*' X) > 0 — which is well-defined since
|unique(X)| > 1. Then, we have

3

s 17O @ =) = 17+ 60) T (@ = )

V distinct z, 2’ € unique(X),d <

(a)
> 2" (@ = 2)l2 = dljo " (= — a)|2

(®) €

> - - _/
¢ 2diam(X)”x 2
© € €

>e—S =-S5,
=fT5 79

where (a) is due to the triangle inequality, (b) is due to |z*Tx — 2T | =cand § < m, and
(c) is due to ||z — 2'||2 < diam(X). Therefore, the vector z(d) separates distinct elements of X
in 2*(8) " X — for all unit norm vectors v € R” and § < m. On the other hand, if z, 2’ are

two identical elements in X, then we have 27 (0) "z = 2#(§) "2’ — that is, the repeated elements
in X correspond to the repeated elements in z(§) " X. Therefore, we have [unique(z(6) " X)| =
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|unique(X)|, or equivalently z(5) " € separators o p(t; z, X).
Directional derivative of sort o root o p(t; z, X) at z = z*.
Let z* € separators o p(t; z, ®(X)). Then, we have

sort o root o p(t; 2%, X ) = (z xﬂz*(n))ne[m

where 7,- : [N] — [N] is a permutation operator such that z*TxWZ*(l) > Z*Tasﬁz*@) > >

*

z Tac,,z* (n)- The repeated elements in X do not change the value of the output of the sort function as

they correspond to the repeated elements in z*T X. In other words, 7.+ is not necessarily unique; but
our results do not depend on the specific choice of the permutation operator. The minimum distance
between distinct elements of z* ' X is & = gap(z* ' X) > 0. If 2%() is the perturbed version of z*
in directipn of.v su.ch that Hz* — 25Ol =0 < m, then z(9) € separators o p(t; z, X) —
see our discussion in the previous paragraph.

Claim 1 The following equality holds true:

Vn € [N]: z

T25(8) (TL) = :L'Trz* (’Vl) )

for any unit norm vector v € RP and § < , and any permutation operator s : [N] —

2diar€n(x)
[N] such that 25(5)1—36@5(5)(1) > z;k(é)wazms)(Q) > > Z:(é)T:rﬂz;(é)(N).
Proof Consider i,j € [N] where i > j. If 2., (j) = Z_.(;), then we have z;‘(d)waz*(j) >
z;j(é)T:cﬂz* (i) — as both terms are equal to each other. On the other hand, if z_, ;) # Zr_. (i) then
we have

T %

2(0) ) = 25(8) iy = (2 4 00) T (Tr_ () — Tr i)

@ * 1

22" (T () = Trn (i) = O Tm () — T2
(b) € 5
Zf—édlam(X)>€—§:§>O,

where (a) is due to Cauchy—Schwarz inequality, and (b) is due to [|x,_, (j) — Tr_. (5 ll2 < diam(X)

and 0 < m. Therefore, the permutation 7.« also sorts the elements of z(§) " X, that is,
Tr . (5 (n) = Tru(n)» forall n € [N]. m

Finally, for all d € [D], we have

: 1
Ve sort o root o p(t; z, ®(X )| =z @ Jim sort((z* 4 deq) ' X) — sort(z*TX)>
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where (a) is due to the definition of the directional derivation, (b) follows from the definition of
permutation operator in sort function, and (c) follows from Claim 1.

Case 2: |unique(X)| = 1.

This directional derivative is well-defined if |unique(X)| = 1, that is,

Vysort (27 X)|,pe = %i_l)% % (sort((z* +6v) T X) — sort(z*TX))

T

= %L%g(((z + &U)Txﬂ’l(n))nE[N] — (2 Tmﬂ'Q(”))nE[N]) =v zl,

where 71, T2 : [N] — [N] are two permutation operators, and X = {{z,, : n € [N]|}} and z,, = =
for all n € [N], and 1 € R¥ is the vector of all ones. Therefore, for all z* € separators o
p(t;z,®(X)) = R”. And we have

Vd € [D] : V. sort o oot o p(t; z, ®(X)| s = ej x1.
This readily proves the proposition’s statement.

A.4. Two Illustrative examples

[Repeated Roots] Let N = D = 2, and ®(X) = (2 0 2 0 0)—r e R("5")-1 Z RS fora

multiset X. The goal is to recover X. In the proof of Proposition 5, Lemma 2 relates parameterized
moments of the multivariate polynomial p(¢; z, ®(X)) to (X)) using the following functions:

Vz = (21,22)" € R?: 4(z,1) = (21 22 0 0 O)T, P(z,2)=(0 0 27 222 z%)T
Since E,(z, X) = ()(z,n), ®(X)), forn € [2], then we have E1(z, X) = 227 and By (2, X) = 223.

We now can use Girard’s formula (see equation (7)):

al(z§X) = El(Z,X),ag(z;X) — %det (El(zyX) 1 ) '

EQ(Z,X) El(z, X),

to compute the coefficients of the multivariate polynomial as a;(z; X) = 221 and az(z; X) = 22.

We arrive at the following multivariate polynomial:
p(t;2, (X)) =% —a1(2; X)t +as(z; X) = 2 — 221t + 27 = (t — 21)%,

and roots o p(t;2,®(X) = 2" X = {{z1,21}}, forall z € R% Since unique(z'X) = 1 —
Vz € R? —- then we have separators o p(t; 2, ®(X) = R%. Let z* = (1,1)" € R? be a separator
vector. Therefore, we have sort(z " X)|,—.~ = (1,1) . We also have

sort(z +0e1) X|omor = (140,14 06) ", sort(z + dea) X[, = (1,1) 7.
for all 6 > 0. These quantities let us compute the directional derivatives in Proposition 6 as follows:
(€1T$7r2* (n))nE[Q] = (1, 1)—'—? (e;—l'ﬂ'z* (n))nE[Q} = (OaO)Tv

see equation (4). Finally, we arrive at X = &~ o ®(X) = {{(1,0), (1,0)}}. [Unique Roots] Let
N =D =2,and
N+D
o(X)=(-2 1 10 -7 5) eRCp ) TR
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for a multiset X. The goal is to recover X. Since E,,(z, X) = (¢(z,n), ®(X)), for n € [2], then
we have E1(z, X) = —221 + 29 and E(z, X) = 1027 — 142125 + 525. We now can use Girard’s
formula; see Lemma 2 and equation (7)):

a1 ) = Bl X)ens 0 = gt (B3] 52 )-

to compute the coefficients of the multivariate polynomial as a;(z; X) = —2z1 4+ 29 and ag(z; X ) =
—3z% — 22% + 5z129. We then have the following multivariate polynomial:

p(t;z, ®(X) = t2 + (221 — 2)t — 323 — 222 + 52129

To compute the roots of p(t; z, ®(X), we use the quadratic formula. The discriminant is given as
follows:

Az, X) = a1(2; X)% — 4as(z; X) = 1627 4+ 925 — 242120 = (421 — 322)°.

The parametric roots are r1(z, X) = 2(—a1(z; X) + \/A(z, X)) = 21 — 22 and 71(2,X) =
2(—a1(z; X)—/A(z, X)) = —321+229, thatis, rootsop(t; 2, (X) = 2" X = {{z1—20, —321+
2291}, for all z € R2. Since unique(z' X) =2 —Vz € R2\ {z € R?: 2y — 20 = —321 + 229}
—- then we have separators o p(t; 2, ®(X) = {z € R? : 21 # 225}. Let 2* = (1,1)" € R*be a

separator vector. Therefore, we have sort(z " X)|,—,~ = (0, —1)".

sort(z + dey) " X|omor = (0, =1 — 30) T, sort(z + deg) " X|omor = (=0, -1 +20) 7.

forall 0 < 6 < % Now we can compute the directional derivatives in Proposition 6 as follows:

(e] T (N))ne) = (1,=3) T, (€3 Zr . ())pepy = (—1,2) 7,

see equation (4). Finally, we arrive at X = @~ o ®(X) = {{(1,-1),(-3,2)}}.
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Appendix B. Proof of Theorem 3

The function f : Xp y — codom(f) is continuous over its domain, that is, p o ® is continuous over
Xp,n, and we have p = f o ®~1; see Theorem 8 and its proof for the definition of ® and its inverse.
Before proceeding with the proof, let us introduce the following set.

Definition 10 For any mutiset function ®, we let ®(Xp ) f {®(X): X e Xpn}.

With the notation in Definition 10, p = f o ®~! is a map from ®(Xp x) to codom(f). Using
Lemmas 4 and 5 and Fact 1, we show first that ®(Xp ) is a compact set.

Lemma4 & :Xpy — ®(Xp n) is a continuous and injective function.
Lemma 5 Xp y is a compact set.
Fact 1 (Pugh and Pugh 2002) The image of a compact set under continuous map is a compact set.

In Proposition 8, we prove that ®~! is a continuous function over the compact set ¢ (Xp,n).
Proposition 8 The function ®~! is continuous on the compact set ®(Xp ).

As a direct result of Proposition 8, p = f o ®~! is a continuous function on the compact subset
N+D)_1

o(Xpy) c RUD
. . (N+D)_1 . .
Fact 2 Since ®(Xp n) is a compact subset of R\ D , the continuous function p : ®(Xp ) —
N+D
codom( f) has a continuous extension to R( D )71, that is, there exists a continuous function

Pe : rCB7)-1 codom(p,) where

Vu € ®(Xp,n) : pe(u) = p(u),

and codom(f) C codom(pe). To see the continuous extension theorem, refer to (Deimling, 2010).

N+D
From Fact 2, there exists a continuous function p, : r("57)-1 codom(pe) where f(X) =

pe 0 ®(X) for all X € Xp . Finally, if we rename p, to p, we arrive at the theorem’s statement.

B.1. Proof of Lemma 4

As a direct result of Theorem 8, ® is an injective function as it is invertible over its domain. The
continuity of ® follows from the continuity of ¢ — see Lemma 6.

Lemma 6 Let ¢ : D — codom(¢) C RX be a continuous function on metric space (D, d) and
® : Xpy — codom(®) C RE, ®(X) =Y\ é(z) for K,N € N. Then, ® is a continuous
multiset function on Xp n. The same result is also valid on domain Xp n.

Proof We use the following the notion of distance between multisets with elements in D:

o0 otherwise,

du (X, X') = { (12)
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where N, € [N], | - | returns the cardinality of its input multiset, II(V,) is the set of permutation
operators on [No], X = {{zp, : n € [|X|]}}, and X' = {{a], : n € [| X"|]}}.

Following the definition of continuity, for any ¢ > 0, we want to find a §(g) such that if
dy (X, X') < d(e), then || (X)) — P(X')|2 < e.

For any § > 0 and X € Xp 1, let X' € Xp ] be such that dy (X, X') < 6, that is, both
multisets have the same size of | X| = |X'| = N, € [N] and there is a permutation operator
7 ¢ [No] = [No] such that dp (X, X') \/Znew]d T, X ( ))2 < 0. It suffices to show the

following:
[2(X) = (X" )la = | Y d(x) — > o Hz Z [6(2n) — A2 (n))]l2
rzeX r’eX’ n€[No]

< S max |é(zn) - dlaa + )z <,

RD: 5
WG veRP ol

(b)

where (a) is due to the triangle inequality, (b) is due to ||z, — (n) |2 <6, forall n € [N,].
It suffices to show that for any € > 0, there exits a d(¢) such that

Vn € [N],v € RP |jv]la < 6(¢) : |o(xn) — d(zn +v)]2 < N7le < Ny le
Since ¢ is a continuous function, there exists a d,(x,,, N~ 1e) > 0 such that
Vv € RP, [vll2 < Go(wn, N71e) : |¢(xn) = plan + v)|l2 < N'e

If we let 0(e) = min,e(n,) 0 (20, N 'e) > 0, then we have || ®(X) — ®(X')||2 < e. Therefore, &
is a continuous function. The same result is also valid on domain Xp . |

B.2. Proof of Lemma 5

Let OC(.S) be the set of all open covers of a topological space S.

Fact 3 (Engelking 1989) A topological space S is compact if any open cover of S has a finite
subcover.

Definition 11 We define the following maps between subsets of Xp n and D C RP.

s LetUC DN and T = [x1,...,2N] € U. Then, we let set(T )dﬁf {{zn :n € [N]}} e Xpn

and set(U) e {set(T") : T € U} C Xp n

e Let VC Xp y and X = {{x,, : n € [N]}} € V. Then, we let
def
mat(X) = zrys - Tany] : m € (N)} C RP

and mat(V) € | gy mat(X) C RP,

where II(N) is the set of permutation operators w : [N] — [N] for N € N.
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Given a matrix, the function set maps it to a multiset. In contrast, the function mat creates all
possible matrices by rearranging elements of its input multiset.

Claim2 [f{V): ) € A} € OC(Xp ), then {mat(Vy) : A € A} € OC(DM).
Claim3 If{Uy: A € A} € OC(DY), then {set(U,) : A € A} € OC(Xp n)

Let {Vy : A € A} be an open cover for Xp . From Claim 2, {mat(Vy) : A € A} is an open
cover for DV — a closed and bounded subset of R”. Therefore, there is a finite subsequence
{mat(Vy,) : k € [K]} that forms an open cover for D"V. From Claim 3, {set o mat(V,,) : k €
(K]} = {V), : k € [K]}, is a finite open cover for Xp n. Therefore, Xp y is a compact set.

Proof of Claim 2 To prove {mat(V,) : A € A} is an open cover for DV, we first show that for all
T € DV C RV*P we have T € mat(V)) fora A € A.

Let T = [z1,...,2x] € DV. Then, we have set(T) = {{x,, : n € [N]}} € V) C Xp v fora
A € A. Since the following holds true:

Vo € II(N) : [27a1), - -+, Tr(v)] € mat(Vy),

then, we have T € mat(V,). Therefore, {mat(V,) : A € A} forms a cover for DV,

Next, we prove that mat(V)) is an open set. Let T" = [z1,...,zx] € mat(V)), e > 0, and
N(T,e) = {T' € RN*P . |T —T'||p < €}. We want to show that for small enough ¢ > 0,
N(T,e) C mat(Vy).

Forall 7" = [z}, ..., 2'y] € N(T,¢), we have

de(X.X) = min, ¢ S Now — ol I3 < 7~ T')le <, where X' = {{a] :n € [N]}.
ne[N]

Since V) is an open set, for any X € V), there exists € > 0 such that X’ € V) where dp; (X, X’) <
e. Therefore, we have 77 € mat(V,). Since this is the case for all 7" € N (T, ¢), we have
N(T,e) C mat(Vy,), that is, mat(V}) is an open set.

Proof of Claim 3 To prove {set(U,) : A\ € A} is an open cover for Xp n, we first show that for
all X € Xp n, we have X € set(U,) fora A € A.

Let X = {{zn : n € [N]}} € Xpn. Since Ty = [@r(1; - - -, Tn(ry] € DY —forall m € II(N)
— we have Ty € U) fora A € A. Therefore, we have set(T) = {{z,) : n € [N]}} = X €
set(Uy). This proves that {set(Uy) : A € A} is a cover for Xp y.

We now prove that set(U)) is an open set. Let X = {{z, : n € [N]}} € set(U,), e > 0,
N(X,e) ={X' € Xgp y : du(X,X') < e}, and T = [z1,...,2N]. We want to show that for
small enough ¢ > 0, N (X, ) C set(U,).

Forall X' = {{«], : n € [N]}} € N(X,¢), we have

T —Th|lF = dy(X, X') < e where T, = [37;(1)’ e ,x;(N)],

for a permutation operator 7 : [IN] — [IN] that best match elements of X and X’. Since Uy, is an
open subset, there exists € > 0 such that T € U,. Therefore, we have X’ = set(7) € set(Uy).
Since this is the case for all X’ € N(X,¢), we have V' (X, e) C set(Uy,), that is, set(U)) is an open
set.
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B.3. Proof of Proposition 8

By definition of continuity, we want to show that, for any ¢ > 0 and X € Xp y, there exists
d¢(e) > 0 such that

VX' € Xpn, |®(X) — B(X)||l2 < 5p(e) : dp (@ o ®(X) =D Lo (X)) <&
: dM(X, X’) <e

where d is given in equation (12). We use the result in Lemma 7 to establish the continuity of ®~*
over ®(Xp ).

Lemma 7 Let X € Xp n. The parameterized multiset that consists of the root of the polynomial
p(t; 2, ®(X)) in equation (3) (that is, 2" X ) varies continuously with ®(X). More precisely, for all
e > 0, there exists 0() > 0 such that

VX' € Xpu, [|[®(X) — ®(X')|l2 < d(e): max dy(z' X, 2" X') <e
2€RD:||z]|2=1

Lete >0, X = {{z,, : n € [N]}} and X' = {{:1:],; :n € [N]}} € Xp,y. From Lemma 7, if
|P(X) — ®(X')||2 < d(¢), then we have

Vz e RP |lzlla =1 :dy (2" X, 2" X') Z 2T an — 2Tal. P <e
ne[N]

for a permutation operator 7* : [N] — [N]. Then, we have

T

VzeRP |z|la=1,n € [N]: |2 ap — 2" ()| <e.

-1 .
Ifxn—x;*(n) #0and z = ||xn—x;*(n)|]2 (mn—m;*(n)),thenwehave arrive at Hxn—m;*(n)ﬂg <eg,

where n € [N]. If z, — /. «(ny = 0, then |2n — 2, *(n)||2 < € is trivially the case. Therefore, we

have
Ay (X, X') = min \/2 e — at I3 < Ve,

well(N) cIV]

where TI( V) is the set of permutation operators on [N]. Finally, we establish the continuity of ®~*
on ®(Xp ) by letting d7(c) = 6(\/~) that is,
€

VX' € Xpn, [[®(X) — ®(X)||s < df(e): ma dy(z" X, 2TX") < —
b [90X) = B(X)la < 85(0): _max d( )<=
Ay (X, X') < e
Proof of Lemma 7. We construct the the polynomial p(¢; z, ®(X)) in equation (3), that is,
VteR,z€RP 1 p(t;2, (X)) =t" + D (=1)"an(z X)t" "
né€[N]

by first computing the following parameterized moments:

Vn € [N],z € RP : E,(2,X) = (¢(2,n), ®(X)).
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Fact4 For a fixed z € RP and n € [N], E,(z, X) is a linear function of ®(X). Furthermore,
E,(z,X) is a continuous functions of (z, ®(X)).

The coefficients of p(t; z, ®(X)) are polynomial functions of the moments (En(z7 X ))
the Newton-Girard equation (7).

ne[N]> S€€

Fact 5 The coefficients of the polynomial p(t; 2, ®(X)) in equation (3) vary continuously with the
moments (Ey(z, X))ne[N]‘

Therefore, the coefficients of the polynomial p(t; z, ®(X)) in equation (3) vary continuously with
(z,®(X)); see Facts 4 and 5.

Theorem 9 (Curgus and Mascioni, 2006) The function f : CN — CN, which associates every
a = (an)ne[n] € CN to the multiset of roots, f(a) € CV, of the monic polynomial formed using a
as the coefficient, i.e., N otV 4. 4 (—l)NflaN_lac + (—1)NaN, is a homeomorphism.

From Theorem 9, Facts 4, and 5, the parameterized root multiset of p(t; z,®(X)) (that is, 2T X)
vary continuously with (z, ®(X)). Therefore, for all X € Xp v, 2 € R” and € > 0, there exists
d(e,z) > 0 such

VX' € Xp, [|[®(X) — ®(X')|l2 < (e, 2) s dur (2T X, 2T X') < e.
We may fix the norm of the vector z to one, since by definition of dj; in equation (12), we have
Va e R:dy((az2)"X, (a2)"X") = |aldy (2" X, 2" X'
After this normalization, for all £ > 0, we have
VX' € Xpn,z € RP ||z]a = 1, |®(X) — B(X")||l2 < 8(e,2) : dpr(2 X, 2" X') < e.
Let z* € argmaxZeRD:Hsz:ldM(zTX, 2T X"). Then, we have
VX' € Xpn, [®(X) = D(X)|l2 < 8(e, 2%) : max, cgp |, ,1du (2" X, 2T X') <,

which proves the statement if z* exists. Therefore, we need to prove the existence of z*.
The set {z € RP : ||z|l2 = 1} is compact. If we prove that dp;(z " X, 2T X') is a continuous function
of z, then by the extreme-value theorem (Stein and Shakarchi, 2010), z* does exist. To this end,
we show that d3,(z" X, 2" X’) (and hence dps(2" X, 2" X)) is continuous. We use the following
first-order perturbation analysis:
dy((z+d2) X, (24 d2) " X') = > |(z+d2) wn — (z+d2) " 2, E
]

Tz+dz (n)
ne(N

where 7,14, : [N] — [IV] is a permutation operator that best matches elements of perturbed multisets
(24dz)TX and (2 +dz)T X'. Let X" = {{xn—x;z(n) :n € [N]}}. As we discussed in the proof of

. . X .
Proposition 6, if ||dz||2 < % —gap(z" X") # Osince X # X' —-then x;z(n) = x;rz+dz(n)

for all n € [N]. Therefore, we have
i (2 +dz) "X, (2 +dz2) ' X') = d (=" X, 2T X") + O(||dz]3),

that is, dps (2" X, 2T X') is a continuous function of z. This concludes the proof.
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Appendix C. Proof of Theorem 4

C.1. Extension of Theorem 8

Let D be a compact subset of R”, that is, compact D # RP. The encoding function ®(X) =
Y sex ¢(x) — where ¢ : D — codom(¢) — is an injective map over multisets with exactly
N elements, that is, @~ o ®(X) = X where X € Xp,n. To extend the result to multisets of
variable sizes, we follow the proof sketch for the one-dimensional case (Wagstaff et al., 2019). Let
zo € RP \ D. Then, we define ¢'(z) = ¢(z) — ¢(x,). For a multiset X € Xp,[n) with [ X[ < N
elements, we have

VX € Xpy =Y @) =) ¢(z) - |X[o(xo)
reX rzeX
=O(XU{{xoy...,20}}) — Nop(xo)
N——
N—|X]|
=d(X U{{xo,...,25}}) + const
N——
N—|X|
where const = —N¢(z,). Since  is injective over Xp n, @’ is an injective map. That is to say,
VX € Xp |y (<I>—1 o ((X) — const)) ND = (<1>—1 o ®(X U {{zo, ... ,xo}})> nD
X1
N—

- (XU{{I‘OV"?J;O}})H]D)
—_———
N-|X]|
= X.

Therefore, we have &~ (U) = & (U — const) NDforall U € &' (Xpy)) = {®'(X): X €
Xp,(n)}- If we define p = fo (®')~! where dom(p) = @'(Xp,[n]), then we have f(X) = po ®'(X)
forall X' € Xp yj. We arrive at the theorem’s exact statement by renaming d' to P.

C.2. Extension of Theorem 3

Let D be a compact subset of R”| that is, compact D # RP. In Lemma 5, we prove that Xp,isa
compact set, for all n € N. Since Xp [y is a finite union of compact sets, that is,

Xp,n] = U Xp,n,

itself is a compact set (Sutherland, 2009). Since @’ is a continuous map (see Lemma 6), ®'(Xp, ;n7)
is also a compact set (Pugh and Pugh, 2002).

Now let us show that &'~ is a continuous map over compact set codom(®) = &' (Xp,[n7)-
We have to show that for all ¢ > 0 and all X, X" € Xp, | such that [|®'(X) — &'(X')[[2 < (¢)
we have dy (9" o ®'(X),® ' o & (X')) < e where 6(c) > 0 and dyy is the matching distance
between multisets, that is,

MiNyjjection 7:[No]=[No] \/Zne[No} |zn — $;(n)||% if |X[=[X'|=N

dy (X, X') =
5 if |X] # X7,
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where X = {{z,, : n € [No]}}, X' = {{z], : n € [No]}}, No € [N]. On the other hand, we have
& HU) =1 (U — const) ND forall U € ®'(Xp [y]) where @1 is a continuous function; see
Proposition 8.

Consider the continuous function ¥(U) = & (U — const) where U € @' (Xp ). By
definition of continuity, for all ¢ > 0 and all X, X" € Xp, ;7 such that [|®'(X) — &'(X")||l2 < d(¢)
we have dj (Vo ®'(X), Vo ®'(X’)) < e where §(¢) > 0. Since we have,

Uod(X)=XU{{zo,...,x0}}
N—|X|
Vod (X')=X'U{{xo,...,20}},

N—|X'|

we can simplify dp; (W o @' (X), ¥ o &' (X')) < ¢ as follows:

dy (X U{zo, ... 20} }, X' U{{z0,...,20}}) <e.
N-|X]| N—|X|

If X and X’ have different number of elements in D, then we have ¢ > inf,cp ||z — 2|[2. Let
€o > 0 be such that e, < infyep ||z — 202 If we pick 0 < € < &, then X and X’ have the same
number of elements in D and

dy (@) Lo @ (X),(®) o ® (X)) =dy (Vo d®(X)ND,¥od(X)ND)
=dy(Pod'(X),Vod (X)) <e

1'is a continuous

. , (N+D)71 . . X (N+D)71
function on compact set ®'(Xp, ) C R\ » , and it has a continuous extension to R\ » ;

refer to Fact 2. We arrive at the theorem’s statement by renaming @’ to ®.

That is, (®’) ! is a continuous function over ®'(Xp, (). Therefore, p = f o (®')~
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Appendix D. Proof of Proposition 1

Let @ : Xp ;5] — codom(®’) where N = max{Ny, Na}, '(X) = > .y ¢'(v), and ¢’ is given

in the proof of Theorem 4. The function &' is injective on Xp [y} and (®’)~! is continuous on
compact set (I)/(X]D),[N])- Since Xp [x,] and Xp |, are compact subsets of Xp ] € R(NgD)_l, the

function @' is injective on @' (Xp, y,1) and ®’(Xp, [y,]) and (')~ is continuous on both domains.
We define the following function:

VU € ' (Xp 1), Uz € ®' (Xpvy)) = p(U1, Ua) = f((®) 1 (U1), (9) " (U2)).

If f is a continuous multiset function, p (defined above) is a continuous function on its compact
domain @' (Xp, n,)) x ®'(Xp,[n,)) as it is the composition of continuous functions. Therefore, it has
N+D)

D

. ion to RCE7)1 5 R(V57)1
a continuous extension to R\ D x R : refer to Fact 2.
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Appendix E. Proof of Theorem 5
We define ¢ : RP — codom(¢) € CP*N as follows:
Ve eRP 1 ¢(z) = (r(z) r(2)®2 -+ r(x)®N) e CP*N, (13)

where r(z) = x + 1i(x)j, 1 € RP is a vector of all ones, [ : R” — R is a continuous function,
j =+/—1, and © computes elementwise exponents.

Fact 6 The function ¢ is continuous.

Lemma 8 Let ¢ be the function defined in equation (13). Then, the function ®(X) =+ ¢(x)
is injective on X]IR D N

def 1

Let @(X%D N) = {®(X) : X € Xyp o). From Lemma 8, there exists an inverse function
o' B(Xfp ) = Xfp o thatis, @71 o &(X) = X forall X € Xpp . We construct
p: @(XfRD ~) — codom(f) as p = f o ®~1. This completes the proof as follows:

VX €Xpp v po ®(X) = fod o d(X) = f(X).

E.1. Proof of Lemma 8

From equation (13), we have

VX € XfRD,N D P(X) = Z (r(z) r(@)® - r(2)®N) e PN, (14)
zeX

Definition 12 Let @gelep be the continuous function introduced in Deep Sets paper (Zaheer et al.,

2017), viz., @) © Paeep = X where Paeep(X) = (X pex - » Yopex V), where X € Xe

is a multiset of N scalars in C. With slight abuse of notation, we generalize this definition to the
following row-wise function:

q)deep(Xl) (I)(;elep © (I)deep(Xl) Xl
VXl,...,XDEX(C,N: (I)(;elep( ): =
q)deep (XD) (I);elep S (I)deep(XD) XD

Definition 13 Let X = {{z, € C : n € [N]}} € Xc n be a multiset of N complex-valued
elements. We then define the function sort as follows:

sort(X) = (Re(ac,r(n)))new] € RY,

where 7 : [N] — [N] is any permutation operator such that Im (1)) < --- < Im(z(y)).

Definition 14 Let Xy, ..., Xp € X y be multisets of N complex-valued elements. We then define
the function sortvec as follows:
X1 e sort(X7)
sortvec(| @ |)={{ : eRP:ne[N]}} e Xgo NS
Xp e, sort(Xp)

where e, € RN is the n-th standard basis vector for RY.
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Remark 10 Permutation operators in Definitions 13 and 14 may not be unique. This happens if the
input multiset has at least two elements with nonunique imaginary parts. If this is the case, functions
sort and sortvec are both ill-defined. In what follows, we show that for certain inputs of interest
both functions are indeed well-defined.

Let W : CID(XfRD N) XfRD  Where ¥ = sortvec o @;elep. Then, for all X € XfRD > We have
Vo ®(X) = sortvec o @gele)p o d(X)
@ sortvec o @gelep( Z (z+ U(z)j) (z+1U(x)))®* - (z+1U)j)N))
zeX
) Yaexelz+U(a)j - Yoex(efz+1Ux))Y
® sortvec o @gelep( : )
Yeexepr H1@)j o Ypex(epr +Ux)h)N

© Paeep({{e] @ +1(z)j : v € X}})

©) -1
= sortvec o @deep(

: )
Pacep({{epz +1(2)j : v € X}})
. {{efz+U(@)j: 2z € X))

= Sortvec( : )

{{epe +1(a)j : x € X}}

where (a) is due to equations (14) and (13), (b) follows from explicitly writing the elements of ®(X),
(c) follows from the definition of ®qecp, (see Definition 12), and finally (d) is due to the fact that we
allow <I>5616p to operate elementwise.

Case 1 (Distinct Identifiers). Let X = {{x,, : n € [N]}}. If all elements of I(X) = {{l(x) :

x € X }} are unique, then we have

Vd € [D] :sort({{ejz +1(z)j : 2 € X}}) = (g Tr(n)) e RN

ne[N]
where 7 : [N] — [N] is the permutation operator such that [(z(1)) < --+ < l(xz(x)). Then, we
have

61 xw(n)

Vod(X)={{| in € [N} = {{zrm) :n € [N}} = X.
T

e Dxﬂ.(n)
Case 2 (Repeated Identifiers). If /(X) has repeated elements, then there exists at least two distinct
permutation operators 7 and 7’ (7 # 7’) that sort the elements of [(X), that is,

Uzm)) < Uw(z) < S UTw(vy)-

In this case, we have [(2(n)) = (25 (y)) for all n € [N] — even though 7(n) # «'(n) for some
n € [N]. From Definition 2, since [(Zr(n)) = l(Zx/(n)), We have /() = T,y Where n € [N].
Consequently, we have

Vd € [D]: sort({{egx +il(x)j:ze X}}) = (edeﬂ(n))ne[N]

= (e;rxw/(n))ne[m S RV,
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Therefore, even though there are multiple permutation operators that sorts the elements of {{egx +
l(x)j : = € X}}, the output of the sort function remains unchanged, that is, sort is a well-defined

function for any element of X € XfR DN Consequently, sortvec is well-defined on XZR DN and we
have
61rwﬂ.1 (n)
VX € Xfp 0 o B(X) = {{ : :n € [N]}}
CBJL‘WD (n)
(@) el—xm(n)
a .
={{ : :n € [N]}} = X,
e};xm (n)

where 74 is a permutation operator that sorts the elements of {{ejz + {(z)j : z € X }} — for all
d € [D] — and (a) is due t0 &y, () = Zr;(n) forall i, j € [D] and n € [N]. Therefore, we have

VX € X]ZRDJV = Vo ®(X) = sortvec o @gelep o d(X) =X,

that is, ¥ = sortvec o @;elep is well-defined on @(X]IRD y)and ¥ =&t @(X]ZRD ~)
l

RD N*

!
— XRD’N.

This proves that ® is an injective function on X
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Appendix F. Proof of Proposition 2

The proof is similar to that of Theorem 4. Let ID be a compact subset of R”, that is, D # R,

The encoding function ¢ : D — codom(¢) (defined in the proof Theorem 5) such that ®(X) =
> ex ¢(z) is an injective map over multisets with exactly IV elements, that is, @' o ®(X) = X
where X € Xﬁ)y n and [ : D — R is the continuous identifier function. Let z, € RP \ D. Then, we

define ¢/ (z) = ¢(z) — ¢(x,). For a multiset X € XL | with |X| < N elements, we have

D,[N
VX € Xp 1y = @)= dx) — [X|(xo)
reX zeX
=X U{{xo,...,20}}) — No(x0)
——
N—|X|
=®(X U{{xo,...,x0}}) + const
———
N—-[X]
where const = —N¢(x,). Since ® is injective over Xp, , ®’ is an injective map. That is to say,

VX € Xb 1y (cb—l o (@'(X) - const)> ND= (qu 0 ®(X U{{zo,... ,xo}})> nD
N—|X]|
= (X U{{zo,...,xz}})ND
N-|X]|
= X.

Therefore, we have & ~'(U) = &1 (U — const) ND forall U € /(X V] ) ={P(X): X €
X]l])ﬁ[N]}. If we define p = f o (®')~! where dom(p) = ®'(X} [nv])» then we have f(X) = po P’ (X)
forall X € X]ID) IN]' We arrive at the exact form of sum-decomposition by renaming &’ to ®.
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Appendix G. Proof of Proposition 3

Let X € Xgp y. For any rational-valued vectors x, 2" € X such that [(z) = ("), we have

const Z (zq — ) log ((d) = 0, (15)
de[D]

where x4 and z/; are d-th elements of = and 2/, and const € N is such that yq def const(zq—zl) € Z
— for all d € [D]. From equation (15), we have

> yalog¢(d) =0 = J] (o) =1.

de[D] de[D]

Therefore, we have
IT ¢@ = ] ¢ =neN (16)
de[D] de[D]
Ya>0 —ya>0

Both sides of equation (16) are prime number decompositions of an integer n € N with completely
exclusive set of prime numbers. Therefore, we have n = 1 which results in y; = const(xzq — /) =0
for all d € [D], that is, z = 2. This proves the following result:

Vo, o' € X(eXgoy) @ l(z) =1(a') — =2

Finally, since [ is a continuous linear function on R”, Xgp, is an [-identifiable set.
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Appendix H. Proof of Lemma 1

We need to show for any X € Xp y, there exists a sequence {X,, € Xomy,ny :n €N } such that
limy, 00 @(X,,) = ®(X). From Lemma 6, ¢ is a continuous map. Therefore, we simply need to
prove the following property:
VX e Xpy: lim X, = X,
n—oo

where X, € Xgp),n for all n € N. By definition, we want show Ve > 0, 3N (¢) € N such that
Vn > N(e) : dy (X', X) < e.

Let N, (z) = {y € Q(D) : ||z — y|2 < 1} be a bounded set centered at z € D and n € N. It is
important to note that A, () is a nonempty set for all n € N, that is, the intersection of Q(D) with
the nonempty interior of D is nonempty because Q(D) is a dense subset of D. We let ¢, (x) be any
random point in Ay, (). Then, for any X € Xp n, we let X, = {{gn(z) : v € X}} € Xgmy,n- By
construction, we have

dy(Xn, X) < \/Nmaﬁda: — qu()|3 < VNn~L.
e

If we let N(e) = L@j + 1, then dps(Xp, X) < e for all n > N(eg). Therefore, we have
limy, 00 dps(Xp, X) = 0, that is, lim,, oo X" = X. Any realization of the random process
{ X, }nen forms a sequence in X@(),n that converges to X, that is, Xgp), n is a dense subset of
X]D)j N-

The function ® in Theorem 5 is continuous; see Fact 6 and Lemma 6. Furthermore, we showed
that XQ(D% ~ is a dense subset of Xp . Therefore, for any U € ®(Xp y) there exists (at least) a
X € Xp,n such that U = ®(X). Let {X,, € Xg(p),n : n € N} be such that lim;, ;0 X, = X.
Since @ is a continuous map, we have lim,,_,oc ®(X,,) = ®(X). That is, there exists a sequence
{Un = ©(X,) € 2(Xgm),n) : n € N} such that limy, o U, = U. This proves that ®(Xgm), n)
is a dense subset of ®(Xp ). This completes the proof.
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Appendix I. Proof of Theorem 6

Fact7 Let D be a compact subset of RP with nonempty interior. The function ¢ in Proposition 3 is
continuous. Its associated multiset function ® : Xp ny — codom(®) is a continuous function (see
Lemma 4)

From Fact 7 and Corollary 1, there exist a continuous multiset function and

® : Xp n — codom(®) C CP*V,
and p : ®(Xgpy,n) — codom(p) such that
VX € Xgmyw : F(X) =p( D éx)) = pod(X).

In this proof, we want to define the function p. : ®(Xp n) — codom(p,) as follows:

VZ € ®(XpnN) : pe(Z) = Zligzp(Zn), (17)

where Z,, € @(XQ(D), n) for all n € N. The goal is to show that p, is (1) well-defined and (2)
continuous over its compact domain ®(Xp ). If these two conditions are valid, we let Z = ®(X)
®(Xgm),n) where X € Xy v and {Z,, € ®(Xgm),n) : Zn = Z,n € N}. Then, we have

VX € Xgmyn : f(X) = pe o ®(X) = po @(X).

Proposition 9 (Well-definedness) Ler Z o {Z, € ®(Xgm),n) : n € N} be the convergent

sequence, that is, lim,,_,~ Z,, = Z. Given a continuous multiset function f : Xp ny — codom( f),
let p : ®(Xgm),n) — codom(p) C f(Xpn) be defined in Corollary 1. Then, the sequence

p(2) def {p(Z,) : n € N} is convergent to a unique point in f(Xp n). The term limy,_. p(Z,,)
only depends on Z, and not specific choice of the sequence Z.

As a result of Proposition 9, the function p. : ®(Xp y) — codom(p.) C f(Xp ) is well-defined.
That is, limy, .7 p(Z,) does not depend on the specific convergent sequence Z so long as its
limiting point — lim,, . Z,, = Z — is fixed.

Proposition 10 (Continuity) The function p. is continuous on the compact domain ®(Xp n).

In summary, we have
VX € Xgyx : F(X) = pe o B(X),

where p. : ®(Xp ) — codom(p.) and ¢ : Xp y — codom(®P) are continuous functions. There-
fore, p. o ® is a continuous function on Xp n. Since XQ(D), N is a dense subset of Xp n (see
Lemma 1) and f : Xp y — codom( f) is a continuous multiset function, we have

VX € XID),N: f(X) = lim f(Xn)

n—oo

for any sequence { X, € Xgpy,y : n € N} where lim;, o, X;, = X. Therefore, we have

VX eXpny: f(X)= ILm pe 0 P(X,,).
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Since p. o P is a continuous function on Xp y, we have

VX eXpny: f(X)= nli_)n;ope o ®(X,) = peo @(nILH;oXn) = pe 0 D(X).

We argue that p, has a continuous extension to CP*¥ . The set Xp,n is a compact set. From
Lemma 6, ®(Xp, ) is also a compact set. Finally, Fact 1 shows this continuous extension is admitted.
After renaming p,. to p, we arrive at the exact statement of the theorem.

L.1. Proof of Proposition 9

Lemma9 Let Z % {Zy € ®(Xgm),n) : n € N} be the convergent sequence, that is,

lim Z, =7 € (I)(XD,N)~

n—oo

Given a continuous multiset function f : Xp y — codom(f), let

p: ®(Xgm),n) — codom(p) C f(Xp,n)

def

be defined in Corollary 1. The sequence p(Z) = {p(Z,) : n € N} is Cauchy in compact metric
space (f(Xp,n), | - ll2)-

Theorem 10 (Attenborough, 2003) A Cauchy sequence in a compact metric space is convergent to
a point in the metric space.

def

Lemma 10 Let Z = {Z, € ®(Xgmn) : n € N} be the convergent sequence, that is,

lim, 00 Z, = Z € ®(Xp n). Given a continuous multiset function f : Xp y — codom(f),

let p : ‘I)(XQ(]D)),N) — codom(p) C f(Xp,n) be defined in Corollary 1. The sequence p(Z) def

{p(Zy) : n € N} is convergent to a unique point in f(Xp n). The term lim,,_, p(Zy) only depends
on Z = lim,_, Z,.

I.1.1. PROOF OF LEMMA 9
Fact 8 Every convergent sequence is Cauchy. Hence, the convergent sequence Z def {Z, :n e N}

is Cauchy in (®(Xomyn); || - [|F)-

From Fact 8, for any § > 0, there exists NV () € Nsuch that || Z,,, —Z,,, || < é forallny, ng > N(J).
Therefore, we have

Vi, ng > N(6) : [[@(Xn,) — ©(Xn,)[[F < 6. (18)

where X,, = ®~1(Z,) for all n € N. The set Xo(m),n is an [-identifiable subset of Xp y.

Proposition 11 Let Xyp ; iy be an l-identifiable set, and ®(Xgp ;; ) = {P(X) : X € Xpp v}
where ® is defined in equations (13) and (14). The function ®~ ' : P (Xgp ) n) — Xgpyy is
defined in the proof of Lemma 8. We claim that ® 1 is a continuous function on its domain.
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From Proposition 11, ®~! is a continuous function on ®(X¢py ). Since f is a continuous multiset
function on its domain, the function p = f o ®~! is continuous on @(XQ(D), ~)- By definition of
continuity, for any ¢ > 0 and ®(X) where X € Xq ) v, there exists 6(¢) > 0 such that

VX" € Xom),n ¢ [12(X) = 2(X")|[F < d(e) = [I£(X) = f(XT)]l2 <&, (19)

where X = @ 1o ®(X)and X' = &1 o &(X').
Comparing equation (18) to the left-hand-side of equation (19) — letting Z,,, = ®(X) and
Zn, = ®(X') — we have

Vni,ng > N(8(e)) : [f 0 @7H(Zn,) = fo @ (Zny)]2 <&,

thatis, f o ®~1(Z) = p(Z) is a Cauchy sequence; see Corollary 1 and proof of Theorem 5. Finally,
Lemma 5 and the following fact show that f(Xp n) is indeed a compact set, that is, (f(Xp n), || - [l2)
is a sequentially compact metric space.

Fact9 (Pugh and Pugh 2002) The image of a compact set under continuous map is a compact set.

Proof of Proposition 11 Lete > 0 and Z € ®(Xgp ;) — thatis, Z = ®(X) € CP*N for
a unique X € Xpp; n. We define Do(e, Z) = {Z' € ®(Xpn ) n) : |Z — Z'||r < €}. For any
Z' € Dg(e, Z), we have
(a)
dy(@71(2),071(7))) < sup  dy(X, 0o (Z+d2))

dZeCPxN.
Z+dZ€Dy (c,2)

Pacep({{ef z +1(x)j 1 v € X}})

® sup dp (X,<I>_1( : +dZ)
ngggﬂgg(i;z) @deep({{egx +il(x)j:x e X}})
{Helz+1(z)j +ri(x,dz1; X) 1w € X}}
© sup dys (X , sortvec( : ))
zﬁ%gﬁ;&m ez +1U(x)j +rp(z,dzp; X) : v € X}}

where (a) is due to the fact that we have || Z — Z'||p < € and @~ = sortvec o ®, p is well-defined
for Z,Z' € ®(Xgp /1, ~ ), (b) is due to the definition of & — see equations (13) and (14) — and the
fact that Z = ®(X), (c) is due letting dzg = eEdZ € CN where e is the d-th standard basis of R”

— for all d € [D] — and the fact that ® delep is a continuous function (Zaheer et al., 2017), that is,

Vd e [D], X € X ,x € X li ,dz; X) = 0.

DLX € Koy w €X: | rafe. ds X)

For any ¢ > 0, z € X, and d € [D], there exists a finite dq(e, 2; X) = supg,ep(e) [ra(z, dz; X))
where D(¢) = {z € CV : ||z||2 < €} and lim._,¢ d4(e, x; X) = 0. Forany e > 0 and X € Xgrp /1, N
we have

0% (e, X) ©f ax da(e,z; X) = sup |ra(x,dz; X)|, (20)
de[D],zeX de[D),zeX,dzeD(e)

where lim._,0 0*(¢, X) = 0. Let X = {{x,, : n € [N]}}. Then, we have

vd € [D] :sort({{ejz +1(z)j :x € X}}) = (edx (”))nG[N] cRY
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where 7 : [N] — [N] is a permutation operator such that [(z(1)) < -+ < l(z(n)). Even though

the permutation operator m may not be unique, sort is a well-defined function; see the proof of

Theorem 2. We let §(X) & {& : 6*(e, X) < (X))} and (X) & ming ey Li(2) — 1(2)] > 0

r#z’
where [ : RP — R is the continuous identifier function. From equation (20), we have

Vd € [D],e € S(X),z € X,dz € D(¢) : Im(ry(x,dz; X)) < §*(e, X) < (X)),
that is,

1
Vd € [D],e € S(X),z € X,dz € D(¢) : Im(rq(x,dz; X)) < minX§\l(a:) — (2.
z,x'€
rAz’

Therefore, dZ perturbs the imaginary components of {{e = + I(z)j + r4(x,dzq; X) : @ € X }} (for
any d € [D]) by at most 6* (¢, X) < min, ¢ x 3|l(z) — I(z')| and distinct elements do not switch
r#x!

place after adding the perturbation dZ. More precisely, for all d € [D], ¢ € S(X), and dz € D(¢),
we have
sort({{e;—x+l(x)j+rd(x, dz; X) 1z € X}}) = (e;lrxﬂl(n) +Re(rd(x7r/(n), dZ;X)))ne[N} € RN’
where 7’ : [N] — [N] is such that for all ¢ € S(X), we have

Vdz € D(e) : Uzp (1)) + Im(rg(am )y, dz; X)) < - < Wapny) + Im(rg(zq0 (v, dz; X)).

Since Im(rq(z, dz; X)) < min, ¢ x 5|(z) — {(z')], we also have the following inequalities:
r#z’

Uary) < - < Uap)- @21

Remark 11 The permutation operator ™' may vary with dz and x, if two (or more) elements of
{{l(z) : x € X}} are identical. A proper notation should be '(dz, x; X). For simplicity in notation,
we avoid expressing this proper parameterization.

Remark 12 The perturbation dz may switch the rank (or position) of two elements only if they are
equal to each other, that is, if [(2(1)) = (T (2)), then we may have

Wwprry) + Im(rg(z 1), dz; X)) < Uxpgy) + Im(rg(z,(2), dz; X)).

This does not provide any issue, since l(xﬂf(l)) < l(mﬁf(Q)). In short, independent of dz and x, 7' is
such that [(x1(1)) < -+ < T (y)-

From equation (21) and the definition of 7, we have l[(z(,)) = I(7 () for all n € [N] —even
though, we may have 7 # «’. From Definition 2, since l(mﬂ(n)) = l(xﬂ/(n)), we have /() = Tr(n)
for all n € [N]. Consequently, for all d € [D], ¢ € S(X) and dz € D(e), we have

sort({{ejz + ()] +rq(x,dz; X) : 2 € X}}) = (e:ira:ﬂ/(n) + Re(ra(Tx(n), dz;X)))nE[N}

sort({{ejz+1(z)j: z € X}}) = (e}xﬂ(n))ne[m = (e;lrxﬂ’(n))ne[zv]'
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Therefore, even though there are multiple permutation operators that sorts the elements of {{egx +
l(x)j + rq(x,dz; X) : € X}}, the output of the sort function gives an ordering that remains
unchanged for distinct elements of X for any z € X € Xgn; y and dz € D(g) where € € S(X).
Consequently, we have

du(®(Z), @71 (Z"))
Helz+1(x)j +ri(z,dz; X) 12 € X}}
< sup dy (X, sortvec( :

)

DXN. . :

Zﬁ%g@@(s;z) {{egsc—&—l(x)j—l—rD(a:,dzD;X) cx € X}}
@ e]—l‘ﬂj (n) + Re(rl (:Ewl (n)» le; X))
S e (X s n e [N)))

zfgggm(a,é) €hTrp(n) + Re(rp (T (n), dzp; X))
) eirxm(n))
< sup duyr ({{ : :n € [N]}},

dZeCP XN, T
Z+dZeDg (¢,7) €D$7rD(n))

GISUm(n) + Re(r1(Tr, (n), dz1; X))

{ : in e [N]}})
egl’ﬂD(n) + Re(rp(zr,n), dzp; X))

© Re(r1 (24, (), dz1; X))

< sw > | z I3

ey \ "€ \Re(rp(2ry(n), dzp; X))

Z+dZeDg (¢,2)

(@
< VDN sup |ra(x,dz; X)| = VDN (e, X)
de[D],zeX,dzeD(e)

where (a) uses permutation operators g : [N] — [N] and it depends on elements of {{ry(z,dz1; X) :
v € X}, but vy () = Tp(p) foralln € [N] and d € [D], (b) follows from the fact that z,(,,) =
Trn) foralln € [N] and d € [D], (c) follows from the definition of the matching distance dyy,
and (d) follows from the fact that if dZ € CP*¥ is such that Z + dZ € Dg(e, Z), then its
individual rows dzi,...,dzp € RY have norms upper bounded by ¢, that is, dzy € D(e) and
|Re(rq(x,dzq; X))| < |ra(x,dzq; X)| for all d € [D].

Continuity Statement. For any Z = ®(X) € ®(Xgp y) and § > 0, there exists a positive
e(6) € {e' € S(X) : VDNo*(¢', X) < §} where

VZ' € ®(Xgo y) : |12 — Z'||lp < €(8) = du(@7(2), 271 (2")) < 6.
1.1.2. PROOF OF LEMMA 10

Let 21 = {Zl,n € (I)(XQ(]D)),N) tn e N} and Zy = {ZQm S (I)(XQ(]D)),N) tn e N} be two
sequences such that lim,, o 21,5, = limy, 00 Z2, = 2.
From Lemma 9, the following limits are well-defined:

Jim p(Z1n) = f1, lim p(Z2n) = f2 € f(Xp,N).
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We construct Z = {Z,, : n € N} in @(XQ(D)W) where Zs, = Z1, and Zy, 11 = Z, for all
n € N. By construction, we have lim,,_,., Z,, = Z. Since all convergent sequences are Cauchy, Z is
a Cauchy sequence. Therefore, from our discussion the proof of Lemma 9, the sequence p(Z) must
converge to f* € f(Xp n).

Fact 10 Every subsequence of a convergent sequence converges to the same limit as the original
sequence.

Both p(Z1) and p(Z2) are subsequences of the convergent sequence p(Z). Therefore, we have
lim p(Z1,) = lim p(Z2,) = lim p(Z,) = f7,
n—00 n—00 n—00

that is, fi = fa. Therefore, the limit of p(Z) only depends on the limit of the sequence Z.

L.2. Proof of Proposition 10
We want to show that, for any ®(X) € ®(Xp y) and € > 0, there is 6(¢) > 0 such that

VX' € Xo ¢ [B(X) = B(X)|p < 3(e) > pe0 B(X) — peo B(X)| <. (22)

We first use the definition of p. to reforulate the left-hand-side of equation (22) in terms of convergent
sequences in CI)(XQ(DL ~)- This is formalized in Lemma 11.

Lemma 11 Ler X, X' € Xp y. There exist convergent sequences Z, def {Zyn € (I)(XQ(ID), N)
n € N} and Z, def {Zyn € ®(Xgm),n) : n € N} and Ny (0), Ny(0) € N such that

Vi > No(8) : || Zom — ®(X)||2 < 6
¥ > Ny(8) : || Zym — ®(X)||2 < 0.

forany § > 0. If ||®(X) — ®(X')||2 < 6, then we have

Vn > N(6) € max{N,(5), Ny()} : | Zom — Zym

‘2 < 36.
As the result of Lemma 11, the left-hand-side of equation (22) gives us the following inequality:
VX' eXpy: [|®(X) — (X' )||p <d,n>N(@O) = || Zon — Zynll2 < 39,

where N(6) € N, Z, = {Z,,, : n € N} and 2, = {Z,,, : n € N} are convergent sequences in
®(Xg(),n) (in Lemma 11), that is,

lim Z,, = ®(X), lim Z,, = ®(X') € ®(Xp ).

n—oo n—oo

In Lemma 11 we prove that convergent sequences Z, and Z, become arbitrary close to each other as
0 — 0. In Lemma 12, we use the fact that p (not p,.) is a continuous function on noncompact domain
®(Xg(m),~)» and argue that ||p(Zzn) — p(Zyn)||2 converges to zero as § — 0.
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Lemma 12 Forall Z € ®(Xgm),n) and u > 0, there exists a y(u) > 0 such that
VZ' € 2(Xqu)n) : 1Z = Z'llr <v(u) = [p(Z) = p(Z)]|2 < u.

Note that vy shows the functional dependence of the upper bound for ||Z — Z'|| for any value of
lp(Z) — p(Z")||a. For any 6 > 0, we have

vn > N,((s) : HP(an) - p<Zy,n)H2 < 0.

where N' (§) = N(min{g, @}) and N (0) € N, convergent sequences Z, = {Zy n, : n € N} and
Zy ={Zyn : n € N} are defined in Lemma 11.

We now use Lemma 12 to show that for all § > 0, we have
VX' € Xpy : [|®(X) — ®(X))||lp < 6,0 > N'(8) = [|0(Zam) — p(Zyn)ll2 < 6,

where Z, = {Z;» :n € N} and Z, = {Z, ,, : n € N} are the convergent sequences in (Xqm), v)
and N’ (9) is defined in Lemma 12.

Lemma 13 Let Z, = {Z;, € ®(Xgm)n) : n € N}y and 2, = {Z,,, € (Xgmy,n) : n € N}
be the convergent sequences in Lemma 11. For any 6 > 0, there exists N..(9), Né(é ) € N such that

Vn > NL(8): |[po Zen — pe o ®(X)|l2 <6
Vn > N} (8) : [|po Zyn — peo ®(X')|2 < 4.

Let |p(Zzn) — p(Zyn)ll2 < 8 foralln > N" (6) e max{ N, (d), N, (0), N'(8)}. Then, we have

Vn > N"(8): ||peo®(X) — peo®(X)|2 < 36.
Combining the results of Lemmas 11 to 13 we arrive at the following result:
VX' € Xp,y ¢ [|2(X) = 2(X")[F <0 = [lpe © B(X) — pe 0 R(X)||2 < 36,

that is, (¢) = § in equation (22), and p is a continuous function on the compact domain ®(Xp,y ).

1.2.1. PROOF OF LEMMA 11

Let X, X’ € Xp n. Since ®(Xgm),n) is a dense subset of ®(Xp ) (see Lemma 1), there exists

sequences Z, =y {Zen € 2(Xgm),n) : n € N} and Z, =y {Zyn € 2(Xgmy,n) : n € N} such
that
lim Z,, = ®(X), lim Z,, = ®(X') € &(Xp ),

and

pe o ®(X) = lim 0(Zyn), peo®X') = lim p(Z,,) € codom(p.) C f(Xpn).

n—o0

That is, there exists N, (6), Ny(6) € N such that

Y > No(0) : || Zom — ®(X)|l2 < 6
¥ > Ny(8) || Zym — B(X")||2 < 6.
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forany § > 0. If ||®(X) — ®(X')||2 < 4, then for all n. > N(J), we have

(a)
1 Zen = Zynllz < 1 Zon — (X) |2 + [ Zyn — (X2 + [|2(X) — 2(X')]2
<d+d+6=30,

where N (9) o max{N;(0), Ny(6)} and (a) follows from the triangle inequality.

1.2.2. PROOF OF LEMMA 12

The function @~ is continuous on its noncopact domain ®(Xg(m),n); see Proposition 11. Therefore,
p = f o ® !is a continuous function on @(XQ(D), ~)- By definition of continuity, for all Z €
®(Xgm),~) and u > 0, there exists a y(u) > 0 such that

VZ' € (Xoun) 12 = 2l < A(w) = [p(2) = p(Z)]2 < u. 23)

Let Z, ={Z;, :n € N}and Z, = {Z,,, : n € N} be the convergent sequences in Lemma 11. For
all & > 0, we have

VX/ S X]]])}N : ||(I)(X) — (I)(X/)HF < 5,n > N(é) — HZac,n — ZymHg < 36.

For any § > 0, we let N'(§) = N(min{%, @}) where N(6) € Nis defined in Lemma 11. By
definition, we have

Vn > N'(8): || Zon — Zynll2 < min{d,v(8)} < ~(4).
Since p is a continuous map, from equation (23), we arrive at the following inequality:

Vn > N'(0) : |p(Zzn) = p(Zyn)ll2 < 0.

1.2.3. PROOF OF LEMMA 13

The sequences Z, = {Z,, : n € N} and Z, = {Z, ,, : n € N} are convergent, that is,

lim Z,, = ®(X), lim Z,, = ®(X') € &(Xp,x).

n—oo

Since we have p. o ®(X) = limy 00 p(Z2p), pe © P(X') = limpo0 p(Zyp), there exists
N;(6), N, (0) € N such that

Vn > N;((S) : Hp ° Zx,n — Pe© (I)(X)HQ <o
Vn > N (8) : |lpo Zyn — peo ®(X')|2 <.
f

If |p(Zem) — p(Zym)|l2 < 6 forall n > N (5) < max{NJ(5), N, (6), N'(5)}, then, from the
triangle inequality and Lemma 12, we have

e © ®(X) — pe 0 P(X')]|2
<Np(Zew) = p(Zyn)ll2 + [10(Zzn) = pe 0 ®(X)l2 + [[p(Zy.n) — pe 0 P(X')]]2
<d+d+6=30.
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Appendix J. Proof of Proposition 4
For K,N e N, let T, T" € TﬂV’K be such that S(7") = S(T"), that is,

(el UT), al (T)) : my € [N]} = {(el, I(T"), ok, (T")) : my € [N]},
where e,, is the n-th standard basis vector of RY, for n € [N]. By definition of /-identifiable tensors,
all elements of {{e,]I(T) : n € [N]}} are unique. Therefore, we we have

Vny € [N]: ey I(T) = ey, [(T"), and ay, (T) = agy,, (T'),

for a unique permutation operator 7 : [N] — [N].
Lemma 14 Forall k € [K]|, we have

k k
Vni,ng, ..., € [N] F Qg (T) = aw(nl),ﬁ(ng),.‘.,w(nk)(T/)7
where 7w : [N] — [N] is a unique permutation operator.

Proof The claim holds for £ = 1. We prove this statement by induction. Let us assume the claim is
true for k& € [K — 1]. We want to show that it also holds for k + 1, that is,

. kL _ k41
Vni,ng, ..., ngt1 € [N] SO0 ng, Mgt (T) = aﬂ(nl),ﬂ(n2)7,,,7ﬂ(nk+l)(T,)~

From the definition of o, we have

Vni,.ongen € [N]: ey, U(T) = el SUT), and oyl (T) = al?! (1"

Ng+1 ni, m(n1),e..,m(Ngy1)

— which follows from the fact that elements of {{e,! [(T) : n € [N]}} are unique. This concludes
the proof. |

From Lemma 14, we have

Vni,...,ng € [N]: aftl e (T) = off

M1y
thatis, T = = (T").
Now let T, 1" € 'H‘ﬂ\,’ . be such that T = 7(T") where 7 : [N] — [N] is a permutation operator.
By definition, we have

an, NN 1774 (S [N] . aK K(T) = OéTII'{(nl),...,ﬂ(TLK)(T/)7

and
Vn € [N]: e, l(T) = e, I(n(T")) = eg o U(T").
Forall ny,...,nx_1 € [N], we have
a1 (1) = {(en, UT), o (T)) : nk € [N]}

Ny, NK—1 )TN, MK

= {(enu) (T, gy (T")) : nx € [N]}

(n1),...,m(nK)

= {(an (T/)7 afr((nl),...,ﬂ(nK,l),nK (T,)) : nK G [N]}

_ K-1 /
- aﬂ'(nl)r--vﬂ(anl)(T )

Using a simple argument by induction, we arrive at the statement in Lemma 14. Therefore, we have

S(T) = {(e, UT), am,) 11 € [N]} = {(eq(u) UT"), 02,y (T7)) 1 € [N}

= {(e, U(T"), a0, (T")) : 1 € [N]}
= S(T")
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Appendix K. Proof of Theorem 7

Definition 15 Let K, N € N. Forall k € [K], let Dy, be a domain and ¢y, : Dy, — codom(¢y), we
define the following multiset function

@k({{:z:n c Dk n E Z Qbk (l)n

née[N)
and codom(®y) = {3, c(n Pr(zn) : 2 € Dy, Vn € [N}

Let us first show that the proposed sum-decomposable model is injective on TlM k- Let K, N € N
and T, T € ’]I‘IN’ ;. Where

D bulen,UT), B (T) = D ¢ulen U(T), B, (T)),

n1€[N] n1€[N]

that is,

@1 ({{(e, UT), By, (T) : m1 € [N]}}) = @1({{(en, U(T"), B, (T")) : a1 € [N]}})

Let us assume that ¢; is such that the corresponding ®; is an injective multiset function (see
Definition 15) — we shall discuss its sufficient condition later in the proof. Since {{e,! I(T) : n €
[N]}} has all distinct elements for all T € Té\,’ x> we have e} (T) = el(m)l(T’ ) for a unique
permutation operator 7 : [N] — [N] and for all n; € [N]. Therefore, we have

Vg € [N] 5 1, (T) = By (T")

ni

Lemma 15 Ler k € [K| and assume {®, : k € [K]|} are injective multiset functions over their
domains, that is,

Vk € [K] Dok Dy — COdOm(qbk)
where D, = codom(l) x codom(®;, 1) and D = codom(l) x RP. Then, forall ny, ... ,ny € [N],
we have 8 (T) = ﬁﬁ(m) 7r(nk)(T’) where 7 : [N] — [N] is a unique permutation operator
and k € [K].

Proof The claim holds for £ = 1. We prove this statement by induction. Let us assume this claim is
true for k € [K — 1]. We want to show that it also holds for k + 1, that is,

Vni,ng,...,ngr1 € [N]: ﬁﬁi}%z,m,nkﬂ( ) = ﬁi (1) (na), --Jr(nk+1)(T/)'
From the definition of 3%, for all ny,na, ..., ns € [N], we have
ng41€[N] ng+1€[N]
that is,

Pir1({{(en, , UT), By L, (T)) 2 i1 € [N1}})
= a1 ({{(en,,, UT), Bri Ly, (T1) 2 i1 € [N]}).
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for all ny,ng,...,ng € [N]. Since @y, is an injective multiset function, we have

Vni,...,npe1 € [N]: e  U(T)=¢] )l(T’), and gFT! (T) = 5k+1

y
Npt1 (N1 N1y Mg 1 (n1),.. Jr(nk+1)( )

— which follows from the fact that elements of {{e,. /(T) : n € [N]}} are unique. This concludes
the proof. |

From Lemma 15, we arrive at

Vni,...,nkg € [ } Bnl,nz, \n ( ) = Bfr((nl),ﬂ’(ng),...,ﬁ(n}()(T/)7

for a unique permutation operator 7 : [N] — [N], thatis, T = «(7") and S(T) = S(T"); see
Proposition 4.
Using induction, one can easily verify that given S(7"), we can compute

S Galel U(T), B, (T)).

niec N]

Therefore, the following function is well-defined and injective:

VTETNK mOS Z ¢1 TL1 ( ))
nle[N

that is, if m o S(T') = m o S(T") then we have S(T') = S(T") where T, T" € Tl -
Now we define the function f, : S (’]I‘SV i) — codom(f) as follows:

VTETZN’KZJCSOS( )deff( )

Since f is a permutation-invariant, the function f, is well-defined, that is, fs o S(T") = f(T') =
f(@(T)) = fsoS(n(T)) = fs o S(T) for any permutation operator 7 : [N] — [N]. Since m is an
injective function over its domain, it is invertible on it. Now we define the following function:

Yu € moS(Ts\,’K) : p(u) ey fsom ™ (u).

For any u € m o S(T NK) we have u = ane[N] d1(ey U(T),BL.(T)) where T € T ., that is,

VT € T plu) = p( 3 G1(en (T, L (T))) = from™ omo S(T) = F(T)
n1€[N]

Sufficient conditions for injective multiset functions {®;, : k € [K]}.

(D) IfUT) € RN*M " then we use the result in Theorem 8 to ensure the injectivity of ¥y,
for all £ € [K]. The function ¢y, is defined on domain Dy = codom(l) x codom(®P1) where
Dg = codom(l) x RP, codom(l) € RM, and codom(®;,1) C RP*+1. From Theorem 8,
Dy = (N*0%1) — 1 ensures the injectivity of @y, for all k € [K].

() If I(T) € QNV*M  then we use the result in Theorem 5 to ensure the injectivity of @y, for all
k € [K]. This is due the fact that rational-valued vectors are identifiable (see Proposition 3). From
Theorem 5, Dy, = 2N (M + Dj.41) ensures the injectivity of ®y, for all k£ € [K].

53



TABAGHI WANG

Appendix L. Supplementary Discussion

As discussed in the main text, the imporant step in showing the existence of sum-decomposable
representation is proving that the multiset encoding function ® : dom(®) — codom(®) is an
injective map, thatis, p = f o &1 is well-defined over its admissible inputs, that is, codom(®).

Proposition 12 (Fereydounian et al. 2022) Consider the following continuous map ':

Re{(xdl -+ xd2¢j1)”} ifde > dy
Ve € R, dy,dy € [D],n € [N] : (¢($))d1,d2,n = Im{(wg, + xa,vV/—1)"} ifdy > do

0 otherwise.

The map ¢ : RP — codom(¢) C RP*PXN defines the following injective multiset function:

VX € Xpo v 0 B(X) =) é(a).
rxeX

We argue that the result in Proposition 12 is not valid for all multisets, as the following example
suggests. Consider the following distinct sets:

1 3 1 3 1 3 3 1
X={{|1],[2|,|2], [ |}}, X' ={{|2|,]|1], |2],]|1|}}
1 1 2 2 1 1 2 2

One can be readily verify that (X ) = ®(X'), where ® is defined in Proposition 12. The main insight
behind this example is the fact that {{(e] ,,, e },x) : n € [N]}} = {{(e] zn,epxh) : n € [N]}}
for all distinct d, d’ € [D], where X = {{x,, : n € [N]}}, X' = {{z}, : n € [N]}}, D = 3, and
N = 4. This later equality does indeed show X = X" if both multisets contains distinct vectors with
distinct elements, namely, sets with distinct vectors. The key elements in proving Theorem 8 is
to construct an injective ® which guarantees the existence of p = f o ®~!. Even assuming input
multisets contain vectors with distinct elements, the above result doe not guarantee the continuity of
p. Furthermore, one can easily show that codom(®) is not a compact set. To show this, note that
the domain of ® does not include a single point X in the example above. Now, one can construct
a sequence of (multi)ests X,, where lim,,_,, X;, = X such that, for all n € N, all elements of
X, are distinct and have distinct values, that is, X,, € dom(®). Since ® is a continuous map,
{®(X,) : n € N} is a Cauchy sequence in codom(®) whose limit does not belong to codom(®),
that is, the co domain of ® is not compact.

1. This is a trivially altered version of the function in (Fereydounian et al., 2022).
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