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The connection between euclidean and hamiltonian lattice QCD requires the use of asym-
metric lattices, which in turn implies the necessity of two coupling parameters. We analyse the
dependence of space- and time-like couplings g, and g, on the different lattice spacings a and a,
in space and time directions. Using the background field method we determine the derivatives of
the couplings with respect to the asymmetry factor ¢ = a/a. in the weak coupling limit, obtaining
for £ =1 the values

0.11403, N=2
2e=2 260, :{ : ,
(08, /30e=1= 10 20161, N =3,
—0.06759, N=2
20=2/06),. ={ , :
0g-"/08)e=1={_5 13105, N=3

We argue that the sum of these derivatives has to be equal to by = 11N/487> and determine the
A parameter for asymmetric lattices. In the limit £ - co all our results agree with those of A. and
P. Hasenfratz.

1. Introduction

During the past year much progress has been made in extracting physically
interesting quantities out of Monte Carlo simulations of non-abelian gauge theories
on the lattice [1-9]. In order to assign absolute values to dimensional quantities
like the string tension [1-3], glueball mass [3-5] or the critical temperature of the
gluon gas [6-9], it is necessary to know the connection between the lattice and
continuum scale parameters Ay /Amom [10, 11]. This ratio has by now been calcu-
lated for different lattice actions [12], including also the contribution of fermions
[13] on a four-dimensional euclidean lattice. However, the euclidean lattice with
equal lattice spacings, a, =a, u =1, 2, 3, 4, in all four space-time directions, is
just one way of introducing a lattice cut-off for the continuum theory. Another
possibility is the hamiltonian version of a lattice cut-off, with a, =a for u =1, 2,
3 and a4 = 0. Of course, the scale parameters depend on the special lattice regulariz-
ation scheme chosen, and the relation between Ag (a4 =a) and Ay (a4 =0) has
been calculated recently by A. and P. Hasenfratz [14].

In the case of finite-temperature calculations on the lattice, the introduction of
different scales in space and time (=inverse temperature) directions follows quite
naturally [7, 8]. For simplicity, one uses equal lattice spacings in the three space
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directions a; = a and an independent spacing in the time direction, a4 = a,. These
asymmetric lattices are characterized by the asymmetry factor £ =a/a.. For £€=1
one recovers the euclidean formulation, while the limit £ » <0 yields the hamiltonian
version of lattice gauge theories.

For pure SU(N) gauge systems the partition function on an asymmetric lattice
is given by

Z(N,, N,, a, £) =J [1dU, .+, e 5, (1.1)
X,

where N,, N, denote the number of lattice sites in space and time directions. The
lattice action becomes

S(U)zﬁo'z §PIJ+BTZ§4P4I! (1-2)
i=4

with the plaquette terms
Pp.v = Tr (u_ UX,X+[.LUX+‘L,X+‘L+VU:+V,X+[J,+VU:,X+V) +h-c . (1'3)

The two couplings in eq. (1.2) are necessary in order to keep physics unchanged

under independent variations of a and & They are parametrized as
1 _ 1 ¢

g-(a, &) gi(a, &)’

where the additional factors of ¢ in eq. (1.4) are chosen such that the naive
continuum limit of eq. (1.2) gives back the classical action

Bo = £, B, (1.4)

SW)———1 [ Fh(FL () d'x. (1.5)
£ fixed
In this way the &-dependence of the couplings g, and g, is due to quantum
corrections, which survive the continuum limit.

At finite temperature eq. (1.1) describes the thermodynamics of an interacting
gluon gas in the volume V =(N,a)’ with the inverse temperature given by B =
N.a/& From eq. (1.1) one can derive all thermodynamic quantities by taking
derivatives with respect to a or & For instance the energy density of a gluon gas
[8] (including still the vacuum energy density) is given by

ca' =~ @B16) T (Pi)+68./06) T, (Pu)] (1.6)

i=4

Thus it is essential for the calculation of ea* and other thermodynamic quantities
to know the £-dependence of the couplings g, and g, in order to get the contribution
from (9g,¢r)/0£) to the derivatives of B, and B, in eq. (1.6). As finite-temperature
Monte Carlo simulations for the energy density have in general been performed
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on a euclidean lattice with £ =1 [8, 15], we are in particular interested in the value
of the derivatives of the couplings for £ =1. From first Monte Carlo calculations
it was expected that the quantum corrections (ag;%,>/a§)§=1 to the derivatives are
small [8], and recently a more precise Monte Carlo evaluation of the SU(3) couplings
supported this [15].

In the weak coupling limit of SU(N) lattice gauge theory, the dependence of g,
and g, on the asymmetry factor ¢ can be determined analytically from the effective
action, using the background field method on the lattice [11], and this is the main
objective of the present paper. In sect. 2 we will calculate the derivatives of the
couplings with respect to £ as well as the ¢-dependent lattice scale parameter A(£).
In sect. 3 we discuss, how one can use the invariance of the string tension under
changes of ¢ to obtain the “sum rule”

(085°/0€)em1+(9872/3E)¢=1 = 11N/487° (1.7)

for the derivatives of the couplings in the continuum limit and to get an idea of
their strong coupling behaviour. Sect. 4 contains our conclusions. Appendix A
summarizes some integrals necessary for the calculation of the effective action and
in appendix B we give a 12th order strong coupling expansion of the string tension
on asymmetric lattices.

2. The continuum limit for asymmetric lattices

In the continuum limit, physical quantities must become independent of the kind
of lattice regularization chosen. In the case of an asymmetric lattice with different
lattice spacings a and a, for space and time directions, this means that such quantities
have to be independent of the asymmetry factor £ = a/a,. In order to achieve this
we have to introduce two couplings in the lattice action (1.2}, which both depend
on & For £=1, we get back the usual euclidean formulation of a lattice gauge
theory, where both couplings are equal,

g- (a,1)=g."(a,)=ge’(a). 2.1

For pure SU(N) gauge theories on the lattice the behaviour of the bare euclidean
coupling gg(a) in the continuum limit a —» 0 is related to the lattice spacing a through
the renormalization group relation

adr=(bogt) /P exp {—1/(2bog2)} . (2.2)

Here Ag is the lattice scale parameter for the symmetric lattice and by, b, are the
first two coefficients in the Callan-Symanzik equation

_ 1IN _g( N )2

bo= 1877 "3 \16#2 (2.3)
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When we now go over to an asymmetric lattice, £ # 1, the couplings g,> and g, >

are no longer equal; but in the weak coupling limit they still can be expanded in
terms of the symmetric value gz> [14],

g, (a, &)=g5 (a)+c,(£)+0(gh),
g (a, &)=gr (a)+c.(£)+O(gR) .

As a consequence of this change of the couplings also the lattice scale parameter
becomes ¢ dependent. To see this more clearly we may write the action (1.2) in
the form

(2.4)

S(U)=-% [nf‘lz $ Pules §4P41], 2.5)
i*4

where we have introduced two new couplings gﬁ =g, g and n= (gf/ gf,)l/ 2. Due
to eq. (2.4) n approaches 1 in the continuum limit (a » 0, ¢ fixed), so that the
action depends again only on one coupling g, in this limit. The relation between
g: and the lattice spacing a is then again given by the renormalization group
equation (2.2) with Ag replaced by A(£) and gg replaced by g.. Therefore, one gets
for the ratio of the two scale parameters

A(§)/ Ae =exp {—(c,(£) +c-(£))/4bo} . (2.6)

In the hamiltonian limit ¢ - co this ratio as well as the functions ¢, (¢) and c,(£)
have been determined recently by A. and P. Hasenfratz [14]. We will perform the
corresponding calculations for arbitrary £, in order to obtain in addition also the
derivatives of the couplings,

(08r)/ 08) = (3¢ )/ 9€) + O(gE) , (2.7)

which, as we saw, are of particular interest for the calculation of thermodynamic
quantities.

The functions ¢, (£) and ¢,(¢) can be found by calculating the effective action s9
of the SU(N) lattice gauge theory for two different lattice regularization procedures,
i.e., for two different lattice cut-offs such as £ =1 and some £ # 1. The condition
that in the continuum limit the effective action has to be independent of the
regularization chosen,

AS=8SE "V -8s&V =0, 2.8)

leads to eq. (2.4) with determined functions ¢,(§) and c.(£). The effective action
can be most easily evaluated by using the background field method on the lattice
[11]. The basic concepts of this method have been discussed in detail elsewhere
[11,12]. We thus will concentrate on the specific notations necessary for the
calculations on asymmetric lattices.
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The SU(N) gauge field variables U, ,., appearing in the action (1.2}, (1.3) are
parametrized in terms of a classical background field B, (x) and of a quantum field
a,(x),

Upern =5 DU, (2.9)
with
Ursn =B, (2.10)
For the couplings we have g, =g, for u =1, 2, 3 and g4=g.. The fields can be
expanded in terms of the group generators A%, a=1,...,N*—1,
B,=B;A%/2, a,=apr’/2, (2.11)

where the generators are normalized so that Tr A“A® = 26,,. In addition we define
covariant derivatives as

Do f()= = (Userf e + W)U =2 (2.122)

"

1 s
Duf(x) == (Usopsf(x =) Us-pox = f(x)) . (2.12b)

The lattice derivatives 4, f(x) and 4, f(x) follow from eq. (2.12) by setting U =1,
and we write Dﬁ?), FP, whenever we replace U, .+, by U fiﬂ.

Now we can use the parametrization (2.9) of the SU(N) link variables to expand
the action (1.2) up to terms quadratic in the gauge fields a,,. This is enough for the
calculation of the quantum corrections to the SU(N) couplings in the weak coupling
limit. Notice that up to this order g2/g% = g2/gz = 1. In the weak coupling limit

we have to add the gauge-fixing term

2
Sy=a’a, ¥ tr (z ITfa“(x)) , (2.13)
x “
and the resulting ghost term
Sen=2a"a, LLtr (D] (x)" (D (x))] (2.14)
X p
to the action (1.2). The expansion of the action now becomes
S(U)=S(U)+Sy(e, ¢, B), (2.15)
with
SZ(a’ ¢, B)=Ssc+ST+SA+SB +Sgh- (2.16)

The different contributions to S, are given by

Se=a’a.Y Y u[(DYa ) Da,)]; (2.17a)

X v
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S1=—2215 % (a0, (A, — Al FL, (0)FL, (x) ; (2.17b)
16N T .o
a,b

Sa=3a’a, ¥ ¥ tr (A, (x)F,.(x)), (2.17¢)

X u,v
where

A, (x)==2i{2[a,, a,]+a,[a, DV, 1+ a,[DPa,, a,]-3a,a,[D a,, DPa,]};

(2.17d)
Sg=3a’a. ¥ ¥ tr (B,.,(x)F,,(x)), (2.17e)
X v
where
B,.(x)=—i(a,[DPa" a*]+a,[a", DPa")) ; (2.17f)

and the ghost field term S, is given by eq. (2.13). The field-strength tensor F,.(x)
is built up from the background fields B, (x) in the usual way. Actually there is an
additional term St [14] contributing to S,, but as this term is of odd order in the
Lorentz indices of the gauge fields «,, it cannot contribute to the expansion for
the effective action. Therefore, we have omitted it here.

Expanding also the integration measure [[, , dUs .+, the partition function, eq.
(1.1), now becomes

Z=e U [ 1 da, (1) 1146 (1) dp(x) exp{-Sater, 6, B . (2.18)

From this we get for the non-vanishing contributions to the effective action [11]

S =S(U) +(S1)—KS2) — S +3(Sec) — 2(S%1)) , (2.19)

where
Sse, 1 = Sse— Stree > (2.20)
Stree =3a°a. ¥ T (Aual)(A,uar) . (2.21)

b

All the expectation values in eq. (2.19) have to be calculated with respect to the
free action (2.21). Their computation causes no additional problems compared to
the symmetric case [11, 12]. The factor 3 in front of the expectation values of S,
takes care of the fact, that in four dimensions the ghost field contribution cancels
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just half the contribution of the scalar fields a,,. Finally we obtain for the effective
action

59 =[ a L [(Fi)*+(F3) ]( N[ e n®

+ & Is(E)} + ealas (€) — 536124 (£) + 356 2 Lu(€)
A () —that () + 1 D1v<§)])

+J d*x Z (Ff)? (4 3 N[];J4N2 L(&) — 338524 (8)

+AL© + L)+ 2 DIV (5)]) (2.22)

The functions I,(&)—I;(£) are defined by three-dimensional integrals given in
appendix A; the integrals I;(£) — I,(£¢) converge in the limit £ - o0 to the correspond-
ing integrals I, — I, defined in ref. [14]). Thus in the limit £ - 00, as well as for ¢ =1,
eq. (2.22) gives back the hamiltonian and euclidean versions of the effective action
as obtained by A. and P. Hasenfratz [14]. The function DIV () is defined by the
divergent integral

/2
(m/2)¢ 3 -2
v =@ [[[ [ an( L sinx+esint o) . @29
—m/2

Applying now the invariance condition (2.8) for the effective action, we get the
explicit £-dependence of the couplings g.(a, £) and g,(a, £) as stated in eq. (2.4),
with the functions ¢,(£) and ¢, (¢) given by

2

60 ()= 4N] Dt (16) - = a4 51(6)
+12314(§)+ FIN(£)+0. 010245:‘ (2.24)
N2 -1 1,2 -1 1 1
&) =aN[ T BE P10+ £ O~ D+ L2 @

— 556024 (£) +336¢ " Li(£) — as€ *Is(£)
—ﬁg"h(g) +% FIN(¢) + 0.010245} . (2.25)

Here FIN(£) =DIV(£)~DIV(1) is the finite difference of two divergent integrals,
The numerical constants in eq. (2.24) and (2.25) result from an evaluation of the
integrals I;(1) appearing in S . Their values are contained in table 1.

Using eq. (2.6) we can now also calculate the ratio A(¢)/As. We show this ratio
in fig. 1 together with ¢,(£) and ¢,(£) as a function of 1/£ for N =2, 3. We notice,
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The integrals I (£)-I7(£¢) and their derivatives for ¢ =1

x 1

2a

2b 3

4 S 6 7

L)
(0L/88)s—1

0.75

0.929600 0.119734 0.103289 0.478934 0.25
0.440133 0.208546 0.190133 0.033774 0.065778 0.309867 0.238384 0.411188

0.206578 0.309867

that for £ » o0 all these quantities approach the values

0.84358, N=2,
A(0)/Ap= {0.91048, N=3; (2.26a)
0.09958, N=2,
C"(OO)‘{O.18018, N=3; (2.260)
1 0.2
MEVAE _ c,,(é))
0.5} 401
g
T
(b)
0 0%5 1/§ 1
1 0.2
AE)/Ag 7] Ca(§;
~Cr(
0.5 401
(2
T
(a)
0 [l

Fig. 1. The functions ¢, {(¢)(o), —c.(£)(7) and the ratio A(£)/Ag of the lattice scale parameters (A)
versus 1/¢ for (a) N=2 and (b) N=3.
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—0.06798 , N=2,

-0.15405, N=3; (2.26¢)

¢, (c0) = {
obtained in ref. [14]. Finally we calculate the derivatives of the couplings g;°(a, £)
and g, %(a, &) with respect to £ As these quantities become relevant in finite
temperature Monte Carlo simulations, which have mainly been done on symmetric
lattices, we give the result for £ =1:

| N?—1 0.11403 N=2
—2 ’ ’
- . +0. =

(985°/0€)e=1 4N[ Son7 0-586844-40 000499] { 020161, N=3,

(2.27a)
N?— -0.06759 N=2
2 ’ ’
_ = —_— 5 . + . =

(0872/08)¢ 1 4N[ 57 0586844 +0 005306] {_0.13195, Ne3

(2.27b)

The derivatives of the integrals I,(£¢)— I;(¢) for £ =1, which are necessary to
obtain the numerical values in egs. (2.27a,b) are contained in table 1. The derivative
of FIN(¢) yields

(0 FIN(£)/0€)¢=1=0.003166 . (2.28)

Notice, that for ¢ =1 the sum of the derivatives is proportional to N; the terms
proportional to (N>—1)/N drop out in this case. Explicitly we have

(085°/3¢)¢=1+(987"/0€)¢=1=0.02322N, (2.29)

which is identical to by given in eq. (2.3). How this ‘‘sum rule” comes about, we
want to discuss in the next section, where we use the invariance of the string tension
under changes of £ to get in the continuum limit eq. (2.29).

3. Invariance of the string tension

In the previous section we have determined the dependence of the lattice
parameters g,, g- and A on the asymmetry factor ¢ in the weak coupling limit. We
get this dependence from the demand, that in the continuum limit the effective
action has to be independent of the lattice cut-off. This is, of course, true for all
physical quantities. Thus we can as well use the invariance of any other physical
quantity to determine the ¢£-dependence of the lattice parameters. Using the
invariance of the critical temperature of an SU(3)-gluon gas, the derivatives of the
couplings g,, g have recently been determined by Monte Carlo simulations [15].
The results agree surprisingly well with our result, eq. (2.27), especially when one
bears in mind how difficult it is to get precise values for these numbers by a Monte
Carlo simulation.

Here we want to use the invariance of the string tension to explain the “sum
rule” (2.29) for the derivatives of the two couplings; we also want to discuss their
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behaviour in the strong coupling regime. On an asymmetric lattice the string tension
is defined as
1
oa.a, = 11m a —In(W,.), (3.1)
where (W,,,) is the expectation value of a planar Wilson loop in the uv-plane of
the lattice,

W, =tr I1 Ui, (3.2)

i€dA
calculated with the partition function (1.1). A is the number of plaquettes enclosed
by the boundary A of the Wilson loop.
Let us now consider either pure space-like loops (W,, = W,,) or space-time loops
(W, = W.). This gives us two independent conditions for the invariance of o under
changes of £ from which we can determine directly the derivatives of g, and g,:

aaaz/a§=—)\iﬂ)%amwg)/ag:o, (3.3a)
wf/ag:—/m%a(f In(W,))/9E=0. (3.3b)

Evaluating the derivatives in egs. (3.3a,b) we get a system of two linear equations
for 88,/3¢ and aB./9¢:

(0B5/0€)Coq +(8B:/3€)Cor =0, (3.42)
(9B 08)Coo +(3B-/88)C., = ~0a’, (3.4b)
where the coefficients C,, are given in terms of plaquette-loops correlation functions

as

1
Cor= Jim i & (W)= (WP, (3.5)

and the sum in eq. (3.5) has to be taken over all “y-like” plaquettes. Thus the
derivatives of the couplings become

aBG/ag = [CO’T/(CO'LTCTT - Czrrc-ro-)]a'az ’

5 3.6)
aB‘r/af = —[Ca'a'/(ca'a'c-rr - Ca"rc-ra)]a'a .
For the case £ =1, the egs. (3.6) simplify, as we have then
Coo =C,r\ C,.=0C,,. 3.7)

In addition, we notice that on a symmetric lattice the sum of the correlation functions
yields

Coo+C,,=00a’/oge" . (3.8)
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Thus we get an exact expression for the sum of the derivatives of g;z and gIz at
£=1:
—oga’®

— - 3.9
aa.aZ/agEZ ( )

(085 /08)g=1+(987°/3E)e=1 =

If we accept the general belief that pure SU(N) gauge theories are confining for
all N <0, then o stays finite in the continuum limit, while a is connected with gg
through the renormalization group equation (2.2). This yields

(885°/08)¢=1+(3g-"/08)e=1 = bo, (3.10)

which is in complete agreement with the result we got from the invariance of the
effective action in an entirely different way. This, of course, only indicates that in
the weak coupling regime there exists a universal relation between the asymmetry
factor ¢ and the couplings, such that all physical quantities are invariant under
changes of &, provided one changes also the couplings properly. This is not true in
the strong coupling regime. As all physical quantities have different strong coupling
expansions, it is impossible to adjust the couplings such, that all of them remain
simultaneously invariant under changes of £ Nevertheless, we have calculated
(98 50/3€)e=1 also in the strong coupling regime from the invariance condition
(3.3a,b) for the string tension, in order to get an idea, how these derivatives behave
for large couplings, and for which values the weak coupling relations (2.27a,b)
become valid. This is particularly useful for Monte Carlo simulations, since these
are generally carried out in a region where the couplings are far from being small
compared to unity.

In appendix B we give a 12th order strong coupling expansion of the SU(2)
string tension on asymmetric lattices. It is obtained using the graphs for the SU(2)
string tension on symmetric lattices as listed in ref. [16]. Taking derivatives with
respect to £ as stated in eq. (3.3) we get a strong coupling expansion for the
coefficients C,, contained in the final result, eq. (3.6).

In fig. 2 we display the derivatives (3g,>/ 0€)¢-1 and (9g, 2/a§)§=1 we obtained
from eq. (3.6) by using 10th and 12th order strong coupling expansions for the
coefficients C,, and the string tension oa’ [16]. The expansions cross the weak
coupling results at 4/g3 =2.2; they both diverge for 4/g% ~2.3, as there C,, = C,...
This seems to indicate that the weak coupling results for (3gt)/9€)¢-1 can be used
in the same region, where the renormalization group relation (2.2) for gg(a) is valid.

4. Conclusions

We have analysed how the SU(N) gauge theory couplings g, and g, as well as
the lattice scale parameter A, have to be adjusted under changes of the lattice
cut-off on asymmetric lattices, in order to leave physical quantities invariant under
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(99,ry/ 9844
[
0.3 ==z~ wth
0.2 \\

0.1 T T -

-0.3F

Fig. 2. Derivatives of the couplings g;z and g:z with respect to £ for £=1 from 10th (dashed curve)
and 12th (full curve) order strong coupling expansion of the SU(2) string tension versus 4/g2. Included
are also the weak coupling results (dot-dashed curve).

such changes. We have found in the weak coupling limit, that in the whole range
1 < ¢ <00 of the asymmetry factor £, the quantum corrections on the couplings g;2,
g-> are small. Thus for SU(2), the second ‘‘hamiltonian” coupling n =vg2/ gZ
deviates from unity by less than 3% for g& <2. This may justify the approximation
n =1 made in finite-temperature Monte Carlo simulations [7]. However, despite
this small effect on the couplings, the quantum corrections give rise to comparatively
large effects in the ratio of scale parameters [~20% for SU(2)], and this should be
considered in finite-temperature Monte Carlo simulations [7]. These corrections
also contribute ~20% to the derivatives of 8, = (1/ gf,).f_1 and B, = (1/g2)& when
gt =2; but in the high-temperature limit [8], when gE> - 00, this becomes unim-
portant.
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of this work. I am also grateful to Prof. J. Engels for numerous discussions and his
help in the numerical calculations. I appreciate discussions with J.M. Alberty and
R. Trinchero.

Appendix A

THE INTEGRALS I,(£€)-I;(¢)

We want to give here the definition of the integrals I;(£¢) — I;(¢) appearing in the
effective action, eq. (2.22). All these integrals are three-dimensional integrals, each
ranging from 0 to 37. The factors of ¢ are arranged such, that the integrals stay
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finite in the limit £ - 00, Using the abbreviation

= -i sin” x;, (A.1)
we have
3
L@ =¢(2) [@wnE+sn, (A2)
La(®)= g( ) [ s+ ap2p 45977, (A3)
2 3 2 2\1/2 2 241/2y29-1
Eo@=(2) [ @b+ b+ (@403, (a9
2 3 2 2 2
L&) = §(;) Id x sin® x; sin’ x2b3(§7-:-biz)§/—2’ (A.5)
2 3 2 2b2
L&) = g(;) J & sin? 2x1b—3(%?)—3/—2, (A.6)
3
L©=¢(2) [ ex@+57 0+ @+ 0, (A7)
3
Is(&) = 53(%) Jd xb (& + 5D cos? x4, (A.8)
3
L&) = .53(%) Jd3xb (4572 (A.9)

Appendix B

STRONG COUPLING EXPANSION FOR THE STRING TENSION ON
ASYMMETRIC LATTICES

We want to give here the strong coupling expansion for the SU(2) string tension
on asymmetric lattices, which is used in sect. 3 to calculate the derivatives of the
couplings g,> and g-> with respect to £, We have used the graphs given in ref.
[16] for the expansion of the string tension on symmetric lattices. On an asymmetric
lattice with lattice spacing a in space directions and a, in time direction one can
derive the string tension either from space like Wilson loops (o1a°) or from Wilson
loops with one space and time direction {oaa.),

1
ala2=—ii£x:ozln<Wa), (B.1)
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TABLE 2

The expansion coefficients for the SU(2) string tension on asymmetric lattices

Order aq 2%} [ £ Qg as Qg Cle Cll,a
4 4 2
2 2 4
4 2
6 6 -4
4 2 4
4 1 6
2 4 -8 -12
2 2 1 12
6 4
4 1 6
8 8 12
6 2 20
4 4 16 32
2 6 16 4
8 12
10 10 -8
8 2 -28
8 1 -12
6 4 -108 84
6 2 1 48
6 2 1 48
6 2 36
4 6 4 -164
4 4 1 96
4 4 1 72
4 2 36
2 8 —44 -12
2 6 1 48
2 6 1 48
2 4 1 1 24
2 4 12
10 36
8 1 -12
6 2 12
6 1 1 24
5 6
2 3 12
1 4 6
12 12 e
10 2 36
10 1 —216
9 1 8
8 4 445 624
8 2 1 96
8 2 1 -192
8 2 54
6 6 16 398
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TABLE 2 (continued)

Order @ ay a3 a4 as as CLa Cllo
6 4 1 —420 —144
6 4 1 192
6 2 1 1 144
6 2 2 24
6 3 24
5 4 1 32
4 8 773 744
4 6 1 204
4 6 1 -240 =792
4 5 1 48
4 4 2 144
4 4 2 156
4 4 1 1 48
4 2 24
4 4 24
2 10 -24
2 8 1 -300 —48
2 8 1 144
2 6 1 1 144 24
2 4 1 2 24
2 2 2 2 24
2 2 1 3 24
1 8 1 8

12 8
10 1 -60
8 2 —18
8 1 1 72
6 2 1 24
4 1 24
6 -18
2 4 -18 -36
-1 2 3 1 24
-1 5 1 12
-1 1 4 1 12
li L In (W, 2
ouaa, == lim ~ n(W,). (B.2)

The strong coupling expansions can be given in terms of the expansion parameters
u(x)=L(x)/L(x), v(x)=I(x)/I(x) and w(x)=1Is(x)/I1(x), where Ii(x) are

modified Bessel functions, as

oa’ =—In u(B,) =Y cratt(B,) u(B.)20(B,)**0(B.)*w(B,)*w(B.),

(B.3)

onaa, = -ln u(B‘r) —Z CII,otu (Ba)alu (Bf)azv(ﬂa)aav(ﬂr)a4w (Bo‘)dsw(ﬂr)aG ]
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with 8, = (4/ gf,)f"1 and B, =(4/ g%)f. The combinatorical factors ¢;, and ¢y o as
well as the exponents ay, . . ., @ contributing up to 12th order are listed in table 2.
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