M entropy MBPY

Article
Stochastic Entropy Solutions for Stochastic Scalar
Balance Laws

Jinlong Wei !, Bin Liu 2, Rongrong Tian ¥* and Liang Ding *

1 School of Statistics and Mathematics, Zhongnan University of Economics and Law, Wuhan 430073, China;

weijinlong@zuel.edu.cn

School of Mathematics and Statistics, Huazhong University of Science and Technology, Wuhan 430074,
China; binliu@mail hust.edu.cn

College of Science, Wuhan University of Technology, Wuhan 430070, China

School of Data Science and Information Engineering, Guizhou Minzu University, Guiyang 550025, China;
ding2016liang@gzmu.edu.cn

Correspondence: tianrr2018@whut.edu.cn

Received: 31 October 2019; Accepted: 21 November 2019; Published: 22 November 2019 e or

Abstract: We are concerned with the initial value problem for a multidimensional balance law with
multiplicative stochastic perturbations of Brownian type. Using the stochastic kinetic formulation
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1. Introduction

We are interested in the uniqueness and existence of the stochastic entropy solution for the
following stochastic scalar balance law:

d n
dp(t,x) +divy(F(p))dt + Y Y 9x,Bi(t,p) o dW;(t) = A(t,x,p)dt, x € RY, t >0, 1)
i=1j=1

with a non-random initial condition:
o(t,)li=o = po(-) € LY(RY) N L=(RY). )

Here o is the Stratonovich convention and the use of the Stratonovich differential stems from the
fact that ordinary differential equations with time dependent converging Brownian motion give rise
stochastic differential equations of Stratonovich'’s.

In (1), p(t, x) is a scalar random field. W(t) = (Wy(t), Wa(t),..., Wu(t))T is an n-dimensional
standard Wiener process on the classical Wiener space (Q, F, P, (F;):>0), i-e., Q) is the space of all
continuous functions from [0, c0) to R” with locally uniform convergence topology, F is the Borel
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o-field, P is the Wiener measure, (F)>o is the natural filtration generated by the coordinate process
W(t,w) = w(t). The flux function F = (Fy, Fy,..., F;) : R — R is assumed to be of class W'

loer 1€

F e WY (R;RY). (3)

loc

The force A is supposed to satisfy that

A(t,x,0) =0,A € L} ([0,00); L"(R,; WEL(R)) 4+ L (R% WL (R))). (4)

loc loc loc

Forevery1 <i<d,1<j< n weassume

Bj € L7,.([0,00); W2(R)). (5)
When Bl-,j =0(1<i<d,1<j<n), (1) reduces to a deterministic partial differential equation
known as the balance law

dto(t, x) + dive(F(p)) = A(t,x,0), x € R, t > 0. 6)

The first pioneering result on the well-posedness of weak solutions for (6) is due to Kruzkov [1] .
Under the smoothness hypothesis on F and A, he obtained the existence in company with uniqueness
of the admissible entropy solutions. For a completely satisfactory well-posedness theory for balance
laws, one can consult to [2].

When A, F vanish and (B ;(t,p)) = diag(B1(p), B2(p),-, Ba(p)), the equation has been discussed
by Lions, Perthame and Souganidis [3,4]. Under the presumption that B = (B, By,..., By) € CZ(R),
they developed a path-wise theory with quasi-linear (i.e., B is independent of the derivatives of p)
multiplicative stochastic perturbations.

Recently there has been an interest in studying the effect of stochastic force on the corresponding
deterministic equations, especially for the uniqueness and existence of solutions. Most of works are
concentrated on the following form:

do(t, x) + divy(F(p))dt = A(t,x,p)dW(t), x €D, t >0, (7)

where W is a 1-dimensional Wiener process or a cylindrical Wiener process, D C R? is a bounded
domain or D = R?. When d = 1, the bounded solution has been founded by Holden and Risebro [5],
and Kim [6] for the forces A(p) and A(t, x), respectively, under assumptions that pg € L* and A has
compact support. For general A, even the initial data is bounded, the solution is not bounded since the
maximum principle is not available. Therefore, L7 (1 < p < o) is a natural space on which the solutions
are posed. When the force A is time independent, Feng and Nualart [7] developed a general theory for
LP-solutions (2 < p < o0), but the existence was true only for d =1. Since then, Feng and Nualart’s
result was generalized in different forms. For example, Bauzet, Vallet and Wittbold [8], Biswas and
Majee [9] established the weak-in-time solutions, Karlsen and Storresten [10] derived the existence
and uniqueness of stochastic entropy solutions for general 4 > 1. At the same time, by using a
different philosophy, Chen, Ding and Karlsen [11], Debussche and Vovelle [12], Hofmanové [13] also
founded the well-posedness for LP-solutions (1 < p < o) for any d > 1. Furthermore, there are many
other works devoted to discussing the Cauchy problem (7), (2), such as existence and uniqueness
for solutions on bounded domains [14-16], existence of invariant measures [17,18] and long time
behaviors [19] for solutions. For more details in this direction for random fluxes, we refer the readers
to [20,21], and for more details for Lévy noises to see [22-24].
If we regard the last term in (7) as a multiplicative perturbation for the scalar conservation law:

dip(t,x) +divy(F(p)) =0, xe€D,t>0,
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then the spatial average satisfies

/Dp(t,x)dx:/Dpo(x)dx—l—/Ot/DA(s,x,p(s,x))dxdW(s).

So the mass is not preserved in general. But if one considers the noise given in (1), then the mass
is preserved exactly. It is one of our motivations to discuss the balance law

dto(t, x) +dive(F(p)) = A(t,x,p), x €R?, t >0,

with the noise give by the form y"¢_, Z] 19xBi j(t,0) odW;(t). However, as far as we know the existing
results for weak solutions to (1), (2) are few and all the results are concentrated on the following special
case [25,26]:

d
dp(t,x) +b(t,x) - Vap(t,x)dt + ) 0yp(t,x) odW;(t) =0, x¢€ R?, t > 0.
i=1

Further investigations are still needed. By using kinetic theory, we will prove the uniqueness and
existence of the stochastic entropy solution to (1), (2). Here the stochastic weak solution and stochastic
entropy solution are defined as follows:

Definition1. p € L ([0, 00); L®(R? x Q)) NC([0,00); LY(R? x 1)) is a stochastic weak solution of (1), (2),
iffor every ¢ € D(RY), [pa p(t, x)@(x)dx is an Fy-semi-martingale and with probability one, the below identity

/Rd ¢(X)P(frx)dx—/ x)po(x dx—/ / ) - Vap(x)dxds
ZZ/ odWi(s / Oy, ¢(x ,]spdx+// (s,x,0)p(x)dxds (8)

i=1j=1
holds true, for all t € [0,0).

Remark 1. Our motivation to define the weak solution comes from the classical theory of partial differential

equations, i.e., p is a weak solution if it satisfies the equation in the sense of distributions: for every ¢ €
D([0,00) x RY),

/OO/ orp(t, x)p(t, x)dxdt + /dpo(x (0, x dx—i-/ / ) - Vip(t, x)dxdt
= —;{le/ odW / 1](tP)ax txdx_/ / (t,x,p)¢pdxdt, P—a.s.

holds. Since p is continuous in time, the above identity is equivalent to (8).

Definition 2. A stochastic weak solution of (1), (2) is a stochastic entropy solution, if for every € &,

d n
o (p) +diva(Q(p)) + Y Y 0x,Qij(t,0) o W(t) < h(t,x,p), P—as., ©)
i=1j=1

in the sense of distributions, i.e., for every € D ([0,00) x R?) and almost all w € Q
/ dt/ 3ip(t, X1 dx+/ (0, x)7(po0 dx+/ / ) Vatp(t, x)dxdt
+ZZ/ odW;(t /alpthljtpdx—i—// (t,x,0)¢(t, x)dxdt > 0,

i=1j=1
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where

Qo) = [" W' @F (@)dv, hit,x,0) = Alt,x, )1 (0)

0
Qi (t,p) = / 1’ (v)9,B;j(t,v)dv, 1 <i<d,1<j<n,

and

n
E={cop+ Y_ cklo — pkl, co, s ck € Rare constants}.
k=1

Remark 2. We define the stochastic entropy solution by the inequality (9), and the source or motivation for this
definition comes from the ¢ — 0 limit of the following equation

d n
dpe(t, x) 4+ divy (F(pe))dt + ) Y 9x,Bj j(t, pe) o dW;(t) — eApe = A(t, x, pe)dt.
i=1j=1
Indeed, if one multiplies the above identity by n’(p.), it yields that
d n . R
911 (pe) +diveQ(poe) + Y ) 02, Qi (£, 0e) 0 Wi(t) — en’ (pe) (—Ax) 2 pe = h(t, x, pe).
i=1j=1

Since 1 is convex, with the help of the chain rule,

' (pe) Bpe = b (pe) — & (pe) [Vioe|* < eAry(pe).
Therefore,
d n . «
117 (0e) + diveQ(oe) + ) Y dx; Qi (£, pe) o Wi(t) —e(—Ax)2n(pe) < h(t, x, pe).
i=1j=1
So the vanishing viscosity limit in the proceeding inequality leads to (9).

We state our first main result on the Cauchy problem (1), (2).

Theorem 1 (Stochastic kinetic formulation). Suppose that (3)—(5) hold.
(i) Let p be a stochastic entropy solution of (1), (2) and set u(t,x,v) = Kot (o) = Loy o
1(P(t,x),0)(v)~ Then

u € L2(]0,00); L®(R? x O; LY(R))) N C([0, 0); LY (R x ), (10)

and it is a stochastic weak solution of the following linear stochastic transport equation (i.e., it is Fy—adapted
and satisfies the equation in the sense of distributions)
d .
ot + f(v) - Vyu + Zax,u o M;(t,v) + A(t, x,0)d,u = dpym, (x,v) € R+ >0, (11)
i=1

supplied with

u(t, x,0)1=0 = Xpy(x)(v), (x,0) € R+ (12)
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Here f = F/,
no ot
M;(t,0) = Z/ 0,(5,0)AW;(s), 01j(5,0) = 3By ;(1,0),1 <i<d,1<j<n. (13)
= /o

0 <me LY(Q;D'([0,00) x RYHY)), satisfying, for every T > 0 and for almost all w € Q, m is bounded on
[0, T] x R, supported in [0, T] x RY x [~K,K] (K = o1l e ((0,7) xR x (2))s and for every ¢ € D(RIF),

t
/ /IR{dH ¢(x,v)m(ds,dx,dv), is F; — adapted and continuous in t. (14)
(ii) Suppose that u(t,x,v) = X,ux)(v). Ifu € Lloc([O )'L”(Rd x O; LY(R))) N C([0,0);
LY (R¥1 x Q) is a stochastic weak solution of (11)—(14). We set p(t, = [pu(t,x,v)dv, then
p € L2 ([0,00); L (R? x Q1)) N C([0,00); L (RY x 2)), (15)

and it is a stochastic entropy solution of (1), (2).

Remark 3. (i) If u is a stochastic weak solution of (11)—(14), then (11) admits an equivalent representation:
for every ¢ € D(RIFY), every t € [0,00), [pa-r ¢(x,0)u(t, x, v)dxdv is Fy—adapted and with probability one,

[y @l 0t x,0)dxdo - / [ S(0) - Vaplx,0)dxdods
= /ﬂw ¢<x/v)uo(x,v)dxdv+l; /O /R M;(ods, do) /R 959 (x,0)u(s, %, 0)dx

+/0t /Rd+1 av[A(s,x,v)qb(x,v)]u(s,x,v)dxdvds_/Ot /Rdj ¢ (x,v)m(dx,do,ds).

(ii) To the present case, we only study (1) with F = F(p). However, if F depends on spatial variables,
ie.,, F = F(x,p), we can also establish a stochastic kinetic formulation up to a long and tedious calculations.
In particular, for F(x,p) = b(x)Fi(p), B;; = 0and A(t,x,p)dt is replaced by A(p)dW:, we refer to [27],
and for F(x,p) = b(x)Fi(p), Bij = 6;j0 and A(t,x,p) = 0, to [28], and some related work, to [29].

Our second result is on the uniqueness of the stochastic entropy solution.

Theorem 2 (Uniqueness). Let A(t,x,0) = 0, that

A € Lipe([0,00); L' (RY; Wy (R)) + L® (R Wi (R))), (16)
[00A]+ € Liye([0,00); L™ (R Liz.(R))). (17)

Further, we assume that
Fe WSP(R;RY), Bij € L2 ([0,00); WyP(R)) (1< i<d,1<j<n). (18)

loc loc

Then there is at most one stochastic entropy solution p of (1), (2).
As a corollary, we have

Corollary 1 (Comparison Principle). Let p1 and p, be two stochastic entropy solutions of (1), with initial
values pg 1 and pop, if o1 < po,z, then with probability one, p1 < pa.
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To make Theorem 2 more clear, we exhibit two representative examples here.

Example 1. The first example is concerned with the Buckley-Leverett equation (see [2]), which provides a
simple model for the rectilinear flow of immiscible fluids (phases) through a porous medium. To be simple,
nevertheless, to capture some of the qualitative features, we consider the case of two-phase flows (oil and water)
in 1-dimensional space. In this issue, the Buckley-Leverett equation, with an external force, and a stochastic
perturbation reads

p(t,x)|t=0 = po(x), x €R, (19)

{ dp(t,x) + 05 (F(p))dt + dxp(t, x) 0 AM(t) = pA(t,p)dt, x R, t >0,
where y > 0 is a constant, W is a 1-dimensional standard Wiener process, ¢ € leo C([O,oo)),G €
L} ([0,00)) and

loc

t 2
M(t):/o 9(s)dW (s), A(t,p):m. (20)

The flux function F is determined using Darcy’s law and incompressibility of the two phases and is given
by [30]:

_ a1f1(p)
Flo) = a1fi(p) +o2f2(p) @

01,09 > 0 denote the mobility of the oil and water phase, respectively, and f1(p), f2(p) represent the relative
permeability of oil and water, respectively. fi and f, are non-negative smooth functions and f1 + f» > 0.

Applying Theorem 2, we obtain

Corollary 2. Assume that py € L(R) N L®(R). Then there exists at most one stochastic entropy solution p
of (19). Moreover, if the initial data is non-negative, then the unique stochastic (if it exists) is non-negative
as well.

Example 2. The second example is concerned with a generalized Burgers equation (see [31]). This equation
with a nonlinear stochastic perturbation of Brownian type, and a nonlinear nonhomogeneous term reads

dp(t, x) + divy(Clo(t, x)[*p(t, x))dt

d
+ 2Bxi(ﬁ(t)|p(t,x)\ﬁp(t,x)) o dW;(t) = A(t) sin(x)p7dt, x € RY, t > 0, (22)
i=1

associated with the initial value pg, where { € R isa fixed vector, a, B > 0 are constants,1 <y € N, ¢ €
L2 ([0,00)),A € LL ([0,00)). W(t) = (Wy(t), Wa(t),..., Wy(t)) is a d-dimensional standard Wiener process.

loc loc

From Theorem 2, we have

Corollary 3. Let pg € L1(R) N L®(R). If the stochastic entropy solutions of (22), (2) exists, then it is unique.
In addition, pg > 0 implies the unique stochastic entropy solution (if it exists) p > 0.

Our third result is on the existence of the stochastic entropy solution. And now we should assume
the growth rates on the coefficients B; ;, i.e., B;j(t,0) is at most linear growth in p, and regularity
property of A on spatial variables (e.g., Lipschitz continuous). In this case, we will establish the
existence for stochastic entropy solutions. Up to a tedious calculation which is not technique,
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all calculations for B;;(t,p) and A(t,x,p) are the same as pc;;(t) and A(t,p). To make our result
present in a concise form, we only discuss the following stochastic balance law:

d
dp(t, x) +div(F(p)) + Y dx,p(t, x) o M;(t) = A(t,p), xR, t >0, (23)
i=1

here M;(t) = [y 07;(s)dW;(s), 1 < i,j < d).
Theorem 3 (Existence). Let F, o and A satisfy

FeCHR;RY), 0y € L.([0,09)), A € Lj,.([0,00); WM (R)) and A(t,0) = 0. (24)

loc

Then there exists a stochastic entropy solution of the Cauchy problem (23), (2).
If one argues Buckley-Leverett Equations (19)-(21) again, then by Theorems 2 and 3, we obtain

Corollary 4. Let F, ® and A be given in Example 1 and assume py € L'(R) N L®(R). Then there exists a
unique stochastic entropy solution p of (19). Moreover, if pg = 0, then p = 0.

The rest of the paper is structured as follows. In Section 2, we give some preliminaries. In Section 3
we present the proof of Theorem 1. The uniqueness and existence of stochastic entropy solutions
are proved in Sections 4 and 5. Section 4 is devoted to the proof of the uniqueness and in Section 5,
we study the existence.

We end up the section by introducing some notations.

Notations. D(R%), D(R), D([0, ) x R%), D(R4*1) and D([0,00) x R¥*1) stand for the sets of all
smooth functions on RY, R, [0, 00) x R4, R9+1 and [0, 00) X Rt with compact supports, respectively.
Correspondingly, D4 (R%), D, (R) D, ([0,0) x RY), D, (R¥*1) and D ([0,00) x R¥*1) represent the
non-negative elements in D(R?), D(R), D([0, ) x RY), D(R¥*1) and D([0, ) x R¥*1), respectively.
(, ) denotes the duality between D(R) and D’ (R). (, )i is the duality between D([0, o0) x R¥+1)
and D'([0,00) x R¥*1). C(T) denotes a positive constant depending only on T, whose value may
change in different places. a.s. is the abbreviation of “almost surely”. The stochastic integration with a
notation o is interpreted in Stratonovich sense and the others is [td’s. For a given measurable function
8, &+ is its positive portion, defined by 1,>0g, and g = [~g]+. sgn(g) = 1g=0 — 1g<0. N is natural
numbers and d,n € N. For notational simplicity, we set

a1, a2, v, 014 a1, 012, -, O1n a1, 021, -, 041

a1, 22, -+, A4 1 021, 022, “**, O2n 012, 022, "+, 04p
a = = —

ag1, A4, s, 44 0d1r 942, s UOdn Oln, O2nr ", Udpn

2. Preliminaries
In this section, we give some useful lemmas that will serve us well later in proving our

main results.

Lemma 1 (11). has the following equivalent representation:

d d d
o+ f(v) - Ve + Y dquM;(t,o) =Y ) ai,j(t,v)aii/x].u + Adyu = dym, (x,v) € R*™L, + > 0. (25)
i=1 i=1j=1
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Proof. Clearly, it suffices to show: for every ¢ € D(R?*1), and for all t € [0, ),
d b,
EA /Rd+1 axi¢(x/ U)M(S, X, v)dXMi(ods, dv)
d -t
2:/1A§H3n¢@ﬂﬂw&xﬂmwhﬁw&dm
+ZZ/ / al]SU xzx‘l’(x v)u(s, x,v)dxdo.

i=1j=1

With the aid of stochastic Fubini’s theorem (see [32] Theorem 4.18), we have
d ot
z'; /O /]Rﬂ“rl axi¢(xl U)u(sl X, U)dxMi(ods, d?))
d ot
g/t) /]Rdﬂ I, P (%, 0)u(s, x, v)dxM;(ds, dv)
1 d
+§ ; /R {/Rd Ox,¢(x,0)u(-, x,v)dx, Mi(',U)} th,
where [+, -]; denotes the joint quadratic variation, thus it is sufficient to demonstrate

i/ [ R BXi‘i’(er)”('/x/U)dX/Mi(yv)}tdv

Noticing that whichsoever (11) or (25) holds, then for every ¢ € D(R*1), and for all t € [0, ),
the martingale part of [p4 dx,¢(x,v)u(t,x,v)dx (1 < i < d)is given by

]'dzl /Ot /]Rd ai;,xj(l)(x/U)u(S, x,v)dxM;(ds,v).
Therefore
i/R[ ax,4> x,0) (-,x,v)dx,Mi(~,v)Ldv
d d
= 2]2/ /M (ds, v/ 02 (S,x,U)dx,Mi(~,U)]th
- L) 2 / o [[ds [ 8,9 0)u(s, % 2)0ix(s,0)034(5,0)x
= 222/ / a;j(s,v) xlx(p(xv) (s, x,v)dxdv.

The proof of Lemma 1 is complete. [
Lemma 2. For every p € [1, 00|, we have the following embedding:

LP (R, WEL(R)) — LP(RY; C(R)).

loc
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Proof. Clearly, W' (R) — C(R) (see [33]), for any g € LP(RY; W (R)), g(x,-) € C(R) for almost

loc loc
everywhere x € RY. Let —oo < g < b < o0 be two real numbers.

When p < oo,

8(x.) Hzm(a,b)dx

p —
HgHLP(Rd;L""(a,b)) o ~/Rd
. P
Ug(x,v)dv+g(x,ﬂ)“ dx

/R (a,b)
2P= 1 / / |00g(x,v)|dv dx+/ (x,a \pdx} 0.

When p = oo, for almost everywhere x € R4, and allv € [a,b],

N

v b
f(x0)] = \/a 8yg(x,y)dy+g(x,a)\ </a 19y8(x,y)|dy + |g(x, a)| < co,
which hints

LP(R%; Wyt (R)) = LP (R Li;.(R)).

loc
Thus the desired result follows. [

In order to prove the uniqueness of the stochastic entropy solution, we need another two lemmas
below, the first one follows from DiPerna and Lions [34], and the proof is analogue, we only give the
details for the second one.

Lemma3. Letk € N, T € (0,00), 1 < p1,p2,q1,92,&, B < oo, that E € LPL((Q; LP2(0, T; W% (RS RK))),
G e LT (Q;L%2(0, T;LF (RK))). Then

loc

(E-VG)x0g —E-V(Gx0g) — 0 in L"(Q;L"2(0,T; L]

loc

(RY))) as &1 — 0,
where 1 < vy, 11,12 < 00, satisfying
11 1. 1 1 1. 1

1 1
- + ) < — + X 7 X
x B Y P @1 T p2 g2

and

1
Qey = T

o= ) with g € D (B), /Rk 3(y)dy =1, &1 > 0.
And when k = d, we set § by 0;.

Lemma 4. Let g € L2(Q); L2

loc

([0,00)), then

[ [ 8(6)W(s) # 020, ] (1) — /Otg(s)dW(s), in 120y 12,.([0,00)) as &3 — 0,

where W (t) is a 1-dimensional standard Wiener process, and

1 .
02z, = fez(g) 02 € D (R), /Rez(t)dt =1, suppg> C (—-1,0).

€2
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Proof. In fact, for every T € (0, ),

B[ | [ sGaws) « a0~ [ seawis)| a
= E./o /ngz )ds /ti g(r)dW(r) —l/(;tg(r)dW(r))zdt
— E/O /—1 02(s)ds /Ot EZSg(r)dW(r) —/Otg(r)dW(r)‘zdt

= E/T /O 02(s)ds /tiszsg(r)dW(r)‘zdt

t+ers
IE sup ’ / g(r) ’ . (26)
s€(0,1]

N

For g € L?(0); L2 ([0, 0)), the stochastic process { fo r)dW,, t > 0} is a martingale. With the

help of Doob’s inequality and the Itd isometry (see [35]), from (26), one obtains

E / [ [ 50w s) o2 (0~ [ gleaws)|a
< 4 ; OilelE’ /:st g(r)dW(r)’ dt :4/0T /tt+£2E\g(r)|2drdt. (27)

By letting €, tend to 0 in (27), we finish the proof. O

3. Proof of Theorem 1

Forevery 7,¢ € R,

[ @ = xo(@)ldo = ¢ 9],

so (10) implies (15), and vice versa. We need to check the rest of (i) and (ii) in Theorem 1.
Let p be a stochastic entropy solution of (1), (2) fulfilling the statement (i) in Theorem 1. For every
v € R, it renders that

A (p,v) + diveQ(p, v) + Z Z 9x,Qii(t, 0, v) o Wi(t) = sgn(p — v) A(t,x,p) — 2m, (28)
i=1j=1

for almost all w € (), where

1(p,0) = lp— o] =],

Q(p,v) = sgn(p — v)[F(p) — F(v)] — sgn(v)F(v),

Qij(t,p,v) = sgn(p —v)[B;;(t,p) — B (t,v)] (29)
—sgn(v)Bi,j(t, v),1<i<d1<j<n

m is a nonnegative measure on [0, c0) x R4*1,

For every ¢; € D(R), then
(dusgn(p —v)A(t, x,0), ¢1)0 = —2¢1(0)A(t, x,p).

Observing that

|8 @ult,x,0)do = gp(t,x)) — g(0), for every g € Wil (R), (30)
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and A(t,x,0) = 0. On account of (4), it follows that

(@ou(t, x, ) A(t, X, ), ¢1)0 = — /Ru(t, x,0)00(¢1(v) A(t, X, 0))dv = —P1(p) A(t, x, p),

thus dysgn(p — v)A(t, x,p) = 20,u(t, x,v)A(t, x,v).
Similarly, by using conditions (3) and (5), one computes in the sense of distributions that

9u1(p,0) = —2u(t,%,0), 2:Q(p,0) = ~2f(@)u(t, %), -
ani,j(t,p,v) = —ZUi,j(t,v)u(t, x,0),1<i<d1<j<n

From (31), one derives the identity (11). In order to prove the assertion of Theorem 1 (i), it suffices
to show that m satisfies all the properties described in (i).

Noting that p is bounded local-in-time, from (28) and (29), for every fixed T > 0, and almost all
w € O, mis supported in [0, T] x R? x [~K, K], with K = 101l L2 ((0,) x e x ) - Accordingly, it remains
to examine that m is bounded and continuous in t. And it is sufficient to show that m([0, t] x R%*1) is
bounded and continuous in .

Since m > 0 and it is supported in a compact subset for v in R, we obtain

d
0< (m, p@1)yxo=—(04u + f(v) - Vati + Adpti + Y _ 95,10 0 Mi(t,0), Y @ 0)1 0, P—as.,
i=1

for every ¢ € D, ([0,00) x RY).
By Lemma 1, then

0 < <mr 1I«7®1>t,x,v

d n
= —(nu+f(v)  Vau+ Adpu+ Y Y 0;(t,0)05,uWi(t), P @ 0)tx0
i=1j=1
d d

+ Z Z <lli/]'(t, v)aJZCi,Xju’ l/J ® U>t,x,v- (32)
i=1j=1
Thanks to (30),

d n
— (O + f(v) - Vau+ Adou + Y Y " 0;(t,0)05,uWi(t), @ 0)tx0
i=1j=1

d d )
22 aij(t,v Bxxu PRVt xo
1:

= %/T/Rdatlp(t,x)pzdxdwr% Rdi,b(O,x)p%(x)dx+/OT/deA(t,X,p)lp(t,x)dxdt
[ L IR ) — [ Feao] - 9t jasar
+22/ /Rd ij(t0(t x))p(t,x) — / o Ai,j(t,v)dv]aii,le,b(t,x)dxdt

i=1j=1

e 3 [ L [Bteeeten - [ 0]y vaxavic

i=1j=1

for every T > 0 and ¢ € D ([0, T) x RY), where A;j(t,0) = fov apj(t,r)dr.
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On account of Hypotheses (3)—(5), by using Lemma 2, it leads to

<mr 1P®1>t,x,v
1/T/ 3 2dxdt+1/ (0, x)Rdx
2 0 Rd tlpp 2 Rdlp 4 pO

+C(T /T/ a(t, x)|p(t, x)|p(t, x)dxdt
/ / (t, %)||Vp(t, x)|dxdt

3 [ a0t x)1 2, it )

i=1j=1
d n

(t/x)
+ZZ/ /Rd ii( /OP Bi/j(t,v)dv:|axil/}(t,x)dxdvvj‘(t), (33)

i=1j=1

/N

where
a(t,x) = sup |A(tx,0)| € L}, ([0,00); L'(R)) + L, ([0, 00); L (R)),
ve[—K,K]
aj(t) = sup |A;j(t,0)| € Lj,.([0,00)).
ve[—K,K]

Using the Itd isometry and Lemma 1,

ZZ / L. [Bue /Op(t'x)Bi,j(t,v)dv]ax,,lpa,x)dxdwj(t)}z

i=1j=1

/(; iE[; /H%d[Bi,j(tfP)P—./(; o Bz‘,j(t/U)dv]axilli(t,X)dxrdt
< CZEE L& O] [ o0l v, 2)1dx] 69

i=1j=1

where b; j(t) = sup,e(—k k] |Bij(tv)| € L2 ([0, 00)).
Obviously, (33) holds ad hoc for ¢(t,x) = 11(t)f, (x), where ky € N, ¢ € D, ([0,T)),0 €
D4 (RY),

<
x B { 1, when |x| <1, (35)

b, (x) = Q(H)' 6(x) = 0, when |x| > 2.

For this fixed k1, by an approximation demonstration, one can fetch

1/ t S [O/T - klil]/
pi() =14 ~ki(t=T), te(T—LT),
0, t € (T,c0).

By letting k1 — oo, we gain from (33) and (34) (by choosing a subsequence if necessary), that

T
/ / m(dt,dx,dv)
RA+1

/ padx / 2(T, x)dx} +C(T / / (t,x)|p(t, x)|dxdt, P — (36)



Entropy 2019, 21, 1142 13 of 29

which suggests that for every given T > 0, m is bounded on [0, T] x R¥*! and m € L' (Q; D’([0, o) x
R4+1 ) )

Specially, when T — 0, we obtain

T
lim / / m(dt,dx,dv) =0, P—as..
T—0.J0 Rd+1

The arguments employed above for 0 and T adapted to every 0 < s,f < oo now, yields that

t
lim/ / m(dr,dx,dv) =0,
t—s Js JRA+1

which hints m is continuous in t. So u is a stochastic weak solution of (11)-(13) with m satisfying (14).
Let us show the reverse fact. Since m satisfies (14) and u(t,x,v) = X, (v) solves (11)=(13),

for every g € D(R?), then Jra $(x)p(t, x)dx = [pas1 P(x)u(t, x,v)dxdv is Fi—adapted. It remains to
show the inequality (9).

Givene > 0and p € R, set

1e(r,p) = (1) (r = p)* + €2 —¢) - |p| € C*(R),
then 7¢ is convex, 17.(r,p) € Cy(R), and
ne(r,p) — |r—p|l —|p| as e — 0.

In a consequence of u(t, x, v) solving (11)—(13) with m satisfying (14), it follows that

o, P10 @) ixe = (@it ila o ME(t,2), P10, 0), (0)) 1
+(f <v)l-7vxu + Adott, Y11¢(v, )8k, (V)10
= (0w + Ié é%’(b )91 0 Wi(t), Yn¢(v,0)8k, (0))tx0
(0) Tt Ao, PP )

for every ¢ € D, ([0,00) x RY), & € D4 (R), k € N, where

P _J 1, when |v] <1,
gkz(v) - g( )/ 0 < g < 1/ g(()) - { 0/ when ‘U| 2 2 (38)

Applying the partial integration, one deduces

lim (@om, 1720, )3k 0 = — lim (m, Yll (0,0), + 1L (0,P)Eh oo <O, P—as,  (39)

when k; is large enough, for m yields the properties stated in Theorem 1 (i).
Upon using (30) and (39), from (37), we derive

e [ ot )lelo,0) — ne(0,p)ldx -+ [ a / Qc(p,p) - Vitpi
Z = Jou WO X)[1e(po, ) — 11(0,P) dx—/ dt/ ne(o, P)A(t x,0)3p(t, x)dx

—22/ oW [ 0595 (t,p, ), (40)

i=1j=1
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by taking k; to infinity, here

Qelpp) = [ F@ni(o.pult,x, 0o, Qfj(tp.0) = [ 03yt e, p)ult,x,0)do.
On the other hand

lim 17; (0, p) = sgn(p — p)

e—0

and

lim Qe (p, p) = sgn(p — p)[E(p) — F(p)] — sgn(p)[E(p) — F(0)],

lim Q7 (t, 0, p) = sgn(p — p)[Bi(t, p) — By (£, p)] — sgn(p)[Bi(t, ) — Bi(t,0)],
for almost everywhere (w, t, x) € Q x [0,00) x R%.

If one lets € approach to zero in (40), we attain the inequality (9), thus p is a stochastic entropy
solution.

Remark 4. Our proof for Theorem 1 is inspired by Theorem 1 in [36], but the demonstration here appears to be
finer, and for more details, one can see [36] and also see [37] for nonlocal conservation laws.

4. Proofs of Theorem 2 and Corollary 1

We begin our discussion in this section to prove Theorem 2. Let p; and p; be two stochastic
entropy solutions of (1), with initial values pg; and po 2, respectively. Then u; = x,, and up = x,, are
stochastic weak solutions of (11) with nonhomogeneous terms 9,11 and dymy, initial datum 191 = xp,
and ugp = Xp,,, respectively.

Let 01 and ¢, be two regularization kernels described in Lemmas 3 and 4, respectively. Let g3 be
another regularization kernel in variable v, i.e.,

0 € Di(R), [ os(0)do=1.

For e1,e7,€ > 0, set

1 X 1 t 1 v

Q1 (¥) = ¥Q1<a>/ 02, (t) = (), @ae(0) = cas(),

then u{® := u, % 016, * 02, * 03¢ (1 = 1,2) yields that

A1u€ + f(v) - Vyuy© + A(t, x,0)0,u;*
+ Y4 0yl o Mi(t,0) = dymi€ + RV, (41)
uy®(t,%,0)[1=0 = X, * 01, * 03¢(x,0),

here Ri* = Rif +Ri5 + RS, and
RS = f(0) - Vatti® = [f(0) - Vo],

RS = A(t,x,0)90u — [A(t, x,0)01), (42)
RES = Ty {005 0 M, 0) — [P0 M (1,0))5¢ .
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For every § > 0, we set 175(u) = (u? + (5)% For 1 = 1,2, if one uses It0’s formula for #; (1}’
and lets ¢ tend to 0 next, it follows that

d
% RA+1 |1/lf’€(i’, X, U) |€k2(v)9k1 (x)dxdv

- ,/Rdﬂ |1y |Cry (0) f (V) - Vb, (x)dxdo

[ 55 () 0l () At 3, 0)]8, (x)dxdo
d
L g 1, ()80, 0) 0 M, )

[y S8, (0)84, (x) R dado

Ck, (0)sgn(uy )0k, (x)0pmy“ (t, x,v)dxdv,

Ra+1

where M;, 0, and ¢, are given by (13), (35) and (38), respectively.
Analogue calculations also yield that

4
dt Jrd+1

= /Rdﬂ ”i’e(t' x,v)uge(t, x,0)Cx, (v) f(v) 'Vxekl(X)dxdv

+ i lui’e(t,x,U)ug’e(t,x,U)av[gkz(U)A(t,x,v)}le(x)dxdv

Z/Rdﬂ (t, x, 0)uz (£, x,0)9x,0k, &k, © Mi(t,v)dxdo

uy® (t, x, 0)uz®(t, x,0)k, (0) 6, (x)dxdo

+ i 8y Oy (147 (8, %, 0)0pmy© + uz (¢, x,0)dym]dxdo

8y (0)0k, (x) [RYE (8, x, 0)uz (8, x,0) + RS (¢, x,0)uy (t, x,v)]dxdv.

Rd+1
From (43) and (44), one infers

d

T IR{'H1[|1,t§’€(t,x,v)| + Juy® (8, x,0)| — 2u(t, x, v)u5" (t, x,0)|Ek, (0) b, (x)dxdv

15 of 29

) first,

(43)

(44)

= ./Rd+l[|u§’€(t,x,v)| + [uz (¢, x,0)| — 2uy®(t, x, 0)uz" (t, x,0)] 8k, () f (V) - Vb, (x)dxdo

+/Rd+1[|u§'e(t, X, 0)| 4+ Juz€(t, x,0)| — 2u(t, x, 0)u5 (t, x,0)]00[C), A(t, X, 0)]6), dxdv

+Z/M U () | [ (1, )| — 205 (1,05 (1 %, 0) 0, ()

X ¢, (v) o M;(t,v)dxdo + /]Rd+l Gk, ()0, () [sgn (u5€) RS + sgn(u5€) RS |dxdo

G, (0)0k, (x) [RY€uy® + Ry uyldxdv 4 1(t),

RA+1

where

() = /R B (0)0, () [sgn () um + sgn(u5°)dpm ] dxdo

By (0)05, () [ + 5Dy Jdxdo —: 1y (£) — 21 1)

RA+1

(45)



Entropy 2019, 21, 1142 16 of 29
Observing that for every T > 0, and almost all w € Q, m; and m; are bounded on [0, T| x RA+1

supported in [0, T] x R x [~K, K], where
K= max{”plHL°°(Q><(O,T)><Rd)' ||p2||L°°(Q><(O,T)><Rd)}' (46)

Thus by taking k; > K,

St 00 Gy (0)) B, () s (s ) + sgn(us® )| dxdo = 0, )
o1 00 @y (000, () a4 a5 = 0.

From (41), with the aid of assumptions (3)-(5) and Lemma 2, m¢ (1 = 1,2) is continuous in v in a
neighborhood of zero. Besides, for almost everywhere (t, x,v),

sgn(uy€) — sgn(uf) = sgn(v), as € — 0.
Hence for large k» (kp > K) and every t > 0,

hn1h(ﬂ::-—2/&d9h(xﬂnﬁ(bx,0)+4n§0gn0ﬂdx. 48)

e—0

Moreover, due to (30) and the fact m, > 0 (1 = 1, 2), if one chooses k; large enough, then

b = [ L el —sx =y +OmE (L x et —sx—y) +7)
2, (02 (=5, = y) + T (t,x, 2 (=5, x = y) + 7))
X 03,0(T) 0k, ()dxd0dT [ 01,6 ()02, (5)dyds
— [ 11y 812008, (O (1 ,0) 4+ 5 (8,3, 0)] 03, (0)
> = [ @0 () (1 x,0) + mE (1, 0)0sc (0)dxdo

_9—&@ﬁWﬁmm+@@mWL%e%Q (49)

On account of (42), thanks to conditions (3) and (16), and Lemma 3, then,

lim im RYf =0, in L'(Q;L'(0,T; L}, (R**1))), for:=1,2, (50)
ep—0e—0
and
lim lim lim Rj; =0, in LY (Q; LY(0, T; L} (RTT1))), for i = 1,2. (51)

e1—0e,—0e—0

On the other hand, for fixed €1, we have
d

. . 1
ng = Z {axi“f'e o M;(t,v) — [Ox;u, 0 Mi(t’v)}e,e} = 156 2 f;r
i=1

where
d .
15 = ) {2 Mt o) - el (20>,
i=1

d n
Y 3 {@ ok 0) (1, 0) — 93,4 1 0] 2 ).

j=1k=1

13_

d
i=1
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By Lemma 4 and (5),
lim lim I% =0, in L*(Q;L*(0, T; L} (R*1))), fori = 1,2, (52)
ep—0e—0 ™
and by virtue of Lemma 3
lim lim im J%§ =0, in L'(Q;L'(0, T; L}, (R™™))), fort=1,2. (53)

e1—0ey—0e—0

For k1 and k; (k; is big enough) be fixed, if one lets € tend to zero first, € approach to zero next, &1
incline to zero last, with the aid of (47)—(53) and Lemma 1, from (45), it leads to

= /Rm [u1(t, x,0)| + |ua(t, x,0)| = 2u1 (¢, x, 0)ua(t, x, ))&k, ()8, (x)dxdv
[l (e, 0) 10, )] = 2101 (x,0)1t02(x,0) i, ()0, ()
+E /Ot /Rd+1 [luq (s, x,0)| + |ua(s, x,v)| — 2ui (s, x,v)us(s, x,v)]@sz(v) . Vkal(x)dxdvds

¢
—I—E/O /Rdﬂﬂul(s, x,0)| + ua(s, x,v)| — 2u1 (s, x,v)uz(s, x,v)]0y[Ck, A(s, x,v) |6k, dxdvds

d d t o,
L LE [ ]+ ual = 2208 1, (X)) (5, ) dods, 4
i=1j=1

Observing that u,(t, x,0) = X,,(tx)(?) = L(0,,(x))(©) = L(p,(t,x),0)(0) (t = 1,2), and

L001) (@) = Loy (@), if p1 > 0,02 >0, L(0,0)(0) = L(0,00) ()], ifp1 = 0,02 20,
L0,00) (0) + 100 (@), ifp1 20,02 <0, _ | [1(0)(0) +1(pp0) ()], ifp1 20,02 <0,
|1(p1,0)(v) + 1(0,p2) (U)‘Z, if p1 <0,0220, |1(p1,0)(v) + 1(0,p2)(v)|/ if p1<0,020 20,
11(00,0)(©) = 1(,0)(0) %, if p1 < 0,02 <0, L(0,,0)(©) = L(p,0)(@)], ifp1 <0,02 <O,

we have |u; — up|? = |ug — us|.
Since 11 and u, are supported in [—K, K] for v, if one chooses k, > K, it follows from (54) that

IEI/]Rd+1 lu (t,x,0) — ua(t, x,0)|Ek, (0)0, (x)dxdv
S /Rdﬂ |1 (x,0) — uo(x, 0)|§k2 (U)le(X)dxdv
t
HE/O /]RdJrl lui (s, x,v) — uz(s, x,0)|8k, f (v) - Vb, (x)dxdods

t
+E /0 /RdH lu1(s, x,0) — uz(s, x,0)|0[Ck, A(s, x, )6, dxdovds

d d t
+) Z]E/O /RdH lu1(s, x,v) — uz(s, x, v)|8§i,xj9k] (x)8x, (0)aj (s, v)dxdvds
i=1j=1

< /]Rd+1 |u0/1 (x’ U) - uO,Z(xl U) |9k1 (X)dxdv
t
—HE/O /Rd+1 lu1(s, x,0) — uz(s, x,0)|f(v) - Viby, (x)dxdvds

t
—HE/O /]Rd+1 lui(s, x,0) — uz(s,x,0)|[0,A(s, x,v)] 4 O, dxdvds

d d t
+) ZE/O /Rd+1 luq (s, x,v) — uz(s, x, U)]Bi,xjekl (x)a; (s, v)dxdvds. (55)
i=1j=1
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By taking ki to infinity, with the help of (17), (18), then
E/Rdﬂ lu(t, x,0) — ua(t, x,v)|dxdo
< /RM |uo,1(x,0) — ug2(x,v)|dxdo
t
+/0 H[aUA(s,.,-)]+||Loo(Rdx(71<,K))E/Rd+l |u1 (s, x,0) — ua(s, x,v)|dxdods,

where K is given by (46).
Therefore

E [ lpi(tx) = pat,x)ldx
= ]E/Rdﬂ |u1(t, x,v) — up(t, x,v)|dxdv
Ly 1 (50) = 02, ) dxdoexp( [ 1A, il iy )
= [ Iooa () = poa(@larexp( [ 10, e o gas s (56)

From (56), we complete the proof.
It remains to prove Corollary 1. Indeed, if one mimics the above calculations, then

E /]Rd+1 [ul (t’ X, U) - uZ(t/ X, U)]dxdv
- /Rd“ [to,1(x,v) — ug2(x,v)]dxdv

t
—HE/O /Rd“ [u1(s, x,v) — ua(s, x,v)]0,A(s, x, v)dxduds.

Observing that
[ (t, x,0) — up(t, x,0)]- = |41 — | ; (1 — uz)/
hence
IE/RH] [uq(t, x,0) — up(t, x,v)]—dxdv
= %E i |ui(t, x,v) — us(t,x,v)|dxdv — %E /Rdﬂ [u1(t, x,v) — us(t, x,v)|dxdv
< % s [|u0,1(x, v) —ug2(x,v)| — 11 (x,0) + up2(x, U)}dxdv
—I—%IE/Ot /Rdﬂ [|u1(s, x,0) —uy(s,x,0)| —uy(s,x,0) + ux(s, x,v)}avA(s, x,v)dxdvds
= /RdH [1g1(x,v) —upp(x,v)]—dxdo
+E /Ot /Rd+1 [u1(s,x,v) — ua(s, x,v)]|—9,A(s, x, v)dxdvds
< /Rd+1 [tg1(x,v) —upp(x,v)]—dxdo

t
+E/O 1100 A(s, )]+ [l Lo (max (K K)) [u1(s, x,v) — ua(s, x,v)|—dxdvds.

RA+1
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The Gronwall inequality applies, one concludes

E [ lor(t,x) = palt, )] -dx
< /Rdﬂ [t (x,v) — up2(x,v)]—dxdv exp(/ot 100 A (S, +/ )]+ Lo (ma x (— K K)) 95)
= [ T001(x) = 020 -xexp [ 1130AGs, )+ s i 5) =,
which implies p; < p2, P—as..
Remark 5. As a special case, one confirms the uniqueness of stochastic entropy solutions for

dp(t, x) + divy(F(p))dt + Y%, 0x.0(t,x) 0 dW;(t) =0, x €R%, t >0,
p(t,%)]i=0 = polx) € L}(RY) N L=(RY),

when F € W,lo"cx’(R; R%). However, we can not give an affirm answer on the problem whether the weak solution

is unique or not, when F is non-reqular (such as F € L*(R;R%)).

5. Proof of Theorem 3

The conclusion will be reached in three steps, and to make the expression simpler and clearer, we
use RY x R, instead of R¥*+1,

e Step 1: 0 = 0. Now (11), (12) become to

(57)

osuu(t, x,v) + f(v) - Vyu(t, x,v) + A(t,0)du(t, x,0) = dym, (x,0) € RE xRy, t >0,
u(t, x,0)|t=0 = Xpy(x)(v), (x,0) € RY x Ry.

We begin with building the existence of weak solutions for (57) by using the
Bhatnagar-Gross-Krook approximation, i.e., for ¢ > 0, we regard (57) as the ¢ — 0 limit of the
integro-differential equation

(58)

Atue(t, x,0) + f(0) - Ve + A(t,0)dpute = %[ng(t,x) —ue], (x,v) ERIXRy, t >0,
ue(t, x,0)|t=0 = Xpy(x)(v), (x,0) € R? x Ry,

where pe(t,x) = [ ue(t, x,v)do.
e  Assertion 1: (58) is well-posed in L, ([0, 00); L®(R? x R;,)) N C([0,00); L1 (R4 x Ry)).

Clearly, (58); grants an equivalent presentation

1
0tZe + f(v) - ViZe + A(t,0)0,Z, = geﬁx t_(v),

e P

here
Ze(t,x,0) = eéus(t,x,v), fe = / Ze(t, x,v)dv.
R

Due to the assumptions F € C'(R;R%) and A € L} ([0,00); W-®(R)), there is a unique global

solution to the ODE o
%(X(t,x,v),V(f,v))T = (f(V), A(t, V))T, with (X(t,x,v),V(t,v))Th:O = (x,v)T, (59)

for every (x,v) € RY x Ry,
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Therefore, along the direction (59),

1

t s
Ze(t X (1), V(D) = ; /0 € X, (o x(6y) (V (505 + X ) (0),

ie.,

1t s _t
el X(0,V() = £ [ €™ ot (V (5 0))s ¢y (0).

Define J(t,V) = |0,V (t,v)|, thanks to Euler’s formula, then

t t
exp(— /O BoA(s, V(s))]_ds) < J(1,V) < exp( /0 o A(s, V(5))]4ds), (60)

whence, the inverse of the mapping (x,v) " + (X, V)T exists and it forms a flow of homeomorphic.
We thus have

1t st _t
ue(t, x,v) = E/o € ¢ Xpe(s,Xps (0)) (Vs (0))ds + €7 X0 (%, (x,0)) (V10 (2)), (61)

where (X¢5(x,0), Vis(v)) " = (X 1(Jc v), Vg, L)', e,

(X5 (6,0), Vg (0)) T = (f(Ver), Al Ver)) T, t 25,
(X5t (x,0), Ve (0)) li=s = (X(5,%,0), V(s,0)) T,

and (Xs¢(x,0), Vss(0)) " = (X(t,X(s,x,0),V(s,0)),V(t, V(s,0)))".
For every u € L ([0,0); L°(RY x Ry)) N C([0,0); L' (RY x Ry)), we define a mapping S by:

t

1t st _t
(Seu)(t/ X, 'U) = E/O ec Xp“(s,Xt,S(x,v))(Vl‘,S(v))dS+e prg(tho(x,v))(Vt,O(v))/ (62)
here
p(t,x) = / u(t,x,v)dv, pg(x)= / u(0,x,v)dv = po(x).
R R
We claim that S, is well-defined in L, ([0, 0); L (R x Ry)) N C([0,0); L} (R% x R,)) and locally

(in time) contractive in C ([0, 00); L1(RY x Ry)).
Initially, we collate that (62) is well-defined. Indeed,

||S€”||L°°([0,T]xR§xR,,) <1 (63)
and forevery 0 < T < oo,
_t
oi‘fET’ e as],  toutuan esCoDdsdo et [ e (Vialo)dsdo
t
= ()S<11}1£T’ / T ds /Riva Xou(s,x) (0) exp(/s v A(r, Vs r(v))dr)dxdv

t

: t
+e ¢ /Rngv Xot(x)(0) exp(/0 I A(r, VO/,(T)))dV)dXdU‘

N

T K [
eXP(/O ||[avA]+||L°°(R)(f)dt)[(1*6’ 5)||“||c([o,T];L1(R§xR,,))+||P6|\L1(szRv)]f (64)
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thus (62) is meaningful.
For every g1,82 € L.([0,00); L®(R% x R,)) N C([0,00); L1 (R x R,)), an analogue calculation
of (64) also leads to

15e81 = Sesallepo,ry;er (v o)

1/t st
< OS<1:£T’€/O et ds /Riva X081 (s, %15 (x,0)) (Vs (0)) = Xps2 (s, X, s (x,0)) (Vs (0) ) [dxdv
_t
P [ 0ty (Vi0(0) = X, (Vi) e
1 t s—t t
= 02?51“’8/0 e« ds /JRSZX}RU |ng1(s,x)<0) —ngz(s,x)(vﬂexp(/s 9y A(r, Vs )dr)dxdo
_t t
vet [ o, 810 ®) ~ Kyt )] xp /O B0A(r, Vo (v))dr)dxdo|
T _T
< eXP(/O 1100 Al 4 | Lo () A1) [(1 —e 9)llg1 — &2lle(po s me xRy )

+lg10 *82,0||L1(Rngv)}r (65)

where 810 = gl(t = 0) and 0= gz(t = 0).
In particular, if g10 = g0 = Xp,, from (65), for every T > 0

1Seg1 — SESZHc([o,T];Ll(R‘;xRU))

T T
< expl(| N3oA)+ ey (01— )1~ 2lleo s etk )

Given above T > 0 we select T} > 0 so small that exp(fOT 1100 Al 4 | Lo () (£)dt) (1 — e*TTl) < 1L
Then we apply the Banach fixed point theorem to find a unique u, € C([0, Ty]; L' (R¢ x R,)) solving the
Cauchy problem (58). By (63), ue € L®([0, T]; L*®(R% x Ry)), s0 ue(Ty) € L' (R% x R,)) NL®(RY x Ry,).
We then repeat the argument above to extend our solution to the time interval [T}, 2T;]. Continuing,
after finitely many steps we construct a solution existing on the interval (0, T) for any T > 0. From this,
we demonstrate that there exists a unique u, € C([0,00); LY(R? x Ry)) N L ([0, 00); L*(RY x Ry))
solving the Cauchy problem (58).

e  Assertion 2: (Comparison principle). For every pg, gp € L' (R?) N L®(R%), the allied solutions u,
and i of (58) satisfy

t
lle(t) = 8O s gy < P IR0 ey ()0 o — Kol + 1 ety

t
— exp([| IBoAT+ e (5)d9)lloo = Pol+ 11 gy (66)
t
loe(t) = pe(t) 13gey < expl || 1BoAL- (e (5)45) o = Poll ey ©7)

t
10 ()] oo ety < eXP(/O 100 AL+ Il L= () ()d) [l 0 | Lov (e - (68)
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Furthermore, if pg < o, for almost all (¢,x,v) € (0,00) x RY x R,, and almost all (t,x) €
(0,00) x R9,

ug(t,x,v) <ie(t,x,0), pe(t,x) < Pe(t, x). (69)

Equation (69) holds mutatis mutandis from (66) and u(t,x,0) = X, ) (0), it is sufficient to
show (66)—(68). Since the calculations for (67) and (68) are analogue of (66), we only show (66) here.
Let A¢ = [u¢ — il¢]+, by an approximation argument, it leads to

1 .
OiAe(t, x,0) + f(v) - Vide + A(t,0)0pAe = € [Xpe(t,x) — Xpe(tx) — (e — ﬁe)} signAe, (70)
in (0,00) x R% x R,, with the initial data

Aelt=0 = [Xpo(x) () — Xpo(x) (0)]+- (71)

Obviously, we have the following facts:

(Xo(tx) = Xe(tx) — (e — ) |signAe = [Xp.(t.x) = Xpe(t,2)ISI8NAe — Ae, (72)

and
/]R [ng(t,x)(v) —Xﬁg(t,x)(v)]sign/\g(t,x,v)dv < /R)\S(t,x,v)dv. (73)

Indeed, when p; < P, (73) is nature and reversely,

[, o0 ©) = X0 @lsignie(tx,0)do < [ [y, (0) = 2,00 ()]0

= /R[uE — ilg|dv

/R Ae(t, x,v)dv.

N

By (72), (73), from (70) it follows that
3 /R Aelt, x, 0)do + /R F(0) - Videdo < /R 3 A(t,0)Aedv < [|[0A )]+ [l ) /]R Aedo,

which suggests that for every ¢ € D(R?),

d

— <
0t Jer, Ag(t,x,v)(p(x)dxdv\/

Rngv f(v) . qu))\stdU + ||[aUA(t)]+||L°°(R) AngRv )\gq)dXdU.

X

For every k € N, we can choose ¢ such that for every 0 < |x| < k, ¢(x) = 1, then by letting k tend
to infinity, one deduces

d

3t S, At < NB0AWD] o / Ae(t, x,0)dxdo. (74)

RIxR,

On account of the fact: for every ay,a; € R,

[ e 0) = o (@) 0 = a1 — aal, 75)

from (74), by (71) and a Grénwall type argument, one arrives at (66).
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e  Assertion 3: With locally uniform convergence topology, {u.} is pre-compact in C([0, c0); L' (R% x
R,)) and {p,} is pre-compact in C([0, 00); L1 (R¥)).

From (66) (with a slight change), we have for every (%,3) € RY x Ry, t € (0,00),
lue(t, £+, 5+ ) — ue(t, ) | 1 rixry))

1

t s—t . _ t
< 2 e els x 0 ) = wels s ) gy X[ NBoAL ) (1)) ds

et [ W (05 0) = oy @) dsdoexp( | 1oL (e (1))
Thus
Jue(t, £+, 04 ) —uet, )l 1 rir,)
< Lo onter (0+0) = R (O)edndoexp( [ 1[Bo) ey 5)d5).
With the aid of (75), then for @ = 0, it follows that
loe(t, X+ ) — pe(t, ) | 1 ey

= /Rz /]Rvus(t'f+x'v)dv_/Rus(f,x,v)dv‘dx

U (t, % +x,v) — ue(t, x,v)|dxdo
L, et ) el ,0)]

N

t
< L Wootos (2) ~ Xpu(oy @ldvexp( [ 110A] 1o (1)),

which implies for every 0 < T < oo, {1} is contained in a compact set of C([0, T]; L}, C(Ri x Ry)),

{pe} is pre-compact in C([0, T; L}, (R?)). Hence by appealing to the Arzela-Ascoli theorem, with any
sequence {ey}, e — 0as k — oo, is associated two subsequences (for ease of notation, we also denote
them by themselves) {u,, } and {p¢, }, such that

e, — u € C([0, T; L (RE X Ry)), pe, — p € C([0,T]; L} (RY)), as k — co.
On the other hand, by (63) and the lower semi-continuity,

u € L2, ([0, 00); L(RE x Ry)) N C([0,c0); L (RY x Ry),
p € Lise([0,00); L*(R")) N C([0, 00); L' (R)).
e Assertion 4: % [)(pg — ug] = dye, where m, > 0 is continuous in t and bounded uniformly in e.
Let (t,x) € (0,00) x RY be fixed, assuming without loss of generality that p. > 0, define
1 v
me(t, x,v) = " /700 [ng(t,x)(”) — ug(t,x,7)]dr.

In view of (61),

[0,1], whenr > 0,
[-1,0], whenr <O0.

ue(t,x,r) € {
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Hence m(t, x, v) is non-decreasing on (—oo, p;) and non-increasing on [pg, o). On the other hand,
me(t, x, —00) = mg(t, x,00) = 0, we conclude m, > 0.
Since pg € LY(RY) N L®(RY), owing to (60), (61) and (68), and the condition A ¢

L} ([0,00); WL*(R)), then

loc

suppme C [0, T] x RY x [-K, K],

T
where K = [Jo]l (0 1)c24) xP (o [30A ()]s ds).
For the above fixed T > 0,

T
/0 dt Rddx/ng(t,x,U)dv

T K v
dtd/d/a Vtte + A(t,7)3yue]d
/0 » X i v 7K[ e + f(r) - Vil (t,7)0rue|dr

T K 4
t [ dx [ do [ [ouueltxr) + At 1)orucld
/0 N 7K[ tue (£, x,7) (t,7)0rue|dr

N

T K
2K (T) | 1 e, + 126 ()1 1 ety +/O dt/Rd deKA(t,v)us(t,x,v)dv

T K v
_/0 dt o dx/_Kdv/_KarA(t,r)ug(t,x,r)dr.

Combining (68), we arrive at

T .
at [ dx [ me(t,x,0)d
/o Rdemg(xv)v

T K
< 4 ooll ey + (12K) [ at [ dx [ 100A) lagug et 0) o,

Whence m; is bounded uniformly in e.
By extracting a unlabeled subsequence, one achieves

me — m > 0in D'([0,00) x RY x R,).

In order to show that m yields the properties stated in Theorem 1, it suffices to check that it is
continuous in ¢, and by a translation, it remains to demonstrate the continuity at zero. But this fact is
obvious, so the required result is complete.

e  Assertion 5: u(t,x,v) = Xp(tx)(v) and p solves (23), (2) with M; = 0 (1 < i < d). In addition,
for every po, 0o € L'(R?) N L®(R), the related solutions u and i of (57) fulfill

t
[[[u(t) — ﬁ(t)]+||L1(Rngv) < eXP(/O 100 A]+ [ Lo () (5)ds) || Xpy — XﬁohHLl(Rngv)

t
= oxp( [ 1BoAL+ e (5)45) oo — o+l 1 aey (76)
~ t ~
() = (8) 3o < exp( [ 1100AT ) (5)45) 0 = ol gy 77)

t
o) o Ry < eXP(/O 100 AL+ Il L= () ()d) |0 | oo (e (78)
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Furthermore, if pg < o, for almost all (¢,x,v) € (0,00) x RY x R,, and almost all (t,x) €
(0,00) x R9,

u(t,x,v) <i(tx,v), p(tx)<ptx). (79)

In particular, if pg > 0, thenu > 0,p > 0

Observing that ue — u, pe — p and me — m, s0 ue(t, x,v) — xp.(v) — 0 and then u = x, ;1) ().
Moreover, p is a weak solution of (57).

With the help of (66)—(69), the rest of the assertion is clear.

Step 2: Existence of stochastic weak solutions to the Cauchy problem:

oru+ f(v) - Vyu + Z?Zl dx,u 0 M;(t) + A(t,0)dpu = dpm, (x,v) € R xRy, t >0, (80)
u(t,x,0)i=0 = Xp,(0), (x,0) € RE xRy,
Before handling the general ¢, we review some notions. For any 2 € R4, set T, by
T,¢(x) = ¢(x +a), forevery ¢ € C(R?),
and the pullback mapping of m by 1 is defined by
m(p) = m(t_q) :/0 dt . dx/Rcﬁ(t,x —a,v)do,
for every ¢ € D([0,00) x RE x R,).
Let us consider the Cauchy problem below
ol (t, x,v) + f(v) - Vil + A(t,0)001i(t, x,0) = T (1) 0 (x,0) € RE xRy, t >0, 81)
it x,0)|i=0 = Xpo(x)(v)r (x,v) € Ri X Ry.

The arguments employed in (57) for d,m adapted to T} ()8 m = dy TM(t)
produces that there is a ii(w) € L;’gc([O,oo),L""(Ri x Ry)) NC([0, 00 ),Ll(Rd x Ry)) solving (81).
Note that T]’\‘A(t)avm is Fi-adapted with values in D’ (]Rz x Ry), thus for every ¢ € D(Rfl( x Ry),
fRiva ii(t,x,v)¢(x,v)dxdv is Fi-adapted. Besides, by Assertion 5, i1 € L*(Q; L ([0, 0); L®(R? x
Ry))) NC([0,00); LY(RE x R, x Q).

Hence, upon using Ito-Wentzell’s formula (see [38]) to G(y) = ng <R, 1(t,x,0)¢(x +y,v)dxdo,
one gains

m in (81) now,

/R’ixR—u i(t,x,0)p(x + M, v)dxdv — / Xpo(x)(UW(X, v)dxdv

RIxR,

/ ds /Rdev ) - Vip(x + M, v )dxdv+/ ds /IRdev 19, [A(s, v)Pp(x + Ms, v)|dxdv

t .
+ Z/ i(ods) /R ixR, ii(s, x,v)0x,¢(x + Ms, v)dxdv — '/0 /Rilev dup(x,v)m(ds,dx,dv).

Let u(t,x,v) = i(t,x — M;,v), then i € L®(); L

([0, 00); L2(RY x R,))) 1 C([0, )3 L1 (RY
R, x Q))), which is F-adapted, and
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/Riva u(t,x,v)¢(x,v)dxdv — /Riva Xpo(x)(v)cp(x,z;)dxdz;

= ./Ot ds /Rﬁva u(s,x,v)f(v) - Vygp(x,v)dxdo + ./(;tds./l[‘@‘;va u(s,x,v)9,[A(s,v)p(x,v)]dxdv

+li/ot M, (ods) /R

u(s,x,v)axiqy(x,v)dxdv—/ot /R”’ . dup(x,v)m(ds,dx,dv).  (82)

4 xRy

Thanks to (82) and Remark 3, hence there exists a stochastic weak solution to (80).
Step 3: Existence of stochastic entropy solutions to (23), (2).
Due to Step 2, one claims that

u(t,x,0) = Xp(v) (0) and p € L®(Q; Lf3, ([0, 00); L*(R?))) N C([0,00); L' (R? x Q2)).
Theorem 1 (ii) applies, p is a stochastic entropy solution of (23), (2).

Remark 6. When A(t,p) = ¢(t)p(t, x), then analogue calculations of (77), (78) also yield that

t
006 sy < exp( [ (5)as) oy, for € [0,00) and 1= 1or .

Whence for every p € [1,00],

t
l0(8) ey < Coxp( [ &(s)ds) )

If there is a positive real number ¢ > 0 such that ¢ < —c, then with probability one, the unique stochastic
entropy solution p is exponentially stable. If for some real number ay, 11 > 0, § possesses the below form

(31

B —ZL, when t € (r, ),
gt) = { gl(tt), when t € [0,r],

where & € L'([0,71]), then from (83),

C, te [0,7’1],

<
”p(t)HLP(Rd) S { t“%’ t € [r1,00),

which implies p is asymptotically stable.

6. Conclusions

In recent years, people have made broad research about the uniqueness and existence of solutions
for the conservation law

dto(t,x) +dive(F(p)) =0, x e RY, £ >0, (84)
with a stochastic perturbation. Most of these works are concentrated on the multiplicative type:

do(t, x) + divy(F(p))dt = A(t,x,p)dW(t), x€D,t>0, (85)
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where W is a 1-dimensional Wiener process or a cylindrical Wiener process, D C R is a bounded
domain or D = R?. However, for Equation (85), if we take the spatial average for p, then it satisfies

/Dp(t,x)dx:/Dpo(x)dx—l—/()tA)A(s,x,p(s,x))dxdW(s).

It seems difficult to provide any bound on the average for the last term in the above identity. So
the mass is not preserved in general. But if one considers the scalar conservation (84) with the noise
given by Ty T 9y, Byt p) o dWj 1),

d n
dp(t, x) + dive(F(p))dt + Y Y " 0xB;;(t,p) odW;(t) =0, x € D, t >0, (86)
i=1j=1

then

[ et 0z = [ powis.

Therefore, with such noise, the mass is preserved exactly. From the point of this view, the noise given
here is more reasonable, and compared with the existing research works [5-18], this idea is new.

On the other hand, when we discuss the conservation law (84), L* is a natural space on which
the solutions are well-posed. But if one perturbs the Equation (84) by the noise A(t, x, p)dW(t), even
the initial data is bounded, the solution is not bounded since the maximum principle is not available.
Therefore, L* is not a natural space on which the solutions exist. Even though, if we assume further
that A has compact support, then L* solutions will exist [5,6]. However, in the present paper, by using
the stochastic kinetic formulation, we also found the existence for bounded solutions without the
compact support assumptions on coefficients for stochastic balance law (1). Moreover, we prove
the uniqueness for stochastic entropy solutions without any assumptions on the growth rates of the
coefficients to (1). Compared with the known results, the existence and uniqueness for stochastic
entropy solutions established in the present paper are new as well.
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