PERTURBED GENERALISED TAYLOR’S FORMULAE WITH
SHARP BOUNDS

P. CERONE

ABSTRACT. Sharp bounds are obtained for perturbed generalised Taylor series.
The perturbation involves the arithmetic sum of the upper and lower bounds
of the (n + l)th derivative. The sharpest bound is in terms of the one norm of
the Appell polynomial which constitutes the coefficients of the derivative of the
function to be approximated. The results are demonstrated for an application
to the logarithm.

1. INTRODUCTION

A number of authors have recently obtained generalisations of the traditional
Taylor series expansion of a function f(x) about a point a assuming sufficient
differentiability. A Taylor series representation is a fundamental mechanism for
estimation in problems arising in many applications. Estimates of bounds on the
remainder have also been procured.

Before proceeding further with more generalisations, let us introduce some no-
tation. We shall term polynomials of degree k, W), as Appell type and say Wy, € A
if they satisfy the condition

(1.1) Wi =&We—1 (t), Wo(t)=1, teR.

These are so named since Appell studied with &, = k in 1880 (see [2]).

Polynomials satisfying with £, = 1 have been termed harmonic polynomials

in Matié¢ et al. [I0], however a simple scaling will demonstrate that these are Appell.
The following results were obtained by Mati¢ et al. [I0] where P, (t) satisfy

with £, = 1.

Theorem 1. Let {P,}, y

(1.2) P (t)=P,1(t), h(t)=1,teR, neN, n>1.

Further, let I C R be a closed interval and a € I. If f : I — R is any function such
that for some n € N, (") is absolutely continuous, then for any x € I

be a sequence of polynomials, that satisfy

(1.3) f@)=T,(f;a,2) + Ry (f;0, %)

where

(L) Tu(fie2) = f @+ (D" [A@) P @) - P (a) S (a)]
k=1
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(1.5) R, (f;a,z) = (—=1)" /w P, (t) f+Y (t) dt.

They also pointed out the following bounds for the remainder R, (f;a,x).

Corollary 1. With the above assumptions of Theorem[], the following estimations
hold. Namely for x > a,

(1.6)  [Bn(f;a,)|
1 Pallog 4V, provided  f0+Y) € Ly [a, 2],

< LR, IFe D, provided 0D € Lyfaya], p> 1,

1Pally [ f 1 provided [ € Lo [a, 2],

where © > a and |||, (1 < s < o0) are the usual s—Lebesgue norms. That is,

Il = ( / “lo <t>|5dt);7 se 1)

9]l :=ess sup [g(t)].
t€la,z)

We introduce superscripts for T, (f;a,z) and R, (f;a,z) as given in (1.4]) and
(1.5)) respectively to reflect the particular polynomial P, (¢) involved. Let

and

(1.7) PO (1) = (t*i# 8(\) =ra+(1—Na, Ael0,1],
(1.9 re =, (120,

and

(1.9) prm="""p, (t:)

represent polynomials involving; a convex combination of the end points, Bernoulli
polynomials and Euler polynomials respectively. We should note that the depen-

dence of the polynomials in 1- l- , on z is not shown explicitly.
With the polynomials ((1.7) — (1.9)) then from 1 4)) and (| .
(1.10) T2 (f;a,x)

n

k
= f (a) + Z (_1)k+1 % |:Akf(k) (l‘) _|_( 1)k+1 ( ) f(k) ( ):|

(111) T (f;a,2) = f(a) +
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(1.12) TF (f;a,x)

2], ke
_ (z —a) (4*—1) 2k—1 2%k—1
= /@23 G B S @) £ (@)
and
(1.13) R (fia,x) = Hn)f / 000" S (),

O(\) =Xa+(1—Na, Ael0,1],

() R (e = E [ (=2 oy,

n! T —a

L15)  RE(fiae) = (—pmt B0 [ & ( L= ) 7 (1)

n! r—a

where B, (-) are the Bernoulli polynomials, B, = B, (0) the Bernoulli numbers
and E,, (-) the Euler polynomials.
The above expressions - were obtained by Matié et al. [I0] for the
Bernoulli and Euler polynomials but only for the equivalent of A = 0 and % in .
Cerone and Dragomir [4] obtained the following theorem which follows directly

from Corollary |1| with P¢* (¢) as given by (1.7) and using (1.10]) and (1.13]).

Theorem 2. Assume that f is as in Theorem[1] with x > a, then we have

(1.16) |f (@) =T (fs 0, 2)]
= [BR (fia,2)|
o) [ =31 I, S0 € L]

nl

1
(= )™ [(1 =X A ||
nl(ng+1)4 P

IN

if fOtY e Lya,2], p>1,

D =

ﬁ (z - a)n+1 {(1 _ )\)n+1 I )\n+1] ||Jc(n+1)H007

if fY € Ly [a,2].

Q=

It was also noted that since hy (A) = [$ + ’/\ - %Hn yha (N) = [(1 — )t \natl

and hs (A) = (1 —A)"T" + A" are convex and symmetric about 1, then

1

A€(0,1]
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Hence the best inequality possible in the class, in the sense of providing the tightest
bound, is

C

M\»—l

(117)  |f(2) = T* (fia, 1‘)‘
1 n
onnl (@ —a)" [[fOHD 5
1 nti || £(n+1)

—l(x—a) || Hp

<) ntng+1)52n

it fD € Lylaa], p>1, 24+t =1

m (@ — @)™+ Hf(n+1) ||oo it fOtY € L fa,z].

Taking A = 0 in ([1.16]) produces the classical Taylor series expansion in terms
of the L, [a,z], p > 1, Lebesgue norms for the bounds (see for example, Dragomir
[8]). That is,

(1.18) zn: f<k>( )

k=0
(z—a)" 1 1
[ £ fOH € Ly [a, 2]
gyt
. m |||, Fe € L fo,a]
n!(nq a
. p>1, o+ o =1
S e e € L faal.

Recently in [7] Dragomir introduced a perturbed Taylor’s formula using the
Griiss inequality for the Cebysev functional. Mati¢ et al. [I0] obtained generalised
Taylor’s formulae involving expansions in terms of general polynomials satisfying
producing in particular Theorem [1]and Corollary[I]above. They also examined
perturbed versions of , namely

(L19) f () =Ty (fia,2)
+(<)" [Pars () = Post (@)] [F™s0.2] + 9, (fia,2),

where

(n) — f(n)
(1.20) [f(”); a, m} = / (32 75 (a), the divided difference,
(1.21) pn (fia,x) is the remainder.

Dragomir [7] developed an estimate of the remainder using the Griiss inequality
for P, (t) = (tfz) Matlc et al. [10] used a premature or pre-Griiss argument to

procure bounds on pn (f;a,), p% (f;a,x), p2 (f;a,x) and pZ (f;a, ). Dragomir
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[8] obtained tighter bounds for the same polynomial generators of the perturbed
Taylor series for f("*Y) € Ly (I) with z,a € I C R. In the paper [], Cerone and
Dragomir procured bounds on p,, (f;a,x) in terms of A—seminorms resulting from
the Cebysev functional and Korkine’s identity which are used to produce (1.18)).

In [7], S.S. Dragomir seems to be the first author to introduce the perturbed
Taylor formula

(1.22) f@) =T (f-az)+w[f<”>-ax}+p (f:a,z)
M n b ) (n+ 1)' Y K n ) k) b
where
S (iffa)k (k)
(1.23) Tu(fra,2) = =" (@)

k=0
and [f (") q, x| is as given in . Dragomir [7] estimated the remainder p,, (f;a, )
by using Griiss and Cebysev type inequalities.

In [I0], the authors generalised and improved the results from [7] via a pre-Griiss
inequality (see [I0, Theorem 3]).

Theorem 3. Let {P,}, .y be a sequence of polynomials satisfying , LetI CR
be a closed interval and a € I. Suppose f: I — R is as in Theorem|ll Then for all
x € I we have the perturbed generalised Taylor formula, , where x > a, the
remainder p (f;a, ) satisfies the estimate

T —a
(1.24) lon (fr0,2)] < ——= VT (Pn, Pu) [['(2) =y ()],
provided that f"tY) is bounded and

(1.25) v (z) = i[nf]f<”+1> (t) > —o0, T(zx):= sup fO () < co.
tela,r t€[a,x]

In , T (-,-) is the Cebysev functional on the interval [a,x]. That is,

/;Q(t)h(t)dtxia/axg(t)dt.xia/jh(t)dt.

It is the intention in the current article to produce perturbed generalised Taylor
series like , however the perturbation involves the arithmetic average of the
upper and lower bounds of the f("*1) (¢), ¢t € I. The bounds for the expansion
involve the norms of the Appell polynomials with the one norm, which is shown to
provide the tightest bound.

A novel Cebysev functional and its bounds are presented in Section 2, the results
of which, are applied in Section 3 to perturbed generalised Taylor series, for a
selection of Appell polynomials. The approximation of the logarithmic function
using the results of Sections 2 and 3 is presented in Section 4.

(1.26) T (g,h) ==

Tr—a

2. A NoveEL CEBYSEV-LIKE FUNCTIONAL AND ITS BOUND
Let f,g: [a,b] — R be two integrable functions and define the functional
(21) T(f7g7a7b) = M (fgvavb) _M (f7a7b)M (g;a7b)a

where the integral mean is given by

b
(2.2) M (f;a,b) ::bia/ f(z)dz.
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The functional T (f,g;a,b) as defined in - is widely known in the lit-
erature as Cebysev’s functional. The reader is referred to [11], Chapters IX and
X and, to the work by Dragomir [6] and Fink [9] for extensive treatments of the
functional.
We now define a Cebysev-like functional
M +m

(2.3) C(f,g;a,b) :== M(fg;a,b) — 5 M(f;a,b),

where —oco < m < g (t) < M < oo, for t € [a,b] and M (f;a,b) is as given by (2.2]).
The following theorem holds providing bounds for the functional C (f, g;a,b) .

Theorem 4. Let f,g : [a,b] — R be integrable functions and —oo < m < g(t) <
M < oo, then

M +
(24) |C(F.ga.b)| = | M (fgsa,b) - =M (f;a,b)
M—-—m 1
<=5 7—Ifl, felilab
M—m 1
< ' 1||f||7 fEL[CL,b],1<p<OO
2 (h-a)y 7 "
M — M —
< =5 flloe = =5 max{IN|,Inl}, f € Locla.],

—co<n< f(t)<N<oo, t€lab],

where || f||, are the usual Lebesgue norms for f € Ly, [a,b] defined by

b g
1£1l, == (/ f(t)lpdt> , 1<p<oo

[fllo :=ess sup |f ()]
t€la,b]
The % in the three inequalities in are sharp.
Proof. From ([2.3) and using ([2.2)) we have the identity

C(f,g;a,0) = M(fg;a,b) — M+m/\/l(f;a,b)
AU

N (90257 ) .

and

and so

(2.5) C(f g;a,b) =

Taking the modulus from identity (2.5 gives

b—a /, 2

M+m
2

b
(2. Ctraani< s [rols -

Now, since —oo <m < g (t) < M < oo, t € [a,b] then
7M—m§g(t)7m+MSM—m
2 2 2

K2
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and so from ([2.6]
M —m 1 b
(27) Clhgan) <25 [ wla

giving the first inequality in ([2.4)).
We further have, using Holder’s inequality

1
\dt< (/ £ (t |"’dt> » fe€Lplab], S+ =1,1<p<oo
gess sup |f(t)|, f € L [a,b]
t€la,b]

producing, from (2.7)), the second and third inequalities in (2.4]).
For the sharpness of the constant %, consider

(2.8) IC (f,g:a,b)| < & (M —m) /|f )| d.

If we choose g = f = fo where fj : [a,b] — R is given by
1, e [o2g2

fo(t) =
1, te (%]

then

M
O oot = [0 (b_ I dt)( )=

and
1 b
m/ |fo ()] dt =1

giving from since m = —1, M =1, that 1 < 2k and so 3 < k.

The same function fj (t) will prove the sharpness of the second and third inequal-
ities or, more directly from the properties of the Holder inequality. The theorem is
now completely proved. I

Remark 1. The inequalities in are in the order of increasing coarseness
although each of them are sharp for f € Ly [a,b], p > 1.

3. THE CEBYSEV-LIKE FUNCTIONAL AND PERTURBED TAYLOR RESULTS WITH
Bounbps

In this section we will now apply the results of Section 2 to obtain sharp bounds
for perturbed Taylor-like formulae.
Theorem 5. Let {P,}, .y be a sequence of polynomials that satisfy . Further,
let I CR be a closed interval and a € I. If f : I — R is a function which for some
n €N, f( is absolutely continuous and —0o < 7,1 (z) < f+D (1) <Tppq (z) <
00, then for anya < x €l

(3].) f ({E) = Tn (f;a,.’b) + (7n+1 (l’) ; Fn-‘rl (.T)) (_]_)n [Pn+1 (‘72 1 f’ﬂ+1 (a)]

+ Gn (f;a,7)
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and

(3.2) |G (f5a,2)|
Lni1 (#) = vpg1 (2)

< . 1Pallosys Po€ Lall
FnJrl ({E) —Tn (QC) 1
< 5 . = Pallpaa) s Pn € Lpll], 1 <p<oo
(x—a)r
F’rLJrl (:E) —Tn (:E)
< 9 L ||Pn||oo,[a,z] ’ Py € Lo [I] ’

where

x

+ Fn+1 (93)
2

dt

(3-3) Gn (f;a,7) = (*1)”/ P, (t) |:f(”+1) (t) — Tnt1 (x)

a

and Ty, (f;a,x) is as given by (1.4).

Proof. Tf we identify (—1)" P, (t) with f (t) and "1 (¢) with g () in Theorem [4]
then from identity (2.5) we have

(34)  Gn(f;a,2)=(-1)" /x P, (1) [f(n+1) (t) = Jnt1 (z) 7; Lria (w)} it

—(@=a)C ((=1)" P (1), f"*) (t)50,)
That is,
(35)  Gn(fia,z)
V" [ R £ @)
(1)t Jntd () + Dyt (2) /: P, (1) dt

2

Yng1 (@) + Tngr (x)) [Prs1 (2) — Poyi (a)]
2 n+1

i

Ry (fia.2) = (1"

where R, (f;a,x) satisfies (1.3)) — (L.5)). Using identity (1.3]) in (3.5) produces the
stated result (3.1).

For the bound on the remainder |G, (f;a,z)| we have from the first inequality

in and

L s e MO

and hence (3.2)). Utilising the second and third inequality in (2.4) produces the
respective bounds in (3.2).
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Corollary 2. Let the conditions of Theorem [ persist, and assume a < x, then we

have from and , for PEx (t) given by

6O @) =T (fra0) - oy [0 -0

# " @ mo ] (TR )

< | ) (-’L') g’}/n—&-l (1') . %‘I’l ()\’ a,x)

- Lo (@) Q%H (z) 71 — .%[\pp (\a,z)]?

< Do (””);%H (@) WT;“) . {“";“ + ‘w) —— ] ,
where

U, (Nsa,z) = (@ =6 Q)™ + 6 () — )™

(3.7) np+1

0N =X xa+(1—-XNz, Ael0,1].
Proof. We need to evaluate for PS* (t) given by

/x PO () dt and / P (O dt, p> 1.
Thus, from , we have,

P @ = o [l = 000 = 00— 0]

aln

d
x 1 T
[ ara=— [ e-oora
a n: a

_ % /ae(x) O\ — )" dt + /9;) (t—0(N)" dt]
- ﬁ [(60) =)™ + @0,
producing .
Further,

C N C 1 ’ n
1P g = [ 122 OF = [ e=0 00 ae
== / O\ —t)"Pdt + / (t—0(N\)""dt
n:\Ja o(\)

LX) —a)™ + @)
np+1

Tl

and so from (3.2) the second inequality in (3.6) is procured.
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The final inequality is obtained from (1.7)) and (3.2)) giving

HPSA“oo,[a,r] ess sup ‘Pr?\ (t)|
tela,x]
t—60(N)|"
ess sup [t=6 M
t€la,z] n!

commented upon in Remark
specialisation. For A = %, 0 (5

% max {z — 0 (\),0 (\) —a}]".

are in order of increasing coarseness. This was
referring to the results , of which (@) s a
= % then from (@) and

°3 1+ (1" (z—a\"" (Y1 (@) + Tups (@)

B8 @ =i fen) = mmr ( 2 ) ( . )‘

< Pn+1 ((E) — Vn+1 ({E) . (Z‘ _ a)n-i-l

- 2 27 (n+1)!

< | Y (LU) — Ynal ({E) . (LL' _ a)nJrl

R 2 21 (np + 1)7 n!

< Fn—i—l (Z‘) — Vn+1 (q:) . (17 _ a)n+1

B 2 27!
where, from (1.10),

% - (x — a)k

(3.9) To® (fia,2) = f(a) +

k k+1 ok
S [P @+ () ) (@)
k=1
from which we may confirm, for this case at least, the fact that the bounds are in
order of increasing coarseness since n%rl < L - <1,1<p<oo.
(np+1)»

We further note that for n odd, the perturbation in (3.8) vanishes, giving the

tightest bound

Lot () = Yopa (@) (@—a)""

: dd.
2 o n+1)

(3.10)

f@) = To? (fr0,0)] <
| |

For n odd, the result ([3.10)) may be compared with the last result in (1.17)) demon-
strating that it is tighter since

Hf(nH)H o Tog1 (@) = Y1 (@)
o 2

where 7,1 (2) < £ (t) < T (2), € [0,
For n even, the bound is still tighter in (3.8)), however, the perturbation is now
present.
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If A =0 in (3.6) then 6(0) = = and we obtain a perturbed version of the
traditional Taylor series expansion about a point a. That is, from ((1.10)),

co 3 o (xia)nle Tn 1($)+Fn+1 (Jf)
B (@) T (frae) - Gt (Tl D)
_ S@-a) gy (@= )" (9 (8) + Do (2)
= |7 -3 g - ( o )
< Pnt1 (@) =Yg (&) (2 —a)""
- 2 (n+ 1)1 7
where

n —a k
T () = 1)+ 3 (D" @ (a).

We notice that the bound in (3.11)) is inferior to that in the first inequality in

(D where T, n% (f;a,x) is as given by l) However, 1) requires information

involving f*) (x) being available in order to approximate f (z).

The following corollary examines perturbed Taylor series expansions when the
polynomials are either Bernoulli or Euler. A similar approach would also be fruitful
for other polynomials satisfying the Appell condition .

Before proceeding any further we require, for the sake of lucidity, to present some
properties of the Bernoulli and Euler polynomials. Let B, (t) and E,, (t) represent
the Bernoulli and Euler polynomials respectively. The B, (t) may be defined by
the expansion

x| <27, teR

rett e "
(3.12) Bk

et —1

or, alternatively, they are uniquely determined by the properties

(313) B;L (t) =nbB,_1 (t) , neN; By (t) =1
and
(3.14) B, (t+1) =B, (t)=nt""', neN.
From (3.13) and (3.14) it may be shown that
1
(3.15) / By (t)dt =0 and B, (1) = By (0) = By,
0

the Bernoulli numbers.
The B,, (t) also satisfy the property (see [I], 23)

/1 Bo (#) By (£) dt = (—1)"1
0

and in particular

nlm!

7Bn ms ’ €N
(m+n)" " L

1 n: 2 n. 2
(3.16) /0 B2 (t)dt = (—1)""" Ez;))!Bgn - 227'3)! | Bon| -
The E,, (t) satisfy (see [1], 23)
(3.17) efei = i E, (t) g 2| <7, t €R



12 P. CERONE

and may be uniquely defined by

(3.18) E (t)y=nE,_1(t), neN; Ey(t)=1
and
(3.19) E,(t+1)—E,(t)=2t", neN.

Further, since ([2, 23.1.20])

2

(3.20) E,(0)=-E,(1) = R (2"t —1) By41, n€N

then from (3.18)

1) / Byt — Bt (D) =B (0) _ 2Bua (1) _ 4272 1) Bus

n+1 n+1 (n+1)(n+2)
n nlm)!
/ E, d = (—1) 4 (2n+m+2 _ 1) m3n+m+2, n,m e N,
giving
n+1 (n')Q
(3.22) E =4 (4" 1) @n+2)! | Bant2] -

Corollary 3. Let the condztzons of Theorem @ be valzd then we have from (3

and (.) for PB(t), PE (t) as given by @
(323)  |[f(2) T} (w)l
< FTL+1 (x) — Tn+1 (]J) (‘T _ a)"+l /1 ‘Bn (U)| du

= 2
1
r 7 o yntl 1 g
< +1 () Tnt1 (x) (x ) / |Bn (u)lp du yL<p<oo
2 n! 0
o1 (2) =Yg (@) (2 —a)"
< . + - 1Bnll oo, 0,11

and

_ Ynt1 (@) + Lo (2)
320 |f@) - TF (fran) - (e R )
w(@—a)"™ 44" —1)Bphys
<V T T

2 — l‘l'—an+1 1
_ Tui ( )2%“( Ja=a) /|En(u)|du

T) — T x—anH ! ,
Fn-‘rl (I) — Vn+1 (.I) (1[,’ B a‘)
2 n!

Proof. From ({3.1)) it may be seen that with P, (t) = P2 (t), as given by (1.8) and
using (3.15)), produces the left hand side of (3.23]) without a perturbation.

<

1l oo, 0,17 -
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Now, for the bounds. From (|1.8)), we have

_ n T t— _ n+1 1
122, ]:L '“) / Bn< a)‘dt:(x “l) / By, ()| du
ax n! a r—a n! 0
producing the first bound in (3.23)) on using the first result in (3.2]).

For the second, we require
1
t—a\[ »
B, ( ) dt)
T —a

» B ({L’—(],)n T
1Bl o0y = (/a

_ema t _s!)n; </01 1B, (u)pdu); :

producing the stated result from (3.2)).
Finally, from ([3.2)),
(x

127 oty =500 2, 1B 0

as required.
The expressions (3.24) are obtained in a similar manner for P, (t) = PF (¢) as
defined by (1.9).

For the perturbation we require

B 2) — E L (a T —a n+1
Pn+1( i+113n+ (a) _ ((n+)1)! [Eni1 (1) — Engq (0)]
(,I—a)n+1 4 n
= ma i nrz T

where we have used (3.20)) for the final step. 1
Remark 3. The bounds in and (3.24}) involve the norms HPfH

E
121l o,
numerically if sufficient care is taken.

p[0,1] and

. These are difficult to obtain explicitly although they may be evaluated

To obtain explicit bounds then we require knowledge about the zeros of B, (x)
and E,, (x), u € [0,1]. This is in general not known explicitly. The first inequalities
in and are the sharpest, however, we may obtain bounds in terms of
[ Bnll 0,17 and [[Enll5 jo,1) explicitly (see also [10]).

hus,

(@)~ TP ()] < Ly (2) ;W’n+1 (z) (¢ — a)"* |£ZT)L'|

and

Vnt1 (2) + T (2)

f(@)=T7 (fia,2) ~

2
—a n+1 S
(=1 (lén +)1)! AU =) (f++2)

S Fn—‘rl (x) ;7n+1 (ﬂf) . (x B a)n+1 ) 2\/(471-&-1(2;2 |2?!2n+2
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4. APPLICATIONS TO THE LOGARITHM

We shall apply the results of the previous sections to the logarithm function to
illustrate the results.
Let f:(0,00) = R, f(t) =1Int then

k1 (k—1)!
(4.1) f® @) = (1)1 T
We note that f("*1 is strictly monotonic on (0,00) so that

(4.2) Yog1 (@) FLngr ()
' 2

= & [max {50 @), 500 (@) b min {0 (@), 700 ()]

= |7 (@) 0 (o)

_nl 1 1 . S
—? W:‘:W 5 or r ~ a.

We shall utilise the first inequality in (3.6[), which is the least coarse of the three,
to illustrate the results to give

(4.3)  [f (x) = T3 (In; a, )

,t>0, keN.

ST (O = () @ o) ]
< (ni 5 (= 7)) (OO =™ 000
where 6 (\) = Xa+ (1 = A)z, A € [0,1], and from (L.10),
> (In; a, ) 3 ra) ) _k“l_)\k}
T (1 +g K:)”l) (a) .
Simplification of (4.1 gives
o e <—>l A Lqper (LA ]
(4.4) |1 1 ; - <x> +(-1) ( - )
B (g(nﬁfg {(1 -0+ )‘nH] (an1+1 + :c"1+1>
= m [(1 B /\)nH +)‘n+1} <an1+1 o a:"1+1) '

where the sharpest bound results from taking A = %
In particular, taking A = 0 gives

) e () ()|

k=1
n+1
< (x —a) 11 — R
- 2(n+1) \at!t gntl
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which may be compared with the result (see case in Section 4 of Mati¢ et al. [10])

(4.6) Inz=Ina +§ (—1;’““ (H)k RN (1 - 1) + B,

a nn+1) \a® a»
where |B| S \/#ﬁR
It may be seen that the bound, R, obtained here, is much tighter, especially

for large n since \/ﬁ > 1. It must be remembered, however, that a different

perturbation is present in (4.5) than in (4.6). There is very little difference in
complexity between the two perturbations. The perturbation used in [I0] from

the traditional Cebysev functional (2.1) giving rise to (1.19) rather than the novel
Cebysev functional (2.3) producing (3.1). That is, the perturbation in (1.19)) in-

() (g)— $(0)
volves [f("H);a, x] = W whereas that in (3.1]) contains M

where 7,1, () < f0+D () < Ty (7).

)

5. CONCLUDING REMARKS

A new Cebysev-type functional has been introduced giving sharp bounds involv-
ing the upper and lower bounds for one of the functions. The results have been
applied to obtain perturbed generalised Taylor series together with sharp bounds
of the approximations. The approximation of the logarithmic function is given as
an example.
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