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Abstract

It is well-known that the Hilbert double series inequality plays an important role in mathemat-
ical analysis and its applications. In 1998, two new inequalities similar to Hilbert double series
inequality were given by B.G.Pachpatte. Recently, these two new inequalities were generalized
in [4]. The main purpose of the present article is to give the integral analogue of these two gen-
eralization inequalities by Holder integral inequality, Tchebychef integral inequality and Jensen
inequality.
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In 1998, B.G.Pachpatte gave two new inequalities similar to Hilbert double series inequality(see[2]
P.226) in [1]. These two new inequalities were generalized in [4]. In this paper we will give the integral
analogue of these two generalization inequalities.

Our main results are given in the following theorems.
THEOREM 1 Let p ≥ 1, q ≥ 1 and f(σ) ≥ 0, g(τ) ≥ 0 for σ ∈ (0, x), τ ∈ (0, y), where x,y are

positive real numbers and define F (s) =
∫ s

o
f(σ)dσ and G(t) =

∫ t

0
g(τ)dτ for s ∈ (0, x), t ∈ (0, y) and

l is the natural number.Then∫ x

0

∫ y

0

F p(s)Gq(t)(st)2/l

(s · t1/l)2 + (t · s1/l)2
dsdt ≤ 1

2
pq(xy)(l−1)/l

(∫ x

0

(
x− s

)(
F p−1(s)f(s)

)l

ds

)1/l

×
(∫ y

0

(
y − t

)(
Gq−1(t)g(t)

)l

dt

)1/l

(1)

Proof From the hypotheses,it is easy to observe that

F p(s) = p

∫ s

0

F p−1(σ)f(σ)dσ, s ∈ (0, x)

Gq(t) = q

∫ t

0

Gq−1(τ)g(τ)dτ, t ∈ (0, y)
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Therefore

F p(s)Gq(t) = pq
(∫ s

0

F p−1(σ)f(σ)dσ
)(∫ t

0

Gq−1(τ)g(τ)dτ
)

(2)

On the other hand, by using special case of Tchebychef integral inequality(see[3])(when all fi are
equal) we have ∫ s

0

F p−1(σ)f(σ)dσ ≤ s(l−1)/l

(∫ s

0

(
F p−1(σ)f(σ)

)l

dσ

)1/l

(3)

∫ t

0

Gq−1(τ)g(τ)dτ ≤ t(l−1)/l

(∫ t

0

(
Gq−1(τ)g(τ)

)l

dτ

)1/l

(4)

By (2),(3) and (4) yield that

F p(s)Gq(t) ≤ pq(st)(l−1)/l

(∫ s

0

(
F p−1(σ)f(σ)

)l

dσ

)1/l(∫ t

0

(
Gq−1(τ)g(τ)

)l

dτ

)1/l

≤ 1
2
pq(s2(l−1)/l + t2(l−1)/l)

(∫ s

0

(
F p−1(σ)f(σ)

)l

dσ

)1/l

×
(∫ t

0

(
Gq−1(τ)g(τ)

)l

dτ

)1/l

Thus

F p(s)Gq(t)(st)1/l

(s · t1/l)2 + (t · s1/l)2
≤ 1

2
pq

(∫ s

0

(
F p−1(σ)f(σ)

)l

dσ

)1/l(∫ t

0

(
Gq−1(τ)g(τ)

)l

dτ

)1/l

Integrating over t from 0 to y first and then integrating the resulting inequality over s from 0 to x
and using again the special case of Tchebychef integral inequality, we observe that∫ x

0

∫ y

0

F p(s)Gq(t)(st)2/l

(s · t1/l)2 + (t · s1/l)2
dsdt ≤ 1

2
pq

(∫ x

0

(∫ s

0

(
F p−1(σ)f(σ)

)l

dσ

)1/l

ds

)

×

(∫ y

0

(∫ t

0

(
Gq−1(τ)f(τ)

)l

dτ

)1/l

dt

)

≤ 1
2
pq · x(l−1)/l

(∫ x

0

(∫ s

0

(
F p−1(σ)f(σ)

)l

dσ

)
ds

)1/l

×y(l−1)/l

(∫ y

0

(∫ t

0

(
Gq−1(τ)g(τ)

)l

dτ

)
dt

)1/l

=
1
2
pq(xy)(l−1)/l

(∫ x

0

(
x− s

)(
F p−1(s)f(s)

)l

ds

)1/l

×
(∫ y

0

(
y − t

)(
Gq−1(t)g(t)

)l

dt

)1/l

The proof is complete.
The is just a integral analogue of following Theorem A wich was given in [4].
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THEOREM A Let p ≥ 1, q ≥ 1 and {am} and {bn} be two nonnegative sequences of real
numbers defined for m = 1, 2, . . . , k and n = 1, 2, . . . , r where k, r and l are natural numbers and
define Am =

∑m
s=1 as and Bn =

∑n
t=1 bt. Then

k∑
m=1

r∑
n=1

Ap
mB

q
n(mn)2/l

(m · n1/l)2 + (n ·m1/l)2
≤ 1

2
pq(kr)(l−1)/l ×

(
k∑

m=1

(
k −m+ 1

)(
amA

p−1
m

)l
)1/l

×

(
r∑

n=1

(
r − n+ 1

)(
bnB

q−1
n

)l
)1/l

THEOREM 2 Let f ,g,F ,G be as in Theorem 1 .Let p(σ) and q(τ) be two positive functions
defined for σ ∈ (0, x), τ ∈ (0, y) and define P (s) =

∫ s

0
p(σ)dσ, Q(t) =

∫ t

0
q(τ)dτ for s ∈ (0, x), t ∈ (0, y)

where x , y are positive real numbers and l is the natural number and p, q are real numbers and
1
p + 1

q = 1, p > 1. Let φ and ψ be two real-valued nonnegative, conves, and submultiplicative
functions defined on R+ = [0,+∞) Then

∫ x

0

∫ y

0

φ
(
F (s)

)
ψ
(
G(t)

)
(st)2/l

(s · t1/l)2 + (t · s1/l)2
dsdt ≤ L(x, y, p)

(∫ x

0

((∫ s

0

(
p
(
σ
)
φ
(f(σ)
p(σ)

))l

dσ

)1/l
)q

ds

)1/q

×

(∫ y

0

((∫ t

0

(
q
(
τ
)
ψ
(g(τ)
q(τ)

))l

dτ

)1/l
)q

dt

)1/q

(5)

where

L(x, y, p) =
1
2

(∫ x

0

(φ(P (s)
)

P (s)

)p

ds

)1/p(∫ y

0

(ψ(Q(t)
)

Q(t)

)p

dt

)1/p

Proof From the hypotheses and by using Jensen inquality and the special case of tchebychef
integral inequality , it is easy to observe that

φ (F (s)) = φ

(
P (s)

∫ s

0
p(σ)f(σ)

p(σ) dσ∫ s

0
p(σ)dσ

)
≤ φ (P (s))

P (s)

∫ s

0

p(σ)φ
(
f(σ)
p(σ)

)
dσ

≤

φ
(
P (s)

)
P (s)

 s(l−1)/l

(∫ s

0

(
p(σ)φ

(f(σ)
p(σ)

))l

dσ

)1/l

(6)

and similarly,

ψ
(
G(t)

)
≤

ψ
(
Q(t)

)
Q(t)

 t(l−1)/l

(∫ t

0

(
q(τ)ψ

(g(τ)
q(τ)

))l

dτ

)1/l

(7)

By (6) and (7),we get that

φ
(
F (s)

)
ψ
(
G(t)

)
(st)2/l

(s · t1/l + t · s1/l)2
≤ 1

2

φ
(
P (s)

)
P (s)

ψ
(
Q(t)

)
Q(t)

(∫ s

0

(
p(σ)φ

(f(σ)
p(σ)

))l

dσ

)1/l

×

(∫ t

0

(
q(τ)ψ

(g(τ)
q(τ)

))l

dτ

)1/l

(8)
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Integrating two sides of (8) over t from 0 to y first and then integrating the resulting inequality over
s from 0 to x and using Holder integral inequality(see[3]) we observe that

∫ x

0

∫ y

0

φ
(
F (s)

)
ψ
(
G(t)

)
(st)2/l

(s · t1/l + t · s1/l)2
dsdt ≤ 1

2

∫ x

0

φ
(
P (s)

)
P (s)

(∫ s

0

(
p(σ)φ

(f(σ)
p(σ)

))l

dσ

)1/l

ds



×

∫ y

0

ψ
(
Q(t)

)
Q(t)

(∫ t

0

(
q(τ)ψ

(g(τ)
q(τ)

))l

dτ

)1/l

dt


≤ 1

2

(∫ x

0

(φ(P (s)
)

P (s)

)p

ds

)1/p(∫ x

0

((∫ s

0

(
p(σ)φ

(f(σ)
p(σ)

))l

dσ

)1/l
)q

ds

)1/q

×

(∫ y

0

(ψ(Q(t)
)

Q(t)

)p

dt

)1/p(∫ y

0

((∫ t

0

(
q(τ)ψ

(g(τ)
q(τ)

))l

dτ

)1/l
)q

dt

)1/q

= L(x, y, p)

(∫ x

0

((∫ s

0

(
p(σ)φ

(f(σ)
p(σ)

))l

dσ

)1/l
)q

ds

)1/q

×

(∫ y

0

((∫ t

0

(
q(τ)ψ

(g(τ)
q(τ)

))l

dτ

)1/l
)q

dt

)1/q

Q.E.D.
This is just a integral analogue of following Theorem B wich was given in [4].
THEOREM B Let {am}, bn, Am, Bn be defined as Theorem A. let {pm} and {qn} be two positive

sequences for m = 1, 2, . . . , k and n = 1, 2, . . . , r and l is a natural number and Pm =
∑m

s=1 ps, Qn =∑n
t=1 qt. Let φ and ψ be two real-valued nonnegative, convex and submultiplicative functions defined

on R+ = [0,+∞). Let p, q are two real numbers and 1
p + 1

q = 1, p > 1. Then

k∑
m=1

r∑
n=1

φ(Am)ψ(Bn)(mn)2/l

(m · n1/l)2 + (n ·m1/l)2
≤M(k, r, p)

(
k∑

m=1

(( m∑
s=1

(
psφ(

as

ps
)
)l)1/l

)q
)1/q

×

(
r∑

n=1

(( n∑
t=1

(
qtψ(

bt
qt

)
)l)1/l

)q
)1/q

where

M(k, r, p) =
1
2

(
k∑

m=1

(φ(Pm

)
Pm

)p
)1/p( r∑

n=1

(ψ(Qn

)
Qn

)p
)1/p
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