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ABSTRACT

The purpose of this paper is to consider various results for convex contraction mappings in the context of B-metric
spaces. We, among other things, generalize, extend, correct and enrich the recent published results from the context of
convex contractions defined on an ordinary metric spaces to the ones on the so—called B-metric spaces. One example
shows that this generalization is genuine. Let us note that this paper represents only the beginning of our investigation
of the properties of convex contractions observed in any general metric space.

In the papers that are to be published, our considerations are applied to cone metric spaces, partial metric spaces,
G-metrics, G g-metrics, extended B-metric spaces and many others.
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INTRODUCTION AND PRELIMINARIES

Since S. Banach proved his theorem that every contraction
on a complete metric space has a unique fixed point, in his doctoral
dissertation in 1922, many mathematicians have tried to generalize
the famous result. Hundreds of scientific papers have considered
this issue.

The previously mentioned statement, leads in two key direc-
tions: either the axioms of metric spaces are affected (dy (u,v) =
0 if and only if u v; dy (u,v) dy v,u); dy (u,w) <
B(dy (u,v) + dy (v,w))), where dy is a function defined on the
Cartesian product ¥ x Y, where Y is a non-empty set with val-
ues in [0, +c0), or it affected the Banach contraction condition
(dy (fu, fv) = kdy (u,v), Yu,v € Y, where k € [0,1) ). More
details about Banach generalization could be seen in (Aleksic et.
al., 2019a), (Aleksi¢ et. al., 2019b; Aleksié¢ et. al., 2019¢c; Al-
ghamdi et. al., 2011; Ampadu, 2017a; Ampadu, 2017b; Andras,
2003; Baakhtin, 1989; Collaco & E Silva, 1997; Istratescu, 1981;
Istratescu, 1982; Istratescu, 1983; Jeong & Rhoades, 2005; Kirk
et. al., 2003; Kirk & Shahzad, 2014; Rhoades, 1977).

Recently, fixed point theory has been one of the most impor-
tant research fields in nonlinear and functional analysis. It has wide

applications in many disciplines like studying the existence of so-
lutions for nonlinear (algebraic, differential and integral) equa-
tions, a system of linear (nonlinear) equations and convergence
of many computational methods, economics, sports, medical sci-
ences, etc.

Throughout this paper, N denotes the set of all positive inte-
gers. We repeat some definitions and results, which will be needed
in the sequel.
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Definition 1. Let Y be a (non-empty) set and B > 1 a given real
number. A functiondy : Y X Y — [0, +c0) is said to be a B-metric
on Y if the following conditions are satisfied:

(by) dy (u,v) = 0if and only if u = v;

(by) dy (u,v) = dy (v,u) for all u,v € Y;

(b3) dy (u,w) < B(dy (u,v) +dy (v,w)) forall u,v,w € Y.

The triplet (Y,dy, B) is called a B-metric space with coeffi-
cient B.

For more notions such as B-continuous, B-convergence, B-
completeness, B-Cauchy sequence, all in the framework of B-
metric spaces, the reader is referred to (Aleksi¢ et. al., 2019a;
Aleksié et. al., 2019b; Aleksi¢ et. al., 2019¢c; Ampadu, 2017a;
Baakhtin, 1989; Kirk & Shahzad, 2014).

For example, the sequence {u,} in B-metric space (Y, dy)
converges to the point u € Y if for each positive number 7 there is
a natural number ko such that when n > ko we have dy (u,, u) < n.
This can be also written as u, — u when n — oo or even as
lim,, 0 dy (1, u) = 0.

The sequence in B-metric space (Y,dy) is B-Cauchy if
the following is satisfied: For each positive number 7 there
is a natural number ky such that when m,n > ko we have
dy(u,, u,) < n. We can also write the last expression in the form

1imy,, 00 dy Uy, ) = 0.

We say that the B-metric space is B-complete if every B-
Cauchy sequence in it converges.

Let us note that every B-convergent sequence in the B-metric
space (Y,dy) is also B-Cauchy. Indeed, this fact follows simply
from the next inequality:

1
EdY(um ) < dy(up, u) + dy(u, uy).



It is well-known that in every ordinary metric space (M, d") the
metric d™ is a continuous function with two variables. This means
that d™(a,,, b,) — d™(a,b) when n — oo whenever a, — a and
b,, — b in the case when n — oo.

However, it is not the case in B-metric spaces, and this is
one of the most important properties that distinguishes B-metric
spaces (if B > 1) from metric spaces (B = 1).

The following, well-known, example in the literature shows
this.

Example 2. Let Y = NU{oo} and dy : Y XY — [0, +c0) be defined
in the following way

0’ lf p = %

bl

———|, if p,q areeven,or pg = co,
dy(p,q) =1 P

5, if p,q are odd, and p # ¢,

2, in other cases.

It is easy to verify that the triangle relation is fulfilled in the
context of the B-metric space for B = 3, i.e.,

dy(p,q) < 3(dy(p,r) +dy(r,q)),

for all p, g, r € Y. The other two axioms are obviously satisfied.

We check that the B-metric dy is not B-continuous (B = 3).

Indeed, if a, = 2n, for each n € N, then dy(a,, ) =
dy(2n,00) — 0, when n — o0, i.e., a, — oo, but it is obvious
that dy(a,, 1) = 2 is not dy(oco, 1), when n — oo.

Note that the previous example shows that there exists a B-
metric dy which is not a metric.

It is important to know how B-metrics can be obtained from
the ordinary metric. In that case, the obtained B-metric is a contin-
uous function with two variables. So we have the following:

Let (M, d™) be a given metric space and let s > 1 be a given
real number. Then, with dy(u,v) = <dM (u, v))s one B-metric is
defined on a non-empty set M, where B = 2*~'. Obviously, d is
a continuous B-metric on the set M.

In order to prove a more general result than the previous one,
a well-known property of the real function x — x”, x > 0,b > 1,
is used and it is given in the form

() <

whenever u and v are positive numbers and b > 1.

b

u b

+Vv
2 2

u+v
2

Now, let’s state this well-known result:
Let (M, d™) be a given metric space and let b > 1, 1 > 0,
a >0, u,v € M. We define the mapping
M M b
dy(u,v) = Ad™ (u,v) + o (d" (u,v)) .
We have that the function dj; is not the ordinary metric, but

(M, dM) is B- metric space, where coefficient B = 20-1 Indeed,
since it is sufficient to check only the triangle relation (the first
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two axioms are proved trivial) by applying the previous property
of the convex function x — x?, x > 0, b > 1, we have

() = Ad" @, v) + @ (0", ) < (@ w) + M v, v) +
+a ((dM(u, w))b + (dM(w, v))b) <A (dM(u, w) + dM(w, v)) +

+20 1y ((dM(u, w))b + (dM(w, v))b) < 2! (dM(u, w) + dM(w, v)) .

Example 3. Let 7 € (0, 1) and let

Y = [(R) := {u: {u,) cR:Zm,,V < oo}.

n=1
For u = {u,},v = {v,} € Y, we define
1

dM(u’ V) = [Z |1, — Vn|t] .

n=1

Using the previous property it is easy to show that (Y, dy) is
a B—metric space with coeflicient B = 20,

At the end of this introductory section, we note the following
result that has recently been one of the most popular in the works
from the context of the B-metric space:

o If for some sequence {u,} in the B-metric space (Y, dy) is
satisfied the inequality:

dM(urH—l B un) < ,UdM(um un—l)’

for each n € N, where u € [0, 1), then the sequence {u,} is B-
Cauchy. Otherwise, in the general case, the following auxiliary
result is most often used:

o Let (¥, dy) be a given B-metric space with a coefficient B >
1. Suppose that {u,,} and {v,} are given sequences that respectively
converge to a points u and v. Then the following applies

1
Zadr(wv) < lim inf dy(u,, v,) < lim sup dy(uy, v,) < B dy(u,v).

If, in the previous inequality we put that u = v, we obtained
lim,,—, dy(u,, v,) = 0. Moreover, in that case, for every w we have

1
EdY(u’ w) < lim inf dy(u,, w) < lim sup dy(u,, w) < Bdy(u,w).

MAIN RESULTS

In this note we will consider the next contractive condi-
tion defined in the context of so-called B-metric spaces. For B-
metric spaces see (Aleksi¢ et. al., 2019a; Ampadu, 2017a; Kirk
& Shahzad, 2014). Let Y be a non-empty set and dy be a metric.
Recall from Istratescu (Istratescu, 1981) thatamapl: Y — Y is
called a convex contraction mapping of order 2, if for all u,v € Y,
p,q =0, p+qg<1,itholds that

6]

Alternatively, one could say I : Y — Y is a convex type contraction
mapping of order 2, if forall u,v € Y and 0 < k < }T it holds that

2

dy (Izu, Izv) < pdy u,Iv) + qgdy (u,v).

dy (Izu, 12v) < k[dy (TIu, Iv) + dy (u,v)] .



In the case that (Y, dy) is a B-metric space with the coefficient B >
1 then p,g >0, p+q < 45, thatis, p + ¢ < 15 if eq. (2) holds.
Our following results improve ones from from (Ampadu,
2017a) and (Ampadu, 2017b).
Theorem 4. Let (Y,dy) be a B-complete B-metric space with the
coefficient B> 1 and let / : Y — Y be a B-continuous mapping
such that for all u, v € Y eq. (1) holds, where p,g > 0, p + ¢ < 7.
Then I has a unique fixed point (say z € Y) and for all u € Y the
sequence {I"u} "] converges to the fixed point z.
Proof. The uniqueness is clear simple and therefore we prove only
the existence.
Let zo be an arbitrary but fixed point in Y and consider the
orbit of zo under /, that is, the set (I" (z0))g™, 1°(z0) = zo. Set
R = max {dy (0,1 (z0)) , dy (I (zo0), I? (zo))} . Thus for any m > 2

dy (12m+1 (20), 2 (Zo))
< pdy (P (20), "™ (20))
+qdy (P (20), " (20))

and

dy (P (z0), I"" (20))
< pdy (I (20). """ (20))
+qdy (P (z0), "7 (20)). )

The condition (3) implies the next relations:

dy (P (20) . * 20)) < pdy (I (z0) . I' (z0))
+qdy (I' 20),20) < R(p + ),

dy (I* o). P 20)) < pdy (PP (20).I* (20))
+qdy(12(z<)),1(10)) <pR(p+9+9qR<R(p+q),

dy (I (zo) . 1* :0)) < pdy (I (z0) . P (20))
+qdy (I (z0), I* 20)) < pR(p + )
+qR(p+q) =R(p+q),

because p + ¢ < 35 < 1.
An induction argument shows that

dy (P (20), " (20)) < R (p + q)" < )

B

and the similar by eq. (4) that

dy (P (20), " (20)) SR (p + @) < 6)

B2’

in the case that B > 1. If B = 1 the proof follows by (Istratescu,
1981).

Now according (Aleksié et al., 2019a, Remark 2.1.) for m <
n follows

dy (I" (20) . I" (z0)) < By (I" (z0) . ™" (20))
+B2 dY (Im+l (ZO) , Im+2 (ZO)) Foeeet
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+B"" dy (I (20) . 1" (20))
+B"" " dy (I'"™" (20) 1" (z0)) - ()
Further from (7) we obtain that I" (zy) is a B-Cauchy sequence in
B-metric space (Y, dy) with the coefficient B > 1.
Indeed,ifm=2k,n=2l(m=2k,n=2l-1orm=2k—-1,
n = 2l), then by using (5), (6) and (7) the result follows. Since
(Y,dy) is a B-complete B-metric space, then there exists z € Y
such that u,, — zasn — oo, i.e., Iz = z because I is B-continuous
mapping. The proof of Theorem 4 is complete.
Let for example m = 4, n = 10, i.e., k = 2,1 = 5. Then

dy (I*(z0), 1'°(20)) < By (I*(z0), I’ (20))
+ B2 dy (I°(20), I(0)) + B* dy (I°Gz0), I (20))
+ B dy (I 20), I(20)) + B’ dy (I*(z0), I°(20))
+B° dy (I°(20), 1'"°(20)) < 2B (p + q)°
2B (p+ 9 +2B (p+q)* +2B" (p+¢q)° =
4
1-[B2(p +q)]
1-B*(p+q)
Hence, follows the method for general case, for example
m=2k,n=2l.m
Corollary 5. (Istratescu, 1981, Theorem 1.2.) Let (Y, dy) be a com-
plete metric space and let I : Y — Y be a continuous mapping such
that for all u,v € Y eq. (1) holds, where p,q > 0, p+¢q < 1. Then I

has a unique fixed point (say z € Y) and for all u € Y the sequence
{I'"u};2] converges to the fixed point z.

2B(p + q)* <2B(p+q*(1+---).

Remark 6. It is worth to notice that our proof given in Theorem
4 improves the corresponding from (Ampadu, 2017, Theorem 8).
This means that our Theorem 4 is a new result for convex contrac-
tions in the context of B-metric spaces given first time in existing
literature.

The next is a modification of Example 9 from (Ampadu,
2017).
Example 7. Let Y = [1,2] and dy (u,v) = |u — v|2 and define [ :
Y->Ybyl(u) = # for all u € Y. Now observe that with p = g =
5+ we have that (1) holds, i.e.,

) 5 1 1
dy (P (), I* v)) < 575 dr (I, 1) + = dy (u.v),

forallu,ve Y =11,2].
Remark 8. In the past year, the new class of the B-metric space
called Extended B-metric spaces is becoming actual for research.
It is defined by applying

(b3) dy(u,w) < Alu, w) (dy(u,v) + dy (v, w))

instead of axiom (bs) for every u,v,w € Y, where A is a function
that maps ¥ X ¥ — [0, +00). Obviously, every B-metric space is
Extended B-metric.

Let us note that the previous considerations of B-convex
contractions can be also treated in other classes of general metric
spaces (partial metric spaces, G metric spaces, Gg-metric spaces,
B-metric spaces, extended B-metric spaces and many others...).



In fact, even in the context of ordinary metric space, the following
important questions have not been considered:
Question 1: What about the existence of the fixed point mapping
in the case of complete metric spaces when the right hand side of
the expression (1) is:

a) k max {dy (u,v), 3 [dy (u, Tu) + dy (v, V)], & [dy (u, Iv)
+dy (u,v) % general contraction of / order;

b) k max {dy (u,v),dy (u, Iu) ,dy (v, Iv), % [dy (u, Iv)
+ dy (Iu,v) % general contraction of II order;

¢) k max {dy (u,v),dy (u, Iu) ,dy (v, Iv) ,dy (u, Iv) ,dy (Iu, v)}
% quasi-contraction.
Question 2: What about the existence of the fixed point mapping
in the case of B-metric spaces when the right hand side of the
expression (1) is:

a) k max {dy (u,v) . 35 [dy (u, Iu) + dy (v, V)], 5 [dy (u, Iv)
+dy (u,v);

b) k max {dy (u,v) ,dy (u, Iu) ,dy (v, Iv)
+ dy ({u, v);

¢) k max {dy (u,v),dy (u, Iu) ,dy (v, Iv) ,dy (u, Iv) ,dy (Iu,v)}.
Question 3: It is interesting to consider and the case if convex
contraction / is not continuous and if it is defined on a metric, that
is, on a B-metric space.

55 Ldy (u, Iv)

Question 4: To consider the existence and uniqueness of the fixed
point of continuous convex contraction of the third order, defined
both on the ordinary metric and on the B-metric space. In this case
the contraindicated condition has a form

dy(Pu, Pv) < pdy(IPu, I?v) + qdy(lu, Iv) + rdy(u,v),

for all u,v € Y, where p,q,r € [0,+00) and p + g + r < 1 in the
case of the metric space. Find a condition if (¥, dy) is a B-metric
space with a coefficient B > 1.

We conclude our work with another important question for
this field.
Question 5: Let M and N be a closed subsets in the complete
metric space (Y,dy) such that IM is a subset of N and IN is a
subset of M. If for all u € M and for all v € N it follows that

dy(FPu, I*v) < pdy(Iu, Iv) + q dy(u, ),

then the continuous mapping / has a unique fixed point in cross-
section of sets M and N. Prove or disprove this claim by example.
Remark 9. Since the termcyclic type mapping was introduced
in (Kirk et al., 2003) and thus generalized the famous Banach
theorem, many researchers considered the newly introduced phe-
nomenon and obtained corresponding results in various classes of
general metric spaces. As far as we know from literature, this type
of mapping has not been considered in the case of convex contrac-
tions of Istratescu. Therefore, the previous question is interesting
for researchers working in this part of the non-linear analysis. As-
suming that M = N = Y, a positive answer to the last question
gives us as a consequence the main result of Istratescu. In other
words, we would get a true generalization of Istratescu’s result.
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