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Abstract

Consider a Markovian system of two stations in tandem with finite intermediate buffer and
two servers. The servers are heterogeneous, flexible, and more efficient when they work on their
own than when they collaborate. We determine how the servers should be assigned dynamically
to the stations with the goal of maximizing the system throughput. We show that the optimal
policy depends on whether or not one server is dominant (i.e., faster at both stations) and on the
magnitude of the efficiency loss of collaborating servers. In particular, if one server is dominant
then he must divide his time between the two stations and we identify the threshold policy the
dominant server should use; otherwise each server should focus on the station where he is the
faster server. In all cases, servers only collaborate to avoid idleness when the first station is
blocked or the second station is starved, and we determine when collaboration is preferable to

idleness as a function of the efficiency loss of collaborating servers.

1 Introduction

In recent years, queueing systems with flexible servers have received a lot of attention in the
operations research community. Several authors have focused on the dynamic assignment of servers
to tasks in order to optimize system performance (such as throughput or holding costs). Most of
the literature in this area has assumed that when multiple servers are assigned to the same task,
their combined service rate is additive. However, this assumption does not take into account the
fact that server collaboration may or may not be synergistic. Andradéttir, Ayhan, and Down [9]
have obtained the optimal server assignment policy when server collaboration is synergistic. By

contrast, this paper focuses on the case where the servers lose efficiency when they work together in



a team (e.g., due to bad team dynamics, lack of space or tools, etc.). Our objective is to understand
how the optimal dynamic server assignment policy depends on how inefficiently the servers work
together.

We focus on a queueing network with N = 2 stations and M = 2 flexible servers. There is an
infinite amount of raw material in front of station 1, infinite room for departing jobs after station 2,
and a finite buffer between stations 1 and 2, whose size is denoted by B. The system operates under
manufacturing blocking. At any given time, there can be at most one job at each station and each
server can work on at most one job. We assume that server ¢ € {1,2} works at a deterministic rate
wij € [0,00) at station j € {1,2}. Thus, server i is trained to work at station j if p;; > 0 and the
server’s skill at station j is measured by the magnitude of y;;. Without loss of generality, we assume
that w1 + pi2 > 0 (otherwise the problem reduces to having a single server) and py; + p2; > 0
(otherwise the throughput is zero under any policy) for all 4,j € {1,2}. Both servers can work
together on a single job, in which case the combined rate of a server team is proportional to the
sum of the rates of the individual servers. Thus, if both servers are simultaneously assigned to
station j € {1,2}, their combined service rate is equal to a(g1; + p2;j). We assume that 0 < a <1,
which implies that the servers lose efficiency when they work in a team. The service requirements
of different jobs at each station j € {1,2} are independent and identically distributed (i.i.d.)
exponential random variables whose rate we take to be equal to 1 without loss of generality, and
the service requirements at different stations are independent of each other. We assume that travel
and set-up times are negligible. Under these assumptions, our objective is to determine the dynamic
server assignment policy that maximizes the long-run average throughput.

For the system described in the previous paragraph, we completely characterize the optimal
server assignment policy. As described in the remainder of the paper, in this case, the optimal
policy is more complicated than the one for systems with synergistic servers (where a > 1, see
Andradéttir, Ayhan, and Down [9]) and the structure of the optimal policy depends on whether
one server is dominant (faster at both stations) or not. In particular, we show that when o < 1, if
there is no dominant server (i.e., each server is better than the other one at one of the stations),
then servers have primary assignments and only leave their primary assignments if « is large
enough and they have no work to do at their primary assignments. (We say that server i € {1,2}
has a primary assignment at station j € {1,2} if server ¢ works at station j unless he has no
work at station j.) On the other hand, if there is a dominant server, the optimal policy is of
threshold type (i.e., the dominant server moves from station 1 to station 2 when the number of jobs
waiting in the buffer reaches a certain value). The results of this paper, together with the results
of Andradéttir, Ayhan, and Down [9], provide a complete characterization of the optimal server
assignment policy in Markovian systems with two stations and two servers for all 0 < o < co. In
particular, Andradéttir, Ayhan, and Down [9] show that when o > 1, depending on the value of
a, the optimal policy switches from one that takes full advantage of servers’ skills (in that both

servers have primary assignments and only collaborate when they have no work at their primary



assignments), to one that takes full advantage of server synergy (in that servers collaborate at all
times).

There is a significant amount of literature on queues with flexible servers. In the interest of
space, we do not provide a complete literature review here, but refer the interested reader to Hopp
and Van Oyen [13] for a comprehensive review of the literature in this area, and to Aksin, Armony,
and Mehrotra [4], Aksin, Karaesmen, and Ormeci [5], and Gans, Koole, and Mandelbaum [12] for
thorough reviews of the literature on flexible servers in call centers. This paper is most closely
related to other works that employ Markov decision process techniques and sample path analysis in
determining effective server allocation schemes, see for example Ahn, Duenyas, and Zhang [1], Ahn
and Lewis [2], Ahn and Righter [3], Andradéttir and Ayhan [6], Andradéttir, Ayhan, and Down
7, 8], Kaufman, Ahn, and Lewis [15], Ormeci [17], Sennott, Van Oyen, and Iravani [19], Van Oyen,
Gel, and Hopp [20], and Wu, Lewis, and Veatch [21]. However, these papers only consider cases
where the combined rate of a set of collaborating servers is additive (i.e., a = 1).

To the best of our knowledge, Ahn and Lewis [2], Andradéttir, Ayhan, and Down [9], Argon and
Andradéttir [10], and Buzacott [11] are the only papers that study systems with non-additive service
rates. Also, Isik, Andradéttir, and Ayhan [14] develop optimal server assignment policies in tandem
lines with non-collaborative servers (which could be considered as a form of sub-additive server
rates). More specifically, in a recent paper, Ahn and Lewis [2] consider joint routing and allocation
policies in a two-station parallel queueing network. When the service rates are superadditive, they
completely characterize the optimal policy. However, when the rates are subadditive, they conclude
that the problem is more complicated and, hence, characterize the optimal policy for special cases
and develop effective heuristics. Andradéttir, Ayhan, and Down [9] are concerned with the optimal
assignment of servers to tasks when server collaboration is synergistic. They investigate when it
is better to take advantage of synergy among servers, rather than exploiting the servers’ special
skills, to achieve the best possible system throughput, and completely characterize the optimal
policy for Markovian systems with two stations and two servers. On the contrary, in this paper,
we focus on queues where servers lose efficiency when they work together (i.e., sub-additive service
rates). Argon and Andradéttir [10] provide sufficient conditions for partial pooling of multiple
adjacent queueing stations to be beneficial in tandem lines, allowing the service rate of a team of
pooled servers to be additive, sub-additive, or super-additive. Finally, Buzacott [11] considers team
work involving task partitioning (with the team completing work when all servers have completed
their assigned subtasks) in a single stage queue with identical servers. These last two papers do
not address how system performance can be optimized by dynamically assigning flexible servers to
tasks.

The remainder of the paper is organized as follows. In Section 2, we provide a rigorous descrip-
tion of our problem and introduce the notation that will be used throughout the paper. Section 3
provides the optimal policy for Markovian systems with two stations and two servers when there

is no dominant server for all 0 < o < 1. On the other hand, in Section 4, the optimal server as-



signment policy is provided for systems where there is a dominant server for all 0 < o < 1. Section
5 summarizes our findings and concludes the paper. Finally, the proofs of some of our results are

provided in an appendix.

2 Problem Description

In this section, we define the throughput maximization problem and describe our model in detail.
We use II to denote the set of all server assignment policies under consideration (defined later) and

D (t) to denote the number of departures under policy 7 by time ¢ > 0. Define

D
T, = 1imsup7]E[ W<t>]
t—o0

as the long-run average throughput corresponding to the server assignment policy m € II. Our
objective is to solve the following optimization problem

1. 1
v W

Forallm € ITand t > 0, let X;(¢) denote the number of jobs that have been processed at station
1 at time ¢ but are either waiting to be processed by station 2 or in process at station 2 at time ¢. Let
S ={0,..., B+ 2} denote the state space of {X(t)}. For the remainder of this paper, we assume
that the class II of server assignment policies under consideration consists of Markovian stationary
deterministic policies corresponding to the state space S. Then it is clear that for 7 € II, { X (¢)} is
a birth-death process with state space S and that there exists a scalar ¢, < Z?:l maxi<;<2 fij < 00
such that the transition rates {gx(s,s')} of {Xx(t)} satisfy > icg gssGr(s,8") < gr for all s € S.
Hence, {X(t)} is uniformizable. Let {Y;(k)} be the corresponding discrete time Markov chain,
so that {Yz(k)} has state space S and transition probabilities pr(s,s’) = ¢r(s,s) /¢ if 8 # s and
pr(s,8) =1— Zs,e&s,#s qr(8,8")/qn for all s € S. Using the analysis in Section 3 of Andradéttir,
Ayhan, and Down [7], one can show that the original optimization problem in (1) can be translated

into an equivalent (discrete time) Markov decision problem. More specifically, for all i € S, let
i,i—1) ifie{l,...,B+2},
FEURS S }
0 if i =0,

be the departure rate from state ¢ under policy 7. Then the optimization problem (1) has the same

solution as the Markov decision problem

K

1

lim E |— R (Yr(k—1

may lm, thU<>>
k=1

In other words, maximizing the steady-state throughput of the original queueing system is equiv-

alent to maximizing the steady-state departure rate for the associated embedded (discrete time)

Markov chain.



As described in Section 1, the optimal policy depends on whether one server is dominant (faster
at both stations) or not. In what follows, we will describe the optimal policy in these two cases

separately, starting with the case where different servers are faster at different stations.

3 Optimal Policy for Systems with No Dominant Server

Without loss of generality, assume that server 1 is faster at station 1 and server 2 is faster at
station 2. Thus, p11 > pe1 and poe > pi12. Note that this assumption on the rates implies that
W11 ftoe > poipi2. In the next four theorems, we will give a complete characterization of the optimal
policies for all possible values of 0 < o < 1. Since the proofs of Theorems 3.1 to 3.4 are similar, we
will only provide the proof for the most complicated case, which is given in Theorem 3.4.

We first consider the case where the combined service rate of collaborating servers at each
station is slower than the rate of the faster server at that station. The next proposition states that
in this case, the optimal policy does not allow collaboration and each server always works at the
station that he is better trained for. Thus, the optimal policy for small « agrees with the optimal

policy for non-collaborative servers identified by Isik, Andradéttir, and Ayhan [14].

Theorem 3.1 Suppose 0 < a < min{mf‘}rhm, m;ﬁm }. Let

5 (s) = { server 1 works at station 1, server 2 works at station 2 for 0 < s < B+ 2.

Then (%)% is optimal. Moreover, this is the unique optimal policy in the class of Markovian
stationary deterministic policies if all the inequalities on the service rates (i.e., pi1 > po1 and

W22 > p12) and the upper bound on « are strict.

Note that “n“jrllm < (2)“12”42_222 if and only if p1112 < (>) po1p2e, which can be interpreted
as server 2 (1) being more effective overall. Next we assume that « is large enough to allow
collaboration at one station but too small to allow collaboration at the other station. In this case,
the optimal policy assigns servers to the stations where they are faster unless the station where
they cannot collaborate effectively is blocked or starved, in which case both servers work at the
other station. Theorem 3.2 focuses on the case where « is large enough to allow collaboration at
station 2 only. Theorem 3.3 considers the case where « is large enough to allow collaboration at
station 1 only. Moreover, Theorem 3.3 (Theorem 3.2) follows from Theorem 3.2 (Theorem 3.3)

using the result on the reversibility of two-station tandem lines with exponential service times and

flexible servers proved in Section 5 of Andradéttir and Ayhan [6].

122 H11
Theorem 3.2 Suppose pa1pos < 1112 and et <a< ITETTTR Let

5 (s) { server 1 works at station 1, server 2 works at station 2 for0 <s< B+1,
S) =

both servers work at station 2 fors=B+2.



Then (6*)*° is optimal. Moreover, this is the unique optimal policy in the class of Markovian
stationary deterministic policies if all the inequalities on the service rates (i.e., pu11 > p21, p22 >

pa2, and poipize < pi1p2) and o are strict.

Hi1 K22
Theorem 3.3 Suppose pi1p12 < po1poe and e <a< PP Let

5 (s) =

both servers work at station 1 fors=20
server 1 works at station 1, server 2 works at station 2 for1 <s < B+ 2.

Then (6*)*° is optimal. Moreover, this is the unique optimal policy in the class of Markovian
stationary deterministic policies if all the inequalities on the service rates (i.e., pu11 > p21, p22 >

pa2, and pipne < poipez) and a are strict.

Note that in Theorems 3.2 and 3.3, the optimal policy does not allow the more effective server
to idle. Moreover, collaboration only occurs to avoid idling the more effective server.

Finally, assume that when servers collaborate, their combined service rate at each station is
faster than the rate of the faster server at that station. In this case, the optimal policy assigns
server 1 (2) to station 1 (2) unless station 1 (2) is blocked (starved), in which case both servers
work at station 2 (1). Thus, the servers work at the stations for which they are better trained

unless they have nothing to do there, in which case they collaborate.

M1l H22
Theorem 3.4 Suppose max{ —2—, L2} <a <1. Let
both servers work at station 1 for s =0,
0%(s) = < server 1 works at station 1, server 2 works at station 2 for1<s< B+1,
both servers work at station 2 for s=DB+2.

Then (6*)*° is optimal. Moreover, this is the unique optimal policy in the class of Markovian
stationary deterministic policies if all the inequalities on service rates (i.e., p11 > p21 and pgy >

w12) and the lower bound on « are strict.

The proof of Theorem 3.4 is given in the Appendix. Note that Theorem 3.4 indicates that the

optimal server assignment policy is continuous in « as & ' 1. That is, if max{#1 fﬁm - ﬁiaz} <1,

which occurs if po1, 12 > 0, so that both servers are capable of working at both stations, the

M1 122
piitp21? piztpe2

described in Andradéttir, Ayhan, and Down [7]. Moreover, Andradéttir, Ayhan, and Down [9] show

optimal policy for max{ } < a < 1is the same as the optimal policy for a« = 1 that is

. . . . < < 11 H22 HM21 H12 .

that this policy remains to be optimal for all 1 < a < max it T wetnas aritiar et
M1l K22 K21 H12 1

On the other hand, when o > max { iitpa T matiizs pritier T iatims }, any fully collaborative

policy that has both servers in a team at all times is optimal.

Remark 3.1 In systems with generalist servers, the service rate of each server at each station

can be expressed as the product of two constants, one representing the server’s speed at every task



and the other representing the intrinsic difficulty of the task at the station. Thus, p;; = i
foralli e {1,... .M} and j € {1,...,N}. Andraddttir, Ayhan, and Down [8] have shown that
when the servers are generalists and the combined service rate of multiple servers assigned to the
same task is additive, then any non-idling policy is throughput optimal for tandem lines with finite
buffers. Similarly, Andraddttir, Ayhan, and Down [9] proved that when the servers are generalists
and synergistic (i.e., they work more effectively in teams than on their own), any fully collaborative
policy that has all servers work in teams of two or more at all times is optimal. Unfortunately,
when o < 1, the optimal policy does not present a similarly simple form for systems with generalist
servers. However, note that when the servers are generalists, the assumption that there is no
M1 H22 H1 1

dominant server implies that uy = uo. Furthermore, pitpor | itz pitpz 2 Thus, we

have two identical servers and the optimal policy is given in Theorem 3.1 if a < % and in Theorem

3.4 if a > % Hence, the optimal policy for generalist servers either allows no collaboration or

tnwolves collaboration at both stations, depending on the value of .

4 Optimal Policy for Systems with a Dominant Server

Without loss of generality, assume that server 1 is the dominant server. Thus, u11 > pe1 and
12 > pos. Note that this case will reduce to the case discussed in Section 3 only if pis = poo.
In what follows, we first characterize the optimal policy in Section 4.1 and then provide some

properties of the optimal policy in Section 4.2.

4.1 Characterization of the Optimal Policy

In the next four theorems we will give a complete characterization of the optimal policies for all
possible values of 0 < « < 1. Since the proofs of Theorems 4.1 to 4.4 are similar, we will only
provide the proof for the most complicated case, which is given in Theorem 4.4.

We again start with the case where the combined rate of collaborating servers is slower than
the rate of the faster server (i.e., server 1) at both stations. For all i € {1,2,..., B + 3}, define

B—i+3 1—3
N j  B—i+3—j B—i+3 j+111J
A@) = paps' Z 151 1y + Ko Zl‘zz
7=0 7=0
B—i+1

—i+3 i—1—j i—1 j+1 B—i+3— ]
—M12M21 E M22M — Hog E Koy Mg

We will use the convention that the summation over an empty set equals zero throughout. Fur-

thermore, let
S = {s € S\{0}: fi(s) >0 and fi(s+1) < o}.

We will need the following lemma.



Lemma 4.1 S} # (.

Proof: We have

B+2 B+1

i B+2—j i B+2—j

fi1) = pn Z :UJJ21M12+ T~ Z Nj21M12+ =0
4 =
and
B+1 B+2

i B B+2—

AB+3) = po Y phopty 7 — Z phopr 7 <0,

which immediately imply that S7 # 0. O

We now provide the optimal policy when o < min{ le}rim, le-‘:ljtm }, so that the combined rate

of servers 1 and 2 at each station is smaller than the rate of server 1 at that station. The next

proposition states that in this case, the optimal policy does not allow collaboration and the faster
server switches from station 1 to station 2 when the number of customers in the buffer reaches a

certain threshold.

3 K11 112 * *
Theorem 4.1 Suppose 0 < o < min e #12+M22} and s* € Sy. Let

5 (s) { server 1 works at station 1, server 2 works at station 2 for0<s<s*—1,
S) =

server 2 works at station 1, server 1 works at station 2 for s* < s < B+ 2.

Then (6*)*° is optimal. Moreover, this is the unique optimal policy in the class of Markovian
stationary deterministic policies if ST = {s*} and all inequalities on service rates (i.e., p1 > po1

and p12 > pe2) and the upper bound on « are strict.

Theorem 4.1 illustrates that when o < min{—#1— —F2 1 the optimal switch point does not
pi1tp21” pi2+p22

depend on «. Moreover, as in Section 3, the optimal policy for small « is identical to the optimal

policy for non-collaborative servers and involves a similar proof (see Isik, Andradéttir, and Ayhan

14]).

Next we assume that « is large enough to allow collaboration at one station but still too small

to allow collaboration at the other station. Note that —12— < (>)—£L— if and only if 120 >

pi2+p22 — N/ piitp21
(<) piopo1. Let pyipse > piapor and define for all i € {1,2,..., B+ 3} and m;}rjm <a< le‘fl‘iﬂl’
i—2
fo(i,o) = a(ma+ po)psy UG < B+2)Y  phopiy’
B—i+2 - i—2
o (i + pao)byt Y gy T+ N it
j:O Jj=0
B i+1
—a(p12 + po2) M21 s ZMQQ,U - a(pr2 + p22) M22 Z ,UJ—H PR
i—2 =
—piopzy P < B+2) Y oy’
§=0



Let

S = {5 € S\{0} : fal(s,a) > 0 and fo(s +1,a) < o}.
We can now state and prove the following lemma.
Lemma 4.2 S # 0.

Proof: We have

B+1
Bt1-
fo(L,a) = a(pa + p2)(p11 — p21) Z/@ﬂt >0
7=0
and
B+1 B+2
fo(B+3,a) = poo Z ottty 2 = apag + piz2) Y phopry - <0,

7=0

which immediately imply that S5 # 0. O

Next we state the optimal policy when pi11 22 > p1221 and M;‘}im <a< ﬁ In this case,

the optimal policy has servers work together at station 2 when station 1 is blocked and otherwise

has the faster (slower) server at station 1 (2) until the number of customers in the buffer reaches a

certain value and then the servers switch their assignments.

Theorem 4.2 Suppose pi11pi22 > pi2pi21, le‘iljtm <a< le}rim , and s* € S5. Let

server 1 works at station 1, server 2 works at station 2 for0<s < s*—1,
0%(s) = server 2 works at station 1, server 1 works at station 2 for s* <s< B +1,

both servers work at station 2 for s =B+ 2.

Then (6*)*° is optimal. Moreover, this is the unique optimal policy in the class of Markovian
stationary deterministic policies if S5 = {s*} and all inequalities on service rates (i.e., i1 > poi,

p12 > po2, and paijize > pispo1) and o are strict.

In the third case, we assume that piopo; > p11p22 and that « is large enough to allow col-

laboration at one station but not at the other station. Define for all i € {1,2,...,B + 3} and

M11 < < Hi12
piitp2r — @ pi2+p22?

B+3 )
, B+3— 1 i—2—
fs(i,0) = a(pr + p21) ,ugg Z M21/~L S + a(p11 + po1) M21+3 ZZN%;F M?u ~
7=0
B+2—i B+2—i

.  paa . B
+M11H222 (i >2) Z 11 11 A - (M11+M21)H222 (i >2) Z 15111 S

B+2—1
i+1 B+3
—a(p11 + p21) H12N21+3 12#22,“11 M221 Z 115, s



Let
S3 = {s € S\{0} : f3(s,a) > 0 and f3(s+1,a) < 0}.
We are ready for the following lemma.

Lemma 4.3 S # 0.

Proof: We have

B+2 B+1
i B42—j i By2—j
f3(l,0) = alpn +p2) Y phypry o7 = Y phypyy -7 >0
=0 =0
and
B+1
Bl
[3(B+3,a) = a(pr + po1)(pu2e — p12) Z o7 <0,
=0

which immediately imply that S5 # 0. O
We are now ready to characterize the optimal policy when piop91 > 1100 and m 1’:{;21 <a<

o 5}@22. In this case, the optimal policy has the servers work together at station 1 when station 2 is

starved and otherwise has the faster (slower) server at station 1 (2) until the number of customers

in the buffer reaches a certain value and then the servers switch their assignments.

Theorem 4.3 Suppose piapio1 > pip2, —2— < a < 42— and s* € S5. Let

pi1tp21 — — pi2+p22
both servers work at station 1 for s =0,
d*(s) = ¢ server 1 works at station 1, server 2 works at station 2 for 1 <s < s* —1,

server 2 works at station 1, server 1 works at station 2 for s* < s < B+ 2.

Then (6*)*° is optimal. Moreover, this is the unique optimal policy in the class of Markovian

stationary deterministic policies if S5 = {s*} and all inequalities on service rates (i.e., pi1 > poi,

p2 > po2 and paipoe < pazpz1) and o are strict.

The optimal policies defined in Theorems 4.2 and 4.3 avoid idling the slower server at the station
that he is relatively better at than server 1, which is station 2 in Theorem 4.2 (since % > %) and
station 1 in Theorem 4.3 (since % > %) Moreover, as in Section 3, Theorem 4.3 (Theorem 4.2)
follows from Theorem 4.2 (Theorem 4.3) using the reversibility result of Andradéttir and Ayhan
[6]. Furthermore, f3(i,a) (f2(i,)) can be obtained from — fa(i, ) (— f3(4, «)) via replacing p11 by
p12, p12 by pa1, p21 by pee, poee by po1, and @ by B — i+ 4.

Finally, assume that when servers collaborate, their combined service rate is faster than the

rate of the faster server (server 1) at both stations. Define for all i € {1,2,...,B + 3} and

10



M1l H12 < <
max p11tpe1? u12+u22} <asl

B+2—1i
faliya) = > phpry T by {04#%2(#11 + por) — Wi > 2)apfy(p1 + par) — pazpiar g
=0

—pi3opior + L(i > 2)py1pdy + M11M22#12]
1—2
o - .
D ot BT | = gy (e + ) + Wi < B+ 2)amz + puo2)ishy
=0
—1(i < B +2)uf punz + pozfizy + pa1piazpior — M12M21M11]-
Let
Sy = {S € S\{0} : fa(s,a) >0 and fa(s+1,a) < 0}.
We will need the following lemma.

Lemma 4.4 S} # 0.

Proof: We have

B+1
Bl
fa(la) = [(a(p11 + p21) — po1)po2 + paz(pnn — p21)] Z Moty >0
=0
and
B+l ‘
fiB+3,0) = [(—a(mz + pa2) + a2z + g1 (pa2 — p2)] Y phopery’ 7 <0,
§=0
which immediately imply that S # 0. O
We are now ready to state the optimal server assignment policy when max{—#1 f1z_1 <

pritp21? pi2+p22
a < 1. The next proposition states that the optimal policy has the servers work together at station

1 (2) when station 2 (1) is starved (blocked) and otherwise has the faster (slower) server at station
1 (2) until the number of customers in the buffer reaches a certain value and then the servers switch

their assignments.

Theorem 4.4 Suppose max{ mfﬁm, méﬁim} <a<1ands*€S;. Let

both servers work at station 1 for s =0,
5 (s) server 1 works at station 1, server 2 works at station 2 for1 <s<s* —1,
S) =

server 2 works at station 1, server 1 works at station 2 for s* <s< B+1,

both servers work at station 2 for s =B+ 2.

Then (6*)*° is optimal. Moreover, this is the unique optimal policy in the class of Markovian
stationary deterministic policies if Sy = {s*} and all inequalities on service rates (i.e., p11 > po1,

12 > po2, and piipee # pigpe1) and the lower bound on « are strict.

11



The proof of Theorem 4.4 is given in the Appendix. Note that ST, S5, S5, and S} characterize the
sets of optimal switch points in Theorems 4.1, 4.2, 4.3, and 4.4, which are defined using the functions
f1(), fa(s,9), f3(-,+), and fa(+,-), respectively. We would like to point out that for i =2,..., B+ 2,
f1(2), fa(i, ), f3(i,a), and f4(i, ) are proportional to the difference between two policies of the
form given in Theorems 4.1, 4.2, 4.3, and 4.4, respectively, that have server 1 move to station 2 at

state ¢ versus state ¢ — 1.

Bl — _ M2 — M
pi1+p21 pi1z2+p22 p1tp2’

value of «, the optimal policy can be determined using either Theorem 4.1 or Theorem 4.4. Hence,

Remark 4.1 When the servers are generalists, since depending on the
the optimal policy either allows no collaboration or collaboration at both stations depending on the
value of a. Moreover, the optimal switch point s* can attain any value in {1,...,B + 2}. Note
that in this case, the lower bound on o in Theorem 4.4 is greater than or equal to %, with equality
only when p; = pe (which is discussed in Remark 3.1). Thus, server collaboration is optimal for
a smaller range of a values when there is a dominant server. This is reasonable because as the
servers become more different, ensuring that the faster server works at full capacity becomes more

important than keeping the slower server busy.

4.2 Properties of the Optimal Policy

In this section, we investigate properties of the optimal switch point s* in Theorems 4.1 through

K11 K12
pi1tpe1” pietpe2

optimal switch points, then they are consecutive states. The proof of the lemma is given in Isik,

4.4. The following lemma implies that when 0 < a < min }, if there are multiple

Andradéttir, and Ayhan [14] where the f; function appears in a different setting.
Lemma 4.5 The function fi(i) is non-increasing in ¢ € S\ {0}.

The next lemma provides properties of fo that will allow us to study the optimal switch

. > 112 < < M1l 112
point when g1y > por, paiper > poipnz, and 2o < o < ome. Note that 28 <
M1l 12 — 21 122

G ety < 1 when piypgs > pgipne and pny 7# pore If pny = pon, then pip > pigg and
W11 fto2 > piop21 imply that pis = pes, and hence, Remark 3.1 applies. Moreover, the proof of part

(i) of Lemma 4.6 shows that S5 = S\ {0} in this case when o = -l2— = L = 3.

Lemma 4.6 (i) If Mﬁfﬁiiﬁf;iﬁfﬂ) <a<l, foi,a) >0 foralli € {1,..., B+ 2}.

M11H12 p21pi22 o paa . : i : S Hi2
(i) If G En B < it then fa(i, @) is mon-increasing in i € S\ {0} for all 15— <
o < M1l 12— 21 122
= (p11— u21)(u12+u22)'

M1l H11 12— 21 422 ; N 3 . . . H12
(111) If et < iR, then fo(i, ) is non-increasing in i € S\ {0} for all e S
a < pir
— piitp21

Proof: (i) Note that for i € {1,..., B+ 2}, we have

B—i+2
i1 B—i+2—
Z ottty g B (a) + Z W prs T s g + po2) (pan — par) (2)
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where Ga(a) = a(puio + paz) (11 — p21) — paipi2 + po1pee. The second summation above is always
non-negative since 17 > o1 and the first summation is non-negative as long as (2(«) > 0, which

holds if o > —HALE12 /21 {122
= (m11—p21)(pi2+p22)

(ii) Note that for all i € {1,...,B + 1}

f2(i +1,0) — foi,a) = Zumul "B gy — pag1) Ba(@)

B—i+1
i Beitl—
+ Z 1 1y T i e + pra2) (pan — pa) (a2 — pi2)

+//221N§1 Fui1Ba(ar) — pora(pan + po) (11 — p21)]
< 0, 3)

. . H11 12— 21 H22 o
where the inequality follows because [(2(a) < 0 when a < Gy i) 8 seen in the proof of

part (i), the expression in the second line is non-positive since p11 > po1 and pge < pi2, and finally
p11P2(a) — pora(piz + po2) (i — p21) < (11 — p21)B2(a) < 0 (the first inequality follows from
HATf12 > f21 [422)-

(iii) follows immediately from the proof of part (ii). OJ

The next lemma identifies properties of f3 that are useful for studying the optimal switch point

M1l H12 M11 12 — 21 422
when pig > piga, poipinz = paipez, and e < a < RS Note that o fiimamiees <1

when H21 412 Z H11 422 and H12 7& H22. If H12 = H22, then we must have that H11 = H21, Remark 3.1
applies, and S5 = S\ {0} when o = %

Lemma 4.7 (i) If (Mﬁiﬁi?iﬁ?;ﬁfQ) <a<l, fa(i,a) <0 foralli e {2,...,B+2}.

M11M412— M21M22 < H12 7 ; _a . : . Mi11
(i) If ez~ < 2, then fs(i,a) is non-increasing in i € S\ {0} for all FHi— <
a < K112 H21 422
— (u11+u21)(u12 o)

H12 M11 12— 121 122 - N _q . - - M11
(i) If o S (u11+u21)(u12—u2z)’ then f3(i, ) is non-increasing in i € S\ {0} for all i <
a < K12 .
— pi2+p22

Proof: (i) As shown in the proof of Lemma 4.3, f3(1,a) > 0. Note that for i € {2,..., B+ 2}, we
have

B—i+2
2— B—i+3—
2“22“11 ],UQB1 . a(pa1 + po1)(pa2 — Hi2) Z M21,U12 o ]N22251(O‘)7 (4)
7=0

where ,31(@) = a(,un + /1,21)(/1,22 — /1,12) + U112 — U921 422. The first summation above is always
non-positive since pgo < p12 and the second summation is non-positive as long as 31 («) < 0, which

holds if a@ > —#11H12— 121422
= (pa1tpz1)(pi2—p22)

13



(ii) For i =1

B
f3(i+1,a) = f3(i,a) Z u%lufg“_J [a(pa1 + po1) (o2 — 2012) + przpan — po1pie2 + fiakon ]
=0

B (a(par + p21) (e — paa — p21) + paa(por — (g + po1))
< 0, (5)

where the inequality follows because the expression in the first line is non-positive since o >

[11 s pa2pn1— o1 oot a1
piitper = (2uiz—po2)(p11+p21)

the expression in the second line is non-positive since poa < p12 and (11 + po1) > p11 > p21- On
the other hand, if i € {2,..., B+ 1}

(the second inequality follows from p11 > po1 and g1 > pgg) and

i—2
. , o
fa(i+1,0) = fali,a) = > phouyy” Ty Pa(pan + pan) (pan — pzn) (p22 — pn2)
=0
B—i+1

C Bliio i
+ Z 15111 " j#%zz(ﬂm—ﬂm)(—ﬁl(a))
§=0

ey 2 [pagc(par + pion) (o2 — paz) — 2B (cv)]

< 0 (6)

where the inequality follows because p11 > po1, pi2 > po2, fi(a) > 0 if a < (uﬁiZ;?iZ?;ﬁQZzz)’ and

a(p11 + p21)p2e(p2e — p12) — p12fi(a) < (pe2 — p12)Bi(a) < 0 (the first inequality follows from
P11 > Ho1p22)-
(iii) follows immediately from the proof of part (ii). OJ

As discussed in Section 4.1, using the reversibility result of Andradéttir and Ayhan [6], f3(i, «)
(f2(i,@)) can be obtained from — fo(i, ) (—f3(é,)). This implies that Lemma 4.6 (4.7) follows
from Lemma 4.7 (4.6). However, we still provide the explicit proofs of these lemmas for clarity and
to introduce notation that will be used in other proofs.

The next lemma provides properties of f4 that will help us analyze the optimal switch points

K11 K12 < <
when maX{ pi1tp2r’ #12+#22} <ac<l

Lemma 4.8 (i) If piipge > piapor and (Mﬁljﬁ;iiﬁ;fim < a <1, fi(i,a) > 0 for all i €
{2,...,B+2}.

(1) If pigpor > piipoz and (uﬁiZ;?)}Z?;ﬁﬁzz) <a <, fu(i,a) <O foralli€{2,...,B+2}.
(i) If pa2po1 = paipiez, 11 > Ho1, a2 > fi22, and fufiacrenee o — b sl

= (n11—p21) (m12+p22) (11 +p21)(pi2—pa2) L,
then fi(i,a0) =0 for alli € {2,...,B+2}.

(i) If piopio1 = paipo2 and py = por (w12 = p22), then g = pog (pi1 = po1) and fa(i,a) = 0 for
alli€{2,...,B+2} and all  <a <1.

(v) If none of the conditions of parts (i), (i), (iii), and (iv) hold, then f4(i, ) is non-increasing in
ie S\ {0}.

14



Proof: (i) As shown in Lemma 4.4, f4(1,«) > 0. Note that for ¢ € {2,..., B + 2}, we have

B+2—i
fa(i,a) = Z ,UJ21M12+ ’ JMQQZAI +ZM22#1 E 21—’—2 ‘Ag(a), (7)

where

Ai(a) = (w12 + p22)bi(a)

with 81 («) defined in the proof of Lemma 4.7 and
Az(e) = (11 + p21)fa(@)
with (2(«) defined in the proof of Lemma 4.6. Note that A;(«a) is non-increasing in a and

Aq(1) = (pa2 + p22) (H11p22 — pazp1) > 0,

where the inequality follows from the assumption that piipoe > pigp01. On the other hand,

f12 > poz and i > piapo1 imply that 11 > por, and if o > (uﬁfZ;TiZf;ﬁfﬂ)’ then Ag(ar) > 0.

Thus, f4(i,a) > 0 for all i € {2,..., B 4+ 2} when p1p99 > 12491 and (uﬁl—lZﬁ)_(Ziszz) <a<l1

(note that py1pag > pi2p01 implies that g > 0, and, hence, pia > poo > 0).

(ii) Similarly, As () is non-decreasing in o and

Ao(1) = —(p11 + po1)(pa2p21 — paipze) < 0,

where the inequality follows from the assumption that pispor > pi1m92. On the other hand,

p11 > po1 and pigpiar > pa1po2 imply that 1o > po, and if o > (Mﬁiﬁiwf;’ﬁm), then Aj(a) <O0.

Thus, fi(i,a) <0 for all i € {2,..., B+ 2} when ujau21 > p11p92 and (uﬁﬁzﬁ)_(ﬁ?;‘f:m) <a<l

(note that pyopmar > p11p02 implies that o > 0, and, hence, pi1 > po1 > 0).

(iii) Immediately follows from parts (i) and (ii).
(iv) Follows from (7) after noting that in this case the servers are identical, Remark 3.1 applies,

and f1(a) = fa(a) =0
(v) For i =1,

fali4+1a) = fu(i,a) = Zﬂmulz [Mu p32) (—a(p1 + pzn) + por) + pazpza(—apan + p21) + )]

+M21 22 (p2r — a(pan + pa1)) — pia(pnn — pz1)] + pdi Ao(a)
< 0, (8)

where the inequality follows because the first two expressions are non-positive (since a(p11 + p21) >

11 > po1 and g1 > peo) and the last expression is non-positive (since Ag(a) > 0 if and only if
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the conditions of (i), (iii), or (iv) are satisfied). If i € {2,...,B + 1}

B+1—1

‘ . - i y

fili+1,0) = fa(i,a) = pi*(=Ai(a)) [(Mm —p22) Y phpyy 4 gyt Z}
=0
1—2

+udt T Ag(a) [(Mll — H21) Zﬂégl/n T+ Mlzzl]
=0
< 0, (9)

where the inequality follows since Aj(a) < 0 if and only if the conditions of (ii), (iii), or (iv) are
satisfied and Ag(a) > 0 if and only if the conditions of (i), (iii), or (iv) are satisfied. OJ

Remark 4.2 Note that when pi2 = oo, the optimal policies in Theorems 4.1 through 4.4 reduce
to the ones in Theorems 3.1 through 3.4. In particular, if pio = poa, then piipos > piope1 and
Wi1f12 > fo1la2, So the conditions of Theorems 3.2 and 4.2 hold. Moreover,

o f1(7) = (11 —p21) Zf:_OHQ M%1M232+2_j > 0 (with equality only when piy = p21 or po1 = pgg =
0) for all i € {1,...,B + 2}, implying that s* = B + 2 in Theorem 4.1, which is consistent
with the result in Theorem 3.1 since when station 1 is blocked (s = B +2), it does not matter

which server works at station 2;

° ngf“m = (uﬁl—lﬁﬁiﬁﬂﬁzz) and part (i) of Lemma 4.6 implies that s* = B + 2 in Theorem

4.2, which is consistent with the result in Theorem 3.2;

11 M12 1 _ M11p12— 21 422 ; ; ;
° > s = .
max{ ITETETE M12+M22} 2 3= G b)) and the proof of part (i) of Lemma 4.8 implies

that s* = B + 2 in Theorem 4.4, which is consistent with Theorem 3.4.

The next proposition shows that s* is a non-decreasing function of «v if pq1p90 > p12pt91. Thus,
the fast server (server 1) focuses more on the station he is relatively better at (station 1 since

% > %) for large a.. The proof of Proposition 4.1 is given in the Appendix.

Proposition 4.1 If uiipse > pispo1, then s* can take at most two adjacent integer values for

each 0 < a < 1. Moreover, as long as s* is chosen in a consistent manner when o < m;ﬁin and

two values are possible, then s* is a non-decreasing function of «, taking jumps of size one, and

11412 — U212
11—p21) (12+p22)

eventually reaching B + 2 at o = m

Similarly, when pyop21 > 1102, so that the faster server is relatively better at station 2, then
his focus on station 2 increases with a. The proof of Proposition 4.2 is omitted since Proposition
4.2 (4.1) follows from Proposition 4.1 (4.2) using the reversibility result of Andradéttir and Ayhan
[6]. Recall that f3(i, ) (f2(i,)) can be obtained from — fo(i, ) (—f3(i, ) via replacing pi; by
W12, 12 by pi1, po1 by pes, pes by po1, and ¢ by B — ¢ + 4. Similarly, the condition on the service
rates and the threshold « value of Proposition 4.2 (4.1) can be obtained from the corresponding
quantities of Proposition 4.2 (4.1) via replacing p11 by pi2, g2 by pi1, p21 by pee, and pag by pog.

Note that when p1op21 = p11u092, the servers are generalists and Remark 4.1 applies.
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Proposition 4.2 If uiopsr > pii1poe, then s* can take at most two adjacent integer values for

Hi1
pi1+p21

two values are possible, then s* is a mon-increasing function of «, taking jumps of size one, and

M11H12 — 21 H22 < 1
(p11+p21)(H12—p22)

each 0 < a < 1. Moreover, as long as s* is chosen in a consistent manner when o < and

eventually reaching 1 at o =

It immediately follows from Propositions 4.1 and 4.2 that if 1120 > p1ope1 and

B B+1
i+1 B4+1—j i Bt1—j
F(B+2) = ppopgs +po ) pwhy iy = papar Y phopyy 0 >0,
§=0 §=0
then s* = B+ 2 for all 0 < o < 1. Similarly, if pisopo1 > p11p22 and
B+1 B
i Bt1—j i+1 B4+1—j
f1(2) = paipee Z M]21M12+ ! — g2 Z,uéf M12+ — Mlzuzﬁﬂﬂu <0,

j=0 j=0

then s* =1 for all 0 < a < 1. Thus, in these two cases, there is an optimal policy that does not
depend on how ineffectively the servers collaborate. One can observe that for B = 0 the above

expressions coincide and reduce to

fi(2) = ppea(piz + po1) — pazper (11 + p22).
Define
M1t 12 . M2 — p21 22 Mi1p12 — p21i22
Cc = max{ , ,mln{ , }}
Bl + p21 12 + o2 (p11 — po1) (a2 + p22) (11 + p21)(p12 — po2)

x

where 0 is defined to be infinity for all x > 0. It is easy to see that if piiu22 > (<)pi2p21, then

Pilpa2—po1 oy (>) H11 12— p21 22
(p11—p21)(p1o+pe2) — N=7 (pi1+p21)(pi2—p22

y- Thus, if 1192 > paaper, then

_ { H11 H11p412 — H21M422 }
C = max ,
pir 4 po1 (i — p2n) (pae + pe2)

and C' < 1 when pi11p92 > pri2pt21 and po1 > 0. Similarly, if pyopo1 > py1p102, then

c = max{ 12 H11p12 — M21 4422 }
paz + po2’ (1 + p21) (p12 — p22)
and C' < 1 when piap21 > pi1pt22 and pes > 0. The next corollary states that the optimal server
assignment policy is again continuous in a as « 1, as in the case discussed in Section 3. That is if
C < «a <1, the optimal policy is the same as the one for o = 1, which is described in Andradéttir,
Ayhan, and Down [7]. The proof of Corollary 4.1 follows immediately from parts (i) and (ii) of

Lemma 4.8 and the definition of s* in Theorem 4.4.

Corollary 4.1 IfC < a <1 and piipo2 > priopor (Hi2i21 < piipez), then the policy where server
1 (2) has primary assignment at station 1 and server 2 (1) has primary assignment at station 2

and both servers work at station 1 (2) when station 2 (1) is starved (blocked) is optimal.
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As was mentioned in Section 3, Andradéttir, Ayhan, and Down [9] show that the policy de-

. . . s < < H11 122 H21 K12
scribed in Corollary 4.1 remains optimal for all 1 < a < max {uuﬂm + iotias it T it [

On the other hand, when o > max { mf}rlum + Mé‘fjm, unuj-im + m;ﬁim }, any fully collaborative
policy that has both servers in a team at all times is optimal.

The results of Sections 4.1 and 4.2 show that when there is a dominant server, the optimal server
assignment policy is of threshold type in that the faster server switches from station 1 to station 2
when the number of jobs in the buffer reaches a certain threshold. This has the effect of balancing
the two stations and using the dominant server as effectively as possible. When the faster server
is relatively better at station 1 than at station 2, then the optimal threshold is a non-decreasing
function of «, taking the largest possible value B + 2 before « reaches one. Similarly, when the
faster server is relatively better at station 2, then the optimal threshold is a non-increasing function
of o, taking the smallest possible value 1 before o reaches 1. Thus, as « increases and collaboration
becomes more effective, there is lesser need for balancing the two stations by moving the faster
server and he can focus more of his time on the station where he is relatively better.

When « is small, there is no collaboration. Thus the faster server is busy at all times, but
the slower server is idle when station 1 is blocked or station 2 is starved. As « increases, so that
collaboration is more effective, it becomes desirable to utilize the slower server when station 1 is
blocked or station 2 is starved. In particular, for intermediate values of «, the servers collaborate
at the station where the slower server is relatively better (as compared to the faster server) but
not at the other station. Finally, for large values of oo < 1, the servers collaborate at both stations
when this is needed to avoid idling the slower server. Thus, as « increases, collaboration becomes
a desirable way of utilizing the slower server, starting with the station where the slower server is

relatively better.

5 Conclusions

We considered two station tandem lines with a finite buffer between the stations and two flexible
servers who lose efficiency when they work together in a team. We assumed that the combined
rate of a server team is proportional to the sum of the rates of the individual servers. For such
systems, we completely characterized the server assignment policy that maximizes the long-run
average throughput. In particular, we showed that if there is no dominant server, then servers have
primary assignments and only leave their primary assignments if the proportionality constant « is
large enough and they have no work to do at their primary assignments. On the other hand, if
there is a dominant server, the optimal policy is of threshold type (i.e., the faster server moves from
station 1 to station 2 when the number of jobs waiting in the buffer reaches a certain value). We
also investigated properties of the optimal switch point where the faster server moves from station
1 to station 2. We proved that the optimal switch point is either a non-decreasing or non-increasing

function of a, eventually reaching B + 2 (the state representing station 1 being blocked) or 1 (the
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state representing station 2 being starved) depending on the sign of pi1190 — p12/491-

In both cases (when there is or is not a dominant server), the optimal server assignment allows
no collaboration when « is small. When there is no dominant server, for intermediate values
of a, the optimal policy allows collaboration only to avoid idling the more effective server (the
effectiveness of a server is measured by the product of the server’s rates). On the other hand, when
there is a dominant server, for intermediate values of «, the servers collaborate at the station where
the slower server is relatively better (as compared to the faster server) but not at the other station.
Finally, for large values of a@ < 1, the servers collaborate at both stations when this is needed to
avoid idling a server. When the servers are generalists, the intermediate range is empty, and hence,
there is either no collaboration or collaboration at both stations (in order to avoid idling a server).

The results of this paper, together with the work of Andradéttir, Ayhan, and Down [9], provide
a complete characterization of the optimal server assignment policy in Markovian systems with two
stations and two servers for all 0 < a < co. In particular, Andradéttir, Ayhan, and Down [9] showed
that when servers are synergistic (i.e., a > 1), depending on the value of «, the optimal policy
switches from one that takes full advantage of servers’ skills (in that both servers have primary
assignments and do not collaborate unless they have no work at their primary assignments), to one
that takes full advantage of server synergy (in that servers collaborate at all times). Furthermore,
the optimal server assignment policy is continuous in « as @ 1 and «a \, 1.

We plan to continue this line of research by investigating whether similar structural results also
hold for systems with more general models for the team service rates. For example, we will allow
the proportionality constant « to depend on the station where the team is working. Allowing «
to depend on the station captures the fact that collaboration may not be equally beneficial for all
tasks.
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Appendix

Proof of Theorem 3.4

It follows from our assumptions on service rates that g1 > 0 and pes > 0. The set of possible
actions is given by A = {as,s, : 0; € {0,1,2},Vi = 1,2}, where for all i € {1,2}, 0; = 0 when server

i is idle and o; = j € {1,2} when server i is assigned to station j.
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The set Ay of allowable actions in state s is given as

{ai1} for s =0,
As = {an,alg,agl,agg} for s € {1,...,B—|—1},
{az} for s = B + 2,

where we use sample path arguments similar to those of Lemma 2.1 and Corollary 2.2 of Kirkizlar,
Andradéttir, and Ayhan [16] to eliminate actions that allow servers to idle (exploiting the fact that
when servers collaborate, their combined service rate at each station is faster than the rate of the
faster server at that station). Since the number of possible states and actions are both finite, the
existence of an optimal Markovian stationary deterministic policy follows from Theorem 9.1.8 of
Puterman [18], which provides sufficient conditions under which such a policy exists.

Under our assumptions on the service rates, the policy described in Theorem 3.4 corresponds
to an irreducible Markov chain, and, hence, we have a communicating Markov decision process.
Therefore, we use the policy iteration algorithm for communicating models (see pages 479 and 480
of Puterman [18]) to prove the optimality of the policy.

Let p(s'|s,d(s)) be the probability of going to state s’ € S in one step when the action prescribed
by decision rule d is taken in state s and P; be the corresponding (B + 3) x (B + 3)-dimensional
probability transition matrix. Similarly, r(s,d(s)) denotes the immediate reward obtained when
the action prescribed by decision rule d is taken in state s and 4 denotes the corresponding (B + 3)-
dimensional reward vector.

As the initial policy of the policy iteration algorithm, we choose

a11 for s =0,
dO(S): a1 for 1 §S§B+1,
azo for s =B+ 2,

corresponding to the policy described in Theorem 3.4. Then

0 for s =0,
r(s,do(s)) =< pgo for1<s<B+1,
a(pi2 + pgg) for s =B+ 2,

and
’W for s =0,s =1,
1_% fors=5 =0
q )

7 for 1<s<B+1,8 =51,

p(s']s,do(s)) = 1—F2E2 for1<s<B+1,¢ =s,
a for 1<s<B+1,8=5+1,
w fors=B+2,s=B+1,
1_% for3:3/:B+27

q
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where ¢ is the uniformization constant. Since the policy (do)* (corresponding to the decision rule

dp) yields an irreducible Markov chain, we find a scalar gy and a vector hg solving
— goeé + (Pdo - I)ho =0, (10)

subject to ho(0) = 0, where e is a column vector of ones and I is the identity matrix. Then

i Btl-
g alpnn + po1) (12 + po2) ZJ =0 M11M22+ ~
0 = B o B_ -l
T (pan + p2n) + gyt (a2 + po2) + a(pan + por) (a2 + pra2) Y5 1641 iy
ho(0) = 0, and
" s—2
. o -
ho(s) = P [(Oé(un +pan) = pan + pz2) Y (G Dpqypzy ) A spdy
a(pn + p21) i =0
2
22 ., . s—2-j
—2EN G+ Dd sy
11 j=0

for 1 < s < B+ 2 constitute a solution to equation (10).
For the next step of the policy iteration algorithm, we choose
di(s) € arg max {7‘(3, a) + Zp(j|s, a)ho(j)}, Vs € S,
CLGAS icS
J

setting di(s) = do(s) if possible. We now show that di(s) = do(s) for all s € S. For all s €
S\ {0,B+ 2} and a € A\ {do(s)}, we will compute the differences

e(s,0) = r(s,do(s)) + Y plils, do()ho(s) — (r(s,a) + D pljls. a)ho) )
JES jES
and show that the differences are non-negative. For s = 0 and s = B + 2, there is nothing to prove
because there is only one possible action in these states, namely do(0) = a1; and do(B + 2) = aga.
For s € {1,..., B + 1}, we have that dy(s) = a12. We will specify €(s,a) for actions a1, a1,
and agy. With some algebra we obtain

a(p11 + po1)pyy o SZ] 0”11#22 ]T1(Oz)
6(3,0,11) = )

where

Ti(a) = —alprr + p21)(p12 + po2) + 2pa1 22 + pa1p12 + o1 fi22 (11)

and

@

R
T o= g (e pon) + sy (e o+ pe2) + alpan + pon) (pz + p22) Y iy pgs ? > 0,
=0
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Note that T1(«) > 0 for « < 1 as long as p11p22 > p12p421, which follows from our assumptions on
the service rates. Hence, €(s,a11) > 0 with equality only when p11pu29 = piop21 and a = 1.
Similarly,
B—s j+1 B—j—1 B i B—j
5 A (@) + Dm0 M1 Hog T A(@) + 307 g1 Hakag T As(a)

€(s,az1) = T )

where Aj(a) and Ay(«) are defined in the proof of Lemma 4.8. In this case, Aj(«) is non-decreasing
in o Since

H11
)

APy . o
l(un—i—ugl p22(p12 + p2a) (H11 — pio1)

we can conclude that Aj(a) > 0 for all max{ Fr— 22—} < o < 1. Moreover, Ay(a) is

non-decreasing in «. Since

H22
)

Ag(—H22  y _ N o
2(M12+p,22 a1 (pan + p2) (o2 — p12)

we can conclude that Ag(a) > 0 for all max{ ml#}rluzl’ mfjjm} < a < 1. Hence, €(s,a21) > 0 with

equality only when w11 = p21 and g2 = pos.

Finally,
—1\~B— i B—stl—j
alpmz + po2)isy ' 375 gy T Ta(a)
6(8, a22) = T ,

which is non-negative since T1(«) > 0 with equality only when 1122 = pi2p21 and o = 1. This
proves that dy(s) = do(s) for all s € S. Thus, the policy described in Theorem 3.4 is optimal. The
proof of the uniqueness of the optimal policy is similar to the uniqueness proof in Theorem 3.1 of
Andradéttir and Ayhan [6] (the lower bound on « needs to be strict to ensure that the policies in

Theorems 3.2 and 3.3 are not optimal and that idling actions are not optimal in states 1,..., B+1).

Proof of Theorem 4.4

The proof of Theorem 4.4 is similar to the proof of Theorem 3.4. It follows from our assumptions
on service rates that p17 > 0, g2 > 0, and either po; > 0 or poe > 0.

The set A, of allowable actions in state s is the same as the one described in the proof of
Theorem 3.4, where we again use the results of Kirkizlar, Andradéttir, and Ayhan [16] to eliminate
idling actions for the specified range of a.. Since the number of possible states and actions are both
finite, the existence of an optimal Markovian stationary deterministic policy follows from Theorem
9.1.8 of Puterman [18].

Under our assumptions on the service rates, the policy described in Theorem 4.4 corresponds to
a unichain Markov chain, and, hence, we have a weakly communicating Markov decision process.
Therefore, we use the policy iteration algorithm for communicating models (see pages 479 and 480
of Puterman [18]) to prove the optimality of the policy described in Theorem 4.4. This time as the

initial policy of the policy iteration algorithm, we choose
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ay; for s =0,
, ag forl1 <s<s*—1,
o(s) = y
ag; for s* <s< B+1,
asy for s = B+ 2,

corresponding to the policy described in Theorem 4.4. Then

0 for s =0,
for 1 <s<s*—1,
r(s dy(s) = § " o
412 for s* <s<B+1,
OK(M12+;U«22) fOI‘8:B+2,
and

alpritp) fors=0.¢ =1

q ’ ’
1— M fOI'SZSIZO

q b
12 for 1 <s<s*—1,8=5-1,
1_% fOI‘lSSSS*_l)S,:'Su
par for1<s<s*—1 8 =s5+1,
p(s[s, dy(s)) = 3 7 ..

iz for s* <s<B+1,s =5-1,
1—H¥%Q for s* <s<B+1,s =s,
L for s* <s<B+1,¢=s+1,
(pi2+p22) fors=B+2 s =B+1

q ' ’
1— lptum) po oo By

q b

where ¢ is the uniformization constant. Since the policy (dj)*° (corresponding to the decision rule

dp) is irreducible, we find a scalar g{, and a vector hy, solving
ray — goe + (Pgy, — I)hy = 0, (12)

subject to h((0) = 0, where e is again a column vector of ones and I is the identity matrix. Then

)

g = 2
0 @2’
where
*_1 4 *_]— B+1 B+1-
o, — ijo G N11 N2lz i N21/~‘12 T
1 = Oé(M11+M21) -1 B+2 s* s¥—1 )
N22 Hi2 Hao
i st —2—j _1 B+1-
o — 1 Oé(ﬂll"‘“Zl)Zj:O [k 7 a(p1 + po1) ,u‘il ! S B41-s* /12]314r2 i
2 = + s —1 + B+t2—s* s* 1 Z /1’21“ +
25P) Hi2 a(piz + p22)
6(0) =0,
qgl s—2
o B
o(s) = 0 [(04(#11 + po1) — pan + pa2) ) (G Dpgipng 7+ spiy 1}
a(pn + p21) i =0
a2z 2
22 . i s—2—j
——=7 > G+ Dpgyusy
M1 §=0
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for 1 < s <s*, and

s—s*— s*—2

hy(s) = hy(s*) + q,iilz* I MS s ][ 11 M5 a(pir + p21) — 11 +
0e) = RO+ e Z 5 s + ) 2 Mo ) -
s*—2 q s—s*—1
) B 4 e
p22) + 1517 M22ZM11MS i ] e (90— m2) Y G+ Dudypiy® ™
21 j=0

for s* + 1 < s < B+ 2, constitute a solution to equation (12).

For the next step of the policy iteration algorithm, we choose

d(s) € arg mzzx{r(s,a) + Zp(j|s,a)h6(j)}, Vs e s,
@=L jeS
setting df (s) = d(s) if possible. We now show that dj(s) = dj(s) for all s € S. In particular, for
all s € S\ {0,B +2} and a € A\ {d}(s)}, we will compute the differences

d(s,a) = r(s.dp(s) + D plils. o)) — (r(s,a) + Y plils, k()
JjES jeSs
and show that the differences are non-negative. Note that for s = 0 and s = B + 2, there is
nothing to prove because there is only one possible action in these states, namely d;,(0) = a;1 and
d6(B + 2) = a99.
For s € {1,...,s* — 1}, we have that dj(s) = a12. We will specify €(s, a) for actions a1, as,
and ase. Without loss of generality, assume that s* > 1 because otherwise, this set of states is

empty and there is nothing to prove. With some algebra, we obtain

a(pr + pa1)pyy 1Z] 0N11M§2 J[Mz 2 (cx )+Z H > M21H12+ - JAl(OZ)}

6,(370111) = Y )
where
s*—2 B+1-—s*
2— — | B+1—s*—
T = OZ(M11+M21)(M12+M22)[M]152+ U sy ! Z 1ong J}
7=0
2 + po2) sy s+ (an + pan ) g
> 0

and Yp(«) is defined in the proof of Theorem 3.4. As mentioned in the proof of Theorem 3.4,
if @ <1 and piipos > pioper, then Ti(a) > 0. On the other hand, if piopor > pi1pe2, then
jaz > oz and Tafa) < 0 and only if @ > Spsssiignsins > Cism - Thn ve
know from part (i) of Lemma 4.8 that f4(i,«) < 0 for all ¢ € {2,..., B + 2}. But then s* = 1,
which is a contradiction. Similarly, if p1qp22 > pi2p21, we know from the proof of part (i) of
Lemma 4.8 that Aj(a) > 0. On the other hand, if pioper > 1122, then Aj(a) < 0 if and only

if @ > (uﬁiﬁﬁ)_(;/ﬁ;gjm) Then we know from part (ii) of Lemma 4.8 that f4(i,a) < 0 for all
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i €{2,...,B+2} . But then s* = 1, which is a contradiction. Thus, € (s,a11) > 0 with an equality
only if p11p22 = priz2po1-

Similarly,
4 S*,Oé
€/(S,a21) — f (T, )+
- —s—2— B | B+l—
(:“11“12_“21!‘22)/‘3212; o 2#11/‘32 I ot T (a )+ 2 H > 11 s - A()

T/
One can immediately conclude that € (s,a2;) > 0 (with an equality only if p11p92 = p12p91 and
fa(s*,a) = 0) since Y' > 0, fa(s*, ) > 0, pi1 > po1, 12 > po2, Ti(a) > 0, and Aj(a) > 0 as
discussed above.
On the other hand,

6’(8,&22)
1§ s*—s—1—j —s~~B4l—s* j Btl—
135" (e +2 s Z H11N§2 - JTl(“)‘Hﬁl i + s N21/~‘12Jr ¢ JT2(04))
= 04(/“24—#22)[ T
_ B+1 B+l—s*—k
N11 SZ; 0#11#22 Z o /i21/i12Jr " (=As(a)
+ T’ ,
where
To(a) = —alprr + por) (2 + p22) + 212401 + pa1f12 + p21pheo.

Note that Yi(a) > 0 as mentioned above. If pjope; > pi1pe2 and o < 1, then YTo(a) > 0.
On the other hand, if 1122 > p12p21, then Yo(a) < 0 if and only if o > 2“(1;i‘fjrtgll)l(’;ii’;i’;” >

(uﬁuiﬁ)—(ﬁ?;ﬁ;) Then we know from part (i) of Lemma 4.8 that f4(i,a) > O for alli € {2,..., B+

2}. But then s* = B + 2, which implies that ZBH S 1 1T (a) = 0. Finally, we know
from the proof of Lemma 4.8 that if piop21 > p11p92, then Ag(a) < 0. If pyqpoe > pizpo1, then
Ag(a) > 0 if and only if o > (uﬁfzg)_(ﬁiiﬁﬂ) and part (i) of Lemma 4.‘8 implies that fa(i,a) >0
for all i € {2,..., B+ 2}. But then s* = B + 2, and, hence, 2;3;01—3 u%l,uﬁﬂ S~ Ag() = 0.

Thus, € (s, a22) > 0 with an equality only if p11p99 = pi2/21.

Next we consider s € {s*,..., B + 1}, where we have that d{(s) = aa;. We will specify €(s,a)
for actions a11, a12, and aze. Without loss of generality, assume that s* < B+ 2 because otherwise,

this set of states is empty and there is nothing to prove. With some algebra we obtain

*_2 j 1 B—s—k B
Z}s =0 #11#22 jAl(a)(WiQS * Zk 0 M21N12 ° 4‘#1;rl s)
"r/
Bdls*s*—2 j s*—2—j .
+M12N21+1 ° ijo 1111 Mg jTl(a)+#11 2+1 3o M21M128 “Ta(a)
T/ '

é(s,a11) = a(u11+ﬂ21)[

It follows from the proof of part (i) of Lemma 4.8 that if p11p20 > piop21, then Aq(a) > 0. On the
other hand, if piopor > p11p22, as discussed above 25;62 u{lug;%jAl(a) = 0 because s* = 1.
Similarly, if pi1p92 > pi2p21, then Ti(a) > 0. If priop101 > pi1pe22 then Z?;BZ M{M;;_Q_J'H(a) =0
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because s* = 1. Finally, if iop91 > p11p102, then To(a) > 0. On the other hand, if piop01 < p11422,
then s* = B + 2, which is a contradiction. Thus, €'(s,a11) > 0 with an equality only if 122 =
H12p421-

Next we have

—fa(s*+1,) N

6,(8,(112) e T
-1 “1—j[ s P st—2—
(1 — o) iy S0 T sy T T gy e () + ST sy (—As(a)]
Y ‘

From the definition of s*, fi(s* + 1,a) < 0 and p11p12 — peipez > 0 from our assumptions on
the service rates. If pjoper > p11po2 then To(a) > 0. On the other hand, as discussed above, if
Hiapto1 < p11M22, then s = B 4 2, which is a contradiction. Moreover, we know from the proof
of Lemma 4.8 that if piopmo1 > p11p22, then Ag(a) < 0. However, if puyiip22 > pi2p21, then as
discussed above, s* = B + 2, which is a contradiction. Thus, € (s,a12) > 0 with an equality only if
piipiee = poipiz and fi(s* +1,a) = 0.

Finally,

B B+1— * i st—2— *
a(pi2 +M22)Zj=JE)1 SN21:“12Jr . ]:U’i25 [Zj’:02 11N§2 ( Ag()) + 39 1T2(04)]
1’ '

€(s,a2) =

Using the arguments in the previous paragraph, one can immediately conclude that € (s,az2) > 0
with an equality only if piipe2 = pigper. This proves that di(s) = di(s) for all s € S. By
Theorem 9.5.1 of Puterman [18] (which says that in a (weakly) communicating model, policy
iteration terminates with an optimal policy) this proves that the policy described in Theorem 4.4
is optimal. The proof of the uniqueness of the optimal policy is similar to the uniqueness proof of
Theorem 3.4 (the lower bound on « needs to be strict to ensure that the policies in Theorems 4.2

and 4.3 are not optimal and that idling actions are not optimal in states 1,..., B+ 1).

Proof of Proposition 4.1

We first show that when pq1p90 > p1op01, s* can take at most two adjacent integer values for each

0 < a < 1. Note that our conditions on the service rates (i.e., pi1f90 > p12fi01, 11 > o1, and

p12 > pig2) imply that gy, g2, po2 > 0 and py1 > por. If por = 0, p12 = po2, and a < %,

then Remark 4.2 implies that s* = B + 2. On the other hand, if o < ulzﬂ—lljm and either sy > 0

or 12 > fag, it follows from expressions (2), (3), and (4) of Isik, Andradéttir, and Ayhan [14] that

f1(i) is strictly decreasing in i € S\ {0}, implying that s* is either uniquely defined or can be chosen

from two adjacent integers (depending on whether fi(i) = 0 for some ¢ € S\ {0}). Moreover, when

Hi2 < < 1551
pi2tp22 — o> p11+p21

the second summation is strictly positive since p11 > po1) and when [o(a) < 0, (3) is strictly
negative (note that po; = 0 implies that f2(a) > 0). Thus, either s* = B + 2 or fa(i, «) is strictly

decreasing in i € S\ {0}, and, hence, s* can take at most two adjacent integer values. Finally, we

and f2(a) > 0, (2) is strictly positive in the proof of Lemma 4.6 (because
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know from part (i) of Lemma 4.8 that f4(i,a) > 0 when LUE12Cl21822 < o < 1) and, hence,
(p11—p21) (p12+p22)

= B + 2. Otherwise, f2(a) < 0, implying that the inequalities (8) and (9) (in the proof of part

(v) of Lemma 4.8) are strict, and, thus, f4(i, «) is strictly decreasing in i € S\ {0} and s* can take

at most two adjacent integer values. In order to see this, note that (8) and (9) are strictly negative

as long as 91 > 0, but if g9y = 0, then part (i) of Lemma 4.8 will apply.

Ifa< o fjjm, then s* is a constant function of « since fi(i) does not depend on « (as long as
* is chosen consistently when f;(i) = 0 for some ). Moreover, for all i € {1,..., B + 2},
dfa (i, )
= AR Z 1ot T (a2 + pio2) (11 — pion)
B—i+2

i B—it2—
+N221 Z 131 115 " ](H12+M22)(M11—M21)

> 0.

Thus, fa(i, a) is strictly increasing in «, which implies that s* is non-decreasing in « when f11 22 >

Hi12 < < M1l
pi2+tp22 — @ > p11tp21”

piop21 and Furthermore, with some algebra, we have

. H12 _ .
f2(7’7 m) = fl(l)

for alli € {1,..., B+ 2}. Thus, when a = M;‘ﬁm, f1(+) and fa(+,-) yield the same optimal switch
points.

Note that from the proof of Lemma 4.8, one can immediately see that

. B+2—i i—2
dfy(i, @) i Bto— 9
~da = (p11 4 po1) (pa2 + pro2 [ Z 1 2T s (paa — ) + Z,UQQMZ uBr2 T gy — )

7=0
for all ¢ € {2,...,B + 2}. Thus, for a fixed i € {2,...,B + 2}, f4(i,«) could be either strictly
increasing or non-increasing in a. Let 0 < a < 1 and 7 < s*, so that f4(i,«) > 0. If fa(i, ) is

strictly increasing, then i < s* for all & € [, 1]. On the other hand, if f4(¢, @) is non-increasing in «,

.y . * / M1 12— (21 422
< < <
one can conclude that f4(i,a’) > 0, and, hence, i < s*, for all a < o/ < o) it ia2) because

otherwise part (i) of Lemma 4.8 would contradict the assumption that f4(7, «) is non-increasing in
a. Finally, when o € [(uﬁnmi)(ﬁ;fin)’ 1], part (i) of Lemma 4.8 implies that s* = B+ 2 > i.

Since a and i < s* are arbitrary, we have shown that s* is non-decreasing in « for m fiim <a<l.

Moreover, with some algebra, we have

(i H11 ) _ Hi11 f4(z' H11 )
" pa1 + p21 U1 + p21 " pi + por

for all 4 > 0, which implies that when a = o fj&m , f2(+,+) and fy(+,-) yield the same optimal switch
points. In all cases, the continuity of the functions fi(-), f2(+,+), and f4(+,-) in o and the fact that
f1(), fa(s,-), and f4(-,-) are strictly decreasing in ¢ whenever s* < B + 2 imply that jumps in s*

are of size one. Thus, the proof is complete. [
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