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:H JLYH D 7D\ORU VHULHV H[SDQVLRQ IRU WKH MRLQW /DSODFH WUDQVIRUP RI VWDWLRQDU\ ZDLWLQJ WLPHV LQ RSHQ

�PD[����OLQHDU VWRFKDVWLF V\VWHPV ZLWK 3RLVVRQ LQSXW� 3UREDELOLVWLF H[SUHVVLRQV DUH GHULYHG IRU FRHrFLHQWV

RI DOO RUGHUV� &RPELQLQJ WKLV QHZ UHVXOW ZLWK WKH HDUOLHU H[SDQVLRQ IRUPXOD IRU WKH PHDQ VWDWLRQDU\ ZDLWLQJ

WLPHV� ZH DOVR SURYLGH D 7D\ORU VHULHV H[SDQVLRQ IRU WKH FRYDULDQFH RI VWDWLRQDU\ ZDLWLQJ WLPHV LQ VXFK

V\VWHPV�

,W LV ZHOO NQRZQ WKDW �PD[��� OLQHDU V\VWHPV FDQ EH XVHG WR UHSUHVHQW VWRFKDVWLF 3HWUL QHWV EHORQJLQJ WR

WKH FODVV RI HYHQW JUDSKV� 7KLV FODVV FRQWDLQV YDULRXV LQVWDQFHV RI TXHXHLQJ QHWZRUNV OLNH DF\FOLF RU F\FOLF

IRUN�DQG�MRLQ TXHXHLQJ QHWZRUNV� pQLWH RU LQpQLWH FDSDFLW\ WDQGHP TXHXHLQJ QHWZRUNV ZLWK YDULRXV W\SHV

RI EORFNLQJ� V\QFKURQL]HG TXHXHLQJ QHWZRUNV DQG VR RQ� ,W DOVR FRQWDLQV VRPH EDVLF PDQXIDFWXULQJ PRGHOV

VXFK DV NDQEDQ QHWZRUNV� DVVHPEO\ V\VWHPV DQG VR IRUWK� 7KH DSSOLFDELOLW\ RI WKLV H[SDQVLRQ WHFKQLTXH LV

GLVFXVVHG IRU VHYHUDO V\VWHPV RI WKLV W\SH�

.H\ZRUGV� 4XHXHLQJ 1HWZRUNV� 6WRFKDVWLF (YHQW *UDSKV� 'LoHUHQWLDELOLW\ RI )XQFWLRQDOV RI 3RLVVRQ 3UR�

FHVVHV�
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� , QWU RGXFWLRQ

8QGHU WKH QRWLRQ RI DQ RSHQ �PD[����OLQHDU VWRFKDVWLF V\VWHP� RQH XQGHUVWDQGV D VHTXHQFH I;QJ RI UDQGRP
YHFWRUV VDWLVI\LQJ WKH UHFXUVLRQ;Q��  $Qn;Qj%Q��n7Q�� ZKHUH WKH DGGLWLRQ jPHDQV PD[LPL]DWLRQ DQG
WKH PXOWLSOLFDWLRQ n PHDQV DGGLWLRQ� +HUH I7QJ LV DQ LQFUHDVLQJ VHTXHQFH RI UHDO�YDOXHG UDQGRP YDULDEOHV�

DQG I$QJ DQG I%QJ DUH VWDWLRQDU\ VHTXHQFHV RI UDQGRP PDWULFHV� 6XFK V\VWHPV DOORZ RQH WR UHSUHVHQW

WKH G\QDPLFV RI VWRFKDVWLF 3HWUL QHWV EHORQJLQJ WR WKH FODVV RI HYHQW JUDSKV �VHH >�@�� ,Q SDUWLFXODU WKLV

FODVV FRQWDLQV YDULRXV LQVWDQFHV RI TXHXHLQJ QHWZRUNV OLNH DF\FOLF DQG F\FOLF IRUN�MRLQ TXHXHLQJ QHWZRUNV�

pQLWH RU LQpQLWH FDSDFLW\ WDQGHP TXHXHLQJ QHWZRUNV ZLWK YDULRXV NLQGV RI EORFNLQJ �PDQXIDFWXULQJ DQG

FRPPXQLFDWLRQ�� V\QFKURQL]HG TXHXHLQJ QHWZRUNV HWF� ,W DOVR FRQWDLQV VRPH EDVLF PDQXIDFWXULQJ V\VWHPV

OLNH .DQEDQ QHWZRUNV� DVVHPEO\ V\VWHPV DQG VR IRUWK� ,Q DOO WKHVH PRGHOV� 7Q LV WKH DUULYDO HSRFK RI WKH

QWK FXVWRPHU WR WKH QHWZRUN DQG WKH FRRUGLQDWHV ; L
Q RI WKH VWDWH YHFWRU ;Q  �;

�
Q� ;

�
Q� c c c � ;o

Q � UHSUHVHQW

DEVROXWH WLPHV �OLNH EHJLQQLQJ RI WKH QWK VHUYLFH LQ WKH LWK TXHXH� ZKLFK JURZ WR � ZKHQ Q LQFUHDVHV

XQERXQGHGO\� )RU WKLV UHDVRQ RQH LV DFWXDOO\ PRUH LQWHUHVWHG LQ WKH GLoHUHQFHV : L
Q  ;L

Q b 7Q �OLNH WKH

ZDLWLQJ WLPH RI WKH QWK FXVWRPHU XQWLO WKH EHJLQQLQJ RI KLV VHUYLFH LQ TXHXH L�� ZKLFK DUH H[SHFWHG WR DGPLW

D FHUWDLQ VWDWLRQDU\ VWDWH : L  OLPQ��: L
Q �LQ GLVWULEXWLRQ� XQGHU FHUWDLQ UDWH FRQGLWLRQV� ,Q PRVW FDVHV�

DQG SDUWLFXODUO\ IRU V\VWHPV o JUHDWHU WKDQ �� LW LV LPSRVVLEOH WR GHWHUPLQH WKH FKDUDFWHULVWLFV RI WKH UDQGRP

YHFWRU :  �: �� c c c �:o� LQ FORVHG IRUP� 7KLV PRWLYDWHG WKH UHVHDUFK WR GHULYH DQ H[SDQVLRQ IRUPXOD IRU

WKH FKDUDFWHULVWLFV RI : �

$VVXPLQJ WKDW I7QJ LV D VWDWLRQDU\ 3RLVVRQ SURFHVV ZLWK LQWHQVLW\ y DQG WKDW WKH VHTXHQFHV I$QJ DQG
I%QJ KDYH FHUWDLQ LQGHSHQGHQFH SURSHUWLHV� RXU REMHFWLYH LQ WKLV SDSHU LV WR GHULYH D VHULHV H[SDQVLRQ IRU
(>HbV�:

LbV�: M
@� ZKHUH : L�: M �L � M� DUH WKH LWK DQG WKH MWK FRPSRQHQWV RI WKH VWDWLRQDU\ ZDLWLQJ WLPH

YHFWRU DQG V� DQG V� DUH QRQQHJDWLYH UHDO QXPEHUV� 1DPHO\� ZH ZDQW WR GHULYH DQ H[SDQVLRQ IRUPXOD ZLWK

UHVSHFW WR WKH DUULYDO UDWH y IRU WKH MRLQW /DSODFH WUDQVIRUP RI VWDWLRQDU\ ZDLWLQJ WLPHV LQ 3RLVVRQ GULYHQ

�PD[����OLQHDU V\VWHPV� ,Q JHQHUDO LW LV LPSRVVLEOH WR JHW D FORVHG IRUP H[SUHVVLRQ IRU VXFK /DSODFH WUDQVIRUPV

IRU V\VWHPV RI GLPHQVLRQ o ODUJHU WKDQ �� (YHQ LQ WKH FDVH ZKHQ DOO V\VWHP GDWD DUH H[SRQHQWLDO� DQDO\WLFDO

IRUPXODH RQO\ H[LVW IRU VSHFLpF PRGHOV� OLNH IRU LQVWDQFH WZR VWDWLRQ WDQGHP TXHXHV �VHH >��@�� 8VLQJ WKH

H[SDQVLRQ IRUPXOD IRU (>HbV�:
LbV�: M

@� LW LV VWUDLJKWIRUZDUG WR JHW DQ H[SDQVLRQ IRUPXOD IRU (>: L: M@ ZLWK

UHVSHFW WR y�

8QGHU VLPLODU DVVXPSWLRQV� %DFFHOOL DQG 6FKPLGW >�@ GHULYHG D VHULHV H[SDQVLRQ IRU (: L IRU L  �� c c c � o�
&RPELQLQJ WKLV ZLWK WKH H[SDQVLRQ IRUPXOD RI (>: L: M@� ZH FDQ HDVLO\ GHULYH D VHULHV H[SDQVLRQ IRU

&RY�: L: M� ZKLFK LV DQ LPSRUWDQW SHUIRUPDQFH PHDVXUH LQ TXHXHLQJ QHWZRUNV� 7KLV H[SDQVLRQ DSSURDFK

ZDV JHQHUDOL]HG WR RWKHU FKDUDFWHULVWLFV �VXFK DV KLJKHU RUGHU PRPHQWV� /DSODFH WUDQVIRUP� WDLO SUREDELOLW\

DQG WUDQVLHQW EHKDYLRU� RI VWDWLRQDU\ ZDLWLQJ WLPHV E\ %DFFHOOL� +DVHQIXVV DQG 6FKPLGW >�@� >�@� &RPELQ�

LQJ RXU VHULHV H[SDQVLRQ IRU &RY�: L: M� ZLWK WKH UHVXOWV RI >�@� ZH FDQ DOVR JHW D VHULHV H[SDQVLRQ IRU

&RY�: L�: M b: L���

7KH WHFKQLTXH XVHG LQ RUGHU WR REWDLQ WKH H[SDQVLRQ IRUPXODH LQ >�@�>�@�>�@ LV D JHQHUDO PHWKRG ZKLFK

�



FRQVLVWV RI H[SDQGLQJ WKH H[SHFWDWLRQ RI D IXQFWLRQDO RI D PDUNHG SRLQW SURFHVV XVLQJ LWV IDFWRULDO PRPHQW

PHDVXUHV� 7KH URRWV RI WKLV PHWKRG FDQ EH WUDFHG EDFN WR WKH IROORZLQJ SDSHUV� >�@�>�@�>��@�>��@�>��@�>��@ DQG

>��@� ,Q RUGHU WR JHW DQ H[SDQVLRQ IRUPXOD IRU WKH MRLQW /DSODFH WUDQVIRUP RI VWDWLRQDU\ ZDLWLQJ WLPHV� ZH

ZLOO XVH D PRUH GLUHFW DSSURDFK EDVHG RQ D JHQHUDO WKHRU\ RQ WKH GLoHUHQWLDELOLW\ RI IXQFWLRQDOV RI 3RLVVRQ

SURFHVVHV �VHH >�@ DQG >��@��

7KH SDSHU LV RUJDQL]HG DV IROORZV� ,Q 6HFWLRQ �� VRPH SUHOLPLQDULHV DUH JLYHQ� 6HFWLRQ � FRQWDLQV

WKH H[SDQVLRQ IRUPXODH IRU WKH MRLQW /DSODFH WUDQVIRUP DQG WKH FRYDULDQFHV� WRJHWKHU ZLWK WKH WHFKQLFDO

FRQGLWLRQV XQGHU ZKLFK WKHVH IRUPXODH KROG� 6HFWLRQ � DOVR GHVFULEHV DQ HVWLPDWH RI WKH DQDO\WLFLW\ UHJLRQ�

QDPHO\ WKH UHJLRQ ZKHUH WKH 7D\ORU H[SDQVLRQ FDQ SUDFWLFDOO\ EH XVHG� ,Q SDUWLFXODU� 6HFWLRQ ��� SUHVHQWV

WKH DVVXPSWLRQV UHTXLUHG IRU WKH H[LVWHQFH RI H[SDQVLRQ IRUPXODH� 6HFWLRQ ��� DQG 6HFWLRQ ��� SURYLGH WKH

7D\ORU VHULHV H[SDQVLRQV DQG WKH H[SOLFLW IRUP RI WKH FRHrFLHQWV RI WKHVH H[SDQVLRQV IRU WKH MRLQW /DSODFH

WUDQVIRUP DQG FRYDULDQFHV� UHVSHFWLYHO\� 6HFWLRQ ��� FKDUDFWHUL]HV WKH UHJLRQ ZKHUH WKH 7D\ORU VHULHV RI WKH

MRLQW /DSODFH WUDQVIRUP LV DEVROXWHO\ FRQYHUJHQW LQ y� ,Q VHFWLRQ � ZH SUHVHQW VHYHUDO H[DPSOHV WR LOOXVWUDWH

WKH PDLQ UHVXOWV RI 6HFWLRQ �� 6HFWLRQ � LV GHYRWHG WR WKH SURRI RI WKH H[SDQVLRQ IRUPXODH� ,Q SDUWLFXODU�

6HFWLRQ ��� VKRZV WKDW XQGHU VRPH PRPHQW FRQGLWLRQV� IXQFWLRQV RI LQWHUHVW DUH GLoHUHQWLDEOH LQ y ZKLOH

6HFWLRQ ��� GHDOV ZLWK WKH H[SOLFLW FRPSXWDWLRQ RI WKH FRHrFLHQWV RI WKH H[SDQVLRQ IRUPXODH� &OHDUO\� LI

RQH FDQ JXDUDQWHH WKH H[LVWHQFH RI WKH PRUH UHVWULFWLYH FRQGLWLRQV LQ 6HFWLRQ ��� �H[LVWHQFH RI H[SRQHQWLDO

PRPHQWV�� GLoHUHQWLDELOLW\ RI DOO RUGHUV LV JUDQWHG �DV D UHVXOW RI WKH DQDO\WLFLW\ LQ y� DQG UHVXOWV LQ 6HFWLRQ

��� FDQ WKHQ EH RPLWWHG� )LQDOO\� VRPH SDUWLFXODUO\ WHFKQLFDO VWHSV UHTXLUHG LQ 6HFWLRQ ��� DUH SUHVHQWHG LQ

WKH DSSHQGL[�

� 3 U HOLPLQDU LHV

7KH EDVLF UHIHUHQFH DOJHEUD WKURXJKRXW WKLV SDSHU LV WKH VR FDOOHG �PD[��� DOJHEUD RQ WKH UHDO OLQH ,5� QDPHO\

WKH VHPL�pHOG ZLWK WKH WZR RSHUDWLRQV �j�n�� ZKHUH j LV WKH PD[LPL]DWLRQ LQ WKH FRQYHQWLRQDO DOJHEUD DQG
n LV WKH DGGLWLRQ LQ WKH FRQYHQWLRQDO DOJHEUD �VHH >�@ IRU PRUH GHWDLOV RQ WKLV IRUPDOLVP�� $V PHQWLRQHG

HDUOLHU WKH G\QDPLFV RI �PD[��� OLQHDU V\VWHPV FDQ EH FDSWXUHG E\ WKH o�GLPHQVLRQDO YHFWRULDO UHFXUUHQFH

HTXDWLRQV

;Q��  $Q n;Q j%Q�� n 7Q�� �����

ZLWK LQLWLDO FRQGLWLRQ ;� ZKHUH

s I7QJ LV D QRQ�GHFUHDVLQJ VHTXHQFH RI UHDO�YDOXHG UDQGRP QXPEHUV �WKH HSRFKV RI WKH 3RLVVRQ DUULYDO

SURFHVV��

s I$QJ LV D VWDWLRQDU\ DQG HUJRGLF VHTXHQFH RI od o PDWULFHV ZLWK UHDO�YDOXHG UDQGRP HQWULHV�

s I%QJ LV D VWDWLRQDU\ DQG HUJRGLF VHTXHQFH RI od � PDWULFHV ZLWK UHDO�YDOXHG UDQGRP HQWULHV�

s I;QJ LV D VHTXHQFH RI obGLPHQVLRQDO VWDWH YHFWRUV�

�



9DULRXV H[DPSOHV RI GLVFUHWH HYHQW V\VWHPV ZLWK VWDWH YDULDEOHV VDWLVI\LQJ DQ HTXDWLRQ RI W\SH ����� DUH JLYHQ

LQ 6HFWLRQ �� $V PHQWLRQHG DERYH� WKH FRPSRQHQWV RI WKH VWDWH YHFWRU UHSUHVHQW DEVROXWH WLPHV ZKLFK JURZ

WR � ZKHQ Q LQFUHDVHV XQERXQGHGO\� DQG RQH LV PRUH LQWHUHVWHG LQ WKH GLoHUHQFHV

: L
Q  ;L

Q b 7Q

�OLNH WKH ZDLWLQJ WLPH RI WKH QWK FXVWRPHU XQWLO KH MRLQV VHUYHU L�� /HW �Q  7Q��b7Q� Q y �� %\ VXEWUDFWLQJ
7Q�� IURP ERWK VLGHV RI ������ WKH QHZ VWDWH YHFWRU :Q�� FDQ EH ZULWWHQ DV

:Q��  $Q n &��Q�n:Q j%Q���

ZKHUH &�[� LV WKH od o PDWUL[ ZLWK DOO GLDJRQDO HQWULHV HTXDO WR b[ DQG DOO QRQ�GLDJRQDO HQWULHV HTXDO WR
b��
$VVXPH WKDW WKH XQGHUO\LQJ SUREDELOLW\ VSDFH �n�) � 3 � LV HTXLSSHG ZLWK D PHDVXUDEOH �SRLQWZLVH� VKLIW

v � n � n� ZKLFK OHDYHV WKH SUREDELOLW\ PHDVXUH 3^LQYDULDQW DQG LV 3^HUJRGLF� 7KH UDQGRP YDULDEOHV

=Q  �$Q� %Q� DQG WKH 3RLVVRQ SRLQW SURFHVV DUH DVVXPHG WR EH GHpQHG RQ WKLV SUREDELOLW\ VSDFH DQG WR EH

FRQVLVWHQW ZLWK v� L�H� $Q  $ r vQ DQG %Q  % r vQ DQG �Q  � r vQ� IRU DOO LQWHJHUV Q DQG VRPH UDQGRP
YDULDEOHV $ � ,5odo� % � ,5od� DQG � � ,5� 8QGHU WKHVH FRQGLWLRQV� SOXV LQWHJUDELOLW\ DVVXPSWLRQV� LW LV
VKRZQ LQ >�@ WKDW IRU DOO y � Db� ZKHUH D LV WKH PD[LPDO �PD[��� /\DSXQRY H[SRQHQW RI WKH VHTXHQFH I$QJ�
I:QJ FRXSOHV ZLWK D XQLTXH VWDWLRQDU\ VHTXHQFH I: r vQJ� ZKHUH : LV WKH XQLTXH pQLWH UDQGRP YDULDEOH

VROXWLRQ RI WKH IXQFWLRQDO HTXDWLRQ

: r v  $n & n: j%Rv

ZKLFK LV GHWHUPLQHG E\ WKH PDWUL[�VHULHV
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0
Ny�

&�7bN�n'N

ZLWK '�  %� DQG

'N  
t N2
Q �

$bQ
u
n%bN �����

IRU DOO N y ��
)RU $ � ,5odo DQG % � ,5o� OHW N $ N� /o

L�M �$L�M DQG N % N� /o
L �%

L� ,W LV VWUDLJKWIRUZDUG WR

VKRZ WKDW

�



'L
Q xN 'Q N�xN

Q2
N �

$bN N� � N %bQ N��

IRU DQ\ L � I�� c c c � oJ� ,W IROORZV IURP 7KHRUHP ���� RI >�@ WKDW
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ZKHUH D LV DJDLQ WKH PD[LPDO /\DSXQRY H[SRQHQW RI WKH VHTXHQFH I$QJ� 7KHUHIRUH� ZLWK SUREDELOLW\ �

OLP
Q��

'L
Q

Q
x D� �����

IRU DOO L � I�� c c c � oJ�
1RWH WKDW ZKHQHYHU ZH ZULWH DQ HTXDOLW\ RU DQ LQHTXDOLW\ ZKLFK LQYROYHV UDQGRP YDULDEOHV ZH PHDQ WKDW

WKH HTXDOLW\ RU LQHTXDOLW\ KROGV 3^DOPRVW VXUHO\ �L�H� ZLWK SUREDELOLW\ ��� +RZHYHU� LQ RUGHU WR NHHS WKH

VWDWHPHQWV DV VLPSOH DV SRVVLEOH ZH RPLW SKUDVHV VXFK DV ?ZLWK SUREDELOLW\ �� RU �DOPRVW VXUHO\� �

� 0 DLQ 5HVXOWV

��� $VVXPSWLRQV

%HIRUH SUHVHQWLQJ RXU PDLQ UHVXOW ZKLFK VWDWHV WKDW (>HbV�:
LbV�: M

@ �L � M� FDQ EH H[SDQGHG LQWR D pQLWH

SRZHU VHULHV ZLWK UHVSHFW WR WKH DUULYDO LQWHQVLW\ y� ZH ZLOO OLVW WKH DVVXPSWLRQV XQGHU ZKLFK WKLV UHVXOW

KROGV�

6XSSRUW DQG 0RQRWRQLFLW\ $VVXPSWLRQV� :H DVVXPH WKDW HDFK HQWU\ RI WKH UDQGRP PDWUL[ $Q LV HLWKHU D�V�

QRQ�QHJDWLYH RU HTXDO WR b�� L�H�

�$Q�L�M y � RU �$Q�L�M  b� D�V�

DQG WKDW DOO HQWULHV RQ WKH GLDJRQDO RI $Q DUH QRQ�QHJDWLYH� L�H� �$Q�L�L y �� :H DOVR DVVXPH WKDW WKHUH LV
DQ LQWHJHU � � o� x o VXFK WKDW WKH pUVW o� FRRUGLQDWHV RI WKH o�GLPHQVLRQDO UDQGRP YHFWRUV %Q DUH QRQ�

QHJDWLYH� L�H� %L
Q y � IRU DOO � x L x o�� /HW 'Q EH GHpQHG DV LQ ����� ZLWK '�  %�� )LUVW o

� FRRUGLQDWHV RI

'Q DUH DVVXPHG WR EH QRQGHFUHDVLQJ LQ Q L�H�

� x 'L
� x 'L

� x c c c � IRU DOO L  �� c c c � o��

$V LW LV VKRZQ LQ >�@� WKH DERYH DVVXPSWLRQV KROG ZKHQHYHU WKH UHFXUUHQFH HTXDWLRQV ����� RULJLQDWH IURP D

VR�FDOOHG RSHQ VWRFKDVWLF HYHQW JUDSK�

�



:H ZLOO DOVR QHHG WKH IROORZLQJ DGGLWLRQDO DVVXPSWLRQ RQ 'L
Q DQG 'M

Q IRU L � M

'L
� x 'M

� �����

'L
Q b'L

� x 'M
Q b'M

� IRU DOO Q y � DQG L� M  �� c c c � o�� �����

1RWH WKDW SXWWLQJ ����� DQG ����� WRJHWKHU ZH REWDLQ

'L
Q x 'M

Q IRU DOO Q y �� L � M DQG L� M  �� c c c � o� �����

6WRFKDVWLF DVVXPSWLRQV� 5HFDOO WKDW LQ WKH SUHYLRXV VHFWLRQ ZH KDYH DOUHDG\ PHQWLRQHG WKDW I7QJ LV D 3RLVVRQ
SURFHVV ZLWK LQWHQVLW\ y DQG I$Q� %QJ LV D VWDWLRQDU\ DQG HUJRGLF VHTXHQFH RI UDQGRP PDWULFHV� LQGHSHQGHQW
RI I7QJ� ,Q DGGLWLRQ WR WKHVH VWRFKDVWLF DVVXPSWLRQV ZH QHHG WKH IROORZLQJ� )RU DOO Q � ,1� DQG O � ,1� OHW

+Q�O  
o�0
L �

I�$b�QO��� n$b�QO��� n c c c n$b�Q���O n �%b�Q���O j2�LJ�

ZKHUH 2 LV WKH o GLPHQVLRQDO FROXPQ YHFWRU ZLWK DOO LWV FRPSRQHQWV HTXDO WR �� :H DVVXPH WKDW

OLP
O��

+��O  ��

1RWH WKDW WKLV FRQGLWLRQ LV SUDFWLFDOO\ DOZD\V IXOpOOHG VLQFH IRU WKLV WR KROG� LW LV VXrFLHQW WR KDYH ($L�L ! �

IRU VRPH L� :H DOVR DVVXPH WKDW WKHUH H[LVWV D SRVLWLYH LQWHJHU U� � ,1 ODUJH HQRXJK VXFK WKDW

y � O�(+��O�
b�

IRU DOO LQWHJHUV O y U�� 7KLV ZLOO DOZD\V EH WKH FDVH LI WKH VWDELOLW\ FRQGLWLRQ yD � � LV VDWLVpHG�

)LQDOO\� ZH DVVXPH WKDW I+Q�U�JQy� LV D VHTXHQFH RI �^GHSHQGHQW UDQGRP YDULDEOHV �IRU V\VWHPV GHULYHG
IURP VWRFKDVWLF HYHQW JUDSKV ZLWK LQGHSHQGHQW pULQJ WLPHV� D JHQHUDO UHVXOW VWDWHV WKDW WKH VHTXHQFH =Q

LV 0^GHSHQGHQW� 0 x o� 2XU PHWKRGRORJ\ FDQ EH H[WHQGHG WR WKLV PRUH JHQHUDO FDVH�� $Q LPPHGLDWH

FRQVHTXHQFH RI WKH VWRFKDVWLF DVVXPSWLRQV LV WKH IROORZLQJ OHPPD ZKLFK LV DOVR JLYHQ LQ +DVHQIXVV >��@�

/HPPD ��� 7KHUH H[LVWV DQ LQWHJHU U � ,1� U y U�� VXFK WKDW

y � �U b ���(+��U�
b�

DQG I+Q�UJQy� LV D VHTXHQFH RI �^GHSHQGHQW UDQGRP YDULDEOHV�

7KURXJKRXW WKH UHVW RI WKLV SDSHU ZH VXSSUHVV WKH LQGH[ U DQG VLPSO\ ZULWH +Q LQVWHDG RI +Q�U EXW LPSOLFLWO\

DVVXPH WKDW U LV FKRVHQ DFFRUGLQJ WR /HPPD ����

�



��� 7 D\ORU 6HU LHV ( [SDQVLRQ IRU /DSODFH 7 U DQVIRU PV
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&OHDUO\� LQ WKLV FDVH� WKHUH DUH PRUH HrFLHQW ZD\V RI REWDLQLQJ VXFK DQ H[SDQVLRQ� VXFK DV D GLUHFW XVH RI WKH

3ROODF]HN�.KLQWFKLQH IRUPXOD �VHH IRU H[DPSOH :ROo >��@� SDJH ����� 6LQFH �� ! ��
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1RWH WKDW WKH FRHrFLHQWV RI WKH H[SDQVLRQ LQ ������ DUH WKH VDPH DV WKRVH REWDLQHG IURP WKH H[SDQVLRQ

IRUPXOD RI 7KHRUHP ��� �L�H� WKRVH JLYHQ LQ ��������

��� 7 DQGHP 4XHXH ZLWK 5DQGRP 6HU YLFH 7 LPHV

&RQVLGHU D WZR VWDWLRQ WDQGHP TXHXHLQJ QHWZRUN ZKHUH VHUYLFH WLPHV DW ERWK VWDWLRQV DUH GLVFUHWH UDQGRP

YDULDEOHV� /HW I��QJ DQG I��QJ EH WKH VHTXHQFH RI VHUYLFH WLPHV DW VWDWLRQ � DQG VWDWLRQ � UHVSHFWLYHO\�
6XSSRVH 3 ���Q  ����  ���� 3 ��

�
Q  ����  ���� 3 ��

�
Q  ����  ��� DQG 3 ���Q  ����  ���� 3 ��

�
Q  ����  

����� 3 ���Q  ����  ���� IRU DOO Q� /HW :
L EH WKH VWDWLRQDU\ ZDLWLQJ WLPH RI D UDQGRPO\ FKRVHQ FXVWRPHU

XQWLO WKH EHJLQQLQJ RI KLV VHUYLFH RQ VWDWLRQ L� L  �� �� $VVXPH WKDW WKH DUULYDOV WR WKH QHWZRUN IRUP D

3RLVVRQ SRLQW SURFHVV ZLWK UDWH y � ���� 2XU REMHFWLYH ZLWK WKLV H[DPSOH LV WR JHW DSSUR[LPDWLRQV IRU

&RY�: �: �� DQG &RY�: ��: � b: ��� XVLQJ ������ DQG ������� ,W LV VKRZQ LQ >�@ WKDW IRU L  �� �
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1RWH WKDW LQ WKLV FDVH '��  � DQG '��  ���� 8VLQJ WKH DERYH H[SUHVVLRQ� IRU Q y �� ZH KDYH '�Q  

PD[I'�Q����� 8QJ ZKHUH 8Q LV D UDQGRP YDULDEOH ZULWWHQ DV WKH PD[LPXP RI YDULRXV VXPV RI WKH VHUYLFH WLPHV

���� c c c � ��bQ��� ��bQ� ���� c c c � ��bQ��� ��bQ� 7KXV� WKH PRQRWRQLFLW\ DVVXPSWLRQV RI 6HFWLRQ ��� DUH VDWLVpHG�
6HLGHO HW DO >��@ SURYLGH DQ HrFLHQW DOJRULWKP IRU WKH FRPSXWDWLRQ RI WKH FRHrFLHQWV WKDW DSSHDU LQ WKH

7D\ORU VHULHV H[SDQVLRQ RI PHDQ VWDWLRQDU\ ZDLWLQJ WLPHV LQ WDQGHP TXHXHLQJ QHWZRUNV ZKHQ VHUYLFH WLPHV

DUH GLVFUHWH UDQGRP YDULDEOHV� 7KLV DOJRULWKP IDFLOLWDWHV WKH FRPSXWDWLRQ RI WKH FRHrFLHQWV LQ ������ DQG

������� )LJXUH � GLVSOD\V D FRPSDULVRQ RI DSSUR[LPDWLRQV RI YDULRXV RUGHU IRU &RY�: �: �� ZLWK WKRVH

REWDLQHG IURP D VLPXODWLRQ VWXG\ ZLWK UHVSHFW WR WKH WUDrF LQWHQVLW\ ~  yD� 6LPLODUO\� )LJXUH � GLVSOD\V D

FRPSDULVRQ RI DSSUR[LPDWLRQV RI YDULRXV RUGHU IRU &RY�: ��: �b: ��� ZLWK WKRVH REWDLQHG IURP D VLPXODWLRQ

VWXG\ ZLWK UHVSHFW WR WKH WUDrF LQWHQVLW\ ~�

��



)LJXUH �� $SSUR[LPDWLRQV IRU &RY�: �: �� IRU WKH WDQGHP TXHXH H[DPSOH�

��� .DQEDQ 6\VWHP ZLWK 'HWHU PLQLVWLF 3 U RFHVVLQJ 7 LPHV

&RQVLGHU D WZR VWDJH NDQEDQ V\VWHP ZKHUH SURFHVVLQJ WLPHV DW ERWK VWDWLRQV DUH GHWHUPLQLVWLF� 7KLV H[DPSOH

LV VWXGLHG LQ VHFWLRQ ��� RI >�@ DQG VHFWLRQ ����� RI >�@� ZKHUH DSSUR[LPDWLRQV IRU PHDQ VWDWLRQDU\ ZDLWLQJ

WLPHV DUH GHYHORSHG� 7KH HYHQW JUDSK UHSUHVHQWDWLRQ RI WKLV NDQEDQ V\VWHP LV DOVR JLYHQ LQ >�@ DQG >�@� ,Q

WKLV VLPSOH H[DPSOH� HDFK VWDJH KDV D VLQJOH PDFKLQH DQG WKH QXPEHU RI MREV LQ WKH HQYLURQPHQW RI HDFK

PDFKLQH �L�H� LQ WKH LQSXW EXoHU� RQ WKH PDFKLQH EHLQJ SURFHVVHG� LQ WKH RXWSXW EXoHU� LV UHVWULFWHG WR ��

/HW �� DQG �� EH WKH VHUYLFH WLPH DW VWDWLRQ � DQG VWDWLRQ � UHVSHFWLYHO\� 6XSSRVH ��  ��  �� $V LV

VKRZQ LQ >�@� WKH VWDWLRQDU\ ZDLWLQJ WLPH YHFWRU : KDV � FRPSRQHQWV� 7KH IRXUWK FRPSRQHQW : � LV WKH

VWDWLRQDU\ WLPH IURP DUULYDO XQWLO D MRE OHDYHV VWDWLRQ � DQG WKH VHYHQWK FRPSRQHQW : � LV WKH VWDWLRQDU\

WLPH IURP DUULYDO XQWLO D MRE OHDYHV VWDWLRQ �� $VVXPH WKDW WKH DUULYDOV WR WKH QHWZRUN IRUP D 3RLVVRQ SURFHVV

ZLWK UDWH y � ����� :H DUH LQWHUHVWHG LQ FRPSXWLQJ (>HbV�:
�bV�:�

@ DQG &RY�: �: ��� 1RWH WKDW LQ WKLV

FDVH '�Q  ���Q DQG '�Q  ���Q� ([SORLWLQJ WKLV VLPSOH VWUXFWXUH RI I'�QJ DQG I'�QJ� ZH FDQ FRPSXWH DOO
WKH FRHrFLHQWV RI WKH H[SDQVLRQ IRUPXOD LQ 7KHRUHP ��� DQG JHW DQ H[DFW H[SUHVVLRQ IRU (>HbV�:
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)LJXUH �� $SSUR[LPDWLRQV IRU &RY�: ��: � b: ��� IRU WKH WDQGHP TXHXH H[DPSOH�

0RUHRYHU� WKH DQDO\VLV RI >�@ \LHOGV WKDW
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��� .DQEDQ 6\VWHP ZLWK 5DQGRP 3 U RFHVVLQJ 7 LPHV

&RQVLGHU WKH WZR VWDJH NDQEDQ V\VWHP RI WKH SUHYLRXV H[DPSOH� $VVXPH WKDW VHUYLFH WLPHV DW ERWK VWDWLRQV

�XQOLNH WKH SUHYLRXV H[DPSOH� DUH QRZ UDQGRP DQG XQLIRUPO\ GLVWULEXWHG RYHU WKH LQWHUYDO ������ /HW I��QJ
DQG I��QJ EH WKH VHTXHQFH RI VHUYLFH WLPHV DW VWDWLRQ � DQG VWDWLRQ � UHVSHFWLYHO\� 7KHQ� '��  ��� DQG

'��  ��� � ���� 0RUHRYHU� XVLQJ WKH H[SUHVVLRQV IRU $Q DQG %Q JLYHQ RQ SDJH ��� RI >�@� RQH FDQ VHH WKDW

IRU Q y �� '�Q  PD[I'�Q � ���� 9QJ ZKHUH 9Q LV D UDQGRP YDULDEOH ZULWWHQ DV WKH PD[LPXP RI YDULRXV
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VXPV RI WKH VHUYLFH WLPHV ���� c c c � ��bQ��� ��bQ� ���� c c c � ��bQ��� ��bQ� 7KXV� WKH PRQRWRQLFLW\ DVVXPSWLRQV RI
6HFWLRQ ��� DUH VDWLVpHG� &OHDUO\� WKH FRHrFLHQWV RI WKH H[SDQVLRQ IRUPXODH LQ 7KHRUHP ��� DQG LQ &RUROODU\

��� DUH GLrFXOW WR FRPSXWH VLQFH WKH\ QRZ LQYROYH PXOWLGLPHQVLRQDO LQWHJUDOV� 1RWH WKDW I'�QJ DQG I'�QJ
DUH QR ORQJHU GHWHUPLQLVWLF VHTXHQFHV DQG ZH QHHG WR FRPSXWH (>TN���c c c�@ DQG (>T�N���c c c�@� +RZHYHU�
ZH FDQ �IRU H[DPSOH� XVH 0RQWH &DUOR VLPXODWLRQ �VHH IRU H[DPSOH )LVKPDQ >��@� WR HYDOXDWH WKHVH PXOWL�

GLPHQVLRQDO LQWHJUDOV QXPHULFDOO\� 8VLQJ 0RQWH &DUOR VLPXODWLRQ ZH REWDLQ WKH FRHrFLHQWV RI WKH H[SDQVLRQ

IRU &RY�: �: �� DV

&RY�: �: ��  ���� � ����y� �����y� � �����y� � ������y� � ������y� � �������y� �2�y��

)LJXUH � GLVSOD\V D FRPSDULVRQ RI DSSUR[LPDWLRQV RI YDULRXV RUGHUV IRU &RY�: �: �� ZLWK WKRVH REWDLQHG

IURP D VLPXODWLRQ VWXG\ ZLWK UHVSHFW WR WKH WUDrF LQWHQVLW\ ~  yD�

)LJXUH �� $SSUR[LPDWLRQV IRU &RY�: �: �� IRU WKH NDQEDQ H[DPSOH�
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��� % ORFNLQJ % HIRU H 6HU YLFH

&RQVLGHU D V\VWHP RI pYH VWDWLRQV LQ WDQGHP ZLWK ?EORFNLQJ EHIRUH VHUYLFH�� WKDW LV DW HDFK VWDWLRQ� D FXVWRPHU

FDQ RQO\ VWDUW KLV VHUYLFH ZKHQHYHU WKH GRZQVWUHDP VWDWLRQ LV HPSW\ �WKLV LV DOVR FDOOHG FRPPXQLFDWLRQ

EORFNLQJ�� 7KLV H[DPSOH LV VWXGLHG LQ 6HFWLRQ ����� RI >�@� ZKHUH DSSUR[LPDWLRQV IRU PHDQ VWDWLRQDU\ ZDLWLQJ

WLPHV DUH GHYHORSHG� /HW �L EH WKH GHWHUPLQLVWLF VHUYLFH WLPH DW VWDWLRQ L� 6XSSRVH �� x �� x c c c x ���

/HW : � EH WKH VWDWLRQDU\ WLPH IURP DUULYDO XQWLO D UDQGRP FXVWRPHU VWDUWV KLV VHUYLFH DW VWDWLRQ � DQG OHW

: � EH WKH VWDWLRQDU\ WLPH IURP DUULYDO XQWLO D UDQGRP FXVWRPHU VWDUWV KLV VHUYLFH DW VWDWLRQ �� $VVXPH

WKDW WKH DUULYDOV WR WKH QHWZRUN IRUP D 3RLVVRQ SURFHVV ZLWK UDWH y � �� � ��� 1RWH WKDW LQ WKLV FDVH

'�Q  �� � ��� �� � Q��� � ��� DQG '�Q  �� � �� � ��� �� � Q��� � ��� DQG XVLQJ RXU H[SDQVLRQ IRUPXOD�

ZH FDQ JHW WKH IROORZLQJ H[DFW H[SUHVVLRQ�
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,Q WKLV pQDO H[DPSOH� ZH FRQVLGHU D V\VWHP RI IRXU VWDWLRQV LQ WDQGHP ZLWK ?EORFNLQJ DIWHU VHUYLFH�� 8QOLNH

FRPPXQLFDWLRQ EORFNLQJ� LQ HDFK VWDWLRQ D FXVWRPHU FDQ DOZD\V VWDUW KLV VHUYLFH EXW ZKHQ KLV VHUYLFH LV

FRPSOHWHG KH FDQ RQO\ SURFHHG WR WKH GRZQVWUHDP VWDWLRQ LI WKH GRZQVWUHDP VWDWLRQ LV HPSW\ �WKLV LV DOVR

FDOOHG PDQXIDFWXULQJ EORFNLQJ�� /HW : � EH WKH VWDWLRQDU\ WLPH IURP DUULYDO XQWLO D UDQGRP FXVWRPHU OHDYHV

VWDWLRQ � DQG OHW : � EH WKH VWDWLRQDU\ WLPH IURP DUULYDO XQWLO D UDQGRP FXVWRPHU OHDYHV VWDWLRQ � �KHQFH

WKH QHWZRUN�� /HW ��� ��� �� DQG �� EH WKH VHUYLFH WLPH DW VWDWLRQ �� VWDWLRQ �� VWDWLRQ � DQG VWDWLRQ �

UHVSHFWLYHO\� 6XSSRVH ��  �� ��  �� ��  � DQG ��  �� $VVXPH WKDW WKH DUULYDOV WR WKH QHWZRUN IRUP D

3RLVVRQ SURFHVV ZLWK UDWH y � ���� :H DUH LQWHUHVWHG LQ FRPSXWLQJ (>HbV�:
�bV�: �

@ DQG &RY�: �: ��� 1RWH

WKDW LQ WKLV FDVH '�Q  �� �Q DQG '�Q  ��� �Q DQG XVLQJ 7KHRUHP ���� ZH FDQ JHW DQ H[DFW H[SUHVVLRQ IRU
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0RUHRYHU� WKH DQDO\VLV RI >�@ \LHOGV WKDW
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�b ��y
���b �y�
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+HQFH� ZH FDQ HDVLO\ FRPSXWH &RY�: �: �� DV

&RY�: �: ��  
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��

y��b �y�
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� 3 U RRI RI WKH ( [SDQVLRQ )RU PXOD

7KLV VHFWLRQ LV GHYRWHG WR WKH SURRI RI 7KHRUHP ���� 7KH REMHFWLYH KHUH LV �D�WR VKRZ WKDW XQGHU VRPH

PRPHQW FRQGLWLRQV� WKH IXQFWLRQV RI LQWHUHVW DUH GLoHUHQWLDEOH LQ y� DQG �E�WR JLYH D UHSUHVHQWDWLRQ RI WKH

FRHrFLHQWV RI WKH 7D\ORU VHULHV H[SDQVLRQ� 1RWH WKDW XQGHU WKH PRUH UHVWULFWLYH DVVXPSWLRQV RI 6HFWLRQ ���

�H[LVWHQFH RI H[SRQHQWLDO PRPHQWV�� ZH KDYH DQDO\WLFLW\ LQ y� VR WKDW WKH GLoHUHQWLDELOLW\ RI DOO RUGHUV LV WKHQ

JUDQWHG�

5HFDOO WKH PDUNHG SRLQW SURFHVV �7�=�  I7Q� =QJ GHpQHG LQ 6HFWLRQ �� /HW � EH D UHDO YDOXHG IXQFWLRQDO
RI WKH PDUNHG SRLQW SURFHVV �7� =� L�H� D PHDVXUDEOH PDSSLQJ � �0d. � � ,5 ZKHUH0 LV WKH VSDFH RI DOO

UHDOL]DWLRQV RI I7QJ DQG . � LV WKH VSDFH RI DOO VHTXHQFHV RI SRWHQWLDO PDUNV� 6LQFH WKH VWRFKDVWLF V\VWHPV

FRQVLGHUHG LQ WKLV SDSHU KDYH WKH SURSHUW\ WKDW WKH IXWXUH GHYHORSPHQW RI WKH LQSXW GRHV QRW LQqXHQFH WKH

SUHVHQW VWDWH RI WKH V\VWHP� ZH FDQ DQG GR DVVXPH WKDW WKH YDOXHV RI � GHSHQG RQ WKH UHVWULFWLRQ RI �7�=� WR

WKH QHJDWLYH KDOI OLQH RQO\� /HW WKH FRXQWLQJ PHDVXUH
3

Q rWQ UHSUHVHQW D VHTXHQFH RI SRLQWV IWQJ� 0RUHRYHU�
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