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Lasso Regularization

This supplementary appendix is structured as follows. Section [A1] presents details of our
approach to solving the standard quantile regression problem without regularization via
alternating direction method of multipliers (ADMM), majorize-minimization (MM), and
coordinate descent (CD) algorithms. For the sake of comparison, we also introduce a basic
interior point (IP) approach. Section [A.2] gives details on the generalization from quantile
to composite quantile regression, again without regularization.

A.1 Non-Regularized Quantile Regression

The following Subsections [A-T Il through [A-T.3] detail our approach to non-regularized quan-
tile regression using the ADMM, MM, and CD algorithms. We place particular emphasis on
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the ADMM approach and first review its general setup. Subsection [A.T.4l introduces a basic
IP method and a reformulation of the quantile regression problem accessible to the Rmosek
optimization package for R (Eriberg, [2013). We use the notation presented in the main text
throughout.

A.1.1 Alternating Direction Method of Multipliers Algorithm

Before proceeding with an application to quantile regression, we review the general ADMM
algorithm, which decomposes a given additively separable convex optimization problem into
a number of sub-convex optimization problems. The general formulation of the ADMM
problem is

min  f(z) +9(2)

subject to Az + Bz = c,

where f and g are convex, real-valued functions of  and 2z, A and B are matrices, and ¢ is a
constant vector. The augmented Lagrangian (Powell, 1967) of the above problem is written
as

Lp(,2,y) = f(z) +g(2) +y" (Az + Bz —¢) + §||A:1: +Bz —cll3,

where p is a tuning parameter. Setting u = %y and ug = %yk, we can obtain the (more
convenient) scaled augmented Lagrangian

Ly(@,z,y) = f@®) +9(z) + £||Az + Bz — c +ul[3 - Lua.
The ADMM method optimizes the scaled augmented Lagrangian using the iterative scheme

2+ = arg min [f(m) n gHAm +B2®) _cqu®) \3] ,

2D = arg min o) + gHA:c(t“) + Bz —c+u|3],

wTD = 40 4 Ag(t+D L B(HD ¢

A generic stopping condition for the algorithm can be defined in terms of the primal and
dual residuals, given by r;ﬁrnllil = Az(t+D) 4 Bz(t+1) _ ¢ and r((ﬁ;ll) = pATB(z(t'H) —z(®),
The program can be made to terminate if both

2 < Eprimal = v/Peabs + ere max{||Az®)]|2, ||Bz®]|2, | e]|2}

primal

t
Hr((ilzalHQ < €dual = VNEabs + aml||AT:_l,,(t)||27

where p and n are the length of ¢ and ATy(t)7 respectively. In our applications, we set
€abs = 1072 and £, = 10~4.

We apply the ADMM algorithm (Boyd et _all,12011) by reformulating quantile regression
as the convex optimization problem

n
i B
subject to XB+r=Y,

where r is a vector of residuals. The intercept term is accounted for in both 8 and X. Using
the general procedure of ADMM, taking f = 0 and g as a function of r to be the entire
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objective function, we obtain the iterative scheme

B+ =argmin Z|IY —r®) — X8+ u /p|l3,
perr+1 2
rD —argmin > pr(r) + gHY —r = XBUTY +u®/p|]3,
reR™ 1

=

wttD) = 40 4 p(y — pt+D) _ x g1y

where u is the rescaled Lagrange multiplier and p > 0 is a penalty parameter. The update
for » can be written in a closed form as Sl/p(c — (2Tnx1 — lnxl)/p), where ¢ = Y —
XB® + ’u.(t)/p and, for real a, the function S, : R™ — R™ is defined component-wise
via (Sqa(v))i = (v — a)+ — (—v; — a)+. The closed form for the update of B is given by
(XTX)"1XT(Y —r®) 4+ ul®) /p). For reference, p is chosen to be 1.2 by [Boyd et all (2011)).
In the quantile regression setting, we have that

(D) _y  xglt+1) _ p(t41)

primal T

D = pXT (D —p0),

Eprimal = VN€abs + el max{[|XTV3, [ D13, ||Y]]3},

€dual = \/ﬁeabs + €rel ‘ ‘XTu(t+1) | |%

A.1.2 Majorize-Minimization Algorithm

We use the MM algorithm developed by |[Hunter and Langd (2000) and [Hunter and Li (2005)
to solve the quantile regression problem without regularization. Our approach is exactly the
same as in the main text, but we instead ignore the majorization of the penalty term in the
quantile regression objective function. Construct a function p%(r) based on some pertur-
bation parameter € > 0 that will be used to approximate the quantile regression objective
function L(B). For any residual 7, define p3(r) = pr(r) — § In(e + |r|), and the subsequent
approximation of L(8) by L¢(B8) = > -, pS(r;). At the t-th iteration of the algorithm, for

each current residual value rl(t) = rl(t)(ﬂ(t)), pZ(r) is majorized by the quadratic function

1 r2
) =2 | —— + (U1 —2r+¢|,
oA ed )

for some solvable constant c¢ that satisfies the equation 5(7’5”\7’(”) = pE(r®). The MM
algorithm minimizes the majorizer of L¢(8), namely,

Q(BIBY) =Y & (rilr)),
=1

with the argument minimum taken as the updated value ﬂ(t+1) of B. For the t-th iteration of
the algorithm, given an updated value 8(!) for B, we generate and minimize a new majorized
quadratic function Q¢ (|8 (t)) and implement a Newton-Raphson iterative method to obtain
an updated value 8(t+1) for B.

A.1.8 Coordinate Descent Algorithm

To implement quantile regression, we use an extended version of the greedy CD method
put forward by Edgeworth and, more recently, further developed by [Wu and Langd (2008).
In each iteration, for fixed B8 € RP, replace by by the 7-th sample quantile of the residuals
Yi — XzTﬁ for ¢ = 1,...,n: this will necessarily decrease the value of the objective function.
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Define ©; = p-(r;) for i = 1,...,n. For each element Sy, for m =1,...,p of B, rewrite the
loss function as

n

L(b0,8) = Lun(b0,8) = > i |

" Zg
i=1 vm

—bo — Z;":l,j#m 3585

7Bm '91'7

so that the CD algorithm applies. For each fixed m, sort the values of

yi—bo =38 i, iiBi

zi =
Tim

for i = 1,...,n and update 3,, to be the i*-th order statistic z(;+) satisfying both

i*—1

1 n i* 1 n
2owe) <z dwe o and 3w > oY wg),
j=1 j=1 j=1

=1

where w; = |Zim|-©;. In other words, using the weights w;, the selected Z(3%) 1s the weighted
median of all z; (for the fixed value of m). At the end of each iteration, we check for the
convergence of B and stop the algorithm using an absolute value difference threshold of
1073,

A.1.4 Interior Point Algorithm

Interior point (IP) methods generally reach an optimal solution by travelling within rather
than on the boundary of the feasible set. Though studied as early as the 1950s and 1960s, IP
methods arguably first gained widespread interest with the landmark paper by
(|@)7 who proposed an efficient, polynomial time IP algorithm for linear programs with
performance rivalling the existing simplex method. [Nesterov and Nemirovskii @) later
extended these results to a range of convex optimization problems while maintaining polyno-
mial time. In the present day, advanced IP methods and code for both linear and non-linear
programs are widely available and well-studied in the literature M, ) IP algo-
rithms have also received considerable attention and success in applications to non-linear,
non-convex optimization problems , )

We can implement quantile regression using an IP algorithm by reformulating the op-
timization problem as a linear program and making use of existing optimization packages
such as Rmosek m, IE) Rmosek can implement an IP algorithm to solve problems of
the form

min Tz + co
T cR"
subject to 1° < Az <uf
1" <z <u”

where A € R™*" is a constraint matrix; ¢ € R™ and ¢y € R the objective function coefficients
and constant; I¢,u¢ € R™ the lower and upper constraint bounds; and I*,u® € R™ the lower
and upper variable bounds. For notational simplicity, < is taken to mean component-wise
comparison of vectors. Alternatively, other R packages such as quantreg exist specifically for
quantile regression and make use of IP methods. The IP approach for quantile regression in
quantreg is based on the method of [Portn nd Koenk @), with recent modifications
including the prediction-correction algorithm of (@) Lasso penalized quantile
regression in quantreg uses a Frisch-Newton method.

Let u,v € RY, be a vector of the positive and negative parts, respectively, of the

residuals # = (r1,...,7), and B € RPT! a vector of parameters including the intercept. The
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quantile regression problem without regularization can be formulated for use in existing IP
optimization routines such as Rmosek via

min T ju+ (1 -m1T v
BERPHL 4y vcRn

subject to Y=XB+u—v
Onxl SUSoonxl
Onx1 <v < oonxi-

As an aside, to incorporate an adaptive lasso penalty into the problem, we can rewrite
the problem as a linear program accessible to existing IP routines via

ﬁeRprif; ern 1w+ (1= 7)1 v+ pa(18)

subject to B < B*
-B< B
Onx1 < B < oonxi
O0nx1 <u < 0onx1

0nx1 <v < oopxi-

A.2 Composite Quantile Regression

This section shows details of the extension from quantile to composite quantile regression
without regularization. Subsections [A2.1] [A.2.2] and[A2.3]extend the above non-regularized
quantile regression procedures using ADMM, MM, and CD algorithms, respectively. Sub-
section [A.2.4] formulates the problem for use in Rmosek (Friberg, 12013) or other IP methods
for linear programs. We use the notation presented in the main text throughout.

A.2.1 Alternating Direction Method of Multipliers Algorithm

Written in the ADMM form, the composite quantile regression problem can be expressed as
K n
min Z Z pry (Tik)
peERPHL k=1i=1
subject to X*B+r=Y",

where we assume that the intercept term is accounted for in both 8 and X. The ADMM
approach is applied in exactly the same way as in Subsection [AT.1] yielding the iterative
update scheme

BUTY = argmin 2|y —rl — X8 +u® /p|13,
Berp+K 2

P~ argmin 305 pry () + 2V — 1~ XBOHD 10l
reRnK o1 2
wHD) = ) 4 py* — (D) _ x*g(t+1)y
where ¢ = Y* — X*B(1) + u(®) /p: and residuals
(t+1) _ Y* _X*ﬂ(t+1) _1_(15-9-1)7

primal —

(D = pxe T (p(HHD) D)

Eprimal = VN€abs + el max{[| X BTV |3, [[r V3, [[Y*]13},

€dual = \/ﬁeabs + 5re1HX*Tu(t+1)||%'
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A generic stopping condition requiring ||r£)tr)ima1|| < €primal and ||r((ltl3a1H < £qual for termi-
nation can be imposed. We again take u as the rescaled Lagrange multiplier and p > 0 as a
penalty parameter. Generalizing from quantile regression, the update for » can be written
in a closed form as Sy, (c— (27" —1nx1)/p), with S, as defined previously for real a. The

closed form update for B is given by (X*TX*)=1X*T(Y* —r®) £ u® /p).

A.2.2 Majorize-Minimization Algorithm

An extension of the MM algorithm from quantile to composite quantile regression simply
involves the incorporation of additional quantile levels. We use the same function p(r) =
pT (r) = § In(e + |r|) to approximate the composite quantile regression objective function via

Le(B) = Z,I: 1 szl 5, (Ti;). We also use the same function & as defined in Subsection
[AT12]to majorize pS. At the t-th iteration of the algorithm, for each current residual value

El? = El? (BM), we have that p5, (1) is majorized by the quadratic function

1 r2
&, () = | — 5 + (Um = 2t c|
dle+|ry)]

for some solvable constant ¢ that satisfies the equation 5( |r(t)) = 93, (rl(,?) The MM
algorithm minimizes the majorizer of L¢(8), namely,

mm%fZanmk

k=11i=1

with the argument minimum taken as the updated value B(t+1) of B. In practice, for the
t-th iteration of the algorithm, given an updated value B® for B, we generate and minimize
a new majorized quadratic function QE(-\,B(“) using a Newton-Raphson iterative method.
The argument minimum is taken as the updated value B+ for B.

A.2.8 Coordinate Descent Algorithm

To apply the CD method to composite quantile regression, we rewrite the composite quantile
regression objective function in the required CD form. For any m = 1,...,p, we have

K n PR % E
k — J»’z]ﬁ]
Lm(b17~-~7bk7ﬂ):ZZ|Iim| =L i = Bm| - Oik,
‘ Tim

k=1i=1
with ;1 = pry(rix) for i = 1,...,n and k = 1,..., K. In each iteration, and for fixed B,
replace by, for k = 1,..., K, with the 7-th sample quantile of the residuals y; — XZTﬂ for
i=1,...,n. To update By, for m =1,...,p, sort the numbers

— by — Z] 1, jom TigBi
Zik = s ’
m

fori =1,...,nand k = 1,..., K. Update B, with the value of the i*-th order statistic
z(;+) satisfying both

i*—1 1 nK i* 1 nK
2owe) <z dow o and 3w > oY wg),
j=1 j=1 j=1 j=1

where w;i = |Zim| - Oik. At the end of each iteration, we check for the convergence of 8 and
stop the algorithm using an absolute value difference threshold of 10~3.
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A.2.4 Interior Point Algorithm

The extension of the previous IP method from quantile to composite quantile regression
simply requires us to account for the extra quantile levels in the objective function and the
resulting extra residuals. The problem can be formulated as a linear program via

K
. T T
min 71 up + (1 — 7)1 Vg
BERP+K,‘II’)€,‘U)€ER"' Igz:l nx1 ( ) nx1
subject to Y =XB+u, —v
0 <ugp <oo
0 < vy < oo,
where each constraint is to hold for all k =1, ..., K.

B Composite Quantile Regression with Adaptive Lasso
Regularization

Here we give explicit details regarding the ADMM, MM, and CD methods for composite
quantile regression with adaptive lasso regularization. An IP approach is also given for
comparison.

B.1 Alternating Direction Method of Multipliers Algorithm

Applying ADMM in the composite quantile setting with adaptive lasso regularization, we
obtain the iterative update scheme

K n
rFD —argmin 303" pr, () + £V =1 = X80 +ul /ol 3,

reRnK i

P
B+ — argmin BHY* ) X8 4 u® /p) 2 + AZ 1851/1899% 2,
BERPHK =1

u(t+1) _ u(t) +p(y* 7T(t+1) 7X*/3(t+1)),
where ¢ = Y* — X*B1) +u(®) /p: and residuals

(t+1)l —Y* X*‘B(H—l) _,'_(t+1)7

prima

D = X T (D ),

t+1
Eprimal = VNEabs + £re max{[| X BTV 3, [PV 13, p* — Y133,

€dual = \/ﬁ’fabs + 5re1HX*Tu(t+1)H%'

We again take u as the rescaled Lagrange multiplier and p > 0 as a penalty parameter. As
before, the update for r can be written in a closed form as Sy, (¢ — (27* — 1,x1)/p), with
Sa as defined previously for real a. With adaptive lasso regularization, the update for 8
does not have a closed form but can be viewed as a least squares optimization problem with
adaptive lasso penalty. We implement existing numerical methods to solve this problem and
update B.
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B.2 Majorize-Minimization Algorithm

An extension of the MM method for adaptive lasso regularized quantile regression to reg-
ularized composite quantile regression involves a minor change to incorporate multiple
quantile levels into the majorized objective function. Using the same function p(r) =
pr(r) — §In(e +|r|) as before with perturbation parameter € > 0 to approximate pr(r), we
can approximate the regularized quantile regression objective function via

(82 - (5§”>2)sgn</3§”>]
25 + e '

K n
];Z Tk(rlk? ++>\Z |ﬁCQR‘2 |:|ﬁ t)‘ +

Define, as before,
2

7m+(4frk—2)r+c .
5+\rik|

)y _ 1
(‘)Z

In the ¢-th iteration of the MM algorithm, the (approximated) objective function is majorized
by

— (8)?)sgn(8\"))
25 + e

QBB =3 > €, (m\wHchsz [6“) G

k=1i=1

Given an updated value B(!) for B, we generate a new majorizing function QE(-\,B(t)) and
implement a Gauss-Newton iterative method to estimate and update the value of 8.

B.3 Coordinate Descent Algorithm

As discussed in the main text, the CD method for regularized composite quantile regression
simply adjusts the objective function to account for the extra quantile levels as

K n P
Yi —be — D0 i TPy
Lin(bt, . be,B) = D> |wiml i=L.i7 = Bm| - Ou +pr(B).

k=1i=1 Tim
In each iteration, for £k = 1,..., K, replace each bk with the 7-th sample quantile of the
residuals y; — XT,B fori=1,...,n. Deﬁne Zik = (y, — b — ZJ 1, j#m xmﬁj) ifr;e >0

and z;; = 0 if rjp < 0. Update Bm to the value of "the i*-th order statistic 2z(;*) satisfying
both

¥ —1 i* 1 nK
Do we) <5 Z%) and 3wy > o> wg,
j=1 j=1 j=1

where w;, = |Tim| - O if 7 > 0 and wi, = 2/|BS% % if 7, < 0. At the end of each
iteration, check for the convergence of B and stop the algorithm using an absolute value
difference threshold of 1073.

B.4 Interior Point Algorithm

Adaptive lasso regularized composite quantile regression is formulated by incorporating
an appropriate penalty term into the linear program of Subsection [A.2.4l This form is
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appropriate for the IP implementation in the Rmosek package (Friberg, [2013) and is given
by

K
36RP+KIT1LI;,vkERn, ;Tklgﬂuk + (L= vk + pa(IB)
subject to Y =XB+u, —vy

B<B*

-B<p

0 <up <oo

0 < vy < oo,

where constraints are to hold for all k =1,..., K.
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