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The Supplementary Material is organized as follows. Section S1 presents
the proofs of Lemma 1, Theorems 1-5 and Corollary 1 of the article. Section S2
displays plots of random variates from Clayton copula, Ali-Mikhail-Haq copula
and BB7 copula discussed in Sections 4.2 and 6 of the article. Finally, Section
S3 presents some properties of the measure for trivariate random vectors and
its sample analogue discussed in Section 9 of the article.

S1 Proofs
S1.1 Proof of Theorem 1

Proof 1t follows from the expression (4) that

Mo = lim S0 _ gy, @)
utl 1 —u ul0 u

This result and Proposition 4 imply that

C(u,u) C(u,u)/u A\
a(0) =limlog (| =——% | =log | lim ———— | =log [ — | .
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The last equality holds because Ay and A\p exist and either of Ay and Ap is
not equal to zero.

S1.2 Proof of Theorem 2

Proof If follows from the assumption that there exists a slowly varying function
1. (u) such that C'(u,u) ~ u* £y (u) as u — 0. Similarly, there exists a slowly
varying function £y (u) such that C(@, @) ~ "V ly(u) as u — 0. Therefore

. C(u,u) . _wp tu ()
= lim1 = lim1 A AN
a(0) = limlog (C(u,u)) o 8 (“ 01 (u)
_J oo, Ky >KkL,
o —00, Ky < KL.-

The last equality holds because ¢y (u)/¢r(u) is slowly varying. If Ky = k1, and
either 77 # 0 or 7, # 0, then

o0 =ty (G255) ~1o (1 ) = ()

S1.3 Proof of Theorem 3

Proof Proposition 4 implies that «(0) can be expressed as

: C(a,u) __C(a,u)
(o) = timpos (o) =1 (5 G
Since limy o dC(u,u)/du = lim, o dC(u,u)/du = 0, the 'Hopital’s rule is
applicable to the last expression of the equation above. Hence we have

as required.

S1.4 Proof of Lemma 1

Proof Tt is straightforward to see that E [T7,(u)] and var [Tf, (u)] can be calcu-
lated as

1 < 1 <
E[T(u)] =E - 21((]11- <u,Uy <u)| = - Z;E[I(UU < u, Uy < u)]
1
:*'ncu:Cua

n
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1 n
var [Tr (u)] = var lnzl(Uu < u,Us; < u)

i=1
= ﬂvar [1(U11 S u, Ugl S u)]
(E [12(U11 <u,Us; < U)] —{EQ(U11 <u,Uxn < U)]}Q)
1
(Cu—C2) = =Cu(1—Cy).
n
Noting that E[1(U;; > 1 —u,Us; > 1 —u)] = C4g, the other expectation and

variance, namely, E [Ty (u)] and var [Ty (u)], can be calculated in a similar
manner.

Consider
cov [T (u), T (v)] = E [T (u)Tr (v)] — E[Tr(u)] E [T (v)] .

The first term of the right-hand side of the equation above is

E[Ty(u)T;(v)] = —E > LU € u, Uy < u) Y 1(Uy; < v, Uy < 0)
i=1 j=1

1 n
ol E[1(U1; < u,Us < u)1(Ur; < v,Uj <))

3,7=1
n

1
:722 1(U1; < u, Uz < u)L(Uy; < v,Uz <))

Z]E (U1 <, Ui <u)1(Ur; < wv,Us; < 0)]
i#]
1 n
:72 1(Up; < unv, Uy < uAv)
+ ﬁ Z]E [1(U1i S u, Ugi S u)]E [1(U1j S ’U,Uzj S 7})]
i#£]
1 1
= — {nCuny +n(n —=1)CuCo} = ~Cupy {1+ (n = 1)Cuvu} -

Therefore we have

1 1
COov [TL(U),TL(U)] = E WAV {1 + (TL — 1)Cu\/v} — C’qu = ECu/\U(l — Cu\/v)-



4 S. Kato et al.

Similarly, cov [Ty (u), Ty (v)] can be calculated. The other covariance cov|[Ty (u),
Ty (v)] can also be obtained via a similar approach, but notice that

1 n
E [TL(U)TU(U)] = — Z]E [1(U1i < u, Usy; < U)l(Uli >1—w, Ui >1— ’U)]

n
1=1

1
+ ;Z]E[].(UM < u, Uy < ’LL)].(UU > 1 —'U,Ugj > 1 —’U)]

2 Cu C{) - Cué’g .
n n

The second equality holds because 0 < u,v < 0.5. Thus

cov [Tr(u), Ty (v)] = E [T (w)Ty (v)] — E [T (w)] E [Ty (v)] = —%CUCE.

S1.5 Proof of Theorem 4

Proof Without loss of generality, assume 0 < u < v < 0.5. Let
B = (B, B2, B3, B)" = (Tu.(w), Ty (u), Tz (0), Ty (0)) ",
ﬂ = (Bla 527 ﬂSa ﬂ4)T = (C(ua u)vé(ﬁv 1_1,), C(Uv U)a 6(57 ,(—)))T,

35 = (0pij)igj.  opij =n-cov(Bi, By).

Then it follows from Lemma 1 and the central limit theorem that

V(B —pB) L N0,X5) asn — oo

= (552) - (40)

Applying the delta method, we have

Define

Vi {h(B) = h(B)} % N (0,VA(8)" ZaVh(B) asn— oo,

where
%log.(ﬂz/ﬁﬂa%llog.(&/ﬁs) _11/51 8
Ve = : : o0 s

3%4 log(B2/P1) 3%410%(54/53) 0 1/
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The asymptotic variance can be calculated as

Vh(B)" ZVh(B)
o 2012 4 03 O13 023 _ 014 | O
_ B2 B1B2 B3 B1Bs B2B3 B1Ba B2Ba
T\ Zs o2 oua 4 0w Oss _ 2084 | 044
B1Bs  B2PBz  PiBa ' P2pPa B3 B3 Ba B3

C(u,u)+§(ﬂ,ﬁ) C(v,v)Jr?(T),T))
C(uu)-C(u,a) C(v,w)-C(v,v

Cv,)+C(®,0) C(v,v)+C(v,9)
C(v,v)-C(v,5) C(v,v)-C(v,0)

_ (o(u,u) o(u,v)) ' (S1)

o(u,v) o(v,v)

The case 0 < v < u < 0.5 can be calculated in the same manner. Then, for any
0 < u,v < 0.5, it follows that, as n — 00, (A, (u), A, (v))(= vr{h(B) —h(B)})
converges weakly to the two-dimensional Gaussian distribution with mean 0
and the covariance matrix (S1). Weak convergence of (A, (u1), ..., Ay (uy)) to
an m-dimensional centered Gaussian distribution for uq, . .., u, € (0,0.5] (u; #
uj, i # j) can be shown in a similar manner. Therefore {A, (u)|0 < u < 0.5}
converges weakly to a centered Gaussian process with covariance function
o(u,v) as n — 0.

S1.6 Proof of Corollary 1

Proof Theorem 4 implies that a converges weakly to an m-dimensional normal
distribution N (0, X') as n tends to infinity, where

o%(uy) a(g&l,ug) oo (ug, )
5 a(ul.,ug) o (ug) oo (U2, Up) |
a(ul;um) a(ug., Um) - 02(.um)

02(u;) = o(ui,u;), and o(u;,u;) is defined as in Theorem 4. Then we have

a’>la % Xa, as n — 00. Since T (u;) and Ty (u;) are consistent estimators
of C(uj,u;) and C(u;,u;), respectively, it holds that, for any (7,7), & (u;, u;)
converges in probability to o(u;,u;) as n — co. It then follows from Slutsky’s

theorem that a? ¥~ 1a % X2, as n — oo.

S1.7 Proof of Theorem 5
It can be seen that

T7(0.5) = %i 1(F1(X1) <0.5) — 1(F1(X15) < 0.5, Fy(Xg;) > 0.5)
i=1

fl[qfl
T nl2 n

?

1(Fy(X1;) < 0.5, Fy(Xa;) > 0.5),
1

n
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where [r] = min{y € Z; y > z}. The second equality follows from the fact
that the ordered values of the empirical distribution functions Fi(X11),- .
F1(X1,) are equally spaced between [1/(n + 1),n/(n + 1)]. Similarly, we have

T5(0.5) = % [g] - %Z 1(E1 (X15) < 0.5, Fy(Xa;) > 0.5).

These results imply that

T7:(0.5) — T7(0.5)]

n
Z (F1(X15) = 0.5, Fy(X2;) > 0.5)

If n is even, Fy (X1;) and Fy(X2;) do not take values in 0.5 and hence P(T7:(0.5)—
Tr(0.5) = O) = P(&*(0.5) = 0) = 1. If n is odd, the number of the random
variables { F;(X;)}7_, which take values in 0.5 is 0 or 1 for each j = 1,2. This
implies that

P <|Tg,(o.5) _T3(05)] < i) _1 (S2)

Also,

(17505 - 7309 < 1

3

=P <TZ(0~5) - % < T3(0.5) < T7(0.5) + i)
oo () < (05) 2 ()

— P (10g (1 L) < ar(05) <log (14— (S3)
I nTr(05)) =@ V) =08 nT;(05)) )"
It follows from (S2) and (S3) that (12) holds as required.

S2 Plots of random variates from some existing copulas

Fig. S1 plots random variates from Clayton copula (5), Ali-Mikhail-Haq copula
(6) and BB7 copula (7) with some selected values of the parameter(s). This
figure is given to help an intuitive understanding of the distributions of those
copulas discussed in the paper.
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Fig. S1 Plots of 5000 random variates from: Clayton copula (5) with (a) # = 1 and (b)
0 = 20; Ali-Mikhail-Haq copula (6) with (c¢) # = 0.1 and (e) § = 1; and BB7 copula (7) with
(f) (6,0) = (1,1.71), (g) (4,0) = (1.94,1.71) and (h) (4,0) = (1,7.27).

S3 Some properties of the trivariate measure as(u) and its sample
analogue

Here we present some properties of the trivariate extension az(u) and its sam-
ple analogue é&3(u) defined in Definitions 4 and 5 of the article, respectively.

The following proposition provides basic properties of the trivariate mea-
sure which are similar to those of the bivariate measure presented in Proposi-
tion 2.
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Proposition S1 Let €5 be a set of all trivariate copulas. Suppose a,c, (u) is
the measure az(u) for the copula Cs € €5. Assume that ps;, = Cs(u, u,u) and
psy =1 —3u+ Cg(ﬂ, u, 1) + 03(71, 1, ’L_L) + Cg(]., U, ?_J,) — Cg(’l_l,, U, ﬂ) Let Cgp,jkg
be a permuted copula of Cs defined by Cspjre(uj, ur, ue) = Cs(ur,uz,us),
where (j,k,l) is a permutation of {1,2,3}. Define C3 by the survival copula
associated with Cs. Then, for 0 < u < 0.5, it follows that:

(i) —oo < a3,y (u) < oo for every Cs € 63; in particular, o c,(u) = —oo if
psu =0 and psr. > 0 and as,c,(u) = 00 if ps, =0 and psy > 0;

(ii) o3,0,(u) = 0 if and only if p3r, = p3v;

(1i1) for fized psu, as,c,(u) is monotonically non-increasing with respect to psr,;
similarly, for fized psr,, s c,(u) is monotonically non-decreasing with re-
spect to psy;

() as,cy(u) = —az 5, (u) for every C3 € 65;

(v) a3 csp 0 (u) = azc,(u) for any C3 € 63, j k0 = 1,2,3, j # k, k #
A EA

(vi) if C5 € €5 and {C3 p} nen is a sequence of copulas such that Cs,, — Cs

uniformly, then as c,,, — a3,cs,-

As briefly mentioned in Section 9 of the article, the weak convergence to a
Gaussian process holds for the sample analogue &3 of the trivariate measure
defined in Definition 5. Details are given in the following theorem. The proof of
this theorem is straightforward from that of Theorem 4 and therefore omitted.

Theorem S1 Let (U11,Usz1,Usy),. .. ,(Uin, Uan, Usy,) be an iid sample from the
trivariate copula C3(u1, us,us). Assume

Az (u) = vn{as(u) —asz(u)}, 0<u<0.5.

Then, as n — o0, {As,(u)|0 < u < 0.5} converges weakly to a centered
Gaussian process with covariance function

o3(u,v) = E[Asz ,,(u)As (V)]
_ C3(uVu,uVu,uVo)+ C3(WAD,UAD,UAD)
 Cs(uVu,uVo,uV) - Cs(@AD,GAT,GAD)

Inferential methods based on é&s(u) can be established by following the dis-
cussion in Section 5.2 and applying Theorem S1. For example, a 100(1 — p)%
nonparametric asymptotic confidence interval for aiz(u) can be established as

2p/203(u) 2p/203(u)

vn Vo

Where( &)3(u) = {Ts0(v) + Tsu(w)}/{Ts(u) - Tsu(u)}]/? and z,/, is defined
as in (9).

dg(u) — S ag(u) S dg(u) +



