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1 Overview

In this supplementary material, we consider the solu-
tion of following equation:

me{ )2+ aH" (p;)} (1)
where
0 ifp=20
H'(p)=<t ifo<|p|<1 (2)
1 if|pl>1

Each single term w.r.t. pixel p; in Eq. (2) is
E(p) = min(z —p)* + aH" (p) 3)

Theorem 1 When |x| > 1, Eq.(3) reaches its mini-
mum E, under the condition

0 if | |[< min(+52, /o)
p={sgn(@) Rt <|z|<1+yal-n @
x if | z|> max(1+ y/a(l —1t), Va)

In our submission, we have give the proofs of The-
orem 1.1.
In order to make the proof more intuitive, in Fig.2,

we show the relationship of three functions 1++/a(1 — ),

Va and £t

H. Yang

Changchun Institute of Optics, Fine Mechanics and Physics,
Chinese Academy of Science, Changchun 130033, China.
Tel.: +86-0431-86176563

Fax: +86-0431-86176399

E-mail: yanghang09@mails.jlu.edu.cn

Zhongbo Zhang
Departments of Mathematics, Jilin University, Changchun,
130012, China.

Theorem 2 When [z| > 1, and o > 2252 Bq.(3)
reaches its minimum E; under the condztzon

0 if | x
When |z| > 1, and % >a > %!
Eq.(3) reaches its minimum E? under the condition

<va

>va ®)

0 if | = ]< 5
sgn(z) if 2 <| 2 |< 1+ /ol —1t) (6)
x if |z ]|>1++a(l—-1t)

When |z| > 1, and =32t > o > 0, Eq.(3)
reaches its minimum E* under the condition

:{59”@0) if1<z|< 14/l —1)
o iflzl>14al-D

Proof According to Lemma 1.2, we can see that the
Eq.(6) is true obviously. We only need to proof the
Eq.(5) and (7).

When 2= 2\/7 > a > 0, according to Lemma 1.2
and Theorem 1 1 Eq.(3) reaches its minimum £ under
the condition

p:

(7)

0 if |z |< Vo

sgn(z) if 2 <| g

x if |z |> Vo

<14+ Va(l-1) (8)

p:

but according to Lemma 1.2, in this case, £ < 1+
a(l —t) is false (see Eq.(12). Then, Eq.(8) can be
reducible to Eq.(5).
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Fig. 1 The relation of the three curves when t = 0.25. Left subplot: a € [0,100]. Right subplot: « € [0, 2].

According to Lemma 1.2, when W >a >0,

Eq.(3) reaches its minimum £ under the condition
0 if |z |<+a

p=<sgn(z) if B2 <z |<1+/a(l—t) (9)
x if|z|>1+/a(l—1)

but one can see that \/a < 1, % < 1 in this case,

and | z |> 1, so | ¢ |< v/« is false. Then, Eq.(9) can be
written as Eq.(7). |

Lemmal If 0<t<1, then0<% VIZt

Proof
—3t2 — 3 <0
(t+2)*(1—t) <4
(1—1)2+1t) <2y/(1—1)
2—t—2/(1—1t) <t

2—t—2J/1—1
<1 (10)
t2
t2 >0
(2—1)> > 4(1 —t)
2—t—2/(1—-1t)>0
2—t—2/1—
2otz evizloyg (11)
t2
[

Lemma 2 If o > % VIZt we have

Ltot Jasi+/a(i=b (12)

2

If%ZaZ%F, we have
14 Val- N> vaz Y (13)
If%>a>0, we have
1+ Val-n> %> va (14)
Proof First, we give a fact,
2+ (2t —4)a+1=0 (15)

because ¢ < 1 and the discriminant value of the equa-
tion is (2t—4)?—4t% = 16(1—t) > 0. Then,this equation
has two real solutions, they are
2—t+2y/1—1t

t2

(16)

where % V1=t > 1 and according to Lemma 1.1, we

have 27t=2/1=¢

1) When « > % Vl_t, we can see that o > 1
t?a? + (2t —4)a+1>0
(toz+1)2 > 4o
ta+1>2Va
a+1—2va>a(l—1)
Va>1+y/a(l—1) (17)
and

t?2a? + (2t —4)a+1>0
(ta+1)? > 4a

! J;at > Va (18)
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2)When 27t+t22\/17t 2 @ 2 27t7t22\/17t
t?a? + (2t —4)a+1<0
ta+1<2Va

1—;005 <Ja (19)

and when % Vit > a > 1, we have
t?0? + (2t —4)a+1<0
(Va—1)> <a(l—t)
Va <1+ +a(l-t) (20)

When % vi-t < a <1, we have

Va<l<l+y/a(l-t) (21)

So, in summary, when % VIZt > o > % 1=t
we have Eq.(21).

3) When 2==2¥1=1 > o > 0,

)

t?a? + (2t —4)a+1>0 (22)

similar to the Eq.(18), we can obtain 152 > \/a.
And according to Lemma 1.1, o < 2*tft22\/1ft <1,

Lrot oy ali =D (23)

2




