Variance of the test of Baek and Brock modified by Hiemstra and Jones

In this supplementary material, we present the variance of the statistics of Baek and Brock given
in eq. 32. We follow the approach of the appendix of Hiemstra and Jones article (Hiemstra & Jones,
1994) and we use notations of section 2.4. Firstly, let us define quantities

1= P (|| x5~ X4 (9)|| < 7 IXE@) — XE()]| < 7, IXE (1) = XE(s)]| < 7) (SM.1)
C2 = P (|X5(t) = X5(s)[| < [IXT(t) = X ()] <) (SM.2)
3 =P (|[x4t) - X4 (s)|| <, IXE@) — XB(s)] < 7) (SM.3)
C4 = P(IX5(t) - XB(s)l| < ) (SM.4)
such that the expression tested by Hiemstra and Jones (eq. 32) writes
- (SM.5)

Then, let us define

HAGL (1), x8(8), x5 (1), ) = P (| (8) = X (s)
H1 in the following)

H2((8), %2 (8),7) = P ([x5(5) — X5()| < . [x4(8) = XE(s)] < 7) (noted H2)

H3(<f (1), x6(t),7) = P (|[x(6) = X{(s)| < 7. IxE(t) = XE(s) < 7) (oted H3)

HAXB(t),r) = P (||x5(t) — X5(s)|| < r) (noted H4)

Under the assumptions that the underlying series are strictly stationary, weakly dependent, and
satisfy the mixing conditions of Denker and Keller (Denker & Keller, 1983), an expression for the
variance of the Baek and Brock test is given by

o?(1, L1, Ly,7) = d.X.d" (SM.6)

< x5 () = X5(s)] < [Ix7 () — XE(s)]| < T’) (noted

where T is transposition, and with

1 C1 1 C3
d= [02020404} (SM.7)
2 =Bl jeqr,ay = 4 wpE (A ¢ Ajgsn] (SM..8)

k1 ijEf1,..,4}
where wy =1+ 1(3>1}, £ denotes expected value and

A =H1-C1 (SM.9)
Ay =H2-C2 (SM.10)
Az =H3-C3 (SM.11)
Ay = H4 - C4. (SM.12)

A consistent estimator for d is given by

with
C1=C*(X], X8 XP) (SM.14)
C2 = C*(X2,XP) (SM.15)
C3 = C?(X$,XB) (SM.16)
Cd = C*(XD). (SM.17)



Using the results of Denker and Keller (Denker & Keller, 1983), and Newey and West (Newey & West,
1987), a consistent estimator of ¥; ; is given by

= 4 Z wk [ n — k + Z Azt ]t k+1( ) —|— Ai7t_k+1(n).Aj7t(n) (SM18)
with
t =max(Ly, L)+ k,...., T —7+1 (SM.19)
n=T+1—7—max(Ly, Ls) (SM.20)
K(n) = [nl/ﬂ (SM.21)
1, ifk=1
wi(n) = 2 (1 - I]z(_nl)) otherwise (SM.22)

where [.] denotes the integer part and

Al = 25 ;1{xg<t>x£<s>|<r}-1{xs<t>—x2<s>||<r} (lo-steof<ry | ~C1 (SM23)
Aaslo) = 2 Ylsto-stelen) Lot} | = 2 (5M.24)
Aoal) = 25 | S hstir-stot o Mo salery |~ (SM.29)
L,t(n):nil 21{Xg(t)_)(2(b)||<7,} - C4 (SM.26)

for t,s = max(Ly,Ls) + 1,...,7 — 7 + 1. Finally, a consistent estimator for o%(7, L1, L2, 7) can be
expressed as

~

62(t, Ly, Lo, 7) = d(n).S(n).d(n)T. (SM.27)

For multidimensional estimator of eq. 33, replace XJ by X/ and X2, X5 by X%, ... , Xp in each
estimator.

References

Denker, M., & Keller, G. 1983. On U-statistics and von Mises’s statistics for weakly dependent
processes. Z. Wahrsch. Verw. Gebiete, 64, 505-522.

Hiemstra, C., & Jones, J. 1994. Testing for Linear and Nonlinear Granger Causality in the Stock
Price-Volume Relation. Journal of Finance, 49, 1639-1664.

Newey, W. K., & West, K. D. 1987. A Simple, Positive Semi-definite, Heteroskedasticity and Auto-
correlation Consistent Covariance Matrix. Econometrica, Econometric Society, 55(3), 703-08.



