A Soundness Proofs

We prove soundness of our basic bound algorithm for DCPs (Definition The-
orem |[1)) in Section In Section we prove soundness of our reasoning on
reset chains (Definition Theorem [2)). Throughout this section we assume a
well-defined and fan-in free DCP AP(L, E,ly, 1) over A to be given.

We first define some basic notions which we use to state our proofs precisely.

Definition A.1 (Indices) Let 7 = lp —% I; % ... be a path of AP. By len(n)
we denote the length of 7, i.e., the total number of transitions on 7 (possibly co).
Let 0 <@ < j. By mj;,5 we denote the sub-path of 7 that starts at I; and ends at
l;. By n(i) = l; =% l;+1 we denote the (i + 1)th transition on .

Let 7 € E. We define O(r,7) = {0 < i < len(r) | 7(i) = 7}. Let B’ C E. We define
6(E',m)= U O(r,n). We write O(R(v), ) to denote O({r | (1, ,-) € R(v)}, ),

TeL!
and ©(Z(v),n) to denote O({7 | (r,-) € Z(v)}, 7). We use the same notation for

runs p of AP.

Le., O(7,7) is the set of all indices of 7 on 7, O(R(v), ) is the set of indices of all
transitions on 7 which reset v and ©(Z(v), ) is the set of indices of all transitions
on 7 which increment v.

On a run of AP a variable v may take arbitrary values at locations at which
v is not defined, i.e., at locations | with v ¢ def(l). In a well-defined DCP the
value of a variable at a location where it is not defined can, however, not affect the
program’s behaviour. This observation motivates the notion of a normalized run: a
normalized run is a run on which a variable takes value ‘0’ at locations where it is
not defined.

Definition A.2 (Normalized Run) Let p = (lp, 00) — (I1,01) — --- be a run
of AP. Let

ot(a) = {

We call |p] = (lo, 0h) =% (I1,01) = --- a normalized run.
Let = be a set of runs of AP. We say that = is closed under normalization if
p € £ implies that [p] € =.

0 ifa€V and a ¢ def(l;)

<1< .
05(a) else for all 0 <i < len(p) and all a € A

Lemma [A 1] states that the set of all runs of AP is closed under normalization.

Lemma A.1 Let p be a run of AP. Then |p| is a run of AP.

Proof Follows directly from Definition (well-definedness) and Definition
O

A.1 Soundness of Basic Bound Algorithm

In Lemma and Lemma we formulate the two key insights on which our
algorithm is based. Lemma formalizes the intuition given in Section [0} Let v
be a local transition bound for 7. The question how often 7 can appear on a run
p is translated to the question how often the transitions which increase the value
of v (i.e., (t,-) € Z(v) and (¢, -,-) € R(v)) can appear on p.



Lemma A.2 Letp be a run of AP. Let T € E. Let v € V be a local transition bound
for T on |p|. Let vb : A — Z be s.t. vb(a) is a variable bound for a on p for all
(- a,-) € R(v). Then

S ot xe |+ S 4t x (b(a) + o)

(t,c)EZ(v) (t,a,c)ER(v)
is a transition bound for T on p.

Proof We first show that it is sufficient to consider the case |p] =p :
1. Let expr be a transition bound for 7 on |p|. Then expr is also a transition bound
for 7 on p (follows directly from Definition .
2. By assumption vb(a) is a variable bound for a on p. By Definition we have
that vb(a) is also a variable bound for a on |[p]. We thus assume that |p| = p.

We have to show:

tro) <[ D e xe|+ Y #(tp) x (vh(a) +¢)
(t,c)EL(v) (t,a,c)ER(v)

A) We first show that

o)< | >t xe|+ DY o)

(t,c)EZ(v) JEO(R(v),p)

We have

len(p)—1

(1)
brp) S Hmp S o () — oi(w)

=0
(20) len(p)—1 len(p)—1
=)+ Y max(oii(v) —oi(v),00+ > min(ois1(v) — 03(v),0)
i=0 =0
2 len(p)—1
< Z max(oi4+1(v) — oi(v),0)
i=0

o) ( > max(oi1(v) — ou(v), 0)) + > max(oua(v) —0i(v),0)

1€O(Z(v),p) 1€EO(R(v),p)

(3)
% ( > maX(Ui+1(V)_Ui(V)70)) + ) o)

i€O(Z(v).p) J€O(R(v).p)

(%) ( > > C> + > o)

(t,c)€Z(v) 0<i<len(p) s.t. p(i)=t JEO(R(V),p)

®) ( Z #(t, p) x c) + Z ojr1(v)

(t,c)EZ(v) JEO(R(v),p)



len(p)—1
(1) Wehave 3 0iy1(v) = 04(v) = Glen(p) (v) — 00(v) = Tlen(p) (v)

because oo(v) = 0 with i) p = |p| and ii) v & def(;,) (Definition [L4)).
len(p)—1
Trivially ojep(p)(v) > 0. Therefore Y7 ¢i41(v) — oi(v) > 0.
i=0
(2a) Case Distinction
(2) We have §(r, p) < (v, p) (Definition [9).

len(p)—1
Further |(v,7) < ( S min(oia (v) —Ji(v),O)) 1.
1=0

len(p)—1
Thus #(r,p) + >, min(o;1(v) —04(v),0) <0.
i=0
(3a) oi4+1(v) — oi(v) > 0 implies in particular that o;41(v) > 0. Thus v € def(l;41)

because p = |p| by assumption. With ;4 (v) > o;(v) we have that either:
Case 1) (p(i),-) € Z(v), i.e., i € O(Z(v), p), or
Case 2) (p(i),-,-) € R(v), i.e., i € O(R(v), p).

(3) Since o;(v) > 0 we have that 0,41 (v) — 0;(v) < oi41(v).

(4) If ¢ € ©(Z(v),p) then there is (¢,c) € Incr(v) s.t. p(i) = ¢ (Definition .
Further 041 (v) — 0;(v) < ¢ and ¢ > 0 (Definition [18).

(5) By definition of #(t, p) (Definition [7)).

B) We show that > oj+1(v) < > (¢, p) x (vb(a) + ¢):

JEO(R(v),p) (t,a,c)€R(V)
1)
> anm = > > i)
JEO(R(v),p) (t,a,c)ER(v) jEO(t,p)

©)
< 3 > oi(a)+c
(t,a,c)ER(v) j€O(t,p)

(3)

< D> ST wb(a)+c

(t,2,0)ER(v) jEO(t,p)

DS () x (vb(a) + )

(t,a,c)ER(v)

—~

(1) By commutativity: Let 5 € O(R(v), p). By the assumption that AP is fan-in
free there is only exactly one a € A and exactly one ¢ € Zs.t. (p(j),a,c) € R(v).
(2) With (p(j),a,c) € R(v) we have that j41(v) < oj(a) + ¢ (Definition .
(3) Let (t,a,-) € R(v). By assumption vb(a) is a variable bound for a on p. Let j €
O(t, p). We have that a € def(l;) by well-definedness of AP. Thus o;(a) < vb(a).
(4) Let (t,a,c) € R(v). We have > wb(a)+c=10(t,p)| x (vb(a) + ¢).
JEB(t,p)
Further |O(t, p)| = (¢, p) (Definition [7)).

With A) and B) we have

)< | D dtp) xe|+ Y i(tp) x (vb(a) +<).

(t,c)eZ(v) (t,a,¢)€R(v)



Lemma states that the value of a variable v € V on a run p of AP is limited
by the maximum over all values to which v is reset on p plus the total amount by
which v is incremented on p.

Lemma A.3 Let v € V. Let p be a run of AP. Let vb : A — 7 be s.t. vb(a) is a
variable bound for a on p for all (_,a,_) € R(v). Then

max (vb(a)+c)+ Z #(r,p) X ¢

(a,0)ER(v) (r.OeL(v)
is a variable bound for v on p.

Proof We have to show that

o;(v) <  max (vb(a)+c)+ TP xc
1( ) (,,a,C)ER(V)( ( ) ) (7 C)EE:I(V) ﬁ( p)

holds for all 0 < ¢ < len(p) with v € def(l;).

Let 0 < i < len(p) be s.t. v € def(l;). By well-definedness of AP there is a
0<j<i,abeAand aceZst. (p(j),bc) € R(v)and v is not reset on ppj 1,4,
ie, for all j <k <i (p(k),--) € R(v). In other words: there is a maximal index
J < 4 such that v is reset on p(j). We have:

(1)
oi(v) S oM+ Y #(Tppt1a) X ©

(T,0)€Z(v)

(2)

<o+ > #(rp) xc
(T,¢)EZ(v)

(3)
<ojb) e+ > H(mp) xc
(T,c)EZ(v)

(4)

<ob)+c+ D H(rp) xc
(T,c)EZ(v)

(5)

< max  (vb(a)+ o)+ npe
(BT (P ) (m)g:f(v)ﬁ( !

(1) We have that v is not reset on pjj 41 4. If v is incremented on pp;; ;) there are
indices j < k < s.t. (p(k),-) € Z(v). Let (r,c) € Z(v). An execution of 7 can
increase the value of v by at most ¢ (Deﬁnition. Therefore the total number
#(7, ppj41,q7) of executions of 7 on ppjiq 4 adds at most §(7, pj41,4) X ¢ to v.
Thus in total v cannot be increased by more than >, #(7pp41,g) X con
p (1,¢)EZ(v)

(2) 8(7, ppjs1,47) < (7, p). Further for all (_,c) € Z(v) ¢ > 0 (Definition .

(3) 0j41(v) < 0;(b) + ¢ (Definition [T2).

(4) With (p(4),b,¢) € R(v) we have by assumption that vb(b) is a variable bound
for b on p. Further b € def(l;) by well-definedness of AP. Thus o;(b) < vb(b).

(5) We have (p(j),b,c) € R(v). Therefore vb(b) + ¢ <  max )(vb(a) +¢c). O

-a,c)ER(v



A.1.1 Proof of Theorem[]]

We show the more general claim formulated in Theorem [A71]

Theorem A.1 Let AP(L, E,ly,le) be a well-defined and fan-in free DCP over atoms
A. Let = be a set of runs of AP closed under normalization. Let ¢ : E — Ezpr(A) be a
local bound mapping for all p € Z. Let TB and VB be defined as in Definition[I9 Let
ac€AandT € E. Let p € E. Let oo be the initial state of p. We have: (I) [TB(7)](c0)
is a transition bound for 7 on p. (II) [VB(a)](c0) is a variable bound for a on p.

Proof Let p = (Jo,lo) Ho, (0'1,11) Ay € =.
If [TB(7)] = oo (I) holds trivially. If [VB(a)] = oo (II) holds trivially.
Assume [TB(7)] # oo and [VB(a)] # oco. Then in particular the computation
of TB(r) resp. VB(a) terminates. We proceed by induction over the call tree of
TB(t) resp. VB(a).

Base Case:

(I) No function call is triggered when computing VB(a). This is the case iff
a € C (Definition . Then VB(a) = a and the claim holds trivially with a € C
(Definition [13)).
(IT) No function call is triggered when computing TB(7). This is the case iff
((r) ¢ V (Definition [I9). Then [TB(7)](c0) = [¢(7)](00) is a transition bound
for 7 on p by Definition

Step Case:

(I) agC, thusae V. Let v=a. Let 0 <14 < len(p) be s.t. v € def(l;). We have:

(1)

oi(v) < max ([VB®)](0)+c)+ (t,c)zezl(v)ﬁ(t7 p) X c
? VBB +o)+ 3 [TBO](0) x
- (”bTSZ%(V) e (t,0)ET(v) e
®)
D max (VE®)+ (o) + mer(](o0)

@ VB (e0)

(1) By Lemma Let (_,b,-) € R(v). We have that VB(b) is recursively called
when computing VB(v) (Definition [I9). Note that with [VB(v)] # oo also
[VB(b)] # co. By LH. [VB(b)](00) is a variable bound for b on p.

(2) Let (t,-) € Z(v). We have that TB(t) is called when computing VB(v) (Defi-
nition [I9). Note that with [VB(v)] # oo also [TB(t)] # co. By LH. §(t,p) <

[TB(%))](o0). Wethusget >  #(t,p)xc< > [TB(t)](c0)x c because
(t,c)EZ(v) (t,c)eZ(v)
for all (-, c) € Z(v) we have ¢ > 0 (Definition [I8).
(3) [Incx(v)[(c0) = 3. [TB()](o0) x c (Definition 19| and Definition .
(t,c)€Z(v)
(4) Definition [19| and Definition



(IT) ¢(7) € V. We have:

(
e S (S bt xo+ S e x [VB®](e0) +

(t,e)€Z(¢(T)) (t,b,c)ER(C(T))

@)

< D ITB®WIeo) xe+ Y. H(tp) x [VB®)](00) + ¢
(t,e)€Z(C(T)) (t,b,c)ER(C(T))

D [merce) + S ttp) x [VB®)(00) + ¢
(t,b,c)€R(C(T))

4)
< [tner(¢(7))](o0) + Y. [TB®)](o0) x max([VB(®)](o0) +¢,0)
(t,b,6)€R(¢(T))

© [7B(1)](00)

(1) By Lemma Since Z' is closed under normalization we have that ((7) is a
local transition bound for T on |p|. Further: Let (_,b,-) € R({(7)). We have that
VB(b) is called during the computation of TB(r) (Definition [I9). Note that
with [TB(1)] # oo also [VB(b)] # oco. By LH. [VB(b)](00) is a variable bound
for b.

(2) Let (¢t,-) € Z(¢(7)). We have that there is a recursive call to TB(t) during
the computation of TB(r) (Definition [19). Note that with [TB(r)] # oo also
[TB(t)] # co. By LH. #(t,p) < [TB(t)](00). Further for all (_,c) € Z(v) ¢ > 0
(Definition [18)).

(3) Definition [19| and Definition

(4) Let (t,-,-) € R(¢(r)). We have that TB(t) is recursively called during the
computation of TB(r) (Definition [19). Note that with [TB(r)] # oo also
[TB(1)] # 0o. By LH. f(t,p) < [TB()](00).

(5) Definition [19| and Definition O

A.2 Soundness of Reasoning Based on Reset Chains

Lemma extends Lemma by chained resets. Lemma [A74] Lemma and
Lemma, are helper lemmas needed for the proof of Lemma [A.7}

Tn—1,Cn—1

Definition A.3 (Matching of a Reset Chain) Let k = ap, —" a,,_;
---ag be a reset chain of AP. Let p be a run of AP. We call iy, in—1...71 € N with
0 < in < ip-1--- < i1 < len(p) a matching of k on p iff p(i;) = 7; holds for
all n > 7 > 1. We call i, the first index and i; is the last index. A matching
in,in—1,...,11 of kK on p is precise iff for all n > j > 1 it holds that a; is not reset
ON Plis 1 +1,i5] i.e., (p(k),,, ,) <4 R(aj) for all ij+1 <k< ij.

. . Tn ,C Tn—1,Cn—1
Informally: There is a matching of Kk = ap, —— a1 ——————3 ---ag on a run p

if p contains the transitions 7, 7,1, ..., 71 in that order. A matching in,in—1,...%1
is precise if for all n > j > 1 it holds that a; flows into a;_; when executing p(i;)
because a; is not reset between the reset of a; to a;j 41 on p(ij41) and the reset of
aj—1 to aj on p(ij).

Definition A.4 (First- and Last-Indices of Precise Matchings) Let p be a run
Tn,Cn Tn,Cn T1,C1

of AP. Let kK = an an_1 ap be a reset chain. We define




a(k, p) to denote the set
{(in,i1) | Fin—1,... 92 S.b. in,in—1,in—2,...,42,41 is a precise matching of x on p}.

Le., a(k,p) is the set of first- and last-indices of all precise matchings of x on
p- Note that in particular ¢ < j for all (i,j) € a(k,p), i.e., the interval [i...j] is
non-empty.

Given a reset chain « from b to v and a precise matching of x on a run p with
first index ¢ and last index j, Lemma states that the value of v in state o; on
p is bounded by the value of b in state o; on p and the increments of a € atm(k)
between index i and index j on p.

Lemma A.4 Let p be a run of AP. Letb€ A and v € V. Let k be a reset chain from
b tov. Let (3,5) € ok, p). Then

oj+1(v) < 0i(b) + (k) + Z Z 87, plit1,57) X ¢

a€atm(k)\{v} (7,c)€Z(a)

holds.

Proof We show the claim by induction on the length of .

Base Case: Let « = b — v. With (i, ) € a(k, p) we have that i = j and p(i) =
p(j) = 7. Further we have that (r,b,¢) € R(v) (Definition [20)). Thus ¢j41(v) =
oi+1(v) < 0(b) + ¢ (Definition [I8)). Note that atm(k)\ {v} = 0 since b ¢ atm(x)
(Definition [20)).

Step Case: Let k = ant1 Tntllnil, o, Tmln A with ant1 = b. Let
in+1,%n,%n—1,---,41 be a precise matching of x on p Wlth int1 =1 and i3 = j.
(1)
0j+1(v) = 05, 41(v) < 04, (an) + c(Kp,0) + > > (T plipt1,m)) X ©

a€atm(k(y, 0))\{v} (1,c)€Z(a)

(2)
< i t1@) + (Y AT Pl 4100]) X ©)
(r.0)€Z(an)
+ (Rn,0)) + > D TPt X €
a€atm(kpy, 0))\{v} (7,c)€Z(a)
(3)
< iy (@nt1) +eng1 + ( Z 8(7, Plip 1 +1,in]) X ©)
(T,c)EZ(an)
+ c(Kpn,0) + Z Z BTy Plin+1,i1]) X ©
a€atm(spy o) \{v} (r,0)EZ(a)
(4)
< Oipir(@na) Fentr (D BT P, 41,00) X )
(T,c)EZ(an)

+ c(Kn,0) + Z Z fi(r, P[¢n+1+1,¢1]) X c
a€atm(k(y, 0))\{v} (1,c)€Z(a)
(&)
= 04,y (@ng1) +c(k) + Z Z BT, Pliy 1 +1,01]) X ©
a€atm(k)\{v} (1,c)€Z(a)

(1) By L.H.: We have that [, q) is also a reset chain (Deﬁnition note that [, g
is non-empty by definition of x) and since ip41,n,...,%1 i a precise matching
of kK on p, in,...,i1 is a precise matching of [, o) on p (Definition |A.3)).



(2) We have that for all in+1 < j <in (p(j),-,-) € R(an) (Definition |A.3)), i.e., an
is not reset on p;, ., 41,4,]- In the proof of Lemmawe show that

oi,(an) <o, yv1(an) + X 8T Pl +1.in]) X C
(T,¢)€Z(an)
(3) ain+1+1(an) < oin+1(an+1) + cnt1 (Deﬁnition
(4) Note that [in+1 + 1...in] is a sub-interval of [in41 + 1...41]. Therefore
807, Plin i +1,i0)) < BT Plies41,4,)) for all 7 € E. Accordingly [in +1...41] is a
sub-interval of [in4+1 + 1...41]. Therefore (7, p;, +1,i,)) < 8(7 Plinsa+1,i2]) fOr
all 7 € E. We thus get

> BT Platria) XS 2 BT Py t1,i,]) X © and

(1,c)EZ(a) (1,c)€Z(2)
> W plari) XS 2 BT Pl +1,0) X ©
(1,¢)EZ(a) (1,c)EZ(a)
because we have that for all v € V and for all (_,c) € Z(v) it holds that ¢ > 0
(Definition [18).
(5) We have c(k) = c(Kn,0]) +cn+1 and atm(k) = atm(k, 0))U{an} (Definition|20)).
O

Let v € V. Lemma states that for each index j on a run p s.t. v is reset on
p(7), there is a corresponding optimal reset chain x and a precise matching of x on
p ending at j.

Lemma A.5 Let p be a run of AP. Let v € V. Let (1,-,-) € R(v). Let j be s.t.
p(j) =7. There is a k € R(v) and a i < j s.t. (i,]) € a(k,p).

Proof Let a € A and c € Z be such that (1,a,c) € R(v) (note that by determinism
of AP there is exactly one such a and c). We proof the claim by the following
recursive reasoning:

[Start] We show that there is a sound reset chain x that ends at v and a precise
matching of x on p that ends at j: Obviously a I v is a reset chain. Further
a —5 v is trivially sound (Definition . We have that j is a precise matching for
a —% v on p because by assumption p(j) = 7 (Definition .

[Recursive Step] We thus have that there is a sound reset chain £ = an
Tn—1,Cn—1 T1,C1

TTL 7Cn

an—1 .. v and a precise matching ip,in—1,...,71 of kK on p with
i1 = j. If k is optimal then x € R(v) (Definition and with (in,J) € a(k, p) the
claim is proven. Assume x is not optimal. Then a, € V because « is not maximal
(Definition . By well-definedness of AP ap is reset on ppg, 1, i-e., there is a
0 <k < in s.t. (pk),-,-) € R(an). Let in+1 denote the maximal such k. Let
Tnd+l = p(in+1). Let ap+1 € A and cpq1 € Z be s.t. (Tn+17an+17cn+1) € R(an).

Tn+1,Cn+1 TnCn

Then » = an+t1 an ap—1...v is a reset chain ending in v and
int1,in,...,%1 18 a precise matching of » on p (Definition [A.3]). We show that s
is sound: First note that s, gqj = x and because « is sound we have that for all

1 < i < n it holds that a; is reset on all paths from the target location of 71 to the
source location of ;. It remains to show that this also holds for a,. Since s is not
optimal there is a sound reset chain that extends x (Definition . Now, because
an is on that extended sound reset chain we have that also a, is reset on all paths
from the target location of T1 to the source location of T, (Deﬁnition. We conclude
that s is sound. We can thus recursively apply our reasoning on s.

[Termination| Since by assumption the reset graph is acyclic and its node set A
is finite, a optimal reset chain x € PR(v) and a matching of x that ends at j is
constructed by iterating the stated reasoning finitely often. O



Note that with Lemma[A4] and Lemma [A.5 we can bound the value to which v is
reset at index j in terms of the value of in(k) at index i, where i is the start-index
of the matching that ends at j.

Lemma states that precise matchings of optimal reset chains that share a
common suffix never overlap.

Lemma A.6 Let p be a run of AP. Let v € V. Let x, € R(v) be s.t. K and
have a common suffiz, i.e., there exists | > 0 s.t. Ky o) = »,0]- Let (ix,i1) € a(k,p)
and (jn,j1) € a3, p). Either k = 3 and [ig...51] = [Jn...J1] or the two intervals
[ig . ..431] and [jn ...J1] are disjoint, i.e., i1 < jn or j1 < i.

Proof Let k = a;, Mak_l...al T g Let »=by Ef—"%bnfl...bl tli)v
Let ig,ix_1,-..11 be a precise matching of x on p.

Let jn,Jjn—1,...71 be a precise matching of s on p.

[A] We show that if i1 = j1 then i, = j, and kK = »: W.Lo.g. assume k < n.

[A.1] We show that for all £ <[ <1 4, = j;: By assumption i1 = i1 = j1 = j1. We
conclude that a; = b; because since AP is fan-in free there is exactly one a; s.t.
(a1,-, p(i1)) € R(v). Assume iz # jo. Case j2 < iz: By Definition [A-3]a; is not reset
O Plj,+1,51] ie., (p(k),--) € R(a1) for all jo < k < j1. Note that jo <i2 < i1 = j1.
We have (p(i2), -, -) € R(b1) (Definition and Definition [20). With a; = b1 we
have (p(i2),-,-) € R(a1). Contradiction. Case iz < ja2: Analogous. Thus is = ja.
We apply the same reasoning for is,i4 .. .17, consecutively.

[A.2] We show that k = n: By [A.1] we have that s, 1) = s (Definition [A.3). Thus
k is a suffiz of 3. But by assumption & is optimal. Thus k = > (Definition [20)).

[A] is proven with [A.1] and [A.2].

[B] We show that if i1 # 71 then i1 < jn or j1 < i, i.e., the intervals [if ...i1] and
[jn ... j1] are disjoint:

[B.1] We have p(i1) = p(j1) = t1 because by assumption x and » have a common
suffix.

[B.2] We show [B.2.i] that for all [ with jn, <[ < j1 it holds that p(I) # ¢ and
[B.2.ii] that for all I with iy, <1 <41 it holds that p(I) # ¢1.

[B.2.i] Assume there is some [ with j, < I < ji s.t. p(I) = t1. Then there is
some n > r > 1s.t. jr <1 < jr_1. Since jn,jn—1,...j1 is a precise matching of
» we have that for all jr < s < jr—1 (p(s),-,-) & R(ar—1) (Definition [A-3). But
since s is sound a,—1 must be reset on all paths from the target location of t1 to
the source location of tr—1, i.e., in particular on pp44 5, ,) because p(l) = t1 and
p(Jr—1) = tr—1 (Deﬁnition. Thus there must be some s with j, <1< s < jr—1
s.t. (p(s), -, -) € R(ar—1). Contradiction.

[B.2.ii] Analogous.

[B.1] and [B.2] imply [B]: By assumption i1 # ji. W.Lo.g. let i1 < j1. With ¢, <43
and jn < j1 we have 75, < j1. We thus have to show that i1 < jn: Assume jn < i1:
Then j, < i1 < j1. But with [B.1] this contradicts [B.2]. Therefore i1 < jn.

With [A] and [B] the claim is proven. O

Lemma [A77] extends Lemma [A2] by chained resets. Let v be a local bound for 7:
The question how often a given transition 7 may appear on a run p is translated to
the question how often the transitions that increase the value of the local bound v
are executed. But in contrast to Lemma Lemma [A7] takes the context under
which these transitions may increase v into account. See Section [3.3] for more
details.



10

Lemma A.7 Let p = (00,l0) —% (01,11) = ... be a run of AP. Let 7 € E. Let
v €V be alocal bound for 7 on |p|. Let vb : A — Z be s.t. vb(a) is a variable bound

for a on p for all a € {in(k) | kK € R(v)}. Then

> > #(tp) xc

a€ U atmq(k) (t,c)€Z(a)

KER(v)
+ NE;( (,nin  #(t, p) x max(ub(in(x)) + c(x), 0)

+ Z Z #(t,p) x c

a€atmg(k) (t,c)EZ(a)
is a transition bound for T on p.

Proof As argued in the proof of Lemma it is sufficient to consider the case

p=lpl
A) As shown in the proof of Lemma we have that

f(r,p) < < > f(tp) x C) + > oj+1(v)
(t,c)€Z(v) JEO(R(v),p)
B) We show that

> oinim < > > o) xc

JEO(R(v),p) ac U )atml('ﬂ)\{v}(tvC)EI(a)

KER(v

b3 (min 5(6p) X max(ub(in() + c(),0)
KER(V)

+ > > dtp) xc

a€atmg(k) (t,c)€Z(a)

With Lemma we have that for each j € ©(R(v),p) there is at least one

k € R(v) and one i < j s.t. (¢,5) € a(k, p).
Further: Let x € R(v). Let (i,5) € a(k, p). With Lemma [A74] we have that:

ojt1(v) <oi(in(r)) +c(x) + 32 > H(tppiga,g) X c
ac€atm(r)\{v} (t,c)€Z(a)

Therefore:

Z oi1(v Z Z oi(in(k)) + c(K)

JEO(R(V),p) nemm (3,5)€a(k,p)
+ Z Z #(t, plit1,5)) X ©
a€atm(r)\{v} (t,c)€Z(a)

@ s ( 3 oi(m<n)>+c(+’»>)

rKER(v) \(4,4)€a(k,p)

+< > > > ﬂ(tvp[i+1,j])><c>

(i,5)€a(x,p) a€atm(x)\{v} (t,c)€Z(a)
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s ( 3 oi(in(f-e))ﬂ(ﬁ))

RER(V) \(i,j)Ea(k,p)p

+

Z ﬁ(tvp[i+1,j])> Xc

acatm(m)\{v} (t.c)€Z(a) (u,j)ea(n,p)

@ ( oi(in(r)) + c<n>>
KER(v) \(i,4)€a(r,p)p

+ Z Z ( Z ﬁ(tvp[iJrl,j])) X c

aCatmy ()\{v} (t,0)€Z(a) \(irj)E€a(x.p)

+ Z Z ( Z ﬁ(t:P[H—l,j])) X c

acatma (k) (t,c)€Z(a) \(i,7)€a(k,p)

(2)
2w ( ) m(in(n)>+c<n>>

KER(V) \(4,5)€a(k,p)

+ > > ( > ﬁ(tvﬂ[z‘ﬂ,ﬂ))XC

acatmy (k)\{v} (t,c)€Z(a) \(i,5)€x(r,p)

+ > > ttp) xc

a€atma (k) (t,c)EZ(a)

) < > > > ( > ﬁ(tvp[iﬂ,j])) X C>
KER(v) a€atmy (k)\{v} (t,c)€Z(a) \(¢,j)Ea(k,p)
+ > ( > ai(m(n))+c(n)) + > >t xc

rER(v) \(4,4)€a(k,p) a€atmg (k) (t,c)EZ(a)

& Z Z Z ( Z ﬁ(tvp[i+1,j])> X c

ac U atmi(r)\{v} (t,c)€Z(a) kER(v) s.t. a€atm (k) \(i,j)€Ea(k,p)
KER(v)

+ > ( > m(in(n))+c(n))+ > > (o) xc

RER(V) \(i,5)€a(r,p) a€atma (k) (t,c)EZ(a)

(39)

( Z Z ﬁ(tvp[i+l,j])> X c
ac U( ) atmy (k)\{v} (t,c)€Z(a) \KER(v) s.t. acatmq (k) (i,7)Ea(k,p)

KENR(v

+ > ( > Ji(in(n))—l—c(n))—i- > > f(tp) xc

RER(V) \(i,5)€c(k,p) a€atma (k) (t,c)€Z(a)
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> #(tp) xc

a€ U‘ atm1 (k)\{v} (t,c)EZ(a)

KRENR(v)

+ > ( > m(m(n))+c(n))+ > > #(tp) xc

KER(v) \(4,5)€a(k,p) acatma(k) (t,c)EZ(a)

> #(tp) xc

a€ U atmy(m)\{v} (t,0)€Z(a)

KENR(v)

+ Z ( Z vb(in(k)) + c(/-c)) + Z Z (¢, p) x ¢

KER(v) \(4,5)€Ea(r,p) aCatma (k) (t,c)€Z(a)

(5 > > dtp) xc

a€ U atmi(m)\{v} (t,0)€Z(a)
KER(v)

+ > lalkp)l x (vb(in(k)) + c(k))

KRER(V)

+ > >t xc

a€atma (k) (t,c)EZ(a)

> dtp) xc

ae U atmi(r)\{v} (t,c)EZ(a)
KER(v)
+ min t, X max(vb(in(k)) + ¢(k),0

3 dpin o) max(obin(ad) + ()0

+ >, > e xc

acatmg(k) (t,c)EZ(a)

Commutativity.

Distributivity.

We have atm(k) = atm1(k) U atma(k), atmi(k) N atma(k) = 0 and v € atm1 (k)

(Definition [22)).

With Lemma we have that all intervals in a(k,p) are pairwise disjoint.

Therefore > 4(t, pri+1,5]) < 4(t, p). Further note that ¢ > 0 for (,,¢c) €
(i) €a(r,p)

Z(a).

Commutativity.

Commutativity.

Distributivity.

Let 11, k2 € R(v). Assume a € atmi (k1) Natmi (k2) and a # v. By Definition 22]

there is exactly one path in the reset graph from a to v. Thus k1 and k2 have

a common suffix: they share the single path from a to v in the reset graph.

We therefore have by Lemma that all intervals in a(x1,p) U a(ka,p) are
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pairwise disjoint. Therefore > > Bt priv,5) < t(t, p)-
KER(V) s.t. a€atmi (k) (i,j)€a(k,p)
Further note that ¢ > 0 for (_,c) € Z(a).

(4) Let k € R(v). By assumption vb(in(x)) denotes a variable bound for in(x) on

p.
(ba) With > vb(in(k)) + c(k) = |a(k, p)| x (vb(in(k)) + c(k))
(i,3)€a(s,p)
(5) Let k € R(v). Let (i1,41), (i2,j2) € a(k,p). We have by Lemma that all
intervals in «a(k,p) are pairwise disjoint. Further each transition t € trn(x)
appears at least once on each sub-run py; ;; with (4,5) € a(k,p). Therefore:

,p)| < mi t,p).
la(k, p)| < terﬁif(lm)ﬁ( P)

€)

1)
ﬂ(wﬂ%( > ﬁ(tvp)XC)Jr > > tte) xc

(t,c)ET(v) a€ U atmi(k)\{v} (t,c)€Z(a)
R

KENR(v)

+ Z ( min #(¢, p)) X max(vb(in(k)) + c(x),0)

RER(v) tetrn(k)

+ > > tte) xe

a€atma (k) (t,c)EZ(a)

e > > tte) xe

ac U atmq(k) (t,c)€Z(a)
RER(v)

+ Z (. min #(¢, p)) X max(vb(in(k)) + c(x),0)

RER(v) tetrn(k)

+ > > dtp) xc

a€atma (k) (t,c)EZL(a)

(1) With A) and B).
(2) We have R(v) # 0 by well-definedness of AP and therefore (v) # 0. Further
v € atm1 (k) for all k € R(v). O

A.2.1 Proof of Theorem[g

We prove the more general claim formulated in Theorem

Theorem A.2 (Soundness of Bound Algorithm based on Reset Chains) Let
AP(L,E,ly, ) be a well-defined and fan-in free DCP over atoms A with a reset dag.
Let = be a set of runs of AP that is closed under normalization. Let ¢ : E — Ezpr(.A)
be alocal bound mapping for all p € Z. Let TB and VB be defined as in Definition[23
Let 7 € E and a € A. Let p € E. Let oo be the initial state of p. We have: (I)

[TB(7)](o0) is a transition bound for 7 on p. (II) [VB(a)](c0) is a variable bound
for a on p.

Proof Let p = (00,l0) =% (01,11) = --- € =.
If [TB(7)] = oo (I) holds trivially. If [VB(a)] = oo (II) holds trivially.
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Assume [TB(7)] # oo and [VB(a)] # oco. Then in particular the computation
of TB(7) resp. VB(a) terminate. We proceed by induction over the call tree of
TB(7) resp. VB(a).

Base Case: As in the proof of Theorem (Section |A.1.1]).

Step Case:

I) As in the proof of Theorem [A.1] (Section [A.1.1)).
1)

1)

#(r,p) < > > ) xe

be U atmq (k) (t,c)EZ(b)
KER(C(T))

+ >0 (min §(t,p) x max([VB(in(x))](00) + c(x), 0)

reR(C(r)) )

+ > > #te) xc

bEatmy (k) (t,c)EL(b)

< > > ) xe

be U atm (k) (t,c)EZL(b)

RER(C(T))
+ (,nin [TB®](e0)) x max([VB(in(x))](e0) + (k). 0)
KER(((T)) )

+ 0> > #(te) xc

bEatmy (k) (t,c)EL(b)

< > > #(tp) xc

be U atm (k) (t,c)EZ(b)
RENR(C(T))

+ Z [TB(trn(k))](co0) x max([VB(in(k))](c0) + ¢(k),0)
KER(C(T))

+ 0> > dte) xc

bEatmg (k) (t,c)EL(b)

< > > [TB®)](e0) x ¢

be U atm (k) (t,c)EZL(b)
RENR(C(T))

+ Z [TB(trn(k))](co0) x max([VB(in(x))](c0) + ¢(k),0)
KER(C(T))

+ S TB@lo) x ¢

bEatma (k) (t,c)EL(b)
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(1)

(2)

(3)

(4)

(5)
(6)

D mer( U atmi(x)](o0)
RENR(((T))
+ Z [TB(trn(k))](o0) X max([VB(in(x))](c0) + c(x),0)
RENR(((T))
+ [Incr(atma(k))](c0)

© 1B(r)](00)

By Lemmal[A.7} Since = is closed under normalization we have that ¢(7) is a local
bound for 7 on |p]. Further: Let k € R(¢(7)). We have that VB(in(x)) is called
during the computation of TB(r) (Definition [23). Note that with [TB(r)] # oo
also [VB(in(k))] # oo. By L.H. [VB(in(x))](c0) is a variable bound for in(x).

Let x € R(¢(7)). Let ¢ € trn(k). We have that TB(¢) is called during the
computation of TB(r). Thus for ¢ € ¢trn(k) with [TB(t)] # oo we have that
[TB(t)](o0) is a transition bound for ¢ on p by I.H.. Note that with [TB(7)] # oo

thereisat € trn(x) s.t. [TB(t)] # oco. Thus . mir(l )ﬁ(t,p) < mir(l )[[TB(t)]](ao).
etrn(k tetrn(k

With TB(trn(k)) = min TB(t) (Definition [23) and Definition |15
tetrn(k)

Let k € R(¢(7)). Let b € atm(k). Let (¢,-) € Z(b). We have that TB(t) is
called when computing TB(r) (Definition 23). Note that with [TB(r)] # oo
also [TB(t)] # co. By LH. #(t,p) < [TB(¢)](c0)-

Definition [23| and Definition

Definition [23| and Definition O
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